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SUMMARY

Within a finite element context, the embedded strong discontinuity approach for strain localiza-

tion has been used extensively to model localized deformation and fracture in geomaterials. As

a fracture propagates, any changes in orientation will inhibit sliding and force the surfaces, in

some locations, to open. Some previous models feature only a single sliding degree of freedom.

As the surfaces slip in such models, an artificial hardening occurs, creating a geometric locking

effect. To this end, we implement a formulation, which, in addition to sliding, possesses an open-

ing degree of freedom. We develop a traction-separation model that allows for coupled opening

and shearing displacement in tension, as well as frictional sliding in compression. This thesis

compares the single degree of freedom formulation with the model containing both degrees of

freedom. We show that the locking effect is alleviated. In addition, a combined implicit-explicit

integration scheme for increasing the robustness of softening problems is featured.

Additionally, a new method for embedding predefined interfaces within an arbitrary finite el-

ement mesh is proposed and demonstrated. The algorithm for generating these predefined

surfaces is detailed and subsequently applied to masonry structures composed of earthen ma-

terials to demonstrate its efficacy. Within a given finite element, the initiation of fracture or

slippage may occur simultaneously along a predefined interface and in the bulk of the element.

In order to determine which surface is critical, we feature a criteria which aids in determining

the correct surface upon which all further slippage due to fracture will occur. This interface

xvii



SUMMARY (Continued)

method is cast in the framework of an enhanced strain finite element which is capable of cap-

turing softening along an embedded strong discontinuity [1, 2].

The aforementioned methods comprise a framework for simulating fracture problems in earthen

structures and materials. The end goal is to gain further insight into their various failure

mechanisms.
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CHAPTER 1

INTRODUCTION

1.1 Background and motivation

In our present day, as global awareness about energy conservation and the reduction of envi-

ronmental waste and pollution is steadily growing, some are seeking to borrow from and adopt

building techniques which are currently being used in developing nations. About a third of

the world uses some type of earthen-based material to construct buildings. These structural

materials possess several attractive characteristics such as low embodied energy, high thermal

mass, low cost, local availability of materials, and recyclability. The earthen materials which

are a focus of this study are commonly composed of sand, gravel, clay and a minimal amount

of cement. Bricks intended for masonry usage composed of these materials are usually man-

ufactured with the use of a mechanical press. Remarkably, the strength of earthen bricks is

comparable to that of some fired brick. The mortar is of a similar composition and, in contrast

to traditional masonry practices in the West, it may be of comparable or higher strength than

that of the brick. The differing Poissons’ ratio of the materials may also significantly affect the

overall strength of the masonry constructed from these materials. Reddy and coworkers shed

light on this [3] revealing that the Poissons’ ratio of the brick and mortar will significantly affect

the lateral stresses experienced and overall compressive strength in a given masonry unit. Some

1
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other studies which have investigated the properties and performance of these earthen blocks

can be found in these relevant publications [4–11]

In addition to earthen blocks, structures made from rammed earth are also viable habitation

structures. Rammed earth is similar in composition to earthen bricks, however the compaction

process occurs on a physically larger scale and with the use of forms. Again, structures made

from these materials are ubiquitous in developing nations and have been studied extensively

from an experimental standpoint [12–17].

Masonry structures, under in-plane loading, exhibit failure mechanisms such as mortar joint

slippage, brick cracking and mortar joint splitting, and spalling within the middle plane [18].

Given these complex interactions, the finite element method (FEM) can aid in understanding

these materials’ mechanics on a fundamental level. Indeed, FEM has been used in a number of

innovative ways to study masonry structures. The doctoral thesis of Rots [19] focused on the

computational modeling of concrete fracture. This publication utilized the concept of the strong

discontinuity to model material failure within a finite element framework. He also developed an

interface model to take into account debonding and failure of composite material joints. Rots

later collaborated with Lourenco [20] and extended the interface concept, coupling it with an

inelastic constitutive model able to capture deformation and failure in masonry joints. Before

this, Lotfi and Shing [21] developed a novel constitutive model based on energy considerations

which captured inelastic material behavior of masonry within a finite element framework. They

collaborated again in 1994 to focus on an interface model to simulate the effects of masonry joint
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deformation. After this, a number of constitutive models focused on the interface technology

due to the critical nature of the joints [22–24].

A technique which has shown promise is homogenization ([25, 26]), which aims to solve macro-

scopic masonry problems in two stages: first a micro-mechanics problems is solved for the

material constituents and second, the macroscopic masonry problem is solved using a finite

element approach. Similarly, a multiscale damage model approach is featured by Massart and

coworkers [27]. Sacco [28] utilized homogenization and extended this work with Marfia [29]

to formulate a multiscale damage friction model to solve problems which featured periodic

masonry.

Another approach has been to focus structures which feature mortar that is much weaker in

strength than the brick and thus relegate their failure analysis exclusively to the brick-mortar

joints. Chaimoon and Attard [30] have investigated the behavior of unreinforced masonry walls

under shear and compressive loads using a formulation that focuses on inelasticity and failure

at the masonry joints. Additionally, they have applied their model to investigate masonry

under three-point bending loads. Reyes and coworkers have applied a cohesive zone model

with the use of embedded discontinuities to investigate the behavior of brick-masonry under

various loading conditions [31, 32]. Radulovic and Mosler used a similar embedded approach

and extended their study to three dimensional formulations [33]. Using a mesoscale approach,

Vandoreen and coworkers have compared the effects of using either weak discontinuities or

strong discontinuities in modeling the brick-mortar interfaces [34]. More recently, Minaie and
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coworkers [35] incorporated non-linear finite element analysis in their study of the response of

reinforced shear walls under bi-directional loading.

However, for earthen structural materials, the literature is somewhat sparse. Though there

is, nonetheless, a growing body of research investigating the behavior of both earthen blocks

and rammed earth. Notably, Vyas and Reddy [36] employed FEM in order to predict the

compressive strength of solid block masonry. Akbarzade and Tasnimi investigated the inelastic

behavior of masonry built from materials similar to compressed earth blocks [37]. Srisanthi and

coworkers utilized a three-dimensional model in order to study earthquake effects on masonry

comprised of earthen blocks [38]. In recent years, a number of studies have investigated the

behavior of rammed earth using FEM [39–42].

1.2 Enhanced Finite Element Formulation for Failure

Material softening is a complex phenomenon that has been approached in a number of ways

over the years, from both a continuum mechanics and computational standpoint. The strat-

egy taken in this study, which builds upon [43] and [44], is predicated upon the detection of

narrow bands of localized strain. With a focus on finite element implementation of localiza-

tion theory, Simo and coworkers [1] coupled the Assumed Enhanced Strain (AES) method with

the Strong Discontinuity Approach (SDA) to solve boundary value problems which focused on

capturing material softening. Oliver and coworkers developed a formulation which sought to

make a smooth transition from intact continuum to damaged material [45]. In a comparative

study, Jirasek categorized several general formulations of the embedded discontinuity method.
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Later, he and Belytschko compared the aforementioned method with the extended finite ele-

ment method (XFEM). Extended and Generalized Finite Elements have received significant in

modeling fracture [46–51]. The observation was that though the embedded method suffered

from robustness issues (which would later find remedy in [52]) it remained an attractive choice

due to the fact that the nodes arising from a discontinuity band can be condensed out on the

element level. This is a contrast to XFEM which introduces extra nodal degrees of freedom to

the global stiffness matrix. Since this field possesses such an adequate base of knowledge, the

SDA coupled with AES method is chosen model the softening behavior of the masonry mate-

rials featured in this study. This thesis closely follows the particular embedded discontinuity

formulation found in [53–58].

1.3 Constitutive model for capturing fracture

A vast array of techniques suited for capturing localized material softening has been proposed in

the literature. Various formulations arising from the cohesive zone model (CZM) methodology

have been a popular choice for some time. This method was developed to resolve the prevalence

of singularities that arise in linear elastic fracture mechanics theory. Additionally, the method

is able to model non-linear behavior, which is inherent in fracture-based problems. Initial work

in this area was undertaken by Dugdale [59], who devised a cohesive zone formulation to model

brittle materials. Shortly after Barenblatt [60] applied similar concepts to capturing inelastic

deformation as well as the onset of yielding at crack tips. Later, many novel innovations,

used to solve a wide range of failure and fracture-related problems, followed as summarized
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and remarked upon in [61]. The model used in this thesis was developed by the author and

coworkers in [62]. It focuses on capturing fracture in two regimes, compression and tension. For

a discontinuity surface in tension, the normal and tensile tractions are governed by an elliptical

interaction which is augmented by a parameter that takes into account the energy release rate

of the material. In compression, a Mohr-Coulomb approach is taken in that the shear traction

is balanced against the force of friction and cohesion. This model is suited for geomaterials

which may experience intense shear deformation as well as tensile effects.

1.4 Predefined Interfaces

An integral part of studying masonry structures is the incorporation of interface technology

which can accurately capture the various effects of masonry joints on the macroscopic assem-

blage. Allix and Corigliano [63] introduced a computational model and scheme for simulating

debonding and damage between the interfaces of composite materials. Mroz and Giambanco

[64] developed an interface constitutive model which takes into account effects due to asperities

between surfaces as well as dilatancy within joints, including rock and masonry joints. Alfano

and Crisfield, starting with delamination problems [24], eventually extended this work with in-

terface elements, with the addition of a friction formulation, to masonry as well [65]. Camanho

used a three-dimensional formulation which featured zero-width interface volume elements to

study delamination in composites [66, 67]. In more recent work, De Lorenzis [68] investigated the

affects of interfaces on the structural integrity of composite materials, particularly macroscopic

characteristics such as strength, ductility and stiffness. This found applications in masonry
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arches and debonding between fiber reinforced laminates. Shieh-Beygi and Pietruszczak [69]

note that past masonry modeling approaches, which featured continuum elements in the ma-

sonry units and interface elements in the masonry joints, were deficient in that they could not

accurately capture the interaction of the various masonry constituents.

The interface model presented in this thesis features predefined weak planes as masonry joints,

these interfaces are embedded within bulk elements which are susceptible to inelastic effects

as well as damage. This interface technology is based off of the work of Foster and coworkers

[57], who presented preliminary examples utilizing interfaces by way of a novel edge-finding

algorithm. These interfaces are treated as embedded discontinuities and thus their degrees of

freedom can be condensed out of the global stiffness matrix, thereby increasing computational

efficiency. They are also given their own unique materials properties such as friction angle,

cohesion, characteristic slip length as well as a parameter based on the energy release rate of

the material in question.

1.5 Structure of this dissertation

The remainder of this dissertation is structured as follows: Chapter 2 details the kinematics

of strong discontinuities and briefly explains the method for ascertaining the inception and

orientation of a given failure surface. Additionally, the post-localization constitutive model

is explained in detail. This chapter also features a modified version of the method found in

[52] which was developed to enhance the robustness of boundary value problems modeled with

the embedded discontinuity method. Lastly, examples which showcase the post localization
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constitutive model are shown and compared against a previous formulation which featured on

a sliding degree of freedom.

Chapter 3 focuses on the interface technology used to model material preexisting weak planes

in structural assemblages. We detail the algorithm which is used to propagate these interfaces

as well as the yield criteria and subsequent constitutive model used once a surface is activated.

This is followed by examples of periodic-structured masonry assemblages which show diffuse

failure through the brick or bulk as well as along the interfaces.

Chapter 4 showcases the application of the traction-separation model, preexisting interface

technology, and a plasticity model suited for geomaterials to a simulation involving a laterally

loaded rammed earth structure.

Chapter 5 details the conclusions drawn from this work and discusses relevant topics to explore

in the future.



CHAPTER 2

A COMBINED OPENING-SLIDING FORMULATION FOR USE IN

MODELING GEOMATERIAL DEFORMATION AND FRACTURE

PATTERNS

2.1 Introduction

The numerical modeling of geomaterials, particularly in the context of finite element analysis,

has a wide and varied base of research behind it. As part of these developments over the past

two decades, embedded discontinuities have been investigated for use in numerical models which

seek to capture failure due to localized softening. The concept of a so-called weak discontinuity

was developed in order to capture narrow shear bands of deformation within materials [70, 71].

Shear bands were first described in metals by Tresca [72]. Later, this nomenclature was adopted

by the geomechanics community in order to describe similar phenomenon seen in soil and

rock-like materials. Subsequently, numerical models were developed in order to replicate this

behavior in simulations. Precipitated from this line of research was the strong discontinuity

approximation. When the width of the discontinuity is small compared to that of the overall

structure the weak discontinuity may be simplified by reducing it to zero width. Simo and

co-workers showed in seminal reports [1, 73] that the post-localization softening modulus of the

material as well as the plastic multiplier necessarily take on a distributional representation. In

9
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addition to this representation, they introduced a re-parametrized displacement and strain field

which is suited for capturing both measures of deformation within a finite element context.

The model presented in this chapter is an extension of the Mohr-Coulomb slip model for geolog-

ical materials in [53, 54, 56, 57, 74]. The main contribution of this chapter is the introduction of

a post-localization constitutive model allowing for slip in directions both tangential and normal

to a given discontinuity band. The impetus for this is two-fold. In reality, as geomaterials

begin to localize and subsequently fail in either the compressive or tensile regime, material may

not only slide but also, noticeable movement in the direction normal to the failure surface is

observed. Even for far-field compression, the development of a model which takes into account

the interaction of both compressive and tensile traction is in order.

Carol et al. [75] developed a hyperbolic yield surface in order to capture the effect of tension

and a linear one for the purely compressive regime. This model was later adopted by Galvez,

et al. [? ] for the purposes of simulating material failure in masonry structures. The model

in this chapter is similar to that of Carol and Galvez in that it captures the aforementioned

deformation regimes. Camacho and Ortiz [76] developed a model which features an elliptical

interaction between the shear and normal tractions on a given deformation band. In this model,

a material parameter is employed to control the contribution of the shear traction on the surface,

a feature which is later used in [77]. In a similar a vein, we develop a model which features

elliptical interactions between both the tractions and displacements (normal and tangential to

the surface cf. [78]), based on the material’s strain energy release rate.
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Secondly, in [57] simulations yielded results which revealed that a model only incorporating

a single, sliding degree of freedom gave rise to geometric locking which was mesh-dependent.

Specifically, this effect arose due to the model’s inability to accurately capture opening dis-

placements. From this observation, the conjecture was that remedies such as rotating or extra

degrees of freedom [2, 79] would alleviate geometric locking. The authors in this chapter took

the latter approach by developing a constitutive model which features both opening and sliding

degrees of freedom on the discontinuity surface. When the band is in compression, it is only

subject to deformation tangential to its surface. Hence, friction and cohesion forces impede

sliding on the localization band. However, when tension is present the band experiences a com-

bination of opening normal to the surface in addition to the aforementioned tangential sliding,

albeit without friction. We show that such a model presents a more realistic depiction of the

mechanics of softening behavior within soil-based materials. Through several benchmark exam-

ples, this chapter shows that the currently proposed constitutive model alleviates the spurious

geometric locking effect seen in [57].

In this particular study, we focus on a damage-like formulation which assumes elastic unloading

toward the origin in the spirit of (localized) damage mechanics, and the tradition of cohesive

zone formulations. For simplicity, we will consider a constant friction coefficient. However,

this is not a requirement. By ramping up the friction coefficient as the cohesion degrades, we

can recreate the simplified slip weakening formulation as described in Borja and Foster [56].

Variable friction as detailed in [80] and [57] can also be implemented.
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Softening problems within the strong discontinuity framework are well known to have robust-

ness and stability issues [81? , 82]. To this end, we incorporate a combined implicit-explicit

integration method (Impl-Ex), modified from a scheme devised by Oliver and co-workers [52],

which renders the local stiffness matrices associated with softened elements positive definite.

We show that this allows problems with complex geometries to converge, whereas using a fully

implicit integration scheme does not.

The remainder of the chapter is structured as follows: Section 2 gives a general overview of

strong discontinuity kinematics in the context of small strain. Additionally, in this section, the

localization criterion, which indicates the onset of the formation of a strong discontinuity, is

given a brief review. Section 3 briefly discusses some fundamental aspects of an enhanced strain

finite element. The constitutive model for slip weakening within a localized element is described

in Section 4. The numerical implementation of the model is given in Section 5. Section 6 shows

the derivation of the stiffness formulation. Numerical examples and closing remarks conclude

the chapter.

2.2 Kinematics

2.2.1 Continuum Equations

Here we describe the kinematical relationship between continuous and discontinuous displace-

ments within an arbitrary continuously smooth volume (Figure 1). Note that for the purposes

of this study, our analysis is relegated to the realm of infinitesimal strains. The continuous dis-

placements are distributed throughout the volume while the discontinuous displacements are
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contained on the discontinuity surface S. The total displacement field in the body is given by

the form:

Figure 1: Arbitrary volume with embedded strong discontinuity surface

u := ū+ [[u]]HS (x) (2.2.1)

where ū is the vector of continuous displacements and [[u]] designates the vector of displacements

along the strong discontinuity. This vector takes the form:

[[u]] = ζ = ζsl+ ζnn (2.2.2)
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Where l and n are unit vectors which are tangential and normal to the discontinuity surface,

respectively.

HS (x) is the standard Heaviside function across the discontinuity surface S defined by the

conditions

HS (x) =


1 if x ∈ Ω+

0 if x ∈ Ω−
(2.2.3)

The strain tensor is found by taking the symmetric part of the gradient of the displacement

vector:

ε := ∇su = ∇sū+∇s [[u]]HS + ([[u]]⊗ n)s δS (2.2.4)

where ∇HS = nδS . The physical meaning of the last term is that the strain is unbounded on

the discontinuity surface S.

For the purposes of this study, the jump magnitude is considered to be spatially invariant

(piece-wise continuous across the elements). Thus the second term is omitted from the equation,

leaving the final form of
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ε := ∇su = ∇sū+ ([[u]]⊗ n)s δS (2.2.5)

2.2.2 Localization Condition

In this section, the procedure that is used to detect the onset of strain localization is outlined.

Hill [83] investigated the physics of wave propagation in solids in order to determine the onset

of inelastic behavior therein. Rudnicki and Rice, in [84], built off of this work introducing a

mathematical framework for detecting shear band localization. Since then, bifurcation theory

has been widely used to determine the onset of softening behavior of various geomaterials.

To begin, we posit that at any given time, the traction rate along the discontinuity surface must

be continuous. Using a general non-associative plasticity model, i.e., where F is an arbitrary

yield function and G is a plastic potential, the traction rate is written as

ṫ = σ̇ · n = n · ce :

(
ε̇− λ̇∂G

∂σ

)
(2.2.6)

Where ce is the elastic modulus tensor and λ̇ is the rate of the plastic multiplier.

From [55] λ̇ = λ̇δδS
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where λ̇δ = 1
χ
∂G
∂σ : ce : ([[u̇]]⊗ n)S and χ = ∂F

∂σ : ce : ∂G
∂σ

Substituting this into (2.7) yields

ṫ = n · ce : ∇S ˙̄u︸ ︷︷ ︸
˙̄t

+ cep : ([[u̇]]⊗ n)S︸ ︷︷ ︸
ṫδ

δS (2.2.7)

where the term cep = ce − 1
χc

e : ∂G
∂σ ⊗

∂F
∂σ : ce is the elastic-perfectly plastic tangent modulus.

In order for the traction to be bounded, the discontinuous part must vanish, hence

ṫδ = n · cep : ([[u̇]]⊗ n)s = 0

Noting that [[u̇]] = ζ̇m, this expression can be re-written as

(n · cep · n) ·m = A ·m = 0 (2.2.8)

where m is the slip direction on the discontinuity surface and A is the elastic-perfectly plastic

acoustic tensor.

This quantity is zero only when A becomes singular, that is, when det (A) = 0.
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Eq. ?? can be solved iteratively, as detailed in [43] and [85], in order to determine the direction

of the jump, m, along the discontinuity.

2.3 Finite Element Implementation

2.3.1 Re-parameterization of displacement field

Here, we use the parametrized form of the displacement introduced by Simo and co-workers [1].

Within a standard Assumed Enhanced Strain (AES) framework, the displacement field is re-

cast such that the continuous part conforms to the standard finite element formulation and the

discontinuous part is considered as an additional enhancement to the displacement field. Hence,

uh = uh,conf + uh,enh (2.3.1a)

uh = ûh +
[[
uh
]]
Mh
S (x) (2.3.1b)

where Mh
S (x) = HS − fh. Hence,

uh =
(
ūh +

[[
uh
]]
fh
)

+
[[
uh
]] (

HS − fh
)

(2.3.1c)
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Figure 2: An undeformed CST element.

Figure 3: The previously undeformed element which has now undergone an arbitrary displace-
ment (ū).

The term, fh, is an arbitrary smooth function which, on a given element with a discontinuity,

meets the criteria

fh =


1 if en ∈ Ω+

0 if en ∈ Ω−
(2.3.2)
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Figure 4: The total displacement within the element after experiencing a displacement jump
(u)

.

Figure 5: Using the re-parametrization technique, the final ‘conforming’ displacement of the
element (û)

.

and en is the element node number. For this study, fh takes the particular form of

fh =

nen∑
A=1

NAHS (xA) (2.3.3)
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where nen is the set of active nodes within a given element, i.e. nodes that are in Ω+. For each

element, the conforming displacement field is composed of the continuous nodal displacements

as well as the contribution of the displacements along the localization band. This part of the

displacement “conforms” to the standard finite element shape functions, hence

uh,conf =

nen∑
A=1

NAdA (2.3.4)

The strain tensor is obtained by taking the symmetric part of the gradient of the displacement

in Equation 2.3.1c yielding,

εh = Bd+
[
(ζ ⊗ n)s δS −

(
ζ ⊗∇fh

)s]
(2.3.5)

= εh,conf + εh,enh.

In terms of recovering the finite element stress, it is convenient to denote the strain in terms of

a regular or continuous part and a singular or jump part:

εh = Bd−
(
ζ ⊗∇fh

)s
︸ ︷︷ ︸

regular

+ (ζ ⊗ n)s δS︸ ︷︷ ︸
singular

(2.3.6)
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as shown in [55], the finite element stress for localized elements is derived from the regular part

of the strain, hence

σ̇h = ce : ε̇h,reg (2.3.7)

2.4 Post-localization Constitutive Model

2.4.1 Yield Criteria

Once localization has been detected and the orientation of the critical surface determined,

the mechanics of the softening behavior on the surface must be defined. There are several

ways to approach this model. Oliver [86] has shown that the continuum model can be used

to induce a localized model. The great advantages of this approach are that a smooth and

consistent transition from continuum to localized response is assured, and the material response

is consistent with experimental data. However, it may also be argued that the mechanics of the

localized material differ from the bulk continuum response since this is a separate mechanism.

In this case, a separate constitutive model must be introduced for the localized behavior. The

form of that model is the subject of this section.

The initial cohesion on the surface is determined to be consistent with the stress state at

localization. The yield strength in pure tension may be different, and thus is assumed to

differ by a constant factor of ασ. The constant, ασ can be thought of as the reciprocal of the

parameter β, which is described as a shear stress factor in Camacho and Ortiz [76]. Similarly,
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Alfaiate et al. [87] uses a parameter which controls the contribution of the shear jump on

the deformation band. These parameters were likely motivated by the nature of the boundary

value problems (BVP) that were being solved, namely fractures within brittle materials under

tension. Though mixed-mode behavior is observed in experiments where tensile forces are

present, eventually Mode I or opening fractures often dominate the deformation and subsequent

fracture of the material. Therefore, in order to fit experimental data well, it is prudent to

control the contribution of the shear traction or displacement present within the fracture zone.

In contrast, for geomaterials, normal stresses are usually, thought not always, compressive and

shear localization under compression is often observed. For BVPs of this nature, controlling

the normal traction contribution may aid in accurately fitting experimental data.

The yield function that we incorporate takes two forms. When compressive normal traction is

present on the band, the yield function takes the form of a Mohr-Coulomb law (Equation 2.4.1).

In the case of tensile normal traction, the interaction between the shear and normal traction is

assumed to be elliptical (Equation 2.4.2).

Φcompression = 0 = |τ − c · sign (ζs) | − f (2.4.1)

Φtension = 0 =

√
(τ)2 + (ασ 〈σ〉)2 − c (2.4.2)
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where σ = n · σ · n is the normal traction, τ = l · σ · n the shear traction on the deformation

band. ζs is the amount of slip in the direction parallel to the deformation band and c is the

cohesion. 〈·〉 are the Macaulay brackets [〈x〉 = (x+ |x|) /2], signifying the positive part of the

quantity. Hence in compression, the normal traction only influences the yield function in the

frictional traction f = µ 〈−σ〉. For this study, we use a static coefficient of friction, though a

variable coefficient, as in [56, 57], can be used.

Figure 6: Normal and shear traction interaction on yield surface

2.4.2 Tensile Regime

In tension, the friction force is absent, therefore according to Eq. Equation 2.4.2 the equivalent

stress on the band is
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σeq = c =

√
τ2 + (ασσ)2 (2.4.3)

We relate the stiffness parameter, ks, to the traction on the band

√
τ2 + (ασσ)2 = c

... = c0

(
1− ζeq

ζ∗

)
... = c0

(
1− ζeq

ζ∗

)
ζeq
ζeq

... = c0

(
1

ζeq
− 1

ζ∗

)
ζeq

σeq = ksζeq

(2.4.4)

where ζeq =
√
ζs

2 + (αζζn)2. The material parameter, αζ , signifies the differing weights of the

opening and shear displacements.

We now postulate two balance laws which relate the tractions and displacements both normal

and tangential to the deformation band:

ασσ = ksαζζn (2.4.5)

τ = ksζs. (2.4.6)

Eq. Equation 2.4.5 can also be written as
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σ =
αζ
ασ
ksζn

= knζn

(2.4.7)

where kn represents the stiffness in the direction of the normal traction on the band. If we

rewrite this stiffness parameter, solving for ασ, we have ασ =
αζ
kn
ks. This is substituted into

Eq. Equation 2.4.3 giving

σeq =

√
τ2 +

(
αζks
kn

σ

)2

.

Further, substituting the forms in the traction-displacement balance laws in Eqs. Equation 2.4.5

and Equation 2.4.6 yields

σeq =

√
(ksζs)

2 + (αζksζn)2

= ks

√
ζ2
s + (αζζn)2

= ksζeq

which recovers Eq. Equation 2.4.4, verifying the coupled nature of the tractions and displace-

ments on the deformation band.
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Figure 7: For a deformation band experiencing tension, the slip degrees of freedom are coupled
with the tractions.

2.4.2.1 Determining the parameters ασ and αζ

These parameters are related to one another vis à vis the fracture energy in each of the respec-

tive fracture modes. The specific fracture energy for Mode I (opening) and Mode II (sliding)

(Figure 8) is simply the area under the respective curves (cf. [88]). Therefore

GI =
1

2

ζ∗

αζ

c

ασ
(2.4.8)

GII =
1

2
ζ∗c (2.4.9)

The fracture energy is related to the stress intensity factor, K, through the equation
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Figure 8: The fracture energy for opening and sliding fractures

G =
K2

E
(1− ν2) (2.4.10)

which is valid for plane strain.

Hence, the ratio of the corresponding stress intensity factors is

(
KII

KI

)2

=
GII
GI

= αζ · ασ (2.4.11)
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There are many solutions to Eq. Equation 2.4.11, however in this study, we choose the solutions

in which αζ = ασ. In [89], the empirical value for the ratio
KII

KI
varies between 1.13, which

corresponds to softer marble, and 2.19, for limestone. In this study, we simply choose αζ =

ασ ≈ 2.0. In a future study that will feature the combination of this model and the plasticity

model detailed in [90], we choose a value closer to that of limestone (which is ≈ 2.14), for

that will be the particular material of interest. It is worth noting that authors in [76] derived

αζ = 1/ασ on energy considerations. However, this creates equal fracture energy in Mode I and

II, which is not observed in many materials.

2.4.3 Compressive Formulation

The cohesive formulation is exactly the same as in the tensile case. However, the normal effects

on σeq are neglected. In other words, under compression σeq = τ . In addition to this, the

normal displacement on the band is assumed to be zero. Hence, τ = ksζs.

However, in addition to cohesive tractions, there is a friction force, defined earlier as f = µ 〈−σ〉.

Under compression, the frictional force acts independently of the displacement, and hence is

always active. The final form of the traction balance in this case may be written as

|τ − ksζs| ≤ f (2.4.12)

where strictly less than implies no motion on the band, and equality allows for slip.
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For many quasi-brittle materials, there is actually noticeable dilation along shear bands and

fracture interfaces due to the mismatch of rough surfaces, wear, and the resulting gouge material

[91]. However, this often small and is beyond the current scope of this work.

2.4.4 Cohesion Softening Formulation

The cohesive formulation we will use takes the form of a traction-displacement relationship,

common in the cohesive zone formulations such as [76, 92? ]. This formulation follows the

spirit of localized damage mechanics, so that the interface softens with increased displacement,

but unloads elastically. Reloading is also elastic until the previous displacement level is reached,

where damage continues (Figure 9). For our particular formulation, we use a linear form given

by the equation

c = c0

(
1− ζeq

ζ∗

)
(2.4.13)

where c is exactly the cohesion along the surface in standard Mohr-Coulomb criteria, c0 is the

initial cohesion at the time of localization, ζeq is the scalar value of the magnitude of the slip

on the band and ζ∗ is the slip distance until the cohesion completely degrades to zero.

In the literature, several other cohesion softening laws, particularly suited for brittle materials

such as concrete, are bilinear [93, 94], exponential [95, 96], and power-law based [97]. For
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geomaterials however, a linear model for cohesion degradation seems to fit experimental data

well [98, 99].

Figure 9: Cohesion softening law displaying different unloading-reloading curves at arbitrary
time steps n and n+1

The initial cohesion is determined to be consistent with the bulk stress state at the moment

of localization. In addition to linear softening we assume elastic unloading and reloading with

respect to the equivalent traction and displacement.

We define a parameter ζc = ζ∗ (c0 − c) /c0, which is the maximum equivalent slip magnitude

observed on the slip surface up to the current time. The parameter ks can be thought of as the



31

stiffness of the material and mathematically is defined as the slope of the unloading-reloading

curve at a given value of ζc. Therefore, ks = c/ζc. On this portion of the curve, we also assume

that the cohesion is frozen at its value which corresponds to ζc, thus the explicit form of ks is

given by

ks = c0

(
1− ζc

ζ∗

)
1

ζc

= c0

(
1

ζc
− 1

ζ∗

)
(2.4.14)

Further softening on the band can only occur when ζeq ≥ ζc.

Remark: The assumption that the cohesion is constant on the unloading-reloading portion of

the graph is a simplification but also one which is grounded in reality. One could imagine that,

under very small displacement values, as the crack moves back and forth, some material will

remain intact although it will stretch or elongate. From a soils perspective, it is quite possible

for clay material to undergo this process. For very small displacements, clay will deform but

the overall cohesive force of the soil will remain intact.

2.5 Numerical Implementation of Slip Model

The solution technique employed to solve the slip at the element level is a piecewise Newton-

Raphson iteration. This particular approach is well-suited for the proposed model due to the
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fact that the combined opening-sliding model is accompanied by a nonlinear solution. An

iterative scheme is also a good choice because it has the potential to capture a broader range

of constitutive models that may be the focus of future investigation.

Unfortunately, it is not always possible a priori to determine whether the band is in compression

or tension. This adds a non-smoothness to the equations that, in some cases, creates solution

difficulties.

To this end, the slip parameter is solved using two distinct subroutines. One subroutine handles

the case of positive normal traction on the band, thus solving for both opening and shear slip

parameters. If the band is in compression (hence, zero normal slip on the band), a subroutine

which solves solely for shear slip is utilized. If a change in the sign of the normal traction

is detected within a given subroutine, then a new slip value is interpolated and used as the

starting value in the appropriate subroutine. Doing this ensures that the Newton-Raphson is

settling on the correct solution, given the traction state on the band.

The two subroutines differ in terms of which traction balance equations are utilized. Namely,

when the band is in compression, only one equation is needed, which is the balance between

the shear traction, friction and cohesive forces. In this case, the shear slip is solved for via the

equation

Φ = 0 = |τ − ksζs| − f. (2.5.1)
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Even if the N-R successfully yields a converged slip value, it must be ensured that the normal

traction sign is negative (hence, the band is in compression) since it is possible for the band to

go into a state of tension. This simply indicates that the slip on the band should instead be

calculated using the combined opening-sliding formulation. In order to find the value of ζs at

the onset of tension (hence, when σ = ζn = 0.0) a standard linear interpolation is performed

using Equation 2.5.2. We then use these new values of ζn = 0.0 and ζs to initiate a N-R iteration

in the opening-sliding subroutine (Equation 2.5.3 and Equation 2.5.4). The three points used

for interpolation are as follows: (1)
(
σi, ζis

)
, signify the initial normal traction and slip values at

the beginning of the N-R iteration, (2) (σ = 0.0, ζs), the unknown value of ζs when the normal

traction is zero and finally (3)
(
σf , ζ

f
s

)
which are the spurious converged values of the positive

normal traction and the shear slip.

ζs = ζis − σi ·

(
ζfs − ζis
σf − σi

)
(2.5.2)

When the band is undergoing tension, the friction force is absent, and only the normal and shear

traction forces need to balanced. Thus the following set of balance equations is simultaneously

solved for the normal and shear slip values:
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Φ1 = 0 = σ − knζn (2.5.3)

Φ2 = 0 = τ − ksζs (2.5.4)

ζs = ζis − ζin ·

(
ζfs − ζis
ζfn − ζin

)
(2.5.5)

Again, after convergence, the normal traction sign must be checked. If it is negative (hence

the band should be in compression) then the normal slip, ζn, will also be negative, which is

of course a spurious value. In this case, a new value for ζs is calculated using Equation 2.5.5,

which is the value of the shear slip at the onset of compression (i.e., when σ = ζn = 0.0). After

this value is found, it is used as the initial start point for the N-R iteration in the sliding-only

formulation (Equation 2.5.1).

The solution procedure for either formulation follows a standard Newton-Raphson approach

given by

ζk+1
n+1 = ζkn+1 −

(
∂Φ

(
ζkn+1

)
∂ζkn+1

)−1

Φ
(
ζkn+1

)
(2.5.6)
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2.5.1 Slip Algorithm

The solution algorithm differs in form depending on whether the element is newly localized (in

which case Box 2.5.1 is used) or if slip has already begun on the band (Box 2.5.1).
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Box 1. Slip algorithm for a newly localized element.

Step 1 : Compute σtr
n+1 = σn + ce : ∆εconf

Step 2 : Check the traction on the band and enter the appropriate subroutine.

First, assume elastic unloading/reloading on the band, hence hold ks and kn

as constant and proceed to solve the balance equation(s).

If σ > 0 (tension) solve for ζn and ζs using equations

σ − knζn = 0

τ − ksζs = 0

Else (σ < 0, hence compression)

First, check for slip on the band:

If |τ − ksζs| < f

No slip on the band due to friction, exit with trial stress.

Else

Solve for ζs using: |τ − ksζs| − f = 0

After slip value(s) calculated in elastic unloading/reloading phase,

check:

If ζeq < ζc

It is confirmed that the band is either unloading or reloading.

Therefore, update σn+1 and set ζc,n+1 = ζc,n and exit.

Else

The band is in the softening phase. Recalculate the balance

equation(s) allowing ks and kn to vary as in Box 2.5.1.

Additionally, interpolate as needed if the traction sign changes.

Step 3 : Update ζn+1, ks,n+1, kn,n+1 and σn+1 then exit.
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Box 2. Slip algorithm for an element which has preexisting slip on the band.

Step 1 : Compute σtr
n+1 = σn + ce : ∆εconf

Step 2 : Check the traction on the band and enter the appropriate subroutine.

First, assume elastic unloading/reloading on the band, hence hold ks and kn

as constant and proceed to solve the balance equation(s).

If σ > 0 (tension) solve for ζn and ζs using equations

σ − knζn = 0

τ − ksζs = 0

Else (σ < 0, hence compression)

First, check for slip on the band:

If |τ − ksζs| < f

No slip on the band due to friction, exit with trial stress.

Else

Solve for ζs using: |τ − ksζs| − f = 0

After slip value(s) calculated in elastic unloading/reloading phase,

check:

If ζeq < ζc

It is confirmed that the band is either

unloading or reloading. Therefore, update

σn+1 and set ζc,n+1 = ζc,n and exit.

Else

The band is in the softening phase.

Recalculate the balance equation(s) allowing ks and kn

to vary as in Box 2.5.1. Additionally, interpolate as needed

if the traction sign changes.

Step 3 : Update ζn+1, ks,n+1, kn,n+1 and σn+1 then exit.
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2.6 Stiffness Matrix Formulation

For the strong discontinuity approach, the resulting stiffness matrix from this formulation,

assuming elastic unloading in the bulk material can be derived, following [57]. We begin with

two sets of equations that must be solved: the standard balance of linear momentum (here

taken to be quasi-static and small strain) and the traction balance on the localized deformation

band.

re =

∫
Ωe
Bt : σdΩ−

∫
Ωe
N tbdΩ−

∫
Γe
N ttdΓ = 0 (2.6.1)

Φ = 0 (2.6.2)

Taking variations on these, we arrive at

δre = Ke
ddδd

e +Ke
dζδζ

e (2.6.3)

δΦ = Ke
ζdδd

e +Ke
ζζδζ

e (2.6.4)

where Ke
dd is the standard element stiffness matrix, and the others can be shown to have the

following forms:
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Ke
dζ = −

∫
Ωe
Bt : ce :

∂ε

∂ζ
dΩ (2.6.5)

Ke
ζd =

∂Φ

∂d
=
∂Φ

∂σ
: ce : B (2.6.6)

Ke
ζζ =

∂Φ

∂ζ
(2.6.7)

The tensor B is the third-order, symmetric gradient of the nodal displacement interpolation

functions, commonly referred to as the strain-displacement tensor, i.e. Bijkdk = εij . The last

equation is convenient because it is identical to the tangent stiffness used in the local N-R for

determining the slip, and the same code can be reused. The other equations can be further

specified

∂εij
∂ζ

=
1

2


∂fh

∂xi
nj + ∂fh

∂xj
ni

∂fh

∂xi
lj + ∂fh

∂xj
li

 (2.6.8)

where ζ = 〈ζn ζs〉t.

Additionally,
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(
∂Φ

∂σ

)
ijk

=
∂Φi

∂σjk
(2.6.9)

∂Φ1

∂σ
= n⊗ n (2.6.10)

∂Φ2

∂σ
= (n⊗ l)s (2.6.11)

The equations for the sliding-only case are as follows

∂εij
∂ζs

=
1

2

(
∂fh

∂xi
lj +

∂fh

∂xj
li

)
(2.6.12)

and

∂Φ

∂σ
= (n⊗ l)s − sign (σ)µ (n⊗ n) (2.6.13)

For the quantities corresponding to ∂Φ
∂ζ

, refer to Appendix A.

The extra degrees of freedom may be condensed at the element level in the standard way,

resulting in the final element stiffness matrix

Ke = Ke
dd −Ke

dζK
e
ζζ

−1Ke
ζd (2.6.14)
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2.6.1 Enhancing Simulation Robustness

In a comparative study of several different embedded discontinuity formulations, Jirasek [81]

noted that even the most optimal enhanced finite element produces a global tangent stiffness

matrix which is ill-conditioned and thus difficult to invert. Later, Jirasek and Belytschko in

[100] compared the enhanced finite element method with the well-known extended finite ele-

ment method (XFEM). While both methods suffer from robustness issues arising from material

softening, the XFEM has fewer drawbacks than the embedded discontinuity formulation. How-

ever, in the latter framework, because of the more straight-forward implementation and the

fact that the added degrees of freedom within localized elements can be statically condensed

at the element level, considerable effort has been made to develop methods to circumvent the

aforementioned robustness issues.

Although there are several remedies outlined in the literature, affording varying levels of success,

a particular method which seems to be especially promising is an implicit-explicit integration

technique, Impl-Ex, devised by Oliver and co-workers [52]. This method employs an implicit

internal variable calculation at the end of the time step and on the subsequent time step, dur-

ing the global N-R iteration, these values are used in a semi-implicit calculation of the stresses.

The benefit of this method is that for the semi-implicit calculation a positive definite stiffness

matrix results which affords the simulation significant gains with regard to robustness.
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Impl-Ex Integration Method

For a given localized element, the internal variables such as plastic slip magnitude are calculated

implicitly at the end of the time step, after the convergent solution of the global displacements

is obtained. Typically, on the subsequent step during the global N-R iteration, the stress in

a localized element is calculated using, again, a fully implicit calculation. In contrast, for

the Impl-Ex method, the stress is calculated semi-implicitly, which means that the previously

obtained implicit values from the prior time step are used as either semi-implicit or explicit

values. The general form of the semi-implicit stress, which is recognizable as the standard

predictor-corrector form used in stress return plasticity algorithms, is given in Oliver by

σ̃n+1 = σn + ce : ∆εn+1 −∆λ̃n+1c
e :

∂g (σ̃n+1)

∂σ̃n+1
(2.6.15)

Using an explicit approximation of the plastic multiplier term we have

λ̃n+1 = λn +
∆tn+1

∆tn
∆λn (2.6.16)
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where

∆λn = λn − λn−1. (2.6.17)

λn is the value of the previous time step’s plastic multiplier; it is calculated implicitly after

convergence of the global N-R. Similarly, λn−1 is the implicit value from the nth minus one

time step. Thus, in the current time step that ∆λn is being used, it is an explicit value.

Taking the derivative of the semi-implicit stress with respect to the current strain, we obtain

the so-called effective algorithmic operator

Ceff
n+1 =

∂σ̃n+1

∂εn+1
=
(
I + ∆λ̃n+1c

e : Ãn+1

)−1
: ce (2.6.18)

Ãn+1 =
∂2g (σ̃n+1)

∂σ̃n+1 ⊗ σ̃n+1
(2.6.19)

(Refer to Appendix B for a derivation of the effective algorithmic operator.) In applying the

Impl-ex method to our particular formulation, the semi-implicit stress is calculated accordingly:
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σ̃n+1 = σn + ce : ∆εconf
n+1 − ce :

(
∆ζ̃n+1 ⊗∇fh

)s
(2.6.20)

where

ζ̃n+1 =

[(
ζn +

∆tn+1

∆tn
∆ζn

)
n+

(
ζs +

∆tn+1

∆tn
∆ζs

)
l

]
n+1

(2.6.21)

For the effective operator calculation, we need the explicit form of the plastic potential term.

If we define the direction of the slip on the deformation band as ζ̂, we have for the potential

∂g (σ̃n+1)

∂σ̃n+1
= ζ̂n+1 ⊗∇fhn+1 (2.6.22)

The explicit form is not necessary however, since ζ̂n+1⊗∇fhn+1 is calculated during the previous

time step. In this case, we freeze not only the magnitude but the direction of ζ̂n+1. In the

current time step, then, it is explicitly known and thus, An+1 = 0. Therefore, the jump in

the displacement field is determined from the previous time step. Hence, the effective operator

reduces to
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Ceff
n+1 = I : ce = ce (2.6.23)

Hence, while there is a slight loss of accuracy in the added assumption, a simpler formulation

is recovered that is linear in the case of linear elasticity. This fact tends to improve conver-

gence rates in examples. On a concluding note, while the Impl-Ex method provides tremendous

gains in terms of numerical robustness and tractability, especially for problems with complex

geometries, the drawback of this method is that accuracy is sacrificed due to the semi-implicit

calculation on the global step. Fortunately though, the remedy lies in simply choosing a suffi-

ciently small time step such that the error is kept within acceptable bounds. In the numerical

results section we show that with a small enough step size, the Impl-Ex produces results com-

parable to that of the fully implicit formulation.

2.7 Numerical Examples

Four numerical examples are presented here as a comparison of the sliding model versus the

combined sliding-opening model.

2.7.1 Plane strain compression and tension of a column using a uniform load

2.7.1.1 Plane strain compression test

The first example is a pressure-confined column subjected to a uniform displacement (Figure

Figure 10). The loading is quasi-static, hence inertial effects are neglected. The bottom of the
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specimen is fixed so that it cannot translate vertically. In addition to this, one node is fixed

horizontally so that the specimen is allowed to expand laterally. A confining pressure of 25

MPa is applied to the nodes on both sides of the specimen. The pressure is applied at the onset

of the simulation resulting in a uniform stress state throughout the mesh. This stress state

causes all of the elements to localize in the same time step. This being the case, a seed element

has to be chosen so that one dominant band will propagate throughout the mesh. When this

initial element localizes, the band tracking algorithm will generate a single band from the seed

element at the critical orientation and terminate at the opposite end of the mesh.

TABLE I: MATERIAL PARAMETERS FOR PLAIN STRAIN COMPRESSION SAMPLE

Parameter Symbol Value

Young’s Modulus E 5500 MPa
Poisson’s Ratio ν 0.25
Cohesive Strength Parameter α 8.034 MPa
Friction Parameter β 0.633
Dilation Parameter b 0.633
Hardening Modulus H -10 MPa
Localized Friction Coefficient µ 0.72
Characteristic Slip Distance ζ∗ 0.5 mm

The reaction force graph shows a characteristic elastic response as the material resists defor-

mation, followed by a brief plastic response and then failure. In quasi-brittle and rock-like
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Figure 10: Geometry and loading for plane strain compression model. Simple constraints on
the bottom allowing lateral expansion.

Figure 11: Discretized mesh of the triaxial tested specimen showing the propagating deforma-
tion band through elements.
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Figure 12: Specimen showing localized deformation along slip plane.
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Figure 13: The graph shows the characteristic elastic and plastic responses as well as a stress
drop and a constant frictional response.
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materials, at low confining stresses, a narrow plastic region is expected due to the low ductility.

After plasticity, failure occurs in which deformation in the localized elements is concentrated

solely on the slip surface while the bulk material of the element unloads elastically. After the

cohesion is fully degraded a constant friction force response is observed. Both the combined

and sliding-only formulations produce identical results. This is to be expected since in a purely

compressive state, both formulations simplify to the sliding Mohr-Coulomb law with friction.

2.7.1.2 Tension test for plain-strain sample

In this example, we reverse the direction of the displacement loading and retain the confining

forces on the specimen, thus creating a uniform stress in the vertical direction. As is expected,

the reversal of the displacement produces a slip line that is oriented 30 degrees from the hori-

zontal plane. From the reaction force profiles, the sliding-only formulation softens more quickly

than the combined opening-sliding formulation due to the fact that it only needs to overcome

cohesive forces in one direction, namely parallel to the deformation band. In contrast, the

combined formulation must overcome cohesion both normal and parallel to the band. The

deformation graphs reveal that although the sliding-only simulation terminates earlier, more

deformation is seen in the x direction than in the combined formulation. This makes sense

because in the absence of an opening degree of freedom, the specimen undergoes increased

deformation in the direction parallel to the band. When the cohesion degrades to zero, both
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simulations fail to converge because the system becomes under-constrained (i.e., the top half of

the sample has no displacement constraints in the x-direction).

Figure 14: For the column in tension, the deformation band is now oriented 30 degrees from
the horizontal plane.

2.7.2 Sample with hole subjected to shearing load

The next example, which features a slightly more complex geometrical figure, showcases the

versatility that is gained when the added opening degree of freedom is employed. As mentioned

previously, Foster et al [57] showed that the formulation involving the single degree of freedom

led to spurious, mesh-dependent results. Namely, because the elements with different sliding

directions are impeded by each other, stress build-up occurs around the localization zone.
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Figure 15: The opening-sliding formulation shows relatively less horizontal sliding than the
sliding-only formulation.

Figure 16: The sliding-only formulation causes significant horizontal deformation due to the
lack of the opening degree of freedom.



52

Figure 17: The opening degree of freedom allows the slip normal to the deformation band to
be the dominant mode of slippage.

Figure 18: The vertical displacement for the sliding-only formulation is minimal compared to
that of the opening-sliding formulation.
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Figure 19: Both simulations fail to converge once the cohesion reaches zero. The sliding-only
case softens quicker because the cohesion only acts parallel to the deformation band whereas
opening-sliding formulation presents cohesion both normal and parallel to the band.

For the shearing example, in the case of the sliding-only formulation, multiple bands form

(Figure 22), which produce significant locking and subsequent hardening. Notice that due to

this stress build-up, neither band is able to fully propagate. Figure Figure 24 shows a distinctive

kink in the reaction force which arises due to the hardening around the localization zone. In

contrast, for the combined formulation one fully formed band (Figure 21), on each side, occurs

which is concomitant with a significant stress drop in the material. For higher mesh refinements,

after the cohesion completely degrades, there is a slight rise in the reaction force (Figure 27)

which is due, not to geometric locking, but rather to more complex deformation patterns induced

by the addition of more sampling points. This, in turn, produces an impediment to slippage,

particularly at the corners where high compression is observed, resulting in the increase of

shear resistance seen at the tail end of the softening curve. The final case (Figure 23) features
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elements which are embedded with a predefined strong discontinuity. This case was added to

show that completely horizontal bands will produce a response in which the stress in the sample

is completely released by the proliferation of fracture; in the absence of band curvature, the

sample is allowed to freely translate in the horizontal direction.

TABLE II: MATERIAL PARAMETERS FOR SAMPLE WITH HOLE

Parameter Symbol Value

Young’s Modulus E 9000 MPa
Poisson’s Ratio ν 0.15
Cohesive Strength Parameter α 8.034 MPa
Friction Parameter β 0.633
Dilation Parameter b 0.3165
Localized Friction Coefficient µ 0.60
Localized Hardening Modulus H 0.0 MPa
Characteristic Slip Distance ζ∗ 0.5 mm

Figure 28-Figure 31 show a comparison between the Impl-Ex and fully implicit integration

schemes for the shearing example with a hole (utilizing the sliding-only formulation), comprised

of 288 elements. For ∆t = 1.0e-2 (a) the Impl-Ex shows noticeable oscillation, particularly at

the peak and when the cohesion is significantly degraded. As the time step is refined, e.g. in

the cases of ∆t = 2.0e-3 (b) and ∆t = 1.0e-3 (c) the Impl-Ex method is able to navigate these

areas more adeptly. And in the final case of ∆t = 2.0e-4 (d) the oscillation is mitigated to the

point that it essentially becomes negligible. Though the time step needed for the Impl-Ex is
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Figure 20: Boundary conditions for sample with a rectangular hole. There is a dominant
shear displacement being applied to the top and a small vertical displacement which keeps the
specimen from undergoing significant rotation after localization.
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Figure 21: For the opening-sliding model one dominant band is able to propagate, thereby
releasing stress in the entire specimen.
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Figure 22: The sliding-only model gives rise to two bands both which experience locking which
is accompanied by a high concentration of stress.
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Figure 23: This figure depicts a predefined, straight deformation band along with .
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Figure 24: The sliding-only formulation shows locking resulting in multiple bands, whereas the
combined sliding-opening formulation shows a significant stress drop and a subsequent slight
increase in stress due to the rotation of the sample. The horizontal, pre-embedded discontinuity
surfaces help the sample to avoid rotating and thus allows the stress to completely degrade. All
results are from a mesh comprised of 576 elements.

Figure 25: For the sliding-only formulation, two competing bands form and geometric locking
ensues which produces a significant build up of bulk plasticity around the fracture zone.
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Figure 26: In the opening-sliding formulation (b), one dominant area of localization on each
side of the specimen occurs, along which stress is released.

0 1 2 3 4
0

0.5

1

1.5

2

2.5

3

horizontal displacement, mm

sh
ea

r 
fo

rc
e,

 M
N

 

 

72 Elements
288 Elements
1152 Elements

Figure 27: Convergence test for the plate with the hole run with the combined open-sliding
formulation. The finest mesh shows a significant rise in the reaction force due to the more
accurate calculation of the concentrated stress field around the corners of the hole.
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significantly smaller than that of the fully implicit scheme, it is far more robust. Additionally,

because the elastic modulus is used as the effective tangent operator (which is trivially simply

to invert) the simulation runs significantly faster than that of the fully implicit scheme. What is

also notable is that the fully implicit is quite sensitive to the value of the critical slip parameter;

if the material softens too quickly, this scheme has difficulty in capturing this quick descent

and thus fails to converge. In contrast, because the Impl-Ex produces a positive-definite local

stiffness matrix, it is not sensitive to how quickly the material softens.

Figure 28: With ∆t = 1.0e-2, the Impl-ex shows noticeable oscillation when the cohesion
completely degrades. The instability caused by the non-smooth transition to zero cohesion is
amplified by the explicit step of the integration scheme.
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Figure 29: Reducing the time step by half an order of magnitude to ∆t = 2.0e-3 significantly
reduces the oscillation in the Impl-Ex scheme.

Figure 30: Halving the previous time step to ∆t = 1.0e-3 almost makes the oscillation unno-
ticeable.
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Figure 31: For a near-complete smooth curve, the time step is reduced by a half order of
magnitude to ∆t = 2.0e-4.

2.7.3 Slope stability

This particular example is motivated by and thus similar to the one detailed in [54]. This

example was chosen because it presents a very complex mix of interactions, such as high com-

pression, tension, friction and rotation. At the top of the slope is a rigid embankment which is

comprised of elements that are only allowed to undergo elastic deformation; plasticity and local-

ized behavior are excluded. This is to prevent these elements from localizing so that softening

behavior is solely relegated to the underlying material, which is the main area of interest. Fig-

ure Figure 33 shows a comparison of the localization lines which illustrates the differing angle

of decent between the two formulations. The combined formulation produces a more shallow

angle. This can be understood in that the opening degree of freedom allows the material to

undergo a significant amount of softening, over that of the single degree formulation, and hence
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less stress build-up occurs. In contrast, because geometric locking occurs in the sliding-only

case, the resulting stress increase causes a steeper localization angle, more friction resistance

and ultimately locking.

In addition, a significant amount of rotation is seen in the combined case because the opening

degree of freedom allows the material to move much more freely than in the sliding-only case.

TABLE III: MATERIAL PARAMETERS FOR SLOPE STABILITY EXAMPLE

Parameter Symbol Value

Young’s Modulus E 10 MPa
Poisson’s Ratio ν 0.4
Cohesive Strength Parameter α 40 KPa
Friction Parameter β 0.3
Dilation Parameter b 0.06
Localized Friction Angle φ 10 ◦

Localized Hardening Modulus H 0.0 MPa
Characteristic Slip Distance ζ∗ 0.4 m
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Figure 32: Slope stability problem with point load applied at midpoint of rigid embankment,
full constraints on the bottom and constraints in the horizontal direction on the far right side.
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Figure 33: Comparison of the slip lines; the dotted black line corresponds to the opening-sliding
formulation and the red line corresponds to the sliding-only formulation. The opening-sliding
formulation produces a more shallow descent angle because the stress is released sooner than
that of the sliding-only formulation.
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Figure 34: In the sliding-only case, there is significant friction resistance as well as locking
and subsequent stress build-up. The opening-sliding formulation shows a large stress drop and
resistance due to the slope rotation after complete cohesion degradation.

2.8 Conclusions

In simulating the initiation and propagation of localized deformation, the combined opening-

sliding constitutive model alleviates the spurious geometric locking effect seen in the prior model

which featured only a single sliding degree. Through several benchmark examples, the combined

formulation displays expected softening as well as offers more accurate solutions, particularly

in the case of pure tension. Also, the formulation shows its versatility in large-scale problems

as seen in the slope stability example. Lastly, implementation of the Impl-Ex technique affords

the simulation code significant increases in convergence and robustness. With this in hand,
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Figure 35: The downward motion of the soil is impeded by an arrest of slippage for the sliding-
only formulation.

the next logical step is to expand the simulations into the three-dimensional realm in order to

simulate more realistic situations within a geomechanics context.

Future studies will also include the combination of the this model with a plasticity model

suited for geomaterials, which is detailed in [90]. The two models will be combined using the

formulations outlined in [101]. In addition to this, the variable friction model in [57] can be

incorporated so as to more accurately capture the friction behavior of geomaterials.
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Figure 36: The opening-sliding formulation displays a large amount of rotation in the slipping
soil.

Figure 37: The sliding-only formulation does not allow the soil to translate horizontally due to
a build-up of friction and stress along the interface.
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Figure 38: In the opening-sliding formulation, the cohesion completely degrades and thus sig-
nificant horizontal deformation is seen.

Figure 39: The stress build-up in the sliding-only formulation causes two bands to begin to
nucleate at the foot of the embankment
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Figure 40: In the opening-sliding formulation, though there is noticeable shear stress on the
left side of the embankment, most of the shear stress is released along the deformation band on
the right side.



CHAPTER 3

A NEW METHOD FOR EMBEDDING PRE-DEFINED INTERFACES IN

FINITE ELEMENTS

3.1 Introduction

The presence of weak interfaces within materials may hold significant ramifications for their

overall performance. These interfaces often introduce orthotropic or anisotropic characteris-

tics into structures and reduce their load-carrying capacity. Some common scenarios in which

interfaces are present involve delamination between composites, soil-reinforcement interaction,

rock joint analysis, and masonry, among others. Given the importance of these applications,

a number of approaches to modeling interfaces within a finite element context has arisen over

the years. Typically, most of the current approaches draw from several benchmark approaches.

Gens and coworkers [102] list a brief categorization of these approaches, which fall into three ma-

jor categories: interfaces modeled using standard elements of finite thickness, quasi-continuum

elements possessing weak planes in the direction of the interface or joint, and nodal elements

(placed at the boundaries of continuum elements) which have zero width. Some have also

proposed spring elements, which behave very similarly to zero-width finite elements.

The advantage of zero-width elements is that they can be inserted between element boundaries,

lending to a very sharp resolution and distinct boundary between two materials. This is ideal

69
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for composite materials and simulating delamination [24, 63, 103]. The drawback is that these

elements must be given an initial high artificial stiffness so that they do not undergo significant

deformation under large elastic loads. This introduces spurious oscillations into the finite ele-

ment solution, which however has been remedied in [104]. Complex patterns of interfaces, such

as those found in joint sets in rock, can also make meshing the interfaces significantly challeng-

ing. Another factor is that zero-width elements differ in terms of shape function structure than

their neighboring continuum elements. The advantage of using continuum elements which are

embedded with weak planes is that a single form of the shape functions can be used for all

elements. Additionally, these can be designed in such a way that a high initial stiffness is not

needed to prevent deformation.

The approach outlined in this chapter incorporates the use of a continuum element embedded

with a weak plane, which will serve as an interface. This method was conceptualized by Foster

and coworkers in [57] while investigating variable friction rates in geomaterials. The method

in this chapter follows their concepts and extends them to an algorithmic procedure which can

propagate interfaces at any orientation in a given finite element mesh. Furthermore, these inter-

faces possess properties such as a friction coefficient, initial cohesive strength, and parameters

related to a given material’s energy release rate or stress intensity factors. These interfaces are

cast in the framework of embedded discontinuities suited for capturing highly localized strain,

closely following the form contained in [54, 57, 58, 82], among others. A favorable feature of this

framework is that the nodal degrees of freedom for the interfaces are local to a given element
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and thus can be condensed out of the global system of finite element equations, thereby saving

computational costs and algorithmic complexity.

This chapter is structured as follows: In Section 2, the kinematics and finite element formulation

are briefly outlined. Section 3 details the procedure for embedding and propagating interfaces

within a finite element mesh. Section 4 presents the yield criteria for the interfaces, based

on a traction-separation law suited for both compressive and tensile states. Section 5 shows

numerical results of examples featuring periodic masonry found in the literature (see [34, 105]).

Section 6 closes with remarks drawn from analyses of the examples as well as future work.

3.2 Interface Formulation

The predefined interfaces are modeled as embedded strong discontinuities and thus are governed

by the same kinematics as the embedded discontinuities detailed prior in Section 2.2.1. Hence,

the displacement field is

u := ū+ [[u]]HS (x) , [[u]] = ζ = ζsl+ ζnn (3.2.1)

Furthermore, the finite element implementation is identical to that detailed in Section 2.3.

Therefore, for an element experiencing a displacement jump along the interface, a conform-

ing displacement field can be derived that will conform to the standard finite element shape

functions (Figure 41). Also, the sets of active (AN) and inactive (IN) nodes, which designate
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Figure 41: (a) CST experiencing a displacement jump, ζ, along a predefined interface. The
bold, horizontal dashed line represents the interface, the faint dotted line is the deformed shape,
and the dash-dotted line represents the conforming displacement field of the element. (b) Total
displacement field for CST experiencing continuous deformation and displacement jump.

the node(s) that receives the displacement contribution from the jump, are allocated by the

function fh defined in Equation 2.3.3.

The orientation of the interface is a predefined unit vector, l, which also serves as the direction

for the tangential slip, ζs. This orientation is the slope of the line defined by the two points,

(x1, y1) and (x2, y2), which are user-defined inputs. The algorithm for embedding these inter-

faces is the subject of the following section.
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Figure 42: Element with embedded interface and band points (edge coordinates). The orienta-
tion of the band is defined by user inputs, (x1, y1) and (x2, y2).

3.3 Predefined Interface Embedding Procedure and Algorithm

3.3.1 Edge point algorithm

In order to propagate interfaces throughout a finite element mesh, precisely where the inter-

faces intersect the edges of elements within the mesh must be determined. In order to find

these intersection points, we employ the edge-detecting algorithm developed in [57]. Given the

orientation of an interface, l, a point on the band, xes, and the coordinate end nodes of an edge,

xea and xeb, a system of equations can be constructed and solved to determine where the band

intersects the edges of an element (Figure 43). This algorithm is summarized in Box 2.

x = xes + αl (3.3.1)

x = β (xea − xeb) (3.3.2)
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where α and β are unknown scalars. After these equations are solved for α (Equation 3.3.3),

this value is substituted into Equation 3.3.1 in order to find the intersection point, x.

α =
|| (xea − xeb)× (xes − xeb) ||
||l×

(
xea − xeb

)
||

(3.3.3)

Figure 43: Vectorial depiction of the edge-finding method.

It must be mentioned that for the first element which is to have an interface embedded into

it, the point on the band, xes, will not be one of the known edge coordinates (like it is for

all subsequent elements that have interfaces embedded into them). This means that in order
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to solve for α in the first element, we need a method to find xes. One way to do this would

be to design the algorithm so that the user specifies the first element that the interface will

begin to propagate through. Once this element is known, the centroid of the element can be

designated as xes. However, it may be cumbersome to choose a specific element especially if

one needs to repeatedly refine or reconfigure the mesh in a given way. The algorithm in this

study is designed such that if the user specifies the global coordinates where the interface is

to begin, then a separate algorithm will be invoked which locates the element in which those

global coordinates lie. This way, no matter how the mesh is readjusted, the interface will begin

and propagate from the same general area (and terminate in the same area as well).

One can devise a number of ways to find the element in which a given point is located, however

one that has proved to be computationally efficient is the Barycentric Technique. This technique

involves creating a parametrized coordinate system for a triangle (or any other given shape) so

that it is relatively simple to find whether or not a point lies either on or within it. A detailed

explanation of this technique can be found on pgs. 46-48 in [106]. The user simply supplies the

beginning and ending points ((x1, y1) and (x2, y2)) of the desired interface and, by checking

each element through an iterative loop, the Barycentric technique locates which element the

beginning point lies in. The point, (x1, y1), is then used as xes for this element, which allows

for the solution of α. The time spent looping through each element to find where the point lies

is relatively very short.
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Box 3. Interface embedding algorithm.
Step 1 : User-defined inputs of coordinates determining the beginning and

terminating points, (x1, y1) and (x2, y2), of an interface (or interfaces) are

read into the finite element code.

Step 2 : In order to find the first element in which an interface will be

embedded, the Barycentric technique is used to determine the element in

which the point, (x1, y1), lies.

Step 3 : For the first element, the point on the band in Equation 3.3.1, xe
s,

is simply the user-defined input (x1, y1) and the interface orientation, l,

is calculated by finding the slope of the points (x1, y1) and (x2, y2). The

orientation vector, l, is stored and is assigned to all subsequent elements that

lie between the points (x1, y1) and (x2, y2).

Step 4 : The edge coordinates of the element are then found via Equation 3.3.1

and Equation 3.3.2.

Step 5 : The adjacent elements are checked with the aid of an element

neighbors array and interfaces are propagated through these elements, via

steps 3 and 4 using each previous element’s edge coordinate as xe
s. This is

done until the terminal element is found.

Step 6 : Store the band points and normals for each element that contains an

interface in an array which will later be used for localization detection, and exit.
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Figure 44: An interface which spans multiple elements begins and ends in the elements which
fall within and in between the user-defined points (x1, y1) and (x2, y2).

3.4 Yield Criteria

The yield condition is based on the post-localization model in Section 2.4 and takes specific

forms based on whether the band is compression or tension, hence

Φcompression = 0 = |τ | − f − c0 (3.4.1)

Φtension = 0 =

√
(τ)2 + (ασ 〈σ〉)2 − c0 (3.4.2)

where c0 is the initial cohesion on the interface. The interface can also have a differing friction

coefficient value, µ, from that of the bulk as well as differing values for αζ and ασ. These

differences reflect the fact that interfaces are often times governed by different fracture energies
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Figure 45: The algorithm in Box 3 initiates and propagates the band across the mesh in a
continuous fashion until the terminal element is found.

than the bulk material. Also the interface may have its own unique surface topology, which is

reflected in the friction coefficient.

Bulk localization is still captured in the manner described in Chapter 2 (see Section 2.2.2),

through the use of the acoustic tensor. In elements with an interface, both the bulk and

interface are examined, and the first criteria met is taken for the surface propagation. Therefore,

fractures may propagate both through the bulk and along existing interfaces. There is then

the possibility, as is the case for some masonry failure modes, of a crack originating in and

propagating through the bulk, then traveling through a preexisting interface, and finally back

into the bulk (Figure 47).

In the unlikely scenario in which, for a particular element, localization is detected in both the

bulk and the interface in the same time step, the following equation is used to determine which

one is more critical:
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min

(
det (A)

det (Ae)
, −

(
Φtrial

||tcrit||

)3
)

(3.4.3)

whereAe is the elastic acoustic tensor and tcrit is the critical traction necessary to cause yielding

along the interface. Figure 47 depicts a situation commonly encountered in masonry problems,

where a crack path travels through the bulk and briefly runs through a predefined interface and

back into the bulk. The element with the interface may have also detected bulk localization,

but since interfaces are usually weaker, the crack opted to take that path instead. However,

there are instances in which the bulk may be weaker, especially if the material in question has

a relatively low tensile strength and is subsequently subjected to a high tensile load.

Figure 46: Element with predefined interface and possible bulk localization. The active and
inactive nodes for each separate discontinuity surface may differ, which will affect the global
crack path and its propagation.
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To summarize, the mechanics on the surface of an interface are governed by the cohesive formu-

lation in Section 2.4 and subsequently employs the same slip solving algorithms as well as the

same finite element stiffness formulation detailed in Section 2.6, though the material properties

may differ.

The algorithm with both preexisting and potential bulk interfaces is summarized in Box 4.

Figure 47: Example of a mesh with both vertical and horizontal preexisting interfaces. A given
crack is detected first in the bulk (upper right element) and eventually propagates through an
interface and back into the bulk material.
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Box 4. Localization detection and band tracking algorithm for element w/ interface and bulk.

Step 1 : For the interface, check the traction condition in either Equation 3.4.1

or Equation 3.4.2 and for the bulk, check for localization through the

determinant of the acoustic tensor (Equation 2.2.8).

Step 2 : If localization is detected in both within the same time step, then use

Equation 3.4.3 to determine which one is more critical.

Step 2a: If the interface is more critical, use its stored band points and

normal direction to the surface to find the edge coordinates, calculate

the initial cohesion and find neighbor elements. Then, check adjacent

elements for localization.

Step 2b: If the bulk is more critical, use the normal and slip direction

determined from the acoustic tensor, find edge coordinates and also

check adjacent elements for localization.

Step 3 : Loop until all elements are checked, then exit when done.

3.5 Numerical Examples

Masonry is an excellent example of a material that may fail along an interface or through

bulk material. The following examples are masonry focused and the material parameters are

derived from earthen materials detailed in [107] and fit to a standard Drucker-Prager plasticity

model. This model is able to capture the effects of friction, dilitancy (volumetric expansion),

and material hardening which often occur in soil-based and geological materials. The model

not only has a yield function to detect the inception of plasticity, but also what is known as
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a plastic potential function which is employed to adjust the volumetric expansion. The yield

and potential functions are distinct from each other, in what is known as a non-associative

relationship. This affords the model the ability to eventually detect a bifurcation or fracture

within the material (as described in Section 2.2.2).

Through the following examples, we demonstrate that the common failure patterns of masonry,

e.g. splitting failure along headjoints, debonding along bedjoints and diffuse failure through the

bulk, as catalogued in [18], are achievable using the aforementioned interface technology and

post-localization model.

3.5.1 Two brick sliding test

TABLE IV: MATERIAL PARAMETERS FOR BRICK-MORTAR MASONRY W/ INTER-
FACES

Parameter Symbol Value

Young’s Modulus E 2800 MPa
Poisson’s Ratio ν 0.14
Cohesive Strength Parameter α 0.80582 MPa
Friction Parameter β 0.9251
Dilation Parameter b 0.4626
Hardening Modulus H 0.0 MPa
Localized Friction Coefficient µ 0.7
Characteristic Slip Distance ζ∗ 0.3 mm
Normal Slip Coefficient αζ 1.14
Normal Traction Coefficient ασ 1.14
Initial Interface Cohesion c0 0.42 MPa



83

The two-brick sliding test, a common test for measuring shear bond strength in masonry. In

this simulation, the test is modeled using CST elements for both brick and mortar, and as

Figure 49 depicts, interfaces are placed within the mortar element section close to the brick

boundary. The confining displacement allows for a mode of pure shear. Material properties

for this simulation are listed in Table IV. The deformed mesh (Figure 50) shows debonding at

the bottom brick-mortar interface layer. The force-displacement graph reveals softening on the

interface and eventually a complete degradation of the cohesive force.

Figure 48: A simple setup of mortar sandwiched between two bricks. A confining displacement
is placed on top to prevent rotation and the masonry unit is subjected to a shear displacement.

3.5.2 Masonry three-point bending test

This example is a masonry wall subjected to a three-point bending test. The interfaces are

propagated in such a way that there are distinct areas for headjoints and as well as long, running
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Figure 49: The interfaces are placed within the mortar elements near the boundary of the top
and bottom bricks.

bedjoints (red lines). Three different refinements for this example was made and the softening

responses are compared in Figure 58. In what comports with results in other numerical studies

which simulate three-point bending tests [34, 108], the major path for the cracks is along the

headjoints and collaterally along the bedjoints, though cracking and localization is also observed

in the brick or bulk. Fracture traveling through the brick is somewhat more common for earthen

masonry structures given that the brick and mortar are often of comparable strengths. This is

in contrast to the more common clay fired bricks, which employ very weak mortar compared

to the brick.

The softening response of the structures are plotted against the maximum crack mouth opening

displacement (CMOD) observed at the bottom of the structure, the initiation of the major

crack. High localization is shown along the headjoints and some zig-zagging can be seen taking

a headjoint-bedjoint-headjoint path, particularly in Figure 54. The softening response of the
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Figure 50: The deformed shape shows debonding along the bottom surface of the brick-mortar
interface. The wire mesh in the background is the initial undeformed shape.
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Figure 51: A characteristic degradation of the cohesion along the interface can be seen which
eventually leads to a state of pure sliding.
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finest mesh is the quickest and nearly predicts the lowest peak load. This is due to the fact

that bebonding along the initial headjoint is captured with more accuracy than the coarser

meshes. Namely, debonding along the interfaces in the middle of the specimen are displayed.

However the crack paths in our simulation differs somewhat given that we use a mortar strength

which is comparable to that of the brick (whereas the aforementioned studies use a very weak

mortar), hence the fracture is prone to travel not only through the mortar and interfaces but,

additionally, through the brick material as well.

Figure 52: The specimen is completely constrained at the bottom left corner and is on a roller
support on the bottom right, preventing translation in the vertical direction. It is subjected to
a quasi-static downward displacement.
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Figure 53: Brickwork mesh for three-point bending test. The interfaces are inserted at the
midpoints of the mortar headjoints and bedjoints.

Figure 54: For the coarse mesh, a staircase pattern is observed where the structure debonds
along the interfaces as well as through the bulk.

Figure 55: Significant deformation can be seen at the crack mouth opening, with collateral
debonding along adjacent bedjoints.
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Figure 56: Strain localization is observed at the crack mouth opening.

3.5.3 Masonry wall w/hole

In a larger scale example, a masonry structure with a hole is simulated. It is confined at the

top in the vertical direction in order to prevent rotation and sheared from the left side at the

top. Full constraints are placed at the bottom to prevent translation.

Noticeably, as the cracks propagate along the interfaces, some of the bulk material can be seen

rotating Figure 61. This occurs because both headjoints and bedjoints are debonding around a

given brick. Also, some localization occurs within the bulk material and again a characteristic

staircase pattern is observed near the corners of the opening (as in [34]), which experience high

stress concentrations. The force-displacement graphs show softening within the macroscopic

structure which indicates catastrophic failure.

3.6 Conclusions

The interface technology in this chapter is represented by a surface inserted into a continuum

CST element. The concept of the strong discontinuity is utilized as well as an enhanced strain
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Figure 57: Crack path shows fracture along both head and bedjoints as well as through the
bulk brick.

finite element. A methodology for propagating user-defined interfaces within a finite element

mesh has been outlined. This method is particularly suited for structures such as periodic

masonry, where interfaces between brick and mortar occur at regular intervals. The placement

of these periodic interfaces can be easily algorithmized in order to propagate them at the desired

locations. The deformation patterns of the masonry in this study show good agreement with

prior studies which showcased these examples. A potential application for this methodology

would be to validate experimental masonry results, featuring three-point bending tests and

shear walls, which incorporate the use of brick and mortar. Experimental results do exist for

masonry walls, constructed from earthen materials, subjected to flexure [107]. These are the

focus of an upcoming study for the authors.
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Figure 58: The force-displacement graphs reveal softening in the masonry specimen. The finest
mesh shows a more abrupt history of softening than the other meshes.
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Figure 59: Boundary conditions for the wall subjected to pure shear. It is prevented from
experiencing high rotation as well as translation on the bottom.

Figure 60: Headjoints and bedjoints are propagated in a characteristic masonry pattern.
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Figure 61: The deformed shape for the masonry wall in shear shows debonding along both
headjoints and bedjoints as well as through the bulk material.

Figure 62: The refined view shows a sharp localization line in the bulk material and debonding
of the brick-mortar interface at the top right and bottom left corners of the opening.
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Figure 63: The coarsest mesh appears to over-predict the initial elastic response of the wall. The
finest mesh predicts softening sooner than the 4246 element mesh suggesting that it captures
debonding along the interfaces at an earlier point.



CHAPTER 4

APPLICATION OF ENHANCED STRAIN FINITE ELEMENTS TO

RAMMED EARTH STRUCTURES

4.1 Introduction

Construction with soil-based materials is a practice that reaches back millennia. Typically soil

needs to be either strengthened or stabilized to be useful in forming safe, durable structures.

Material may be strengthened through mechanical compaction, baking or other means, or

stabilized with additives such as cement, lime, and plant materials. Many techniques have been

developed at different times and places.

While often considered primitive, modern engineers have begun reexamining these materials for

reliability, economy and sustainability. Earthen materials tend to be highly sustainable, having

low embodied energy and high thermal mass. Often the raw material can be sourced locally

and, depending on the treatment, it can be recycled or returned to the soil when its service life

is complete. In locations with relatively cheap labor and relatively high material costs, such

structures are highly cost effective. Industrial techniques are being explored to bring labor costs

down. Not to mention, comfortable and structurally sound dwellings can be built using earthen

materials.
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Soil may be used in several ways to create earthen structure. Soil block, also known as mud

block, is compressed in a mechanical press to form a brick, and then cured. It is typically joined

with standard or soil-cement mortar. Adobe is also a brick, but is sun baked. Cob wall is often

built in place and has straw of other fibers for strength and ductility. In this chapter, we will

focus on rammed earth, which is often stabilized with cement but compacted in place using

forms to create the final structure.

Research into improving strength and durability has increased in the past two decades as well.

Better proportioning of soil constituents and studies on optimum content of cement and other

stabilizers [7, 109, 110] have improved performance.

Less is known about structural performance of elements. Some tests have been done of wall

segments [111, 112]. Recently, some work has been done examining the strength and stiffness

imparted by out-out-plane bending of walls [107, 113].

This work examines in-plane shear behavior and cracking of a cement-stabilized rammed earth

wall. Rammed earth is a complex mixture of sand, clay and other fine soil particles, water,

and cement. The behavior is quite complex, and we borrow a model for porous geomaterials

to describe the behavior. While theoretically monolithic, rammed earth has weak interfaces

between the compacted layers. In shear, a wall often, though not always, fails along these

interfaces. To model the shear failure in the wall, we need account for both the possibility of

failure along the weak interfaces as well as in the bulk material.
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To model this, we propose to use an enhanced strain finite element, initially developed by Simo

and coworkers [1]. This framework has been extended by many researchers, e.g. [55, 57, 58,

62, 114, 115] to examine various problems in fracture propagation. The standard finite element

technology handles complex material models well, but not fracture and other localized failure

methods. The enhancement allows a failure surface to be inserted when a critical condition is

reached, at the critical orientation dictated by the condition. In this case, we used a classical

bifurcation criterion, which detects the possibility of a jump in the strain or displacement

field with no jump in the stress field. Once, the surface has been inserted, extra degrees of

freedom control the slip along that surface, often using a traction-displacement law to govern

the softening.

We extend the enhanced strain element to include the possibility to slip along a preexisting

weak interface as well as the bulk materials. The model is then applied to the shear behavior

of a structural wall.

4.2 Stabilized Rammed Earth Material Model

As mentioned previously, geomaterials have a very complex material behavior. To capture this

behavior, we use a modified version of the Sandia GeoModel [90, 116–118].

Geomaterials are typically much weaker in tension than compression and have a nonlinear shear

strength dependence. The GeoModel captures this with a combined linear-exponential shear

failure surface Ff , defined by
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Ff (I1) = A− C exp (B I1)− θI1 (4.2.1)

and shown in Figure 64. The initial yield surface is offset from the failure surface by a constant

parameter N . Although not particularly important for this application, under high mean

stresses inelastic compactive deformation can occur due to pore collapse, grain crushing, and

other phenomena. Hence an elliptical cap is added to model this type of deformation. The

elliptical shape allow compactive and shear inelasticity to interact over a range of pressures.

Recently [90], an elliptical tension cap was also added to the model to better capture the tensile

strength. The modified cap function for the compressive and tensile caps becomes

Fc (I1, κ) = 1−H (κ− I1)

(
I1 − κ

X (κ)− κ

)2

−H
(
I1 − IT1

) ( I1 − IT1
3T − IT1

)2

(4.2.2)

Finally, the yield surface is adjusted using a third-invariant modifying function of the Gudehus

[117, 119] type, to capture the different between triaxial extension and compression strength

inherent in geomaterials. This function has the form

Γ(βξ) =
1

2
[1 + sin

(
3βξ
)

+
1

ψ

(
1− sin

(
3βξ
))

] (4.2.3)

where ψ is the ratio of triaxial extension to compression strength and θ is the Lode angle.



98

Figure 64: Pressure-dependent yield function f for GeoModel in Meriodional stress space,
showing shear failure surface Ff , and shear yield surface Ff −N

Inelastic hardening of yield surface is of two types. The shear yield surface undergoes kinematic

hardening to capture the Bauschinger effect under cyclic loading. The cap surface, on the other

hand, experiences isotropic hardening, strengthening as the material compresses. The motion

and growth of the yield surface is shown in Figure 65.

Figure 65: Evolution of the yield surface in principal stress space, showing growth from the
initial (black) yield surface to growth from isotropic hardening (blue) and translation due to
kinematic hardening (red).



99

For more details of the governing equations and numerical implementation of the model, the

reader is referred to [90].

4.3 Fracture Model

The bifurcation condition of Rudnicki and Rice, 1975 is used to mark the onset of localization.

This condition was based of earlier work of Hill [83] and others. This criterion was examined

and applied to the GeoModel in [101]. This condition says that when the acoustic tensor loses

its positive definite character a localized band or surface can form. The acoustic tensor A is

defined as

A (n) = n ·C · n (4.3.1)

where C is either the elastoplastic or the elastic-perfectly plastic modulus, depending whether a

weak discontinuity (jump in the strain field) or strong discontinuity (jump in the displacement

field) is being tested. The normal to the surface n is part of the equation, and hence a search

must be conducted for the critical normal. Once found, however, the orientation of the failure

surface is known.

Once localization is detected, a failure surface is inserted into the finite element in which the

localization occurred. The orientation is the most critical determined by the bifurcation, while

the position is in line with the propagating band. For the first element of a band, the band

passes through the centroid of the element.
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A traction-displacement relationship in the spirit of damage mechanics governs the softening on

the localized surface. This relationship is described in detail in [62]. Separate yield strengths

in tension and pure shear are given, and in the mixed mode case an elliptical relationship

couples the two. This strength degrades linearly with displacement on the band, but maintains

a constant ratio. A different ratio may govern the slip, such that normal and shear stiffnesses

are unequal, but again, these maintain a constant ratio as the material degrades. The material

unloads and reloads toward the origin.

For existing weak interfaces, in this case between compacted layers, an initial yield strength is

given on the band. This is of the same form as above, but with different material properties,

as such interfaces are typically weaker than a bulk material.

These constitutive models are incorporated into an enhanced strain finite element. This frame-

work, originally proposed in [1] has been extended by many researchers, for example [54, 57,

58, 114, 120]. The bulk constitutive model can be incorporated at the integration points in the

standard way for as for any finite element analysis.

At the end of each time step, each element is checked for localization. The bifurcation condition

is checked at the bulk integration points, while on any preexisting surfaces, the yield condition

is checked. In the rare case that both criteria are present, a check is made to determine which

is more critical. A surface is inserted at the critical orientation and location.

In subsequent time steps, the traction-displacement equations are solved to determine the rel-

ative motion of the surfaces on the band, along with the continuum deformation. Because
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of the piecewise constant nature of the slip on the band in the enhanced strain method, the

extra degrees of freedom related to the jump on the fracture surface may be condensed out

at the element level. Hence, the global finite element code needs no knowledge of the extra

degrees of freedom, and the element can be inserted into a global finite element code with little

modification.

4.4 Numerical Example

As an example, we examine the shear behavior of a rammed earth wall with openings. The

geometry is shown in Figure 66. The wall has openings for a door and a window. For simplicity,

we have inserted two interfaces, representing weak areas between the layers, at the top of the

door and at midheight. A real wall may have more layers. For comparison, we run a similar

model assuming there are no weak interfaces. A shear displacement, representing a strong wind

force, is applied from the left, to a maximum displacement of 10 cm at the top.

Figure 66: Mesh of a wall of an earthen structure with weak interfaces. Distances are in meters.
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The bulk properties of the wall are adapted from a Gosford sandstone test, as they have similar

compositions. These properties are listed in Table V.

TABLE V: MATERIAL PARAMETERS FOR BULK MATERIAL

Parameter Symbol Value

Young’s Modulus E 31772.4 MPa
Poisson’s Ratio ν 0.1286
Isotropic Tensile Strength T 15 MPa
Tension cap parameter IT1 0.0 MPa
Shear yield surface parameter A 1255.7 MPa
Shear yield surface parameter B 1.93e-4 1/MPa
Shear yield surface parameter C 1248.2 MPa
Shear yield surface parameter θ 0.0 rad
Potential surface parameter L 1255.7 1/MPa
Potential surface parameter φ 0.0 rad
Compression cap parameter κ0 10.7 MPa
Aspect ratios for compression cap R,Q 18.5
Isotropic hardening parameter W 0.1536
Isotropic hardening parameter D1 9.283e-4 1/MPa
Isotropic hardening parameter D1 0.0
Kinematic hardening parameter cα 0.05 MPa
Kinematic hardening parameter N 1.0 MPa
Stress triaxiality parameter ψ 1.0

The localized parameters for the bulk and preexisting interfaces are shown in Table VI.

The displaced shapes are shown in Figure 67, and the fractured elements in Figure 68. The

major slip surfaces are colored in red. As can be seen, a more dominant failure line and

more localized failure occur when there are weak interfaces. Some of the fracture propagates
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TABLE VI: MATERIAL PARAMETERS FOR BULK AND PREEXISTING INTERFACES

Parameter Symbol Value

Bulk Interfaces

Localized Friction Coefficient µ 0.7
Characteristic Slip Distance ζ∗ 0.5 mm
Normal Slip Coefficient αζ 1.14
Normal Traction Coefficient ασ 1.14

Preexisting Interfaces

Localized Friction Coefficient µ 0.7
Characteristic Slip Distance ζ∗ 0.5 mm
Normal Slip Coefficient αζ 1.0
Normal Traction Coefficient ασ 1.0
Initial Interface Cohesion c0 0.42 MPa

through the bulk material even when weak interfaces are present, however, indicating that both

mechanisms are important.

The force displacement curve is shown in Figure 69.

4.5 Conclusions

In summary, we have developed a finite element model for analyzing earthen structural materi-

als. The model includes plasticity of the bulk material, localization, and propagating fractures

both on existing weak interfaces and in the bulk material.

Preliminary examples show that the weak interfaces tend to decrease ductility and distribution

of damage. They also tend to decrease overall strength in the wall. For shear design, special

considerations should be made to detail interfaces between layers to increase their strength.
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Figure 67: Deformed shape of walls with weak interfaces (left side) and without (right side). The
weak interfaces show less homogeneous deformation change due to fewer fractures. Maximum
displacement is 10 cm in each case.

Figure 68: Fractured elements (thin red lines) and major fractures in the material. Left side is
with weak interfaces, and right side without.
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Figure 69: Force-displacement curve of wall with and without weak interfaces.

Further testing is necessary to more accurately determine material properties, especially of the

interfaces. Then the effects of interfaces and geometric design can be better quantified.



CHAPTER 5

CONCLUSIONS AND FUTURE WORK

5.1 Conclusions

This dissertation presents a framework for capturing and tracking failure patterns in earthen

structures. Within a finite element context, the following have been implemented: a criterion for

predicting the inception of failure, a novel post-localization constitutive model for describing the

evolution of fracture along a crack surface, and a method for embedding preexisting interfaces

within a given material. These components are cast in the framework of embedded strong

discontinuities coupled with an enhanced strain element which is suited for regularizing the

unbounded strain field for elements which experience localized softening.

Over the years, the predominant failure mode of interest in geologically-based materials has

focused on intense shearing and compaction. Recently, interest in materials such as earthen

brick and rammed earth for usage in constructing living quarters has increasingly grown. These

structures are not only subjected to shear and compression, but they also exhibit flexural

behavior and splitting fractures due to tensile loads. Therefore, from a theoretical and numerical

modeling standpoint, it is necessary to develop them such that they can handle mixed modes

of failure. To this end, a novel traction-separation has been developed and presented in this

thesis. In the tensile regime, the evolution of failure through a given material is governed by

106
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an elliptical interaction between shear and normal tractions on the crack surface. In order to

reproduce the behavior of the actual material, this interaction is informed by the experimental

values of the energy release rate in Mode I (opening) and Mode II (sliding) failure regimes.

In the compressive regime, failure evolution is governed by an interaction between the shear

traction and the friction, which behaves in a plastic-like manner, upon the crack surface. The

numerical examples show that spurious geometric locking seen in [57] is remedied by the added

opening failure mode. For large-scale structures which exhibit complex interactions between

failure modes, such as slope stability, material softening is successfully captured using the

traction-separation model.

Additionally, finite element simulations which incorporate the use of embedded discontinuities

are known to suffer from a lack of numerical robustness, i.e. that ability to stabilize itself as

the simulation progresses and encounters solution difficulties. In this dissertation, a modified

version of the Impl-Ex technique (see [52]) is incorporated which uses a combination of implicit

and explicit integration schemes in order to increase simulation robustness. The numerical

examples show that for a sufficiently small time step, the modified Impl-Ex method is able to

reach the accuracy of a fully implicit integration scheme. This integration method allowed for

the simulation of geometrically complex shapes which are prevalent, for instance, in earthen

structures.

A new method for embedding predefined interfaces within a finite element mesh was also de-

tailed and applied in this dissertation. Preexisting interfaces are a common of feature of many

composite materials. Namely, for masonry structures, the interaction between the brick-mortar
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interface is an inherent feature which affects the behavior of said structures in complex ways.

An algorithm was designed and implemented, building off of the work of [57], which allows a

user to specify the number of interfaces and their individual orientations within a finite element

mesh. The algorithm locates the beginning and ending points of a given interface and proceeds

to propagate it through neighboring elements. The softening mechanics on these interfaces are

governed by the previously mentioned traction-separation model. In addition, the interfaces

possess their own unique properties from that of the bulk, such as cohesive strength, friction

coefficient, and energy release rates. The examples showed the applicability of the interface

method through simulating periodic masonry structures. Failure was observed to occur along

the interfaces and through the bulk material, common in many realistic masonry failure sce-

narios. Future studies hope to use material parameters from experimental studies in order to

match the peak strengths and softening curves.

In the final chapter detailing modeling and simulations, a modified version of the Sandia Geo-

model [90] was coupled with the traction-separation model and the interface embedding technol-

ogy to simulate a rammed earth structure which possessed interfaces at the layers of compaction.

It was demonstrated that the dominant mode of failure occurred along the interfaces, with some

diffuse fracturing in the bulk material, which was expected. In future studies, the aim is to fit

the modified Geomodel to the earthen structural materials found in [107, 113].

The framework for capturing and tracking failure patterns in earthen structures presented in

this dissertation shows promise for modeling a diverse number of earthen structures. It is hoped

that this framework will be able to reproduce failure seen in experiments detailed in, but not
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limited to, [107] and [41]. While this dissertation presents a significant step in this direction,

more work needs to be done in developing the model, which will be detailed in the next section.

5.2 Future Work

There exist a number of possible ways that this research can be taken forward. One instance is

the type of element employed in this study. While the traction-separation model featured in this

dissertation prevents spurious geometric locking to a great degree, the issues of solution accuracy

remains. Constant strain triangles (CST) while a simple and effect finite element, are known to

cause solutions to be overstiff and do not handle stress concentrations (e.g. stresses seen at the

corners of holes) particularly well. Refinement may help, but even still the elements seem to

negatively affect mesh-independence. One possible way to remedy this would be to incorporate

formulations for quadrilateral elements as described in [121]. Another possible solution is to

implement a six-noded triangle which, as a consequence of having more interpolation functions,

is considerably more accurate than CST’s. Also, an extension to three dimensions may be

extremely useful, if not necessary, in modeling large-scale masonry structures. If, in this vein,

an embedded discontinuity approach is still taken, then implementing the formulations in [120]

would most likely be pursued.

Implementing a post-localization variable friction formulation is also a strong consideration for

future models. It is known that geomaterials exhibit unstable friction slip upon faulting or

cracking, therefore implementing an already established form like that of [57] is an attractive

choice.
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Lastly, while experimental data exists for earthen structural materials, it is hoped that stress-

strain data and other parameters may be obtained for a number of these materials (as well

as data from full-scale masonry tests). With this data, various materials could be fit to the

modified Sandia Geomodel. And coupling this with the traction-separation model, a number

of important structural problems involving earthen materials could be simulated and further

investigated.
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Appendix A

DERIVATIVES OF THE YIELD FUNCTIONS

The gradients of the yield functions are as follows:

∂Φ1

∂ζn
=

∂σ

∂ζn
−
[
ζn
∂kn
∂ζn

+ kn

]
(A.0.1)

∂Φ1

∂ζs
=

∂σ

∂ζs
− ζn

∂kn
∂ζs

(A.0.2)

∂Φ2

∂ζn
=

∂τ

∂ζn
− ζs

∂ks
∂ζn

(A.0.3)

∂Φ2

∂ζs
=

∂τ

∂ζn
−
[
ζs
∂ks
∂ζs

+ ks

]
(A.0.4)

where

∂ks
∂ζn

=


−
α2
ζc0

ζ3
c

ζn if ζeq = ζc

0 if ζeq < ζc

(A.0.5)

∂ks
∂ζs

=


− c0

ζ3
c

ζs if ζeq = ζc

0 if ζeq < ζc

(A.0.6)

∂kn
∂ζn

=
αζ
ασ

∂ks
∂ζn

(A.0.7)

∂kn
∂ζs

=
αζ
ασ

∂ks
∂ζs

(A.0.8)
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Appendix A (Continued)

To determine the derivatives of the bulk stresses with respect to the jumps, recall

σn+1 = σn + ce : ∆εconf − ce :
(

∆ζ ⊗∇fh
)s

(A.0.9)

Hence,

∂σ

∂ζn
= −ce :

(
n⊗∇fh

)s
(A.0.10)

∂σ

∂ζs
= −ce :

(
l⊗∇fh

)s
(A.0.11)

and therefore

∂σ

∂ζn
= − (n⊗ n) : ce :

(
n⊗∇fh

)s
(A.0.12)

∂σ

∂ζs
= − (n⊗ n) : ce :

(
l⊗∇fh

)s
(A.0.13)

∂τ

∂ζn
= − (n⊗ l)s : ce :

(
n⊗∇fh

)s
(A.0.14)

∂τ

∂ζs
= − (n⊗ l)s : ce :

(
l⊗∇fh

)s
(A.0.15)
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Appendix B

DERIVATION OF THE EFFECTIVE ALGORITHMIC OPERATOR

The effective algorithmic operator is defined as

Ceff
n+1 =

∂σ̃n+1

∂εn+1
(B.0.1)

by taking the derivative of the semi-implicit stress in eq. (Equation 2.6.15) with respect to the

implicit strain we have the following:

∂σ̃n+1

∂εn+1
=

∂σn
∂εn+1

+ ce :
∂ (εn+1 − εn)

∂εn+1

−∆λ̃n+1c
e :

∂

∂εn+1

(
∂g (σ̃n+1)

∂σ̃n+1

)

= ce :
∂εn+1

∂εn+1
−∆λ̃n+1c

e : Ãn+1 :
∂σ̃n+1

∂εn+1

(B.0.2)

where

Ãn+1 =
∂2g (σ̃n+1)

∂σ̃n+1 ⊗ σ̃n+1
(B.0.3)
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Appendix B (Continued)

Noting that ce : ∂εn+1

∂εn+1
= ce : I = ce, we group terms and factor:

∂σ̃n+1

∂εn+1
= ce −∆λ̃n+1c

e : Ãn+1 :
∂σ̃n+1

∂εn+1

ce =
∂σ̃n+1

∂εn+1
+ ∆λ̃n+1c

e : Ãn+1 :
∂σ̃n+1

∂εn+1

ce =
(
I + ∆λ̃n+1c

e : Ãn+1

)
:
∂σ̃n+1

∂εn+1

finally

∂σ̃n+1

∂εn+1
=
(
I + ∆λ̃n+1c

e : Ãn+1

)−1
: ce = Ceff

n+1 (B.0.4)
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