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Summary

Restriction varieties are a fundamental class of subvarieties of orthogonal flag va-
rieties. They parameterize isotropic partial flags satisfying certain rank conditions
with respect to a flag that is not necessarily isotropic. Orthogonal Schubert varieties
are examples of restriction varieties when the flag is isotropic. The intersection of a
generic Type A Schubert variety with the orthogonal flag variety is also an example
of a restriction variety. These two examples serve as two extremal cases; restriction
varieties interpolate between these two examples. This thesis focuses on restriction
varieties in the orthogonal Grassmannian OG(k, n), we will refer to them as restriction
varieties for brevity. The goal of this thesis is to study the singularities of restriction

varieties.

We introduce a resolution of singularities for restriction varieties that is inspired by
the Bott-Samelson /Zelevinsky resolution for Schubert varieties but is necessarily more
complicated due to the richer geometry of restriction varieties. We use the resolution
of singularities to study the singularities of a restriction variety. Our results rely on
studying the exceptional locus of the resolution; we categorize the orbits in the image
of the exceptional locus and we compute the dimension of the fibers of the resolution

over each orbit.

Using a lemma that relates the image of the exceptional locus to the singularities
of the restriction variety when the resolution is not a divisorial contraction, we show
that certain components of the exceptional locus have images inside the singular locus.
For the components that are excluded from these results, we study the tangent space

to the restriction variety at a point. We find conditions for when the images of the
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SUMMARY iii
components lie inside the singular locus. We conclude by illustrating how the results

presented can be used to describe the singularities of a restriction variety.
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CHAPTER 1

Introduction

There are several ways of defining Schubert varieties in G(k,n). Here we define
them in a setting that is not common in the literature but that will generalize to
restriction varieties in a straight-forward way: We use sequences whose steps corre-
spond to rank conditions giving the Schubert variety. Let W be an n-dimensional
vector space over the complex numbers C and consider G(k, W) = G(k,n), the Grass-
mannian of k-planes on W. We define a Schubert variety ¥ in G(k,n) in terms of a

fixed complete flag, that is, a nested sequence of subspaces
oCw,C---CW,1 CW, =W
with dim W; = i. Consider a subsequence W, of length k:
Wy, € CW,, .
The Schubert variety ¥ associated to W, is defined as the closure of the locus
YW ={A € G(k,n) | dim (ANW,,) =iforall 1 <i<k}.

If there are steps in W, with consecutively increasing dimensions, the number of
independent rank conditions is less than the number of steps in the sequence. In this
case, the Schubert variety (W, ) can be defined in a more concise way by considering
only the largest dimensional step in each group of steps with consecutively increasing

dimensions.
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EXAMPLE 1.1. Let ¥ be the Schubert variety in G(5,17) associated to the se-
quence

Wg C Wy C Wi C Wiy C Wi

Then ¥ is defined as the closure of the locus
Y ={A € G(517) | dim (AN Wy,) =5} .

In other words, Y is just the variety of 5-planes A contained in Wio; it is isomorphic
to G(5,12). Such A necessarily intersect Wiy in dimension 4, Wio in dimension 3
and so on. In this example, the defining sequence gives only one independent rank

condition.

EXAMPLE 1.2. Let ¥ be the Schubert variety in G(5,17) associated to the se-
quence

Wy CWs C W, C Wi CWia.

This means Y is defined as the closure of the locus
Y0 ={A € G(5,17) | dim (A N Wy) = 3 and dim (A N Wi5) =5} .

The rest of the steps are naturally satisfied for such k-planes A, so there are only two

independent rank conditions defining X.

EXAMPLE 1.3. Let X be the Schubert variety in G(7,17) given by the sequence
We CWe CW7 CWip CTWipa CWi3 C W5 .
This variety is defined as the closure of the locus

S0 = {A € G(7,17) | dim(ANW,) =1, dim(ANW;) =3,

dlm(A N ng) = 6, dlm(A N W15) = 7} .

Four independent rank conditions define X in this example.
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In order to define Schubert varieties in G(k,n) in a concise way by just not-
ing the independent rank conditions, we introduce partitions. Define the partition

(ngl,...,ngt) associated to Wy : Wy, C--- C W, as

ai?
az:‘{minW. mﬁnal,al—i:nal—ni}‘ forall 1<i<¢.

In other words, a; marks the largest dimensional step in each group of steps with
consecutively increasing dimensions and «; counts the number of steps in the group.
Note that we have ¢ = S.'_ o; and a, = k. The Schubert variety ¥ in G(k,n)

associated to the partition (n%',...,n%) is given by ¢ independent rank conditions

ay’ at

and is defined as the closure of the locus
X' ={AeG(k,n) | dm (ANW,, ) =a forall 1 <1<t} .

Being homogeneous under the action of GL(n), the open cell ¥° is smooth.

EXAMPLE 1.4. The partition associated to the Schubert variety in G(5,17) given
by the sequence

Wg C Wy C Wiy C Wi C Wi

is (12°).

EXAMPLE 1.5. The partition associated to the Schubert variety in G(5,17) given
by the sequence

Wy C W5 C W, C Wy C Wi

is (43,122).

EXAMPLE 1.6. The partition associated to the Schubert variety in G(7,17) given
by the sequence

Wy CWe CW7 C Wi CWip CWig CWis

is (21,72,133, 15Y).
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The following proposition recalls the dimension of a Schubert variety in the se-

quence and the partition notations.

PROPOSITION 1.7. The dimension of a Schubert variety ¥ in G(k,n) associ-
ated to the sequence Wy : W,, C --- C W, or the partition (nS*,...,n5t) is given

a’ at

by

k ¢
dim¥ = Z(nl — 1) = Zal(nal —a) .
i=1 =1

PrROOF. The second equality is just the translation between the sequence notation
and the partition notation. We prove the first equality using induction on k. If £k =1
then X is isomorphic to the projective space of dimension n; — 1 and the equality
holds. Now suppose the proposition holds up to k& — 1. Let ¥’ be the Schubert
variety of (kK — 1)-planes defined by the sequence obtained by omitting W, from

W, . Consider the map f : ¥ — Y/ defined by f : A — ANW, The map f

k—1"
maps X onto X'. By the theorem on the dimension of the fibers of a morphism, we
have dim ¥ = dim ¥’ + dim f~*(L) for a general point L in ¥'. For general L € Y,
the inverse image f~'(L) = {A CW,, | L C A} is isomorphic to the Grassmannian

G(1,n; — (k — 1)) and hence has dimension n, — k. This proves the proposition. [

1. The Bott-Samelson/Zelevinsky Resolution

Schubert varieties in the Grassmannian admit a natural resolution 7 : 3 — 3 such
that the image of the exceptional locus of 7 is equal to the singular locus of . Let X
be given by the partition (ng!,...,n3!) and let 3> be the Schubert variety in the flag

a

variety F'(aq,...,a;n) defined by

Y ={(1",....T") € Flay,...,a5n) | T' C W,,, forall 1 <1<t} .

Since ¥ is an iterated tower of Grassmannians, it is smooth and irreducible. The
natural projection 7 : F(ay,...,a:;n) — G(k,n) given by (T, ..., T") — T maps 5

onto Y and the map is injective over the smooth open cell X°. The inverse image
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7 1(A) of a general point A € X° is determined uniquely as
T'=ANW,, , 1<I<t.
By Zariski’s Main Theorem, 7 is an isomorphism over ¥° and hence a resolution of

singularities of X.

The map has positive dimensional fibers over the locus of k-planes A with the
property that dim(A N Wnal) > q; for some 1 <1 <t —1. Let X, be the closure of
the locus

2o ={Aex|dm(ANW,,)=a+1} .

The exceptional locus of 7 consists of the union of the inverse images of ¥, for all
1 <1 <t—1. Let us study the codimension of the components of the exceptional

locus of . Over each X, the inverse image Y, is irreducible of codimension
codim (771(X,,)) = codim (Z,,) — dim (7' (A))
for a general A € ;. By Proposition [I.7] we have

codim (ZSz) = al(naz - a’l) + al—l-l(nau-l - CLl+1)
—(u+ 1) (g, —ar — 1) — (g1 — 1)(ng,y, — ai41)
= Ng,,, — Na; — (a4 — @)+ + 1.

On the other hand, for a general A € X, we have

W_l(A):{(Tl,...,Tt)|T9:AﬂWnag forall 1<g<t, g#l

and TV CT'C AN Wna,}

So, for an element of 7=1(A), the coordinate T is the only one that is not determined

uniquely and it can be parameterized by G(a;—a;—1, a;4+1—a;—1). This Grassmannian
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has dimension a; — a;—1 = «. Therefore we have
codim (ﬂ_l(Esl)) =Ngy, — Moy — (G141 —a7) +1>2

since Ng,, , — Ng, = are1 — a; + 1.

This shows that a component of the exceptional locus of 7 has codimension larger
than 1. This observation with the following lemma determines the singular locus of

a Schubert variety.

LEMMA 1.8. ([7], Lemma 2.83) Let f : X — Y be a birational morphism from a
smooth, projective variety X onto a normal projective variety Y . Assume that f is
an isomorphism in codimension one. Then p € Y is a singular point if and only if

f~X(p) is positive dimensional.

COROLLARY 1.9. The image of the exceptional locus of the resolution of sin-

qularities m : Y Y s equal to the singular locus of 3.

EXAMPLE 1.10. The Schubert variety ¥ in G(5,17) associated to the partition
(125) or the sequence

Ws C Wy C Wig € Wiy C Whe

is smooth, this is the Grassmannian G(5,12). In this case, the resolution of singular-

ities has mo positive dimensional locus. The variety S s given by
3= {T" € G(5,17) | T C Wip}

and 1s identical to X.

EXAMPLE 1.11. Consider the Schubert variety 2 in G(5,17) given by the parti-

tion (43,12%). The variety 3 s given by

Y= {(T,T% € F(3,517) | T' C W, and T* C W2} .
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The projection 7 : (T*,T?%) — T2 maps ¥ onto X. The map = is positive dimensional
over the locus

{A € G(5,17) | dim(A N Wy) > 3}

which also equals the singular locus of 3.

EXAMPLE 1.12. For the Schubert variety given by the partition (2',7% 133, 15'),

the variety S is defined as

S ={(T" T T T" € F(1,3,6,7:17) | T' C W,, T?C Wx,

T° C Wiz, T'C Wit

The projection 7 = (T, T*, T3, T*) — T* maps Y onto X. The exceptional locus

consists of the union of the inverse images of the closures of the following loci:

20 ={A € G(7,17) | dim(ANW,) =2, dim(ANW;) =3,

dlm(A N ng) = 6, dlm(A N W15) = 7} .

20 ={A e G(7,17) | dim(ANW,) =1, dim(ANW;) =4,

dlm(A N ng) = 6, dlm(A N W15) = 7} .

20 ={A € G(7,17) | dim(ANW,) =1, dim(ANW;) =3, dim(ANW3) =7},

Consequently the singular locus of the Schubert variety ¥ is given by
¥EM =3, US,, US,, .

REMARK 1.13. The subvarieties X, of the Schubert variety ¥ correspond to the

hooks in the Young diagram of 3.
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2. Outline of Results

This thesis presents a resolution of singularities and gives a partial description of
the singularities of restriction varieties in OG(k,n). The Bott-Samelson/Zelevinsky
resolution and the picture described in the previous section for Schubert varieties in

G(k,n) serve as a starting point.

One of the major differences of the restriction varieties from Schubert varieties
in this study is that a component of the exceptional locus of the resolution of sin-
gularities introduced here does not have codimension larger than 1 in general. We
describe components with this property and give examples in our discussion. Also,
since restriction varieties are much more general than Schubert varieties, their com-
binatorial nature is more involved. This is reflected in the complicated statements
of the results; we hope to remedy this by presenting lots of examples that unveil the

intuition behind the general formulations.

In Chapter 2, we review restriction varieties. The definition and properties of
restriction varieties are governed by basic facts about quadrics. We recall these prop-
erties and explain the conditions required to define restriction varieties. We introduce
the partition notation for restriction varieties which is central in the statements of
our results. We also introduce basis sequences which give a convenient point of view

for studying the tangent space to a restriction variety.

In Chapter 3, we introduce a resolution of singularities for restriction varieties. We
start by giving examples that illustrate the ideas behind the construction and then
give the general definition. The definition of the resolution of singularities becomes
more apparent when considered via a diagram; we explain this diagram throughout
our discussions and emphasize that it can be used to define the resolution of singu-

larities in general.

In Chapter 4, we study the exceptional locus and determine which components

have codimension larger than 1. We prove a lemma that allows us to show that the
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image of a component of the exceptional locus with codimension larger than 1 lies
in the singular locus of the restriction variety. This gives a partial description of the
singular locus. We also observe that there are components of the exceptional locus

with codimension 1 in general.

In Chapter 5, we study the components of the exceptional locus with codimension
equal to 1. We present conditions under which the image of a component of the ex-
ceptional locus with codimension 1 is contained in the singular locus of the restriction
variety. We study arcs contained in the restriction variety through a point to show

singularity at a point, and hence along the orbit that contains the point.

In Chapter 6, we present examples where we describe the singular locus of several
restriction varieties, presenting concrete cases of our previous observations. We con-
sider orthogonal Schubert varieties and show the overlap between our notation and
the permutation notation which the existing literature on Schubert varieties usually

uses.



CHAPTER 2

Restriction Varieties in OG(k,n)

1. Preliminaries on Restriction Varieties

In this chapter, we define restriction varieties and review their basic properties.
Let W be an n-dimensional vector space over the complex numbers C and () a non-
degenerate symmetric bilinear form on W. A linear space A C W is called isotropic
with respect to @ if v/ Qv. = 0 for all v, € A. Let Fy denote the quadratic
polynomial associated to Q. A k-plane A is isotropic with respect to @ if and only
if its projectivization is contained in the quadric hypersurface defined by Fg. The
orthogonal Grassmannian OG(k,n) parameterizes k-dimensional subspaces of W that
are isotropic with respect to ). Equivalently this is the Fano variety of (k — 1)-planes

contained in a quadric hypersurface in PW.

Let L, be an isotropic linear space of vector space dimension n,. In case 2n; = n

i j j
we denote isotropic linear spaces in different connected components as L,; and L;lj.
Let QZ denote a subquadric of corank r; cut out by a d;-dimensional linear section
of ) and denote this linear space by Q_Z Let Fgr denote the restriction of F' to Q_ZI
so that @ is given by the zero locus of Fgr. We denote the singular locus of Q7
by Q:li’smg . We use the same notation for projectivizations contained in PW. For

convenience, let g = 0 and dy = n.

We use sequences of the form

Ly, C...CL, CQI"C...CQy

10
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consisting of isotropic linear spaces L, and sub-quadrics Q7 of @ to define restric-
tion varieties. The restriction variety V' defined via this sequence parameterizes k-
dimensional isotropic linear spaces that intersect L, in a subspace of dimension j for
all 1 < j < s and Qgi in a subspace of dimension k —i+ 1 forall 1 <: <k —s. We
require the isotropic linear spaces and the singular loci of sub-quadrics to be in the

most special position. This is expressed in the conditions

o Q)" C Qg for every 1 <i <k — s and

e dim (Lnj N Qgi’smg) = min(n;,r;) forevery 1 <j<sand 1 <i<k—s.

This gives a motivation for counting the sub-quadrics @y from the right; the

. . r1,5Ing Tk—s,5iNg
singular loci form a nested sequence of subspaces @ C...CQy 7. Note
that by the corank bound, Qgij””g - Q;’i’smg implies 7,41 — r; < d;j — diyq. In
particular, the corank of a sub-quadric in @) is bounded by its codimension. We note

the effect on our sequence as
o iy +diyy <r+d; forevery 1 <1<k —s.

This positioning of isotropic linear spaces and sub-quadrics has an effect on the

k-planes V' parameterizes as well. Let z; be the number of isotropic linear spaces Ly,

Tis

of the sequence contained in )y %9 We require the (k — i+ 1)-dimensional subspace

of a k-plane A contained in Q7 to intersect Q*™ in a subspace of dimension ;.

The largest dimensional isotropic linear space with respect to a quadratic form ()7, has

Ti,8tng

dimension L%J Therefore a linear space of dimension k — ¢ + 1 intersects @),

in a subspace of dimension at least max (0, k—1+1— \_%J) Hence we get the

condition

e Forevery 1 <i<k—s,

di — T
5 .

x> k—14+1—
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Another crucial requirement we make is the irreducibility of the sub-quadrics. A
sub-quadric ) is irreducible if and only if its rank is at least 3. The following

condition ensures that QZ’Z:S and consequently every Q' is irreducible.

® Tp_s < dkfs - 3.

The next condition concerns the variation of tangent spaces to a singular quadric.
Let M be a codimension j linear subspace of a linear space L. Let @ be singular
along M. Then the tangent spaces to @7 along L\ M vary at most in a (j — 1)-
dimensional family. In other words, the image of the Gauss map of )}, restricted to
the smooth points of L has dimension at most j — 1. Therefore, if there is n;,7; in a
sequence with n; = r; + 1, then QZ_’“"" C Ly, is a codimension 1 linear subspace and
the tangent spaces to Qy are constant along L,,. Hence the (k — i + 1)-dimensional
subspace contained in @ are actually contained in Qg‘j with singular locus L.

Since the latter reflects the geometry of the k-planes in V' better, we impose the

following condition on our sequence.
e For any 1 < j <s, there does not exist 1 <7 < k — s such that n; —r; = 1.

The following technical condition puts a restriction on the singular loci of the

sub-quadrics in the sequence; it disallows a sudden gap between Q7*".

(3

e Forevery 1 <i <k — seither r; =ry =2y 0orrp—1r; > 1 —1—1 for every
[ > i. Furthermore, if r; = r;,_1 > 1 for some [, then d; — d;y 1 = rip1 — 1

forall?>1land d;_y — d; = 1.

We use sequences satisfying these conditions to define restriction varieties in order
to make sure the resulting subvarieties of OG(k,n) are geometrically meaningful. A

sequence satisfying these conditions is called an admissible sequence.
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DEFINITION 2.1. Let (Lo, Qs) be an admissible sequence for OG(k,n). A re-
striction variety V(Le, Qo) is the subvariety of OG(k,n) defined as the closure of

VO(Le,Qa) = { A€ OG(k,n) | dim (ANL,) =4 1<j<s,
dim (ANQY) =k —i+1,

dim (Aﬂ Qgi’smg) =x;, 1<i<k-—s }

EXAMPLE 2.2. Schubert varieties in OG(k,n) are restriction varieties defined
via a sequence satisfying d;+r; =n for all 1 <1 < k—s, that is, when the quadrics in
the sequence are as singular as possible. The restriction of a general Schubert variety
in G(k,n) to OG(k,n) is also a restriction variety associated to a sequence with s =0
and r; =0 for all 1 < i < k —s. Hence, restriction varieties interpolate between the
restrictions of Schubert varieties in G(k,n) to OG(k,n) and Schubert varieties in

OG(k,n).

When the inequality x; > k —i+ 1 — @ is an equality for an index i, then the

@—dimensional linear spaces in () form two irreducible components.

EXAMPLE 2.3. V defined by

Q5 C QY

in OG(2,5) parameterizes lines on a smooth quadric surface QY in P* and consists of

two wrreducible components.

The (k — i + 1)-dimensional subspaces contained in Qg may be distinguished by
their parity of the dimension of their intersection with linear spaces in each of these

components.

DEFINITION 2.4. Let (La, Qo) be an admissible sequence. An index1 <i < k—s

such that
di —T;

i=k—i+1-
X 1+ 5
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is called a special index. For each special indez, a marking me of (Le, Qe) designates
one of the irreducible components of %—dim@nsional linear spaces of Qy as even

and the other one as odd, such that

o Ifd; +ry = diy, + 1, for two special indices iy < i and the component
containing a linear space 1" is designated even for iy, then the component
containing I' is designated even for iy as well; and

o [f2ng = d;+r; for a special indezx i, then the component to which L, belongs
15 assigned the parity of s; and

o [fn =2k, me assigns the component containing ly, the parity that character-
izes the component OG(k,2k). A marked restriction variety V (L, Qe, ms) iS
the Zariski closure of the subvariety of V°(Ls, Qs) parameterizing k-dimensional

isotropic subspaces W , where, for each special index i, W intersects subspaces

di4r;
2

of dimension of Q. designated even (respectively, odd) by me in a sub-

space of even (respectively, odd) dimension.

We will use the next proposition when we compare dimensions of the restriction

variety and its tangent space in various orbits in the next section.

PROPOSITION 2.5. ([4], Prop 4.16) The marked restriction variety V (L, Qe, M)

associated to a marked admissible sequence is an irreducible variety of dimension

N

S

dim (V(La, Qo,ma)) = > (nj — j) + Y (di + 27 — 25 — 2i)

1

—S

j=1 i

e

—S

:Z<”j—j)+ (di + 2 = 2(k —i+1))

i=1

Note that this expression does not depend on the marking m,. The restriction
variety V(L,,Q.) has an irreducible component for every marking m, and every

irreducible component of V(L,, Q)s) has this dimension.
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2. Basis Sequences

In this subsection we associate a sequence of vectors, brackets and braces to an
admissible sequence. Examples of similar sequences can be found in [4], [5] and [6].
We will use basis sequences when we study an example illustrating future research

ideas in the last chapter.

Recall that we denote the quadratic polynomial corresponding to the symmetric
bilinear form @ by Fgy and the smallest dimensional linear space containing a sub-

quadric Q7 by Q. We take Fg to be

inyi if n=2m and xiwl—l—inyi if n=2m+1.

i=1 =1

Similarly, the restrictions of the bilinear form Fg- to Q7 are

r+m r+m
Z x;y; if d—r=2m and J:,%erﬂ—i- Z xiy; it d—r=2m+1.
i=r+1 i=r+1

Let the dual basis for x;,y; be e;, f; such that
ziley) = 0], :(f;) = 6] and wi(f;) = wile;) = 0.
Using e;, f; we give a basis for each L,; and Q_Z as follows:

Ly, = <61, el enj>
— .
de = <€17"'aeriveri-‘rl)fri-i-lw"ae?“i+7TL7fTi+m> if dl — T = 2m
— .
dz = <617 s Gy Gt frﬂrb <o Cribmy fn‘+m7 €ri+m — fn‘+m + eri+m+1> if di—ri=2m+1
Given an admissible sequence
Tk—s r1
L, C...CL,, dekﬂ C...CQy

we form a sequence of vectors e;, f;, brackets and braces as follows: For each isotropic

linear subspace Ly, we write down €, 11, ,..., €y, followed by a bracket and for
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each sub-quadric Q' , we write down the remaining vectors in the basis of @ followed

by a brace.

In this sequence, the first n; vectors span L, and the first d; vectors span Q.

EXAMPLE 2.6. To QY C Q2 we associate the sequence

er fres fa(ea— fotes) } fs}

EXAMPLE 2.7. To Ly C Ls C Q%, C @Y, we associate the sequence

6162]636465]f3f4f566f667f7}f1f2}-

3. Partitions for Restriction Varieties

Restriction varieties can be parameterized by triads of partitions. These partitions
will allow us to define restriction varieties using only the independent rank conditions,
that is, the conditions that are not automatically satisfied as a result of the others.

For an admissible sequence
Ly, €...C L, CQy " C...CQ}

write down the increasing sequences (nq, ..., ny), (dg_s, ..., d;) by grouping the con-

secutive integers as follows:
(n1,...,ng) = (ng!,...,ng") and (dp—s,...,d1) = (dfll, . ,df;‘)
where

o = ‘ {n; in the sequence | n; < ng,,a; — j = ng, —n;} ’ and

B = ’ {d; in the sequence | d; < dy,,i — b, = dp, — d;} ‘
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Here a, (resp. by) is the largest dimensional isotropic linear subspace (resp. the
largest dimensional sub-quadric) in each group and oy (resp. ;) counts the steps
in the group for all 1 < g <t (resp. 1 < h < u). Restriction varieties can be

parameterized by partitions

(21, nS), (At dy), (o -3

al’?

The restriction variety given by the partitions (ng!, ..., ngt), (dfll, ce df;‘), (Poyy ey Thy)

is defined as the closure of the locus

VO={AeOG(kn) | dm(ANLy,)=a, 1<g<t,

dim (AmQZZ) — kb + 1,
Tpy, »SING

dim (AN Q™) =y, 1<h<u}.

EXAMPLE 2.8. To the sequence Ly C L3 C Lg C Ly C Ly C Q17 C Q15 C Q13
we associate the partitions (3%,8%), (122,18"), (17,13).

We have a; = > 7 oy and k —b, +1 = s+ Z?Zlﬁl for every 1 < g < t and
1 < h < u. Note that n,, = n,, dy, = dy, 25:1 ay=sand ), fi=k—s.

OBSERVATION 2.9. In terms of these partitions Proposition gies the di-

mension of a restriction variety by

t u  Pn
dim (V(Le, Qu)) = > _ g (ng, — ag) + (dy, +x, —2(k— b+ 1)+ (t — 1))
g=1 h=1 t=1

u

t
:Zag (nag_a9)+ 2
g=1

—1
B (dbh+xbh—2(k—bh+1)+6h >
1

h=

EXAMPLE 2.10. The restriction variety [L(; C L, C Lg] s isomorphic to the
Grassmannian G(3,8) which parameterizes planes contained in a projective space of
dimension 7. This variety is given by (8%),(), () in terms of partitions and has di-

mension ay(ng, —ay) = 3(8 —3) = 15.
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EXAMPLE 2.11. The restriction variety [Q‘ﬁ CQi, C Q%] 15 the Fano variety
of planes contained in a quadric 11-fold in P2 singular along a line. In terms of
partitions it is given by (), (13%), (2) and has dimension By (dy, + zp, — 2(3) + 252) =
3(13+0—-6+1) =24.

EXAMPLE 2.12. The restriction variety | Ly C L3z C Q; - Q?B parameterizes
3-dimensional projective linear spaces that are contained in a quadric hypersurface
in P of corank 6 and that intersect a plane contained in the singular locus of the

quadric along a line. In terms of partitions this variety is given by (3?), (18%), (6) and

has dimension a (ng, —ay )+ B (dp, +13, —2(5)+21) = 2(3-2)+2(18+2—8+1) = 27.



CHAPTER 3

The Resolution of Singularities

In this chapter, we present a resolution of singularities for restriction varieties.
We first illustrate the resolution on a few examples and then introduce the general

definition.

EXAMPLE 3.1. Let V' be the restriction variety in OG(1,n) defined by the se-
quence Q1 of length 1. This variety is a singular quadric contained in a projective
space of dimension 10 whose singular locus is isomorphic to the projective space of

dimension 3. Consider the flag variety 1% defined by
V ={(T,Z) € OF(1,5;n) | Q1" C Z C Q},} C OG(1,n) x OG(5,n).

The second projection map w3 : (T, Z) — Z maps V onto {Z € OG(5,n) | Q1™ C
Z C Q1,} which is isomorphic to OG(1,7). Over such Z, the map has fibers
G(1,5) of dimension 4 so V is irreducible of dimension 9. The first projection map
m (T, Z) — T maps V onto V where the inverse image s determined uniquely over

the smooth locus of V. By Zariski’s theorem, m : V — V is a resolution of sin-

gularities for V. where the image of the exceptional locus gives the singular locus of

V.

EXAMPLE 3.2. Let V = [L7 C Q‘fl}, V' parameterizes the lines in a singular
quadric intersecting a fized linear space that contains the singular locus of the quadric.

Consider the variety defined by

V={(T"1%0,2)|T"CT* Q"™ COCZ T'COC Ly andT* C Z C Q},}
19
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where dim TV = j, dim O = 5 and dim Z = 6. The properties defining the variety 1%

can be visualized by the following diagram:

FIGURE 1. Definition of V for V — [L7 C Q;ﬂ]

4,sing

11

N
T C O Cc Ly
IN N IN

2 4
™Cc Z <O

Consider the following forgetful maps:
(T, T*,0,Z) — (T",0,Z) — (T, 0) = (O).

We show V is an iterated tower of G(I,n) and OG(l,n) bundles via these maps.
The linear space O satisfies Q1™ C O C Ly and hence can be parameterized by
G(b —4,7—4) = G(1,3). For fized O, the linear space T" satisfies T* C O and
hence can be parameterized by G(1,5). On the other hand, Z satisfies O C Z C Q1.
Since Z has to lie in the quadric cut out on Q, by the linear space tangent to Qf,
everywhere along O, Z is contained in a quadric of projective dimension 8 with a
singular locus of projective dimension 4. Then Z can be parameterized by OG(1,5).
Finally, the linear space T? satisfies T* C T? C Z and hence can be parameterized
by G(1,5). Thus V is a tower of the discussed G(1,3), G(1,5), OG(1,5) and G(1,5)
bundles. This also shows that V is irreducible of dimension 13. The second projection

map

T (T T, 0,7Z) — T?

maps V onto V with fibers determined uniquely for a general point A contained in V°.

Therefore the map m : V = V is a resolution of singularities by Zariski’s theorem.
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EXAMPLE 3.3. Let V = [L5 C Q) C Q% |. For this restriction variety we
consider V defined by

‘7 — {(TI,TZ,T3,01702,21,Z2) | ngsing g Ol g 02 g Z2, Q'Ibsing g Zl,

T'CO'C Ly, T° CO* C QY and T° C 2% C Q)

where dim TV = j, dimO! = 3, dimO0? = 4, dimZ! = 8 and dimZ% = 5. The

corresponding diagram 1S:

FIGURE 2. Definition of V for V = |Ls; C Q7, C Q%

2,sing 7,sing

20 10

IN M
™ C O C Ls
N N N
™ C 02 < 7' < Qf,
N N M
™ ¢ Z* C Q%

We consider the following forgetful maps:

(T, 7%,73,0',0% 2", Z%) s (T', T?,0*, 0%, 2", Z*) s (T, T%, 0", 0%, Z")

= (T, 01, 0%, ZY) — (T, 01, Z1) — (T, 0% = (OY).

The linear space O is parameterized by G(1,3) and for fized O, T" is parameterized by
G(1,3). The linear space Z' is parameterized by OG(1,3). For fivred Z', O? satisfies
O C O? C Z' and hence can be parameterized by G(1,5). Then T? is parameterized
by G(1,3). In the last row, as O* C Z* C Q3%,, Z* is parameterized by OG(1,14).
Then T3 is parameterized by G(1,3). Thus V is a tower of the discussed G(1,3),
G(1,3), OG(1,3), G(1,5), G(1,3), OG(1,14) and G(1,3) bundles. Thus V is an

wrreducible smooth variety of dimension 25. The third projection map

7 (THT* T30, 0%, 24, Z2%) v T°



gives the resolution of singularities in this example.
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EXAMPLE 3.4. As a final example, let us consider the restriction variety in

OG(10,70) given by the sequence

Ly C Lg C L13C L1y € Lig C Q:l),g C Qi C Q5% C QZ6 C Q.

In this case V satisfies the following diagram. The dimensions of the T', Z and O’s

are noted as subscripts.

F1GURE 3. Definition of ‘7 for V = [LQ CLg CLisC Ly €Ly C

QY C QI € Q% € QF € Q%)

IN

T3
N
T}
N
T3
N
8
N
7
N
73
N
i

-

N

N

N

N

N

N

Ly

N
3,sing
50

IN
o,
IN
05"
IN
07"
IN
o™
IN
ok
IN
O™
IN
Zl,

N

N

N

N

N

N

7,sing
46

N

3,nl12
Oy
M
S,na3
O1o
M
3,7’bl
Oll
N
3,7’52
012
M
3
Zl4

11,sing
40

N

2,na2
013
N
2,na3
014
N
27Tb1
F
N
2
Z16

17,sing

30

N
Lg
N
L14
N

1,n4-

015 C Ly

N N

Ziy S Qy
N
11
40
N
7
Q46
N
Q3

The variety V is a tower of G(k,n) and OG(k,n) bundles via 25 successive forgetful

maps in this case. Starting with an element of ‘7, the forgetful maps trail each row

from left to right going from the bottom row to the top row.

Let us fix terminology before giving the definition.

In the following we say a

sequence A = [A; C ... C A,| is contained in a sequence B = |B; C ... C Bk] if
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A; C B; for all 1 <i < k. We will denote by A both the sequence |A; C ... C Ak]
and the ordered set (Ay, ..., Ag).

Let V(Ls, Q) be a restriction variety defined by the sequence
Ly, C...CL,, CQJ ™ C...CQY,

or equivalently, by the partitions (ng?!,...,ng"), (dfll, . ,df:), (ryyy.-.,7p,). For each

al

de , let V( 7nbh) be the subsequence consisting of isotropic linear subspaces Ly,

Tb,; ,SING . . .
" and are strictly contained in

and sub-quadrics Qd9 that strictly contain Q
QL dn, We introduce a subsequence O(Q dbh> of the same length contained in V/( ;Z’; )

that consists of isotropic linear subspaces O.

Tb v . rb

V(de}h) : ..o C L”ae cC ... C dez C
Ul Ul U

O(Q;ZZ) . . e g Oh7na0 g PN g Oh’dbe g

Also, the subsequence |L; C ... C Q;l;“‘l obtained by omitting the last 3, sub-
u—1

quadrics from the defining sequence will have a crucial role in the following definition.

Define:

V(Le, Q) ;:{ (1", T, 202 0Q), -, 0(Q)) ‘
Qrbh,szng O(Qrb1> C b Qrbh
O"mas C Ly, for all L,, in V( Tbh)
Ohmeg C OhHimey for all Ly,, that lies in both V( ;Z’;) and V(QZ,};i)?
Ot € Qe for all Q" in V(Q),
O"me C O for all Qd ? that lies in both V( b’”) and V(de:i)

T'C...CTH foralll<g<tandl1<h<u

byu—1

(T',...,T"" ) C | C...CcQ,"" andTH“cZ“}



3. THE RESOLUTION OF SINGULARITIES 24
where dim 79 = a,, dimT"" = k — b, + 1, dimZ" = ry, + (k — by + 1) — x3,,

dim O""es = 1y, + ag — 3, and dim O™ =1y, + (k —by+1) —mzy, forall 1 < g <t

h

and 1 < h <.

Drawing a diagram, as in the examples above, puts this construction in a more
approachable framework. Let L,, C ... C Ly, be the isotropic linear subspaces
in the defining sequence contained in Q;Zz’smg , thus contained in the singular locus
of all the sub-quadrics. The defining properties of V are visualized in the following

diagram. Here, the linear spaces O"*® that lie in the column of Q;’;h form the sequence
h

O(Q'?") in the definition of V above.

dy,,
FIGURE 4. Definition of V for general V

Tl g Lnal
N N
T, < Ln,
N N

Thy, »SING Tby ,8ing Tb ,SING Thq ,8ING

Qun Q™ C ot oCoQp

N
Ty C© O%Mewst C
N N
N N
T c Owne  C
N N
7‘%_"_1 g Ou,'rbl g Ou—l,'r‘bl g g 03,7‘51 g 02,7‘51 g Zl
N N N N N
E—&—Q g Ou,rb2 g Ou—l,rb2 g g 03,7"1,2 g ZQ g
N N M N
Tivs A
N
N N N
Tyt C O C Zv70 C
N N
ﬂ-l—u g A g

N

naw+1

N

IN
L,
IN
Tb
Qi
IN
Tb.
Qe

Tby
Qu,,

IN
b

deufl

u—1

N
Thy,
Qg
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There is a natural projection from V(L., Q.) to V(Le, Qs) given by

o (T, T, 2 (Q”’l) ,0(Qyr)) w T

PROPOSITION 3.5. Let V(Le,Qs,me) be a marked restriction variety. The

variety ‘N/(L.,Q.,m.) associated to V(Le, Qe,Ms) is a smooth irreducible variety of

the same dimension as V(Le, Qe,M).

PRrooOF. Consider the successive forgetful maps omitting one coordinate of V at

a time, going from left to right in each row, starting at the bottom row and going up.

The

proof of this proposition is based on constructing a tower of G(I,n) and OG(l,n)

bundles via these forgetful maps. In the following, we study the four possible types

of rows in a diagram:

(1) For L,, € Q*, we have 79" C T9 C L, . Hence TY is parameterized
ag -+ dbu’ ag
by G(ay — ag_1,n4, — ay—1) which has dimension (a; — ag-1)(na, — a4) =
g(Na, — ag).

(2) Suppose for Ly, , the sub-quadrics whose singular loci lie between Ly, and

n+c Tbn .
Lnar1 are Qd RERRE den for some number ¢, that is,
Tby, »SING C C ,7+c+1731n9 c L C Tbn+c78ing C Tbn,szng L
deu Q bytetl = Thag1 = den+c den Mag”
Note that zy, = ... = x,,, = a, 1 in this setting. The row consisting of
T9, O%"s, L, satisfies:
g
Thy, »SING C C Toptet1 ,sing C Tbyte ,sing C C Tby ,8tng
de“ - = dbn+c+1 - den+c - - den
N N N
IN N N
Tg—l C Ou,nag_1 C C On—i—c—i—l,nag_l C
N N N
T9 C  Owheg C ... C Qwtetlneg C Qntens,  C C

Onvnag

Nag_4

N

nag
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by ,8ing

We start by choosing O""es. The linear space 0" satistying @,
Y

O""es C Ly, is parameterized by the Grassmannian G((ry, + ag — xs,) —
Tbh,> Na, —Tb,). 10 a similar fashion, the parameterization of 79, O%"es ..., Q™"

are given by Grassmannians whose dimensions add up to ag(n,., —a,) as fol-

lows:
Coordinates of V in the g-th row: Dimensions of the corresponding Grassmannian:
Th, ,SINg
dej] g On,nag g Lnag ((Ig - xbn)(nag - CLg - (Tbn - xbn))
T ,8ing 1
dej:l C Ot C Ot (ag - xbn+1) (<rbn - xbn) - (Tbnﬂ - xbwl))
Tb, \ .SiNg .
dej]:z C Ontenag C Ortelinag (ag - xbn+c)(<rbn+c—1 - xbn+c—1) - ((rbn+c - xbn+c))

077+C+17nag_1 g On+c+1,na9 g 077+C,nag (ag — ag,l) ((Tanrc — xbn+c) — ((rb77+c+1 — xbn+c+1))
O""eg-1 C O"Mes C Q¥ 1eg (ag = ag—1) ((ro,_, = zo,_,) = (13, — 2,))

T9~1 C T9 C O%nag (ag — ag—1)(rv, — )

3) Consider the row that corresponds to Q'. Depending on ry,, there are
dbl 1

two possibilities for the diagram. If r,, > n, then Z!' is determined by

szll’smg c 7' cC szll. Explicitly, suppose L, is positioned as Qgiill’smg -
Ly,, € Q;’;C’Smg C...C Q;’;I #9 for some number ¢. Note that Ty = ... =
c 1
xp, =t in this setting. The diagram is of the form:
by, ,SING Tbey1:511g Tbe,SiNg T'ho 1SING Thy ,8INg
Qe R C Qq cC . cQp c
N N N N N
IN N N :
Tt g Ow"nay g - g Oc+1,nat Lnat
N N N N
THL C  Own C ... C Ol C 0% c ... C 0?7 C 71 C Q;Zl
. . . . . . . 1
. 1 . 1 . Tby ,8Ing 1
We start by choosing Z*. The linear space Z° satisfies Q) cCZ C
1
Ty

dr and dimZ' = 7y, + (k — by + 1) — 2, = 71, + 1. Hence Z! can be

parameterized by OG(By,dy, — 3,). The linear spaces T 0% ... 0%



3. THE RESOLUTION OF SINGULARITIES 27

can be parameterized by Grassmannians whose dimensions add up to 1 (dp, +

zp, — 2(k — by + 1) — £52) by the following. Note that dim OG(k,n) =

k(n — 2k + £) (see [4] for a proof).

Coordinates of V in the (t + 1)-st row:

T S'Ln T
Q by »StNg C Zl g le;l
1
Qer,smg 0% C 71
Qrbysmg C 037”71 C 027”’1

dpq

Qrbc,szng C Q%™ C Oc—l,rbl
Oc-‘rl Nay C Oc—i—l,r‘b1 C O%™

Ou,nat C Ou,rbl C Ou—l,rbl
Tt C Tt+1 C Ou,rbl

Dimensions of the corresponding Grassmannian:
Bildy, -+, =20k = by + 1) = (ry, — 2, + 2571)
(k= b1 +1—m2)((ry, — 2,) — (13, — 73,))
(k—b1 4+ 1 —a3)((ro, — Tvy) — (b3 — Tpy))

(k— by +1—2) (., — 2,) — (o, — 1.))
(k=01 +1—a)((ro. = xv.) = (P = Toy))

(k= bi+1—a) (o, — 20, ,) — (o, — 73,)
(k—b+1—ay)(ry, —x,)

(4) As another case for the row that corresponds to Q:lzll, it 75, < ng,, then

Z! is determined by Ob%me: C Z!' C Q;bbll. The linear space Z' has to

be contained in the quadric cut out on Q;bl by the linear space every-

where tangent to ObY", that is, Z! C Q

parameterized by OG(Sy, dp,

— /r*bl

b, +(at Tpy )

1
doy —(ar—zp,)° Hence Z* can be

— 2(ay — wp,)). The parameterizations

of T, Owm™i_ ... O?™ are similar to the previous case, the total dimen-

sion is fy(dp, +xp, — 2(k — b1 + 1) —

%) as before. The diagram and the

parameterizations in this case are as follows:

Tt C O“v”at C
N N
Tt+1 g Ou,rbl C

Coordinates of V in the (t + 1)-st row:

O'ra C 7' C Q“l
02 Nay C 02 Tby C Zl

Tt C Tt+1 C Ou,rbl

N

N

O2,nat g Ol,nat g Lnat

N N N
:
O oc o< Ay

Dimensions of the corresponding Grassmannian:
ﬁ1<dbl + Ty, — Q(k — b1 + 1) - (Tbl - xbl) + %)
(k= b1 +1 =) ((ro, — 25,) = (T, — 71,))

(k—by+1—ay)(re, — )
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(5) Finally, the (¢ 4 h)-th row for some h > 2 is similar to the case above. The
parameterizations are given by a tower of Grasmanninans contained in an
orthogonal Grassmannian and the total dimension adds up to dy, + z, —

2(k—b,+1)— % The diagram and the parameterizations are as follows:

Tt‘".h_1 C O“’T.”hq Cc ... C Oh+1.ﬂ"bh,1 C Ohﬂ"‘bh,l - Zh.—l C Q‘;bhq
- - - - - - bp—1
N N N IN N
Tt+h . QW C ... C Ohlm, 7h C Q;bh
. - . - - . - . - -bh
Coordinates 0f‘~/ in the (t + h)-th row: Dimension of the corresponding Grassmannian:
h _
0"y C ZM C Qo Bi(dy, + @, = 2(k = by + 1) = (o, — x,) + 257)
Oh+Lmon_y C O, C Zh (bn—1 = bn) (13, — 1) — (Tbh+1 - 'rbh+1))
Tt+h71 C Tt+h C O%by, (bh—l _ bh)(rbu _ xbu)

The variety V is smooth as it is an iterated tower of the ordinary and the orthogonal
Grassmannian bundles observed above. The inverse image 7 !(A) of a point A in V' is
irreducible by the same observations, hence V is irreducible for a marked restriction

variety. Furthermore, combining the results from each row of the diagram, dim V is

given by
t u 5 1
LS h— :
dlmV:;ag(nag—ag)+;ﬁh (dbh—l—xbh—2(/€—bh+1)— 5 ):dlmV
which concludes the proof. 0

Over VO(L,, Q,), the inverse image of a point 7~'(A) is determined uniquely by

T9=ANLy,, TH=ANQ,"

dbh7

by, ,8ing

hyore, Tbg h,n . 'rbh,sz‘ng
O™ = Qq 7, ANQ,!, O =@ , ANL

dy, and

Tbag

Tby, ,8Ing

Zh:deh 7AQQZZZ forall 1<g<t, 1<h<u.
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VO(L,,Q,) is in the smooth locus of V(L,,Q,) since it is homogeneous under the

action of SO(n). Then, Zariski’s main theorem shows that 7 is an isomorphism over

VO(Le,Q,). Therefore we have

THEOREM 3.6. The map m : V(Le, Qs) — V(Le, Q) is a resolution of singu-

larities.



CHAPTER 4

The Exceptional Locus

We now study the exceptional locus of w. More specifically, we are interested in

the codimension of the components of the exceptional locus.

Corresponding to the three types of conditions in Definition [2.1} namely,
dim(A N Q™) = z;, dim(AN Ly,) =4, and dim(ANQy)=4k—i+1,

we consider three types of orbits where 7 has positive dimensional fibers. The follow-
ing loci X categorize the closures of these orbits. The central orbits of any two X are
disjoint if one is not contained in the other. This ensures that the fibers of 7 have the
same dimension throughout each central orbit. The image of the exceptional locus of

7 is equal to the union of X’s.

Tby, ,8ing

I: %,, : The closure of the locus of k-planes A such that dim(AN deh ) = xp, +1

for some 1 < h < u and all the remaining conditions of V° are unchanged.

II: %, : The closure of the locus of k-planes A such that dim(AN Ly, ) =a,+1

for some 1 < g <t and all the remaining conditions of V° are unchanged.

III: %4, : The closure of the locus of k-planes A such that dim(AﬂQ;Z’;) =Fk—by,+2

for some 1 < h < u—1 and all the remaining conditions of V° are unchanged.

Note that these loci do not always exist. There are natural numerical restrictions

resulting from the rank conditions defining a restriction variety.

EXAMPLE 4.1. The locus ¥,, does not make sense for the restriction variety
given by [Qg - Qg] since Qy*™ is empty. Similarly the locus Xy, does not exist

30
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for the restriction variety given by [Ll C Q%} since x1 = 1 and it s not possible to

. 1.si . . . .
intersect Q7™ in a higher dimension.

EXAMPLE 4.2. The locus %, does not exist for the restriction variety given by
[Ll C L; C LS} ; lines contained in Lg containing Ly cannot intersect Lg or Ly in
higher dimension. Similarly, ¥, does not exist for the restriction variety given by

@cay

A special case for the existence of %, is when the restriction variety V' lies in
OG(k,2k). The orthogonal Grassmannian OG(k, 2k) has two connected components
and two linear spaces belong to the same connected component if and only if their
intersection is equal to k£ mod 2. Thus, when defining 3, , it must be checked that

the linear spaces in 3, lie in the same component of the restriction variety.

EXAMPLE 4.3. Let V = [Lg - QZ] , the variety of lines contained in a smooth
quadric surface intersecting a fized line on the surface. This is one of the components
of the lines on the quadric surface. The fized line in the partial flag, namely Lo, or
equivalently the restriction variety given by the sequence [Ll C Lz}, would be the
locus defined as 3, in this case and this does not lie in V. The variety V' is actually

isomorphic to P! and hence smooth.

EXAMPLE 4.4. LetV be the restriction variety in OG(4,8) given by [Ll CL3C
L, C Q%} A general element A of V' satisfies dim(A N Ly) = 3, therefore Ly and A
lie in different components of OG(4,8). This shows that the restriction variety given
by the sequence [Ll C Ly CLs C L4} , which is a single point in OG(4,8), namely
Ly itself, does not lie in the closure of V. Thus the locus 3y, is not in the image of

the exceptional locus of 7 in this case.

EXAMPLE 4.5. Let V be given by [Lg CL,CQC QY. A general element A
of V' satisfies dim(ANLy) = 2, and hence Ly lies in the same component of OG (k, 2k)

as V. Using the same observation, since we have dim(A N Ly) = 4 mod 2 for linear
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spaces A in the same component as Ly, we conclude dim(A N Ly) must be either 2 or

4. Therefore, in this case we have Yna, = [Ll CL,CLsC L4].

More generally, the same consideration applies to X, when ry, is a special index

(Definition [2.4).

EXAMPLE 46. Let V = |Ls C Ly C Q%] Then the locus Znat does not exist
foe V' since Ly and the span A, Q¥*™ of a general element A in'V with the singular

locus of Q% lie in different components of the 4-dimensional linear spaces contained

in Q1.

The following remark combines the observations we have made above about the

definition of each type of locus .

REMARK 4.7. The numerical conditions for the definition of each type of locus

Y in the image of the exceptional locus of ™ can be given as:

I: The locus %y, , for some 1 < h < wu, exists if ry, > Ty, .

11: The locus Enag, Jorsomel < g <t, ewists ifng, > ay. Moreover, if dy, + 14, = 2nq,

and by is a special index, then Yin,, €Tists ifng, >ar+1 and k > a; + 1.

I11: The locus Xy, for some 1 < h <wu—1, exists if u > 1.

Over each X, 771(2) is irreducible of codimension
codim (7 (X)) = codim(X) — dim(7~*(A))

for a general point A in ¥. We now consider each ¥ separately and study codim (7~ (X))

in each case. We summarize our computations in Observation [1.24]

Thy, »SING

L %, @ dim(AnN Qg ) =y, + 1 for some 1 < h <wu
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Given the corank 74,, we divide this case into sub-cases depending on the
relation between 7y, and the dimensions n,, of the isotropic linear spaces appearing
in the sequence defining V. The sub-cases we consider in the following are:
LA: 7, > n,
I.B: r, <ngand 1, # n; for all j
I.C: 1, = n; for some n; < ng

L.D: ry, =ns

I.A: Suppose 7, > ns. A general element of Xy, 18 obtained by specializing A € Vo

Tp,, »SING

so that it intersects @) in one more dimension. Equivalently, this is the

dy,,
restriction variety associated to the sequence obtained by putting Lrbh to the
right of L,,_, in the place of Q;’Z:z . Note that Erbh—l contains E,«bh, so all Zrbh with

Ty, > n, are contained in ¥, . Therefore it is sufficient to consider %, .

EXAMPLE 4.8. Let V' be the restriction variety given by the sequence
[L3 C Q, C ng}. The loct Xy, and %, —are defined as the closures of the

following loci:
Egbl ={AeV | dimAn Q15" = 2 with other conditions of V° unchanged}

Z?bQ ={AeV|dimAn Q35™) = 2 with other conditions of V° unchanged}

Equivalently, they are given by the sequences X, = [Lg CLsC Q{S} and Xy, =
[L3 C L; C ng]. Since 2% 1s contained in Erbl, it 1s sufficient to consider

codim(r (%, )).

As a result of the specialization, x; increases by 1 for g; — 1 sub-quadrics,
namely, for Q) with by < i < k —s. These are the sub-quadrics that are in the
same group as Q;’;ll; the newly introduced Lrbh is the isotropic linear space in the
modified sequence that is contained in QZ for by < i < k — s. The difference

between the dimensions of the varieties obtained by the original and the modified
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sequence can be calculated using Observation [2.9]

codim(Erbl) = (dk_s +xp_s —2(s+ 1)) — ((Tbl —(s+1))— (6 — 1))

=dp_s — Ty, — 51

since x;_s = s by our assumption that ry, > ns.

Now we study the inverse image 7~ *(A) of a general point A in ¥, - By as-

Tpy »SING Tby ,SINg

sumption there is no O containing Q and O’s contained in Q are deter-

mined uniquely by A. We have T*+1 Q 211 S g C Q dbll where dim(THl7 Q;Z?Sing) —
P+ (k= by + 1) = (w, +1) and dim Z; = dim(T*+1,Q"") 4 1. Since Z' has

.. Thq ,5ING Thy ,SING
to lie in the orthogonal complement of T+ dei , we have Tt1 Q"

7, C Q;bblf];; I;llill Zzl 11)) . Such Z; can be parameterized by OG(1,dy,, — 13, —

C

by -

2(k — by +1— 3, — 1)). Therefore

codim(r ! (%, )) = di—s = 1o, = B = (dyy =70, = 20k = by + 1=y, = 1) = 2)
:dk—s_db1 +2(k_bl+1_xb1)_/81

=1

since dy, —dp_s=p1—land k—b; +1—s=f.

EXAMPLE 4.9. Let V = |L; € QT, € Q3,|, then

‘7 {(Tl T2 T3 Zl 22 02 rbl) | Q5 ,8ing C 02 by C ZQ QZ ,8ing C Z17

TICL37 T2 OQTbl CZICQ107 T3CZ2CQ2O7}

equivalently, the diagram is the following.
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FIGURE 5. Definition of V for V = |Ls C Q7, C Q3

" C L
N N

5,51 7,81

2Oszng g loszng

N N
T2 g 02,7“1)1 g Zl g IO
N IN N

3 2 5

T° C Z - Q0

The subvariety E"’bl = |L3s C L; C ng] C V has codimension 2. In the inverse
image ' (A) of a general point A in %, , we have T® = A, T? = ANQ7, = AN Ly,
T'=ANLs, O*n =@ ANQY,, 2% =Q™ A and Q5™ C Z' C Q5

where dim Z' = 8. The linear space Z' is parameterized by a smooth plane quadric,

or equivalently, OG(1,3). Thus dim(r~'(A)) = 1 and codim(r~'(%,, )) = 1.

EXAMPLE 4.10. Let V = |L; C Q% C Qé}, an orthogonal Schubert variety
in OG(3,9). The following diagram defines V.

FIGURE 6. Definition of V for V = [Ll cCQcCcql

™ C Ly
IN IN
3,sing
6
IN
™ C Z' C @}
N N
T C C Qg
The subvariety Erbl = |L; C Ly C Qé has codimension 2. In the inverse

image 7~ *(A) of a general point A in X, 5 only Z1 is not determined uniquely.
We have dim Z' = 4 and Qy*™ C Z' C Q3, from which we conclude Z' is

parameterized by OG(1,3). Thus dim(7~"(A)) = 1 and codim(x~(%,, )) = 1.
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I.B: Next we consider Erbh such that there are L, in the sequence with r, < n;
but no Ly, with n; = ry,. Let n;, := min{n; | r,, < n;}. If r,,_, satisfies
Tt < Tp,_, < nj, then Erbh,l contains E”h. Therefore it is sufficient to consider

Ty, such that r,, < nj < m,_,. Note that in this case max{r; | r; <nj} =

h
Ty, — (5}1 - 1) = Tbj_1+1-

T L. Th, ,SING . . . . .
Specializing A so that it intersects (), " in one more dimension is equivalent
h

to making two changes: The first one is changing Ln].ﬁ to Ly, , an isotropic lin-
ear subspace of dimension 7y, , so that the condition for ¥, is satisfied, that

. . Tbh . . . Top _1+1
is, dim(A N Q") increases by one. The second one is changing Q" 1+1
h h—1

. o). 0 .
oy 31— (g7 41) induced by the other conditions of VV¥. The linear space Lrbh

is an additional isotropic linear space in the modified sequence that is contained
i 41~(23y —a_141)’ this increases wy, ,+1 by 1. Comparing the modified se-

quence’s dimension with the original one’s, we have

codlm(ZTbh) =nj, — Ty, + 05, — T 41— 1.

EXAMPLE 4.11. Let V = |L; € Q3 C %], then %,, = [L5 c Ql, C
Q35 |. Specializing a general element A of V' so that it intersects Ls increases xy

by 1. In this exzample, codim(¥,, ) =2+2—1=3.

REMARK 4.12. Changing Q;ZZ*H to QZ:”
_ h—

ensures that the
1+ )

1+1*(nju*7"bh_1+1
rest of the conditions of VO remain unchanged in ZTbh' In the previous example,
in the sequence of X, , we have Q15 instead of Q35 to ensure that for general A,
dim(A N L7) = 1 which is one of the conditions of V° that remains unchanged for

a general element in 3, .

Note that the linear space L”ju may not be among Ly, , that is, the largest
dimensional isotropic linear space in a group with consecutively increasing dimen-
sions. Let Lnag’j be the smallest L,,, containing Lnjﬁ. In the inverse image 7~ *(A)

of a general point A in Erbh, all coordinates are determined uniquely except for
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,5ing

O™ and Z". We have Qrbh AN Lnagu c O™ C Lnagﬁ thus O™™% can

be parameterized by G(1,n4,, — (re, + ag, — x3,) +1). Then Z" is determined

uniquely as O™ AN QZZ". Thus dim(7~(A)) = Na,, — (73, + ag, — xp,) and
h

COdim(ﬂfl(E%h)) = Nj, — Ty, + Bh(nju Tbh71+1) — B — (nagu - (Tbh + Qgy — xbh))

/\

nJﬁ Tbh nagu (rbh + g, — xbh))) + Bh(njn = Thp_q+1 — 1)

>2

since ((njn —Tp,) — (nag’j — (rp, +ag, — xbh))) > 1 and there is no n;, r; such that

n; —r; = 1 by the condition on variation of tangent spaces.

EXAMPLE 4.13. LetV = [L6 CL; C Q%s)} , then V. is given by the following

diagram.

FIGURE 7. Definition of V for V = [LG C L; C Qs

2,sing

15

N
T! C Ol’n“l C L7
N N N

2 1 2
™ c Z < Q5

The subvariety Erbl = [Lg C Ly C Q% has codimension 7. In the inverse
image 71 (A) of a general point A in X, » we have T? = A, T' = ANL;. As above,

Z1 is determined as Z' = OY"a1, A so the nontrivial part is the parametrization of

OVe1 . We have Q3™ AN Ly C OV C Ly which is parameterized by G(1,4).
Thus dim(7~"(A)) = 3 and codimr™(%,, ) =7 -3 = 4.

EXAMPLE 4.14. Let V = |L; C Q35 C Q§5] , then V is given by the follow-

ing diagram.
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FIGURE 8. Definition of V for V = |L; C Q% C Q3

2,sing 5,5tng
25 15
N N
Tl g OQ,nal g Ol,nal g L7
N N N N
T2 g 02,7“;)1 g Zl g ?5
N N M
™ c z C Q%
The subvariety X, = |Ls C Q7 C Q3| has codimension 3. In the inverse

image 7T_1(A) of a general point A in %, , we have T*> = A, T* = AN QY =
ANQI,, T = ANL; = ANL;, 0% = Q35 AN Ly, O = Q5™ AN Q5.

7? = Q%}fi”g,/\. The linear space OV satisfies Qi”;mg C Q75 € L7 and hence

can be parameterized by G(1,2). Then Z' is determined uniquely as Z' = O%"a /A N Q35
Thus dim(7~(A)) = 1 and codim(x~*(%,, )) = 2.

I.C: Now we consider ry, such that there is L, with n; < n, in the defining sequence

satisfying n; = 1y, . Since there is no L, in the sequence with n; = 1y, +1, we have

sing

Ty, = Ng, for some 1 < g < t—1. Specializing A so that it intersects Q R Ly,

in one more dimension is equivalent to making two changes: The ﬁrst one is
moving the group of «a, isotropic linear spaces Lnag —ag 1 Lnag PN, T ,Lnag one

position to the right and putting L,, —a, in the sequence to the left of these linear

naq+1 Tby,_ 1+1)

—(nag+1 Toy, _ 1+

spaces. The second one is changing Qd to Q d; for all 7 such that

b, < < byp_1. This increases x; by 1 for b, <@ < by_1 as Lnag_ag is an additional

isotropic linear space in the modified sequence that is contained in the singular

it (Mag+1—"p, ;1 +1)

locus of each Qd (Mags1-75; 1 +1)

with b, <1 < bj,_1.

Note that even if there is a sub-quadric Q;ﬁ in the sequence with a singular

re+(ag+1)

locus of dimension n,, — a, — 1, this change turns it into Q Llagt1)”

Then z

increases by (ay + 1) and the dimension of %, ~ does not change.
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Observation [2.9| can be used to calculate the dimensions of both sequences, we

have

Codim(Zrbl) = qy (nag — ag) + agi (nag+1 — ag+1)
- (O‘g + 1) (nag — Qg — 1) - (angl - 1> (nag+1 - a9+1)
+ Bh(nag“l'l - Tbhfl"!‘l) - Bh'

In the inverse image 7~ !(A) of a general point A in X, » all coordinates are

determined uniquely except for O™"s+1, Z" and the coordinates in the g-th row.

Ty, ,8INg
We have Q" ", AN L C OPmeg1 C Ln,, ., thus O™"s+1 can be parameter-
h g

Nagt1

ized by G(1,n4,,, — (1v, + ags1 — p,) +1) = G(1,n4,,, — Ng, — ag41 +1). Then

Z" is determined uniquely as O""es+1 AN Q;’;’;. On the other hand, the g-th
row is determined uniquely once 7Y is determined. The linear space T satisfies
T9-' CT9C AN Ly, and hence can be parameterized by G(ay, oy +1). Thus

dim(7 = (A)) = ng .y, — Na, — Ag41 + g and
COdim(ﬂ-_l(Zrbh)) - 6’1(”%4-1 — Thy 141 — 1) +1

which is greater than 1 as there is no n;, r; such that n; —r; = 1 in the defining

sequence.

EXAMPLE 4.15. Let V = |Ly C Ly C Qﬂ, an orthogonal Schubert variety
in OG(3,9). The definition of V is given by the following diagram.

FIGURE 9. Definition of V for V = |:L2 CL,C Qg]

" C L
IN I

Qg,smg

N
™ C  O! C Ly
N N N
™ C 7' C Q@
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The subvariety X, is given by the sequence [Ll C Ly C Ly| as Q2 becomes
Ly if its corank is increased by 2. The variety X, has codimension 4. In the
inverse image 7' (A) of a general point A in %, , the coordinates T® and O
are determined uniquely as T° = O' = A and T?* = L,. The coordinate T
satisfies T C Ly and is parameterized by G(1,2). The coordinate Z' satisfies
O!' C Z' C @3 and is parameterized by OG(1,3). Thus dim(7'(A)) = 2 and
codim(r (%, )) = 2.

EXAMPLE 4.16. Let V = [L5 C Lip C Q% C Q3 C ng], then V is given

by the following diagram.

FIGURE 10. Definition of V for V = |:L5 C L CQ%CQyC Q%O}

2,sing C 5,sing

30 SN
IN N
Tl g OQ,nal g L5
IN IN N
T2 C 0% C OV C Ly
N IN IN IN
T3 g O2,Tb1 g Zl g ng
N IN IN
™ C Z* C Q3%
The subvariety %, = |LyC Ls C Q12 C QY C Q3| has codimension 12.

In the inverse image = *(A) of a general point A in Xy, we have T4 = A,

TP =ANQY =ANQ% T?>=ANLs=ANLy, 0> = Q3™ AN Ly,

2,50 ‘N2,5ing A . :
O* = Q"™ ANQS, Z% = Q3™ A. The linear space O%"2 satisfies

35""9, AN Ly C OYe2 C Lyy and hence can be parameterized by G(1,5). Then

Z' is determined uniquely as Z' = OY"2 AN Q5,. On the other hand, T satisfies
T C AN Ls and hence can be parameterized by G(1,2). Then O*™a = Q3™ T,
Thus dim(7~(A)) = 5 and codim(r~"(%,, )) =12—-5=17.
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I.D: The only remaining case is when r,, = n,,. Specializing A so that it intersects
Q;Z’; S _ L, in one more dimension is equivalent to making two changes: The
first one is moving the group of «; isotropic linear spaces Ly, —ont1s Lng,—onv2, - - -

; Ln,, one position to the right and putting L,, ., in the sequence to the left of
these linear spaces. The second one is omitting Q:li:‘: from the sequence. This
increases x; by 1 for by < i < k — s as Ly, —a, is an additional isotropic linear

space in the modified sequence that is contained in the singular locus of each QZ

with b; <17 < k —s. We have

B1
codim(X,, ) = ay (na, — ar) + Z (dp, +xp, —2(s+ 1) +t—1)
t=1
Bf1—1
—(a+ 1) (g, —ar —1) = > (dy, + 20, = 2(s+ 1)+ — 1) = (B — 1)
t=1

:Oét+dbl—ns—251+1

Note that by assumption there is no O containing QZ’: and other O’s are deter-
1
mined uniquely as there is no change in the relevant rank conditions. The only non-

trivial parameterizations are observed for Z' and the coordinates in the ¢-th row.

Ty ,8ing

As in (I.A), we have Tt“,de

C 7, C QZI; where dim(TtH,QZbl’smg) —

b1

To, + (k— by +1) — (zp, + 1) and dim(Z;) = dim(7*+, szpsmg) + 1. Since Z*

b1

has to lie in the orthogonal complement of T*+1, Q;bbl ’Smg, we have
1

Thy ,SIN, ry, +H(k—b1+1—xp, —1
Tt+1’Qb1 9 C Zl C le ( 1 1)

do, oy —(k—by+1—, —1)° Such Z; can be parameterized by

OG(1,dy, —1p, — 2(k — by + 1 — x5, — 1)). On the other hand, the ¢-th row can
be determined once T" is determined. The linear space T" satisfies 7" C AN L,
and hence can be parameterized by G(ay, a; + 1). Thus dim(7~1(A)) =

dy, —rp, —2(k — by +1—xp, — 1) — 2+ oy and we have

codim(7 ! () =1.

EXAMPLE 4.17. Let V = |Ly, C Ly C Q3|, an orthogonal Schubert variety
in OG(3,9). The following diagram defines V.
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FIGURE 11. Definition of V for V = [Ly C Ly C Q3

" C L
1N I
3,sing
6
N

™ C zZ' C @

The subvariety X, = |L1 © Ly C Lg|, which consists of a single point,
has codimension 4. In the inverse image m (A) of a general point A in s
we have T' C Ly whih is parameterized by G(2,3). Also, dim(Z') = 4 with

pemg 7t C Q3 so Z' is parameterized by OG(1,3) which has dimension 1.

Thus dim(7~(A)) = 3 and codim(x~*(%,, )) = 1.

EXAMPLE 4.18. Let V = |Ls C Q3, C ng], then V is given by the follow-

ing diagram.

FIGURE 12. Definition of V for V = [Lg) - Q‘;’o - Q%O]

2,sing C 5,5tng

30 = 10

N N
T1 C 02,na1 C L5
M M N
TZ g 02,7“1,1 g Zl g Lijo
M M N

3 2 2

™ c  zZ7 C Q@30

The subvariety Erbl = [L4 C Ls C Q?m has codimension 7. In the inverse
image 7" (A) of a general point A in ., , we have T® = A, T* = ANLs = ANQY,,
O¥on = Q3™ AN QSy, 722 = Q5™ A. We have Q53" C O*"ar C Ls which

can be parameterized by G(1,3). Then the linear space T' which satisfies T* C
O™ can be parameterized by G(1,3). On the other hand, Z' satisfies Q5™ C

Z' C Q3 and hence can be parameterized by OG(1,5). Thus dim(7~'(A)) = 6
and codim(r~*(%,, )) = 1.
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II: %, : dim(AN Ly, ) =a,+1 for some1<g<t

Depending on n,,, we divide this case into the following two subcases:
IILA: g =t
II.B: g <t

IL.A: %, : dim(ANL,,)=a;+1 (or equivalently, dim(A N L,,) = s + 1)

If rp, = ng,, then Yn,, corresponds to Erbl. If rp, > n, then ETbl contains
Yin,, - So we assume 73, < n,, in the following. Specializing A is equivalent to
moving the group of «; isotropic linear spaces Ly, —a,+1, Ln,, —a,+2; -+ » Ln,, One

position to the right, putting L,,, —, in the sequence to the left of these linear

spaces and omitting QZ’Z:Z from the sequence. We have

B1
codim(%,, ) = ot (ne, — a;) + Z (dp, +xp, —2(s+ 1) +t— 1)
t=1
p1—1
— (a4 1) (g, —ay— 1) = > (dy, + a1, —2(s + 1) +t — 1)
t=1

:O{t+db1+l‘b1—8_nat_51

The only nontrivial parameterizations in the inverse image 7~ '(A) of a general
point A in 3, are in the row of 7" and once T* is fixed, the rest of the row can
be determined uniquely. The linear space T* satisfies 7' C T* C AN Ly, and

hence can be parameterized by G(ay, a; + 1). Thus we have

codim(r™(2,,,)) = dy, + 2o, — 5 — 1, — B
d
2 . _;_rbl — Nay

using the property z; > k —i+ 1 — d% for all 1 < ¢ < k — s. Note that

codim(7~!(%,,,)) may be 1 in this case.
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EXAMPLE 4.19. Let V = [L5 C Qg], then V is giwen by the following

diagram.

FIGURE 13. Definition of V for V = [L5 C Qg]

2,sing

8

N
Tl g Ol,nal g L5
N N IN

T C Z' C Qi

The subvariety X, = [L4 C L5:| has codimension 2. In the inverse image
7' (A) of a general point A in %, , we have T?> = A and Z* = A Q2 9 The
linear space T" satisfies T* C AN Ls and hence can be parameterized by G(1,2).
Then OV is determined uniquely as O'mer = Q2 9 T Thus dim(r~'(A)) = 1

and codim(r~(%,, ) =2—1=1.

EXAMPLE 4.20. Let V = [L4 C Qé}, an orthogonal Schubert variety in

0OG(2,9). The following diagram gives the definition of V.

FIGURE 14. Definition of V for V = [L4 C Qé]

1,stng

8

N
T C Ol,na1 C L4
N I N

" C 7' C

The subvariety Enal = [L4 - L5} has codimension 3. In the inverse image
7 1(A) of a general point A in X, we have T? = A and Z' = A Ql 9 The
linear space T' satisfies T* C AN Ly and hence can be parameterized by G(1,2).
Then OY"e1 4s determined uniquely as O%"a = W. Thus dim(7~*(A)) = 1

and codim(r~H(%,, )) =3 —1=2.



4. THE EXCEPTIONAL LOCUS 45

IL.B: %, : dim(AN Ly, )=a,+1forsomel <g<t-1

We have already discussed in 1.C the case when there is some QZZ: in the
defining sequence with r,, = n,,. Also, if there is Q;:Z in the sequence with
Th, > Mg, then Enag will be contained in Erbh' So it is sufficient to consider the
case when n,, > 1y, for all 1 < h < u, equivalently, when ng, > 3.

Specializing a k-plane A so that it intersects Ly, in one more dimension is
equivalent to moving Lnag,agﬂ, Lnag,agﬁ, ce Lnag one position to the right,
putting Ly, —a, to the left of these isotropic linear spaces and changing Qg to
Q;it((n“g ~Th=s) for all 7+ with b; <i <k — s. Note that this increases z; by oy + 1

Nag —Th—s)

for all ¢ with by <i < k — s. We have

codim(%,, ) = ay (0, — ag) + ags1 (Nay,y — ag41)
— (g +1) (nag — g — 1) — (ag41 —1) (nag+1 - a9+1)
+ 61(nag - kas) - 51(0@ + 1)
The only nontrivial parameterizations in the inverse image 7~ '(A) of a general
point A in 3, are in the g-th row of the diagram of V and once T9 is parameter-
ized the remaining coordinates can be determined uniquely. The linear space 7Y

satisfies 791 C T9 C Lnaq and hence can be parameterized by the Grassmannian

G(ay, oy +1). Thus we have
codim(ﬂ_l(Znag)) =Nayp — Nay — (Agr1 — ag) + 1+ Bi(ne, — g —1p—s — 1).

Note that n.,,, —ne, > ag41 —ay+ 1 and ng, — g > k — s+ 1 by assumption.

Therefore codim(7 (%, )) > 2 in this case.

EXAMPLE 4.21. LetV = |Ly, C L, C Qg ., an orthogonal Schubert variety
on OG(3,9). The following diagram gives the definition of V.
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FIGURE 15. Definition of V for V = [Ly C L, C Q0

T C Ly
IN N
7% C Ly
IN N
T8 C Q)

The subvariety Znal = [Ll C Ly C Q%] has codimension 8. In the inverse
image 7 *(A) of a general point A in Y, , the coordinates T3 and T? are de-
termined uniquely as T° = A and T?> = AN Ly. The coordinate T satisfies
T' C Ly and hence is parameterized by G(1,2). Thus dim(7~'(A)) = 1 and
codim(r~(%,, ) =3 —1=2,

EXAMPLE 4.22. LetV = [L5 CL;C Q%O} , then V is given by the following

diagram.
FIGURE 16. Definition of V for V = [L5 C L; C Qs

3,sing
20
N

T1 C Ol,na1 C L5

N N N

T2 g Ol,na2 g L7

N N N

™ C Z' C Q3

The subvariety Enal = |Ly C Ly C Q‘;’S has codimension 8. In the inverse

image 7 *(A) of a general point A in Y., , we have T3 = AN, T? = ANLs =

ANL;, 7' = W and OV"e2 = Q3™ AN Ly. The linear space T satisfies
T' C LsNA and hence can be parameterized by G(1,2). Then OY™1 is determined
uniquely as OV = W. Thus dim(7~"(A)) = 1 and codim(r—(%,, )) =
3—1=2.
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IIL: %y, : dim(ANQy") =k — by +2 for some 1 < h <

A locus of type Xy, 18 contained in a locus of type Xy, when 2, exists. We
are interested in when this is not the case. A locus of type X, does not exist if and
only if r,, = x3,. This is possible if either Q;Z’; is smooth or all sub-quadrics have
the same singular locus and the k-planes A all contain this locus. The latter case
is equivalent to the restriction variety of (k — 3, )-planes defined by the sequence
that contains only the smooth parts of the sub-quadrics. Therefore it is sufficient
to consider the case when 74, , and consequently every r; with ¢ < by, is zero.

Let 0, = s + Zlh=1 pi and 0y = P41 Consider the restriction variety Vj

given by the partitions (0), (d*, d?

b+ dpy .1 )5 (0,0). This is the transverse intersection of

OG(k,n) and the Type A Schubert variety Z in G(k,n) defined as the closure of
70 ={W € G(k,n) | dim(W N Fy, ) =06 and dim(W N Fa,, ) =01+ 05} where
deh and deh+1 are linear spaces of dimensions d;, and dp,,, in a general full flag

F, . Let V¥ be the closure of the locus of k-planes A in V; with the property that
dim(A N QZ’;’; ) =6, 4+ 1. We have

codim(77 (g, ) € V) = codim(x (V") C Vi).

Let Z be the Schubert variety in the flag variety F'(01,0; 4+ 63;n) defined
by Z = {(W\,Ws) € F(61,0, + 0s;n) | Wy C F, , Wy C F,,}. We de-
note the projection from Z onto its second coordinate by ¢ : (Wi, Wy) — W,
This is the Bott-Samelson resolution for the ordinary Schubert variety Z. Fur-
thermore, the resolution of singularities 7 for 1} has the transverse intersections
V; = ZNOF (01,0, + 05;n) and 7 (V) = ¢~1(2°"9) N OF (61,0, + ;n). The
singular locus of Z is the closure of the locus of k-planes in Z with dim(ZNFy, ) =

6, + 1. In partition notation Z is given by (F?' | F 5; ) and Z*"9 is given by
+1

)
dp,,
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(Fo+' F2~'). We have

o dbh+1
COdim(Zsmg) = 91 (dbh - (91) + 92 (dbh+1 - 61 — 92)
— (61 + 1) (dp, — 61 — 1) — (62 — 1) (d,,, — 61 — 62)

—dy,,, —dy, + 01— O+ 1

In order to find codim(¢~1(Z%"9)), we consider fibers of ¢ as before: For a
general W in Z*"9, ¢~'(W) = (W, W) satisfies Wi C W N Fy, . Such W can

be parameterized by the Grassmannian G(6y,60; + 1). Therefore
codim(¢~'(Z2*™)) = codim(Z*™) — dim ¢ (W) = dy,,, — dp, — b2 + 1.

Note that this is always greater than 1.
Considering the action of GL(n) on F(60y, 6, + 62;n), Kleiman’s Transversality

Theorem shows that

dim (7~ (V;")) = dim(¢~'(Z°™)) — codim(OF (61,61 + b2;n) C F(61,61 + b2;n)) and

dim(V;") = dim(Z°*™9) — codim(OG(k,n) € G(k,n)).
Since we have

dim OF(6’1, 91 + 92; n) = dim OG(91 + 92, TL) + 9192

dim F(@l, 61 —+ 92, TL) = dim G(91 + 62, n) —+ 9102
we can conclude

codim(ﬁ_l(Edbh) CV)= codim(r~'(V*)) = codim(n~(Z°™)) = d, ,, —dy, —b2+1 > 2.

EXAMPLE 4.23. Let V = [LQ cQlc QQO] In this case V, = [Qg cQlc
% | and the Type A Schubert variety Z is given by [Lﬁ CL;C L10i| in G(3,10).
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By the argument above, we have

codim(ﬂ_l(Edbl) CV)= codim(ﬂ_l(VhS)) = codim(n~1(Z*™9)) = 10 — 7 = 3.

The following observation summarizes our computations.

OBSERVATION 4.24. A component of the exceptional locus of m with image of

one of the types

° Zrbh with ry, < ng
° Enag with1 <g<t—1

oEdbhforalllghgu—l

has codimension larger than 1 (by I.B, 1.C, II.B and III).

A component with image of type ZTbh with 1, > ng has codimension equal to 1 (by
LA and I.D).

A component with image of type Xy, has codimension given by codim(r~'(%,,,)) =

dp, + x4, — 5 — ng, — B1 which may be larger than or equal to 1.

REMARK 4.25. Observation [{.24 gives a characterization of the divisorial con-

tractions of .

The following lemma allows us to give a partial description of the singular locus

of a restriction variety. It is based on Lemma [1.§|

LEMMA 4.26. The singular locus of a restriction variety V (Ls, Q) is contained in
the exceptional locus of w. Furthermore, a subvariety 3 satisfying codim(r~1(2)) > 1

is in the singular locus of V(Le, Q).

PROOF. The open set VO(L,, Q,) is the locus where 7=!(A) is a single point.

V9(L,, Q) is smooth since it is homogeneous under the action of SO(n). Conversely,
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suppose codim(77 (X)) > 1 and A € ¥ is a point such that 7=!(A) is positive
dimensional. If A is smooth, then in order to check that 7 is a local isomorphism,
it suffices to check that the Jacobian does not vanish. Since codim(7~!(XZ)) > 1 and
the vanishing locus of the Jacobian is a divisor, we conclude that the Jacobian does
not vanish. On the other hand, since 7 is not a local isomorphism around 7~ !(A), we

conclude that A is a singular point. U

COROLLARY 4.27. Let V(L.,Q.) be a restriction variety and w : V(La, Qa) —
V(Le, Q) the resolution of singularities in Theorem . The components of the

exceptional locus whose images are of the form

o Xy, with y, < mng
° Enag foralll<g<t—1
® X, such that dy, + xp, — 8 —ng, — 1 > 1

oZdbhforalllghgu—l

are in the singular locus of V(Le, Q).



CHAPTER 5

More Observations On the Exceptional Locus

Note that the results of the previous chapter are inconclusive about the image of a
component of the exceptional locus of m with codimension equal to 1. By Observation

4.24], the subvarieties ¥ that fall under this category are the following:

° Erbh with 74, > ng

® 3, such that dy, +xp, —s—ne —f1 =1

Under certain conditions, we can say more by studying the tangent space to the

restriction variety V' at a general point A in Y. In this chapter, we study the type
° Erbh with 74, > ng

. Ty . .
when the sub-quadric @," has even rank, that is, dy, — 7y, is even.
) ,

We will eventually show that this type is contained in the singular locus. Our
strategy is to use the basis sequence of V' in order to construct arcs through a point
A in V' by moving the basis elements of A. The arcs found this way give independent
elements in the tangent space. Therefore, if we find more arcs through a given A than
the dimension of V', we can conclude that A is a singular point. If A is a general point

in 3, this also implies that V' is singular along X..

Let us illustrate this idea with examples before stating the proposition.

EXAMPLE 5.1. Let V' be the restriction variety contained in OG(2,10) given
by the sequence [Ll C Q?] By Remark the only locus where m™ has positive
dimensional fibers, hence the only locus that may be in the singular locus of V', is
Ep, = [Ll C L3]. By I. A, we know that codim(7~'(%,, )) = 1, which is inconclusive

51
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about whether V' is singular along X, . In the following we use basis sequences to

study the arcs contained in V' through a general point in %, .

The basis sequence of V' is given by

61}€2€3€4f4€5f5}f1f2f3-

Here the sub-quadric Q3 is the zero locus of the polynomial T4ys + x5ys. Let us pick a
general point from X, as A = <el, 63>. Then the following arcs T';(t) are contained

inV:
Fl(t) = <61, €3 +t62>, FQ(t) = <€1, €3 +t€4>, Fg(t) = <61, €3 —|—f}f4> s

Ty(t) = (e1, es+tes), Ts(t) = (er, es+1tfs) .

These are 5 independent arcs contained in V' passing through A which implies that
the tangent space to V' at A has dimension at least 5. Since the dimension of V' is 4,
we conclude that A is a singular point of V. Thus ¥, is in the singular locus of V.

This allows us to describe the singular locus of V.

Veing —y = [Ll c L3] .

Tbl

EXAMPLE 5.2. Let V be the restriction variety contained in OG(2,12) given
by the sequence [L4 - Qg‘]. By Remark Yy, = |:L3 - L4] 18 the only lo-
cus where m is positive dimensional. By I.B, we know that the locus X, = satisfies
codim(r~1(%,, )) = 1, so the results of the previous chapter do not determine whether

V' is singular along %, .

The basis sequence of V' is given by

61626364]€5f5€6f6}f1f2f3f4-
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The sub-quadric Qg is given by the polynomial x3ys+T4ys. Let us pick a general point
from X, as A = <€3, e4>. The following T';(t) are independent arcs contained in V

passing through A:
[ (t) = (e3 + ter, es), Da(t) = (€3 + tea, €4), s(t) = (es + tes, eq),

F4(t) = <€3 + tf5, €4>, F5(t) = <63 + teﬁ, 64>, F6(t> = <€3 —|—tf6, €4>,
F7(t) = <€3, €4 +t€1>, Fg(t) = <€3, €4 +t€2>, Fg(t) = <€3, €4 +t€5>,
Dio(t) = (€3, ea +tfs), Tii(t) = (es, es +teg), Tia(t) = (e3, es +tfs) -

Since the dimension of V' is 8, this shows that V' is singular along X, . This allows

us to conclude

Vsing — ZTbl = |:L3 g L4] .

EXAMPLE 5.3. Let V' be the restriction variety contained in OG(3,12) given
by the sequence [Lg C Qi C Qfo]. In the following we show that %, , which is
defined by the sequence [LQ CLyC Q%O}, and X, , which is defined by the sequence
Ly C Ly, C Qg‘}, are both in the singular locus of V. Note that the results of the

previous chapter are inconclusive for both of these loci.

The basis sequence of V' is given by

ere | eseses fses fo ) fs fa} fifo

The sub-quadric Qg is the zero locus of the polynomial xsys + xeys. Let us pick
a general point in X, as A = <62, €4, f3> The following are independent arcs

contained in X, passing through A.
[y(t) = <€2 + tey, ey, f3>, [y(t) = <€27 eq + teq, f3>7 [3(t) = <€2> eq + tes, f3>>

F4(t> = <62, 64+tf5, f3>7 F5<t> = <62, 64+t66, f3>, Fﬁ(t) = <62, 64+tf6, f3>,

T7(t) = (es, es, f3+ter), Ts(t) = (ea, s, f3+1tes), To(t) = (ea, e, fs+1tfs),
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Tio(t) = (e, e, fsttes), Ti(t) = (e2, ea, fat+tfs), Tia(t) = (2, es, f3+t(es—f1)) .

Since the dimension of V' is 11, this shows that V is singular at A, and hence along

)

Thy *
The sub-quadric Q3 is the zero locus of the polynomial T3ys + T4y + T5Ys + TeYs-
Let us pick a general point in %, as A = <el, €s, f4>. The following are independent

arcs contained in Xy, ~passing through A.
[i(t) = (e1 + tes, €2, fa), Da(t) = (e1 + tes, €2, f1), Ts(t) = (er + tf5, €2, fa),

= (e1 +tes, e, f1), Ts(t) = (e1 +tfe, €2, fa), Ts(t) = (1, ea +tes, fu),
= (e1, ex +tes, fa), Ts(t) = (e1, ea+tfs, f1), To(t) = (e1, €2+ tes, fu),

[io(t) er, ez +tfe, f4>, I'(t) = <€1, €2, f4+t€3> Lot <€17 €2, f4+t€5>

[y3(t) <€1, ez, [1 —|—te5> [a(t <€17 e2, fi +t66> [5(t) = <€17 ez, [1 +tf6>-
Since this is larger than the dimension of V', we conclude V' is singular along %, .

Therefore, the singular locus of V' is given by

Vsmg — ETbl U 27’;,2

:[L2§L4§Q%o] U [L1§L2§Q§]-

The pattern seen in these examples generalizes in a straight-forward way. In the
proof of the following proposition, we observe that a restriction variety V is singular
at a point by establishing more tangent vectors at that point than the dimension of
V. We use basis sequences to study the arcs through a point similar to the examples

above.
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PROPOSITION 5.4. If Q;ZZ has even rank, then ¥,, is in the singular locus of

the restriction variety V.

PrROOF. Given a basis of a point V', we can obtain arcs through the point by
moving each basis element in a way that will still obey the rank conditions defining
V. Since the sub-quadric QZ:’L has even rank, the basis sequence of V' has some f; to

h

the left of the bracket of Q;’;’;.

Thus the basis of a general element in V' contains f;, or some other f, in case e; is in
the chosen basis for the point. The arcs that can be obtained by moving this basis
element can only be chosen among the basis elements v of Q;ZZ such that f; 4+ tv is
in the zero locus of the polynomial giving Q;Z’:L . This excludes e;, which is a basis

element in the span of Q;’;h, from the possible choices of v.
h

In contrast, the basis of a general element A in Erbh contains some e; chosen from
the span of Q;’;’; *™ " The arcs obtained e; + tv have at least one more possibility
compared to f; + tv. This is because f; is not in the span of Q:l:h and its exclusion

h

is not effective; the basis elements outside the span of Q:;;h are already excluded to
h

respect the rank conditions defining V.

Therefore, we can obtain at least one more arc through a general point of 2y,
than through a general point in V. This shows that the dimension of the tangent
space to V' at a general point of Erbh is larger than the dimension of V. We conclude

V' is singular along 2y, - ([

REMARK 5.5. In particular, all loci of type ETbh are in the singular locus of V'

if V is a Schubert variety of Type D in the orthogonal Grassmannian.

We summarize our knowledge of the singular locus of a general restriction variety

V' in the following corollary.
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COROLLARY 5.6. The components of the exceptional locus of m whose images

are of the form

° Erbh with ry, < ng

Erbh with dy, — 1, an even number

h

Y, foralll < g<t—1

Y, such that dy, + xp, — S — g, — 1 > 1

Zdbh foralll<h<u-—1

are in the singular locus of V(Le, Q).



CHAPTER 6

Examples

In this chapter we present examples illustrating how our results can be used to
determine the singular locus of a restriction variety when 7 has no divisorial contrac-

tions.

EXAMPLE 6.1. Let V = |:L2 C Q?J, the Fano variety of lines contained on a
smooth quadric surface. By Remark [{.7], the exceptional locus of 7 is empty from
which we can conclude that V' is smooth. The restriction variety V is actually iso-

morphic to P in this example.

EXAMPLE 6.2. Let V = [Qg C Qg]. This is the variety of projective lines
contained in a 6-dimensional smooth quadric that intersect a 3-dimensional smooth

sub-quadric. By Remark[].7, the only locus in the image of the exceptional locus of 7

is X, = [QZ - Qg] By Corollary 4.27, this is in the singular locus of V', therefore

v — Q< QY

EXAMPLE 6.3. Let V = [Lg C Q%] By Remark there are two types of

subvarieties to consider:

Y

Naq

_ [LQ C Lg} and %,, = [L1 C L4} U [Ll C L;}

since when the corank of QY is increased by 2, it breaks down into L, and L.

By C’omllary we can conclude that %, is in the singular locus of V.
57
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On the other hand, by Observation [{.24], we have
codim(ﬂ_l(Znal)) =di+r1—5s—nm —1=2,

thus ¥y, s also in the singular locus of V.

Therefore we have

ysing — [L2 - Lg} U [Ll c L4] U [Ll c Lg]

Note that V' is an orthogonal Schubert variety in OG(2,8). In permutation nota-

tion, its singular locus is given by

(73845162)%"9 = (32854176) U (51736284) U (41763285).

EXAMPLE 64. Let V = [L4 C Qé}. By Remark |4.27, the loci we need to

consider are

S = [Lg C L4] and %,, = [Ll C L4}

since increasing the corank of Q% by 3 results in a double copy of Ly. Since the latter
locus is contained in the former, we only need to consider X, . By Corollary

this locus is in the singular locus of V. Therefore we have
Vsing - |:L3 g L4] .

This is another orthogonal Schubert variety in OG(2,9). In permutation notation we
have

(849753162)" = (439852176).

EXAMPLE 6.5. Let V = [Ll C Q2 C Qi|. By Remark the resolution of

singularities ™ has no exceptional locus. Therefore V is smooth. Note that V is an

orthogonal Schubert variety in OG(2,9) given by (871654932) in permutations.
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EXAMPLE 6.6. LetV = [Q% C Qg} . By Remark the loci that may be in the

singular locus of V' are
Sy, = |12 € Q8] and 4, = [Q2C Q¥
By Corollary[4.24, V is singular along both of these loci, thus
VI =%, U By, -

Note that V is a Schubert variety in OG(2,9). In permutations, its singular locus is
given by
(978654231)%™ = (927654381) U (769852143) .

EXAMPLE 6.7. Let V = [Lz CQ:C Qg]. By Remark the only locus where
™ has positive dimensional fibers is 3, and by Observation codim(r=(%,, ) =
1. By Corollary V' is singular along X, , therefore we have

Ve v, = [ C L C@?].

Note that V is a Schubert variety in OG(3,8). In permutation notation, its singular
locus is given by

(82645371)*9 = (62154873) .
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