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SUMMARY

The focus of this work is to approach the question of the classification of semi-simple al-
gebraic groups over perfect fields from the perspective of I. Satake’s published lecture notes
on the subject. This work will not cover every aspect of the classification, but will focus on
groups with split tori. We will work through detailed examples of K/k-forms and the corre-
spondence between the As Dynkin diagram and the algebraic group SL(3,Q). If not specified,

all definitions are from (1).



CHAPTER 1

INTRODUCTION

1.0.1 Notation

k denotes a field.

ko will denote the prime field of k, that is the subfield of k generated by the multiplicative
identity 1. For example Qg = Q.

K /k denotes a field extension K over k.

) denotes a universal domain, that is a “sufficiently large” algebraically closed field with
k C K CQ, for some given base field k and an extension K/k.

char k denotes the characteristic of a field k.

k%°P denotes the separable closure of k.

k'"seP denotes the inseparable closure of k.

A7 denotes affine n-space over k, as a set AP = {(z1,-- ,2,)|z; € kfor 1 <i < n}

The Galois group of K/k is denoted Gal(K/k).

klx1,- - ,x,] will denote the polynomial ring in n variables with coefficients in k.

k(x1,--- ,z,) denotes the field of fractions of k[z1,- - ,zy].

The characteristic exponent of a field k is defined to be 1 if char k = 0 and p if char k = p > 0.

If G is a group and H is a subgroup then Ng(H) denotes the normalizer of H in G, i.e.,

Ng(H)={g9 € G|gH = Hg}.



If G is a group and H is a subgroup then Zg(H) denotes the centralizer of H in G, i.e.,
Zag(H)={g9g€ G| gh=hg,Yhe H}.

The group of non-singular linear transformations of a vector space V' will be denoted by
GL(V), this will be referred to as the general linear group of V.

The group of n by n invertable matrices with coefficients in k will be denoted by GL(n, k).

T R(n) will denote the group of upper triangular matrices.

1.1  Algebraic Geometry/Groups

1.1.1 First Definitions

Definition 1. A C A} is called a closed algebraic set if there is a subset I C klxy,--- ,xy] so
that

A=V (I)={xeA}|f(x)=0,YfeI}.

This is also called the vanishing set of I, and we denote this as above by V (I). If A is an closed

algebraic set then we denote the ideal generated by polynomials vanishing on A as

I(A) ={f €klz1, - ,z]|f(z) =0,Vx € A}.

Hilbert’s Basis Theorem implies that every ideal of R[x] is finitely generated and hence the
vanishing set of an infinite collection of polynomials can be defined instead by a finite collection

of polynomials. More precisely,

Theorem 2. (Hilbert’s Basis Theorem)(?2)

If R is a commutative Noetherian ring, then the polynomial ring R[z] is also Noetherian.



1.1.2 Topology

Definition 3. An algebraic set A C Af is k—closed if A is the set of zeros of some collection
of polynomials with coefficients in k, i.e, A =V ({f1,---, fx}) such that f; € k[z1,--- ,z,] for
1<i<k.

An algebraic set A is defined over k if 1 (A) has a basis of polynomials with coefficients in
k, that is I(A) = (f1,---, fx) with f; € k[z1,- -+ ,x,] for 1 < i < k. If A is defined over k, then

we call k a field of definition for A.

Example 4. Consider Q D A = {-1,0,1}. We have that A = V(z(z+1)(z —1)) and

I(A)=(x,z+ 1,2 —1). Thus, A is Q—closed and defined over Q.

Let A C A}. Note that if 1(A) = (f1,---,fx) then A C V(fifa--- fr). However each
fi € k1, , 2] so the product is as well. This shows that if A is defined over k then A is

k—closed. The converse is not true in general.

Example 5. Consider the field Fo(t), that is, the fraction field of the finite field with two
elements adjoin a single transcendental element t. Note that A := {tl/ 2} =V (x2 — t) and is

thus Fy(t)—closed, however I (A) = (z — t'/?) which is not defined over Fo(t).
Proposition 6. The k—closed algebraic sets induce a topology on Ag.

Proof. Clearly, V (0) = A and V (1) = @. Now, given k—closed algebraic sets A, B C Af, so
that

A=V ({f1,-  fm}) and B=V ({g1,---,qi})



we have that

AUB=V({figill <i<n,1<j <1},

and

ANB=V({filt <i<n}u{g1<j<1}).

We may easily construct am infinite union of closed sets which is not closed as follows.

Let i € N, A; = {i} C C. Then

N:UAi:\l(H(m—i))

N N

But [[y(z — ) does not have finite degree and is thus not a polynomial.
We call this topology the Zariski k-topology. In the case where k = 2 we will simply refer to
it as the Zariski topology. Often we will call the open and closed sets in this topology as k-open

and k—closed. Of particular importance are the k-closed algebraic sets which are irreducible.

Definition 7. Let A/k be a closed algebraic set. The set A is irreducible if A = A; U Ay for

non-empty algebraic sets A1, Ay implies that A = A; or A = Ay. We call A an algebraic variety.
We may also show that is A is irreducible if and only if I (A) is prime.
Remark. It is a general fact of point-set topology that an irreducible set is also connected.

It should be noted that these topologies are not Hausdorff. As an example, consider C with

the Zariski topology. Every polynomial has a finite number of roots in C, and in particular we



note that the closed sets in this case are @, C, or finite sets in C. In particular this is exactly
the co-finite topology on C which is not Hausdorff.

The following example is a useful summary of the concepts discussed so far.

Example 8. Consider Q C Q[v2] € Q. Let i = v/—1, A = {1},B = {1,\/5}, and C =

{1,v2,i}.

e Let A=V (x—1), then A is Q—closed, Q[v2]—closed, and trivially Q—closed. Since Q
is perfect, A is defined over each of these fields as well. Furthermore, A is a closed set in

each of the associated topologies.

o Let B =V ((x—v2)(z—1)). However, (z —v2)(x —1) = 2® — (1 + v2)z + V2 ¢ Qlz]
and thus B is not Q—closed. However, B is clearly closed over Q[v/2] and Q.

o Let C =V ((z—1)(z—V2)(x—1i). (z—1)(z—V2)(z —i) & Qlz] or Q[v2][z] so C is

not closed in either of the associated topologies.

1.1.3 Maps

Definition 9. Let A be an algebraic set in Af,. A polynomial function on A defined over €2 is
a polynomial in Q[z] restricted to A. A rational function on A defined over Q is the restriction
to A of a function defined by a rational quotient f/g in Q(x) with g not identically 0 on each
irreducible component of A. Furthermore, we may define a polynomial/rational function on
A defined over for any k C € in a similar manner, but with the extra condition that the

polynomials have coefficients in k.



Definition 10. Let A C Af be algebraic. For any subfield £k C Q we denote the ring of
polynomial functions on A defined over k by k[A], and denote the ring of rational functions on
A defined over k by k(A) . In the case where k = Q we will simply drop “defined over k.” In
particular we have a canonical identification of Q[A] = Q[X]/I (A) we call this the coordinate

ring of A.

As noted earlier, if A is irreducible then I(A) is prime so Q[A] is an integral domain. In

this case Q(A) is the field of fractions of Q[A].

Definition 11. Let A, B be closed sets in A, and A{, respectively. A polynomial map ¢ :
A — B is a mapping defined by ¢ = (¢1, - ,dm), ¢ € QA] 1 < i < m. We say that ¢ is
defined over k if ¢; € k[A] for 1 <i < m and we denote this by ¢/k. Analogously, let A, B be
closed sets in Af, and A}, respectively. A rational map ¢ : A — B is a mapping defined by
&= (d1, - ,dm), ¢ € QA) 1 <i < m. If each ¢; is represented by f;/g; € Q(A) and z € A

satisfies g;(x) # 0 for 1 <4 < m then we say that ¢ is defined at z, and

o(x) = (B1(2),++  om(2)) = (58 g:ﬁﬁ) °F

We say that ¢ is defined over k if ¢; € k(A) for 1 <i < m and we denote this by ¢/k.

Definition 12. Let A C A be an algebraic set. Define A, = A N A}, which we call the

k-rational points of A.

1.1.4 Affine algebraic groups

Definition 13. G is called an affine algebraic group if



e G supports a group structure.
e G is an algebraic set in Af.

e The mapping ¢ : G x G — G defined by (z,%) — x 7y is a polynomial map.

Remark. The previous bullet is equivalent to asking that the map which defines the

group operation and the map g — ¢~ for g € G are both polynomial maps.

We say G is defined over k if G is defined over k as an algebraic set and ¢/k. This will be

denoted as as G/k.

Example 14. We will work through a more involved example momentarily, but for now we

consider

1) Gg, by which we denote the additive group of a field k. Note that G, = V (0) .

2) Gy; by which we denote the multiplicative group of a field k. The algebraic set structure

is given by V (zy — 1) which identifies G, as an algebraic set in AZ.

1.1.5 Maps and subgroups

We now may define the algebraic group analogue of rational maps for algebraic sets. Un-

surprisingly;

Definition 15. Let G, G’ be algebraic groups. A map ¢ : G — G’ is called a rational homo-
morphism defined over k if ¢ is both a group homomorphism and a rational map defined over

k. We may also use the term k—homomorphism. If ¢ is a bijective rational k—homomorphism



with a rational k—homomorphism as an inverse, then we call ¢ a k—rational isomorphism, and
¢ an automorphism if G = G’.
If G, G’ are connected then a rational homomorphism ¢ : G — G’ which has a finite kernel

is called an isogeny.

Note that since a rational homomorphism ¢ : G — G’ must be defined on all of G it is

actually a polynomial map.

Proposition 16. Assume that N is a normal subgroup of G/k, and N is a closed algebraic
subset also defined over k. Then there exists an algebraic group G defined over k, and a

surjective k—homomorphism w: G — G

o kerm=N

o If ¢: G — G’ is a k—rational homomorphism with N C ker ¢, then there exists a unique

k—homomorphism ¢ : G — G’ so that the following diagram commutes.

We denote G by G/N and call it the quotient group of G by N.

The upshot is that we are justified in our use of “the quotient group” G/N since this group
is unique up to k—isomorphism. Additionally, one can show that k(G/N) is the subfield of

k(G) consisting of all N—invariant functions. That is to say, the subfield of functions ¢ € k(G)



so that 1 (az) = ¢(z) for all a € N and x € G. Furthermore, G/N is entirely characterized by
this property.

1.1.6 Linear algebraic groups

Assume that V' is a vector space of dimension n defined over k. If we take a basis {e1,--- , e, }

of V, then there is an isomorphism p : GL(V) — GL(n, k), with respect to the basis, given by

Namely, we apply T to each basis element {ej,---,e,} C V and write the images as column
vectors. The resulting matrix p(T) then gives us an identification of T' with an element of
GL(n, k). Since we may take a different basis for V' we note that this identification is only

unique up to an inner automorphism given by the change of basis matrix.

Definition 17. A subgroup G C GL(V) is a linear algebraic group defined over k if, under the

isomorphism described above, we have that p(G) is an affine algebraic group defined over k.

To clarify, this definition says if we have a subgroup G C GL(V') which, after a choice of
a basis for V, is isomorphic to an affine algebraic group in A}, then G is a linear algebraic
group. That is, for some n € N and some field £ we can find some embedding for every linear
algebraic group into GL(n, k). The next theorem grants us that the two notions of affine and

linear algebraic groups are essentially equivalent.
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Theorem 18. Any affine algebraic group may be realized as an algebraic subgroup of of some

GL(V), and as such it is a linear algebraic group.

1.1.7 A Little Representation Theory

Definition 19. Let G be a group and V be a vector space. A representation of G in V is a
map ¢ taking

Gog—¢(g): V=YV,

That is, ¢ : G — GL(V) so that ¢(g192) = ¢(g1)P(g2).

Alternatively, given a group G and a vector space V defined over k we may consider a

representation of G to be amap p: G x V — V so that:

e for all g € G the map p(g) : V — V defined by v — p(g, v) is linear over k;
e p(idg,v) = v for all v € V; and,

e if g1,g2 € G then for any v € V we have p(g1, p(g2,v)) = p(g192,v)

Definition 20. M be a commutative group and G be a group. Then M is a left G—module if

there is a left group action p: G x M — M so that if a,b € M, g € GG then

g-(a+b)=p(g,a+b)=p(g,a)+p(g,d)=g-a+g-b

using the notational convention p(g,x) = g - .
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Caution: The previous nomenclature unfortunately clashes with that of R—modules where
R is a ring. In this paper, the only “modules” we are concerned with are 1) Z modules as ring-

modules and 2) I'=modules as defined above, where I is some Galois group.

1.1.8 Tori

Definition 21. An algebraic group G is called a torus if, for some n, there exists an isomorphism
¢ : G — (Gp)". We call G either k—trivial or split over k if G is defined over k and ¢ is defined

over k.

Definition 22. Let T be a torus defined over k. A character of T is a homomorphism x : T' —

Gy, Note that the set of characters forms a commutative group under pointwise multiplication.

Henceforth, T will denote a torus and X (7') will be the group of characters of T' if we wish
to specify the torus. In practice we will abbreviate X (T') to X if the context allows. In following
with tradition we will use additive notation for the character group i.e. (x1+x2)(t) = x1(¢)x2(¢)
for x1,x2 € X(T'),t € T. This makes it clear that X(T') is a Z-module, since X(T') is a

commutative group under this operation.
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Example 23. The group of diagonal matrices D(n) C GL(n, k) is a torus isomorphic to G}, in
QO"*! with D(n) an algebraic set defined by V ((z129 -2,y — 1)). Thus D(n) is defined over

ko as an algebraic group and the isomorphism ¢ : D(n) — (G,,)™ which is given by

ag 0 - 0
0 an .

¢ :(aha??”'uan)
0 0 an

If we consider D(n) as a subset of A;f then the map ¢ is is also defined over ky. Therefore,

by definition D(n) splits over the prime field k.

Now assume that T = (G,,)". We have n canonical characters x; of T defined as “pro-
jections”, that is if z = (z1,---x,) € T then x;(z) = x;. Let I = (z1, -+ ,2p,y). Under the
identification Q[T] = Qx1,- - ,Zn,y]/I, the character x; is identified with x; (mod I), and the
function (T];, xi) ' is identified with y (mod I). These identifications give us the following
three facts:

D) QT =i oG

2) QT) = Q(x1,- -, Xn) is a purely transcendental extension of (2.

3) X is the subset of monomials x"* --- x'* in Q[T] with m; € Z.

This last fact shows that as Z-module, X = Z".

From this proposition we see that if T' = Gal(Q2/k), then we have an action of T on X by

applying o € T to the coefficients of the elements of X. Since each o € IT' is in particular
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an isomorphism of  we have that (a 4+ b)? = (a)? + (b)?. Therefore, X is a '—module by

definition.

Example 24. Let
a b

M = la,b € R,a® 4+ b* #0
b a
It can easily be shown that M is a torus defined over R and there exist two maps f; : M —
C*,i € {1,2} defined by fi1(m) = a+bi, fo(m) = a—bi for m € M. Clearly f1, f2 are elements
of X(T'). Now let I' = GalC/R. We know that I' 2 Z/2Z and the only non-trivial action is
complex conjugation. Over C complex conjugation is not given by a polynomial, but over R we

can realize it as a polynomial defined by o(a,b, —b,a) = (a, —b,ba). As such, o takes a + bi to

a — bi.

Now assume that X is a '—module and the group of characters of 7. Analogous to the
correspondence between sets of points in affine space and ideal of polynomials vanishing on
these sets there is a type of duality between certain submodules of X which are torsion-free
and algebraic subgroups of T'. Toward establishing this correspondence let T3 C T be a closed

subgroup and define a submodule T1l C X as

T = {x € X|x(t) = 1,vt € Ty}
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For a submodule X; C X define a closed subgroup X1l CT as
Xi={teTx(t)=1,Yx € X}

We then have the following proposition.

Proposition 25. o The maps Ty — Tf‘ and X1 — Xf' define reciprocal bijections between
the closed subgroups of T and the set of submodules of X satisfying the condition that
X/ X3 has no p-torsion, where p is the characteristic of the prime field. However, if p =0

there there is no condition on torsion.

e Let Ty C T be a closed subgroup. Then T is connected if and only if X/ X1 has no torsion,

where X1 = Tf, Furthermore, Ty is a torus if and only if it is connected.
e X(T1) = X/X1,X(T/Ty) = X1 where X1 = Tj- and Ty = 7.
One may notice at this point that given tori T'and T’ with character modules X, X', ' € X’

and a homomorphism ¢ : T — T” we have the diagram

T—¢>T’

N
N
fo(x') h N %

G

where we define ¢ : X’ — X by t¢(x’) = X' 0 ¢. Note that for any x}, x5 € X’ we have that

‘o((x) +x5) = (X1 + x3) 0 = X1 0 (9) + xz 0 (¢) ="d(x]) + "D(xh)
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Thus, ‘¢ is a '—module homomorphism

Conversely, if ¥ : X’ — X is a I'-module homomorphism, then there exists a rational
homomorphism ¢ : T'— T’ so that ¢ = '¢. Let T = (G,,)" and T’ = (G,,)*. Thus X has a
basis {x1, -, xn} and X’ has a basis {x1, -, Xk}, so there corresponds to ¢ a matrix with

integer coefficients m;; where

n
V(xi) = Zminj , where 1 <i <k
j=1

h coordi-

¢ is then defined as the mapping sending (21, - , ) to the element of in 7" whose 7!
nate is H;L=1 m;n” So ¢ : T — T" is a rational homomorphism and 1) = ‘¢. We can see now that
this gives us a one-to-one correspondence between homomorphisms of tori and homomorphisms
of their character modules. What remains to be seen is whether or not this correspondence

respects the field of definition of a homomorphism of tori.

Furthermore, one can show:

Proposition 26. Let ¢ : T — T’ be a homomorphism, and p the characteristic of the prime

field. Then
o (im¢p)*t = ker(*¢) so ¢ is surjective if and only if t¢ is injective.
e ker ¢ = (im(*p))*, so ¢ is injective if and only if [X : 'p(X")] is a power of p.

In particular, if dimT = dimT" then

The following are equivalent .

e ¢ is an isogeny.
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® ¢ is surjective.

tp is injective.

| ker ¢| < 0.

| coker '¢| < cc.

Furthermore, if ¢ is an isogeny then deg ¢ = [X : '¢(X’)] so that ¢ is an isomorphism if and

only if ¢ is an isomorphism.

Example 27. As an example let T' be a torus defined over Iy, and ¢ be the Frobenius endo-
morphism, ¢ : F, — F, given by ¢(z) = 29. New let x € X. We use x¢ to denote the character
we get by taking ¢*" powers of the coefficients of x. So then (x(t))@ = x(t@) for t € T. Now

x(t) is a scalar so then

(X)) = (x()* = gx(t)
Thus ‘¢(x@) = gx. So if y is defined over F, then it follows that ‘¢(x) = qx.
Proposition 28. Let k C K. If T is a torus defined over k, then T splits over k¢P.

Let k C , and let kP be the separable closure of k in Q. Let I' = Gal(k**P/k), and T be a
torus defined over k. Since there is an isomorphism (defined over k%°P)) ¢ : T — (G,,)", L gives
an isomorphism ¢ : X ((G,,)") — X(T) = X. Since the canonical characters y; are defined
over the prime field, the characters ‘@(x;) are defined over k5P. Thus, X has the structure of
a I' module given by letting o € I" act on x € X by operating on the coefficients. A similar

argument gives the following.
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Proposition 29. Let T be a torus defined over k. The following are equivalent..

o T is k—trivial.
o Fvery x € X is defined over k.

o [ operates trivially on X.

Furthermore T will split over any finite Galois extension £ C K, and we can replace I' =
Galy (k*P) by Galg(K) and the result still holds.

This result and the previously established correspondence between homomorphisms of tori
and homomorphisms of their character modules can be repackaged nicely into the following

proposition.
Proposition 30. o LetT be defined over k. If Ty C T so that Ty corresponds to X1 C X,
then T is defined over k if and only if X1 is a I'-submodule of X .

o Let T, T’ be tori defined over k, and ¢ : T — T’ be a homomorphism. Then ¢ is defined
over k if and only if t¢ is a T-homomorphism; in particular, ¢ is a k—isomorphism if and

only if t¢ is a T'-isomorphism.

At this point we have made significant progress to a major theorem, namely;

Theorem 31. There is a one-to-one correspondence between the category of tori defined over

k and the category of finitely generated torsion-free I'—modules.

It remains to show that to each I'—module X there corresponds a torus 7" which is unique up

to k—isomorphism and has a character module X (7') which is isomorphic to X as a I'-module.
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1.1.9 K/k-forms

It is helpful to keep in mind the goal of proving the previous theorem. Otherwise the
concept of K/k-forms seems rather abrupt. In that sense, entirety of this section is essentially

the remainder of the aforementioned proof.

Definition 32. Let k£ and K be subfields of 2. and G; and algebraic group defined over K. A
pair (G, f) is called a K/k form of Gy if G is an algebraic group defined over k and f : G — G4
is an isomorphism defined over K. A pair (G, f) is called a k-form of G1 if (G, f) is a K/k-form
of G for some extension k C K. We often use the latter terminology in order to suppress the

notation and omit reference to the particular extension K/k.

From now on, we will only consider the case where k is perfect, and k¥ C K is a finite
extension. In this case we note that k%P = k. Also, define I' = Galg(k). We begin by
investigating how the elements of I' act on K/k-forms. To this end let (G, f) be a K/k-form
of GG1, which will be an algebraic group defined over K. So given o € I', we have an action
of o on the coefficients of the polynomial mapping f, we denote this map by f?. Since G is
defined over k and o is an element of Galy(k), o fixes G. Furthermore, f7 : G — G is a
o(K)—isomorphism. Therefore, o takes a K/k-form (G, f) of G to the o(K)/k-form (G, )

of G{. Now define ¢, : G1 — G{ by ¢, = f° o f~!. Diagrammatically

a—1.q

N

o
1
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Definition 33. We will call the set of maps ¢, generated as o varies in I' a system of isomor-

phisms and denote it (¢ )yer-
Note that from the definition we have that

1)

$godr=(fTof ) ofTof t=fTofTofToft=[Tof"=g:

for o,7 €T
Additionally, f is defined over K, so even though T is infinite,

2) each ¢, depends only on the restriction of o to K.

Since there is a finite such number of such restrictions, we may consider (¢4 )scr in a similar
spirit as a finite system.

Conversely, the following result gives that for any system satisfying 1) and 2) there exists a
K /k-form associated to it. We will notate this correspondence by dropping the subscript and

calling (¢,) the system corresponding to a K/k form (G, f).

Theorem 34. Let G be an algebraic group defined over K and {¢s} . be a system of isomor-
phisms satisfying 1) and 2). There there exists a K/k-form (G, f) of G1 so that ¢, = f7 o f=*

forallo eT.

we will give a proof of Theorem 34 shortly. In the meantime we continue to investigate

K /k-forms towards the goal of proving Theorem 31.
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Definition 35. Let (G, f) and (G, f') be k-forms of G;. We call (G, f) and (G, f') isomorphic

if there exists an isomorphism p : G — G’ which is defined over k.

Note that we have the diagram

a—aq

I
Lk
, f/ <
G'— Gy

Since all the maps are isomorphisms which are at worst defined over K we may define an
isomorphism v : G1 — G as ¢ = f'opo f~1 which is defined over K. Now let (¢,) and (¢) be
the systems respectively associated to (G, f) and (G’, f'). Then letting o act on the previous

equation defining 1) and some small manipulations we have that

W= opof T ="0f Y ofopoftofof =d,0f opofTtog =g, 0pod,!

Which implies that

3)

Py =7 0 dg 09

This is to say that /K : G1 — Gy is such that the inner square of the diagram
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fcr ¢ ¢ f/o

G — GY
,l/}O'
is commutative. Thus we define
Definition 36. Let G1/K. Two systems of isomorphisms (¢,) and (¢, ) which satisfy con-

dition 1) and 2) as above, are said to be K—equivalent (resp. equivalent) if there exists a

K —automorphism (resp automorphism) 1 of Gy satisfying condition 3) as described above.

Proposition 37. Let G1/K with K/k-forms (resp k-forms) (G, f) and (G', f'). (G, f) and
(G, ") are isomorphic if and only if their corresponding systems are K—equivalent. (resp

equivalent)

Proof. The preceding paragraph proves isomorphic implies K —equivalence direction. So assume
we have two such K —equivalent systems (¢, ) and (¢, ) which are equivalent under some 1) €
Autg (G1). Theorem 34 gives that there must exist K/k-forms (G, f) and (G', f’) corresponding

to these systems. Define p = f/~!1oto f. Then p° = f'~7 09y o f°. We then have the diagram
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which we use to note that

P’ =f"T0y %o f=f"logog, ool opsof=Ff"lovof=p

We conclude that p/k. Thus G = G’ via a k—isomorphism. O
The succinct statement of this result is the following.

Corollary 38. The k—isomorphism classes of K/k-forms of G;/K are in a one to one corre-

spondence with the K —equivalence classes of systems (¢, ) satisfying 1) and 2).
Now for the remainder of the proof of Theorem 31.

Proof. Let G1 = (G,,)™ be a torus defined over the prime field, and let (G, f) be a K/k-form
of G1. By definition G is isomorphic to G; by f/K and we have that G; = (G,;,)"™ so we have
the G is a torus defined over k but split over K. Now let 1) € (¢,) be the system corresponding
to (G, f). By definition /K. Furthermore, we have that G1/k and thus G = G;. Therefore,

¥ € Autg(Gr), i.e., ¢ is an isomorphism of the torus G;. So let X; = X(G1). So by the duality
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of Theorem 31 we have that ‘¢ : X7 — X7 is a I'—isomorphism. So all elements ‘¢, are in
Autg(X1). Now Gy splits over the prime field, and so all elements of X; are also defined over
the prime field. Thus I' fixes X;. Recall condition 1), that is, ¢7 o ¢, = ¢or. Via this fact and

the duality of Theorem 31 we have that

"bor ="(¢7 © dr)
=¢go¢rof
=fTofTofTofTtof
= foT
=fTof?
=[TftofofTof T of
=¢rofopsof

= t¢7’ o tgba

Since the mapping a : I' — Autg(X;) = GL(n,Z) defined by a(o) = (‘¢,)"! gives a
representation of I' in GL(n,Z) we have that X; a T'—module.

Now given any integral representation of T' in GL(n,Z), one may show that there exists
a K/k-form of G; which corresponds to this representation in the manner given above. This
follows from the one-to-one correspondence between the automorphisms of X; and the auto-

morphisms of Gy (which is a torus) and Theorem 34.
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We thus have a one-to-one correspondence between the category of tori defined over k of

dimension n and the category of free I'-modules of rank n, as claimed.
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1.2 Proof details and some extras

1.2.1 Properties of Ry /. (G1)

Let G be an algebraic group defined over K, with dim G; = n and the degree of K/k equal
to d. It is a natural question to ask if we can find some algebraic group defined over k which

somehow corresponds to this information. We will prove the following shortly.

Proposition 39. For any Gy as described above, there exists an algebraic group RK/k(Gl)

defined over k of dimension nd such that Ry, = (G1).

First we make the following observations.
Assume that {o1,09, -+ ,04} is a maximal set of elements of T" which have distinct restric-

tions to K, in particular assume o is the identity. Now define

G =G]' x G x -+ x GT*

C,?l is defined over the field generated by UZCLIK % which is the smallest Galois extension of k

containing K and that if I'; ;= Gal(k/K) then T' = U¢_,T';0;.

Now if o € T then right multiplication of o permutes the elements in set of cosets {101, -+ , 104}

For notational purposes we will denote the permutation of o on I'yo; by 7. As a quick example:

I'ojo =T10; <= i = j. We may now define an isomorphism

d
gf)g : G1 — G1U = HG1U7/U
i=1
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defined by

bo (g1, 5 94) = (910, , gav)

it can be shown that the system {¢, } satisfies the conditions of Theorem 34 and so there must
exist a k-form (é, f) of évl corresponding to this system. Furthermore G is an algebraic group
defined over k of dimension nd. Now let m; : Cflvl — Z?? be the standard projection to the ith
factor. We note that 77 o ¢y = 7.

Define p : G — Gy by p = m o f Since we chose o1 as the identity, every o € I' fixes 7y,
and furthermore 71 o ¢, = m1. This implies that p” = p, so p is defined over K. Finally noting

that m; o fv: p?t we get that

since f is determined by p. We now write the k-form (G, f) as (G, p) and define Ri/p(Gr) =
(G, p). Via the definition, we see that Ri/k(Gh) is a k-form of Gy. Furthermore, Ry /4 (G1) is
unique up to k—isomorphism.

Rg/i(G1) can be generalized to an algebraic set A1/K as follows.

Definition 40. Let A; be an algebraic set defined over K. Then Ry (A1) is defined to be
any pair (Z, p) where A is an algebraic set defined over k, p: A — A; is defined over K and is

a polynomial so that there is a k—isomorphism

Jd

f=p"" x--p
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from A to A; = ATt x - AT

1.2.2 Proof of Theorem 34

Proof. This proof requires several steps. Step 1 is an explicit construction of RK/k(Al) for a
few special cases of algebraic groups which then give the result for any algebraic group. Step
2 explores the universal properties of RK/k(Al), which are used in Step 3 to show that there
exists a K/k-form of A;. Step 4 is then the “actual” proof of the theorem.

Let K be a finite Galois extension of k with K C k. Let d = deg K/k and {o1,--- ,04} be

the maximal set of elements in Gal(k/k) with distinct restrictions to K with oy as the identity.

Step 1) The existence of Ry (A1), for any algebraic set Ay defined over K.

Case 1) Let A; = Q, A= Q4 and {w1, -+ ,wgq} be a vector space basis for K over k. Now define
f: A Ay by

d
Flur, - ug) = ww;
i=1

Clearly f is a polynomial defined over k. Additionally, we see that f% = Zle uiwfj .
Now define f : 04— Q4 by

Fm s g
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This map may then be realized as multiplication by the matrix

o1 02 04
wyp Wy wy
o1
Wq
F pr—
o-]‘ PRy ad
Wy Wy

Thus, f is also a polynomial. Furthermore det(F) # 0 since K/k is separable, so f is a
k—isomorphism of algebraic sets. By the previous definition (ﬁ, f)=Ry, /k(A1).

Case 2) Let Ay, By be algebraic sets defined over K and assume that Rp /(A1) = (A, f1) and
Rg/p(B1) = (B, f2) exist. We run an argument similar to above to show that R /i (A1 x
By) = (Ax B, fi x f2). Thus Ry,(A1 x By) exists.

Case 3) Let Ay, By be algebraic sets defined over K so that By C A;. Suppose that Ry (A1) =
(A, f) exists. Since

FiA— Al = AT x ... AT
is a k-isomorphism and

By =B x - BYC ATV x - A7
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is algebraic subset we also have that B = f‘l(E) is an algebraic subset of A. Note
that E is defined over the field generated by UleK % and f_l /k so B is defined over k.

However, for o € " we have that

so in fact B is defined over k. By definition Rg/(B1) = (B, flg)-

Now in particular, these three cases actually give the existence of Rp/, (A1) for any

algebraic set A; /K since every algebraic set may be viewed as a subset of Q" for some n.

Step 2) Universal property of Ry ,(A1). We noted already the uniqueness of Ry /(A1) and we

have the following universal property.

Let Ry (A1) = (g, f),and p=p;o f where p; is defined above as a projection. Now if
B /k is an algebraic set and ¢ : B — Aj is a polynomial defined over K, then there exists

a polynomial map defined over k 1 : B — A so that the following diagram commutes:

Furthermore, if B; is an algebraic set defined over K with (E,ﬁ) = Rg/i(Bi1), and
q = p1 o g then there exists a unique polynomial map {/; defined over k so that the

following diagram commutes:



30

A5 A K

J/l{ P}/K

B/k-5 By /K
Step 3) For G an algebraic group, we have Ry, (G1) is a group. Assume that A; = G is an
algebraic group defined over K. We want to show that Rg/,(G1) is a group, and p is a
group homomorphism. Assume Ry /i (G1) = (é,p), then Ry (G1 % G1) = (é xG,p X p).
Now let

¢:G1 x G = Gy

be the map defining multiplication in G;. By the previous step, there exists 5 defined

over k so that the following diagram commutes:

In particular we have that 1; defines multiplication in G. Similarly, if ¢’ : G1 — G4 defines
the inverse operation in G, we have the existence of zZ’ making the following diagram

commute:
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which defines the inverse operation in G. Since these diagrams commute we have that p

must also be a group homomorphism.

Step 4) The proof of Theorem 34 for any algebraic set Ay defined over K. Recall that for A;/K

we have a system of rational isomorphisms (¢,) which map from A; to A which satisfy

dpodr=(fTof ) ofToft=fTofTofToft=fTof" =gy

for o, 7 € T
2) each ¢, depends only on the restriction of o to K.

Now keeping the notation from Step 1) and Step 2) let Ry, = (A, f) and define
A= {x € A|p°(x) = ¢y op(z),Vo € r}

2) implies that € A if and only if P%(x) = ¢4, o p(z) for 1 < ¢ < d so the map

pla: A — A; is an injection. Now if y € A; and we set

xr = fN_l((z)ol(y)v"' 7¢Ud(y)

then z € A and y = p(x) so p|4 is surjective and thus an isomorphism. By definition we
have that A is an algebraic subset of A defined over k. However, 1) implies that A2 = A

for all o € I so A is in fact defined over k. So let f = p|a, then (A, f) is a K/k-form of
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Ay with system (¢, ). Furthermore, if A1 = G1 is a group, then one may verify that it is

a subgroup of Rg/;(G1) and by step 3) f is an isomorphism of algebraic groups.

1.2.3 A side note on Galois cohomology

The results of corollary 38 require a few comments. First we give the definition of the first

cohomology group of Galois cohomology.

Definition 41. (3) Let G be a group and A be an Abelian group. We will use additive notation
for A. Assume that G acts on A by a homomorphism ¢ : G — Aut(A).

A I-cocycle of G in A is a family of elements {a, }, o With o, € A satisfying

Qg + 007 = Qg7

for all 0,7 € G. Note that the sum of 1—cocycles must also be a cocycle. We denote the group
of 1—cocycles by Z'(G, A). A 1—coboundary of G in A is a family {a} . so that there exists
an element 5 € A which satisfies

O‘U:(jﬂ_ﬁ

Certainly any 1—coboundary is a 1—cocycle and we denote the group of coboundaries by

BY(G, A). The first cohomology group of G in A is now defined as the factor group

HY(G, A):= ZYG, A)/BY (G, A)
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Using Galois cohomology corollary 38 may be restated as

Corollary 42. The k—isomorphism classes of K /k forms of G /k are in one to one correspon-

dence with the elements of H'(Gal(K/k), Autx(G1)).
In fact, we have the same correspondence for k-forms.

Corollary 43. The k—isomorphism classes of k-forms of G /k are in one to one correspondence

with the elements of H!(k, Autx (G1)), which is defined to be the direct limit Ux H*(Gal(K/k), Autg (G1)).

1.2.4  The structure of algebraic groups

We have proved some powerful and general results in the last few sections. In order to go
further in the same spirit we will first need to dedicate time to certain substructures of algebraic

groups. We will also see our first reduction of the classification of algebraic groups.

Definition 44. An element M €GL(V) is called semi-simple if M is similar to a diagonal

matrix D, that is, P"!M P = D for some non-singular P.

Definition 45. An element M € GL(V) is called unipotent there exists an n € N so that

(M — I)™ = 0.

Example 46. All matrices of the following form are semi-simple.

a 0 O
0 1/a 0| €5SL3,Q) withQ>a#0

0 0 1
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All matrices of the following form are unipotent.

01 ¢ € SL(3,Q),G,Z),C € Q

Additionally, one may show that
Proposition 47. Let G be an algebraic group. Then

o Fvery element in g € G is decomposable as g = g, - gs where gs is semi-simple and g, is

unipotent. This is known as the Jordan-Chevalley decomposition.

o Ifge G then gu,9s € G gs - gy = Gu - gs and gs, gy, are independent of the representation

in some GL(V).

o If ¢ : G — G is a rational homomorphism from G to some other algebraic group G’ then

?(9s) = ¢(9)s and ¢(gu) = ¢(g)u for all g € G.

This proposition gives us license to write Gy, = {g € Glg = gu} and Gs = {g € Glg = g5}

without the usual ambiguity associated with bases.

Definition 48. If G is an algebraic group so that G = G,, we call G a unipotent group.

Before proceeding we note a few more examples.

Example 49. Given any torus T" 2 D(n), we note that T is semi-simple via the identity I,
since any element in 7 is already diagonal. Furthermore, one may show that if G = G5 and G

is connected we have that G is a torus.
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Example 50. Let G = G,. First define the ¢ : G — GL(2) by

o —

Note that this is an isomorphism on its image. Also, note that the identity matrix is both
semi-simple and unipotent. This is a triviality, but is important for this example.

Take any g € GG, then by definition

However it is clear that ¢(g) = ¢(g), since ¢(g) is unipotent. Proposition 47 gives that both
that ¢(g)y = ¢(gy) (which implies that g, = g) and that the representation of G into GL(2) is
immaterial when considering the decomposition of g. Therefore, every g € G is in G, so G is

unipotent. The conclusion is that G is unipotent.

This last example provides a intuitive foothold into the example of SL(3,Q) (Proposition

67) worked out in the next section.

Proposition 51. If G is a connected unipotent algebraic group then there exists a finite de-

scending series of closed and connected normal subgroups of G

G=GyD>G1 D - DGL={e}
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and the commutator subgroup |G : G;| C Gy1. Furthermore, we may take this series so that

G;/Git1 is rationally isomorphic to G, for all i in the index.
We now make the definition

Definition 52. An algebraic group G is called solvable if it is solvable with respect to its group

structure.

In general, given an algebraic group G with two closed subgroups Hi, Ha we have that the
commutator subgroup [Hi, Hs] is closed. So in our case we may take the composition series
involved with the definition of solvability of an algebraic group to be closed. The following

proposition collects a few significant results.
Proposition 53. Let G be a connected solvable algebraic group defined over k. Then

1) There exists an isomorphism from G to the group of upper triangular matrices of degree

n.
2) G, is a k—closed connected normal subgroup of G.

3) The exists a mazimal torus T/k of G so that G = G, x T. This semidirect product is
takes as a semidirect product of algebraic groups; that is a semidirect product of groups

and a direct product of algebraic sets.
4) All such mazimal tori are conjugate by inner automorphisms of G.
Definition 54. Let G be a connected algebraic group. The radical of G, which we denote as

R, we define as a maximal element in the set of connected solvable normal subgroups of G.

The unipotent radical of G is defines as the unipotent part of R and is denoted R,,.
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Definition 55. An algebraic group G is called semi-simple if R = {1}, and reductive if R, =

(1}.

We now come to our first major reduction in the problem of classifying semi-simple or

reductive algebraic groups—the result is due to Chevalley.

Theorem 56. Let G be a connected algebraic group.

o If G is semi-simple then G is isogeneous to a direct product of simple groups.
o If G is reductive then G is isogeneous to a direct product of a semi-simple group and a

torus

Example 57. Let G = {(g1,92) € GL(2,R) x GL(2,R)| det(g1) = det(g2)}. We see that G has
a subgroup H = {(tls,tlz) |t € G,,}. Then G/H is isogeneous to SL(2,R) x SL(2,R), but
not isomorphic. Furthermore, the property of being reductive or semi-simple is invariant under
isogeny, so even though these groups are not isomorphic, it may be shown that have the same

classification as semi-simple affine algebraic groups.

Definition 58. A Borel subgroup is a maximal closed connected solvable subgroup of G. Any

subgroup H C G which contains a Borel subgroup is called parabolic.

It may be shown that

Proposition 59. 1) All Borel subgroups are conjugate by inner automorphisms of G.

2) If B C G is Borel, then the coset space G/B is a projective variety.
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2)’ In fact, if H C G is closed and connected then G/H is a complete variety if and only if

H is a parabolic subgroup of G.

3) Every Borel subgroup is its own normalizer in G. In particular this implies a parabolic

subgroup is its own normalizer in G and is thus connected.

4) If B C G is Borel then G = UQGGngfl.
We must now momentarily define these objects with respect to fields of definition.
Proposition 60. The following are equivalent.

1) G is solvable, defined over k, and all rational characters of G are defined over k.
o There exists an isomorphism ¢ : G — Tr(n) which is defined over k.
e G is a semidirect product over k of a k—trivial torus and a unipotent subgroup of G which

is defined over k.

Definition 61. Any algebraic group satisfying one of the conditions of Proposition 60 is called

k—solvable.
Definition 62. A k—Borel subgroup of G is a maximal connected k—solvable subgroup.

Proposition 63. If G/k then all k— Borel subgroups of G are conjugate by inner automorphisms
defined over k. As a corollary, all mazimal k—trivial tori of G are conjugate with respect to

k—rational inner automorphisms of G.

Definition 64. The k—rank of an algebraic group G is the dimension of any maximal k—split

torus. The rank of G is the Q2—rank of G.
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Definition 65. An algebraic group G/k is called k-compact if it has no non-trivial k—Borel

subgroups.

As one might expect we do not have a perfect correspondence of results when we relativize
the results for k, in particular item 2) from Proposition 59 fails. We have as an analogue that
if G/k and H C G is k—Borel then there exists a complete variety V' defined over k on which
G operates and an injective polynomial f : G/H — V which preserves multiplication by G in

a way such that G} acts transitively on V. In particular this gives us that

Corollary 66. Let G/k be an algebraic group and k a local field. G is k-compact if and only

if G is compact.

We now discuss some examples.
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1.3 Examples
1.3.1  SL(3,Q)

Let Q C Q. As an example, we will consider SL(3,Q) = {M € GL(3,Q)|det(M) = 1}. First

we will show the following,.

Claim 67. SL(3,Q) is an affine algebraic group defined over Q.

Proof. Let
a1 a2 a3 bin b2 b3

= A, and =B

az1 as a3 bo1 ba2 D13
as1 a3z as3 b31 b3y bs3

with both A, B € SL(3,Q). First, we wish to show this is an abstract group. Matrix multipli-

cation acts as an associative binary operation on SL(3,Q),

1 0 0
Is=10 1 0
0 0 1
is the identity. Inverses are given by
My —Msy Mz, (22033 — (32023 (13032 — A33G12 (12023 — (22013
-1 _ _
AT = —Myy Mso —Mss | = | azsazr — agzas ai11a33 — az1a13  ai3ag) — G23a11 |

My3 —Mas Mss @21a32 — (31022 G12G31 — A32011 A11022 — (21012
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that is, the usual matrix inverses—these are contained in SL(3,Q) since their determinant is
equal to 1 and we can see that each entry is an element of Q. Finally, closure under the binary
operation is given by noting that det(A4 - B) = det(A) - det(B). Thus, SL(3,Q) is a group.

Continuing on, note that SL(3,Q) C A% - A% and can be defined as an algebraic set by

Ty T2 T3

Vildet [, 25 26| 1| = V (z12529 + ToxeX7 + T3T4Tg — T7T5L3 — TgTeXL1 — L9TaTo — 1)

Ty Xg T9

Explicitly, define f € Q[x1,--- ,x9] by
f(z1,--+ m9) 1= 212579 + TaT6T7 + T3T4TY — T7T5T3 — TeTT1 — T9T4T2 — 1

Thus, SL(3,Q) is Q—closed as an algebraic set, and therefore defined over Q as an algebraic
set since Q is perfect.

Let M; ; be the minor in the i—th row and j—th column of A. Note that

S D) TIM by, S () T Mabi, 30 (—1) T Miabs,
Ap . . )
ATB =1 0 (1) Mg, YL (—1)Migbi, Y (—1)'M;abs,

S (D) TIMgby, S (<L) T Mysbi, 300 (— 1) Misbs,

Let ¢ : SL(3,Q) x SL(3,Q) — SL(3,Q) taking (4,B) — A7!'B. Recall that M, ; is a

polynomial and note that we are considering SL(3,Q) as a subset of affine space, so we may
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reinterpret this matrix multiplication as giving us the data of a map ¢ : A x A — A2. Then
¢ can be seen as a polynomial map by definition, since in each coordinate ¢ is a polynomial
function, and in particular is a polynomial with coefficients in Q; ¢ is therefore defined over Q.

Thus, by definition SL(3,Q) is an affine algebraic group. Furthermore, since SL(3,Q) is
defined over Q as an algebraic set and the map ¢ is also defined over Q, SL(3,Q) is defined

over Q as an algebraic group. O
At this point we also find an example of a torus in SL(3, Q)

Proposition 68. The set of matrices T C SL(3,Q) of the form

a 0 O
0 b O

1
00 =

is a torus in SL(3,Q)

Proof. First we show that T is an algebraic subgroup of SL(3, Q).

o Let
ap 0 0 by O 0
0 ag 0 |=A,and | o b, 0o |=B€eT
0 L 0 0
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. By definition

a1b1 0 0
AB = 0 asbs 0
1

0 0 a1biazbs

So T is closed under the binary operation. Also, note that T" is Abelian.

o [3eT

100
-1 _
A7 =10 1 0
0 0 ab

So T is a subgroup of G.

Additionally, T = V (z1x529 — 1, 29, 23, 24, Ts, X7, xg) (using the indexing from proposition
67) T is an algebraic subgroup of SL(3,Q). It is also easy to see that T/Q. Now define ¢ : T' —
A(Q@X C A2, by ¢(A) = (a1,az). Clearly, for all A, B € T we have that ¢(AB) = (a1b1,azbs),
which is a polynomial in the coordinates. Furthermore, ¢ is a group isomorphism. So 7" = A(Q@X

is a torus in SL(3,Q) defined over Q.
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Note that any permutation of the diagonal entries would also define a torus. As such we

will consider T' as the subgroup of matrices T' C SL(3,Q) of the form

0 b 0| sothatabc=1

For the sake of clarity we note that we may consider this T as an algebraic group in AY defined
by V (z129y — 1). In particular, we may consider T as only having two coordinates, since the

third will depend on the first two.
Proposition 69. The torus T as defined above is mazimal with respect to inclusion in SL(3,Q).

Proof. We will argue by contradiction. Assume there is some larger torus 7" containing T'. By
definition 7" is a direct product of (G,,)" for some 1 < n < 8, therefore 7" must be Abelian

(Alternatively, we will soon see that Zg(T") = T"). Now take the matrix

Tr1 T2 I3

M= |2, x5 ¢ eT'\T,

Tr T8 T9
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i.e., at least one of {x2, z3, x4, x, 7,25} is N0t equal to zero. Since T C T' we must have that

0 0 1/2
However,
~1
1 0 0 T1 To T3 1 0 0 x1 2wy x3/2
02 O xs x5 zg | [0 2 0 | T |24/2 25 w6/4
0 0 1/2 T7 T8 Tg 0 0 1/2 2x7  4dxg X9

Since T” is Abelian it must be the case that M is equal to the matrix on the right. However,
this cannot occur unless each of {xq, x3, x4, x¢, 7, xg} is equal to zero. This is a contradiction.

Thus, T is maximal. O
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1.3.2 Example: Q[v/2]/Q-form

Consider the sets G; C GL(2,Q), G2 C GL(2,Q[v2]) given by

a+v2b 0

a—/2b

, Go = a,be@

2b a 0

After a routine definition check we find that both sets are in fact groups under matrix multi-

plication. The algebraic set structures are given by
v ((37% —2x3)xs — 1,01 — 4,279 — z3) = G1 and V (212475 — 1,22, 23) = G2

Where z; denotes the standard coordinates in affine space. All that remains is to check that
the maps G1 x G1 — G1 and G x Go — G sending (x,y) — x~ 'y are polynomial maps, and
to see what field they are defined over. We note that for ¢ € {1,2} the map G; x G; — G;

defined by (z,y) — o1y is given as

a b c d a b c d
—
2b a 2d ¢ 2b a 2d ¢
ac—2bd ad—bc
. a2—2b2 a?—2b?
2ad—2bc (J/C*2bd)d
a?—2b? a?—2b?

and in Gy
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-1

a+bv2 0 c+dv2 0 a+bv2 0 c+dv2 0
p_>
0 a—b/2 0 c—dv?2 0 a—by/2 0 c—dv?2
(a—=bv2)(c+dV?2) 0
a?—2b?
0 (a4+bv2)(c—dV2)
a?—2b2

At first glance the maps defined by these matrices seem to look like rational functions rather
than polynomial functions. However, we are considering polynomials in the coordinate ring,
which is a quotient of Q[z1,---,x,]. For example, in the case of G2 we have the relation
r1r4205 — 1 =0 < x5 = xl_lxll. The previous map associated to Go is actually defined by
¢ ((21,0,0,24) x (21,0,0,2))) = (z42)5,0,0,x12)5), which is a polynomial. The argument
for GG is similar.

Now consider the polynomial map ¢ : G; — G4 defined by

ab'_)lﬁ a b 1%
20 a 1;—% 20 a ;—%
:_21\% a b :/—%:/—%
1% 20 a) \-1 1
a+bv?2 0
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To justify the claim that this is a polynomial map, we may write this in a as
#(a,b,2b,a) = (a +v/2b,0,0,a — v/2b)

or perhaps even more clearly as ¢(z1,x2, 23, 24) = (21 + V222,0,0, 21 — v/223)
Thus, ¢ is defined over Q[ﬂ], is bijective, and is a group homomorphism. The map ¢! is

given as

1

¢~ (w1, w2, 73, 74) = <;($1 + x4), 2\1/5(1’1 — x4), *2(331 — x4), %(901 + 564))

Decoding this map in terms of matrices in G; and G5 makes is clear that this is also a group
homomorphism. So we see that ¢/Q[v/2] is an isomorphism.

By definition we see that (G, ¢) is a Q[v/2]/Q-form of G5, which makes it a Q-form of Gs.

1.3.3 Computations with a torus

Let £ C K be a Galois extension and T be a torus defined over k& and split over K. Let

I' = Galg(K). Our goal is to show that there exists subtori 4,7y C T so that:

A is the largest k—trivial subtorus of T

Ty is the largest k-compact subtorus of 7'

e T is a semi-direct product of A and Tj.

e Ty N Ais a finite set, and thus T is isogeneous to A x Tp.
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Let X be the character module of T and consider the following submodule of X:
X' ={xe X\ =x,Vo eI}

that is, XT is the submodule of characters fixed by I'. This is easy to see by recalling that

(x1+ x2)(®) := x1(t)x2(¢t) and X is a I-module so

(a1 +x2)(@) = (X7 +x2)() = (x1 +x2)° (1)

thus X' inherits all of its I-module structure from X and is closed under the + operation. We

also see the set

on{xe)qzxff:o}

oel
is a submodule of X by noting that

YT HD NS = (ZXTJFZX‘%) (t) = (ZXT> ®) (ng> (1) =0

oel’ oel’ oel oel oel oel

so it is closed under the + operation. Additionally, we note that each submodule Xy and X' are
I'-invariant since every element of X1 is fixed by I and every element of T fixes 0. Moreover, as
discussed earlier, both submodules are cotorsion free. Now let Tp = (XT)+, A = (X()*. Then
both A and Tj are subtori of T' and defined over k. Now if 7/ C T is a subtorus defined over
k and X; = (T')*, then T" is k—trivial if and only if ' operates trivially on X (7") = X/X;.

However, this happens if and only if Xy C X; if and only if 7/ C A. Thus, A is the maximal
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subtorus of T" which is k—trivial. It now follows that 7" is k-compact if and only if A = {1},
which is equivalent to Xg = X. We may apply this idea TV C T, and we will find that ¢ is
k-compact if and only if X (T")g = (X (T"), but this is equivalent to X' C X which is equivalent

to T" C Ty. So Ty is the largest k-compact subtorus of T'. It follows that

Xg = (Xo)g® (X")g

and so [X : (Xo) @ (XT)] is finite, Xo N XT = {0}. Thus AN Ty is finite and T is a semi-direct

product of A and Tp, and thus isogeneous to A x Tj.
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1.4 Representation theory/Geometry

1.4.1 Root systems,Weyl groups, fundamental systems, Weyl Chambers

Definition 70. Let G be an algebraic group and T' < G be a torus which is maximal with
respect to inclusion. A character X(T') 3 x : T — G, is a root if there exists an isomorphism

f: Gy, — P,, where P, is some closed subgroup of G, so that

t-fla) -t =f(x(t)- )

forallt € T and a € Gy,.
The set of all roots of T will be denoted by 4/ and will be called the root system of G relative

to T
Furthermore:

Proposition 71. o The subgroup P, C G s uniquely determined by .
e The isomorphism Xq : Gg — P, is unique up to scalar multiplication in G,.
e \/ is a finite set.
e Zo(T)=T

e Ng(T)/T is a finite group.

Definition 72. The finite group W = Ng(T)/T is called the Weyl group of G relative to T.
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The Weyl group may be naturally interpreted as an automorphism group of 7', X, or X =
Hom(X,Z). To see this, for each s € Ng(T) we may associate an automorphism w, : T — T
given by

wy(t) = sts™

forteT.

similarly, denote the automorphism wy : X — X given by

ws () (ws(t)) = x(t) that is

for t € T and x € X. The last isomorphism is the horrifically named contragredient of ws when

considered as an automorphism of X.
Proposition 73. The triple (X,+/,W) has the following list of properties.

o X is a free Z—module of rank l = dimT
e ./ is a finite subset of X.
e W is a finite automorphism group of X
Additionally, we have that:
i) 0¢+/. Ifa € \/ then —a € /
i)* if « €/ and ca € y/ for ¢ € Q then ¢ = *1.

it) To each a € \/ there corresponds an element wo, € W so that wa(x) = x — o*(x)a for

X € X and where o € X. Furthermore, wq(y/) = v/
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iii) Xq =X ®z Q is generated by \/ as a linear space over Q.
iv) W is generated by {wq|o € \/}

Definition 74. We call / an abstract root system if |/ satisfies ©),i)*,4i) and 4ii) and is a
subset of any finite rank free module X. The group W generated by the set {wq|a € v/} is

finite and is uniquely determined by the pair (X,+/). This group W is called the Weyl group
of v/.
Example 75. Given a root system / in X the set /* := {o*|a € \/} is a root system in X.

Since W is finite, there must exist some positive definite symmetric bilinear form which
is W—invariant. Take any symmetric bilinear form <, > on the vector space Xg and define
< X >'= Y ew < wx,wx' >. Since W is finite this is a finite sum and since W is
closed under the group operation(composition) we have that acting by an element of W simply
permutes the terms of this sum. So <, >’ is W —invariant.

The relations < wq(x), wa(Xx) >=< x, x > and we(x) = x — o (x)a implies that

_2<a,x >
<o, >

a*(x)

And so o* is identified with <§¢é>. It then follows that w? = 1. In line with geometric

intuition, since wq(a) = —« and the hyperplane {x| < a, x >= 0} C X is fixed by w, we call
W, a reflection or symmetry with respect to a.

Definition 76. The numbers c, g := % are called Cartan integers. Property ii) implies

that co g € Z. This is called the integrality condition on a root system.
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Assume 4/ is a root system of a free module X of rank [ and W is the Weyl group of /. We
fix a linear order compatible with addition in X and denote the set of positive roots by /. In
practice this looks like taking a hyperplane containing none of the roots and declaring the set
of roots contained in one of the connected components hyperplane to be positive. This depends

on the fact that in affine space a hyperplane cuts the space into two connected components.

Definition 77. A positive root « is said to be simple if it cannot be expressed in the form
B+ v for B,y € \/+. Denote the set of simple roots of v/ by A; we call this a fundamental

system of /.
We then have the following.

Proposition 78. 1) The fundamental system A consists of | linearly independent roots
a1, -+ ,aqp. That is, every root o € / can be expressed uniquely as a linear combina-

tion o = + 22:1 mjia; where m; € NU{0}.

2) Every root o € \/ can be written in the form o = wq, -+ Wa,; i, for some a;, € A also

with oy, -+ , 04, € A.
3) W is generated by {wq,|a; € A}.

4) W acts simply transitively on the set of all fundamental systems of /.

An essential concept in the proof of this proposition is the concept of a Weyl chamber. This

concept will be necessary for us later, so we introduce it here.
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Given X, a root system 4/ of X, and a set of simple roots A, we define

Hy={xeXg=XdzR |<a,x >=0}

Clearly, this is vector subspace of X of codimension 1 which is cut out by a single polynomial

equation. In other words, H, is a hyperplane in Xg.

Definition 79. The connected components of

Xe\ | Ha
acy/

are called Weyl chambers.

Assume A = {a1,- -, a;}. We define

An ={x € Xr | {a,x)>0,1<i<j}.

This is a Weyl chamber. Note that

Xe\|JHa= | Aa

g/ AlAis a
fundamental
system

Since we have a W —invariant metric <, >, we get that W fixes the set of hyperplanes H,,

and permutes the chambers by w(Aa) = Ayy(a) for w e W.
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Example 80. Weyl chambers are inherently geometric objects. As such, here is a pictorial
representation of a Weyl chamber in R%. The following systems has 6 Weyl chambers, the roots
are denoted by the vectors in black, the hyperplanes by the grey lines, and one of the 6 Weyl

chambers is colored in blue.

N

Definition 81. A subset \/; €/ is closed if /; = ({1/1},N+/. A subset \/; C / is Q—closed

if Vi = ({VitgN V. Vis reducible if \/ = /; U/, where /1, \/, are nonempty subsystems of

v and < o, 8 >= 0 for all &« € \/{,8 € /5, i.e. these subsystems are orthogonal. 4/ is called

irreducible otherwise.

If \/ is reducible, then we can decompose Xg = {V/1}¢ +{/2}o Where the decomposition is

comprised of orthogonal subsets with both /; and /, being Q-closed. Since every root system
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can be decomposed into a disjoint union of mutually orthogonal subsystems y/ = v/; U---U+/,,

this induces a decomposition on the fundamental system A of / as A = A;U---UA,.

Definition 82. We call A irreducible if 1/ is irreducible.

So if A ={ai, - ,q;} is an irreducible fundamental system then
® a1, -+ ,qq are linearly independent.
2<ai, o >

W 1S nOH-pOSlthe if 7 7é 7

e A is not decomposable as two mutually orthogonal subsets.

1.4.2 Dynkin Diagrams

Consider A = {aq, -+ ,qq} as a set of vectors in Euclidean space satisfying properties i),
it), and ii1). We may classify such a set using the Dynkin diagram of A which we define as
follows:

1) To each vector «; associate a vertex;

2) Connect the two vertices associates with «; and o with an edge if and only if < o, a; >

3) The Schwarz inequality implies that

2 <oy, 0 >2 < oy,0 >
<oap,a; > <o, >

0< <4

we have that

L 2<ai,a5 >

o 1= €40,—-1,-2,-3
Cair; < o, 05 > { }
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so connect vertices with single, double, or triple lines according to whether ¢y, o; = 1,2, or 3;
4) Direct these edges with an arrow pointing from a longer vector to a shorter vector if the
lengths are different.
Following this process, we classify all such A and, as we will find out shortly, the following
Dynkin diagrams give the classification of simple algebraic groups defined over an algebraically

closed field.

Classification Diagram Group
A, 0o—0—+i——0—o0 SL(n+1)
B, : 0o0—0— . ——0=0 SO(2n +1)
Cy : 0—o0—— . ——o0<o0 Sp(n) char(k) # 2

o
D, : 0707...70/ SO(2n)
\O
Fs : o—o 0———0—0—0
>
Er: 0o—o 0——0—0—o0—0
3
Es : o—o 0o———0—0—0—0—0
>
Fy: 0O—o0———=o0——0

GQ: 0=0
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1.5 Example: SL(3,Q): reprise

Recall that given a torus T defined over k, we defined the character group as the group of

maps x : T — (G,,)™ under the operation

(x+ X)) = x(t) - X' (t)

It’s imperative to note the additive notation used in this definition. Also recall the canonical
characters x; : T — G, given as “projections”, i.e., if t = (t1,---t,) then x;(t) = t;.

Define E; ; as a matrix which is 1 at the i-th row and j-th column and 0 elsewhere. We may
note that we have a family of embeddings of G, into SL(3,Q) given by a — I + a - E; ; for

1<4,j <3,j#i. This leads us to the following proposition.

Claim 83. The set of matrices of the form

1 m O
0 1 0
0 0 1

form a closed subgroup of SL(3,Q), which we will call P 5.

Proof. °

1 a O 160 1 a+b 0
01 0f"J01 O0f=]0 1 O

0 01 0 01 0 0 1
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o I3 PLQ

e Inverses are given by

1 —a 0
0 1 0
0 0 1

Thus, P 2 is a subgroup of SL(3,Q) obtained by additionally setting x3 = x4 = ¢ = 27 =

.%’820. ]

Define f : G, — SL(3,Q) by oo —= I + o - E1 5. We will show f is a root. Let T" be the

maximal torus of SL(3,Q) defined previously. Let
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Then,

a 0 0 1 a0 /a0 0
t-fl@)-t'=10 b o|l-]o1 ol |0 15 o
00 ¢/ \oo1 0 0 1/e
1 ga 0
=lo 1 0
0 0 1
—f

Furthermore, we see that f(«) defines an isomorphism onto Pj 2. Note that we may let f :
G, — SL(3,Q) be given by f(a) =1+ aFEs3 and run a similar argument to show (x2 — x3)(%)
has a similar property. We may then choose there two roots to be positive. Now, there is a
redundancy for (x1 — x3)(t), since (x1 — x3)(t) = ((x1 — x2) + (x2 — x3))(¢). This root is also
positive. Furthermore, we also will have similar results for (x3 — x1)(t) = (=(x1 — x3))(%),
(xa—x1)(t) = (=(x1—x2))(t), and (x3—x2)(t) = (=(x2—x3))(t), however, these roots are not
positive. We can see that the only positive roots we need to generate other roots are x1 — x2
and x2 — x3. Assuming that these are the only roots in /, we will have that x1 — x2 and x2 — x3

are the simple roots of SL(3, Q).
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Claim 84. SL(3,Q) is of type As. i.e. the Dynkin diagram of SL(3,Q) is o

Proof. We must first prove that

{x1—x2,—(x1 —x2)sx2 —x3,—(x2 — x3), x1 — x3. —(x1 — x3)} =

and

{x1i—x2,x2—x3}=A

Then we must compute the value of the Cartan integers.

Observe that T is obviously normalized in G not only by itself, but also by matrices per-
muting the entries in the diagonal. One may show via some very tedious matrix computations
that these are the only matrices normalizing T in G, so by definition W = Ng(T')/T = S3. The

order of Sj is 6, this implies that there are 6 Weyl chambers. Note the following lemma:

Lemma 85. Given an n-dimensional affine k-space A} with chark = 0, a non-zero element
v € A}, and a hyperplane 7, we have that v is orthogonal to v if and only if cv is orthogonal to

~ for every ¢ € k\ {0}.

In particular, this lemma implies that the hyperplane H., = H_,, for 1 < ¢ < 3. Further-
more, each of these hyperplanes must be distinct. Now since the dimension of T' is 2, we know
that X is a rank 2 Z—module by proposition 73. By definition we are considering the Weyl

chambers (and hence the roots as well) as vectors in the space Xg := X ®z R. Since X is a
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finitely generated rank 2 torsion free Z-module and tensor commutes with direct products we
have that

XR2=X®Z]R2(ZXZ)@ZRQZ@ZRXZ@ZRQRXR

In this particular case we can see that a hyperplane is just a linear subspace of R?, that is,
a line. If we were to have an additional non-trivial element e4 € 4/, then we would have an
additional distinct hyperplane H., which would inevitably give us 8 Weyl chambers, rather
than 6. So it must be the case that the roots are given as above and thus our choice of A is
legitimate.

Since the Weyl group acts transitively by reflection on each Weyl chamber, each Weyl
chamber must be symmetric with all the others, that is the angle between each hyperplane

(line) is equal. Now, in order to satisfy that < ej,es >=< eg,e7 >< 0 we must have that the
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angle between the vectors e; and eg is greater that 7/2. So up to some rotation we have this

figure,
He
1
e, e,=e +e,
H
CZ
- €
Z No
~ P
He3
e = —e
e,=—(e,+e)) 2

Since the angle between e; and ey is 27/3 we have that

. 2<epep> 2|€1||€2|_71 ~ —|es]

©1,02 <ej, el > le1|? lea
and also that

. _2<ea> 2esllerl 5t~ —e

T <egea > Jeal2 eg]

Note that ce,e, = Ce, ¢, are negative integers, and |v| > 0 for any v € R?. Thus

—ler|  —lea|

= = |ei]’ =|e3| <= le1| = ez
|ez] le1]
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This implies that ce,e; = Ceye, = —1. Following our algorithm for generating the Dynkin

diagram, we have that SL(3,Q) is described by an Ay diagram. O
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1.6 Classification of Semi-simple groups

If G is an algebraic group and R its radical, then G/R is semi-simple. So to complete the

classification of algebraic groups we need the following:

1. Classify all semi-simple groups.;
2. Classify all R, i.e., all solvable groups;

3. Determine how to “glue” a semi-simple group G and a solvable group R to construct all

algebraic groups.

The first step is the classification of semi-simple groups—which is the focus of this section. We
have introduced many if the ideas needed to consider the two other steps, but the details are
beyond the scope of this work.

Unless indicated otherwise G' and G’ will be semi-simple algebraic groups with maximal tori
T and T’, character modules X and X’ with root systems (with respect to 7' and T7") / and
/" and fundamental systems A and A’. We begin the reduced classification problem by noting
the following.

If ¢ : G — G’ is an isogeny, then ¢ induces a one-to-correspondence between the sets of

closed and connected subgroups of G and G’ given by

H — ¢(H), and H' +— (¢~ *(H))°

where (¢~1(H))" denotes the connected component of the identity in ¢~!(H). In particular

this induces a one-to-one correspondence between the sets of maximal tori in G and G'. So
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let T be a maximal torus in G. The restriction of ¢ to 7" must then be an isogeny of T to
T', and by Proposition 26 this induces an injection ‘¢|r : X’ — X which has finite cokernal.
Denote '¢|r as ‘¢. For each a € 1/, € \/' let z, and x,/ denote the isomorphisms of G, to

the subgroups P, and P, defined in the definition of a root. Then

tra(Mt™! = za(a(t)n) = 6(t)(¢ 0 xa) Md(t™") = (¢ 0 2a)(alt)n)

for t € T,n € G,. In particular ¢(P,) is a one dimensional unipotent subgroup of G’ which is
invariant under 7", so for some o’ € /' we have that ¢(P,) = P’,. Furthermore, after observing

the diagram

where 1 is the map making this diagram commute, we can see that ¢ is an isogeny. It
follows for any n € Gy that 1(n) = An%> where A\ € Q and ¢, is a power of the characteristic

exponent. Via a diagram chase we can then prove that

2 (o () At = xl, (Aa(t)dene

for all t € T,n € G,. We know that
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and so in additive notation

'6(a) = qacr
We may encode this data into the following definition
Definition 86. And injective homomorphism p : X('@ — X is called special if
e p(XYCX

e There exists a bijection f : \/ — v/ so that (po f)(a) = ga(a) for every a € / with ¢,

denoting a power of the characteristic exponent.

To summarize, we have proven that the injective homomorphism ‘¢ : X’ — X which is
induced by an isogeny ¢ : G — G’ is special. In particular we note that ¢ is an isomorphism if
and only if ¢ is surjective. The converse of this result is known as the fundamental theorem of

Chevalley, which is true over an algebraically closed field.

Theorem 87. (The Fundamental Theorem of Chevalley)

Let G,G’ be connected semi-simple algebraic groups with mazimal tori T,T' and X, X’
character modules of T,T". If there exists a special injective homomorphism p : X' — X then
there exists an isogeny ¢/G — G' so that ¢/k and ‘¢ = p. Furthermore, ¢ is unique up to

inner automorphism given by T € T

Theorem 88. (Ezistence Theorem of Chevalley)
Let ko be any prime field. If X is a free module of finite rank, and \/ a root system in X,

then there exists a connected semi-simple algebraic group G, defined over ko having (X,+/) as
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its root system with respect to some maximal torus T of G. Furthermore, we may take T to be

ko trivial.

Definition 89. An algebraic group satifying the Existence Theorem of Chevalley is called a

Chevalley group

In particular, Theorem 87 gives that any Chevalley group G is uniquely determined by only
its character module X and its root system /. Thus we denote a Chevalley group by G(X,+/).

Chevalley’s theorems can also be used to further reduce our classification problem to the
case where we only consider irreducible root systems in the following manner.

If we assume that \/ = /; U/, U--- U4/, is a decomposition into mutually orthogonal
irreducible subsets then the injection (®X;,Uy/;) — (X,/) is special and thus G(X,+/) is
isogeneous to [[ G(X;,/;). Now if v/, C y/ is a closed subsystem, then denote by G(y/;) the
closed subgroup of G(X, /) generated by {P,|a € v/,}. It follows that G(v/,) is a connected
semi-simple algebraic subgroup, and restricting the previous isogeny to to G(v/;) gives an isogeny
from G(v/;) to G(Xj,+/;). Therefore, the classification reduces to the case where / is irreducible.

Thus we give the following definitions:

Definition 90. An algebraic group G is called k—simple if G is defined over k, is semi-simple,
and every connected normal subgroup is either trivial or the whole of G. Furthermore, G is

called absolutely simple if G has an irreducible root system.

Concerning the field of definition, the following proposition modifies Theorem 88.
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Proposition 91. Let G(X,/) and G(X',+/") be Chevalley groups defined over the prime field
ko with mazimal tori T, T' which are split over kqy. If there exists a special injection p: X' — X
then there exists an isogeny ¢ : G(X,\/) — G(X',/) so that ‘¢ = p. Furthermore ¢ can be

taken to be defined over k.

We now can see an outline of how the classification of connected semi-simple algebraic
groups over a perfect ground field k£ reduces to the problem of classifying absolutely simple
algebraic groups defined over a finite extension K/k.

Assume G is a connected semi-simple algebraic group. Chevalleys theorems give that
G is isomorphic to a Chevalley group G(X,+/) by a isomorphism defined over k. We may
reduce to the case where G is simply connected. So assume that G is k—isomorphic to the
product [[ G(y/;) which are all connected, simple, and defined over k. Note that taking I'" =
{0 € T|G(V/,)” = G;} defines an extension K;/k which is the fixed field of I'*. Since G(v/,) are
defined over a finite extension of k we have that K;/k is finite. Now set d = [K] : k] and let
{01, ,04} be the set of coset representatives of % be chosen with o as the identity. The set
{GT*,---,G{"} is the set of I'-conjugates of G, and each of these groups must be a factor of
G since T’ permutes direct factors of G;. Thus we have that G must be isomorphic over k to
H?Zl G7' x G'. Additionally the factor Hg:1 G7' is invariant under I' so it must be defined over
k. In fact, G is k—isomorphic to RKl/k(Gl) x G'. Repeating this argument with G’ replacing G

we will have that G is isomorphic to Ry, /1(G1) x R, /5(G7) x - --. This implies the following.

Proposition 92. G is k—simple if and only if G = Ry, ;1,(G1) where G1/K1 and Gy is ab-

solutely simple. Therefore, the classification of a connected algebraic groups G reduces to the
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classification of k—simple groups, but this reduces to the classification of absolutely simple groups
defined over K, with K/k a finite extension. In other words—we have completed step 1. of our
classification of algebraic groups and would need to look toward steps 2. and 3. to complete the

classification of algebraic groups.
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a summer workshop in mathematics designed to provide sup-
plementary mathematical exposure for students.

Guest Graduate Mentor, 2018  Meeting  of
MATh.en.JEANS in Chicago, Facilitated the presenta-
tion and provided feedback for student projects. All
presentations were conducted in French.

Emerging Scholars Program Discussion Moderator,
University of Illinois at Chicago, Generated content for and
guided learning sessions covering advanced material which
utilize a cooperative learning methodology..
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2016—present

2015

2013-2014

May 2016

Teaching Assistant, University of Illinois at Chicago, Facil-
itated discussion sections for college math classes, including
calculus, in addition to holding office hours in the mathematics
department’s tutoring center.

Undergraduate Math Tutor, University of Illinois at
Chicago.

Assisted undergraduate students at the tutoring center of the de-
partment of mathematics at University of Illinois at Chicago in
a wide variety of topics, including geometry, statistics, probabil-
ity, trigonometry, single and multi-variable calculus, differential
equations, and linear algebra.

Undergraduate Math Tutor, Joliet Junior College.

Assisted students coming to the walk-in tutoring center at Joliet
Junior College in a wide variety of topics, including geometry,
trigonometry, single and multi-variable calculus, differential equa-
tions, and linear algebra.

Workshops and Conferences Attended
Undergraduate Algebraic Geometry, University of Utah.
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