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ABSTRACT. In this paper, we study the cones of higher codimension (pseudo)effective cycles
on point blow-ups of projective space. We determine bounds on the number of points for
which these cones are generated by the classes of linear cycles, and for which these cones
are finitely generated. Surprisingly, we discover that for (very) general points, the higher
codimension cones behave better than the cones of divisors. For example, for the blow-up
X7 of P, n >4, at r very general points, the cone of divisors is not finitely generated as
soon as r > n + 3, whereas the cone of curves is generated by the classes of lines if r < 2™,
In fact, if X' is a Mori Dream Space then all the effective cones of cycles on X' are finitely
generated.

1. INTRODUCTION

In recent years, the theory of cones of cycles of higher codimension has been the subject
of increasing attention [CC], [DELV], [DJV], [FL1], [FL2]. However, these cones have been
computed only for a very small number of examples, mainly because the current theory is
hard to apply in practice. The goal of this paper is to provide some much-needed examples.

Let I" be a set of r distinct points on P". Let X[ denote the blow-up of P" along I'.
When I is a set of r very general points, we denote X{* by X. For a smooth variety Y, we
write Bff*(Y) for the pseudoeffective cone of codimension-k cycles on Y, and Eff(Y") for the
pseudoeffective cone of dimension-k cycles. In this paper, we study the cones Effy(X7) when
the points of I' are either in linearly general or very general position. We also investigate the
cones when I' contains points in certain special configurations.

Cones of positive divisors on X7* provide an important source of examples in the study of
positivity. These cones are particularly attractive since they have concrete interpretations in
terms of subvarieties of projective space, yet still have very complicated structure. However,
even the cones of divisors on blow-ups of P? at 10 or more points are far from well-understood,
and several basic questions remain open, including the Nagata [N] and Segre-Harbourne—
Gimigliano—Hirschowitz (SHGH) conjectures [G|, [Har], [Hi]. We expect the cones of higher
codimension cycles on X7 to be an equally rich source of examples.

Surprisingly, these cones are simpler than one might expect. FEffective cones of low-
dimensional cycles are generated by the classes of linear spaces for r well into the range for
which X ceases to be a Mori Dream Space. For example, Eff;(X") is generated by classes
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of lines for r < 2" even though Eff' (X") is not finitely generated for r > n + 4 when n > 5.
We now describe our results in greater detail.

Definition 1.1. We say that Eff,(X2) is linearly generated if it is the cone spanned by the
classes of k-dimensional linear spaces in the exceptional divisors and the strict transforms
of k-dimensional linear subspaces of P", possibly passing through the points of I'. We say
Eff,.(XP) is finitely generated if it is a rational polyhedral cone.

Theorem (3.1). Let I’ be a set of r points in P" in linearly general position. If r <
max (n +2,n + %), then Eff,(X7) is linearly generated.

There exist configurations of 2n + 2 — k points in linearly general position in P" for which
Effy(XP) is not linearly generated (see Example 3.4). In particular, Theorem 3.1 is sharp
for 1-cycles. We expect that this bound can be improved to r < 2n + 1 — k, and prove this
in the case that I' is a very general configuration of points (Theorem 4.5). We obtain the
following consequence.

Corollary (4.7). If X7 is a Mori Dream Space, then Eff;(X™) is finitely generated.

In general, Mori Dream Spaces may have effective cones of intermediate dimensional cycles
which are not finitely generated; the corollary shows that this does not happen for blow-ups
of P*. A good example is [DELV, Example 6.10] attributed to Tschinkel. Let X}, be the
blow-up of P* along a smooth quartic K3 surface Y, C P? € P4. Then X is Fano, hence, by
[BCHM], a Mori Dream Space. On the other hand, Eff(X}) has infinitely many extremal
rays when Eff;(Y;) does. Quartic K3 surfaces may have infinitely many (—2)-curves or even a
round cone of curves. This example also shows that the property of having finitely generated
higher codimension cones can fail countably many times in a family.

The bounds can be exponentially improved (at least for 1-cycles) if we assume that I is a
set of very general points.

Proposition (4.1). The cone Eff;(X") is linearly generated if and only if r < 2.

As a consequence of Proposition 4.1, we conclude that Eff;(X”) is not linearly generated
if r > 2n=k+1 4 k (Corollary 4.2). This specializes to the fact that the cone of divisors of X"
is not linearly generated as soon as r > n + 2 (see Theorem 2.7).

Work of Mukai [Mu] shows that the cone of divisors of X" is not finitely generated if
r>n+4andn > 5 (one needs r > 9 for n = 2,4 and r > 8 for n = 3). Mukai explicitly
constructs infinitely many extremal divisors on Eff'(X7), as the orbit of one of the exceptional
divisors under the action of Cremona transformations. However, in higher codimensions it is
more difficult to prove that the corresponding cones become infinite.

Many questions about cones of higher codimension cycles appear to be intractable, quickly
reducing to difficult questions about cones of divisors. For example, the interesting part
of the cone of curves of P? blown up at 9 points is given by curves lying on the unique
quadric @ through the 9 points. The blow-up of @ is isomorphic to the blow-up of P? at 10
points, and the curves which are extremal on X§ are certain Kg-positive ones contained in Q.
Hence understanding Eff; (X$) requires understanding the K x2,-positive part of Eff;(X?),
running immediately into the SHGH conjecture (see Conjecture 5.1). We are able to show
this non-finiteness only for cones of codimension-2 cycles, and then assuming the SHGH
conjecture on the cone of curves of P? blown up at 10 points.
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Corollary (5.7). Assume the SHGH conjecture holds for blow-ups of P? at 10 points. Then
Eff?(X") is not finitely generated if r > n + 6 and n > 3.

Finally, in the last section, we compute Effy(X7) when I is a set of points in certain
special positions. Using these computations, we show that linear and finite generation of
Eff,(X) are neither open nor closed in families (see Corollary 6.6 and Corollary 6.7). This
generalizes analogous jumping behavior exhibited for divisors and Mori Dream Spaces to all
codimensions.

The organization of the paper. In §2, we collect basic facts concerning the cohomology of
X7, cones of divisors, the action of Cremona transformations, and some preliminary lemmas.
In §3, we prove Theorem 3.1 and study the linear generation of the cones Eff;(X®) when
I' is a linearly general set of points. In §4, we study the linear generation of the cones
Effy(X™). In §5, we prove that Eff*(X7) is not finitely generated for » > n + 6 assuming the
SHGH conjecture. In §6, we discuss the cones X[ when I' contains points in certain special
configurations and study the variation of Eff;(X%) in families.

Acknowledgements. We would like to thank Dawei Chen, Lawrence Ein, Mihai Fulger, Joe
Harris, Brian Lehmann, Kristian Ranestad, and Kevin Tucker for helpful discussions on cones
of higher codimension cycles. We also thank the referees for numerous helpful suggestions.

2. PRELIMINARIES

In this section, we recall basic facts about the cohomology of X' and cones of codimension-1
cycles. We will work over the complex numbers C.

The cohomology of X['. Let I' be a set of 7 points py,...,p, in P, and let
m: X{ =BlpP" — P

denote the blow-up of P along I'. Let H denote the pullback of the hyperplane class and let
E; denote the class of the exceptional divisor over p;. The exceptional divisor Ej; is isomorphic
to P! and O, (F;) & Opn-1(—1). Consequently, we have the following intersection formulas:

H"=(-1)"'Er'=1, H-E;=0, E-E;=0, i+#j.

Notation 2.1. In order to simplify notation, we make the convention that Hy is the class
of a k-dimensional linear space in P" and E;, is the class of a k-dimensional linear space
contained in the exceptional divisor F;. We then have the relations

ank _ Hk7 (_1>n7k+1E;n7k = E’i,k? E’L . ELI{ = Ly k-1-

On X7 homological, numerical and rational equivalence coincide. For 0 < k£ < n, we write
Ni(Xp) for the R-vector space of k-dimensional cycles on X', modulo numerical equivalence.
Dually, N*(X2) denotes the space of codimension-k cycles modulo numerical equivalence.
They are both (r 4 1)-dimensional vector spaces.

A class in Ni(X7) is said to be pseudoeffective if it is the limit of classes of effective cycles.
We write Eff,(X[) for the closed convex cone in Ni(X{) containing pseudoeffective classes.
If V is an (irreducible) k-dimensional subvariety of X[', we write [V] for the class of V' in
Ni(X}), although when confusion seems unlikely we omit the brackets.

A set of points in P" is said to be linearly general if no k+ 2 points are contained in a linear
subspace P* C P for 1 < k < n — 1. A claim holds for a very general configuration of points
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if it holds for all points in the complement of a countable union of proper configurations of
points.

Convention 2.2. It is occasionally useful to compare the cones Eff,(X%) and Eff,(X7),
where X' and X} are the blow-ups of P* and P™ along sets of points I' and A, respectively.
If n > k, we can identify N (X[') with the abstract vector space spanned by Hjy and E; for
1 <4 <, irrespective of n and I" provided that I' has cardinality r. We can thus view the
cones Effy(X7) as cones in the same abstract vector space and compare the effective cones of
different blow-ups after this identification. In the rest of the paper, we will do so without
further comment.

We will often use the following easy lemma implicitly.

Lemma 2.3. Let Y C X} be a k-dimensional subvariety.
(1) If Y C E; for some 1 < i <r, then [Y] = b;E; for b; > 0.
(2) Otherwise, Y] = aHy, —Y ., b;E; ), with a > b; > 0. The coefficient b; is equal to the
multiplicity of m(Y') in P™ at the point p;.

Proof. If Y C E;, then Y is a subvariety of E; = P""!. Hence, its class is a positive
multiple of the class of a k-dimensional linear space. The linear system H — E; defines the
projection from the point p; and is a base-point-free linear system. Hence, the intersection
of k general members of H — E; with Y is either empty or finitely many points. Therefore,
(H — E)k-[Y] = a—b; > 0. Similarly, the intersection Y N E; is a (possibly empty) effective
cycle of dimension k£ — 1 contained in F;. Hence, by the first part of the lemma, b; > 0. That
b; in fact coincides with the multiplicity is [Fu, Cor. 6.7.1]. O

The cones Eff(X[) satisfy a basic semicontinuity property under specialization.

Lemma 2.4. Suppose that V- C P" x T is a closed subvariety, flat over T, with fibers of
dimension k, and let p : T — P™ be a section. Then mult,)(V;) is an upper semicontinuous
function on T.

Proof. Tt suffices to prove this in the case that T has dimension 1. Let 7 : Y — P” x T be the
blow-up along p(T"), with exceptional divisor E, and let V be the strict transform of V on Y.
Since V is irreducible and dominates T', this family is flat. The intersection of a flat family
of cycles with a Cartier divisor is constant in ¢ [Fu, Prop. 10.2.1], and so (=1)*'E* .V} is
independent of .

The general fiber V, is irreducible, but a special fiber Vj may have additional components
in the exceptional divisor E,. Write \70 = V0 JU;W;, where the W; are contained in FEj.
Then (—1)FE* . V0 = mult,q) Vo. The class (—1)*"E} is a linear space in Ey, and so
(=1)*1ES - W; > 0. This shows that mult,q) Vo > (—1)*1E*. V, = mult, ) V;, and so the
multiplicity is upper semicontinuous. 0

Corollary 2.5. Let I' be a configuration of r distinct points on P". Then Effy(X") C
Effy, (X7).

Proof. Let T'y be a very general one-parameter family of configurations of points in P with
'y = I'. If a k-cycle class W is effective for very general 7', then by a Hilbert scheme
argument there exists a flat family V; C Blp, P" over T' with [V;] = W for general T'. Since
the multiplicity of W; can only increase at ¢ = 0 by Lemma 2.4, the class W is also effective
on Xr. ]
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Cones. Taking cones will be a useful method to generate interesting cycles. Let I be a very
general configuration of r+ 1 points pj, ..., p. in P"*!. The projection of the points p, ..., p.
from pj is then a set I' of r very general points py,...,p, in P". Suppose that V is a k-cycle
on X7, with class aHy — Y., b;E; ;. The image of V in P" has degree a and multiplicity b;
at the points of I'. We may form the cone C'V over V inside P"*! with vertex at pf,. This
is a (k + 1)-dimensional variety, of degree a. It has multiplicity a at the cone point, and
multiplicity b; along the lines spanned by p; and p} for 1 <4 < r. In particular, the cycle
CV has degree a, and multiplicities a, by, ..., b, at the points of I". Its proper transform has
class (]JH]C+1 — CLE07k+1 — Z;Zl bfiEi7k+1.

We define a map C' : Ni(X") — NkH(ijll) by C(Hg) = Hyy1 — Eop1 and C(E; ) =
E; k+1. With this definition, C'([V]) is the class of the cone over V with vertex pj,, and so
C(Eff1(X")) C Effy1 (X4 with respect to the identification discussed in Convention 2.2.

The following simple computation of a dual cone will be useful on a number of occasions.

Lemma 2.6. Suppose that v = (a,—by,...,—b.) € Z"' is a vector satisfying

(1) a, bz 2 O,’

(2) a > b; for every i;

(3) na =32, bi.
Then v is a positive linear combination of the vectors e; (1 <i<r) and hy =ey— >,
with |I| < n. When r > n, we may assume each term has |I| = n.

ic1 Ci

Proof. Note first that the vectors h; =eq — >, e; with |I| < n are positive linear combina-
tions of the given vectors. We now proceed by induction on a. The case a = 1 is clear: since
by (2) a > b; for each i, each b; is either 0 or 1. By (3) there are at most n nonzero b;, and
the vector is of the form claimed.

Suppose that a > 1. Let J be the set of indices ¢ such that b; > 0, and let j =
min(n, |J|). Let I be a set of j indices {i1,...,4;} such that b;, > --- > b;; > b; for any
1 € I. Then the vector h; is a nonnegative linear combination of the given vectors. Set
v'=(d,=b),...,=b)=v —hp. If j >n, o still satisfies all of the inequalities in question
since @ =a—1and > b, => b; —n. If j < n, then in view of inequality (2), the inequality
(3) can be improved to ja > Y., b;. Then v’ satisfies these improved inequalities. This
completes the proof by induction on a. 0

Lemma 2.6 implies that the cone Eff,(X") is linearly generated if and only if the class
(k4+1)H,—x —> i Eipny is nef.

The codimension-1 cones and Cremona actions. We are primarily interested in the
question of when the cones of cycles on X} are linearly or finitely generated. For cones of

divisors, the answers to these questions were worked out by Castravet—Tevelev and Mukai [CT],
[Mul].

Theorem 2.7 ([CT], [Mu]). Let ' be a set of r very general points in P". The cone Eff' (X})
18 linearly generated if and only if r < n + 2, and finitely generated if and only if

(1) n=2andr <8,
(2) n=3andr <7,
(3) n=4 and r <8,
(4)n>5andr <n-+3
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The characterization of cases when the effective cone of divisors is finitely generated is
based on the study of the action of Cremona transformations on the pseudoeffective cone.
The Coxeter group W corresponding to a T-shaped Dynkin diagram of type 15 p41,—n—1
acts on N'(X®) and preserves the pseudoeffective cone Eff'(X). This is an infinite group if
% + n+r1 + PLI < 1, which happens as soon as n > 5 and r > n+ 4. (When n =2 or 4, we
need r > 9, while when n = 3, we require r > 8). The orbit of a single exceptional divisor
class gives an infinite set of divisors spanning other extremal rays. For details on this group
action, we refer to [Do] (see also [Co).

Unfortunately, there does not seem to be a simple way to use the Cremona action to
understand cones of cycles of higher codimension. The standard Cremona involution acts on
X' by a map with codimension 2 indeterminacy, so it does not define an action preserving
the cone Eff* (X) for any k > 1. For example, suppose that L is a line through two blown up
points. The class of L defines an extremal ray on Eff;(X"). The strict transform of L under
a Cremona transformation centered at n + 1 other points is a rational normal curve in P"
passing through n -+ 3 points. If n > 3, this is no longer an extremal ray on Eff;(X"), since
it is in the interior of the subcone generated by classes of lines through 2 of the n 4 3 points.

One might attempt to construct interesting codimension-2 cycles on X, by taking the
intersections of a fixed divisor with an infinite sequence of (—1)-divisors (i.e. divisors in the
orbit of E; under the action of W) of increasing degree. However, the next lemma shows that
the intersection of a (—1)-divisor with any other effective divisor on X is in the span of the
classes of codimension-2 linear cycles.

Lemma 2.8. Suppose that Dy is a (—1)-divisor and that Dy is an irreducible effective divisor
distinct from Dy. Then [Dy N Dyl is in the span of linear codimension-2 cycles.

Proof. Consider the pairing on N'(X") defined by (H,H) =n—1, (H, E;) =0, (E;, E;) = —1,
and (E;, E;) = 0 if ¢ # j. This pairing is invariant under the action of W on N*'(X) [Mu],
[Do].

We first show that (Dy, Dy) > 0. Since the pairing (,) is invariant under the action of W on
NY(X™), we may apply a suitable element of W and assume that D; = F; is an exceptional
divisor. If Dy = E; is an exceptional divisor different from Ej, then (Dq, Dy) = 0. Otherwise,
[DQ] =aH — 22:1 bZE,L, with bz Z 0, in which case (Dl, DQ) = bz Z 0.

For the second part, write Dy = aH — Y . b;E; and Dy = cH — >, d;E;. That
(Dl, DQ) Z 0 y161dS

(n—1)ac > Z bid;.
i=1

By Lemma 2.6, this means that the codimension-2 cycle [D; N Dy = acH — Y _, bid; is
contained in the span of linear cycles. 0

Easy Lemmas. Here we collect a couple of geometric lemmas that we will use repeatedly.

Lemma 2.9. Suppose that E is an effective divisor and that P is a nef divisor. If Y is an
irreducible, effective variety of dimension k which is not contained in E, then P*~'-E.Y > 0.

Proof. The intersection E - Y is a (possibly empty) cycle of dimension k — 1 by assumption.
Since P is nef, it follows that P*~'. E.Y > 0. 0
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Lemma 2.10. Let Y C X[ be an irreducible variety of dimension k, not contained in any
exceptional divisor E;, with class aHj — Zle bE; . If bj+b; > a for two indices i # j, then
Y contains the line through p; and p; with multiplicity at least b; + b; — a.

Proof. The base locus of the linear system |H — E; — Ej| is the line [; ; spanned by p; and p;.
Consequently, the intersection (H — E; — E;)*' - Y is an effective 1-cycle Z. Express

Z = ali,j + u,
where u is a 1-cycle not containing [; ;. Since
—CMS(H—EZ—EJ)Z:&—bZ—bJ<O,

we conclude that oo > b; + b; — a. Hence, Y must have multiplicity at least b, +b; — a at
every point of [; ;. ([l

3. POINTS IN LINEARLY GENERAL POSITION

In this section, we study Eff,(X7) when the cardinality of T is small and the points of T
are in linearly general position. Our main theorem is the following.

Theorem 3.1. Let I" be a set of r points in P™ in linearly general position. If

r§max<n+2,n+%>,

then Bff(XR) is linearly generated.
The proof will be by induction on k and n. We first single out the case k = 1.

Lemma 3.2. Let T be a set of r < 2n points in P" in linearly general position. Then Eff (X7)
1s linearly generated.

Proof. Let B be an irreducible curve. By Lemma 2.3, we may assume that B is not contained
in any of the exceptional divisors and has class aH; — Y ,_, b;E;1 with a > b; > 0. Any
r < 2n points in linearly general position are cut out by quadrics [H, Lecture 1]. Consequently,
there is a quadric whose proper transform has class [Q] = 2H — >";_, E; in X and does not
contain B. Hence, B has nonnegative intersection with @ and satisfies 2a > Y7 | b;. By
Lemma 2.6, the class of B is spanned by the classes of lines. 0]

Next, we study the case when r < n + 1. In this case, X' is toric and the effective cones
are generated by torus-invariant cycles (see e.g. [Li, Prop. 3.1]). For the reader’s convenience
we will give a simple independent proof.

Lemma 3.3. Let T be a set of r < n+1 linearly general points in P*. The cone Eff,(XE) is
linearly generated for any k.

Proof. Let T" C T' be two sets with cardinality r» and n + 1, respectively. Then the proper
transform of any effective cycle in X7 is an effective cycle in X*. Consequently, if Effy(XP) is
linearly generated, then Effy(X[) is also linearly generated. Hence, without loss of generality,
we may assume that 7 =n 4+ 1. Let Y be an irreducible k-dimensional variety in X' with

class
n+1

Y] =aH, - > bE.

=1
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By Lemma 2.3, we may assume that Y is not contained in an exceptional divisor and that
a > b; > 0. We proceed by induction on k and n. After reordering the points, we may assume
by > by > -+ > byyq. Let L be the proper transform of the P*"~! spanned by the first n
points. First, suppose Y is contained in L. Since L is isomorphic to the blow-up of P*~! in n
points, by induction on n with base case Theorem 2.7, we conclude that the class of Y is
in the span of linear spaces. Otherwise, Y N L is an effective cycle of dimension k£ — 1 in L.
Write Hp x—1 and Ep ;- for the restriction of Hy to L and the (k — 1)-dimensional linear
space in the exceptional divisor £, ; of the blow-up of L at p;. Then we have

YNL=aHpr1— Z V;ELik-1
i=1
with b, > b;. By induction on n with base case Lemma 3.2, Y N L is in the span of linear
spaces. In particular, ka > 37" b}, Hence, (k 4+ 1)a > 32" b;. By Lemma 2.6, the class of
Y is in the span of linear spaces. This concludes the proof. U

We can now complete the proof of Theorem 3.1.

Proof of Theorem 3.1. We preserve the notation from the proof of Lemma 3.3 and argue
similarly. It suffices to check the result in the case r = max (n +2,n+ %) Suppose that Y
is an irreducible k-dimensional variety on X+ with class

,
V] =aH, = biEy.
i=1
We may assume that Y is not contained in an exceptional divisor and, by reordering the
points, we have that
a>b>--2>0b 20.

Let L be the P"~! passing through the points p1,...,p,. If Y is contained in L, then its class
is linearly generated by Lemma 3.3. Otherwise, Y N L is an effective cycle of dimension k — 1
with class

n
[Y N L] = aHLJc_l — Z b;EL,i,k—l
i=1
with 0 > b;. This class and hence aHp 1 — Z?:l biE'r, i k-1 is linearly generated by Lemma
3.3. Therefore, it can be written as a combination of linear classes Hy 1 — Zm:k Erik—
and EL,i,k:—l
n

Z Q HLJC*I - Z EL,i,kfl + ZﬁjEL,j,kfl-
j=1

|I=k j=1

Each of the classes in this sum is effective, with those on the left the classes of P! through
k of the points in L. By taking cones over these classes, we obtain a P* on X, passing
through an additional one of the points p; with ¢ > n. Since there are a planes available, if
Yo, L1 bi < a, the class Y can be expressed as a sum of linear cycles.

Observe that

akZZbiann, andsobjgbngﬁfoern.
n

=1
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This implies that if (r — n)% < 1 or equivalently if » < n 4 %, the classes of all effective cycles
are in the span of the classes of linear spaces.

If k < 3, then n+2 < n+ 7 and the theorem is proved. If k > 7, thenn+1 <n+73 <n+2
and we need to settle the case r = n 4+ 2. There is a rational normal curve through any
n -+ 3 points in linearly general position in P" [H, Lecture 1]. Consequently, given an effective
divisor D, there exists a rational normal curve C' containing the points but not contained
in D. Hence, C'- D > 0 and all effective divisors satisfy na > Z?jlz b;. We recover the
linear generation result of Theorem 2.7. By Lemma 3.2, the curve classes are also linearly
generated. By induction assume that for all m < n and all & < m, the effective cone of k
cycles of the blow-up of P™ in m + 2 linearly general points is linearly generated. We carry
out the inductive step for P". Let Y, L be as above. By Lemma 3.3, we may assume that
Y is not contained in L. If b, 1 + b0 < a, then we already proved that the class of YV is
linearly generated. If b,41 + b,42 > a, then, by Lemma 2.10, Y contains the line l,41 542
spanned by p,y1 and p,.o with multiplicity at least b, 1 + b,12 — a. Let py denote the point
of intersection L N1 ,+2. Then the proper transform of L N'Y is an effective cycle in the
blow-up of L in pg,p1,...,p, with class

aHp 1 — (byp1 +bpio —a+c)Epoj_1 — i biEr k-1,
i=1
where ¢ > 0. By induction on n, this class is linearly generated. Hence,
ka > b, +bpio —a+c+ Zn: b;, therefore (k+1)a > gf b;.
i=1 i=1
By Lemma 2.6, the class of Y is linearly generated. This concludes the proof. 0

Example 3.4. Lemma 3.2 is sharp in the sense that there exist sets I' of r > 2n points in
general linear position such that Eff;(X7) is not linearly generated. For example, let " be
r > 2n points on a rational normal curve C' in P". Points on a rational normal curve are in
general linear position [H]. Then the class of the proper transform of C' is

nH1 — zr: Ei,l-
i=1

Since r > 2n, this class cannot be in the span of the classes of lines. In the next section,
we will see that we can improve the bounds for linear generation exponentially if instead of
assuming that I' is linearly general, we assume I is a set of very general points in P".

More generally, let Y be the cone over a rational normal curve of degree n — k + 1 with
vertex V a P*=2. Let I' be the union of a set of kK — 1 general points pi,...,ps_1 in V and
a set of r — k + 1 general points p,...,p, on Y. Then I" is in general linear position. The
class of the proper transform of Y is

k—1 r
(n —k + 1)Hk - Z(n —k + 1)Ez,k - Z Ei,lm
i=1 i=k
which cannot be in the span of linear spaces if r > 2n — k 4+ 1. Consequently, we conclude
the following.

Proposition 3.5. There exists sets I' of 7 > 2n — k + 1 points in general linear position in
P such that Eff(X) is not linearly generated.
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In view of Proposition 3.5, it is natural to ask whether the bound in Theorem 3.1 can be
improved to r < 2n — k + 1.

Question 3.6. Assume that I is a set of r linearly general points in P™ such that
max<n+2,n+%> <r<2n-—~k+1.

Is Bff(XP) linearly generated?

The answer is affirmative for curves and divisors. We will shortly check that for 2-cycles
in P* the answer is also affirmative. In Theorem 4.5 we will see that the answer is also
affirmative if the points are very general. In view of this evidence, we expect the answer to
Question 3.6 to be affirmative.

Remark 3.7. The dimension of the space S,_ j+1(P") of scrolls of dimension n — k and
degree k 4+ 1 in P is
on + 2nk — k? — 2

[C1, Lemma 2.4]. There are scrolls in S,y x+1(P") passing through 2n — k+ 2 points (see [C2]
for the surface case). Hence, the family of scrolls passing through 2n — k + 1 points covers
P". By Lemma 2.6, an affirmative answer to Question 3.6 is equivalent to the statement that
every effective k-dimensional cycle intersects the proper transform of a scroll passing through
the 2n — k + 1 points non-negatively.

Question 3.8. Let I' be 2n — k + 1 linearly general points in P™. For every effective k-cycle
Y in X[, does there exist a scroll S of dimension n — k and degree k + 1 such that the proper
transform S in X[ intersects Y in finitely many points?

By Remark 3.7, an affirmative answer to Question 3.8 implies an affirmative answer to
Question 3.6.

Effective 2-cycles on the blow-up of P* at 7 points. We now verify that the answer to
Question 3.6 is affirmative for two-cycles in P*. The argument is subtle because we need to
verify linear generation for every configuration of 7 points in linear general position, rather
than just very general configurations of points.

Theorem 3.9. Let I' be 7 linearly general points on P*. Then the cone WQ(Xﬁ) 18 linearly
generated.

Proof. There is a unique rational normal quartic curve R containing 7 linearly general points
in P* [H]. The secant variety Sec(R) to R is a cubic hypersurface which has multiplicity two
along R. Hence, its proper transform Sec(R) in X} has class 3H — _1_, 2F;. In fact, this
secant variety is a (—1)-divisor on X} it is in the Cremona orbit of one of the exceptional
divisors.

Let Y be an irreducible surface in X{. Without loss of generality, we may assume that Y
is not contained in an exceptional divisor and has class aHy — 2321 biE; o with a > b; > 0.
First, suppose that Y is not contained in Sec(R). The class of a quadric [Q] = 2H — _I_, E;
is nef, and so by Lemma 2.9 we have

7
Y- Q- Sec(R) =6a— Y 2b; > 0.
=1

Lemma 2.6 implies that [Y] is in the span of the classes of planes.
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We are reduced to showing that if Y C Sec(R), then [Y] is in the span of the classes of
planes. Let 83 denote the space of cubic surface scrolls containing the points of I'. We will
show the following.

Theorem 3.10. The proper transform S of a general member S € Sy intersects Sec(R) in
an irreducible curve B whose projection to Sec(R) is a degree 9 curve with multiplicity two at

the points of I'. Furthermore, the curve B can be made to pass through a general point of
Sec(R).

Assume Theorem 3.10. Let p € Sec(R) be a general point not contained in Y. Hence, an
irreducible curve B passing through p intersects Y in finitely many points. Let S be the
proper transform of a scroll S € Sz containing p and intersecting Sec(R) in an irreducible
curve. We conclude that S and Y intersect in finitely many points, hence their intersection
number is non-negative. Therefore,

7 7 7
[S] ’ [Y] = (3H2 - ZEi,2> : (CLH2 - ZbiEi,Q) =3a — Zbl Z 0.
=1 =1 i=1

By Lemma 2.6, we conclude that [Y] is in the span of the classes of planes.
There remains to prove Theorem 3.10, which we will do via a series of claims. We first set
some notation.

Notation 3.11. Let [;; denote the line spanned by p;,p; € I' and let 1I;, _; denote the
linear space spanned by p;,,...,p; € I'. Let I';, _; denote the set of points p;,,...,p;,. Let [
be the line of intersection II; 534 N1l567 and, for 5 <7 < 7 <7, let z; ; denote the point of
intersection II; 5 34 N {; ;. Since the points are in linearly general position, the line ! does not
intersect the lines [; ; for 1 <17 < 7 <4 and intersects the planes II; ; , for 1 <17 < j < k <4,
in a unique point different from z; ;.

Next, we recall a compactification Sy of S3. Every irreducible cubic scroll induces a degree
3 rational curve in the Grassmannian G(1,4) of lines in P4. We can compactify the space of
degree 3 rational curves in G(1,4) via the Kontsevich moduli space. Hence, we can take the
closure of &3 in the Kontsevich moduli space (see [C2, §3] for details). More precisely, let
m0,7(G<1, 4),3) denote the Kontsevich moduli space of 7-pointed genus-0 maps of degree
3 to G(1,4). It is equipped with 7 evaluation morphisms ev; : Mg 7(G(1,4),3) — G(1,4),
1 <4< 7. Define

7
Sy =(evi ' (Zs(m)),
i=1
where 33(p;) denotes the Schubert variety of lines containing p;.

Claim 3.12. The space Ss is irreducible of dimension 4.

Proof. The locus T = N, ev; '(p;) in the Kontsevich moduli space Mg 4(P?, 3) of 4-pointed
genus 0 maps of degree 3 to P? provides a compactification of the space of twisted cubic
curves in I1; 5 34 containing I'; 934 Since My 4(P3,3) is irreducible of dimension 16, every
component of T has dimension at least 4.

If a twisted cubic T is irreducible, then any finite set of points on 7' is linearly general.
Furthermore, given 6 linearly general points in P2, there is a unique twisted cubic curve
containing them. Consider the incidence correspondence I = {(T,q1,¢2)|q1,q2 € T}, where T
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is a twisted cubic curve containing the set of points I'1 2 34 and g1, g2 are points such that
I'1234U{q1, g2} are in linearly general position. The incidence correspondence [ is irreducible
of dimension 6 since it is isomorphic to an open subset of P? x P3. It dominates the space
of twisted cubic curves containing py, ..., ps via the first projection. Since the fibers of the
first projection are two-dimensional, we conclude that the space of irreducible twisted cubics
containing I'y 9 3 4 is irreducible of dimension 4.

Since there are no connected curves of degree two or one containing 4 points in linearly
general position in P?, any map in 7 is birational to its image. If there is a reducible curve
of degree 3 containing I'; 23 4, either a degree two curve must contain 3 of the points or a line
must contain two of the points. In either case, it is easy to see that there is a 3-dimensional
family of reducible cubics containing I'; 234. Hence, these cannot form a component of 7
and T is irreducible.

Furthermore, 2 additional points ¢;, g2 impose independent conditions on twisted cubics
unless they are coplanar with three of the points in I'y 5 3 4 or one of the points is collinear with
two of the points in I'y 5 34. If ¢; is collinear with pq, ps, then there is a 1-parameter family of
reducible cubics containing the line [, 5. Similarly, if ¢; and g2 are in II; 5 3 but no 4 of the
points are collinear, then there is a 1-parameter family of reducible cubics containing the conic
through I'y 2 5U{q1, ¢2}. If q1, g2 are collinear with p; and ps, there is a three-parameter family
of reducible cubics containing l; 2. Recall that { = II; 534 N Il567. In particular, the subset
of T that parameterizes twisted cubics incident (respectively, secant) to [ has dimension 3
(respectively, 2) since any pair of distinct points impose independent conditions on twisted
cubics. Similarly, the locus of twisted cubics in 7 passing through 25,6 has dimension 2.

Since Mg 7(G(1,4),3) is irreducible of dimension 25 [C2, §2], every irreducible component
of S has dimension at least 4. Let T be a twisted cubic curve containing I'; 5 3 4 and not secant
to the line [ and not containing the points 254, 257 and 25 7. Then there is a unique cubic
scroll S containing T" and passing through ps, pg, pr [C2, Example Al]. Briefly, take a general
P? containing II567. This P3 intersects 7" in 3 points 71,79, 73. There is a unique twisted
cubic curve 7" containing 71, 79,73 and I's 5 7. The curves 7" and 7" are both isomorphic to P!
and there is a unique isomorphism ¢ taking r; € T' to r; € T". Then the surface St swept
out by lines joining the points that correspond under ¢ is the unique cubic scroll containing
T and I's g 7. If T" contains the point 25 or is secant to the line [, then there is a 1-parameter
family of choices for T7”. Once we fix T and T", the scroll is uniquely determined by a similar
construction. Since the locus of T' containing z5 ¢ or secant to [ has codimension 2, this locus
cannot form a component of Ss. Finally, reducible cubic surfaces containing I' must contain
a plane through 3 of the points and a quadric surface through the remaining 4 points. There
is a 2-dimensional family of such surfaces and they do not give rise to a component in Sy
(see [C2]). We conclude that Ss is irreducible of dimension 4. O

Claim 3.13. There exists a dense open set U C Sz such that S ¢ Sec(R) for S € U.
Furthermore, S can be made to pass through a general point of Sec(R).

Proof. Tt suffices to exhibit one S € Ss such that S ¢ Sec(R). Given 7 points in general
linear position and 2 general additional points, [C2, Example Al] shows that there are 2 cubic
scrolls containing these nine points. In particular, if we take one of the two additional points
outside Sec(R), we obtain a scroll not contained in Sec(R). Furthermore, a general twisted
cubic in II; 5 34 containing I'y 53 4 intersects Sec(R) in a another point g. Consequently, the
construction in the proof of Claim 3.12 exhibits a cubic scroll containing ¢ and not contained
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in Sec(R). Since the space Sy is irreducible, the general scroll containing a general point of
Sec(R) and I' will not be contained in Sec(R). O

Claim 3.14. There exists a dense open set U C Sy such that for S € U the following hold:
(1) The intersection S N Sec(R) N E; is a finite set of points in Xi for every 1 <i < 7.
(2) The scroll S does not contain any lines l; ; for 1 <i < j <T.

(8) The scroll S does not contain any conics through 3 of the points in T.

(4) The scroll S does not contain a twisted cubic curve through 5 of the points of .

(5) The scroll S does not contain the rational normal quartic R.

(6) The scroll S does not contain a quintic curve double at one of the points of I' and
passing through the others.

(7) The directriz of the scroll does not contain any of the points in I'.

Proof. Since each of these conditions are closed conditions and Sj is irreducible, it suffices
to exhibit one element S € Sj satisfying each condition. For (1), there exists a twisted
cubic containing I'; 5 34 with any tangent line at p; (for example, the reducible twisted cubic
consisting of any line through p; and a conic through I's34). Hence, the tangent spaces to
the scrolls at p; sweep out £ and there exists S such that S N E; ¢ Sec(R). By permuting
indices, we conclude (1).

For (2) and (3), take the scroll Spqv constructed in the proof of Claim 3.12. Since
119340 St =T, this scroll does not contain any of the linear /; ; with 1 < ¢ < j <4 or any
conic passing through any of the three points in I'y 2 34. By permuting indices, we conclude
(2) and (3).

Since a twisted cubic curve spans a P3 and the points are in linearly general position (4)
is clear. For (5), (6) and (7), it is more convenient to exhibit a reducible scroll satisfying
these properties. Let S be the union of the plane Il5 7 and a general quadric surface @
containing [ and I'; 2 3 4. After choosing a point of [, this surface determines a point p of S
[C2]. The directrix line is then the unique line on the quadric @ intersecting [ at p. Hence,
(7) holds. Since R is irreducible and nondegenerate, it cannot be contained in this surface.
Suppose there is a quintic curve F' in S containing I' and double at p;. Since ps, pg, p7 are
not collinear, F' must intersect 157 in a curve of degree at least 2. Hence, F' intersects () in
a curve of degree 3 containing I's 34 and double at p;. Any cubic double at p; must contain
the line of ruling through p;. Since I'; 534 are linearly general there cannot be a degree 2
curve through these points on (). After permuting indices, we conclude (6) holds. U

Claim 3.15. There exists a dense open set U C Ss such that for S € U the intersection
S N Sec(R) is an irreducible degree 9 curve double along T'.

Proof. By Claim 3.13 and Claim 3.14, we can find a scroll S ¢ Sec(R) and satisfying the
conclusions of Claim 3.14. The intersection S N Sec(R) is a curve B of degree 9 double along
I'. We need to show that B is irreducible. Recall that a smooth cubic scroll is isomorphic to
the blow-up of P? at a point. Its Picard group is generated by the directrix e (the curve of
self-intersection —1) and the class of a fiber line f. The intersection numbers are

e2=—-1, e-f=1, f*=0.

The effective cone is spanned by e and f. The canonical class is —2e — 3f and the class of
B is 3e +6f. The degree of a curve ke + mf is k +m. If k > m, then any representative
contains e with multiplicity £ — m. By adjunction, the arithmetic genus of a curve in the
classes e + mf, 2e + mf and 3e + mf are 0, m — 2 and 2m — 5, respectively.
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It is now straightforward, but somewhat tedious to check that B cannot be reducible.
Indeed, suppose that B is reducible. Write B = By U By, where the class of Bj is ke +mf
with 2 < k < 3 and assume that B; does not contain any fibers as components. Furthermore,
if £ = 3, we may assume that Bj is irreducible. Otherwise, we can regroup a component with
class e +m/ f with By. Then the class of By is (3 — k)e+ (6 —m) f and every fiber component
of B is included in By. By Claim 3.14 (2), a curve with class mf can be double at most in
0 < d < % points of I" in which case it can contain at most m — 2d of the remaining points

2
of I'. We tabulate the possibilities for curves with class e +mf.

class | # double points of I' | # remaining points of I" resp. | Reason

e 0 0 Claim 3.14 (7)

et+f |0 2 Claim 3.14 (3,2)
e+2f|0orl 4orl Claim 3.14 (4,3,2)
e+3f]0,1o0r2 6,3 or0 Claim 3.14 (7,5,4,3,2)
e+4f |0, 1or2 7,5 o0r 2 Claim 3.14 (7,5,4,3,2)

First, suppose Bj has class 3e + mf. By assumption, it is irreducible and by arithmetic
genus considerations can have at most 2m — 5 nodes. On the other hand, B, can pass through
at most 6 — m of the points. We have 2m —5+4+6 —m =m+ 1 < 7 if m < 6. Hence, such a
curve cannot be double at all the points of I'.

We may therefore assume that the class of By is 2e +mf and the class of By is e+ (6 —m) f.
If B; is reducible, then it can have at most 2 components with classes e + m f and e + mof.
An inspection of the above table shows that it is not possible to make B double at all points
of I'. If By is irreducible, then m > 2 and its arithmetic genus is m — 2. Hence, the maximal
number of double points on By is m — 2. If m = 2, By can contain at most 6 of the points of
I by Claim 3.14 (5) and it is smooth at those points. Hence, B cannot be made double at all
points of I' by the last line of the table. If m = 3 and B; has a double point, then by Claim
3.14 (6) By contains at most 5 other points of I'. By the second to last row of the table, B
cannot be double at all points of I'. If m > 4, an easy inspection of the first three rows of the
table show that B can have at most 6 double points. We conclude that B is irreducible. [

This concludes the proof of Theorem 3.10 and consequently of Theorem 3.9.
O

4. NON-LINEARLY GENERATED CONES

Recall that X' denotes the blow-up of P" in 7 very general points. In this section, we
study the cones of effective cycles on X'. Our first result completely characterizes when the
cone of curves is linearly generated.

Proposition 4.1. The cone Eff\(X7) is linearly generated if and only if r < 2"

Proof. We first observe that the linear system of quadrics through 2™ very general points is nef.
Choose n general quadrics @)y, ...,Q, in P*. By Bertini’s theorem, the intersection of these
quadrics is a set of 2" points in P". Let X be the blow-up of P at these points. We claim
that D = 2H — 221 E; is nef on X. Note that the proper transforms of (); have class D and
D has positive degree on curves contained in exceptional divisors FE;. Since the intersection
Q1N ---NQ, is finite, if B is a curve on X, not contained in an exceptional divisor, there is
a quadric (); whose proper transform does not contain B. Consequently, D - B > 0 and D is
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nef. By [La, Prop. 1.4.14], 2H — 212; E; is nef for very general configurations of 2" points as
well. We conclude that if » < 2" an effective curve class in X" satisfies the inequalities in the
assumptions of Lemma 2.6, and so every curve class is a linear combination of classes of lines.

The top self-intersection of the class Q = 2H — Y7 | E; on X[ is given by 2" — r. Hence,
if » > 2", then the top self-intersection of () is negative and () cannot be nef by Kleiman’s
Theorem [La, Theorem 1.4.9]. Suppose the class of every effective curve is in the span of
the classes of lines. The cone generated by the classes of lines is a closed cone. Hence, the
effective and the pseudoeffective cones coincide. Since every line has nonnegative intersection
with @), we conclude that () is nef. This contradiction shows that there must exist effective
curves whose classes are not spanned by the classes of lines. 0

We obtain the following consequence.

Corollary 4.2. If r > 2" "1 1k then Effx(X?) is not linearly generated.

Proof. Let T" be a set of r very general points. Project I' from the first £ —1 points py, ..., pr_1
and let I be the set of points in P***+! consisting of the images of the remaining points.
Then I" is a set of r — k + 1 very general points in P" %+l If r — k +1 > 2" %+ the
cone Eff (X;‘__,ﬁll) is not linearly generated by Proposition 4.1. Fix a 1-cycle B with class
aHy — >, biE;; that is not in the span of linear spaces. In particular, 2a < >, b;. Then

the class -
aHy = aBjp— Y biEy
i=1 i=k

is represented in X by the proper transform of the cone over B with vertex the span of
P1s---,DPk—1- The resulting k-cycle is not in the span of k-dimensional linear spaces since

(k+1)a<(k—1a+> ;. b O
Question 4.3. Ifr < 2" 1 1k is Eff,(X7) linearly generated?

Remark 4.4. The answer to Question 4.3 is affirmative for curves and divisors. For cycles
of intermediate dimension, we do not know any examples with r = 2"7**! + k — 1 where the
cone is linearly generated.

There has been a great deal of interest in the construction of cycles that are nef but
not pseudoeffective. Such cycles were constructed on abelian varieties in [DELV], and on
hyperkahler varieties on [O2]. If Question 4.3 has an affirmative answer, this would give
many examples of nef classes that are not pseudoeffective. For example, if Eff3(X5) is
linearly generated for 16 < r < 19, then the class 4H5 — >"'_| E; 3 would be nef but not
pseudoeffective; indeed, the self-intersection of this class is negative.

We can, however, give a linear bound.
Theorem 4.5. The cone Effy(X7) is linearly generated if r < 2n — k + 1.

Proof. The theorem is true for £ = 1 by Lemma 4.1 and for divisors by Theorem 3.1. We will
prove the general case by induction on n. Assume that the theorem is true for Eff,(X™) for
r<2m—k+1andall k <m <n. Let I" be a set of r points such that I" consists of r — 2
very general points py, ..., p,—s in a hyperplane L = P"~! and two very general points p,_1, p,
not contained in L. Let L’ denote the proper transform of L in X*. Note that L' = X"~}
Let Y be an irreducible k-dimensional subvariety of X{* not contained in an exceptional
divisor with class aHy + Y, b;E; on Xp. If Y is contained in L/, then Y C X"7)'. Since



16 I. COSKUN, J. LESIEUTRE, AND J. C. OTTEM

r—2<2(n—1)—k+ 1, by the induction hypothesis the class of YV is linearly generated
and (k+1)a > >"'_ b If Y is not contained in L', then Z =Y N L' is an effective cycle of
dimension k — 1. Let py denote the intersection of the line /; 5 spanned by p,_; and p, with L.
Let 8 = max(0,b,_; + b, —a). Consider the blow-up X"~} of L along pq, p1,...,pr—2. Then
the proper transform of Z is an effective cycle in X"~ with class

r—2

aHp_1 — (B+¢)Eor—1 — Z biE; j—1

i=1
for some ¢ > 0. Since r < 2n — k + 1, the inductive hypothesis r —1 <2(n—1) = (k— 1)+ 1
is satisfied. We conclude that this class is linearly generated. Consequently,

r—2 T
ka > B+ Z b; and hence (k+ 1)a > Z b;.
i=1 i=1

By Lemma 2.6, the class of Y is linearly generated. By Corollary 2.5, Eff,(X") C Eff,(X})
and Eff; (X)) is linearly generated. This concludes the induction and the proof of the
theorem. 0

The cone Effy(X2). In this subsection, we prove that Effy(X{) is linearly generated.
Theorem 4.6. The cone Effy(X2) is linearly generated.

The fact that the points are now very general, means that we are in position to apply
degeneration arguments. These sorts of arguments work because of the semicontinuity
of multiplicities in families: A surface S on the very general X§ violating the inequality
3a > > b; will specialize to an effective 2-cycle with the same property (Lemma 2.4).

To illustrate the range of applicable techniques, we give two different degeneration arguments
to prove Theorem 4.6.

Proof 1. Let T be a configuration of 8 points in P* such that py,...,p; are very general
points and pg is a general point on Sec(R), where Sec(R) is the secant variety of the
rational normal curve R through the points pi,...,p7;. Let Y be an irreducible surface
in Xp. If Y is not contained in the strict transform Sec(R), then Y N Sec(R) is a curve
and the class 3aH; — 2321 2b;E; 1 — bglg, is effective. We claim that the linear system
Q =2H — ZZ:1 E; — 2Eg is nef on Sec(R). Granting this, Q- Sec(R)-Y = 6a—235_ b; >0,
and so Y is in the span of planes. We may therefore assume that Y C Sec(R).

To prove that @ is nef on Sec(R), it suffices to show that the linear system of quadrics
double at pg and passing through py, ..., p; in P* has base locus consisting of 8 lines none of
which are contained in Sec(R). Then @) restricts to a semi-ample, in particular, nef class on
Sec(R). Since pg is general, the only line through pg incident to R and contained in Sec(R)
is the unique secant line [ to R through pg. Suppose there were another line pg € I" C Sec(R)
incident to R, then the plane spanned by [ and I’ would intersect Sec(R) in a completely
reducible cubic curve singular along the three points of intersection with R and at pg. This is
clearly impossible.

Since pg is general, we may assume that the secant line [ does not contain any of the points
P1,-..,pr. Any effective member of the linear system () is a quadric cone with vertex at ps.
Let q1, ..., q; denote the projection of py, ..., p; through ps. These are very general 7 points
in P3. The base locus of the linear system of quadrics passing through ¢,...,¢; in P? is 8
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points qi, . . ., g7, ¢ contained in the smooth locus of the projection R' of R. (The curve R’ is
a complete intersection of 2 quadrics. There is a three-dimensional linear system of quadrics
passing through ¢1, ..., ¢7;. Any quadric in this linear system not containing R’ intersects R’
at a further point ¢ in the smooth locus of R'.) By taking cones over these quadrics with
vextex pg, we see that the base locus of Q in P* are the 8 lines spanned by pg and one of
q,q1,- - -,qr. Since these lines are lines through pg incident to R and distinct from the secant
line containing pg, none of them are contained in Sec(R).

To prove the theorem, we need to show that S-Y = 3a — Zle b; > 0 for a cubic scroll S.
It suffices to show that there is some scroll S which intersects Y in finitely many points. We
may further assume that Y C Sec(R).

Let us consider the family of cubic scrolls through these 8 points. Through the first 7 points,
p1, ..., p7 there is a 4-dimensional space of scrolls. There is an open set of this parameter
space parameterizing scrolls S such that the intersection Sec(R) NS = B is an irreducible
curve. We also know that we can get a curve to go through a general 8th point (by Claim
3.13), and so there must in fact be an irreducible one through a general 8th point. In all,
picking pg general, we have that the space of cubic scrolls containing py, . .., pg is of dimension
2 and there is a nonempty open subset of scrolls such that the proper transform of a scroll S
intersects Sec(R) in an irreducible curve.

Now, taking a general point ¢ of Sec(R), there exists two scrolls containing the 9 points
p1,---,ps and ¢ [C2]. Since varying ¢ gives a 2-dimensional family of scrolls, we conclude
that by choosing S generic, the curve B can be made to pass through a general ninth point
of Sec(R). In particular, we can choose a scroll so that B is not contained in Y. As the curve
B is irreducible and not contained in Y, we see that S and Y generically intersect in finitely
many points and so their intersection number is non-negative. We conclude that the effective
cone is linearly generated. 0

Proof 2. We will degenerate to a configuration where the 8 points lie on two rank 3 quadrics.

Let o, ..., x4 be coordinates on P* and let p; = (1,0,0,0,0),...,p5 = (0,0,0,0,1) denote
the coordinate points. Consider the two quadrics ¢ = {zor1 + zox2 + 122 = 0} and
q2 = {wox3 + xomy + x324 = 0}. Here ¢ is a cone over a smooth conic in the xyx;ze-plane
with the vertex being the line {zq = z; = 29 = 0}, and similarly for ¢o. Note that ¢; and ¢y
both contain the points py, ..., ps. Moreover, ¢; (resp. ¢o) contains py, ps (resp. pi, pa) with
multiplicity two. We now choose the remaining three points pg, p7, ps to be general on the
intersection ¢; N go.

On the blow-up at these points the strict transform of ¢; is an irreducible divisor ); with
class 2H — 3% | E; — By — Es. Consider the divisor D, = 3H — 230 | E; + Fy + Es; it
satisfies [Q1] - [D1] = 2(3H? — 3°°_, Ei). A computation gives that the linear system | D | is
2-dimensional. Moreover, the base locus of D; is 1-dimensional and has 18 components; 15
lines and three quartic normal curves. One checks that none of these curves lie on (). Indeed,
these statements are easy to verify for one particular configuration (and thus it follows a
general 8-tuple as above). In particular, D;|p, has only finitely many base-points, and hence
is nef on Q).

Now, suppose that Y C X is an irreducible surface with class aH? — Z§:1 b;E; 5. Then if
Y is not contained in ()1, the intersection i*Y is represented by an effective 1-cycle on ()
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(here i : @1 — X is the inclusion). As Dilg, is nef, we have

8
0< Dilg, -i"Y =6a— ) 20,
i=1

as desired. A symmetric argument (with @ = 2H — Z?=1 E,— FE, — FEy and Dy = 3H —
2 Zle E; + E1 + E5), shows that the conclusion also holds if Y is not contained in Q.

We therefore reduce to the case where Y C ()1 N ()2. Note that ()1 N Q) is an irreducible
surface, so Y = Q1 N Q2. Now, [Q1][Q2] equals 4H? — 2F 5 — 2FE55 — 2FE35 — 2E,5 — E59 —
Eg o — E79 — Eg 9, which is equivalent to a sum of 4 planes. This completes the proof. U

We immediately deduce the following corollary.
Corollary 4.7. If X" is a Mori Dream Space, then Effy(X™) is finitely generated.

Remark 4.8. Combining Prop. 4.6 with the degeneration argument of Theorem 4.5, it
follows that Effy(X) is linearly generated for r < 2n as long as n > 4.

We will see in the next section that Effo( X)) is not finitely generated, assuming the SHGH
conjecture holds for blow-ups of P? at 10 points. The only remaining case in dimension 4 is:

Question 4.9. Is the cone Effy(X{) linearly generated?

It is not easy to find explicit curves in X' which are not in the span of lines. The following
example gives a construction in the case of 9 very general points in P3.

Example 4.10. By [CM], the class Ceyy = 57H, — 310, 18E;; on X2, is represented by a
unique irreducible plane curve of genus 10. On X3, there is a unique divisor @ in the class
2H, — Z?:l E; 1, given by the strict transform of the unique quadric through the 9 points.
There is a morphism i : X7, — X identifying the proper transform of @) with the blow-up of
P? at 10 points.
A quick calculation shows that the pushforward of the class of Copr to X3 is
9
i.(Com) = T8Hy — 21E1; — Y 18E;;.
i=2
We have 21 + 8(18) = 165, while 2 - 78 = 156. Hence, this curve is not in the span of the
lines. It does not, however, define an extremal ray on ﬁl(xg). In the next section, we will
use a similar construction to show that assuming the SHGH conjecture, the cone Eff;(X3) is
not finitely generated.
By repeatedly taking cones over i,(Ccy), we obtain explicit non-linearly generated
codimension-two cycles on X' ¢ for every n > 3.

Complete intersections also provide examples of nonlinearly generated pseudoeffective
curve classes, provided that the number of points is large.

Example 4.11. Assume that d® > r > 2d"~! for some integer d > 2. Then the divisor class
D =dH -3, E; is nef on X" by the argument given in the proof of Proposition 4.1. The
(n — 1)-fold self-intersection of the class is

D' =d"'H - Y Ej.
=1
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Since r > 2d™!, this class is not in the span of lines. On the other hand, the class is
pseudoeffective. A small perturbation of D is ample. Hence, a sufficiently high multiple is
very ample and the (n — 1)-fold self-intersection is an effective curve. It follows that the class
D™ is pseudoeffective.

5. NON-FINITELY GENERATED CONES

The cone of curves the blow-up of P? at 10 or more very general points is not entirely
understood, and we will find it useful to assume the following standard conjecture.

Conjecture 5.1 (Segre-Harbourne-Gimigliano-Hirschowitz (SHGH) conjecture, [G]). Sup-
pose that r > 10 and that my > mo > -+ > m, and d > my + my + ms3. Then

: d+ 2 (mi+1
0( v2 _ i
H (X,,,dHl—;miEi,l) = ( ) ) —;( ) )
We next prove that the cone of codimension-2 cycles on X' is not finitely generated for
r > n+6, assuming the SHGH conjecture. The calculation relies on the following observation
of de Fernex.

Theorem 5.2 ([DF, Prop. 3.4]). Assume the SHGH conjecture holds for 10 points. Let
P C NY(X%,) be the positive cone

P={DeN'(Xj):D*>0,D-H >0},
where H 1s an ample divisor. Then
ml(Xlzo) N Kzo - P N Kzo.

Let Q@ C X& be the strict transform of the unique quadric passing through the 9 points and
let 4 denote the inclusion of @ in X3. Note that @ is isomorphic to X%), and so Conjecture 5.1
provides some information about the cone Eff;(Q). However, the map N;(Q) — N;(X3) is
not injective, since the two rulings of the quadric both map to the class of a line in 2. The
next lemma gives a criterion to show that certain extremal rays on Eff;(Q) nevertheless push
forward to extremal rays on Eff;(X3).

Write r; and ry for the classes of the two rulings on the quadric, and let f; = E;|g be the
exceptional curves. Let ¢;; = — f; — f; € N1(Q); this class is not effective on @, but i.¢;;
is effective in N7(X3) since it is the class of a line through the points p; and p;.

Theorem 5.3. Suppose that D is a class in N1(Q) which satisfies:
(1) D is nef, and if v € Eff1(Q) has D -y = 0, then v is a multiple of D;
(2) D-r1 =D -ry;
(3) D-l;; >0 foralli and j;

Then i.D is nonzero and spans an extremal ray on Eff;(X3).

Proof. That 1, D is nonzero follows from the fact that D is nef, since if H is ample, then so
is ¢*H and then i, D - H = D -i*H > 0. We claim next that D lies on a two-dimensional
extremal face of the cone

£ =Ef1(Q) + ) Raolly] + Rl — 2] € M(Q).
(2]
More precisely, if D = a + § with «, 8 € %, then
a=aD+b(ry —ry) and [ =asD + bs(ry — 1r2),
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where a; and ay are positive. Note that D is nef, D - (r; —rg) =0, D - {;; > 0 for all 4, j,
and D - fi, > 0. Hence D is contained in the dual cone of ¥. By conditions (1) and (2), the
classes in ¥ with D - C' = 0 are precisely R>oD + R(r; — 7).

We claim next that

Effy(X§) = i, Bff1(Q) + Y Ragi[l;] = 0.2,

]

Suppose that T is an irreducible effective cycle on Eff; (X3). If Q- T < 0, then T must be
contained in @, and so [I'] is contained in 4, Eff(Q). If Q - T' > 0, then T satisfies 2a > 3. b;,
which means that [I'] is in the span of classes of lines i,[(;;] and lines i,[fy] in the exceptional
divisors, by Lemma 2.6. Each f; is numerically equivalent to a curve in the quadric.

Suppose now that i, D = a+f3, where o and 3 are pseudoeffective classes on Eff; (X3). Using
the decomposition above, we can write a = i, + Y ;04[] and 5 = 0.5 + Y diji.[li;],
where ag and g are classes in Eff;(Q).

We claim now that

D= agQ + BQ + Z<Cij + dzj)gw + f(?“l - 7“2)

for some constant f. Indeed, the two sides differ by an element of the kernel of 7, : N;(Q) —
N;(X3), which is generated by r; — 79, giving rise to the constant f.

Since D* =0, D - (r; — e; — €;) > 0 for any i and j, and D - (r; — r2) = 0, it must be that
¢;j = di; = 0 for all 4, j and all k. We conclude that

Qg = CLlD + bl(T’l — TQ) and /BQ = (IQD + bg(?”l — T‘Q).
Hence a = i,ag = a1i.D and 8 = 4, 8¢ = aqt,D. This shows that i, D is extremal. O

The requirement that D is nef makes it difficult to exhibit classes D on X7; with the
necessary properties without assuming the description of Eff;(X%,) provided by the SHGH
conjecture.

Theorem 5.4. Assume that the SHGH conjecture holds for blow-ups of P? at 10 very general
points. Then there exist infinitely many classes D satisfying the hypotheses of Theorem 5.3.

Proof. Tt is convenient to fix an identification @ = X%, and rewrite the hypotheses in the
basis for N'(Q) arising from this identification. The strict transforms of the two rulings
through the point p; give disjoint (—1)-curves on ), and these can be contracted. The other
8 exceptional curves f; can then be contracted to give a map to P2. Let eg and e; be the first
two (—1)-curves contracted, and let e; = f; for 2 < j < 8. With respect to this new basis,
we have ry — fi = ey and 9 — f; = ey, and f; = h — ey — e;, where h denotes the class of a
line on P2

While the first condition in Theorem 5.3 is independent of the basis, the last two can be
rewritten as

(2) D'GOZD'Gl.
(3) D-ey>D-ejforany j > 1, and D-(h—e; —e; —e;) >0 for any i,j > 1.

The first part of (3) arises when i = 1 < j, while the second case is when 1 < 7 < j.
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Fix any \/LTO << %, and let ¢ = 4/ 1_8252. Observe that % < %\/g < ' < 4 for 0 in this

range. Consider the divisor
9
D(; =h- 5(60 +€1) — 6/Z€j.
j=2

We check each of the hypotheses in turn. To simplify notation, for the rest of this proof
set X = X3,.
(1) First we check that Ds is nef. The cone theorem implies that

Eff;(X) = Eff1(X) k>0 + Z R>o[Cil,

where the C; are Ky-negative curves. According to Theorem 5.2,
EI(X) n ﬁl(X)szO == P N KZO'

Hence, it suffices to show that Ds - C > 0 if C' is Kx-negative, and that Ds-C > 0 if C' has
C?>0and C-H > 0.
First, suppose that C' is a pseudoeffective class with Kx - C' < 0. We have

9
8Ds — Kx = (36 — 1)(eo + e1) + (35 = 1) ) ¢;,

Jj=2

and so

9
3D5 -C = KX C+ ((3(5— 1)(60+€1) + (3(5’— 1)Z€J> -C
j=2
However, since § < 1/3, the number 3§ — 1 is negative. It is easy to check that §' < 1/3 as
well, and so the divisor on the right is a sum of exceptional divisors with negative coefficients.
If C'is any curve other than one of the e;, then both terms on the right are negative. If C'is
one of the curves e;, then Ds - C > 0 because ¢ and ¢’ are both positive.

It remains to check that Ds - C > 0 if C is a class with positive self-intersection. This
follows from the Cauchy-Schwartz inequality: suppose that d*> > >~ a? and € > > bZ. Then
de > > a;b;. Moreover, equality is achieved if and only if C' is a multiple of Ds.

(2) Since Ds is of the form h — deqg — dey — -+, we have D - eqg = D - e;.
(3) Because 6 > ¢’, we have D-ey > D -e; for any j > 1. We also have D - (h—e; —e; —¢j) =
1—0—20>0,since &' <0 <1/3.

OJ

Remark 5.5. One can even arrange that Ds is a rational class through judicious choice of 4.

For example,
9

226 217
D% :h—@<€0+61)—@i226i.

However, in general such classes are not expected to have any effective representatives.

Assuming the SHGH conjecture, we can now conclude that Eff*(X") is not finitely generated

if r > n+6. We need the following lemma, which guarantees that cones over extremal classes
in Eff,(X7") are extremal in Eff,; (X/57).
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Lemma 5.6. Suppose that D = aH, — ., a;E;x spans an extremal ray on Effi(X"). Then
CD =aHy1—aEy g1 — Y, a;E;py1 spans an extremal ray on Efka(ijll). In particular,

if Eff,(X7) has infinitely many extremal rays, then so does Ekﬂ(){fjﬁl).
Lemma 5.6 immediately implies the following.

Corollary 5.7. Assume the SHGH Conjecture for the blow-up of P? at 10 points. Then
Eff?(X7) is not finitely generated if r > n + 6.

Proof of Lemma 5.6. Given r + 1 very general points po, . .., p, in P""1 their projection from
o give 7 very general points in P”. Let D; be effective cycles arbitrarily close to D in Eff,(X7).
Then the classes of the cones C'D; over D; converge to CD. Hence, CD € Effy 1 (X/).

Conversely, we claim that if CD = aHyy — aFy — 22:1 biE; +1 1s a pseudoeffective
(k+ 1)-cycle on X! t], then D = aHy, — Y ;_, b;E;} is a pseudoeffective k-cycle on X!. The
class C'D + eHj,q is effective for any € > 0. Let V, be a (rational) cycle representing the
class CD + eHj,1. Let £y; denote the strict transform on Xﬁﬂ of the line through p, and p;.
By Lemma 2.10, V, contains the line ¢y; with multiplicity 5; > b; — €. Let L C ij_rll be the
proper transform of a general hyperplane in P"*!. The lines loj intersect L in r very general
points p. The proper transform of the intersection L NV, gives an effective cycle with class
(a+€)Hy — > 1_, B;Ej k. Letting € tend to 0, we see that aHy —>_._, b;E;  is pseudoeffective
in X', as required.

Now, suppose that D = aH}, — 22:1 b, spans an extremal ray of ﬁk(Xﬁ) We claim
that CD = aHy1 — aEo g1 — Y5y biEi k1 spans an extremal ray of mkﬂ()(fjll). Suppose
CD = a+ (3, where a and 3 are both pseudoeffective (k + 1)-cycles on X;fll. Since any
pseudoeffective class has a > by, it must be that

a = cHpy — By — Z ciliji1, B=dHpp — dEyjq1 — Z i joy1.
i=1 i=1

Then

T T
ap = cHy, — Z cili g, Bo = dHy — Z€¢E¢,k-
i=1 i=1
are pseudoeffective on X'. Hence, ag and [y are proportional to D. It follows that o and
are proportional to C'D and C'D is extremal. 0

There are several interesting remaining questions concerning the finite generation of cones
of higher codimension.

Question 5.8. Can one show that Eff,_o(X™") is not finitely generated for r > n + 6
independently of the SHGH Conjecture?

Question 5.9. Fiz n and k. Does there exist v for which Eff;,(X™) is not finitely generated?
How does r depend on n and k?

In particular, we have the following fundamental question:
Question 5.10. For every n, does there exist r for which Eff,(X") is not finitely generated?

If Eff;(X") is not finitely generated for 7 > ry, then by Lemma 5.6 ﬁk(Xff,fjll) is not

finitely generated for r > ry. Hence, an affirmative answer to Question 5.10 implies an
affirmative answer to Question 5.9.
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6. BLOw-UPS AT POINTS IN SPECIAL POSITION

Until now we have considered blow-ups of P" at linearly general or very general points. It is
also interesting to consider cones of effective cycles on blow-ups of P at special configurations
of points. The dependence of the cones on the position of the points can be subtle, which
makes degeneration arguments difficult. We will see that the property of the effective cone
being finite is neither an open nor closed condition, even in families where the vector space
of numerical classes of k-dimensional cycles has constant dimension.

Proposition 6.1. Let I' be a set of r points whose span is P™ C P". Let X{* and X{* denote
the blow-up of P" and P™ along T", respectively.

(1) Then Effy(X®) is linearly generated form <k <n —1 and

(2) Effy(Xp) = Bff(X{") for k < m.

Proof. Since X[ embeds in X} as the proper transform of the P™ spanned by I', any effective
cycle Z C X7 is also an effective cycle in XJ* with the same class. Hence, Eff,(X[") C
Eff,(X7) for K < m. Conversely, suppose that k < m. Let Z be an effective cycle in P"
of dimension k with class [Z]. We may assume that Z is not contained in an exceptional
divisor. Choose a general point p. Let ¢; denote the projection of p; from p and let Z’ be the
projection of Z from p. Then Z’ and Z have the same degree and the multiplicities of Z’ at ¢;
are greater than or equal to the multiplicities of Z at p;. Repeatedly projecting Z to P™ from
general points, we obtain an effective cycle contained in P". Since [Z] differs from the class
of this cycle by a positive combination of exceptional linear spaces E; , we conclude that [Z]
is effective on X{'. Taking closures, we obtain the reverse inclusion Eff,(X7) C Eff,(X™).
If k > m, let L be a k-dimensional linear space containing I'. Then the proper transform L
of L has class Hy — 22:1 E; .. Since a k-dimensional variety not contained in an exceptional
divisor has class aH; — 22:1 biE;, with a > b; > 0, we conclude that any k-dimensional

effective cycle is a nonnegative linear combination of [L] and E; 5, 1 <i <. O
By taking m = 1, we obtain the following corollary.

Corollary 6.2. Suppose I is a set of v collinear points in P*. Then Effy(X[}) is linearly
generated for every 1 <k <n —1.

Remark 6.3. It was shown in [O1] that the blow-up of P? in collinear points is a Mori
Dream Space (and indeed its Cox ring can be computed). Consequently, the cone of curves
and divisors are finite polyhedral. The previous corollary generalizes this to all cycles.

Let L = P" ! be a hyperplane in P*. Let I C L be a set of points py,...,p, and let
po € P™ be a point not contained in L. Let T' = I" U {py}. Let X2 and X{v ' denote the
blow-up of P* and P"~! along I" and I", respectively. Taking cones with vertex at p,, we
generate a subcone CEff, (X[ 1) C Effyy (X2).

Proposition 6.4. The cone Eff; 1 (X) is generated by CEffx (X5, ﬁki(Xﬁ,_l) and
Eopy1. Furthermore, the extremal rays of CEff, (X[ ") are also extremal in Effy 1 (X7).

Proof. Let Z = aHyy1 — Y ;o biEig+1 be an irreducible (k + 1)-dimensional variety in X7
We may assume that Z is not contained in any exceptional divisors. Otherwise, its class is
a positive multiple of Ej ;. The proper transform of L in X[ is isomorphic to X{?,_l. If
7 is contained in X5 !, then the class of Z is in Effy, (X[ "). Otherwise, Z N X[% ' is an
effective k cycle with class o = aHy, — > _,_, b.E;, where b, > b;. Consequently, the class

=1 "1



24 I. COSKUN, J. LESIEUTRE, AND J. C. OTTEM

a=aH,—>_ biE;y is effective. Then the cone C(«) is an effective class in X[ and since
bo < a, [Z] is in the span of Ey;1 and C(«).

Let Z be a cycle that generates an extremal ray of CEffy(X7%!). Suppose [Z] = a + 8 in
Effy1(X2). Since by < a holds on Eff;;(XP) and by = a on CEff5(X[% "), we must have
that both « and f satisfy by = a. We can perturb « and by eHp.; to obtain rational
effective classes. Since the coefficient of Ej ;41 of any class contained in mkH(XICL,_l) is 0,
the coefficients of any component of the class contained in ﬁkH(Xfffl) are bounded by
€. Taking cones over the classes of the hyperplane sections of the remaining subvarieties
and letting € tend to zero, we see that both o and 8 are contained in CEff,(Xs™"). By the
extremality of Z, we conclude that they are both proportional to [Z]. 0

Corollary 6.5. Let I' be a set of points {q1,...,q9,D1,--.,Ps—1} such that qi,...,q9 are
general points in a plane P C P" and py, ..., ps—1 are linearly general points with span disjoint
from P. Then Effp(X}) is not finitely generated for k < s and linearly generated for k > s.

Proof. When r > 9, the blow-up of P? at 7 general points has infinitely many (—1)-curves,
which span extremal rays of the effective cone of curves. Applying Proposition 6.4 (k — 1)-

times, the cones over the classes of (—1)-curves with vertex py,...,pr_1 provide infinitely
extremal rays of Eff;(X[?) for k < s. The linear generation of Eff;(X[) for k > s follows
from Proposition 6.1 O

Corollary 6.6. (1) Linear generation of Effy(X[*) is not closed in smooth families.
(2) Finite generation of Effx(X[) is not closed in smooth families.

Proof. Let n > k+8. Take a general smooth curve B in (P")**8 which avoids all the diagonals
and contains a point 0 € B where 9 of the points are general points in a plane P and the
remaining points are in linearly general position with span not intersecting P. Such curves
exist by Bertini’s Theorem since the diagonals have codimension n > 2. Consider the family
X — B, where A}, is the blow-up of P” in the k 4+ 8 points I'y parameterized by b € B. If
the points in I', are in linearly general position, then by Lemma 3.3 the cone ﬁk(pr) is
linearly generated. In particular, the cone is finite. However, by Corollary 6.5, Effy(Xr,) is
not finitely generated. In particular, the cone is not linearly generated. 0

Corollary 6.7. (1) Linear generation of Eff,(X) is not open in smooth families.
(2) Finite generation of Effy(X[) is not open in smooth families.

Proof. Let B be a smooth curve parameterizing 9 general points in a plane P becoming
collinear at 0 € B. Let [V be k — 1 points in general linear position in P"* whose span is
disjoint from P. Let I', be the union of [ and the points parameterized by b. Consider the
family X — B obtained by blowing up P along I'y. When the points are collinear, Eff;,(Xt,)
is linearly generated. However, for the general point of B, Effy(Xr,) is not finitely generated
by Corollary 6.5. U

Remark 6.8. Corollary 6.7 is well-known for cones of divisors. For example, Castravet-
Tevelev [CT] prove that the blow-up of P™ at points on a rational normal curve is a Mori
Dream Space. In particular, if we specialize a large number of points to lie on a rational
normal curve, we see that being a Mori Dream Space is not an open condition.

One can ask for the finite/linear generation of Eff;(X7) for I' any special set of points.
Perhaps the following question is the most interesting among them.
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Question 6.9. Let I' be a set of points contained in a rational normal curve in P". Is Effi(XP)
finitely generated? Is Eff;.(X[) generated by the classes of cones over secant varieties of
projections of the rational normal curve?

By results of Castravet and Tevelev, the answer to Question 6.9 is affirmative for curves
and divisors. The cone of curves Eff;(X) is generated by the class of the proper transform
of the rational normal curve nH; — 22:1 E; ; and the classes of lines. The rational normal
curve is cut out by quadrics. If a curve B has positive intersection with a quadric containing
the points, then by Lemma 2.6 the class of B is spanned by the classes of lines. Otherwise, B
is contained in the base locus of all the quadrics containing the rational normal curve. Hence,
B is a multiple of the rational normal curve. Castravet and Tevelev show that the classes of
divisors are generated by linear spaces and codimension-1 cones over secant varieties of the
projection of the rational normal curve [CT]. We do not know whether Effy(X[) is generated
by the classes of planes and cones over the rational normal curve with vertex a point of I'.
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