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LIST OF MATHEMATICS SYMBOLS

The symbols used in the thesis with their explanations are listed below. Different meanings

for the same symbol occur when there is no confusion from context.

M Maximum Number of Additional Observations

k Number of Populations

c The cost of sampling one more observation

X Vector (x1,z2,...,%y)

R The set of all real numbers

r(mi,...,mg) Bayesian look ahead risk if drawing m; more ob-

servations from population i

ri Bayesian look ahead risk of optimal allocation of
i more observations determined by fixed sample-

size sampling algorithm

ri Bayesian look ahead risk of optimal allocation
of up to i more observations determined by i-

truncated sampling algorithm.



SUMMARY

In this paper, we study the Bayesian look ahead sampling methods for allocating up to M
observations among k populations to select the best population(s).

First, we investigated the properties of fixed sample-size sampling algorithm proposed by
Professor Klaus J. Miescke, which always draws fixed number of observations at the next step.
Then we proposed and studied a m-truncated sampling algorithm, which draws up to m obser-
vations sequentially.

Based on these two algorithms, respectively, two Bayesian look-ahead sampling methods for
allocating up to M observations among k populations are developed. To investigate the prop-
erties of and compare these two methods, we implement them to allocate up to M observations
among k normal distributions with the same variance or k binomial populations to select the
best population.

For given values of M, the Bayes risks of these two methods are calculated or estimated.
The smaller the Bayes risk, the better the method. It turns out that when the sampling cost
is large compared with the decision loss, the second method is better than the first. When the
sampling cost is not very large, then in the normal case the two methods are comparable, with
one method occasionally better than the other. On the other hand, in the binomial case, the

second method dominates most of the time.

xi



SUMMARY (Continued)

These two methods are then applied in various other situations. All we need to do is to
calculate the look-ahead Bayesian risk of the Bayes rule if we are to draw m; observations from

population P;, fori=1,...,k, where mi+...+ mry=mand 0 <m < M.

xii



CHAPTER 1

INTRODUCTION

1.1 Selection models

In the real life full of complexities, we often face the problem of selecting the best one or
more populations among several populations. These are usually the populations of the responses
to certain ”treatments”, which might be, for example, different training methods for the new
employee, different newly developed drugs for a certain disease, or different varieties of wheat
in an agricultural experiment. There are various ways selection problem have been formulated
for k competing populations. For example, the goal might be to find a best population, t best
populations or a best population compared with a control.

Among the early contributors to the literature of selection rules are Paulson(1949, 1952), Ba-
hadur (1950), Bahadur and Robbins (1950), Bahadur and Goodman (1952), Bechhofer (1954),
Bechhofer, Dunnett, and Sobel (1954), Dunnett(1955, 1960), Gupta (1956, 1965), Sobel (1956),
Lehmann (1957a,b, 1961, 1963, 1966), Hall (1959), and Eaton (1967a,b). The first research
monograph was written by Bechhofer, Kiefer, and Sobel (1968) with the focus on a sequen-
tial approach for exponential (Koopman—Darmois) families. The dramatic developments that
would follow in the field motivated Gupta and Panchapakesan (1979) to write their classical
monograph that provides an up to the time complete overview of the entire related literature.

Soon after, an extension of this overview followed with Gupta and Huang (1981). A categorized



guide to selection and ranking procedures was provided by Dudewicz and Koo (1982). Collec-
tions of research papers on selection rules are included in Gupta and Yackel (1971), Gupta
and Moore (1977), Gupta (1977), Dudewicz(1982), Santner and Tamhane(1984), Gupta and
Berger(1982, 1988), Hoppe (1993), Miescke and Herrendorfer (1993, 1994), Miescke and Rasch
(1996a,b), Panchapakesanand Balakrishnan (1997), and Balakrishnan and Miescke (2006). Sev-
eral books emphasizing the selecting methodologies are by Dudewicz (1976), Gibbons, Olkin,
and Sobel (1977), Biiringer, Martin, and Schriever (1980), Mukhopadhyay and Solanky (1994),
Bechhofer, Santner, and Goldsman (1995), Rasch (1995), Horn and Volland (1995) and Liese
and Miescke(2008).

Selection problems in various settings are not only statistically highly relevant, but also
theoretically challenging, with techniques quite different from those of estimation and testing
problems. In this paper, we use Bayesian method to find the optimal selection rules.

Let X = (Xy,..., Xx) be the vector of observations from the k populations that take on
values in (Xj,2(;) and have the distribution P, y,, i = 1,..., k, where the parameters 61, ..., 0y

belong to the same parameter set A. The general selection model is

k
Ms = (XX, Q). Ui (Po)gear), (1.1)

where it is assumed that P = (Fp)ycar is a stochastic kernel, which allows us to use Bayes

techniques to find optimal selection rules.



When the sampling design is unbalanced, we have to deal with an unbalanced selection
model. More specifically, let X;1,..., X;,, be observations from population F,, i = 1,...,k,
where all the observations are independent. Then we have the selection model

k
i=1

N o om, s
Mus = (XE 2% Q) A5 () P gear) (1.2)

It is of the form (Equation 1.1) if we identify X™ with X;, A%™ with 2l;, and ®f:1 ng " with
Py. If ny =+ =ny, My, is balanced.
Often we reduce the model My by means of a statistic V : Xf’zlé\,’i —m R¥ and the reduced

model is

Mss = (Rka %kv (Q@)GGA"‘)’ (13)

where Qp = Pyo V!, Usually the statistic V is sufficient for 6, and therefore M, and M, are
equivalent. We call M, the standard selection model.

The typical goal in selection theory is to find a best population. To specify what is a best
population, we choose a functional x : A — R according to the purpose of the experiment where

a population ig is considered to be best if ig € M, (0) with

M, () = iier{glmzz); k(0;) = {i: k(6;) = max k(0;)}. (1.4)

Although there may be more than one populations, a point selection rule selects exactly

one population and therefore the decision space is Dy = {1,...,k}. Given the model M



from (Equation 1.1), a point selection rule D is a stochastic kernel D(A|x), A € B({1,...,k}),

r = (21,...,7%) € XE_ X, Let

vi(x) = D{i}z), =€ szlz'\,’i, 1=1,...k,

k
D(A‘.%') = Zi*l @Z($)51(A>, A - {17 --~7k}7 T X?:lXia

we may identify the stochastic kernel D with ¢ = (@1, ..., pr), where

k
i XX = (0,1, ) wi(e) =1 (1.5)
For brevity, ¢ is also called a selection rule or a selection.

Let L : AF x D,: — R be any loss function. The risk of a selection rule ¢ under L is

k

k
. . k
R(@O.9) =D L0, / pi(a)Poda) = . L(0,0)Egpi, 0 € A", (1.6)
Subset selection rules are decisions on subsets of the set of k populations, and a selected
subset should contain the best population(s) in some specified way. For example, we might want
to select a subset of random size containing the best population. Sometimes, the experimenters
are interested in selecting the subset of t (1 < ¢ < k) best populations. In this case, the decision

space is

Dy ={A: AC{1,...k},|A] =},



Given the model My in (Equation 1.1), we call every stochastic kernel K : PB(Dy,) X
XE_ X, —1 [0,1] a subset selection rule. Let pa(x) = K({A}|x), every subset selection rule

can be represented by

oa: X A =, [0,1], A€ Dy, Z oa(z) =1, e Xt_ X,

AGDS’LL

If the experimenters have other objectives, we need to accordingly modify the decision
spaces, the selection rules and the loss functions, and, therefore, solve various other selection

problems in their corresponding formulations.



CHAPTER 2

TWO BAYESIAN SAMPLING METHODS

2.1 Introduction

Let Pi,..., P, be k normal populations with common given variance o2, but their means,
denoted by 61, ..., 0, respectively, are unknown. Our objective is to find the population with
the largest mean based on the independent random samples of respective sizes ni,...,ng.
In the decision theoretic approach, let L(6,i) be the given loss for selecting population ¢ at
any 6 = (61,...,0;) € RF. In this section, let L(6,i,n) = O] — 0i + nc, where O =
max;—1, x{01,..., 0k}, O — 0 is the decision loss due to selecting population i as the best
population, and nc is the sampling cost with ¢ being the cost of sampling one more observation.
It is assumed that @ = (64, ...,0) is a realization of a random vector © = (©q, ..., O), where
O; ~ N(ps,v; 1), i = 1,..., k, are independent.

Since sample mean is sufficient for the distribution mean, we base our selection rule on the

sample means. Suppose X; is the i-th sample mean, then we have

Xi|© =0~ NO;,pi "), ©; ~ N(ui,v;i Y,

(pil’i + ;4 1

;X =x~N ,
pitvi  pitv

), Xi~ N(uiyp; '+ oY

2

where X; is the sample mean of the i-th population and p; = n;o™° is its precision.



We also consider selecting the population with the largest probability of success from k
Bernoulli populations. Suppose the probability of success of the ith population is 6;, where
0; is a realization of the random variable ©; ~Beta(w;, ;) with a; > 0, 8; > 0,3 =1,... k.
©1,...,0y are independent.

Because the sample total is sufficient for 6;, we base our selection rule on these k sample
totals. We have

Xz‘@ =0~ B(ni,Hi), @z ~ Beta(ai,ﬁi)

©;|X =z ~ Beta(a; + xi, Bi +ni — x;), Xi ~ PE(n;, a4, B, 1),

where X; is the ith sample sum. Here the unconditional marginal distribution of X;, ¢ =
1,...,k is a Pdlya-Eggenberger-type distribution, sometimes called beta-binomial distribution

with the following probability mass function

P{XZ _ CCZ} _ <m> F(Oéz’ + ﬂz) F(ai + SUZ)F(,BZ +n; — :L‘i), C= 01,
i) T(ci)L(Bs) (o + Bi +nq)
2.2 Fixed sample-size sampling algorithm
Suppose previously, we have drawn n; observations from the i-th population fori =1,..., k.

To select the best population, we want to draw m more observations from among k populations.
To solve the problem of allocating these m observations among k populations, Professor Klaus
Miescke proposed a fixed sample size sampling method without considering sampling cost. That

is, the loss function is L(0,4) = 0} — 0;.



Suppose we are to draw m; observations from the ith population. In the following, we will
calculate the look ahead Bayes risk of the Bayes selection rule corresponding to this allocation
for the normal and the binomial case, respectively.

a) Normal Case

Let x=(x1, ..., z)) be the vector of means of the samples drawn previously. Let Y=(Y1,...,Y%)
be the vector of means of samples that will be drawn. Here, Y; = Z;n:zl Yi;j/mi. Then it is easy

to derive that

il iYi 1
@i|X:x7Y:yNN(au(fv)+qy

, ), i =1,...,k,independent,
Qi+ g Qi+ g

Yi| X =2 ~ N(ui(z), @it Qi), i=1,...,k,independent,
aq;
where a; = p; + v; and p;(z) = %ﬁzmz

Then the look ahead Bayes risk is

E{;nllinkE{L(@,iﬂX =z, Y}HX ==z}

= E{,_HllinkE(@[k] - 0| X =2,Y)|X =z}
= Em{E(G[kHX = x,Y) Inax E(@l’X = m,Y)}

i=1,...

= E.(Op) - EI{.EI%anE(@AX =uzY)}

}

- aipti(z) + ¢;Y;
= Eo(Op) - B max — = =



b) Bernoulli Case

Let x=(z1, ..., xx) be the vector of sums of the samples drawn previously. Let Y=(Y7,...,Y%)

m;

be the vector of sums of samples that will be drawn. Here, Y; = > 1 Yij Then we have

0;|X =x,Y =y ~ Beta(a; + yi, bi + m; — y;),i = 1,..., k, independent

P(Yi = | X = ) = (m) I'(a; + b)) (a; + yi)T(b; +m; — i)

Yi F(ai)l“(bi)l“(ai + bz‘ + ml) ’

where y; = 0,1,...,m;, a; = a; +x;, b = B +n; —xit = 1,... )k, and Yi,...,Ys are
independent.

The look ahead Bayes risk is

E{i_min E(L(©,i)|X =z,Y)|X =z}

=1,...,

a; +Y;
- Ez(@[k}) B Ex{zg,axk a; + bi + ml}

Denote the Bayes look ahead risk corresponding to the allocation (myq, ..., mg) by r(my,...,mg),
the fixed sample-size sampling algorithm is as follows:
If there exists an allocation (m7,...,m}) such that m} +... 4+ mj = m and

((my,...omp) = min _ {r(ma,...,mp)},
mi+...+mp=m
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then (m7,...,m}) is the optimal allocation and r(mj,...,m}) is the Bayes risk of our final
decision. If there are more than one optimal allocations, assign them equal probability and
randomly choose one as our final allocation.

It is easy to see that the optimal allocation of m more observations at the next step maxi-
aipti(2)+ai

Y s Y :
29T in the normal case and E,{max;_; _ —%_} in the bino-
o;+q;

mizes Ep{max;—; vk Gikbi

mial case.
In the following, we will take the sampling cost into consideration and suppose that the cost

of sampling one more observation is c. Let the loss function be
L(0,i,n +m) = 0 — 0; + nc + me,

where 631 —0; is the loss from selecting ith population, that is, the decision loss, and nc+mec
is the cost of sampling n+m observations.
Then the look ahead Bayes risk corresponding to the allocation (my,...,my) in the normal

case is

a;ipi(z) + ¢;Y;

E.(On) — E
=(Om) w{;rllaxk o } 4+ ne + me,
while the risk in the Bernoulli case is
a; +Y;
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We can see that in both cases, the optimal allocation does’t change, only the final Bayes
risk increases by nc+mec.

2.3 Properties of fixed sample-size algorithm

Theorem 2.3.1 Without sampling cost, that is, c=0, the Bayesian risk of the optimal allo-
cation of m' more observations at the second stage is no more than the Bayesian risk of the

optimal allocation of m more observations if m < m'.

Proof. For any allocation (mll, e ,m;) of m’ more observations, we can find one allocation
(mq,---,my) of m more observations such that m; < m;, 1 = 1,---,k. Then the Bayesian
risk of (mll, e ,m;ﬁ) is no more than that of (my,---,my) because the Bayesian rule using
m; observations from population ¢, ¢ = 1,--- |k, is one of rules using m; observations( it just
ignores m; — m,; observations) from population ¢, 7 = 1,--- , k, which have no less risk than the
Bayesian rule of the allocation (mj,--- ,m,).

Therefore, the Bayesian risk of the optimal allocation of m’ more observations, that is, the
minimum of Bayesian risks of all allocations of m’, is no more than the Bayesian risk of the
allocation (myq,---,mg) of m more observations for which there exists (mll, e ,m;ﬁ) such that
mi <my,i=1,--- k.

But, for any allocation (mj,---,mg) of m more observations, we can find one allocation
(mll, e ,m;c) of m’ more observations such that m; < m;, i=1,---, k. Therefore, the Bayesian
risk of the optimal allocation of m more observations is no more than the Bayesian risk of
any allocation of m observations. Thus, the Bayesian risk of the optimal allocation of m’ more

observations is no more than the Bayesian risk of the optimal allocation of m more observations.
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x1 22 x3 m BayesRisk m] mj mj
-0.3 02 06 O 0.0570 0 0 0
-0.3 02 06 1 0.0570 0 1 0
-0.3 02 06 2 0.0568 0 2 0
-0.3 02 06 3 0.0563 0 3 0
-0.3 02 06 5 0.0547 0 5 0
-0.3 0.2 0.6 10 0.0496 0 7 3
-0.3 0.2 0.6 20 0.0411 0 12 8
-0.3 0.2 0.6 30 0.0354 0 17 13

TABLE 1

BAYES RISK AND OPTIMAL ALLOCATION WHEN X = (-0.3,0.2,0.6)

Example 2.3.2 Let k =3,n = (4,8,12), 02 =1, yu; =0, v; = 1, for i = 1,2,3. Given various
observations at the first stage, calculate the Bayes risk of optimal allocation at the second stage

for m=0, 1, 2, 3, 5, 10, 20, 30, respectively.

From the computation result (Table 1-6), we can see that the Bayes risk of optimal allocation
decreases as the sample size at the second stage increases. We also can see that the optimal
allocation at the second stage tends to draw more observations from the population from which

fewer observations have been drawn or larger sample mean has been obtained at the first stage.

Example 2.3.3 n=(5, 12, 17), k=3, a = (1,1,1), 8 = (1,1, 1). Given various observations at
the first stage, calculate the Bayes risk of optimal allocation at the second stage for m=0, 1, 2,

3, 5, 10, 20, 30, respectively.



1 x2 3 m Bayes Risk m] mj mj
-0.3 06 02 0 0.0650 o 0 0
-03 06 02 1 0.0649 0 1 0
-0.3 06 02 2 0.0646 o 2 0
-03 06 02 3 0.0639 o 3 0
-0.3 06 02 5 0.0617 0 4 1
-0.3 0.6 0.2 10 0.0555 o 7 3
-0.3 0.6 0.2 20 0.0458 0 12 8
-0.3 0.6 0.2 30 0.0395 0 17 13
TABLE II

BAYES RISK AND OPTIMAL ALLOCATION WHEN X = (-0.3,0.6,0.2)

*
*

1 w2 w3 m Bayes Risk mjy m3 mj
06 -03 02 0 0.1009 0o 0 0
06 -03 02 1 0.0968 1 0 0
06 -03 02 2 0.0884 2 0 0
06 -03 02 3 0.0813 3 0 0
06 -03 02 5 0.0711 5 0 0
06 -03 02 10 0.0574 9 0 1
06 -03 02 20 0.0430 14 0 6
0.6 -03 02 30 0.0349 19 0 11

TABLE III

BAYES RISK AND OPTIMAL ALLOCATION WHEN X = (0.6,—0.3,0.2)



*
*

x1 w2 x3 m DBayesRisk mj] mj mj
06 02 -03 O 0.1072 o 0 0
06 02 -03 1 0.1034 1 0 0
06 02 -03 2 0.0955 2 0 0
06 02 -03 3 0.0885 3 0 0
06 02 -03 5 0.0785 4 1 0
06 02 -03 10 0.0611 7T 3 0
06 02 -03 20 0.0429 12 8 0
06 02 -03 30 0.0335 17 13 0

TABLE IV

BAYES RISK AND OPTIMAL ALLOCATION WHEN X = (0.6,0.2,—-0.3)

*
*

1 w2 w3 m Bayes Risk mjy m3 mj
02 -03 06 0 0.0720 0o 0 0
02 -03 06 1 0.0710 1 0 0
02 -03 06 2 0.0670 2 0 0
02 -03 06 3 0.0628 3 0 0
02 -03 06 5 0.0558 5 0 0
02 -03 06 10 0.0456 9 0 1
02 -03 06 20 0.0341 14 0 6
0.2 -03 06 30 0.0274 19 0 11
TABLE V

BAYES RISK AND OPTIMAL ALLOCATION WHEN X = (0.2,-0.3,0.6)



*
*

x1 w2 x3 m DBayesRisk mj] mj mj
02 06 -03 O 0.0860 o 0 0
02 06 -03 1 0.0846 1 0 0
02 06 -03 2 0.0799 2 0 0
02 06 -03 3 0.0751 3 0 0
02 06 -03 5 0.0675 5 0 0
02 06 -03 10 0.0532 7T 3 0
02 06 -03 20 0.0375 12 8 0
02 06 -0.3 30 0.0291 17 13 0

TABLE VI

BAYES RISK AND OPTIMAL ALLOCATION WHEN X = (0.2,0.6,—0.3)

*
*

1 x2 x3 m Bayes Risk m] mj m3
3 7 9 0 0.1074 0 0 0
3 7 9 1 0.0768 1 0 0
3 7 9 2 0.0734 2 0 0
3 7 9 3 0.0666 3 0 0
3 7 9 5 0.0611 5 0 0
3 7 9 10 0.0498 8 2 0
3 7 9 20 0.0387 12 7 1
3 7 9 30 0.0322 16 11 3

TABLE VII

BAYES RISK AND OPTIMAL ALLOCATION WHEN X=(3,7,9)



x1 ®2 x3 m Bayes Risk m] m3 mj
3 7 8 0 0.0986 0 0 O
3 7 8 1 0.0680 1 0 0
3 7 8 2 0.0646 2 0 O
3 7 8 3 0.0578 3 0 0
3 7 8 5 0.0523 5 0 0
3 7 8 10 0.0426 9 1 0
3 7 8 2 0.0330 3 7 0
3 7 8 30 0.0275 18 12 0
TABLE VIII

BAYES RISK AND OPTIMAL ALLOCATION WHEN X=(3,7,8)

*

r1 ®2 w3 m Bayes Risk m] m3; m3
3 5 9 0 0.0746 0o 0 0
3 5 9 1 0.0634 1 0 0
3 5 9 2 0.0571 2 0 0
3 5 9 3 0.0521 3 0 0
3 5 9 5 0.0459 5 0 0
3 5 9 10 0.0390 10 0 0
3 5 9 20 0.0316 15 1 4
3 5 9 30 0.0271 20 1 9
TABLE IX

BAYES RISK AND OPTIMAL ALLOCATION WHEN X=(3,5,9)



r1 x2 x3 m Bayes Risk m] mj m3
3 5 8 0 0.0596 0 0 0
3 5 8 1 0.0596 0 0 1
3 5 8 2 0.0534 2 0 0
3 5 8 3 0.0509 3 0 0
3 5 8 5 0.0459 5 0 0
3 5 8 10 0.0400 10 0 0
3 5 8 20 0.0322 13 3 4
3 5 8 30 0.0270 17 7 6
TABLE X

BAYES RISK AND OPTIMAL ALLOCATION WHEN X=(3,5,8)

Bayes Risk mj m35 mj
0.0678 o 0 0
0.0678
0.0625
0.0622
0.0585
0.0504
0.0396
0.0329
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TABLE XI

BAYES RISK AND OPTIMAL ALLOCATION WHEN X=(2,7,9)



*
*

x1 ®2 x3 m Bayes Risk m] m3 mj
2 7 8 0 0.0543 0 0 0
2 7 8 1 0.0543 1 0 0
2 7 8 2 0.0543 2 0 0
2 7 8 3 0.0509 3 0 0
2 7 8 b5 0.0484 5 0 0
2 7 8 10 0.0429 6 4 0
2 7 8 20 0.0346 10 9 1
2 7 8 30 0.0293 14 13 3
TABLE XII

BAYES RISK AND OPTIMAL ALLOCATION WHEN X=(2,7,8)

r1 ®2 w3 m Bayes Risk m] m3; m3
2 5 9 0 0.0640 0o 0 0
2 5 9 1 0.0640 1 0 0
2 5 9 2 0.0577 2 0 0
2 5 9 3 0.0552 3 0 0
2 5 9 5 0.0502 5 0 0
2 5 9 10 0.0444 10 0 0
2 5 9 20 0.0375 12 3 5
2 5 9 30 0.0315 14 8 8
TABLE XIII

BAYES RISK AND OPTIMAL ALLOCATION WHEN X=(2,5,9)
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x1 w®2 x3 m Bayes Risk m] m3 mj
2 5 8 0 0.0920 0 0 0
2 5 8 1 0.0807 1 0 0
2 5 8 2 0.0744 2 0 0
2 5 8 3 0.0694 3 0 0
2 5 8 5 0.0633 5 0 0
2 5 8 10 0.0548 6 3 1
2 5 8 20 0.0426 10 6 4
2 5 8 30 0.0351 14 10 6

TABLE XIV

BAYES RISK AND OPTIMAL ALLOCATION WHEN X=(2,5,8)

From the computation result (Table 7-14), we can observe that as m increases, the Bayes
risk of optimal allocation decreases, and that the optimal allocation at the second stage tends
to draw more observations from the population which has the larger sample proportion at the
first stage or from which fewer observations have been drawn at the first stage. The same result
has been observed for the normal case.

If the cost is not zero, drawing more observations will decrease the decision risk, but increase
the sampling cost at the same time. The optimal sample size at the second stage m* belongs

to

arg mi]r%[{Ex{@[k]} — max  E.{ max E(©;|z,Y)} + nc+ mc}
me m i=1,--

1+...+mp=m ,

or equivalently,
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arg ggﬁ{mﬁr.r‘pfn}gk:m Ex{lznfaxk E(©;|z,Y)} — mc},

where N = {0,1,2,...}.

2.4 m-truncated sampling algorithm

Even we are allowed to allocate m more observations, it is not necessary that we draw exactly
m additional observations when the sampling cost is taken into account, maybe drawing fewer
observations will lead to smaller Bayes risk.

For Professor Klaus Miescke’s sampling algorithm, no matter what the optimal allocation is,
m more observations are always drawn at the next step. This is why it is called a fixed-sample
size sampling algorithm. If we compare the Bayes risk without additional observations with the
minimum of the Bayes risks respectively corresponding to drawing 1, ..., m more observations
according to the optimal allocation determined by fixed sample-size algorithm, when the former
is no more than the latter, stop sampling, otherwise, draw one more observation from the
population favored by the fixed sample-size 1 sampling algorithm, proceed this way until the
former is no more than the latter or m more observations are drawn, then maybe we can end
up with smaller Bayes risk with smaller sample size. It is based on this idea that I propose and
study the m-truncated sampling algorithm, which proceeds as follows:

Step 1. Calculate the Bayes risk without additional observation. Then calculate the look-
ahead Bayes risk of the optimal allocation of ¢ more observations at the second stage, which is
determined by the fixed sample size i sampling procedure, i = 1,...,m, and find the minimum

look ahead risk.
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Step 2. Compare the Bayes risk without additional observation with the minimum look-
ahead Bayes risk found in Step 1. If the former is not greater than the latter, then stop
sampling more observations and make a decision according to the Bayes decision rule based on
whatever we have, i.e., the former is the Bayes risk of this decision. Otherwise, draw one more
observation from the population favored by the optimal allocation of one more observation,
which is determined by the fixed sample size 1 sampling procedure, update the prior with the
new observation, set m to m — 1. If m > 0, return to Step 1, otherwise, go to Step 3.

Step 3. If m more observations have been drawn, stop sampling more observations and
the Bayes risk of our final decision is the Bayes risk without additional observations under the
updated prior.

Obviously, at most m additional observations can be drawn using this procedure.

2.5 Two Bayesian sampling methods

Because of budget restriction, we can’t always have as many observations as we want.
Usually, there is a limit to the number of observations that can be drawn in the future. Suppose
we can draw up to M observations. To allocate up to M observations among k populations in
an optimal way, I proposed two Bayesian methods based on the two previously mentioned
algorithms, respectively.

The first method, based on the fixed sample size sampling algorithm, is as follows. Calculate
the Bayes risk without additional observations, then calculate the look-ahead Bayes risk of the

optimal allocation of m observations at the next step, determined by the fixed sample size
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sampling algorithm, for m = 1,2,..., M. Denote those risks by rg, ri1,...,ras, respectively. We

call m* the optimal sample size if

fme = _min {ri}.

If m* = 0, then we make a decision without further sampling. Otherwise, we adopt the op-
timal allocation of m* observations determined by the fixed sample size m* sampling algorithm
as our optimal allocation of up to M observations and the Bayes risk of our decision is 7,,+.

The second method is based on the m-truncated sampling algorithm, and its process, similar
to that of the first method, is as follows. Calculate the Bayes risk without additional observa-
tions, then find the look-ahead Bayes risk of the allocation of up to m observations determined
by the m-truncated sampling algorithm, for m = 1,2, ..., M (We estimate the Bayes risk of this
allocation by averaging the 10,000 risks obtained by independently running the m-truncated
sampling procedure 10,000 times). Denote these risks by ¥o, f1, ..., s, respectively. Obviously,
to = ro. Find m™* such that

1=0,...,

If m* = 0, then we just make a decision without further sampling. Otherwise, we use the
allocation determined by the m**-truncated sampling algorithm and ¥, is the Bayes risk of

our final decision.
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2.6 Comparison of two sampling methods

Example 2.6.1 Let £ = 3,n = (6,9,15), 0% = 1, u; = 1,1, = 0.5, for i = 1,2,3. The

observation at the first stage is (0.5, 1.1, 1.6). Calculate the Bayes risks of the two algorithms

form=0,1,---,12 with different sampling costs.

Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.00000001 0O 0.0256 0.0256 30 30 30 30
0.00000001 1 0.0256 0.0256 31 31 31 31
0.00000001 2 0.0256 0.0256 32 31.3527 31 32
0.00000001 3 0.0256 0.0257 33 32.1723 31 33
0.00000001 4 0.0255 0.0255 34 32.9766 32 34
0.00000001 5 0.0253 0.0252 35 33.8569 32 35
0.00000001 6 0.0251 0.0249 36 34.7278 32 36
0.00000001 7 0.0249 0.0247 37 35.6825 32 37
0.00000001 8 0.0246 0.0246 38  36.61 33 38
0.00000001 9 0.0243 0.0243 39  37.5064 33 39
0.00000001 10 0.0239 0.0238 40 38.4195 34 40
0.00000001 11 0.0236 0.0240 41 39.3409 34 41
0.00000001 12 0.0233 0.0235 42 40.2694 34 42

TABLE XV

METHOD 1 VS METHOD 2 WHEN COST=10"%

Where Bayes Risk 1 is the Bayes risk of fixed sample-size sampling algorithm, while Bayes
Risk 2 is the estimated Bayes risk of the m-truncated sampling algorithm based on 10,000 runs.

SS is the final sample size of the first algorithm, while ESS is the estimate of the expected
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Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.000001 0O 0.0257 0.0257 30 30 30 30
0.000001 1 0.0257 0.0257 31 30 30 30
0.000001 2 0.0257 0.0255 32 31.0937 31 32
0.000001 3 0.0256 0.0257 33 31.5534 31 33
0.000001 4 0.0255 0.0256 34  32.1679 31 34
0.000001 5 0.0253 0.0255 35  32.7965 31 35
0.000001 6 0.0251 0.0252 36 33.4409 31 36
0.000001 7 0.0249 0.0249 37  34.0786 31 37
0.000001 8 0.0246 0.0244 38 34.7808 32 38
0.000001 9 0.0243 0.0246 39 35.5863 32 39
0.000001 10 0.0240 0.0243 40 36.3512 32 40
0.000001 11 0.0237 0.0237 41  37.1061 32 41
0.000001 12 0.0233 0.0231 42 37.8648 32 42

TABLE XVI

METHOD 1 VS METHOD 2 WHEN COST=10"°

sample size of the second algorithm, and Min(Max) SS is the minimal(maximal) sample size of
the second algorithm in 10,000 runs.

From the computation result (Table 15-20), we can see that for fixed sampling cost, as
m increases from 1 to 12, the expected sample size of the m-truncated sampling algorithm
increases most of the time, while the Bayes risk decreases most of the time.

When m is fixed, as sampling cost increases, the expected sample size of the m-truncated
sampling algorithm decreases. When the sampling cost is very small (for example, when

cost=10"%), the expected sample size of the m-truncated sampling algorithm is close to m.
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Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.00001 0O 0.0259 0.0259 30 30 30 30
0.00001 1 0.0259 0.0259 31 30 30 30
0.00001 2 0.0259 0.0259 32 30 30 30
0.00001 3 0.0259 0.0260 33  31.2415 31 33
0.00001 4 0.0258 0.0257 34 31.6134 31 34
0.00001 5 0.0257 0.0258 35 32.0752 31 35
0.00001 6 0.0255 0.0252 36 32.5411 31 36
0.00001 7 0.0252 0.0255 37 33.0595 31 37
0.00001 8 0.0249 0.0252 38 33.5806 31 38
0.00001 9 0.0247 0.0247 39 34.0888 31 39
0.00001 10 0.0243 0.0245 40 34.6536 31 40
0.00001 11 0.0240 0.0236 41 35.153 31 41
0.00001 12 0.0237 0.0235 42 35.7396 31 42

TABLE XVII

METHOD 1 VS METHOD 2 WHEN COST=10"5

When sampling cost gets larger, the difference between m and the expected sample size gets
larger for large value of m.

We can also see that when sampling cost is large, (for example, when cost=8 * 107°), the
second method is better than the first method for M=1,..., 12. When the sampling cost is not
very large, the two methods are comparable. Sometimes, the first is better; Sometimes, the

second prevails. The difference of their risks is not large.

Example 2.6.2 Let £k = 3,n = (5,8,13),a = (1,1,1), 8 = (0.5,0.5,0.5). The observation at
the first stage is (2, 4, 7). Calculate the Bayes risks of two algorithms for M=0, 1, - --, 12 with

different costs.
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Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.00003 0O 0.0265 0.0265 30 30 30 30
0.00003 1 0.0266 0.0265 31 30 30 30
0.00003 2 0.0266 0.0265 32 30 30 30
0.00003 3 0.0266 0.0265 33 30 30 30
0.00003 4 0.0265 0.0265 34 31.3731 31 34
0.00003 5 0.0264 0.0263 35 31.6946 31 35
0.00003 6 0.0262 0.0261 36 32.0508 31 36
0.00003 7 0.0260 0.0262 37 32.4168 31 37
0.00003 8 0.0257 0.0259 38 32.8575 31 38
0.00003 9 0.0254 0.0253 39 33.2473 31 39
0.00003 10 0.0251 0.0252 40 33.6791 31 40
0.00003 11 0.0248 0.0249 41 34.1505 31 41
0.00003 12 0.0245 0.0245 42 34.5753 31 42

TABLE XVIII

METHOD 1 VS METHOD 2 WHEN COST=3 % 10~

From the simulation result (Table 21-26), we can see that most of the time, the second
method is better than the first. The superiority of the former becomes more obvious when the
sampling cost gets larger.

For both methods, we need to know the look-ahead risk of the Bayesian rule if we are to draw
m; observations from population Il;, i = 1,...,k, where m1 + ...+ mpy =mand 1 < m < M.
Denote the look-ahead Bayes risk by r(myq,...,my). After these risks have been calculated, the
remaining work is straightforward.

Therefore, if we want to apply these methods in another situation, we only need to know

how to calculate r(my,...,mg) in that situation.
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Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.00005 0O 0.0271 0.0271 30 30 30 30
0.00005 1 0.0272 0.0271 31 30 30 30
0.00005 2 0.0272 0.0271 32 30 30 30
0.00005 3 0.0272 0.0271 33 30 30 30
0.00005 4 0.0272 0.0271 34 30 30 30
0.00005 5 0.0271 0.0267 35 31.5152 31 35
0.00005 6 0.0269 0.0266 36 31.7884 31 36
0.00005 7 0.0267 0.0267 37 32.1134 31 37
0.00005 8 0.0265 0.0265 38 32.4776 31 38
0.00005 9 0.0262 0.0264 39  32.8295 31 39
0.00005 10 0.0259 0.0257 40 33.1881 31 40
0.00005 11 0.0257 0.0256 41 33.5547 31 41
0.00005 12 0.0254 0.0264 42 33.353 31 42

TABLE XIX

METHOD 1 VS METHOD 2 WHEN COST=5 x 10~

In the following two chapters, I will consider other selection problems. I will derive the
formula for r(mq,...,my) under various conditions. In particular, I will set up the formula
for r(mq,---,my) where my + ...+ my = 1, because for the m-truncated sampling algorithm,
we need to know the optimal allocation of the next observation. I also prove a theorem that
helps easily find the optimal allocation of the next observation in the subset selection of b best

normal populations case.



Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.00008 0O 0.0280 0.0280 30 30 30 30
0.00008 1 0.0281 0.0280 31 30 30 30
0.00008 2 0.0282 0.0280 32 30 30 30
0.00008 3 0.0282 0.0280 33 30 30 30
0.00008 4 0.0282 0.0280 34 30 30 30
0.00008 5 0.0281 0.0280 35 30 30 30
0.00008 6 0.0280 0.0276 36 31.5947 31 36
0.00008 7 0.0278 0.0277 37 31.8536 31 37
0.00008 8 0.0276 0.0269 38 32.0801 31 38
0.00008 9 0.0274 0.0273 39 324111 31 39
0.00008 10 0.0271 0.0268 40 32.7209 31 40
0.00008 11 0.0269 0.0266 41 33.0005 31 41
0.00008 12 0.0266 0.0264 42 33.353 31 42

TABLE XX

METHOD 1 VS METHOD 2 WHEN COST=8 % 1075



Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.000001 0O 0.0979 0.0979 26 26 26 26
0.000001 1 0.0875 0.0875 27 27 27 27
0.000001 2 0.0808 0.0809 28 27.5238 27 28
0.000001 3 0.0788 0.0789 29 28.4525 28 29
0.000001 4 0.0736 0.0729 30  29.5068 29 30
0.000001 5 0.0717 0.0710 31 30.2441 29 31
0.000001 6 0.0681 0.0662 32 31.2638 30 32
0.000001 7 0.0650 0.0634 33 31.8918 30 33
0.000001 8 0.0628 0.0603 34 32.9406 31 34
0.000001 9 0.0603 0.0582 35 33.7853 32 35
0.000001 10 0.0584 0.0559 36 34.7522 33 36
0.000001 11 0.0563 0.0541 37 35.7087 34 37
0.000001 12 0.0546 0.0528 38 36.6829 34 38

TABLE XXI

METHOD 1 VS METHOD 2 WHEN COST=10"°

29



Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.00001 0O 0.0981 0.0981 26 26 26 26
0.00001 1 0.0878 0.0878 27 27 27 27
0.00001 2 0.0810 0.0809 28 27.5275 27 28
0.00001 3 0.0791 0.0790 29  28.452 28 29
0.00001 4 0.0739 0.0734 30 29.5104 29 30
0.00001 5 0.0720 0.0715 31 30.2499 29 31
0.00001 6 0.0684 0.0663 32 31.2566 30 32
0.00001 7 0.0653 0.0639 33 31.8912 30 33
0.00001 8 0.0631 0.0603 34 32.9441 31 34
0.00001 9 0.0606 0.0583 35 33.7722 32 35
0.00001 10 0.0587 0.0565 36 34.7581 33 36
0.00001 11 0.0566 0.0542 37 35.7235 34 37
0.00001 12 0.0549 0.0531 38 36.6783 34 38

TABLE XXII

METHOD 1 VS METHOD 2 WHEN COST=10""
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Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.0001 0 0.1005 0.1005 26 26 26 26
0.0001 1 0.0902 0.0902 27 27 27 27
0.0001 2 0.0835 0.0835 28 27.5205 27 28
0.0001 3 0.0817 0.0817 29 28.4533 28 29
0.0001 4 0.0766 0.0759 30  29.5059 29 30
0.0001 5 0.0747 0.0744 31 30.1897 29 31
0.0001 6 0.0713 0.0691 32 31.2576 30 32
0.0001 7 0.0683 0.0671 33 31.8998 30 33
0.0001 8 0.0661 0.0632 34 32.9361 31 34
0.0001 9 0.0638 0.0614 35 33.7088 31 35
0.0001 10 0.0619 0.0593 36 34.7174 32 36
0.0001 11 0.0600 0.0575 37  35.6357 33 37
0.0001 12 0.0583 0.0565 38 36.5106 34 38

TABLE XXIII

METHOD 1 VS METHOD 2 WHEN COST=10"*
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Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.0005 0 0.1109 0.1109 26 26 26 26
0.0005 1 0.1010 0.1010 27 27 27 27
0.0005 2 0.0947 0.0945 28  27.538 27 28
0.0005 3 0.0933 0.0929 29 28.4478 28 29
0.0005 4 0.0886 0.0879 30 29.5158 29 30
0.0005 5 0.0871 0.0860 31 30.2477 29 31
0.0005 6 0.0841 0.0826 32 31.1979 30 32
0.0005 7 0.0815 0.0797 33 31.8627 30 33
0.0005 8 0.0797 0.0766 34 32.7963 30 34
0.0005 9 0.0778 0.0750 35 33.548 30 35
0.0005 10 0.0763 0.0734 36 34.2986 30 36
0.0005 11 0.0748 0.0721 37 35.3848 31 37
0.0005 12 0.0735 0.0710 38 36.0193 31 38

TABLE XXIV

METHOD 1 VS METHOD 2 WHEN COST=5 % 10~*



Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.001 0 0.1239 0.1239 26 26 26 26
0.001 1 0.1145 0.1144 27 27 27 27
0.001 2 0.1087 0.1082 28 27.5215 27 28
0.001 3 0.1078 0.1073 29  28.4541 28 29
0.001 4 0.1036 0.1027 30 29.5142 29 30
0.001 5 0.1026 0.1012 31 30.047 29 31
0.001 6 0.1001 0.0977 32 31.1832 30 32
0.001 7 0.0980 0.0956 33 31.4871 30 33
0.001 8 0.0967 0.0925 34 32.3444 30 34
0.001 9 0.0953 0.0914 35 32.8898 30 35
0.001 10 0.0943 0.0900 36 33.5455 30 36
0.001 11 0.0933 0.0890 37 34.3923 30 37
0.001 12 0.0925 0.0887 38  34.9046 30 38
TABLE XXV

METHOD 1 VS METHOD 2 WHEN COST=10"3



Cost m Bayes Risk 1 Bayes Risk 2SS ESS Min SS Max SS
0.01 0 0.3579 0.3579 26 26 26 26
0.01 1 0.3575 0.3574 27 27 27 27
0.01 2 0.3607 0.3561 28 27.5237 27 28
0.01 3 0.3688 0.3561 29 27.5259 27 28
0.01 4 0.3736 0.3560 30  27.529 27 28
0.01 5 0.3816 0.3560 31 27.5285 27 28
0.01 6 0.3881 0.3558 32 27.5253 27 28
0.01 7 0.3950 0.3560 33 27.5299 27 28
0.01 8 0.4027 0.3558 34 27.5225 27 28
0.01 9 0.4103 0.3559 35 27.5255 27 28
0.01 10 0.4183 0.3560 36 27.5224 27 28
0.01 11 0.4263 0.3560 37 27.5212 27 28
0.01 12 0.4345 0.3561 38  27.53 27 28
TABLE XXVI

METHOD 1 VS METHOD 2 WHEN COST=10"2



CHAPTER 3

SELECTION OF THE BEST POPULATION(S)

3.1 Selection of the best population

Point selection rules are decisions on which of the k populations is the best. Whether a
population is the best or not is based on certain criteria. For example, the population with the
largest mean is considered best among k normal populations with the same known variance.
Although there may be more than one best populations, a point selection rule selects exactly
one population.

In the following sections, we will find the optimal allocation of m more observations to select

the best normal, Poisson, or Gamma population under various conditions.

3.1.1 Selection of the smallest normal variance

There are k normal populations with the same mean. Our objective is to choose the popu-
lation associated with the smallest variance.
Suppose X1, ..., X, are i.i.d random variables from X ~N(u, ¢), where p is known.

Given ¢, the pdf of X = (X7,..., X,,) is

35



p(elo) = [[(re)~Pemstmm/e
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= (271'@%))_”/26_%.
where s = >0 (z; — p)2.
By Fisher-Neyman Factorization Theorem, s is sufficient for ¢.

Given ¢, let % = X, then X ~ X?(n), the pdf of X is

= 2 1 7% >O
R
we can get the pdf of S, which is
F(sl6) = —sBlgi B dig!
221(5)
1 n n _ S
= =, 35_1¢_5e 2%, >0
221'(3)

Suppose ® ~ lg(a, 5), « > 0, § > 0, then the pdf of ® is
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d " leTe, p>0
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Given x = (21, ..., ,), that is, given s, ® ~ lg(a + 5, B + §), therefore, given X=x, the pdf

of ® is

(B+2)°F2 _inyq B+
F(éﬁls)zﬁﬁf’(“) lem 07, 6>0
2

Because f(s|¢)m(¢) = w(d|s)m(s), we have

f(s[@)m(9)
m(s) =
)= e
1 21,2 —5 B L —a—1,—
_ 25’ ¢ 2e P py® e’
a (B+5)°*8  _(qymyo -2E
F(é—i—%) (b ( +2) e ¢
B fagz1 I(a+ %)
2:T(5)T(e) (B+5)"2
T n a 2—1
= ﬂ(a+2l . 5852a+£, s> 0.
2:T()l(3) (B+3)""2
It is easy to calculate the expectation of S
© T E lo}
E(S) — / ﬂ(04 2) ﬁ 82+ ds
0 2ET(a)T(5) (B +3)° 3
_ Tla+ z‘wa/ LA
— 2% (a % ( + 8 a— 1+ +1
2

r
P(a+35)* 272 I(a—1)r("5?)
2:T(a)0'(2) F(a+2)ﬁa*1
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At the end of the first stage, n; observations have been drawn from the i-th population. Let
si = ity (Tij — w)? and s=(s1,...,s), then the updated prior is

P ~ gl + 5, 6i + %), i=1,...,k, and ®;’s are independent.

Suppose at the second stage, m; observations, Y1, ...,Yj,,, are to be drawn from the ¢-th
population. Let W; = ZT;l(Yw —p)? and W = (Wq, ..., W). The posterior distribution of ®;,

given S = s, W = w, is

n; m; S; w; .
(I)i ng(a2+ Ez_‘_ ?’5762—’_; +?Z)7 1= 177k7

and ®;’s are independent.

The marginal pdf of W;, given S = s, is

; i+ g1
F<az+n+2 (BZ )a 2w22m7w1>0

)
!t T T DO i+ T

1=1,....,k, and W;’s are independent.

Because we want to choose the population associated with the smallest variance ¢ =
min{¢1, ..., ¢}, the loss function is

L(¢,i,n) = ¢i — épy + ne.

Suppose a; > 1,7 =1,..., k. To determine the optimum allocation of m more observations
at stage 2 using the fixed sample-size sampling algorithm, one has to calculate r(myq, ..., mg),

that is, the look ahead Bayes risk corresponding to the allocation (mq, ..., mg).
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r(mi,....,my) = E{ min E{L(®,i,n+n)|S = s W}S = s}

=1,...,

4 osi g Wi
= Es{i_min bit 5+ — E{®)[S = 5,W}} + nc+mc

) Bi+ 5+ Ui
= Bl min o TR T 11~ Bsl®p} + et me

Therefore, the optimum allocation minimizes

cq 84 Wi

Bt it Y
S{. min T4 my

i=1,...k o; + 5 =+ 5 =

}

subject to mq + ... + mi = m.
Let’s consider the special case where m=1. Suppose m; =1, m; = 0,j # i, 1 € {1,...,k},

let

s

l; = Es{min{min i —, P 22
i#F o+ 5 -1 o+ +5-1

then the best allocation of the next observation is to draw one observation from the ¢*th
population, where l;+ = min;— _x{l;}.

3.1.2  Selection of the largest normal mean with random mean and variance

In the section, we will consider the case where both mean and variance of each population
are unknown.

Suppose X; ~ N(0;,¢;),i = 1,...,k, and X;’s are independent.
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The prior density of ©; and ®; is 7(0;, ;) = w1 (0;]|d:)m2(Pi),

where 71(0;|¢;) is a N (ui, 7i¢;) density and ma(¢;) is an lg(«y, §;) density.

Suppose at the first stage, X;1 = z1,..., Xin, = Zin,;, % = 1, ..., k, have been observed, then
the updated prior density of ©; and ®; is:

(63, ¢ilx) = m1(0s]ds, x)ma(ds| ),

where 71 (6;|¢;, z) is a normal density with mean p;(z) = %, (== - jLy wi5) and

variance (7,7 + ;) t¢; and ma(¢;|x) is an inverted gamma density with parameters o; + s

and f; where
5 {B + 35 Z] 1 (Ti5 — L) + Zl(ﬁ_nm) 3L
Suppose at the second stage, Y1 = yi1, ..., Yim; = Yim,,% = 1, ..., k, have been observed, then

the posterior distribution of ©; and ®;, is

7(0;, dilx,y) = 71 (0;| s, x, y)m2(di| 2, Y),

pi(@)+mi(ri~ 4ni) "t ( =
9 K3

where 71 (0;|¢;, x,y) is a normal density with mean ~;(z,y) = i ) 4T

m%_ >_7%1 yij) and variance (771 + n; +my) "1 and ma(es|z,y) is an inverted gamma density

. . . 1
with parameters o; + 5 + %5+ and j3; , where

i ()2 _
= {8+ 3 vy — 00 + e ey
(©;,®;)"’s, given X = 2, Y = y, are independent.
According to James O. Berger’s book, we know that the marginal posterior density of ©;,
given X =z,Y =y, is a
n; my; "

+mi, iz, y), (7 i+ mi) (e + =+ —5)8) )

T(2(cv + R

2)



and ©;’s, ¢ = 1, ..., k, are independent.

The marginal density of Y; = (Yj1, ..., Yim,) given X =z, m(y;|z), is

. 1 _1 N\ otk _ NG+ My gy it™
(2m)" 2 (1 + nym) 2 (1 4 g7y + my;) Q(F(ai‘i’EZ)ﬁia )M (e + — H)BreTT

2

where
= -1, R YA A S A 2R e |
51 - {/81 + 9 j;(xz] xz) + 2(1 T niTi) } ,
L 53 (mi + i) (5 = 1)
o= —1 — 22 _ R Y ? 7 1 i -1
ﬁz - {/Bz + B j;(l'z] Zz) + 5 j;(yz] Zz) + 2(1 Fapp— mﬂ‘i) } ,
1 i ik
S mi+ni(;xiﬂ'+;yij))

and Y;’s, given X = x, are independent.
Our objective is to choose the population with the largest mean.

Let the loss function be L(6,i,n) = 0 — 0; + nc, then

rmi,eomi) = B min B{L(©,i,n+m)|X =z,Y}}

=1l,...

= Ex{j?inkE{e[k] — 6| X =2,Y}} +ne+me

= EA0p} - Em{lrllaxk E{0;|X =z,Y}} 4+ nc+me

41
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Suppose a; > %,i =1,...,k, then

pi(z) +mi(r =t +n) Y,
F{e|X =2,V =
{ Z| s } mi(’Tifl + ni)*l +1

Therefore, the optimum allocation (m], ..., m}) maximizes, subject to m; + ... +my = m,

) (1 N—ly,
ol M 000
i=1,....k mi(n + nz) +1

If we allocate the next observation to the ith population, then the expected posterior gain

pi(z) + (' +n) 'Y
(it +mn)~t+1

1

gi = Ex{max{max p;(z),
J#i

Therefore,the optimum allocation is to allocate the next observation to the population with
9pk)> where gy = maxi—1,__ 1{gi}-

3.1.3 Selection of the smallest normal variance with random mean and variance

In this section, we will consider selecting the population with the smallest variance.

According to page 288 of James O. Berger’s book, the marginal posterior distribution of ®;,
given X = z,Y =y, is a lg(o; + 5 + %,ﬁ;/) and ®;’s are independent .

Let the loss function be

L(¢,1) = ¢i — ¢p) + ne+ me,

where ¢ = (¢17 '--7¢/€)7 and d)[l} = min{¢1’ "'aqbk}a then



r(mi,...,mg) = Ez{ nllinkE{L(CI),i,n +m)| X ==z,Y}}
i=1,...,
= E.{ IrllinkE{q)i — &y +ne+me|X =z, Y}}
i=1,...,

1= ARG

Suppose a; > 1,4 =1, ..., k, then

1

E{‘I)’X:.’I},Y}: - : 7
l (0 + 5 + 5 = 1)f;

Therefore, the optimum allocation (m7, ...,m}) minimizes, subject to m; + ... +my =m

E.{ min -
”{z‘:l, k(0 + 5+ 5t — 1) !
=1 i % i(Yi—pi 2
B 45 (Y = Y)? + 2<1Tnf,.(nf‘lfif>fl>
- Ew{.mln n; ms }
=1, 7k Qz + 7 + 7 -

Suppose m=1. If we allocate the next observation to the ith population, then

L= B min B{0|X =2, Y}}

=1 (Vi —pi(x))?
; ; 1 B + 2(1+(;i_ul+fli)_l)
= Ey{min{min nj -, P H
J# (aj—|—7— )ﬁj ai+7’—§

43

Y



44

Therefore, the optimum allocation is to allocate the next observation to the population

associated with ;) = min{1y, ..., }.

3.1.4 Selection of the normal population with the largest absolute value of mean

Suppose there are k normal populations, where population II; has mean 6; and variance
o2, 0; is a realization of ©;, which follows normal distribution with mean p; and variance v, 1,
i = 1,...,k, respectively. In this section, our objective is to choose the population with the
largest absolute value of mean.

The loss function is

L(G,z,n) = |‘9‘[k} - ‘61’ + ne,

where |0 = max{[61],--- , [0k|}.
Suppose at the second stage, m; observations are to be drawn from population II;, i =

1,--- , k, then the look ahead Bayes risk r(my, ..., mg) is
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Eo{ min E{[O|p —[6l|X = z,Y}}

= Bu{|Oljy} — Ex{ max E{|64||X = 2,Y}} +nc+me
2 _(oypi(a)+a;Yy)? " Y
= E{8|} — E.{ max (V2 e | oa(e) +as
=1kt /m(a; + gi) a; +qi

[1—2®( ot a

N} + ne+me

Therefore, the optimal allocation maximizes

E{ max {2 SRS @)t iy g i) +aYiy,,
itk /(o + ) a; +qi Vai +q;

subject to m; + -+ +my = m.

Suppose m=1. If we allocate the next observation to the ith population, then the expected

gain
E V2 i 120 &G
;= a a P ; — — I},
Gi »{m X{I?#ZX{ \/We + pj ()] (—pi(x)\/aj)]}
\/i 6_% + alul(x) +q15/7, [1 _ 2(b(_az,u”l,(x) +q7,}/l)]}}’
7oy + qi) Qi+ q; Vit g
i =1, -, k, therefore, the optimal allocation of the next observation is to draw one observation

from the population corresponding to gj), where gy = max{g1,- -, gk}
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3.1.5 Selection of the Poisson population with the smallest mean

Suppose populations II; can be characterized with Poisson distribution with mean \;, where
A; is a realization of A;, i =1,..., k.
Suppose A; follows a Gamma distribution with parameters k; and 6;, ¢ = 1, ..., k, then the

pdf of A; is

1

7)\ki_1€_%
07T (k;)

T(A ki, 6;) =

for A > 0, where k;, 8; > 0,1 =1, ..., k.

Suppose at the first stage, nq, ..., nx observations have been drawn from population I1y, ..., I,
respectively.

Let z; = Z;‘;l Tij, i = 1,..., k, and 2T = (21, ..., 7%), then the updated prior A;|z ~Gamma(k;+
i, #), i=1,.. k.

At the second stage, m more observations need to be drawn from these k populations. Our
objective is to find the optimal allocation of these m observations among k populations.

The loss function is

L(Ai,n) = X\i — Ay + ne,

where \ = ()\1, ceey )\k), and )\[1] = min{)\l, ceey )\k}
Suppose at the second stage, m; observations are to be drawn from population II;, i =
1,....k. Let y; = Z;ﬁl Yij, © = 1,..,k, and yT = (y1, ..., yx), then Aj|z,y ~Gamma(k; + z; +

0; .
Yi, m), 1= 1, ,k‘



The marginal probability mass function of Y; given z is

i0i
. A i0; i0;
kitzi—1 n%ﬂrl +1 n%ﬁl +1
_ ki +x;+y; — 1 ( m;0; y( n;0; +1 )ki-i-ri
ki +x;—1 n;0; + m;0; + 1 n;0; +m;0; +1

P(Y; = y|z)

fory>0,i=1,...,k, and given X = z, Y;’s are independent.

The look ahead Bayes risk r(my, ..., my) is

E{ min B(L(Ai,n+m)|X =2.Y)
A

e

. Oi(ki+xi+Y;)
= F
A i i 1 1

} — E:C{A[l]} + nc+ mc

Therefore, the optimal allocation minimizes

. 9,(1@ +x; + }/z)
E
x{lzr?,ln,n n;0; + m;0; + 1}

subject to m; + ... + mp = m.

Suppose m=1. If we allocate the next observation to the ith population, then we get

47
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0; (ki +x; +Y;)

{i:I{l,l..I.l,n nzez + mZGZ + 1}
0k ) Okt Y)
- E, (K5 j i\Fi i i
{mln{l}l;? anj—i—l ’ n;0; + 0; + 1

1

Therefore, the optimal allocation of the next observation will draw one observation from
the population with Iy, where Ij;) = min{ly, ..., [y}

3.1.6  Selection of the best Gamma population

Suppose population II; can be characterized with the Gamma distribution with the common
shape parameter a and the inverse scale parameter 6;, where 6; is a realization of ©; and
©; ~Gamma (o, ;) with a; >0 and §; > 0,1 =1,.... k.

At the first stage, n; observations have been drawn from population Il;, i = 1, ..., k. Let z; =
Z?;l z;; (if n; = 0, then z; = 0),i = 1,....,k, and 7 = (21, ..., z1), then O;|x ~Gamma(c; +
nia, Bi +x;), i =1,... k.

Suppose at the second stage, m; observations are to be drawn from population II;, i =
1,...,k. Let y; = Z;”:ilyij, i=1,...k and y* = (y1,...,%), then O;]X = 2,Y = y ~
Gamma(o; + nja + m;a, B; + x; + y;).

The marginal probability density function of Y; given X = zx is

F(ai + n;a + mia) (,BZ —+ xi)ai—l—nmym,-a—l
F(ai + nla)F(mla)(ﬁz +x; + y)ai—&-nia—i-mia’

fi=ylX =2) =

fory >0,i=1,....k, and given x, Y;’s are independent.
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Let the loss function be

L(0,i,n) = 0; — 03) + nc,

then the look ahead Bayes risk r(mq,...,my) is

E{ min E(L(©,i,n+m)|X =z,Y)}

ey

= Ex{‘_minkE(@ﬂX =z,Y)} — Ex{@[l]} + nc+ mc

=1,...,

. a; + n;a + m;a
= FE ———}—E, {06
A min g~ EeO) +metme

Therefore, the optimal allocation minimizes

. o+ nia+ mga
E{ min ———————

=1k Bit+xi+Y; )

subject to m1 + ... + mp = m.
Suppose m=1, that is, we want to find the optimal allocation of the next observation among

k populations. Let

I = Em{min{min aj; +nja a; +nia+a

i# Bty @—FSUH—Y%}}

then the best allocation will draw one observation from the population with [[;), where

Ipp = min{ly, ..., I}
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Especially, when a=1, that is, these k gamma populations are also exponential populations,
the optimal allocation minimizes

Ex{'min a; +n; +my

i=1,..k Bi +x; +Y; )

subject to m1 + ... + mp = m.

Let

l; = E;{min{min ajtny it

i#i ﬁj+xj’6i+xi+3€}}’

then the optimal allocation of the next observation is to allocate the next observation to
the population associated with Ij;}, where I[;; = min{ly, ..., [ }.

3.2  Subset selection of best populations

In many situations, people need to select a subset of populations where the selected subset
should contain one or more best populations based on the given criteria. If the subsets are
restricted to have a fixed size t, then usually it is desired that it contain t best populations. For
example, experimenters would like to select 3 best treatments at the first round of screening to
reduce the total number of observations needed to make their terminal point selection. Another
example where the selection of a fixed-size subset is needed is to admit the 10 best applicants
into a PhD program at a University. This type of problem can be treated through moderately

extending the framework of the point selection problem.
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In the following two sections, we will find the optimal allocation of m observations to select
b (1 < b < k) normal populations with b largest means or b (1 < b < k) Bernoulli populations

with b largest probabilities of success among k normal or Bernoulli populations, respectively.

3.2.1 Subset selection of b largest normal means

We consider the following two-stage selection model where X = (X1, ..., Xj) can be observed
at stage 1, and Y = (Y7,...,Y)) at stage 2. More specifically, for § = (61, ...,0;) € R, let
X; ~ N(0;,p; 1) with p;7t = 02/n;, and Y; ~ N(0;,¢; %) with ¢;= = 02/my, i = 1,...,k,
which are altogether independent. Apparently, X and Y play the role of summary statistics:
X, as the sample mean based on n;, and Y; as the sample mean based on m;, observations
from N(6;,0%), i = 1,...,k, that are altogether independent. In the Bayes approach, let the
means parameter § = (61, ..., 0;) be the outcome of a random parameter © = (01, ..., Of), where
©; ~ N(pi,v;~Y), i =1,...,k, and they are independent.

Our objective is to choose b best populations with 1 < b < k, from k populations. The
decision space D is the set of all subsets of size b of {1,2,...,k}, and there are (IZ) elements in
that decision space. The loss function is assumed to be L(0, A,n) = ;. 1 (0 — 0;) +nc, where
O = max (01, ...,0;). Let us consider the fixed total sample size allocation problem where the

total number of observations n is fixed. Then the optimal allocation, i.e. the one that achieves

the minimum Bayes risk, is determined by

0 Elmin B(L(6, 4,n)|X)]. (3.1)
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At the end of stage 1, the optimal allocation for the second stage, with a total number of m

observations allowed at stage 2, is the one that achieves
i E{min F(L(©, A X = . VX = 2. 9
e min  E{min B(L(O, A +m)|X = 2,Y)|X =} (3.2)

To evaluate the inner conditional expectation in (Equation 3.1), we need the conditional dis-

tribution of ©, given X = x and Y = y, which is as follows.

C—)i ~ N(alMZ(x) i qul’ ) (33)
a; + i a; +q;

where a; = p; + v; and p;(x) = %ﬁ?‘”, i = 1,...,k, and they are independent. The outer

conditional expectation in (Equation 3.1) is w.r.t. the conditional distribution of Y, given

X = x, which is as follows.

Q + g

Qg5

Yi ~ N (pi(z),

i =1,...,k, and they are independent.
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r(mi,...,mg) = E{gneigE{L(@,A,n—l—mﬂX:x,Y}|X:x}

= E{mmE{Z 0,)|X =z, Y}X =z} +nc+ me
€A
= E{BE{tOp|X =2,Y}} - E, {maXE{Z@ | X =2, Y}} +ne+me
€A
= bEA{Op} — Ex {maxE{Z@ | X =2,Y}} + ne+ me
€A
Therefore, the optimal allocation, r(m7], ..., m}), maximizes, subject to my + ... + my, = m,

the following quantity

E, {maxE{Z@ X =2,Y}}

€A
1Y o Y
= E:c{maax[alllull( ) + gi1ti1 + ...+ alb#@b('r) + qib ’Lb]
AeD a1 + qi1 Qb + Gib

_ di1 1/2 dib 1/2
{AeD['uﬂ( ) (aﬂ(aﬂ + qil)) 1 Hin (@) (Oéib(Oéib + Qib)) wl}

Let ¢ = 1/0?%. For ¢; = q, gj = 0, and j # ¢ where 1 <14 < k, we have

i 1/2 dib 1/2
E{max[u(2) + (——2 Nit + ...+ ppp(2) + (———— Ni
{AGD[le( ) (au(an +qi1)) i pin(z) (aib(aib+Qib)) i) }

= FE{max[ ma Z g (x

{A: AED igA}

> (@) + pila) + oiNi]}

max
A:AeD,icA} | ‘.
{ ’ }JGAJ#Z
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Let ppj(w) < ppy(w) < ... < ppg(w). If g4 = 1 and q(;y = 0, for j # i, then we have the

following for i € {1, ...,k — b}.

FE{max max ),
{ [{A:AED,igéA}sz;\M[k}( )

s Z ] () + ppy () + 0@ N1}
JEA, j#i
E{max(pp_p11)(T) + fp—ps2)() + oo + pp (@),
Pk—b+2)(T) + o+ oy () + ppig (7) + 0y Ny 1}
E{pp—py2)(x) + pp—prg) () + o+ pppg (@)
+ max[pp_p1](7), pp) () + 06 (2) Ny 1}
Pk—b42) (T) + pp—pr3) () + oo+ ppg () + ppg(2)

+ E{max|ppg_py1)(z) — p (), 05 Nyl

Pie—b+2)(®) + pp—py3)(@) + oo+ ppg (@) + pgap(2)

Hk—b+1] (z) — Ha) (z)
o(i)

Pik—b+2)(T) + Hp—pr3) (@) + oo+ pipgg (2) + pr () + o) T

+ o) E{max| Nyl

Pik—bt1) (@) = prp (@)
o (i)

)

On the other hand, fori e {k —b+ 1,k —b+2,...,k},
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96 = E{maX[{A:Afélgﬁﬁ}%M[k](w),

(AAED ieA} Z .M[j](w) + (@) + o Nyl
JEA, jF#i
= E{maX[H[k—b] (-’E) + M[k_b+1] (.’E) + ...+ H[k} (:C) — M[z] (.17)7

= P—pt1) () + oo+ pp () + E{max[up_y () — pp (), 06y Nt

Bie—v) (@) — pipg (@)
9 (i)
Hk—b) (z) — Ha) (z)

(i)

= Wk—bs1)(T) + oo+ pp () + 0 E{max| , Nyl

)

= P—p+1)(T) + oo+ () + o T(

Let us consider the two populations Pg_p) and Px_pi1), since they turn out to play a
special role in this situation: these are the only two populations between which a preference in

b

terms of order relation ” < ” can be established that does not depend on pi(1)(), ..., px) (7).
In fact, the following theorem shows that the next allocation is not assigned to that one of the

two populations for which more prior plus sampling information has been gathered so far.

Theorem 3.2.1 At every X = x, the following holds. oy > (=, <)a(x—p41) if and only if

RED(z) < (=,>)RE-HD (1),



Ie—b) () = ppp—pg2)(T) + oo+ o) () + pp—p (T)
+0(k7b)T(M[k—b+1] () = Hp—y] (iU))
O (k—b)
=41 () = pp—pg2)(T) + oo+ o) (T) + Hp—pr) (T)

k-8 (%) = fg—pr1)(T)
O(k—b+1)

).

+0 (e—p41)T(

Because T'(w) = T'(—w) + w, we have

Ik-b+1) () = Hp—py(T) oo+l (@) + pp—pyry(2)

Bk—b41) (%) — My (x)) L Mty () = Hp—pyy(2)
O (k—b+1) O(k—b+1)

+0 (k—p41)[T(

]

= Hp—pr2)(T) + oo+ by () + i1 (2)

HE—b41] (z) — Hk—b] (z)
O (k—b+1)

+o—p+1)T( ) + Hig—(T) = fp—pt1)(T)

= W—b42)(®) + oo+ o) (T) + pp—p)(T)

e—b41) (T) — pip—p) ()
O(k—b+1)

+0 (k-4 1) T ( )-

The rest follows from the fact that vT'(x/7) is strictly increasing in «y for every = € R.
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3.2.2 Subset selection of b greatest probabilities of success

In this section, our objective is to choose b best Binomial populations, that is, b populations

with largest probabilities of success, where 1 < b < k. Let the loss function be

L(0,A,n) = (0 — 6i) + nc (3.5)
€A

where |A| =b, and A C {1,...,k}.

Suppose at the first stage, n; observations, x;i, ..., Z;,,, have been drawn from population
I1;, and at the second stage, m; observations, Yji,...,Yin,, are to be drawn from population
I, i =1,...,k. Let © = (01,...,0), & = Y0 x5, Vi = > Yy, 2T = (21,...,75) and

YT = (Y1,...,Ys), then the look ahead Bayes risk, 7(my1, ..., ms), is

By {in B {L(©, A,n+m)|Y }}

= bEAOp} - Bp{max B> 6iY}} +nc+me

i€A
a; +Y;

€A

Therefore, the optimal allocation maximizes

a; +Y;
E v =
x{glgg; ai+bi—|—mi}

subject to my + ...+ mg = m.
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We know that given X = z, ©; ~Beta(a;, b;), where a; = «; + x4, b; = ; + n; — x;; Given
X =z,and Y =y, ©; ~Beta(a; + yi,bi + m; —y;), i = 1, ..., k, and ©Oq, ..., O are independent.

Let pp) < gy < ... < ppy be the ordered sequence of pu, ..., ug, Py) be the population
associated with pp, and a(y), by, m, gy and g be associated with population P;), where
e = ﬁ, E) = m, t=1,.., k.

Let m(; = 1, and m; = 0, for j # i, denote the posterior gain corresponding to this
allocation by g;), then

(1) for 1 <i<k—b,

€A
ag) + Y
ag) +be) +1
ai) + Y0

= E {up_pioy+ ...+ + —b+1]5 +
{Hk—br2) P+ max{page—p 1) iy o + b + 1

I}

= Ep{max(up_pp1) + o+ B M-ty T -+ L +

a(s) +1
aq) + b(i) +1

11 = 1)

= Wh—by2) T oo+ g+ mAX[g_pp), Jaiy

(i)

+ maX[M[k—b+1}7 —a(i) b + 1

(2)for k—b+1<i<k
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96 = Ez{glggEx(ZG)zlY)}
€A

= Ep{max[up_p + Wr—pp1) + o BE — iy Hik—bg1] o T HR) — B
a@) + Y

ag) + b(i) + 1]}

a(; + YZ
= Wfk—b1) T o F s — o)+ Ea{max(pg_y), %]}
+o.+ + max( wrl
= _ — M max =bly 1 | 1 7
P lk—b41] k) — K] H{k—b] A + by + 1 v

(i)

+ max(#[k_bb ag) +bi +1

)L — )

Therefore, the optimal allocation of the next observation draws one observation, with equal
probabilities, from one of those populations Py with gy = max{gq),...,gx)}, t =1, ..., k.

Finding all populations which are tied for maximum value of the expected posterior gains
can be done through paired comparisons. One of these is seen to be different from all others:
the comparison of g(;_p41) and g(;—p) is made only through the respective fractions. A similar

phenomenon is in the normal case, as is shown in the previous theorem.



9(k—b)

9(k—b+1)

ag—p) +1
’ A(k—b) T b(k—b) +1

A—b+2) + o+ ) + MaX[fig_py1)

A(k—b)
(k—b) T b(k—b) +1

+ max(ppg—pi1), " (1= pppe—y)

Hk—b] T €(k—b)
Hik—b+2) oo+ pg + max{ugpn, =3 ——— ——
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b
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(A= paf—p) [k —b]

Therefore, to compare g(;_p) and g(x—p41), we only need to compare two fractions ~— Z0t)

(1= —p41]) H [k —b+1]

and =

3.3 Simultaneous selection and estimation

After a population has been selected, a natural follow-up question may arise. The question
is how large the parameter of the selected population is. That is, we need to estimate the
parameter of the selected population. Most research works have dealt with either estimation
or selection problem, except those by Cohen and Sackrowitz (1988), Gupta and Miescke (1990,
1993), Bansal and Miescke (2002, 2005), and Misra, van der Meulen, and Branden (2006). All
their works have been done with Bayesian approach. By incorporating loss due to selection with
that due to estimation in one loss function and then letting both types of decision, selection and
estimation, be subject to risk evaluation, the decision theoretic treatment leads to ’selecting
after estimation’ instead of ’estimating after selection’, which has been pointed out by Cohen
and Sackrowitz (1988).

In the following sections, we will find the optimal allocation of m more observation to solve
the problem of simultaneous estimation and selection of the best parameter for both normal
and Bernoulli distributions.

3.3.1 Selection and estimation of the largest normal mean

Given k normal populations IIy, ..., IT;, with a common variance o2 and mean 61, .., 8, respec-
tively, we want to choose the population with the largest mean and, at the same time, estimate
the selected mean. That is, our objective is to select the population which is associated with

O] = max{01,..,0x} and simultaneously estimate ¢y



62

The loss function is assumed to be additive:

L(6,d) = A(0,s) + B(0s,1s)

where A represents the loss of selecting population II; at 6 and B the loss of estimating 6
by Is.

Supposed the observed data are k independent samples of sizes nq, .., ng from Ily, ..., II; with
sample means 1, ..., Ty, respectively. Let x be (21, ..., zx)7T.

Since Bayes rules are used, only nonrandomized decision rules need to be considered here,

which are represented as follows:

d(z) = (5($)’ls($)(x))a z e R

where s(x) € {1,...,k} is the selection rule at x and [;(x) € Q, i =1, ..., k, is a collection of
k estimates based on x for 6;, i = 1, ..., k, respectively, available at selection.
Let the vector of the k unknown means be random and denoted by ©. Under a prior

distribution of it, the posterior risk at X = x is

r(d(2)|X = ) = ra(s(z)]x) +rp(s(@), L) (2)]2),

where

ra(s(@)|r) = E{A(©, s(x))|X = x},
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and

Formula (Equation 3.1) and Theorem 3.2.1.

Lemma 3.3.1 Let [7(z) minimize rp(i,l;(x)|z),i = 1,...,k. Furthermore, let s*(z) mini-
mize ra(s(x)|x) + ’I“B(S(x),l:(x)(.f”ﬂ?). Then the Bayes decision rule, at X = =z, is d*(z) =

(5% (2). I ) (@)):

Let’s consider the following loss function

Li(0,d,n) = a(Op) — 0s) + (05 — 15| + nc,

where c is the cost of sampling one observation and a > 0 gives relative weights to the two
types of losses.

At 6 = (01,...,0;) € RF, X; ~ N(0;,p;~ ") and Y; ~ N(6;,¢; "), are independent sample
means of the samples from population II; at stage 1 and stage 2, respectively, i = 1, ..., k, which
altogether are assumed to be independent, where where p; ~! = Z—? and ¢~ = "—2

O = (64, ...,0y) are random and follow a distribution where ©; ~ N(u;,v; 1), i = 1,.... k,

are independent.

Given X =2,V =y, ©; ~ N(Qfi@taw: 1y y_q

oit+q; 7 aitg
where o; = p; + vj, pi(z) = %ﬁj“, 1 =1,...,k, and ©,’s are independent.

The conditional distribution of Y, given X = z, is Y; ~N(p;(z), %1% 4 =1,...,k, and Y;’s

7 g;

are independent.
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By Lemma 1, the Bayes rule employs the estimator [ (z,y) = %ﬁ;qw for 6;,i=1,... k,
and it remains to find s*(z). For any decision rule d = (s,[}), the posterior risk at X = z,Y =y,

turns out to be the following for selection s(x) =i € {1,..., k}.

+nc+ mec

aipi(z) + Gy | V2

o + g V(a; + qi)

2
= aFB{Op|X =2,Y =y} — (al] (z,y) — L) + nc+ me
(i + qi)

a(B{Op|X = z,Y =y} —

Then we have the following theorem.

Theorem 3.3.2 1 Under loss function Ly and the normal prior considered above, the Bayes

rule d*(z,y) = (s"(2,y), iu (., (@) employs I (z,y) = % i=1,..,k, and s*(z,y)

— 2 =1,k

mazimizes al’(x —
Z( Y) m(ait+q;)’

Let us now consider fixed total sample size allocation problems. At the end of stage 1,
we have drawn n observations from among the k populations and z = (z1,...,x) has been
observed. We want to draw m more observations at the second stage. If we draw m; observations
from population II;, ¢ = 1,...,k, where m; > 0,7 =1,...,k and m; + ... + mp = m, then

r(maq,...,my), the corresponding look ahead Bayes risk, is the following:
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2
E{aE{Op|X =2,Y} — 'Erllaxk(al;‘(:v, Y)— V2 )} + ne+me

V(o + qi)
V2

= aB{Op} - Ex{ifllf}ffk(ali (,Y) - m)} +ne+me

Therefore, the optimal allocation maximizes, subject to my + ... + mi = m,

2
E.{ Ellaxk(al;‘ (x,Y) — V2

(i + gi)
» v 2
— B{ max (aaz,u () + aq;Y; _ V2 ),
=1,k a; + q; (e + qi)

where Y; ~ N (p;(x), %1%) i = 1,..., k, independent.

7 aig;
Because Y; ~ N(ui(:):),%), we have N; = }?/JZT(Z) ~ N(0,1), i =1,...,k, and they are
aja;

independent.

Therefore,

B{ max (aaiui(x) +aqYi V2
=1,k o + g m(oi + i)
acipi(z) + ag;| %Ni + pi(z)] V2

= F{ max ( - )}

i=1,..k o; + q; (o + q;)

5 :

= F{ max (ap;(x) — V2 +a Vi Ni)}

=

1ok (o + qi) i + g;)
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Suppose m; = 1, m; =0, j # i, let

g1 = B{masmax(apy (@)~ ). apite) ~ 2 0 VI

Vo V(o +q) Veai(a; +q)

Nil},

where N; ~ N(0,1), and ¢ = 0—12, for i = 1,..., k, then the optimal allocation for the next
observation draws one observation with equal probabilities from one of the populations I1; for
which g; = max{g1,...,gx}

3.3.2 Selection and estimation of the smallest normal variance

In this section, our objective is to choose the population with the smallest variance and, at
the same time, estimate its variance.

Suppose population II; can be described by X; ~ N(u, ¢;), i = 1,...,k, and X/s are inde-
pendent, where p is known and ¢; is a realization of ®; ~ lg(ay, Bi), i =1, ..., k.

At the first stage, n; observations, i1, ..., Zin,, have been drawn from population II;, ¢ =
1,....k. Let s; = Z;“:l(a;” — w)?, i =1,..., k, then the updated prior is ®; ~ lg(c; + %, 5; +
%), i=1,....k, and ®;’s are independent.

At the second stage, suppose m; observations, Y1, ..., Yin,, are to be drawn from population
II;, i=1,... k. Let w; = E;n:"l(yz-j—u)2, i=1,...,k s=(s1,...,s1)" and w=(wy, ..., wy)T. Given
S=s5W=w, & ~lgla; + 5 + 5,8+ 5 +5),i=1,...,k, and ®;’s are independent.

The marginal pdf of W;, given S = s, is



67

Do+ +%) (Bt ™ Hws !

f(m = wl) = my n; m; S: W a._;’_ﬂ_i_i'
22 Do+ F)0(G) (Bt 3+ 5)" 272

for w; > 0,7=1,....,k, and W;’s are independent.

Let the loss function be

L(¢, (h,1n),n) = ¢ — ) + a(dn — In)* + ne,

where ¢p, — ¢y is the loss of selecting population I at ¢ = (¢1,. .., ¢x) and (¢n — I1)? the
loss of estimating ¢y by I, a is a positive constant giving relative weights to the two types of
losses, and c is the cost of sampling one observation.

The Bayesian rule (h*,[}.) at S = s and W = s minimizes E{®), — ) + a(®), — 1)?[S =
s, W = s}.

Suppose a; > 2, it is easy to see that

I; = E{®;|S =s,W =w} = o

i=1,...,k, and h* minimizes, for i =1, ..., k,

Bi + %
a,‘—i-%-i-&—l

Y Bi+3+%)
— E{Pi|S=s, W =w}+a . : 2 2 : .
{2 } (i + % 20— 1)2 (e + B+ T 2)

rold

Then the Bayesian risk r(my, ..., my) for this allocation is
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Bi+ 5+ %
n

E,{ min . . — E{o)|W, 5 =5
i Qi+ %+ D1 el )
(Bi + %5 + 21)2
a - - - - + nc+ mc
@+%+%L—Wm+%+%—m”
U st St SRS L ke % M
i€{l,.k} o + 5+ 5 — (i+ 5 +5 Do+ 5+ 5 —2)

—ES{(I)D]} + nc+ mec.
The optimum allocation (mj, ..., m}) minimizes

Es{ min ( .imimQ_l"HL( ,+m+mz_ §2( .2_|_m+m_ ))}
i€{l,.k} o + 5 5 o + 5 3 Qi T 7 2

for any allocation (my, ..., my) subject to my + ... + my = m.

Fori=1,...,k, let

9i = Es{min[min( b an a 7 0 22) m; ),
i#ag (o +3 =1y + 3 —2)
Bi+ 5+ i (B; + & + Hi)2

I}

- a - -
Ozi—i-%-i-%—l (ai+%+%—1)2(ai+%+%—2)

then the optimum allocation is to draw the next observation, with equal probabilities, from

one of the populations II; for which g; = min{g,..., gx}.
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3.3.3 Selection and estimation of the largest probability of success

In this section, our objective is to choose, among k independent populations, the one with
the largest probability of success and at the same time, estimate its probability of success.

Suppose population II; follows a Bernoulli distribution with probability of success 6;, where
0; is a realization of ©; ~ Be(a;, ;) with a; > 0 and 3; > 0, for i = 1,...,k, and ©,’s are
independent.

Suppose at the first stage, n; observations, x;i, ..., Z;,,, have been drawn from population
II; for i = 1,...,k, where ny + ... +ng =n. Let ; = > 1%, xjj,and = (21,...,2x)7. At the
second stage, we are to draw m; observations, Y1, ..., Y;,,, from population II; for¢ =1, ...k,
where my + ... +mi =m. Let ¥; =Y 1" Vi, and Y = (Y7,...,Y;)T.

It is easy to see that, given X = z,Y =y, ©; ~ Be(a; + yi,b; + m; —y;), for i = 1,...,k
and ©;’s are independent, where a; = a; + x;, and b; = 3; +n; — x;, for i = 1,..., k.

The conditional pmf of Y given X = x is

o Tlag+bi) Tla; +y)U(bi +m; —yi) (m;
PO=9) = STy~ Tas + b+ i) (y>

where y; = 0,...,m;, for ¢ = 1,...,k, which is a Pdlya-Eggenberger distribution with four
parameters m;, a;, b; and 1. Y;’s are independent.
Since our objective is to choose the population II; with §; = max{6y, ..., 0;} and to simulta-

neously estimate 6;, let the loss function be



70

L(0,d,n) = Oy — 05 + a(0s — 15)* + nc,

where 0,) — 05 is the loss of selecting population Il at 6 = (61, ...,0k), and (05 — I5)? the
loss of estimating 05 by [s, a is a positive constant giving relative weights to the two types of

losses, and c is the cost of sampling one observation.

By Lemma 1, at X=x and Y=y, the Bayes rule employs the estimator I¥(z,y) = J;T%
for 6;,i=1,...,k, and s*(z) minimizes, for i = 1,..., k,
. ) (b .
E{G[k]‘X:x,Y:y} a; + Yi (ai +yi)(bi +mi — y;) + ne + me

— a
a; +b; +my (ai+b,~+mi)2(ai+b,~+mi+1)

Therefore, r(my, .., my), the look-ahead Bayes risk for allocation (my, .., my), is the following:

a; +Y;
EAB{OpIX =2, Y} — max (——H—"

(@i +Yi)(bi + mi — Vi)

_a(ai—i-bi—i—mi)?(ai_i_bi_,_mi+1>)}+nc+mc
a; +Y; (a; + Y)(b; + m; — Y;)
= FE, - E, -

—+nc+ mc
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Thus, the optimal allocation (m7,..,m}) maximizes

a; +Y; Ca (ai—i—Y;)(bi—i—mi—Y;)
a; +b; +m; (ai—&-bi—l—mi)?(aﬁ-bi—i—mi—i-l)

)}

E
o{, max (

subject to my + ... + mp = m.

Fori=1,....k, let

a; a;b;
; — F {max|max ZA—— 77
9 = Batmaxlg (aj +b; (a4 +b5)*(aj +b;+1)

)7

a; +Y; . (ai +Yi)(bi +1-Y;)
a;+b;+1 (a; +b; +1)%(a; + b; +2)

I}

= max|[max( Y g4 a;b; )
- VE a; + bj (aj + bj)Q(CLj + bj + 1) ’
a; + 1 . (a; + 1)b; ] a;

a; +b; +1 (ai+bi+1)2(ai+bi+2) a; + b;

. b
+ max[max( % 050

i ag by (a4 b)2ay by + 1))’

b;
a; +b;

]

)

a; . ai(bi—i—l)
a; +b;+1 (ai+bi+1)2(ai+bi+2)
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then the optimal allocation of the next observation draws one observation, with equal prob-

abilities, from one of the populations II; with g; = max{g1,...,gx}-



CHAPTER 4

SELECTION OF THE BEST POPULATION(S) COMPARED WITH

CONTROL

4.1 Introduction

Although the experimenter is generally interested in selecting the best population(s) of the
competing ones, in certain conditions, even the best population may not be good enough to
warrant the experimenter’s selecting it. For example, if we want to choose the most effective one
from among the k competing new treatments, the best treatment will not be worth considering
unless its mean effect reaches a specified level or it is better than the mean effect of the treatment
currently used. Therefore, the problem of simultaneous comparison of k given experimental
populations among themselves and with a standard is of practical interest. This problem
has been studied by many researchers under different types of formulations with different loss
functions. When the true value of the parameter of the standard population is not known, it
is necessary to take a random sample from it and this population is called the control. We can
differentiate these two situations by referring to them as the ”specified standard” and ”variable
control” cases. However, it is convenient to refer to the population in either case as the control

although at the expense of some precision.

73
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4.2 Selection of the best population compared with a control

Suppose there are k independent populations and one control population, we are interested
in selecting the best population compared with the control. In the following sections, we will try
to find the optimal allocation of m observations at the second stage to select the best normal,

Bernoulli, Poisson or Gamma population compared with a control.

4.2.1 Selection of the best normal population

Suppose there are k normal populations, where population II; has mean 6; and variance
0% for i = 1,..., k. There is also a control normal distribution IIy with mean 6y and variance
o2, where 6 is known. If §; > 6y, then population II; is considered to be better than IIy.
We want to choose the best normal population compared with the control. If 0 < 00(0)) =
max{61,...,0}), that is, there is no population better than control, we just choose Ilj.

The selection rule a is a measurable mapping from the sample space to [0, 1]*+1, where a;
is the probability of selecting population II; as the best population compared with the control
and Zf:o a; = 1. Let D be the decision space, that is, the set consisting of all selection rules.

The loss function is

k
L(0,a,n) = max (O, 6o) — Z a;b; + nc
=0

Suppose at the second stage, m; observations are to be drawn from population II;, i =

1,...,k, where my + - - - + my = m, then the look ahead Bayes risk r(m1,...,mg) is



75

Em{mig E{L(©,a(z,Y))|X =2,Y}} + nc+mc
ac

k

= Em{géig E{max (0, 00) — ao(Y )b — Z;az@i!X =z,Y}}
+nc+ mc

= Eu{E{max(Oyy, 00)|X = x,Y} — maxfao(¥ )0 + Zal E(6i|X =2z,Y)]}
+nc+ mc

= Ey{max(O,0)} — E: {max ap(Y)bp + Zaz E(©;|X =2,Y)]} + nc+me

= E;{max(Op,00)} — E{max|bp, _max M]} + nc+me

i=1,--,k o; + q;

Therefore, the optimal allocation maximizes

B, {max[fy, max Jii®) + i
=1k ot

I}

subject to m1 +--- +mp =m
Fori=1,...,k, let

aipi(z) + qY;
a; +q

I}

9i = E:v{max[eOa max [t (x)7
JFi

then the optimal allocation of the next observation draws one observation, with equal prob-

abilities, from one of the populations with gj), where g, = max{g1,--- , gk}
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4.2.2 Selection of the best normal population in terms of variance

Suppose there are k normal populations, where population II; has a common mean p and
variance ¢; for i = 1,..., k. There also exists a control normal population IIy with mean p and
a known variance ¢g. ¢; is a realization of ®;, which follows the inverse gamma distribution
with shape parameter «; and scale parameter 5;, i = 1, ..., k.

If ¢; < ¢o, population II; is considered better than Ily. Our objective is to select the
population with the smallest variance among these k populations and better than the control.
If min{¢1, -, ¢dr} > ¢o, that is, there is no population better than the control, we will choose
11y as our best population.

Let ¢ = (¢1,--- ,é1)7, a = (ag,--- ,ax)T, and the loss function be

k
L(¢,a,n) = ai¢; — min{go, ¢y} + ne
=0

where a; is the probability that II; is the best population compared with the control and
Zf:o a; = 1. Let D be the decision space, that is, the set consisting of all selection rules.
Suppose at the second stage, m; observations are to be drawn from population II;, i =

1,---,k, then r(mq,...,mg), the look ahead Bayes risk corresponding to this allocation, is
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k
B, {min E{o(z, Y )0 + Z; 8i(z, Y)®; — min(®py, ¢o)| X = 2, Y}} + ne+ me

k
= Belgip B )00 + 308X = 2,¥) — Efmin(@yy,0)|X = .Y})
+nc + mc
k
= Ex{grggE{%(Y)éf)o + Z 6i(Y)®i| X = 2, Y}} — Ep{min(®Ppy, ¢o)}
i=1
+nc + mce

= E,{min[¢g, rﬁlinkE(@,-]X =z,Y)]} = Ex{min(®p, ¢o)} + nc + me
i=1,...,

. w;
= FE,;{min[¢g, min fit3+ 5
7

- F in(® .
i=1,....k o; + % + % — ]} x{mm( [1]> ¢0)} + nc+ me

Therefore, the optimal allocation minimizes

W
. : i+ 5+ 5
E,{min[¢p, min bi —2 2

i=l..ka;+ 35 + 5 —

¥

subject to mq + ... + mi = m.

Fori=1,...,k, let

Bj-i-ﬁ Bi+ % + 5
l; = E,{min|¢y, min 2 , 2 2 )
E »{min{go j;éiaj+%]—1 aﬁ—%—%]}

then the optimal allocation of the next observation draws one observation, with equal prob-

abilities, from one of the populations with [}, where I;;; = min{ly, ..., [y }.
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4.2.3 Selection of the best Bernoulli population

There are k Bernoulli populations, where population II; has the probability of success 6;.
There is also a control Bernoulli distribution with probability of success 6y, where 8y is known.
If 6; > 0y, then population 1I; is considered to be better than IIy. Here, our objective is to
choose the best Bernoulli population compared with the control. If 8 < 6, that is, there is
no population better than control, we just choose Ilj.

The selection rule a is a measurable mapping from the sample space to [0, 1]k+1, where a;
is the probability of selecting population II; as the best population compared with the control
and Zi‘c:o a; = 1. D is the decision space consisting of all selection rules.

The loss function is

k
L(0,a,n) = max[,, 6o] — Z a;0; + nc
=0

Suppose at the second stage, m; observations are to be drawn from population 1I;, for

i=1,...,k, where m; + ...+ mi = m, then the look ahead Bayes risk for this allocation is

k
Ex{mill)l E{max[O, 0] — ao(x,Y )0 — Z a;(z,Y)0;|X = z,Y}} + ne+ me
ac
i=1
k
= Eo{max(O, 0]} — Ex{max{ao(w, V)0 + > ai(x,Y)E{6;X = 2,Y}}}
i=1
+nc+ mc
a; +Y;
= Ez{max[@[k], 90]} — Ew{max[%, 1:H11,ax,k m]} + nc+ mc
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Therefore, the optimal allocation maximizes

a; +Y;
E [} v v
s, e b e

subject to m; + -+ - + my = m.

Fori=1,...,k, let

: R v
9i = E,{max[fp, max % it

j#i (Zj—f—bj’ al—i-bl—i—l]}’

then the optimal allocation of the next observation draws one observation, with equal prob-
abilities, from one of the populations with gj), where g, = max{g1,--- , gk}

4.2.4  Selection of the best Poisson population

Suppose population II; follows a Poisson distribution with mean \;, for ¢ = 1, ..., k. Il is
the control population with know mean .

Our objective is to select the population IT; with A; = min{\, ..., A\x} and \; < Ag, where
1 <4 < k. If there is no such population existing, we just choose Ily as our best population.

Let the loss function be

k
L(X,6,n) =Y 6;A; — min(Ap, Ao) + ne.
=0
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At the first stage, n; observations, ;1,. .., Zip,, have been drawn from population II;, for
i = 1,...,k, where n; + ... + nry = n. At the second stage, suppose we are to draw m;
observations, Y1, ..., Yy, from population II;, 7 = 1,...,k, where m; + ... +mp =m

Let z; = Z; (Tij, © = (z1,...,26)T, Y; = Z Y, Y = (Y1,...,Y)T, and D be the

decision space consisting of all selection rules, then the look ahead Bayes risk corresponding to

the allocation (my, ..., mg) is

k

Ex{glélg E{oo(z,Y) o + ZZ:; 6i(x, Y )A; — min(Apy, Ao) | X = 2, Y }} + ne+me
k

= Ex{min E{0o(z,Y)Ao + > 62, Y)A|X = 2,Y} — E{min(Apy, M) X = 2,Y}}
€
i=1
+nc+ mc

= Ez{grélll’)lE{(S() )o —1—26 Y)N|X = 2,Y}} — Ex{min(Ay), Ao) } + ne + me

= E,{min[)\g, HllinE{Ai|X =z, Y}} — Ex{min(Ap, Ao)} + nc 4+ me

= E;{min[\op, min ulks + : + Vi)

i=1,..k ni0; + m;0; + 1]} — Ey{min(Aqy), Ao)} + ne +me

where the probability density function of Y; given X=x has been given previously for ¢ =
1,...,k, and Y;’s are independent.

Therefore, the optimal allocation minimizes

9'(]% + x; + Y},)
E, A
{mino, z‘—m7m7k nib; + mif; + 1

I}
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subject to mq + ... + mi = m.

Fori=1,....k, let

0;(kj +z;) 0i(ki +2;+Y))
’ n;0; +0; +1

]}7

l; = E,{min|[\g, mi
¢ = EatminPo.min = o

then the optimal allocation of the next observation draws one observation, with equal prob-
abilities, from one of the populations with [}, where I;j; = min{ly, ..., [y }.

4.2.5 Selection of the best Gamma population

Suppose there are k populations which can be characterized by k Gamma distributions with
the same, respectively. Given ©; = 6;, X; ~ Gamma (a,0;) and ©; ~Gamma (o, f3;), for
i =1,...,k. The control population Il follows Gamma(a, ), where 6 is a constant.

Suppose at the first stage, n; observations have been drawn from population II;, for ¢ =
1,...,k, where n1 +...+n; =n. We want to find the optimal allocation of the m observations
among the k populations at the second stage to select the best population comparing with the
standard. For 1 < i < k, population II; is said to be the best comparing with the standard if
0; = min{0;, ..., 0} and 0; < 6p. If there is no such population existing, we will choose Il as
our best population.

Let D be the decision space consisting of all selection rules and the loss function be

k
L(8,6,n) =Y _ 8:6; — min(6)y), 60) + nc,
i=0

where c is the cost of sampling one observation.
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Suppose m; observations are to be drawn from population II;, for ¢ = 1,...,k, with m; +

...+ mg = m, then r(mq,..., my), the look ahead Bayes risk for this allocation, is

k
B, {min E{; §;(Y)©; —min(0p), ©9)| X = z,Y}} + nc +me

= E,{min[6y, minkE{G)i\X = z,Y}]} — E.{min(Op}, O0)} + nc +me

geen

— E,{min[fp, min Qi+ nia 4 mia

i=1,.k  Bi+ai + Y I} = Ex{min(Opy, ©0)} + ne + me,

where the probability density function of Y; given X=x has been given previously, for i =
1,...,k, and Y;’s are independent.

Therefore, the optimal allocation minimizes

E,{min[f,, min Qi T nia + mia

=Lk Bit+xi+Y; Iy

subject to my + ... + mi = m.

Fori=1,...,k, let

li = B, {min[fo, min aj; +nja o; +na+a

i# Bty 5i+33i+yz‘]}

then the optimal allocation of the next observation draws one observation, with equal prob-
abilities, from one of the populations with I}, where I;;; = min{ly, ..., [y }.
Especially, if the populations are exponentially distributed, that is, a = 1, then the optimal

allocation minimizes
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E,{min[fy, min Qi N
i=1,...k Bi + 1z +Y;

I}

subject to mj + ... + my = m.

Fori=1,...,k, let

l§ = Ex{min[fy, min %+ n]7 Qi
i#i Bt xj Bitai+ Y

I}

then the optimal allocation of the next observation draws one observation, with equal prob-
e

abilities, from one of the populations with l[l], where l[el] = min{l{, ..., [{}.

4.3 Selection of all good populations compared with a control while excluding bad

populations

In certain practical situations, people may be interested in selecting all good populations
while excluding bad ones compared with a control. For example, suppose there are k indepen-
dent newly developed manufacturing processes, we want to find out all manufacturing processes
whose performance is no worse than the specified standard and exclude those with worse per-
formance. We can also make further selection based on the selection result. In the following
sections, we will find out the optimal allocation of m observations at the second stage to select
good normal populations while excluding bad ones under several conditions.

4.3.1 Selection of all good normal populations

In this section, our objective is to find the optimal allocation of m observations among k

populations at the second stage to select all good normal populations and exclude all bad ones.
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In the first part, we compare each population with its own control, while in the second part,
we compare all populations with a common control. Therefore, we need to set two different

scenarios and use different losses functions.

4.3.1.1 Comparing each population with its own control

Suppose there are k normal populations, where population II; has mean #; and variance o

for i« =1, ..., k. For each population II;, there also exists a control normal population Ily; with

24 =1,..,k. 6;is a realization of ©;, which follows the

a known mean 6y, and variance o
normal distribution with mean y; and variance v; ! fori=1,.. .k, and ©,’s are independent.

Fori=1,..,k,if 0; > 0y; + d;, population II; is considered better than Iy, if 6; < 0y ;, we
say population II; worse than Ily, where d; is a nonnegative constant. Our objective is to find

all populations better than their respective control and exclude all bad ones.

Let the loss function be

L(0,A,n) = L1, ,+d,,00)(05) + D LajI(—oo,.5)(05) + e,
j¢A jeA

where A is a subset of {1,. .., k} consisting of numbers corresponding to selected populations,
L1 ; > 0is the loss of not selecting population II; when it is better than its control, while Ly ; > 0
is the loss of selecting population II; when it is a bad population, for j = 1,...,k, and c is the
cost of sampling one observation.

Suppose, at the second stage, m; observations are to be drawn from population II;, ¢ =
1,---,k, where my + ...+ my = m. Let D be the set consisting of all subsets of {1,...,k},

then the Bayes risk is
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Em{gleigE{Z Ly T, +d;00) (05) + Y Lol —oo ) (05)| X = 2,Y}}
JgA jEA

+nc+ mc

= Ex{glelg{% Ll,jP(Gj > 907]‘ + dj|X = :C,Y) + ZLQJP(@]‘ < 90J|X = SU,Y)}}
J

JEA
+nc+ mc
‘ Oéjlti(?l;‘fljifj — 6o — dj 0o, — ajug(?lj]'gjn
= Em{glelg{z Lij®(————7= )+ ZLQJCI)( =——)}}
J¢A aj+q; jeA aj+q;
+nc + mc

. a;ui(z) +q
= Ez{glelg{z LLj(I)(M (9 0,j +d; )\/Oéj +Qj)

igA Va5 T+l
a;jp;(z) +4;Y;
+ Y Ly i®(bo /j +qj — LL—=—T)}} + nc+me
qu J J J J /—a] +q]

where ®(x) is the cumulative distribution function of standard normal distribution, and the
probability density function of Y; given X=x has been given previously, for ¢ = 1,...,k, and
Y;’s are independent.

Therefore, the optimal allocation minimizes

. ' ajipi (@) + ¢;Y; ) ;
Ew{%g{%Ll’]q)(Fi T4 — (Bo,5 + dj)\/oj + q5)

ajp(r) + ¢;Y;
+ L27'(I)(90,'\/a~_|_q_ : )}}
jEZA J J J J \/W

subject to m; + ... + mp =m
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4.3.1.2 Comparing all populations with a common control

Suppose populations II; follows a normal distribution with mean 6; and a common known
variance o2, for i = 1, ..., k. Population II; is considered good if §; > 6y, where 6 is a constant,
otherwise, II; is considered bad.

A selection rule ¢ is a measurable mapping from sample space Y to |0, l]k, D is the set
consisting of all such mappings, that is, D is the set of all possible selection rules.

Let the loss function be

where
103, 0i(y)) = 0i(y) (6o — 0:)I[0,00) (00 — 65) + (1 = 8:(y)) (0 — 60)1[0,00) (65 — o).
Suppose we are to draw m; observations from population II;, : = 1,...,k, where m; +...+

my, = m, then the Bayes risk for this allocation is
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S

k 0o
= B} (52 V) / (B0 — 0. F(0:]X = 2, V)b,
Rt 0
+(1 = 6(x,Y)) /0 (0; — 00) f(0;| X = x,Y)db;)|} + nc+ mc

k

o
= Bl GV [ (00 =0 £0IX = .Y )it

1=
o0

+ /00(90 C 0 F(0,|X =, Y)d0]] + / (0 — 00)F(0:]X = 2, Y)d0,)]} + e+ me
90 90
k

= B> oa o BlOJX <))+ ) | 6= 00)10,x = .70}

=1 00
+nc+mce
k k 00
= Bl 30 Y~ B(OX =5 YH) + B} /0 (0: — 00) £ (631X = 2,Y)d0:}

+nc + mc

= B Y (00— B{OX =2, V}]} +E{Z/ (0 — 00)£(6:| X = =, Y)d0;} + ne + me

1€A(z,Y)
- B Y W —O‘Z“’—“”YZ] +E{Z 0= 00) F(0:]X = 2,V )d0:} + e+
= Py o =z nc+ me
1€A(z,Y)

where A(z,Y) = {i]l < i < kand 6y < E{O;|X = 2,Y}} = {i]l <i < k and 0y <

aipi(2)+4¢:Ys }
ai+q; '

Because
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Eoe
E{; /60 (0 — 00)F (0] X = 2, Y)d0,}
k
— Bl Bllpe(©)(0: — 80)|X = 2,Y})
=1
k
= ZEw{E{I[eo,oo)(@i)(@i —0)| X =x,Y}}
=1

k
= Z Er{1165,00)(0:)(0; — 00)}
i=1

does not depend on the allocation of the m observations at the second stage, the optimal

allocation minimizes

E.{ Z [0y — w]}

i€A(z,Y) @i+ i
subject to my1 + ...+ mp = m.

Fori=1,...,k, let

a; i (x) + q;Y;
D S ETE P SR e
j#ijEA(z,Y;) {i}NA(z,;) L
aii(x) + q;Ys
= Y lbo-m@+EL Y wo—of.lq.l}
j#i,jEA(z,Y;) {i} N A(z,Y;) Lo

where if fy < MDY A V) = {j|j # 0,00 < p(2)} Ui}, otherwise, A(,Y;) =
{17 # 1,00 < pj(x)}.

then the optimal allocation of the next observation draws one observation, with equal prob-

abilities, from one of the populations with /;;) = min{ls, ..., [ }.
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4.3.2 Selection of all good normal populations compared with unknown control

Suppose there are k normal populations, where population II; has mean 6; and variance o2,

for i = 1,...,k. There also exists a control normal population IIy with mean 0y and variance
o?. 02 is a known constant and 6; is a realization of ©;, which follows the normal distribution
with mean p; and variance vl._l, fori=0,1,..., k.

Fori=1,...,k, if 8; > 6y+d;, population II; is considered better than Ily, if 6; < 6y, we say
population II; worse than IIg, where d; > 0 is known. Our objective is to select all populations

better than the control and exclude all bad ones.

Let the loss function be

L(0,A,n) => L1 Tjy4d;00)(05) + Y Lo jI(—oo00)(6;) + nc,
jgA jeA

where A is a subset of {1,. .., k} consisting of numbers corresponding to selected populations,
Ly > 0 is the loss of not selecting population II; when it is better than Ily, while Ly ; > 0 is
the loss of selecting population II; when it is a bad population, for j = 1,...,k, and c is the
cost of sampling one observation.

Suppose at the second stage, m; observations are to be drawn from population II;, i =

0,1,--- ,k, where mg + ...+ mi = m, then the Bayes risk is



90

Eq{min B> Lijlegrd; ) () + Z Lol oo00)(05)|X = 2,Y}} +nc+me
JEA jEA
= Ex{gqeig{% L1;P(©; >0 +dj|X =z,Y) + ng,jp(@j <QlX =2,Y)}}
J J

+nc+ mc

ap(*)+4;Y;  aopo(@)+eYo _ 4.
j

. a;j+q; ao+qo
= E,{min Z Li;® AR
x{AeD{' 15 P( 1 1 )
JgEA aj+q; | aotqo
aopo(z)+qoYo  ajp(x)+q;Y;
ao+qo aj+q;
+ZL2,J¢( ———)}} + nc+me

: 1 1
JeEA aj+q; + st

where D consists of all subsets of {1,...,k}. ®(x) is the cumulative distribution function of
standard normal distribution, and the probability density function of Y; given X=x has been
given previously, for ¢ = 0,1,...,k, and Y;’s are independent.

Therefore, the optimal allocation minimizes

api(@)+e;Y; _ aopo(@)+aYo _ 4.

. a;+q; ag+ J
Ew{mm{g Ly ;®( 119 0T )
AeD 4 1 + 1
JgA aj+q; ap+qo

aopo(2)+90Yo ajpi(x)+q;Y;

+Y Lpge(— T h
JeA aj+4; + ao+qo

subject to my + ... + mi = m.

4.3.3 Selection of all good normal populations in terms of variance

Suppose there are k normal populations, where population II; has a common known mean u

and variance ¢;, for i = 1,...,k. There also exists a control normal population Il with known
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mean p and variance ¢qg. ¢; is a realization of the inverse gamma distribution ®; with shape
parameter «; and scale parameter 3;, for ¢ = 1, ..., k. ®;’s are independent.

Fori=1,...,k, if ¢; < ¢g, population II; is considered better than Ilg, if ¢; > ¢g, we say
population II; worse than IIy. Our objective is to find all populations better than or equal to
the control and exclude all bad ones.

Let the loss function be

L(¢, A,n) =Y Lugl—oog0)(85) + Y L2 lpg00) (65) + nc
jgA jeA

where A is a subset of {1,. .., k} consisting of numbers corresponding to selected populations,
Ly ; > 0 is the loss of not selecting population II; when it is better than or equal to the control,
while Ly ; > 0 is the loss of selecting population II; when it is worse than Ilg, for j =1,...,k,
and c is the cost of sampling one observation.

Suppose, at the second stage, m; observations are to be drawn from population II;, ¢ =

1,--- ,k, where mi 4 ...+ mi = m, then the Bayes risk for this allocation is
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Ex{glelg E{Z Ll,jI(—oo,qﬁo}((Dj) + Z L2,jI(¢o,oo) (‘I)])|X =, Y}} + nc+ mec

Jj¢EA jEA
= Bo{min{} Li;P(®; < ¢olX =2,Y)+ ) LojP(®; > go| X = z,Y)}} +ne+me
JEA JEA
+ _|_ J ﬁ]—"_%—i_%)
: )
= Ey{min{ Ll’j
AeD %4 I‘(OzJ + 3+ )
F( + + J JT 2 2
‘150
—+ Lg’j(l — )}}+nc+mc
JZ@; F(aj + 44+ 2
where D consists of all subsets of {1,...,k}, I'(oy + 5 + 5, ﬁﬁ_f;%) is the upper incom-

plete gamma function, and the probability density function of W; given X=x has been given
previously, for i = 1,--- |k, and W;’s are independent.

Therefore, the optimal allocation minimizes

Bt s Bt %4 Wi
Do + 5 + 5 = Dla; + 75 + 75, —2—2)
. ’ ¢0 i 2 20 b0
FE.{min E Ly + E L — . :
m{AeD{ L F(a, o4 Ty 2 T(oy + %+ 70 )i

¢ A i€A

subject to m; + ... + mp =m

4.4  Selection of all good normal populations close to a control

Suppose population II; can be characterized by normal distribution with mean 6; and a
common variance 0. There is also a control population IIy characterized by N(f, 0?), where

fp is a constant. For ¢ = 1,...,k, the distance between population II; and Ily is measured by
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0; = (91'2_0 020)2; For a given constant ¢ > 0, population II; is said close to the control population if
0; < ¢, and bad otherwise. we want to select all populations close to the control and excluding
all bad populations.

A decision rule d = (dy, ..., d},) is a mapping defined on the sample space Y into [0, 1]¥. Let

the loss function be

k
L(8,d,n) = > Li(6,d;) + nc,
i=1
where L;(0,d;) = di(0; — ¢)I(¢,00)(0:) + (1 — d;)(c — 0;) 9 (6;) and c is the cost of sampling
one observation.

Suppose at the second stage, m; observations are to be drawn from population II;, i =

1,...,k, then the Bayes risk is



k
E:B i E LZ , Uy X: ’Y
{gﬂl})‘ {Z (©,d;)] z,Y}} 4 ne+me

©i=6)* v, [(Oi=b)

E, {manE{d z,Y)( 572 — ) (c,00)( 52 )
— 2 L 2
T 0) [ e L A e L5 P ' R

- 0; — 0;)2
E,{min ;{di(x,Y) /A<(202°) — o) f(6:] X = x,Y)db;

ERY:
+(1 —di(z,Y)) /A(c — W)f(ﬁi\)( =x,Y)db;}} + nc+mc

F 0; — 0p)?
ety > 1Y) / i<(202°) — O OIX = 2, Y)db;

(6: = 60)*
202

+dy(x, Y) / (

i

— o) f(0i| X = z,Y)db;

+/Al-(c - W)f(eip( =x,Y)db;}} +nc+me

E {man{d x,Y E{( )2 —X ==zY}

+f - ““;,3)2>f<9i|x — 0 Y)d8}} + e+ me

k - 2
Ex{gni[r)lz dy(a, v)E{ O =00

s X =2, Y
+ZE {/ ) (0;|X = x,Y)db;} + nc+ mc
E,{mi Zd( Y)E{ﬂ_ X =2,Y}}
=1in i(x, 52 o|X =z,
2 .02
+ZE {E{(c (20.290))‘[[0,0]((9220_290)”)( =z, Y}} +nc+me
E {minZd-(az Y)E{ﬂ — X =xz,Y}}
“YaeD e 952 =,
RY)
+ZE{ 2 3 %)° )I[o,c}((el2afo) )} + ne +me

g Y p{O NS ) — X =2V}

zGB(m Y)

2 .02
ZE{ 2 290) )I[o,c}((GZZUZQO) )} 4+ ne+ me
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where A4; = {6; ](92 2 >}, A = {9\ ©: 90) < ¢} and B(z,Y) = {Z|E{(® |X =

z,Y} <c}.

Therefore, the optimal allocation minimizes

rl Y pOx vy

i€B(z,Y)

subject to m; + ... + mp =m

Fori=1,...,k, let

(©; — 6p)?
202

L 2
L=EA{ E{W—0|X:m}+ S B

J74,J€B(x,Y3) {i} N B(z,Yi)

—clX =x,Y}}

where if E{(e —00)° |1 X =,Y;} <e¢ B@Y:) ={jlj #i E{ ©5-00)" |1 X =z} <} U{i},

202

otherwise, B(x,Y;) = {jlj # ¢ E{(e —00)° |X = 2z} < ¢}, then the optimal allocation of the

202

next observation draws one observation, with equal probabilities, from one of the populations

with [}, where l;j) = min{ly, ..., [ }.
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Appendix A

DERIVATION OF CONDITIONAL DISTRIBUTIONS

Al Derivation of conditional distribution of Y

In the following, we will derive the conditional distribution of Y given X=x when both
mean and variance of the normal distribution are random, where z = (x1,...,2,)7, and Y =

(Y1, ..., )T, are vectors of observations at the first and the second step, respectively.

H ©9.6(yi)m(0, dlz) = H ©0,6(yi)m (0|0, x)m2(9|x)
i=1 =

= m(y|lz)n (0, |z, y)

= m(ylz)mi(0]¢, z, y)m2(d|z,y)

pt+(m+n)TE

where 71(0|¢, x,y) is the pdf of normal distribution with mean u(x,y) = (rrm)r 1 Where
&= (O @i + Xin vi), and variance (77! 4+ n 4+ m) !¢ and m(¢|z,y) is an inverted

gamma density with parameters a + ”JrTm and 5*,where

B = {87+ E X0 (i — 22 + S T (g — )% + GGy,
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Therefore,
_ fly,9,9]x)
mlr) = 6,9k y)
_ L2 eo(yi)w (8, ¢lw)
(0, plz,y)

(2r)~F ¢35 S0 (gr 8 _y-h~d TG0

_1+TL

1

(2r—12 —)"z¢ 2

T l4tn+m

LI (g (2 )2

o+ 2)8 " E ot 11757

[D(or + 25 ot 5 gock 52 +1] -

(2m) "% (152) 2 [T(a+ 2)8 2]

1 «
(1+n7—+m7—) 2 [ (a + n+m>5* +
— 25 7 (4= 0)?+ 1T (0—pu(@)*+ 52’7

In the following, we will prove that

The coefficient of 62

S = 0+ 0~ () + 5 -

1+nt 1+nt+mr

n+m

] 1

m +
-

The coefficient of 6

< 1+nt
=2 yi—2———ul(z) +

i=1

T

_ 1
le™ 957

=0

HERTEIT (6 (2,y))? — 5%]

B*
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After standard calculation, we have that the rest

pe() + o — —————p (2, y) — =

Z l—i—nT 9 2 l4+nt+mr , 2
g B T B

is also equal to 0.

Therefore,

n) ey gmamg

n-—+m )
2

2

m
2

mlylz) = 27)" 2 (1 +n7r)2(1 +n7 +m7) " 2T(a + )T (a +

A.2 Derivation of pdf of the sum of Gamma distributions given Gamma prior

Suppose X ~ Gamma(a,f) given 6, which is a realization of a random variable ©, where
© ~ Gamma(a, 3). n observations x1, ..., , have been drawn from X. Let y = """ | x;, then

Oly ~ Gamma(a + na, 5+ y)

Because X;|0 ~ Gamma(a, ), fori =1,...,k, we have Y = X +...4+ X,,|0 ~ Gamma(na, ).

In the following, we will derive the marginal distribution of Y.

f(yl@)m(0) = m(y)=(0y),

where

na

0) = na—1 _—6y 0
fylo) Tona)? ,y>0,0>0,

_ ﬁ a—1_—p36
7(0) = Fry e 0> 0,
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7_[_(‘9‘ ) _ (B + y)a—i-na 0a+n(z—16—(ﬁ+y)

[4
= 6 >0 0
I'(a + na) A

therefore, the marginal probability density function of Y

 flO)m(0)
mw) = )
0" na—1,— @ ha—1, —
o LA « o LA
e

_ D(a + na)goyme1
~ T(a)l(na)(B + y)atna’ y > 0.

A.3 Derivation of pmf of the sum of Poisson distributions given Gamma prior

Suppose X ~ Poisson()\) given A, which is a realization of a random variable A, where A ~
Gammal(k, #), with k being the shape parameter and # being the scale parameter. n observations
Z1,..., Ty have been drawn from X. Let y = )" | x;, then Aly ~ Gamma(k + y, %ﬂ)

Because X;|A ~ Poisson()), i = 1,...,k, we have Y = X + ... + X,|\ ~ Poisson(nA\).

In the following, we will derive the marginal distribution of Y.

flyN)m(N) = m(y)m(Ay), where

nA)Ye "
flyl\) = 7( )y' ,y=0,1,..., A>0,

1
™) = G

Ale=3 A >0,

1 A(nf+1)
T(Aly) = — Nety=le="75

, A> 0,
() "0k +y)




Appendix A (Continued)

therefore, the marginal probability mass function of Y

m(y) = W
- (n/\)z’ile_mekrl(k) Nle=d
_ kayﬂe_w
— ['(k 4+ y)n¥eY o

T(k)y!(nf + 1)k+y’
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