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Abstract 22 

Pedicle screws are typically used for fusion, percutaneous fixation, and means of gripping a spinal segment. The 23 

screws act as a rigid and stable anchor points to bridge and connect with a rod as part of a construct. The 24 

foundation of the fusion is directly related to the placement of these screws. Malposition of pedicle screws 25 

causes intraoperative complications such as pedicle fractures and dural lesions and is a contributing factor to 26 

fusion failure. Computer assisted spine surgery (CASS) and patient-specific drill templates were developed to 27 

reduce this failure rate, but the trajectory of the screws remains a decision driven by anatomical landmarks 28 

often not easily defined. Current data shows the need of a robust and reliable technique that prevents screw 29 

misplacement. Furthermore, there is a need to enhance screw insertion guides to overcome the distortion of 30 

anatomical landmarks, which is viewed as a limiting factor by current techniques.  The objective of this study is 31 

to develop a method and mathematical lemmas that are fundamental to the development of computer 32 

algorithms for pedicle screw placement. Using the proposed methodology, we show how we can generate 33 

automated optimal safe screw insertion trajectories based on the identification of a set of intrinsic parameters. 34 

The results, obtained from the validation of the proposed method on two full thoracic segments, are similar to 35 

previous morphological studies. The simplicity of the method, being pedicle arch based, is applicable to 36 

vertebrae where landmarks are either not well defined, altered or distorted. 37 

Highlights: 38 

1. Pedicle screw malposition is seen as contributing factor to failure. 39 

2. Anatomical landmarks dictate the trajectory of the screws. 40 

3. Safe screw insertion trajectories are evaluated using automated procedure. 41 

4. Intrinsic parameters and insertion cross-section areas for pedicle screw are identified and computed. 42 

5. The optimal trajectory is computed and suggested for use with “Computer assisted spine surgery” and “free 43 

hand” insertions.    44 
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1 Introduction  45 

 In thoracic deformity correction surgery the use of pedicle screws is becoming largely adopted [1] despite the 46 

intraoperative complications such as pedicle fractures (13%), dural lesions (12.1 %) and the postoperative fusion 47 

failure (4.3%)[2].   Hicks et al. [3] performed a systematic review of 12248 pedicle screws and found that 4.3% 48 

were reported as malpositioned. In the short term malpositions are asymptomatic, and the actual percentage of 49 

such irregularity is often underestimated. In fact, this percentage is estimated to be higher than 15.7% if 50 

Computed Tomography (CT) is used to evaluate the screw placement. Using CT, Privitera et al. [4], performed 51 

another study examining 1042 screws and reported 8.3% to have been misplaced, with the upper thoracic levels 52 

T1 and T2 showing the highest malposition rates of 28.6% and 18.2% respectively. Cardoso, using CT scans, 53 

identified the structures at risk of screw malposition placement [5]. Complications were seen in the esophagus 54 

(greater at T2), trachea (greater at T3) and Bronchus (greater at T4). To limit the malposition rate, computer-55 

assisted spine surgery (CASS) and patient-specific drill templates were developed. Verma et al. [6] reviewed 23 56 

studies from 1997 to 2007 for a total of 5992 pedicle screws and found that pedicle screws implanted by CASS 57 

had greater accuracy than conventional placement technique. Furthermore, he found that the neurological 58 

complications using CASS were less but not statistically significant (p = 0.07). In another study, Lu et al. [7], using 59 

patient specific templates of 16 scoliosis patients, found that only 1.8% of the screws were misplaced, and most 60 

of the screws were safe. Despite the accuracy achieved with CASS or patient specific templates, the trajectory of 61 

the screws remains at the discretion of the surgeon. The planning is mostly performed on 2D CT-based images 62 

combined with basic manipulations and generic anatomical markers/indicators (Figure 1) [7,8]. 63 
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 64 

Fig.1 2d Visualization of Screw placements on axial CT image of T1. 65 

In the past, anatomical studies have been performed focusing on the identification of the screw insertion site 66 

and the proper screw trajectories for better fixation and reduction in breaching.  67 

Lehman et al.[9,10] differentiated between a straight-forward insertion in which the sagittal angulation of the 68 

screw is parallel to the superior endplate of the vertebral body, and an anatomic insertion trajectory, that follow 69 

the sagittal angle of the pedicle axis at a convergent angle of  22°. 70 

 The straight-forward technique was later used by Kim [11], where the insertion point is presumed to move 71 

more lateral and caudal from T12 to T1  with an average convergent transverse angle of 15.3°. Using the 72 

anatomical technique without image guidance, Elliot  achieved full pedicle containment of the 5mm screws in 73 

only 87.5% of the specimens [12].  74 

A more focused study on the screw placement angulation was performed by Zindrick et al. [13]. They reported 75 

transverse angle variation from a convergent value of 26.6°±5.6° at T1 to a divergent value of 4.2°±9.5° at T12, 76 

and a variation of sagittal angle from 12.6°±5.8° at T1 to 11.6°±2.6° at T12. Similarly, Lien et al. [14] using CT data 77 

and cadaveric dissections, reported an average pedicle transverse convergent angle of 28.6° at T1 that 78 
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progressively decreases to 7.9°. Furthermore, he found that the pedicle safe zone dimension has a maximal 79 

width of 8.5±1.5 mm at T12 and a minimal width of 3.4±0.6 mm at T4. A first analytical approach has been 80 

adopted by Rampersaud et al. [15] to evaluate the required screw placement accuracy. Both pedicles and screws 81 

are modeled using cylinders with a dimension of 5 mm for the screws and average diameter value computed 82 

from 24 morphological studies. Rampersaud found that the allowable distance from the central axis of the 83 

pedicle varied from 1.5 mm at T1 to 0.5 mm at T12 with a virtual minimum of -0.05 mm at T5. The allowable 84 

angular deviation from the pedicle axis varied from 7.7° at T1 to 2.5° at T12.  85 

The variability highlighted in these studies indicates the need of an algorithm that can be used and adopted on a 86 

case-by-case basis. Such algorithm is specifically needed, in cases where the distortion of anatomical landmarks 87 

limits the applicability of previous morphological studies [16].  88 

This paper aim is to automate and significantly reduce the time of surgical planning, through the execution of 89 

sequential steps, for a given vertebra, identifying the screw trajectories and calculating the parameters, which 90 

yield the optimum screw insertion trajectory. The calculated trajectories are provided in an output format 91 

defined by the position of the entry point and its orientation, and can be used with CASS, patient specific 92 

templates and free hand approach. 93 

 94 

2 Methods  95 

2.1 Algorithm Framework 96 

The overall framework of the methodology developed for pedicle screw insertion is shown in figure 2. It is 97 

divided into several steps where the blocks define the local computation and analysis required to proceed or 98 

interface with the others. The method makes use of data that is commonly available to clinicians/surgeons. The 99 

main computer-assisted tasks are identified in the following steps: reference frame and region of interest 100 
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identification (ROI), cross sections discretization, trajectories calculation, safe trajectories filtering, numerical 101 

parameters calculation and selection. What follows is the description to each of the steps outlined above. 102 

   103 

Fig.2: Algorithm framework and interface. Green and Blue colors are used to distinguish the User inputs from 104 

the algorithm automatically executed phases to obtain the Optimal Trajectory. 105 

 106 

2.2 Reference frame and Identification of the Region of Interest  107 

The algorithm uses 3D surface reconstructions (imported as triangulated surfaces in STL format) of both the 108 

cortical (Sc) and trabecular (St) bones obtained from CT scan segmentation with a threshold intensity as defined 109 

by Rathnayaka et al [17] targeted to estimate  the cortical bone thickness [18]. For each vertebra a reference 110 

frame is assigned with a transverse plane (πt ≡x-y) as the bisector plane for the two endplates, frontal plane (πf 111 

//x-z) perpendicular to the transverse plane, and a plane parallel to the plane passing through the left and right 112 

upper edges of the posterior wall of the central vertebra [19]. This is illustrated further in Figure 3a where we 113 

drew a sagittal plane (πs ≡y-z) perpendicular to these two planes containing the center of the vertebral foramen.   114 

A surgeon is usually asked to identify the pedicle screw dimensions such as: length (l), external (dext) and core 115 

(dcore) diameters and two planes identifying the clearance between the screw tread surface and the external 116 
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bone layer.  The two planes, characterizing the pedicle section and the entry region are identified by the sagittal 117 

positions dp and de as well as the rotation angles αp and αe around the z-axis (see Fig.3b).  118 

 119 

Fig.3: a) Reference Frame adopted and b) Insertion Screw region and pedicle reference planes.  120 

 121 

The first section plane (πp) should be positioned to correspond to the smallest cross section area of the pedicle 122 

whereas the second plane (πe) should be positioned proximal to the triangular region formed by the superior 123 

articular process, the transverse process, and the pars inter-articularis [20]. The latter is largely adopted for 124 

localizing the placement of the pedicle probe [21,22].  The resulting planes are expressed as follows: 125 

π𝑒 → sin(𝛼𝑒)𝑥 + cos(𝛼𝑒)𝑦 = cos(𝛼𝑒)𝑑𝑒  (1) 126 
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π𝑝 → sin(𝛼𝑝)𝑥 + cos(𝛼𝑝)𝑦 = cos(𝛼𝑝)𝑑𝑝  (2) 127 

The Region of Interest (SROI) in the posterior arch is now defined as the volume of the hemi vertebra portion 128 

(Sc∩πs
+) limited in the anterior direction by the plane defined by the pedicle (πp), and in the caudal direction by 129 

the plane (πpt) which is parallel to the transverse plane (πt).  The latter is a plane passing through the inferior 130 

edge of the pedicle section (Pp=minz(Γp=(Sc∩πs
+)∩πp)) in the transverse plane z direction, and is limited in the 131 

lateral direction by a cylindrical surface (Scil) with cranial direction, surrounding the articular facets, with the aim 132 

of removing the transverse process (Fig.4a).  133 

 134 

 135 

Fig.4: a) Identification of the Region of Interest SROI; b) Identification of the two Cross-sections polygons Γe and 136 

Γp used. 137 

The surface Scil, contains the highest point of the superior articular facet (Pa= maxz(Sc∩πs
+)) and is defined 138 

introducing a user-defined distance (dc). This is given by 139 

𝑆𝑐𝑖𝑙 → 𝑥2 + 𝑦2 = (𝑑𝑐 + √(𝑃𝑎 ∙ �̂�)2 + (𝑃𝑎 ∙ �̂�)2)
2

  (3) 140 

 141 
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2.3 Cross Sections discretization 142 

The trajectories are calculated by the discretization (detailed in Appendix A) of the two cross-sections Γp and Γe = 143 

(SROI∩πe) obtained by the intersections of the computed surface SROI with the two defined planes πe and πp (see 144 

Fig.4b).  145 

The safe points (Rhjk) are identified in the k-section as a particle center mass 146 

𝑅ℎ𝑗𝑘=𝐶𝑘

|(
|𝑄𝑘𝑗−𝐶𝑘|−𝑑

𝑛𝑘𝑙
)ℎ−|𝑄𝑘𝑗−𝐶𝑘||

|𝑄𝑘𝑗−𝐶𝑘|
+𝑄𝑘𝑗

|

|
(

|𝑄𝑘𝑗−𝐶𝑘|−𝑑

𝑛𝑘𝑙
)ℎ

|𝑄𝑘𝑗−𝐶𝑘| |

|
    

for j=0,1,…(nkb−1) and for h=0,1,…(nkl−1)

|𝑄𝑘𝑗−𝐶𝑘|−𝑑>0

(4) 147 

where: the point Ck is the centroid of the cross- section, the points Qkj are a user defined number (nkb) of equally 148 

spaced points on the k-th polygon Γk, nkl are the number of equally spaced points desired on the segments Qkj-Ck 149 

and the value of the distance d is equivalent to the sum of the desired residual bone thickness r and the screw 150 

external radius augmented by the maximal angular incidence β.  151 

𝑑 = 𝑟 +
𝑑𝑒

2
cos 𝛽 (5) 152 

This geometric structure is similar to the template proposed by Veksler for image segmentation. Has been 153 

adopted for its intrinsic attitude of distributed non-uniform nodes [23] that are closer to the cross section 154 

centroid (Fig.5), used as the reference for the screw insertion [15,24] and are here assumed as “soft spot” for 155 

the probing [10,11,21].  156 
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 157 

Fig.5: Generic cross-section discretization for different configurations of the divisions imposed through the 158 

parameters nb and nl. 159 

 160 

2.4 Screw Trajectories calculation 161 

All possible (npb x npl) x (neb x nel) screw trajectories T are calculated from the Rhjk points (Fig. 6a) and are given by 162 

the following parametric representation: 163 

 164 

(
𝑥
𝑦
𝑧
)

𝑖𝑗

=𝑅ℎ𝑗𝑒 + 𝑡𝑣𝑖�̂�  𝑤ℎ𝑒𝑟𝑒: 𝑣𝑖�̂� =
(𝑅ℎ𝑖𝑝−𝑅ℎ𝑗𝑒)

|𝑅ℎ𝑖𝑝−𝑅ℎ𝑗𝑒|
                        (6) 165 

𝑓or i = 0,1, … (n𝑝𝑏 − 1) ∗ (n𝑝𝑙 − 1) and for j = 0,1, … (n𝑒𝑏 − 1) ∗ (n𝑒𝑙 − 1) 

 166 

2.5 Safe trajectories filtering 167 
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Applying two filters on the calculated trajectories T identifies the safe trajectories T2. The first filter identifies the 168 

safe trajectories passing thought a referenced section of the vertebral body (see Fig.6b) and is created following 169 

these steps:  170 

First Filter 171 

1) The vertebral body centroid (Cvb) is evaluated as the centroid of the volume of the hemi vertebra 172 

posteriorly limited by the pedicle plane (Sb= ((Sc∩πs
+) ∩ πp

+));  173 

2) The intersection of the identified vertebral body volume with the frontal plane passing through 174 

the vertebral body centroid results in the cross section (Γb=(Sb∩πpf)|(πpf|| πf)Λ (Cvb∊ πpf)). 175 

3) The polygon (Γb) is divided in the same number of equally spaced points used for the pedicle 176 

(nb).  177 

4) The limits of the reference section (Sr) are identified at a distance (d) on the lines connecting the 178 

calculated points on Γb with its centroid.   179 

5) From the calculated trajectories T, are kept the trajectories T1 intersecting the reference section; 180 

((T1⊆ T: ∀ li∊ T1⇾∃ (li∩Sr)).  181 

Second Filter 182 

The second filter removes the trajectories with distance between the two points intercepting the 183 

vertebral surface (Sc∩πs
+)  in the posterior arch (Ei) and the vertebral body (Oi) that are smaller than the 184 

screw length augmented by the user-defined safe dimension (l’=l+s)(Fig. 6b); (T2⊆ T1: ∀ li∊ T2⇾|Ei-185 

Oi|<l’). 186 
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 187 

Fig.6: Application of the method on a T3 vertebra,  with npb= neb=25 and npl=nel=10 are obtained: a) Cross 188 

sections discretization b) geometric representation of the filters adopted and c) Final Safe trajectories 189 

outcome. 190 

 191 

2.6 Clinically relevant insertion parameters 192 

The safe trajectories T2 (Fig. 6c) are grouped into subgroups T2j, with their perspective entry points labeled as Ej. 193 

These trajectories subgroups are identified more specifically by their transverse angle αt (see Fig. 7), and merged 194 

in 12 intervals of 5 degrees as follows: (T2j ⊆ T2: ∀ li∊ T2j ⇾((j-1)(30/6)-30)  ≤ cos-1((((Oi-Ei)·y)y+((Oi-Ei)·x)x)/|((Oi-195 

Ei)·z)z+((Oi-Ei)·x)x|)·y)<((j(30/6)-30) for j=1...12. This stratification of subgroups is used to assure that the 196 
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optimum path, its angle, and entry point selection are idealized for the patient and provide alternatives 197 

solutions to the surgeon. 198 

 199 

 200 

Fig.7: Right vertebra hemi portion and corresponding safe trajectories T2: a) transverse view, b) caudal coronal 201 

view and c) sagittal view. 202 

 203 

The critical and measurable parameters/landmarks (see Fig. 7) calculated for each j-th subgroup as reported in 204 

Appendix B, are given to the surgeon. The identifiers used in the analysis are: the minimal transverse distance of 205 

the entry points (dtj min), the transverse and sagittal ranges ∆tj and ∆sj, the sagittal angles αs and its allowable 206 

range Λsj. 207 

 208 

2.7 Trajectory Selection 209 
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The optimal trajectory is evaluated for each T2j trajectory subgroup using the following intrinsic parameters: 210 

 Aj: insertion region amplitude. 211 

 tj: Insertion region shape factor, (tj=1/|∆tj-∆sj|) calculated using transverse and sagittal ranges.  212 

 v’j: Average Percentage of the Volume in the screw thread detecting cortical bone. 213 

The insertion region amplitude Aj is calculated as the area of the convex hull [25] of the entry points Ei,j 214 

orthogonal projections on the least-square best-fit plane [26]. This amplitude is adopted as tolerance in the 215 

identification of the insertion points. The shape factor tj is used to measure the tolerance directionality. The 216 

cortical bone thickness penetration is measured as a percentage v’j (see Appendix C) here assumed as indicative 217 

of the mechanical anchorage in light of previous studies [27,28].   218 

The optimal trajectories are obtained using the Analytical Hierarchy Process (AHP) proposed by Saaty [29,30] for 219 

the two cases of “CASS” and “free hand” pedicle screw placement. The calculated parameters are combined 220 

with the pairwise comparisons matrices characterized by emphasis on the volume of cortical bone for the CASS 221 

(Table 1a) and on the amplitude of the insertion area for the “free hand” (Table 1b): 222 

 223 

𝐴𝑗 𝑡𝑗 𝑣′𝑗
1 1/3 1/7
3 1 1/5
7 5 1

   (CASS)                         

𝐴𝑗 𝑡𝑗 𝑣′𝑗
1 3 7

1/3 1 5
1/7 1/5 1

   (Free Hand)              (Table 1a,b) 224 

The algorithm developed has been implemented in the programming language editor integrated into Rhinoceros 225 

3D (Robert McNeel & Associates, Seattle, WA) for its rendering capabilities and tested on thoracic vertebrae 226 

from two cadaveric spines. 227 

The identification of entry points, angulation, and calculation of safe trajectory are analyzed further using two 228 

thoracic spine specimens (T1 to T10) using 30mm Depuy Expedium 5.5 polyaxial screws (DePuy Synthes, 229 

Warsaw, IN) with a major diameter of 4.90 mm, minor diameter of 3.66mm, and allowable angulation of ±30 °. 230 
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Also, a sensitivity analysis on different combinations of the parameters nb and nl, controlling the cross-sections 231 

discretization is reported in Appendix D.  232 

 233 

3 Results 234 

The average distance between the calculated centroids of the screw insertion points and the sagittal plane is 235 

11.5mm ±2.0mm, with a maximal value of 16.4 mm for T1 and a minimal value of 9.5mm for T6. The average 236 

transverse range for the insertion points is 6.6mm±1.7mm with a minimal value on T5 of 2.5mm and a maximal 237 

value of 8.4mm for T10. The sagittal range for the entry points has an average value of 8.16±4.9mm and its 238 

minimal value on T5 is 2.2mm (Fig. 8). 239 

 240 
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Fig.8: Average values obtained on thoracic segments of two cadaveric spines: Transverse distances of the 241 

insertion point centroids from the sagittal plane, Transverse ranges of the insertion points Δt [mm] and 242 

Sagittal ranges Δs [mm]. 243 

 244 

For the particular screw selected the ranges of sagittal angle Λs, have an average value of 41.9°±4.8°.  245 

 246 

 247 

Fig.9 Values obtained on thoracic segments of two cadaveric spines: Range of the sagittal angle (Λs) needed 248 

for the insertion, percentage of cortical bone detecting the screw tread v’ and suggested transversal angles 249 
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according to: percentage of detected cortical bone, amplitude of the insertion area and scores obtained with 250 

AHP method for the two cases of “free hand” and “CASS” implantations. 251 

 252 

The range of the transverse angle is 30° in T1, 40° in T2 and T3, and reduces to 30° in T4 and T5. The angle 253 

remains constant at 5° in the lower thoracic spine (T6 to T10). The transverse angle with higher insertion area 254 

(A) decreased in the caudal direction from a converging angle of 22.5° at T1 to a divergent angle of 12.5° at T10 255 

(Fig. 9b). The average percentage of cortical bone intersectiong the thread is 16.9%±2.7% and is higher at T5, 256 

with a value of 23.4% due to small pedicles characterization (Fig. 9a). The transverse angle required to maximize 257 

this percentage varied from a converging angle of 7.5° on T1 to a divergent angle of 27° at T9. 258 

From the calculated numerical parameters, with the AHP method, in the assisted surgery, trajectories with small 259 

inclination are suggested, with 10° less in amplitude, for almost all the thoracic levels with exemption of the 260 

lower thoracic, where divergent trajectories with transverse angles up to 27.5° can intercept more cortical bone. 261 

In the case of “free hand”, convergent screws are suggested from T1 to T4 and almost straight trajectories are 262 

always used for other levels, with peak values of 12.5° divergence on T10.  263 

 264 

 4 Discussions 265 

The algorithm developed and highlighted in this paper requires as an initial step a 3D reconstruction of the 266 

vertebra and the position of two planes perpendicular to the transverse plane as a reference. We reconstructed 267 

the vertebra geometry using a conventional CT segmentation tool, Materialise Mimics (Materialise, Leuven, 268 

Belgium) and the segmentation did not exceed 15 minutes. This preprocessing time can be strongly reduced 269 

using techniques proposed in the literature for CT images [31–33] or by using statistical-based reconstructions 270 

requiring biplanar X-rays [34–36]. In surgical techniques involving robotic arms or templates, a planned 271 

trajectory can be replicated in surgical setting with high accuracy [7,37]. Because these techniques are based on 272 
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tridimensional reconstructions of the spine [38–41], the integration with the proposed algorithm does not 273 

require additional preprocessing time. With the proposed algorithm, the surgeon defines the trajectory making 274 

use of few parameters namely two distances and two angles, whereas the current systems require all the 275 

screw’s 6DOF. With “free hand” techniques the calculated optimal trajectory is communicated to the surgeon on 276 

a simulated x-ray which is limited by the preprocessing time and potential errors associated with 2D imaging.  277 

The algorithm developed in this study can improve current anatomical studies aimed to indicate proper screw 278 

placement and angulations for the “free hand” technique. 279 

It is important to note that using a desktop workstation (Intel Xeon 3.6 GHz with 8 Gb RAM, Dell Precision, Dell 280 

Inc. Round Rock, TX) the safe trajectories calculation did not necessitate a significant amount of processing time 281 

while the calculation of the “Percentage of the Volume in the screw thread detecting cortical bone” (v’j) varied 282 

according to the discretization parameters nb and nl from 2 to 20 minutes.  283 

The developed algorithm identifies the optimal trajectory using a limited number of parameters, it does not 284 

account for parameters not geometrically quantifiable, such as bone adaptation or stress shielding, but it is the 285 

first analytical approach that provide safe screw trajectories. In previous studies, vertebral bone density has 286 

been documented to be inversely proportional to spinal implant rigidity [42] and to the changes in stresses at 287 

the bone implant interface [43–46]. A methodological approach to spine screw stress alteration has been 288 

proposed by Gefen et al. [47] that defined dimensionless parameters to measure the stress transfer between 289 

the threads and the intercepted bone. Using finite element analysis, different screw designs were evaluated and 290 

their stress shielding and consequential bone resorption was investigated [48,49]. Such parameters can be 291 

integrated with the proposed algorithm to account for the screw trajectory selection and stress shielding, using 292 

the AHP proposed method. 293 

The developed algorithm has produced clinical relevant screw insertion parameters in agreement with previous 294 

anatomical studies. In the cranial direction, the lateral movement of the insertion point reported by Kim et al. 295 

[11] was found on both tested spines. The range of safe insertion transverse angles have a large amplitude that 296 
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are seen to be directly related to the effective insertion area that is not uniformly distributed in the lower 297 

thoracic spine. The transverse angles associated with the trajectories with highest insertion area are in 298 

agreement with the transverse pedicle angles found by Zindrick et al. [13]. In previously developed anatomical 299 

studies, the pedicle dimension was used as an indicator of the amplitude of the insertion region [13,14,50–52], 300 

while the proposed algorithm indicates on the posterior cortex the actual amplitude of the safe insertion region 301 

and the required insertion angles. A limitation is the calculation of the percentage of screw thread volume in 302 

contact with the cortical bone (vj). Another limitation is the number of specimen and spines used to validate our 303 

algorithm; this will be increased in future studies. The proposed method, being pedicle arch based, applies to 304 

vertebrae characterized by strong morphological alterations such as posterior element disruption and facet joint 305 

hypertrophy [16]. The screw insertion errors related to the variability between the left and right sides of the 306 

distance between the posterior and anterior cortex (here indicated as |Ei-Oi|) reported by Cui et al. [52] are 307 

excluded by the filter conditions adopted.  308 

 309 

Conclusion 310 

The proposed algorithm works well with CT data commonly available for most patients undergoing spinal fusion 311 

or correction. The method allows proper screw selection for safe trajectories and calculates critical values such 312 

as screw inclinations and volume of cortical bone intersected.  To our knowledge, the proposed method is the 313 

first that uses an analytical approach for the screw placement.  314 

 315 
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Appendix A: Cross Sections discretization 327 

Consider two polygons as shown in Figure 4 that pass through a set of data points determined by registration or 328 

identified and selected by some imaging techniques such as CT or a trained surgeon. The two polygons Γp and Γe 329 

= (SROI∩πe) are made of a set data points referred to as npe utilizing points Pei points. Similarly, we have npp 330 

points utilizing Ppi. Both of these polygons have total lengths of λp and λe respectively where, 331 

𝜆𝑘 = |𝑃𝑘(𝑛𝑝𝑘) − 𝑃𝑘0| + ∑ |𝑃𝑘(𝑖+1) − 𝑃𝑘𝑖|
(𝑛𝑝𝑘−1)
0       𝑤ℎ𝑒𝑟𝑒 𝑘 = {

𝑝
𝑒

  (A.1) 332 

To generate a number of screw trajectories independently from the Polygonal mesh adopted, a user defined 333 

number of equally spaced points Qkj are created on the k-th polygon Γk (Fig.A.1). Furthermore, we impose the 334 

condition that the first point Qk0 coincides with point Pk0 and used as a reference (QK0=PK0). 335 

The m-th segment (Pk(m+1)-Pkm)) containing the j-th point Qkj is simply defined by the distance j(λk/nkb) denoted by  336 

𝑚 ∈ ℕ+ ∶ 𝜆(𝑚+1)𝑘 >
𝜆𝑘

𝑛𝑘𝑏
(𝑗) ≥ 𝜆𝑚𝑘      𝑓𝑜𝑟 𝑗 = 0, . . (𝑛𝑘𝑏 − 1)   (A.2) 337 

We further compute all the relative lengths λmk for all Pki points as distance from the initial reference point Pk0 as 338 

follows; 339 
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𝜆𝑚𝑘 = ∑ |𝑃𝑘(𝑖) − 𝑃𝑘(𝑖−1)|  𝑤𝑖𝑡ℎ 𝜆0𝑘 = 0  𝑎𝑛𝑑 𝜆(𝑛𝑝𝑘+1)𝑘 = 𝜆𝑘
𝑚
𝑖=1   (A.3) 340 

  341 

Fig. A.1: Generation of the equally spaced points Qkj on a generic planar polygon Γk composed by the points 342 

Pki. 343 

 344 

Once the m-th segment has been computed, the equally spaced points are than calculated as the distance to the 345 

center of mass of the segment where the relative weights are reduced by the distance of prior computed point 346 

Qk(j-1) from the Pk(m-1).  347 

𝑄𝑘𝑗 = 𝑃𝑘(𝑚−1) (1 −
((

𝜆𝑘
𝑛𝑘𝑏

⁄ )∗𝑗−𝜆(𝑚−1)𝑘)

𝜆𝑚𝑘−𝜆(𝑚−1)𝑘
) + 𝑃𝑘𝑚

((
𝜆𝑘

𝑛𝑘𝑏
⁄ )∗𝑗−𝜆(𝑚−1)𝑘)

𝜆𝑚𝑘−𝜆(𝑚−1)𝑘
  (A.4) 348 

The equally spaced points (Qkj) identified on the section profile are connected to the centroid (Ck) used as a seed 349 

point to generate the safe region. 350 

The centroid Ck of the k-th section is calculated by geometric decomposition where the unit figures are the 351 

triangles formed by each s-th polygon’s segment intersecting plane πk (see Fig.A.2). 352 

𝐶𝑘 =
∑ 𝐴𝑘𝑠 𝐶𝑘𝑠

𝑛𝑝𝑘−1

𝑠=0

∑ 𝐴𝑘𝑠 
𝑛𝑝𝑘−1
𝑠=0

  (A.5) 353 
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For the s-th segment, we define its center Cks making use of the vertices where  354 

𝐶𝑘𝑠 =
𝑃𝑘(𝑖+1)+𝑃𝑘𝑖+𝑑𝑘�̂�

3
  𝑤ℎ𝑒𝑟𝑒: 𝑃𝑘(𝑛𝑝𝑘+1) = 𝑃𝑘0       (A.6) 355 

It follows that its cross section area Aks is found by using the cross product of the position vector’s projections 356 

P’ki and can be defined as 357 

  𝐴𝑘𝑠 =
1

2
(𝑃𝑖𝑘

′ × 𝑃(𝑖+1)𝑘
′ ) ∙ (

sin 𝛼𝑘
cos 𝛼𝑘

0
)  𝑤ℎ𝑒𝑟𝑒: 𝑃𝑖𝑘

′ = 𝑃𝑖𝑘 − 𝑑𝑘�̂�  (A.7) 358 

Starting at the distance (d) from Qkj and subdividing the remaining portion of the connecting lines in equally 359 

spaced segments nkl we create the k points for the segments Qkj-Ck which is longer than d (Fig. A.2).   360 

  361 

Fig. A.2: Geometric representation of the cross-section discretization adopted. 362 

 363 

Using the hypothesis that a “star shape” characterizes both cross sections, the safe points (Rhjk) are identified in 364 

the k-section as a particle center mass  365 

 366 
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𝑅ℎ𝑗𝑘=𝐶𝑘

|(
|𝑄𝑘𝑗−𝐶𝑘|−𝑑

𝑛𝑘𝑙
)ℎ−|𝑄𝑘𝑗−𝐶𝑘||

|𝑄𝑘𝑗−𝐶𝑘|
+𝑄𝑘𝑗

|

|
(

|𝑄𝑘𝑗−𝐶𝑘|−𝑑

𝑛𝑘𝑙
)ℎ

|𝑄𝑘𝑗−𝐶𝑘| |

|
    

for j=0,1,…(nkb−1) and for h=0,1,…(nkl−1)

|𝑄𝑘𝑗−𝐶𝑘|−𝑑>0

  (A.8) 367 

where the centroid of the cross- section (Ck), the value of the distance d is equivalent to the sum of the desired 368 

residual bone thickness r and of the screw external radius augmented by the maximal angular incidence β.  369 

𝑑 = 𝑟 +
𝑑𝑒

2
cos 𝛽 (A.9) 370 

 371 

Appendix B: Insertion parameters calculation 372 

The minimal transverse distance of the entry points (dtj min) is calculated by evaluating the position of the closest 373 

point to the sagittal plane 374 

𝑑𝑡𝑗 𝑚𝑖𝑛 = |𝐸𝑡 𝑚𝑖𝑛 ∙ �̂�| |∀𝐸𝑖 ∈ 𝑇2𝑗   |𝐸𝑡 𝑚𝑖𝑛 ∙ �̂�|  ≤ |𝐸𝑖 ∙ �̂�| (B.1) 375 

The transverse range ∆tj=dtj max-dtj min is defined by the transverse distance between the closest and furthest point 376 

in the transverse direction 377 

𝑑𝑡𝑗 𝑚𝑎𝑥 = |𝐸𝑡 𝑚𝑎𝑥 ∙ �̂�| |∀𝐸𝑖 ∈ 𝑇2𝑗   |𝐸𝑡 𝑚𝑎𝑥 ∙ �̂�|  ≥ |𝐸𝑖 ∙ �̂�| (B.2) 378 

The sagittal range ∆tj=dsj max-dsj min is similarly defined by the positions of the highest  379 

𝑑𝑠𝑗 𝑚𝑎𝑥 = |𝐸𝑠 𝑚𝑎𝑥 ∙ �̂�| |∀𝐸𝑖 ∈ 𝑇2𝑗   |𝐸𝑠 𝑚𝑎𝑥 ∙ �̂�|  ≥ |𝐸𝑖 ∙ �̂�| (B.3) 380 

and of the lowest entry points 381 

𝑑𝑠𝑗 𝑚𝑖𝑛 = |𝐸𝑠 𝑚𝑖𝑛 ∙ �̂�| |∀𝐸𝑖 ∈ 𝑇2𝑗   |𝐸𝑠 𝑚𝑖𝑛 ∙ �̂�|  ≤ |𝐸𝑖 ∙ �̂�| (B.4) 382 

The average value of the angles in the sagittal plane, sagittal angles αs, and its range (Λsj) are defined as follows;  383 

𝛼𝑠 𝑗 = cos−1 (
(((𝑂𝑖−𝐸𝑖)∙�̂�)�̂�+((𝑂𝑖−𝐸𝑖)∙�̂�)�̂�)

|((𝑂𝑖−𝐸𝑖)∙�̂�)�̂�+((𝑂𝑖−𝐸𝑖)∙�̂�)�̂�|
∙ �̂�)   ∀ 𝐸𝐽 ∈ 𝑇2𝑗    (B.5) 384 
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Λ𝑠𝑗 = max( 𝛼𝑠 𝑖) − min( 𝛼𝑠 𝑖) (B.6) 385 

            

Appendix C: Percentage of the Volume in the screw thread detecting cortical bone (v’j) 386 

For each safe trajectory Ii, with norm nii= (Oi -Ei)/|Oi -Ei|, we identified the volumes intercepted on cortical Vcorti 387 

and trabecular bone volumes Vtrabi between the cylinder Sext,i which as a diameter equivalent to the screw 388 

external diameter and the cylinder Score,i with a screw core diameter limited on the entry points and screw length 389 

l by planes πins i and πend i.  390 

𝑆𝑒𝑥𝑡,𝑖 → 𝐾0
2 + 𝐾1

2 = (
𝑑𝑒𝑥𝑡

2
)

2
  (C.1) 391 

𝑆𝑐𝑜𝑟𝑒,𝑖 → 𝐾0
2 + 𝐾1

2 = (
𝑑𝑐𝑜𝑟𝑒

2
)

2
      (C.2) 392 

where: 393 

𝐾0 = −𝑥 sin 𝜃 + 𝑦 cos 𝜃 cos 𝜑 + 𝑧 cos 𝜃 sin 𝜑  (C.3) 394 

𝐾1 = −𝑦 sin 𝜑 + 𝑧 cos 𝜑  (C.4) 395 

with: 396 

𝜃 = tan−1 (
𝑛𝑖𝑖∙�̂�

𝑛𝑖𝑖∙�̂�
)  𝑎𝑛𝑑 𝜑 = sin−1(𝑛𝑖𝑖 ∙ �̂�)  (C.5) 397 

and the limiting planes are: 398 

π𝑖𝑛𝑠,𝑖 → 𝑛𝑖𝑖 ∙ �̂�(𝑥 − 𝐸𝑖 ∙ �̂�) + 𝑛𝑖𝑖 ∙ �̂�(𝑦 − 𝐸𝑖 ∙ �̂�) + 𝑛𝑖𝑖 ∙ �̂�(𝑧 − 𝐸𝑖 ∙ �̂�) = 0 (C.6) 399 

π𝑒𝑛𝑑,𝑖 → 𝑛𝑖𝑖 ∙ �̂�(𝑥 − (𝐸𝑖 + 𝑛𝑖𝑖𝑙) ∙ �̂�) + 𝑛𝑖𝑖 ∙ �̂�(𝑦 − (𝐸𝑖 + 𝑛𝑖𝑖𝑙) ∙ �̂�) + 𝑛𝑖𝑖 ∙ �̂�(𝑧 − (𝐸𝑖 + 𝑛𝑖𝑖𝑙) ∙ �̂�) = 0 (C.7) 400 

The v’j, is calculated as the average of the values vi,j= 100*(Vcorti-Vtrabi)/(Vcorti) where the volumes are:  401 

𝑉𝑐𝑜𝑟𝑡𝑖 = 𝑆𝑐 ∩ (((𝑆𝑒𝑥𝑡,𝑖 − 𝑆𝑐𝑜𝑟𝑒,𝑖) ∩ 𝜋𝑖𝑛𝑠,𝑖
+) ∩ 𝜋𝑖𝑛𝑠,𝑖

−)  (C.8) and 402 
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 𝑉𝑡𝑟𝑎𝑏𝑖 = 𝑆𝑡 ∩ (((𝑆𝑒𝑥𝑡,𝑖 − 𝑆𝑐𝑜𝑟𝑒,𝑖) ∩ 𝜋𝑖𝑛𝑠,𝑖
+) ∩ 𝜋𝑖𝑛𝑠,𝑖

−) (C.9)  403 
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Appendix D: Sensitivity Analysis of parameters nb and nl, controlling the cross-sections discretization. 404 

Based on a randomly selected set of vertebra from the thoracic segments obtained from two subjects the entry 405 

points are computed for different combinations of nb and nl, controlling the cross-sections discretization. Both 406 

polygons Γp and Γe are also discretized with the same numbers of points (nb=npb=neb) ranging from 15 to 30. 407 

Similarly, lines connecting the edges with the centroids are discretized with three values ranging from 10 to 20. 408 

The safe trajectories are found within the range of the transverse angles ranging from 10° (divergent screws) to 409 

values greater than -30° (convergent screws). The highest range for the sagittal angle is found when the 410 

transverse angle is between 20° and 25°.  411 

For the most divergent trajectories in the range of 5° to 10°, we found no statistical differences in the sagittal 412 

angle (F=0.041), the insertion cross-section area (F=0.170) and the transversal position of the centroid (F=0.295). 413 

When also analyzed how nl, and nb influence the transversal trajectories. Hence, the optimum safe trajectories 414 

can be found by dividing further the lines (nl=10), to reduce the computational cost, and the number of points 415 

representing the different cross sections (nb=30). 416 

 417 
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  418 

Fig. D.1: Results obtained for each Transverse angle subgroup for a random thoracic vertebra for 419 

combinations of values nb and nl values controlling the cross-sections discretization: the safe trajectories 420 

range from 10° of divergence to 30 of convergence (shown as a negative number). 421 

 422 
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Figures: 542 

Fig.1 2d Visualization of Screw placements on axial CT image of T1. 543 

Fig.2: Algorithm framework and interface. Green and Blue colors are used to distinguish the User inputs from 544 

the algorithm automatically executed phases to obtain the Optimal Trajectory. 545 

Fig.3: a) Reference Frame adopted and b) Insertion Screw region and pedicle reference planes.  546 

Fig.4: a) Identification of the Region of Interest SROI; b) Identification of the two Cross-sections polygons Γe and Γp 547 

used. 548 

Fig.5: Generic cross-section discretization for different configurations of the divisions imposed through the 549 

parameter nb and nl. 550 

Fig.6: Application of the method on a T3 vertebra,  with npb= neb=25 and npl=nel=10 are obtained: a) Cross 551 

sections discretization b) geometric representation of the filters adopted and c) Final Safe trajectories outcome. 552 

Fig.7: Right vertebra hemi portion and corresponding safe trajectories T2: a) transverse view, b) caudal coronal 553 

view and c) sagittal view. 554 

Fig.8: Average values obtained on thoracic segments of two cadaveric spines: Transversal distances of the 555 

insertion point centroids from the sagittal plane, Transversal ranges of the insertion points Δt [mm] and Sagittal 556 

ranges Δs [mm]. 557 

Fig.9: Values obtained on thoracic segments of two cadaveric spines: Range of the sagittal angle (Λs) needed for 558 

the insertion, percentage of cortical bone detecting the screw tread v’ and suggested transversal angles 559 

according to: percentage of detected cortical bone, amplitude of the insertion area and scores obtained with 560 

AHP method for the two cases of “free hand” and “CASS” implantations. 561 

Fig. A.1: Generation of the equally spaced points Qkj on a generic planar polygon Γk composed by the points Pki. 562 

Fig. A.2: Geometric representation of the cross-section discretization adopted. 563 
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Fig.D.1: Results obtained for each Transverse angle subgroup for a random thoracic vertebra for combinations of 564 

nb and nl values controlling the cross-sections discretization: the safe trajectories range from 10° of divergence 565 

to 30° of convergence (shown as a negative number). 566 

 567 

 568 


