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TRAVELING WAVES IN DEEP WATER WITH GRAVITY AND
SURFACE TENSION∗
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Abstract. This paper is concerned with the simulation of periodic traveling deep-water free-
surface water waves under the influence of gravity and surface tension in two and three dimensions.
A variety of techniques is utilized, including the numerical simulation of a weakly nonlinear model,
explicit solutions of low-order perturbation theories, and the direct numerical simulation of the full
water wave equations. The weakly nonlinear models which we present are new and extend the work
of Akers and Milewski [SIAM J. Appl. Math., 70 (2010), pp. 2390–2408] to arbitrary Bond number
and fluid depth. The numerical scheme for the full water wave problem features a novel extension of
the “Transformed Field Expansions” method of Nicholls and Reitich [Euro. J. Mech. B Fluids, 25
(2006), pp. 406–424] to accommodate capillary effects in a stable and rapid fashion. The purpose of
this paper is apply the new numerical method, then compare small amplitude solutions of potential
flow with those of the approximate model. Particular attention is paid to the behavior near quadratic
resonances, an example of which is the Wilton ripple.

Key words. potential flow, surface tension, ripples

AMS subject classifications. 74J30, 76B15, 76B45, 76B07

DOI. 10.1137/090771351

1. Introduction. Traveling water waves have been studied for over a century,
most famously by Stokes, for whom weakly nonlinear periodic waves are now named
[1, 2]. In his 1847 paper, Stokes expanded the wave profile as a power series in a
small wave slope parameter, a technique which has since become commonplace. This
classic perturbation expansion, which we will refer to as the Stokes expansion, has
since been applied to the water wave problem numerous times [3, 4, 5, 6, 7, 8]. When
the effect of surface tension is included, an expansion in wave amplitude may be
singular due to a resonance between a long and a short wave, as noted first in [9]
and more recently in [10, 11, 12, 13]. In this paper, we use both numerical solutions
and asymptotic predictions from a Stokes expansion to compare periodic traveling
solutions of the potential flow equations, as in [14], to those in a weakly nonlinear
model extending [15]. The goal is to compare solutions of the potential flow equations
to those of a quadratic nonlinear model, in the neighborhood of resonances which
occur at quadratic order in a perturbation series expansion. Near these resonances,
perturbation series expansions about a Stokes wave will not be valid; the quadratic
model may provide a better approximation.

Traveling waves on both a two-dimensional (one horizontal and one vertical di-
mension) and a three-dimensional fluid will be computed. The three-dimensional
waves we examine are periodic in both horizontal space dimensions, commonly re-
ferred to as short-crested waves [16]. Short-crested wave solutions to the potential
flow equations have been computed previously without surface tension [14, 17, 18]
and with surface tension [19]. They have also been studied experimentally [20, 21].
A significant contribution of the current work is the presentation of a new numeri-
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cal method for computing such solutions to the potential flow equations. The new
numerical method is an extension of that in [14] to compute traveling waves with
surface tension; the previous algorithm did not include capillary forces. In addition,
we compare small amplitude solutions in the potential flow equations to those in a
weakly nonlinear model, specifically by their speed-amplitude curves. We choose the
speed-amplitude curves as a basis for comparison because of the relationship between
the waves’ stability and their speed-amplitude dependence. In many water waves
models, families of waves may change stability only at extrema of their speed-energy
curve [22, 23, 24]. In addition, the sign of the speed correction, referred to later as
c2, of a weakly nonlinear wave is predictive with respect to dynamics of wave packets,
due to the role that this correction plays as a coefficient in the nonlinear Schrödinger
equation [25].

There is a long history of numerical implementation of the Stokes expansion
to simulate water waves [26], with the approaches of [27, 28] and [14] of greatest
relevance in the present context. However, only the latter of these two approaches
can be rigorously shown to converge (proof in [29]; see Figure 1 in [14] for an explicit
demonstration of the ill-conditioning present in the algorithm of [27]) and thus be
completely reliable for numerical simulation. In this paper we make the nontrivial
extension of this Transformed Field Expansions approach to include effects of surface
tension.

The implicit assumption of the Stokes expansion that solutions are analytic in the
wave height/slope parameter ε can also be exploited to derive weakly nonlinear model
equations. In the case of shallow-water waves with surface tension, well-known weakly
nonlinear models include the fifth-order Korteweg–de Vries (KdV) equation [30] and
the Kadomtsev–Petviashvili (KP) equation [31]. Without surface tension Boussinesq-
type models have been used to study weakly nonlinear short-crested waves, for exam-
ple, in [32]. Recently analogues of both the fifth-order KdV [33] and KP equations [34]
have been derived for deep-water gravity-capillary waves. In this paper we examine so-
lutions to an isotropic weakly nonlinear model for deep-water gravity-capillary waves,
an extension of the model derived in [15]. The numerical solutions to the weakly
nonlinear model are compared to solutions of the potential flow equations via their
speed-amplitude curves. Waves are computed on both a two-dimensional and a three-
dimensional fluid. In both cases the numerical solutions are compared to asymptotic
predictions. The validity of the weakly nonlinear truncation is explored, with special
attention paid to behavior near resonances (the Wilton ripples).

The paper is organized as follows. In section 2, the model equations are presented,
including a summary of the derivation of the weakly nonlinear model. In section 3, the
numerical methods used for computing traveling waves are presented, including some
sample simulations for each model. In section 4, the numerical results in each model
equation are compared with the asymptotic predictions via the speed-amplitude plots.
Conclusions and areas of future research are presented in section 5.

2. Model equations. To begin, we consider the potential flow equations for an
incompressible fluid undergoing an irrotational flow [5]. For water (ρ = 1 gm

cm3 ) these
equations take the dimensional form

Δφ+ φzz = 0, −H0 < z < η,(2.1a)

φz = 0, z = −H0,(2.1b)

ηt +∇η · ∇φ = φz, z = η,(2.1c)
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φt +
1

2
|∇φ|2 + 1

2
(φz)

2 + gη − γ∇ ·
( ∇η
(1 + |∇η|2)1/2

)
= 0, z = η.(2.1d)

Here η(x, y, t) is the free-surface displacement, φ(x, y, z, t) is the velocity potential,

g is the gravitational constant, γ is the surface tension coefficient (γ = 73.5 cm3

sec2

for an air-water interface), and H0 is the undisturbed fluid depth [35]. Choosing
a characteristic lengthscale L, surface displacement a, potential scale P = a

√
gL,

timescale T = L1/2g−1/2, and nondimensionalizing yields

Δφ+ φzz = 0, −H1 < z < εη,(2.2a)

φz = 0, z = −H1,(2.2b)

ηt + ε∇η · ∇φ = φz , z = εη,(2.2c)

φt +
ε

2

(|∇φ|2 + (φz)
2
)
+ η − σ

ε
∇ ·
( ∇η
(1 + |∇η|2)1/2

)
= 0, z = εη.(2.2d)

In this model ε = a/L is the wave slope, and H1 = H0/L measures the fluid depth
relative to the period of the wave. The parameter σ = γ

gL2 , a Bond number, compares
the force due to surface tension to that of gravity. Waves with σ < 1 are called
gravity waves, those with σ > 1 are called capillary waves, and waves near σ = 1
are the hybrid, capillary-gravity waves. Often the Bond number is written in terms
of the characteristic depth, γ

gH2
0
; however, this definition of the Bond number makes

sense only when the depth is smaller than, or on the order of, the wavelength. Such
a depth-based Bond number is zero for all wavelengths in deep water. The Bond
number is meant to compare the relative importance of surface tension to gravity, but
for deep-water waves (H1 → ∞), as will be studied here, using a depth-based Bond
number leads to the conclusion that surface tension is negligible. As surface tension
clearly dominates the dynamics of sufficiently short waves (even when H1 → ∞) one
must use a horizontal lengthscale for the Bond number in deep water.

In this paper we investigate periodic traveling waves in not only the potential flow
equations (2.2), but also a weakly nonlinear model which we derive below (we note
that the case σ = 1 in deep water appears in [15]). To summarize the derivation for
arbitrary σ and finite depth, we expand the free-surface boundary conditions (2.2c)
and (2.2d) about the mean level z = 0. Taking the deep-water limit H1 → ∞ and
solving Laplace’s equation in the lower half-space eliminates the z-dependence of (2.2),

φ(x, y, t, z) = F−1
{
F {Φ(x, y, t)} e|k|z

}
.

Here F is the Fourier transform in (x, y) with dual variable k; clearly Φ = φ(x, y, t, 0).
Derivatives of φ with respect to z at z = 0 correspond to multiplication of the Fourier
transform of Φ by |k|, denoted by (−Δ)1/2 in physical space. This procedure simplifies
the potential flow equations (2.2) to a system of two equations acting at the mean
level z = 0. The new system, keeping terms to cubic order, is

ηt − (−Δ)1/2Φ + ε∇ · (η∇Φ) +
ε2

2
∇ · (η2∇(−Δ)1/2Φ) = 0,(2.3a)

Φt + (1− σΔ)η + ε

(
1

2
(∇Φ)2 +

1

2
((−Δ)1/2Φ)2 + η(−Δ)1/2Φt

)

+
ε2

2

(
σ∇ · (∇η)3 + 2η(∇Φ · ∇(−Δ)1/2Φ−ΔΦ(−Δ)1/2Φ)− η2ΔΦt

)
= 0.(2.3b)
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The system (2.3) can be formally rewritten in terms of only Φ or η. Eliminating Φ in
favor of η and truncating at quadratic order yields

(2.4) ηtt +Ω2η + εN(η, ηt) = 0,

with

N(η, ηt) = (−Δ)1/2
(
1

2
(Hηt)2 + 1

2
η2t − ηΩ2η

)
−∇ · (ηS∇η + ηtHηt)

and

S = (1− σΔ), Ω2 = (1− σΔ)(−Δ)1/2, H = −∇(−Δ)−1/2.

The operator H is the Hilbert transform with Fourier symbol Ĥ = −i k
|k| . Similar

techniques can be used to write quadratic truncations in terms of Φ [39]. Equation
(2.4) can also be written on a fluid of arbitrary depth, where it becomes

(2.5) ηtt +Ω2η + εN(η, ηt) = 0,

with

N(η, ηt) = L
(
1

2
(∇L−1ηt)

2 +
1

2
η2t − ηΩ2η

)
−∇ · (ηS∇η − ηt∇L−1ηt)

and

S = (1− σΔ), Ω2 = SL, L = (−Δ)1/2tanh((−Δ)1/2H1).

In [15], (2.5) was derived to study deep-water gravity-capillary wave dynamics—the
case σ = 1 with H = ∞. The above derivation makes no assumption on either H
or σ, and thus it is natural to consider general Bond numbers and depths. In this
work we will restrict our attention to the infinite-depth case, so further references to
a weakly nonlinear model will be to (2.4).

3. Computing traveling waves. In this section we explain some of the novel
computational considerations necessary for the numerical simulation of traveling wave
solutions of the water wave problem (2.1). We also summarize the method used to
compute solutions to the weakly nonlinear model (2.4). We begin with the former,
an extension of the Transformed Field Expansions (TFE) approach of [14], and then
proceed to the spectral collocation/Newton’s method utilized for the latter.

Before describing the TFE approach, we recall a crucially important domain de-
composition which can be made for the water wave problem with the introduction of
an “artificial boundary.” The details of this are provided in [14], but we summarize
here for completeness. Our goal is to replace (2.1b) with an equivalent condition in
the near-field, so consider (2.1a) and (2.1b),

Δφ+ φzz = 0, −H0 < z < η,

φz = 0, z = −H0,

and notice that, given a plane {z = −a} (−H0 < −a < −‖η‖∞), these are equivalent
to

Δφ+ φzz = 0, −a < z < η,(3.1a)

φz = μz, z = −a,(3.1b)

φ = μ, z = −a,(3.1c)

Δμ+ μzz = 0, −H0 < z < a,(3.1d)

μz = 0, z = −H0.(3.1e)
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If we denote φ(x, y,−a) by the variable ψ(x, y), then it is clear that (3.1c), (3.1d),
and (3.1e) have the unique solution

μ(x, y, z) =
∑
k

ψ̂k
cosh(|k|(z + h))

cosh(|k|(h− a))
eik·(x,y),

where ψ̂k is the kth Fourier coefficient of ψ(x, y). To close (3.1a) and (3.1b) for φ
alone we simply need to produce μz(x, y,−a), which is delivered by the operator T ,

T [ψ(x)] :=
∑
k

|k| tanh ((h− a)|k|) ψ̂ke
ik·(x,y),

a Fourier multiplier of order one. Thus, (3.1b) equivalently reads

φz(x, y,−a)− Tφ(x, y,−a) = 0,

and we note that the infinite-depth case can be handled seamlessly with the observa-
tion that, when h = ∞,

T [ψ(x)] :=
∑
k

|k|ψ̂ke
ik·(x,y).

With this operator (2.1) can be equivalently restated on the truncated (and finite)
domain {−a < z < η}, as

Δφ+ φzz = 0, −a < z < η,(3.2a)

φz − Tφ = 0, z = −a,(3.2b)

ηt +∇η · ∇φ = φz , z = η,(3.2c)

φt +
1

2
|∇φ|2 + 1

2
(φz)

2 + gη − γ∇ ·
( ∇η
(1 + |∇η|2)1/2

)
= 0, z = η.(3.2d)

To search for traveling waves we move to a reference frame moving uniformly with
velocity c ∈ R

2 and seek steady solutions. This results in the system of equations

Δφ+ φzz = 0, −a < z < η,(3.3a)

φz − Tφ = 0, z = −a,(3.3b)

c · ∇η +∇η · ∇φ = φz , z = η,(3.3c)

c · ∇φ+
1

2
|∇φ|2 + 1

2
(φz)

2 + gη − γ∇ ·
( ∇η
(1 + |∇η|2)1/2

)
= 0, z = η.(3.3d)

To summarize the TFE approach for computing traveling water waves, we begin
with the domain-flattening change of variables

x′ = x, y′ = y, z′ = a

(
z − η

a+ η

)
,

which are known as σ-coordinates [36] in atmospheric science and the C-method [37]
in the electromagnetic theory of gratings. Defining the transformed potential

u(x′, y′, z′) := φ

(
x′, y′,

(a+ η)z′

a
+ η

)
,
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(3.3) becomes, upon dropping primes,

Δu+ uzz = F (x, y, z;u, η), −a < z < 0,(3.4a)

uz − Tu = J(x, y;u, η), z = −a,(3.4b)

c · ∇η − uz = Q(x, y;u, η, c), z = 0,(3.4c)

c · ∇u+ gη − γΔη = R(x, y;u, η, c), z = 0,(3.4d)

where the precise forms for F , J , Q, and R are reported in [14]. For the purposes
of our brief explanation, the only salient feature of these inhomogeneities is that if
η = O(δ) and u = O(δ), then they are O(δ2). The TFE approach now posits the
expansions

c = c(δ) = c0 +

∞∑
n=1

cnδ
n, η = η(x, y; δ) =

∞∑
n=1

ηn(x, y)δ
n,

u = u(x, y, z; δ) =

∞∑
n=1

un(x, y, z)δ
n,(3.5)

which, a posteriori, can be shown to be strongly convergent [38]. Inserting these forms
into (3.4) yields

Δun + un,zz = Fn(x, y, z), −a < z < 0,(3.6a)

un,z − Tun = Jn(x, y), z = −a,(3.6b)

c0 · ∇ηn − un,z = Qn(x, y) − cn−1 · ∇η1, z = 0,(3.6c)

c0 · ∇un + gηn − γΔηn = Rn(x, y)− cn−1 · ∇u1, z = 0.(3.6d)

Again, the forms for Fn, Jn, Qn, and Rn can be found in [14] save for the contribution
of the curvature term (which reflects the force due to surface tension) in Rn, which
we now detail below. It is the incorporation of this term into our algorithm which is
the computational novelty of this work.

To begin, let us define the curvature term

H(∇η) := ∇ ·
[

∇η
(1 + |∇η|2)1/2

]

and notice that

H(∇η) = ∇ · [(∇η)F (∇η)] ,
where

F (∇η) := 1

(1 + (∇η) · (∇η))1/2
.

When applied to η, (3.5), this can be written as

F (x, y; δ) =

∞∑
n=0

Fn(x, y)δ
n,

from which we can easily find Hn:

Hn(x, y) = ∇ ·
[

n∑
l=1

(∇ηl)Fn−l

]
.
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It is now crucially important to find a good formula for Fn, and for this we use the
identity

F 2 =
1

1 + η2x + η2y
,

which implies that

F 2 + η2xF
2 + η2yF

2 = 1.

Expanding in Taylor series, we obtain( ∞∑
n=0

Fnδ
n

)2

+

( ∞∑
n=1

ηn,xδ
n

)2( ∞∑
n=0

Fnδ
n

)2

+

( ∞∑
n=1

ηn,yδ
n

)2( ∞∑
n=0

Fnδ
n

)2

= 1,

which gives

∞∑
n=0

(
n∑

l=0

Fn−lFl

)
δn +

[ ∞∑
n=2

(
n−1∑
l=1

ηn−l,xηl,x

)
δn

][ ∞∑
n=0

(
n∑

l=0

Fn−lFl

)
δn

]

+

[ ∞∑
n=2

(
n−1∑
l=1

ηn−l,yηl,y

)
δn

][ ∞∑
n=0

(
n∑

l=0

Fn−lFl

)
δn

]
= 1.

At order zero it is not difficult to show that F0 = 1. For n ≥ 1 we have

2F0Fn = −
n−1∑
l=1

Fn−lFl −
n−2∑
m=0

(
n−m−1∑

q=1

ηn−m−q,xηq,x

)(
m∑
l=0

Fm−lFl

)

−
n−2∑
m=0

(
n−m−1∑

q=1

ηn−m−q,yηq,y

)(
m∑
l=0

Fm−lFl

)
,

which, using F0 = 1, gives

Fn = −1

2

n−1∑
l=1

Fn−lFl − 1

2

n−2∑
m=0

n−m−1∑
q=1

m∑
l=0

ηn−m−q,xηq,xFm−lFl

− 1

2

n−2∑
m=0

n−m−1∑
q=1

m∑
l=0

ηn−m−q,yηq,yFm−lFl.

With these formulas in hand for Fn, and thus Hn, we proceed as outlined in [14] with
a Fourier-collocation/Chebyshev-tau approximation (with N1 × N2 Fourier modes
and Ny + 1 Chebyshev coefficients) of the problem (3.6) at every perturbation order
0 ≤ n ≤ N . These partial Taylor sums can then be summed either directly or with
the assistance of Padé approximation.

The numerical method used to compute solutions to (2.4) is a combination of spec-
tral collocation and Newton’s method. Traveling solutions are expanded in Fourier
components,

η(x, t) ≈ ηM (x, t) :=

M/2∑
n=−M/2

ane
ikn(x−ct).
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We take a0 = 0, as the mean level has no meaning for a fluid of infinite depth. This
transforms (2.4) into a nonlinear system ofM algebraic equations forM+1 unknowns:
the remaining M Fourier amplitudes and the speed c. To close the system we add an
equation fixing ||η||∞. Newton’s method is used to find solutions to this system, with
the linear solution as an initial guess. Solutions for different amplitudes are computed
by continuation, as in [39, 40].

4. Results. In this section we present the numerical results—both some com-
puted sample profiles and the speed-amplitude curves of solution branches. We begin
by presenting some computed profiles. Next, we present the first three terms in a
Stokes-like asymptotic expansion for each model. We then compare the low-order
Stokes prediction to the numerical results in each model.

In Figure 4.1 we display sample profiles (the solutions featuring circles) of deep-
water waves for two values of the surface tension σ and two values of the perturbation
parameter δ. The nonlinear contributions are particularly evident in the case σ = 0.34
with the flattened trough and peaked crest. We include comparisons of waves moving
at the same speed, where the two profiles differ in amplitude, as well as two profiles
with matching amplitude, where the waves move at slightly different speeds. This
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(a) σ = 0.34
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(b) σ = 0.34
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(c) σ = 1

0 1 2 3 4 5 6
−0.025

−0.02

−0.015

−0.01

−0.005

0

0.005

0.01

0.015

0.02

0.025

x

η

(d) σ = 1

Fig. 4.1. Profiles of computed traveling wave solutions to (2.4) (solid lines) are compared to
those of (2.2) (circles). In the left column profiles are compared which move at the same speed, and
in the right column with the same amplitude. In panel 4.1(a) the wave travels at speed c = 1.15791;
in panel 4.1(b) the amplitude ||η||∞ = 0.02; in panel 4.1(c) the speed c = 1.41407; in panel 4.1(d)
the amplitude ||η||∞ = 0.02.
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Fig. 4.2. Contours of the free-surface displacement of three-dimensional traveling waves in
(2.4), left, and in the potential flow equations (2.2), right. The waves are chosen to have ||η||∞ =
0.03, wave vectors angled from the propagation direction at θ = π/12, and (from top to bottom) with
Bond numbers σ = 0.34, 0.63, and 1. Observe that waves in the weakly nonlinear model, (2.4), are
qualitatively similar to those in potential flow, even near resonances. The locations of these waves
relative to resonant waves can be seen in Figure 4.5.

comparison illustrates that the error of (2.4) in approximating (2.2) can be thought
of as either in amplitude or speed. Waves of the same small amplitude have virtually
identical profiles but move at different speeds (see the right column in Figure 4.1).
In Figure 4.2 (right column) contour plots are presented of two-dimensional surfaces
(on a three-dimensional ocean) of deep-water short-crested waves. These are for three
different values of the surface tension σ, and the nonlinear effects here are most evident
near a Wilton ripple at σ = 0.63 (marked by a star in the left panel of Figure 4.5).
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In addition to computing profiles, we compare branches of numerically computed
traveling waves of both the potential flow equations (2.2) and the weakly nonlinear
model (2.4) to the respective small amplitude predictions of low-order Stokes expan-
sions. We use speed-amplitude plots as a basis for comparison. The computation of
the terms in the Stokes expansion is a classic technique; see [3, 4, 5, 6, 7, 8]. The
asymptotic approximations are used, in tandem with numerical solutions, to draw
conclusions about the validity of the weakly nonlinear model (2.4) as an approxima-
tion of the potential flow equations. The asymptotic solutions are calculated with a
classical Stokes expansion,

η = εη1 + ε2η2 + ε3η3 + · · · ,(4.1a)

Φ = εΦ1 + ε2Φ2 + ε3Φ3 + · · · ,(4.1b)

c = c0 + εc1 + ε2c2 + · · · ,(4.1c)

though, due to the form of (2.4), the expansion of Φ is unnecessary. For a two-
dimensional fluid, the leading order solution solves the linear problem (identical in
both equations)

η1 = eix + ∗ = 2 cos(x),(4.2a)

c0 =
√
1 + σ.(4.2b)

Here and throughout, ∗ refers to the complex conjugate. The speed c0 is the phase

speed of a linear solution, cp = ω
k =

√
1
|k| + σ|k|, evaluated at k = 1. At second order,

(2.4) also agrees with (2.2), both have c1 = 0, and

η2 =
1 + σ

1− 2σ
e2ix + ∗ =

2 + 2σ

1− 2σ
cos(2x).

We point out that the coefficient of the second harmonic, 2+2σ
1−2σ , changes sign at

σ = 1/2, and the sign of this correction corresponds to the well-known flattening
of the crests and sharpening of the troughs for capillary waves, which is the reverse
of gravity waves. At the critical value σ = 1/2, the linear wave resonates with its
harmonic. Although the Stokes expansion about a single wave is singular here, a
perturbation expansion does exist about a wave with two frequencies, called a Wilton
ripple [7, 9]. For σ = 1/2 the leading order solution is

(4.3) η1 = eix ± 1

2
e2ix + ∗ and c0 =

√
3/2.

The correction to the speed and the free surface are the same in both (2.4) and (2.2),

(4.4) η2 = ∓3e3ix − e4ix + ∗ and c1 = ±
√
3/8.

In the neighborhood of second-order resonances, solutions to the quadratic model
(2.4) may be better approximation to solutions of (2.2) than a third-order Stokes
expansion.

At third order, the Stokes wave corrections in (2.2) and (2.4) differ; for the weakly
nonlinear equation (2.4), with an extra subscript W (for weakly), the corrections are

c2,W =
(1 + σ)3/2

1− 2σ
,(4.5a)

η3,W =
2(1 + σ)2

(1− 3σ)(1− 2σ)
e3ix + ∗ =

4(1 + σ)2

(1− 3σ)(1 − 2σ)
cos(3x).(4.5b)
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The correction η3,W is singular both at σ = 1/2 and σ = 1/3, as can be seen by the
factors of (1 − 2σ) and (1 − 3σ) in the denominator of η3,W . This singularity is an
artifact of the first and second Wilton ripples—the mth correction will be singular at
σ = 1/2, 1/3, . . . , 1/m. For the potential flow equations (2.2), with an extra subscript
P (for potential), the corrections are

c2,P =

√
1 + σ(2σ2 + σ + 8)

4(1− 2σ)(1 + σ)
,(4.6a)

η3,P =
6σ2 + 21σ + 6

4(1− 2σ)(1− 3σ)
e3ix + ∗ =

6σ2 + 21σ + 6

2(1− 2σ)(1− 3σ)
cos(3x).(4.6b)

The correction to the displacement in the potential flow equations η3,P is also singular,
σ = 1/2 and 1/3. Just as with the model (2.4), the correction ηn,P will be singular
at σ = 1

m for m = 2 to n. Although the values of the corrections c2,P and η3,P are
different from c2,W and η3,W , quick inspection reveals that they share the same sign
and are of the same order of magnitude. This is of particular importance because
of the second role c2 plays: predicting the evolution of weakly nonlinear wavepackets
in the nonlinear Schrödinger (NLS) equation. To derive NLS, consider the alternate
ansatz for the free-surface displacement

(4.7) η = εA(ε(x− cgt), ε
2t)eik0x−iω(k0)t + ε2A2(x, t) + ε3A3(x, t) + ∗.

When (4.7) is substituted into (2.4), the leading order amplitude A solves the NLS
equation

iAτ +
ω′′(k0)

2
AXX = c2|A|2A,

with τ = ε2t and X = ε(x − cgt) (see [41]). The NLS coefficient c2,W has been
computed for (2.4) with σ = 1 in [15]; the NLS coefficient c2,P has been computed for
other forms of the potential flow equations with surface tension [42, 43, 44]. Because of
the correspondence between the perturbation expansion and the NLS equation, some
credit for the original derivation of the nonlinear coefficient of the NLS equation for
potential flow with surface tension should go to [8], who first found the third-order
terms in the Stokes expansion for potential flow with surface tension in arbitrary
depths.

In this paper we consider steady features of (2.4) and (2.2)—traveling profiles
and speed-amplitude relations. For the depths and Bond numbers where the steady
calculations show good agreement, one might consider using (2.4) to approximate the
dynamics of (2.2). The second correction c2, in addition to correcting the speed,
is predictive with respect to the dynamics of periodic waves. In the NLS equation,
the relative signs of the linear term and the nonlinear term determine the qualitative
nature of the dynamics. The sign of c2 predicts focusing or scattering of compactly
supported data in the NLS equation, and predicts the stability of plane waves in the
model equation (the Benjamin–Feir instability [45]). Because these are qualitative
features, it is critical that the truncated equation (2.4) agrees with the potential flow
equations (2.2) in terms of the relative signs of ω′′ and c2. Should the signs in one
equation differ from the signs in the other, the qualitative dynamics will not be similar
regardless of how small a wave is considered. Thus we note that (2.4) should not be
used to approximate dynamics of (2.2) at Bond numbers where c2,pc2,w < 0. Brief
examination reveals that c2,pc2,2 > 0 for all σ in deep water on a two-dimensional
fluid.
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Fig. 4.3. Numerically computed speed-amplitude curves for branches of two-dimensional travel-
ing waves in the weakly nonlinear equation (2.4) (diamonds) compared to those in the potential flow
equations (2.2) (circles), along with their third-order asymptotics (dashed lines). At σ = 0.49, near
the Wilton ripple σ = 1/2, the weakly nonlinear model approximates the potential flow equations,
but the asymptotic solution does not.

The speed-amplitude curves of traveling waves on the surface of two-dimensional
fluid—in both (2.2) and (2.4)—for a sample of Bond numbers, σ = 0, 0.49, 0.51,
and 1, are plotted in Figure 4.3. The Bond numbers σ = 1/2 ± 0.01 were chosen to
observe waves near the first Wilton ripple σ = 1/2. The wave at σ = 0 is the limit
point of the set of ripples σ = 1/n, where the resonance occurs at O(εn) as n → ∞;
no resonance actually occurs here. The Bond number σ = 1 corresponds to the
capillary-gravity wavelength for which (2.4) was originally derived: no ripples occur
near this Bond number. In Figure 4.3 one may observe the effects of resonances on the
approximations of both the Stokes expansion and the weakly nonlinear model. Neither
third-order Stokes expansion approximates the numerical solutions near σ = 1/2 very
well. The weakly nonlinear model does appear to approximate the potential flow
equations well at σ = 0.49, better than the third-order Stokes expansion. Away from
resonances, both the weakly nonlinear model and the potential flow equations are well
approximated by their respective third-order Stokes expansions.

For periodic waves on the surface of a three-dimensional fluid, we assume that
the leading order solutions include two wavevectors at an angle, θ, to the propagation
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direction,

η1 = eik1·x + eik2·x + ∗ = ei
(
cos(θ)x+sin(θ)y

)
+ ei

(
cos(θ)x−sin(θ)y

)
+ ∗,(4.8a)

c0 =

√
1 + σ

cos(θ)
,(4.8b)

which are typically called short-crested waves [16]. We consider deep-water Stokes
waves as a function of two free parameters, the Bond number σ and the angle θ.
The corrections in the Stokes expansion about these waves are significantly more
complicated, and for brevity are omitted.

On a two-dimensional fluid, resonant waves occur only at Bond numbers σ =
1/n for integer n. On a three-dimensional fluid these resonances persist, and new
resonances arise due to the additional geometric dependence of the leading order
solution. The set of all resonant waves as functions of σ and θ satisfy the relation

(4.9) Ω̂2(mk1 + nk2)− (m+ n)2(1 + σ) = 0,

where

m,n ∈ Z, kj = (cos(θ), (−1)j sin(θ)), Ω̂2(k) = |k|(1 + σ|k|2).
A simple example of a resonance which depends on θ (with m = n = 1) appears in
Figure 4.5 as a solid curve in the σ-θ plane. This resonance occurs at O(ε2); more
generally resonances appear at O(ε|n|+|m|). These resonances, although dependent
on geometry, are generated by the same mechanism as the two-dimensional Wilton
ripples, and we refer to them as such. An example of a Wilton ripple with geometric
dependence is

θ∗ = π/12 and σ∗ =
2− cos(π/12)

4 cos3(π/12)− 2
≈ 0.644,

about which we have numerically simulated the near resonant waves at (θ, σ) =
(π/12, 0.63) and (π/12, 0.65). Near any resonance, perturbation expansions of the
wave profile will not be valid. One may hope, however, that the quadratic model
could capture the behavior of the full model near resonances which occur at quadratic
order.

In Figure 4.4 we present the speed-amplitude curves for a selection of Bond num-
bers, σ = 0, 0.49, 0.51, 0.63, 0.65, and 1, which propagate at an angle θ = π/12. The
values σ = 0.49 and 0.51 bracket a quadratic resonance, as do the values σ = 0.63
and 0.65—these and other resonances are discussed at length in the following para-
graph. We observe that near the the quadratic resonances (σ = 0.49, 0.51, 0.63, 0.65)
the Stokes expansions do not well approximate numerical solutions of potential flow or
the weakly nonlinear model. Away from the quadratic resonances (σ = 0, 1) both the
weakly nonlinear model (2.4) and the potential flow equations are well approximated
by their Stokes expansions. Interestingly, the weakly nonlinear model appears to ap-
proximate the potential flow equations as one approaches a resonance from the left
(smaller bond numbers) σ = 0.49 and 0.63, but not from right (larger bond numbers)
σ = 0.51 and 0.65. This asymmetry is an area of current investigation. To bet-
ter study the resonant case, the TFE method is being extended to compute Wilton
ripples.

We have computed the speed correction c2(σ, θ) as a function of Bond number
σ and angle from the propagation direction θ for both the potential flow equations
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Fig. 4.4. Numerically computed speed-amplitude curves for branches of three-dimensional trav-
eling waves from the weakly nonlinear model (2.4) (diamonds) compared to those for potential flow
(2.2) (circles), along with their third-order asymptotics (dashed lines). These waves are small per-
turbations of a linear wave with two wavenumbers which make angle of θ = π/12 with the propagation
direction.

and the weakly nonlinear model. As mentioned for two-dimensional waves, the speed
corrections c2 depend on cubic interactions, some of which are neglected in the weakly
nonlinear model equation (2.4); thus one should not expect c2,W to agree in value
with c2,P . We compare the signs of the corrections c2 in Figure 4.5: in the light gray
regions the sign of the c2,W does not agree with the sign of c2,P . As discussed for
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Fig. 4.5. Left: The perturbation expansion for weakly nonlinear short-crested waves is singular
on a countable set of curves in the σ-θ plane. The first of these curves, corresponding to (m,n) =
(0, 2), (1, 1) in (4.9), are marked with solid lines. The waves whose speed-amplitude curves are in
Figure 4.4 are marked with stars. Right: The speed correction c2(σ, θ) changes sign at the resonances
(m,n) = (0, 2) and (1, 1)—marked by the thick black curves in the right panel and the solid lines
in the left panel. This correction also changes sign when there is some cancellation in the the
nonlinearity, marked by the thinner curves in the right panel. Both speed corrections c2,W and c2,P
are positive in the white region, while both are negative in the dark gray region. In the lighter gray
region the signs differ with c2,W < 0 and c2,P > 0.

a two-dimensional fluid, the sign of c2 is predictive with respect to wave dynamics.
Thus as an approximation of potential flow, (2.4) should be used only for dynamics
of waves which are outside of the light gray regions in Figure 4.5. Equation (2.4) was
originally derived to study waves near (σ, θ) = (1, 0), which satisfy this criterion.

5. Conclusion. Periodic traveling wave solutions of the full water wave equa-
tions and a weakly nonlinear model for these on deep water are computed. Solutions
to the weakly nonlinear model are computed by applying Newton’s method to the
truncated system of Fourier amplitudes. Solutions to the potential flow equations are
computed using an extension of the method of Transformed Field Expansions [14].

The numerical solutions are compared to asymptotic predictions, made using a
classic (Stokes) perturbation expansion. We compare the behavior of Stokes wave
solutions to the potential flow equations to a quadratic truncation both apart from
resonances and in the neighborhood of quadratic resonances. We observe that the
quadratic model may approximate the potential flow equations better than the Stokes
expansion near quadratic resonances. The performance of this approximation appears
to be asymmetric about the resonant Bond numbers. To further investigate this asym-
metry, the method of Transformed Field Expansions must be extended to compute
Wilton ripples.
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