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SUMMARY

In this thesis, we will examine some Ramsey type problems for graphs and hypergraphs.
Our starting point, and motivating question, is to determine the minimum number of colors
required to color the edge set of a hypergraph GG subject to the constraint that the edges of
every copy of the hypergraph H C G receive at least ¢ colors. This problem was introduced in
such generality by Erdés and Gyarfas.

We study this question in a variety of contexts for both graphs and hypergraphs. For
the graph case, we focus on the situation where G is the n-dimensional hypercube and H is
a hypercube, path or cycle. For the hypergraph case we consider the situation when G is a

complete hypergraph and H is a complete hypergraph, path or cycle.
p ypergrap p ypergraph, p Yy



CHAPTER 1

INTRODUCTION

1.1 History and past results

Ramsey Theory encompasses an extensive body of work in mathematics which can be sum-
marized by the statement “Complete chaos is not possible”. The basic premise of the subject
is that every large system contains a sufficiently large subsystem which is not chaotic. The
subject is most often studied through the lens of combinatorial structures such as graphs and
hypergraphs, though the paradigm appears in other branches of mathematics including geom-
etry [26] and number theory [20]. We will define a graph and several basic examples of graphs
before proceeding.

A graph G is a pair (V(G), E(G)) where V(G) is the vertex set of G and E(G) C (V(QG)). An
edge {u,v} € E(G) is also written as uv. The complete graph K; (also referred to as a clique)
is the graph on ¢ vertices whose edge set is the set of all possible (;) edges. The path on g edges
P, is the graph with vertex sex V(P;) = {v1,...,v441} and edge set E(G) = {viva, ..., 040441}
The cycle on g edges Cy is the graph with vertex sex V(Cy) = {v1,...,v,} and edge set E(G) =
{v1ve, ..., v4-1v4,v4v1}. The complete bipartite graph K, ; is the graph with V(K,;) = AUB

where A and B are disjoint with |A| = s, |B| =t and with E(K,;) = {uv | u € A,v € B}.



In many problems we will study, it is necessary to assign colors to the edges of a graph. A
k-edge-coloring of a graph G is a function x : E(G) — {1,...,k}. An edge-colored graph is
momnochromatic if all of its edges received the same color.

The basic problem of Ramsey Theory is to find monochromatic complete subgraphs within
a larger edge-colored complete graph. The fact that such subgraphs exist in sufficiently large

complete edge-colored graphs is the basic result of Ramsey Theory.

Theorem 1 (Ramsey [46]). For every pair of fixed positive integers s,t > 0, there exists an ng
such that if n > ng and K, is edge-colored with red and blue then there is either monochromatic

K in red or a monochromatic K; in blue as a subgraph of a K,.
Definition. For integers s,t > 0, let r(s,t) be the minimum value of ng in Theorem 1.

Ramsey’s initial motivation for Theorem 1 came from problems related to the decidability
of logical systems. Determining 7(s,t) for fixed s and t is an extremely difficult problem. For
example, despite only requiring a very elementary proof to show that r(3,3) = 6, there are very
few exact results known for the diagonal cases where s = t. In fact, the only other diagonal
case for which we know the exact answer is r(4,4) = 18.

Determining the values of R(k, k) for k > 5 seems to be an extraordinarily difficult problem.
While the bounds 43 < r(5,5) < 49 are known [9], it would take a vast amount of computing
power to simply resolve whether or not r(5,5) = 43. In a brute force calculation approach, we
would need to consider all of the of the 2-edge-colorings of a K43 and check for monochromatic
copies K5 in each color. A Ky3 has (423) = 903 edges and each edge may receive one of

2903

two possible colors, so there are colorings to check. As this basic example illustrates,



determining Ramsey numbers exactly often appears hopeless and therefore asymptotic bounds
are desirable. The probabilistic method, pioneered by Erdés, gave the following bound on the

diagonal Ramsey number r(¢,1).

Theorem 2 (Erdds [4]). Fort > 2, we have r(t,t) > 2'/2.

Erdés and Szekeres determined the following upper bound.
Theorem 3 (Erd8s-Szekeres [26]). Fort > 2, we have r(t,t) < 4%

There have been slight improvements made to the above Theorems [14, 51], however they
essentially represent the current state of progress on the problem. There are many natural
extensions to r(s,t). Perhaps the most obvious direction to go in would be to use more than
two colors. These are referred to as multicolor Ramsey numbers. We may generalize even

further by asking for monochromatic copies of a given subgraph H instead of just cliques.

Definition. Given an integer k > 1 and graphs Hy, ..., Hy, let ri(Hy, ..., Hy) be the minimum
ng such that, for n > ng, any k-edge-coloring of K, contains a monochromatic copy H; in the

i-th color for some i. If H = Hy = Hy = ... Hy, then ri,(H) = ri(Hy,. .., Hy).

As one would expect, determining ri(H) for various H is an extremely difficult problem.
Greenwood and Gleason [35] showed that r3(K3) = 17 and at present this is the only non-trivial
value which is known for cliques when k£ > 3. They also provided the following upper bound

for the general problem for cliques.



Theorem 4 (Greenwood-Gleason [35]).

i1+...+ik—k)!
ol

T‘k(Kil,KiQ,...,K‘ ) S (

1k

The problem of determining r(H) has been investigated when H is a cycle. Among the only
results are R3(C4) = 11 due to Clapham [13] and R3(Cs) = 12 due to Rowlison and Yang [47].
Returning to cliques, Erdds and Gyérfds [23] considered an extension of the classical Ramsey

problem by requiring the subclique to have more than two colors.

Definition. Given positive integers p and q, an edge-coloring of K,, is a called a (p, q)-coloring
if every copy of K, C K,, contains at least q distinct colors on its edges. The minimum number

of colors required for a (p,q)-coloring of K, is denoted as f(n,p,q).

Under this definition, a (p, 2)-coloring avoids monochromatic cliques. The statement f(n,p,2) <
k is equivalent to the two statements ri(p) > n and r,_1(p) < n, hence determining f(n,p,2)
is equivalent to determining r;(p). The problem of determining f(n, p, q) is extremely difficult.
Several small cases have received considerable attention, including the case of (4, 3)-colorings

first studied by Erdés and Gyarfas.

Theorem 5 (Erdés-Gyarfas [23]).

f(n74a 3) = O(\/ﬁ)

Mubayi [41] proved the following result for f(n,4,3).



Theorem 6 (Mubayi [41]).

f(n,4,3) < OWloen)

Kostochka and Mubayi [37] later improved the trivial lower bound of f(n,4,3) > f(n,4,2) =
Q(lolgol%) to Q(@%) and their methods were refined by Fox and Sudakov [29] to give the
current best bound f(n,4,3) = Q(logn). Since obtaining exact results for generalized Ramsey
type problems is very hard it is often desirable to determine the asymptotic behavior of these
functions, though this still is a very difficult problem. Erdds and Gyérfds [23] answered the
following question: for fixed p, for which values of ¢ is f(n, p, ¢) linear or quadratic in n. Recent

progress was made on this problem by Conlon, Fox, Lee and Sudakov [17]; they determined the

largest value of ¢ for which f(n,p,q) is subpolynomial.

Theorem 7 (Conlon et. al. [17]). For fized positive integers p and q with 2 < g < (72’), the

mazimum value of q for which f(n,p,q) is subpolynomial in n is p — 1.

Ramsey’s Theorem has been generalized to consider subgraphs other than cliques and to
change the restriction on the number of colors that a subgraph may have. Another way is
to take the large graph to be something other than K,. The complete bipartite graph, K, ,
has been studied at some length. Axenovich, Fuiredi and Mubayi [5] studied this problem and

defined the following generalized version of f(n,p,q):

Definition. Given graphs G and H, an edge-coloring of G is an (H, q)-coloring if every copy of
H in G receives at least q distinct colors on its edges. The minimum number of colors required

in an (H,q)-coloring is f(G, H,q).



Among other problems, they studied the function f(G, H,q) for G = K,,,, and H = K, .

Motivated by the work of Erdos and Gyarfas on cliques, they proved various thresholds for
f(Knn, Kpp: ) [5]-

1.2 New results on Hypercubes

In this thesis, we will obtain results for the n-dimensional hypercube and for hypergraphs.

The hypercube will be studied in chapters 2-4.

Definition. The n-dimensional hypercube @y, is the graph with vertex set V(Qy) = ol - if we
view two vertices u and v as their corresponding subsets of [n], then uv is an edge if |v| = |u|+1

and uw C v.

Given a subgraph H C @, we will study the function f(Q,, H,q) as defined earlier. Recall
that F; is the path with ¢ edges. We will begin in Chapter 2 by giving some simple results on
f(Qn, Py, q). We will focus specifically on the cases where all the edge of P, receive different

colors.
Definition. An edge-colored graph G is rainbow if no two edges receive the same color.

We will prove the following bounds on rainbow coloring small paths in @,.



Theorem 8. The following lower and upper bounds hold for f(Qn, Py, q):

q | lower bound | upper bound

2 n n
3 2n—1 2n
4 n? 3n?

In the Chapter 3, we will study f(Qp, @3, q) and for various values of q. This appears to be
a difficult problem for most of the values of k. We will give upper and lower bounds, some of
which will require the use of the probabilistic techniques. The primary motivation for this is a

result of Faudree, Gyarfas, Lesniak and Schlep [27].

Theorem 9 (Faudree et. al. [27]). Let n =4 orn > 6. Then f(Qn,Q2,4) =n.

Our result follows.



Theorem 10. The following upper and lower bounds hold for f(Qn,Q3,q):

q || lower bound | upper bound

4 4 4
5 5 8
6 6 12

7 Q(lo{;ign) O(nt/3)

8 Q(log)ign) O(n2/5)

9 nt/3 O(y/n)

10 Jn O(n?/3)
11 n/2 O(n)
12 3n —2 pito(l)

In Chapter 4, we consider f(Qn, H,q) when H = C; and ¢ is even (there are no odd cycles
in Q). Since Cy = Q2, we have f(Qm,C1,4) = f(Qn,Q2,4); it is also an easy exercise to show
that f(Qm,Cs,6) = f(Qn, Qs,12). Since we will focus on rainbow colorings in Chapter 4, we

will introduce the following definition for convenience.
Definition. For q even and n > q, let f(n,q) = f(Qn,Qq,q)-

Theorem 11. There a positive integers ci,cy,ca,chy such that the following hold. If ¢ =

0 (mod4), then



cinf/t < f(n, k) < con®/2,
If ¢ =2 (mod4), then
nl*4 < f(n, k) < cynlk/41,
We will also prove a better result for the particular case k = 6.
Theorem 12. For every e > 0 there exists ng such that for n > ng we have f(n,6) < nite.

Although this parameter has been introduced more recently, the study of f(Q, Ck, q) has
received considerable attention. Alon, Radoi¢i¢, Sudakov and Vondrék [3] studied the problem

of avoiding monochromatic cycles and proved the following result.

Theorem 13 (Alon et. al. [3]). Fix k > 1 and | > 5. For sufficiently large n, every

k-edge-coloring of Q. contains a monochromatic cycle of length 21.

Alternatively, we may rephrase this as saying that f(Qy, Ci,2) is not bounded by a function
of [. Even more recently, at the end of 2013, a result similar to Theorem 11 was obtained by
Balogh, Delcourt, Lidicky and Palmer [7]. They asked the following closely related question:
if Qg is colored with a fixed number of colors k, then what is the largest possible number of

rainbow cycles of a particular length that there can be? They proved the following result:

Theorem 14 (Balogh et. al. [7]). Let k and d be fized integers such that 4 < k < d and
k #5 and write d = ka + b where a and b are integers such that a > 0 and 0 < b < k, then the

mazimum number of rainbow copies of Cy in a k-edge-coloring of Qg is 272 [(g) — k(g) — bal.

They also conjectured for a 5-edge-coloring of Qg, that limg .o (dqf% = 4/5 where g (d)
2

is the maximum number of rainbow copies of Cy4 in a k edge coloring of Q.
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1.3 Hypergraphs: Cliques

All of the types of questions we have looked at so far can be naturally extended to hy-
pergraphs. Our attention will be limited to [-uniform hypergraphs, which may also refer to
as simply Il-graphs. Let X be set; we denote collection of subsets of size [ of X by ()l() An
[-uniform hypergraph H (l-graph for short) is a pair (V(H), E(H)) with E(H) C (V(ZH)). The
complete I-graph on n vertices K/, has vertex set V (K!) and edge set E(K') = (V(é{h)). Given
an [-graph G and S € (‘;(_G)), the codegree of (), written codeg(S), is the number of edges in

1

GG which contain S.

Definition. Fiz integers s,t > 1 > 2. Let r'(s,t) be the minimum n such that every 2-edge-
coloring of K wyields either a monochromatic copy K. in the first color or a monochromatic

copy of Ké i the second color.

Definition. Fir k,l > 2 and l-graphs Hy, ... Hy. Then v'(Hy, ..., Hy,) is the minimum n such
that every k-edge-coloring of K. results in a monochromatic subgraph H; in color i for some

i €[k]. When Hy = --- = Hy, = H, we write v}, (H).

The classical Ramsey numbers seem even more difficult to determine for hypergraphs. The
smallest non-trivial case is 73(4,4) and this is in fact the only classical Ramsey number for
hypergraphs where the exact value is known. The upper bound r3(4,4) < 13 was first proved
by Giraud in 1969 [31]. Much later, McKay and Radziszowski [39] showed (with a computer

aided proof) that Giraud’s result was optimal.
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Theorem 15 (McKay-Radziszowski [39]).

r3(4,4) = 13.

A result of Erdés and Rado [24] provides upper and lower bounds for r3(¢, t).

Theorem 16 (Erd&s-Rado [24]). For all t > 3, there are positive constants ¢ and ¢’ such
that

2¢ < p3(t,1) < 227

Recently Conlon, Fox and Sudakov made significant progress on the problem of determining
r3(s,t) [18]. They improved the upper bounds in Theorem 16 and also improved the previous
lower bounds for this problem. They provided a new lower bound for the diagonal multicolor

Ramsey number r3(¢,¢,t) improving the previous bound of Erdés and Hajnal.

Theorem 17 (Conlon et. al. [18]). For integers t > s > 4, there is a positive constant ¢

such that

7“3(8, t) > gcst log(t/s—&-l)_

For fired s > 4 and sufficiently large t

r3(s,t) < gt**log t,
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Theorem 18 (Conlon et. al. [18]). There is a positive constant ¢ such that

P(t,t,t) > 21"

Conlon, Fox and Sudakov used a classical technique known as the Stepping-Up Lemma
which was introduced by Erdés and Hajnal [33], which they also improved in an earlier result
[19]. Axenovich, Gydrfds, Liu and Mubayi investigated the problem of determining 73 (H). One
of the smallest non-trivial cases is G = K ff — e, the unique 3-graph with four vertices and three

edges.

Definition. Let rfﬁ(H) be the minimum n such that every k-edge-coloring of the edges of K

contains a monochromatic copy of H.

Theorem 19 (Axenovich et. al. [6]).

ri(K3) < (K3 —e) < iy (K3) +1

We will introduce another definition which is similar to one we gave earlier for graphs.

Definition. Fizl > 2 and l-graphs G, H with H C G. Let f;(G, H,q) be the minimum number

of colors in an (H,q)-coloring of G. In the special case where G = K. and H = KZZ,, we let

fl(G7H7 Q) = fl(n7p7Q)‘

A natural extension to Theorem 19 is to ask for the minimum p such that f(n, p,3) is (logn)°().

Recently, Conlon and Fox observed that this minimum at most 13. We improve this below.
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Theorem 20.

f3(n,7,3) < OWlosloen)

We will also prove a more general theorem.
Theorem 21. Given positive integers n,l,m with l > 2 and l+5 <m < n. Then
fH—l(Kéj:lv K'f:—&lﬂ 3) <2 fl(Kiw K7ln7 3) +21.

1.4 Hypergraphs: Paths, Cycles and other subgraphs

Hypergraph Ramsey type problems where we seek monochromatic subgraphs other than
cliques have received some attention. Many of the commonly studied subgraphs in the case of
standard graphs are also studied in hypergraphs. Two particular examples are paths and cycles;
however, in hypergraphs, paths and cycles may be constructed in multiple ways depending on

the number of vertices in the intersection of two adjacent edges.

Definition. Givenl,q > 0, the l-uniform loose cycle on q edges C’é 18 the l-graph with |V(C’(l](t))| =
gl — (¢ —1) and edge set E(C’é(t)) ={e1,...,eq} where le;Nej|=1ifj=i+1ori=1,j=kF

and |e; Nej| = 0 otherwise.

Definition. Given l,q,t > 0 with t < [l/2|, the t-intersecting, l-uniform path on q edges
Pé(t) is the l-graph with |V(Pé(t))| =ql — (¢ — 1)t and edge set E(Pé(t)) = {e1,...,eq} where

leiNej|=tifj=1i+1 and |e;Ne;| =0 otherwise. Such a path is called loose if t = 1.

One may also study paths where |e; Ne;11]| > [1/2] or cycles where |e; Ne;11]| > 1, however,

in this thesis we will restrict our attention to loose cycles and paths with ¢ < |I/2]. When
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specifically studying loose paths, the parameter ¢ = 1 may be omitted for simplification of
notation. An important result by Haxell et. al. [36] provided bounds the Ramsey problem for
loose cycles in K2 . Recall that r!(s,t) is the minimum 7 such that every 2-edge coloring of the
K! yields either a monochromatic K in the first color or a monochromatic K} in the second

color. They recently proved the following result on loose cycles:

Theorem 22 (Haxell et. al. [36]).
r3(C3,C3) ~ 5q/4
Theorem [36] is the best possible asymptotic result. Even more recently, the following result

on loose paths and cycles was proven [44].

Theorem 23 (Omidi-Shahsiah [44]). For every n >m >3, r(P3,P3) = 2n + || holds

and for n >m >3, r(P3,C3) =2n+ | L] holds.

In Chapter 5 we will focus on rainbow coloring small subgraphs of K3. Our first result is the

following.

Theorem 24. Let n > 4. Then

n?/4 —n/2, if n is even
f5(KG, P5,3) < @ — [n?*/4) =

n?/4—n/2+1, ifn is odd.
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If n > 12, then f3(K3, P3,3) > n?/4 —n/2.

One notable aspect of studying Ramsey type problems for hypergraphs is the increased number
of subgraphs that are possible due the edges being able to intersect in multiple ways. We will

prove a result on a unique 3-graph known as the Pasch Configuration.

Definition. The Pasch Configuration P is the unique 3-graph on six vertices such that any

two of its edges have exactly one vertex in common.

14o(1)

Our original goal was to prove that f3(n,P,3) =n , however we were only able to prove

the slightly weaker result below where we color most of the edges.

Theorem 25. There is an edge-coloring of H C K2 with n' W) colors such that every copy

of P C H contains at least three distinct colors on its edges and |E(H)| > () — o(n?).

Proving Ramsey results for higher uniformity or larger subgraphs is often much more difficult.
We will require Turdn type results to prove our remaining theorems. The focus of Turan
problems is to determine the minimum number of edges in a large graph or hypergraph G

required in order to force the appearance of particular subgraph H.

Definition. Given an l-graph H, let ex;(n, H) be the maximum number of edges that an

[-graph on n vertices can have without containing a copy of H.

Turédn and Ramsey problems sometimes turn out to very closely related. When proving a
Ramsey result, one will often require that a particular subgraph does not appear in a color
class. Recall that Pé(t) is the [-uniform, t-intersecting path on ¢ edges. We will prove the

following result.
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Theorem 26. Let l,t be fized positive integers with t < [ and | < 2t + 1. If there is an

S(n,2l —t—1,1) on [n], then

AL, PY(1),2) < (14 0(1) (5 Sisri-

If it is possible to partition S(n,2l —t—1,1) into copies of S(n,2l —t—1,t) and [ —t is a prime,

then

n—0)! (I—t—1)!
fl(KiL)PQZ(t)ﬂz) = Wl:ﬁ%ﬂ)l

The Turdn number for Pé (t) has been studied at some length, particularly when ¢ = 1. It often

turns that Turdn numbers are useful in graph coloring problems. Some previous results on

ex;(n, Pl(t)) are given below.

Theorem 27 (Firedi-Jiang-Seiver [30]). For all fivzed ¢ > 1,1 > 4, and sufficiently large n

we have

eXl(”vpzltﬂ) = (7—_11) +o Tt (?-T)?

exi(n, Phyo) = (170) + -+ (771) + ("5

Theorem 28 (Kostochka-Mubayi-Verstraéte [38]). Fiz | > 3,q > 4 with (q,1) # (4,3).

For large enough n, we have
psy 0, if ¢ is even
exl(n,Pé): (= ( )2 )+
-1
("L 173, if g is odd.

-2

We will study ex;(n, PL(t)) when ¢ > 1. The following is our final result of this thesis.

Theorem 29. Fiz k,r >2,1<t<|5| and = [*1]. Then exy(n, PL(t)) ~1(.")).
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Throughout the thesis we will make use of asymptotic notation. Let f,g: RT — R. Then

f = O(g) if there exists a constant ¢ such that |f| < c|g|]. We say f = Q(g) if ¢ = O(f). If

limzsoof(x)/g(x) = 0, we say f(z) = o(g(z)) .



CHAPTER 2

COLORING @y WITH RAINBOW PATHS.

In this chapter, we will prove a few basic results on coloring the hypercube with rainbow
paths. In the subsequent chapters, we will prove more difficult results on coloring the hypercube
with rainbow cycles, so this chapter will introduce some of the basic methods. Recall that the
n-dimensional hypercube @, is the graph with vertex set V(Q,,) = 2["; if we view two vertices
u and v as their corresponding subsets of [n], then uv is an edge if |v| = |u|+ 1 and u C v. The
vertex set V(Q,) may be also be regarded as the 2" binary vectors of length n with vertices
u and v being joined by an edge if and only if they differ in precisely one coordinate. We will
restate an earlier definition and give a new definition which we will use throughout the sections

of the thesis pertaining to Q.

Definition. Given graphs G and H, an edge-coloring of G is an (H,q)-coloring if every copy
of H in G receives at least q distinct colors. The minimum number of colors required in an

(H,q)-coloring is f(G, H,q).

Definition. Let uwv € @, and let u and v represent their corresponding subsets of [n]| with

lu| =1 and |v| =14+ 1. We then say that uv is on level I of Q.

18
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We will prove the following upper and lower bounds for f(Qy, Py, q) for ¢ = 2,3, 4:

Theorem 8. The following lower and upper bounds hold for f(Qn, Py, q):

q | lower bound | upper bound

2 n n
i 2n —1 2n
4 n? 3n?

We will prove Theorem 8 in three separate cases. Before proceeding, we will make an
observation about @),, that will be used in the proof and the subsequent chapters. The graph
Q) is obtained by joining each pair of corresponding vertices from two copies of Q),,—1 with an

edge; these edges which join the two copies of @), together will be referred to as crossing edges.

Proof. Case 1: g = 2.
An edge-coloring of a graph is called proper if no two incident edges receive the same color. An
edge-coloring with only rainbow copies of P, is equivalent to a proper edge-coloring. The lower
bound follows from the simple observation that each vertex in @), has degree n and therefore
at least n colors are required.

For the upper bound, we will use induction to exhibit a proper edge-coloring of @,, which
uses n colors. For the base case, it is trivial to color Qo with 2 colors so that every copy P»
two is rainbow. Now, suppose that n > 2 and we have shown that ),,_; may be properly

edge-colored with n — 1 colors. To properly edge-color ), with n colors, join together two
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properly edge-colored copies of (Q,,_1, each colored the with the same set of n — 1 colors, and
then color all of the crossing edges with the same new color. A P; is either contained in one of
the properly edge-colored copies of ),,—1 or it contains one crossing edge and one edge from a
@Qn—1; the crossing edges form a perfect matching, so a P, cannot be made up of two crossing
edges. In either case, the P, is rainbow and we establish the upper bound of n.

Case 2: ¢ =3.

The lower bound of 2n — 1 is realized by a simple observation. Given an edge e = uv, then e
and the set of edges which are either incident with w or incident with v must all receive distinct
colors. This is a set of 1 +2(n — 1) = 2n — 1 edges.

We will now give an edge-coloring function y which proves the upper bound. As previously
stated, a vertex v € V(Q,,) is associated to a subset of [n]; given a vertex v, we will also use v to
refer to its associated set. Let e = uv be an edge with u = {mq,...,m;} C{my,...,mip1} =v
and let p(e) denote the parity of . Our coloring is x(e) = (mit+1,p(€e)). There are n possibilities
for the first coordinate of x and 2 possibilities for its second coordinate, so y uses at most 2n
colors.

A P53 can span one, two or three levels of ), and we will consider each case separately.
First, suppose that a P; spans three levels of ),,. Let P = ejeges with e1 = v1v9, ea = vovg
and ez = v3vy with vo C v3 C vq and let v = {mq,...,m;}, v3 = {my,...,mi;1} and
vy ={m1,...,mip2}. Then x(e1) = (mi, p(e1)), x(e2) = (mit1,p(es)) and x(e3) = (mit2,p(e2))

are all distinct colors.
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Next, suppose that P = ejeges spans two levels of @,,. Without loss of generality, let eq, eo
lie on level ¢ of @, and let e3 lie on level ¢ + 1. We observe that x(es) # x(e1), x(e2) because
p(es) # p(e1),p(e2). Now we will show that x(e1) # x(ez2). Let e; = vz with v C z and ey = vy
with v C y and let v = {my,...m;}, x = {mq,...m;,m'} and y = {mq,...m;, m"}. Because e;
and eq are distinct edges, we have m’ # m” and so x(e1) = (m/,p(e1)) # (m”, p(e2)) = x(e2).

Finally, suppose that P = ejeqes lies entirely on level ¢ of @), for some i. Let e; = uax,
ea =uy and e3 = wy with v C z,y and w C y. If u={mq,...,m;}, x = {mq,...,m;;m'} and

n

y={ma,...,m;,m"}, then w =y — {m'} for some m"” € y. Since e; # ez, we have m’ # m”

and similarly since es # e3, we have m” # m”. We see that m’ # m/” by contradiction, for if
m’ =m™ then u = w. Therefore, x(e1), x(e2), x(e3) are all distinct in their first coordinates.

Case 3: ¢ =14

We will first prove the lower bound. If two edges e and f lie on levels 0 or 1 of @, then
they must receive distinct colors. If e and f lie on level 0 then they are incident. If e = z2x
where z = () lies on level 0 and f = vw with v C w, then the edges h = zv, e and f form a Ps.
If both e = zy and f = vw lie on level 1 (and are not incident), then we use the edges h = zx
and h/ = zv with 2 = () to obtain ehh’f which is a P;. Therefore, any two edges on levels 0 or
1 of Q,, must receive distinct colors and we obtain the lower bound of n + n(n — 1) = n?. For
a vertex v, the incidence vector ¥ is a binary vector of length n where its i-th position #; = 1

if i € v C [n] and ¥; = 0 otherwise.

For an edge e = wv with u C v, recall that [, is the level of e. Let

ale) =( Y. v;i)modn.

1<i<n
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Let p(e) be the position ¢ where @ and ¥/ differ and let b(e) = [, mod 3. We color the edge e with

Since there are n possibilities for a(e), n possibilities for the p(e) and three possibilities for b(e),
X uses at most 3n? colors as desired. We will now show that x edge colors Q,, is a (Py, 4)-coloring
of Q.

First, suppose that P = ejesegey spans four levels of Q,, and e; = v1v9, €2 = vov3, €3 = V3v4
and eq4 = wvqvs with vo C v3 C vy C vs. Then p(er),p(ez),p(es),p(es) are all distinet and
therefore y(e1), x(e2), x(e3), x(e4) are all distinct.

Second, suppose that P, = ejeseseyq spans three levels of ),. Without loss of generality,
suppose that ej,es are on level ¢, e3 is on level ¢ + 1 and e4 is on level i 4+ 2. We observe that
b(es) # b(eq) and b(e1) = b(e2) # b(es),b(eq) and we also see that x(e1) # x(e2) because e;
and ey are incident.

Next, suppose that P = ejeqezeq spans two levels of (,,. There are two ways that this
can occur. The first possibility is that e, es are on level ¢ and eg, eq are on level ¢ + 1. Then
b(e1) = b(ez) # b(ez) = b(eq). Furthermore, since e; and ey are incident, p(e;) # p(e2) and
likewise p(e3) # p(esq). So, x(e1), x(e2), x(e3), x(e4) are all distinct. The second possibility is
that, without loss of generality, e, e, e3 lie on level ¢ and ey lies on level ¢ + 1. In this case,
b(es) # ble1) = b(e2) = b(es) so we just need to show that y(e1), x(ez2), x(e3) are all distinct.
This is showing that a P3; contained on a single level of ), is rainbow under our coloring Y.
For such a path P = ejeses, the edges differ in their second coordinate. It’s trivial to see that

this is the case for incident edges, so we will show that p(e1) # p(es). Let e = zy with x C y
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and ez = uv with u C v; consequently, ex = zv. If p(e1) = p(es), then for some w € V(Qy,), we
must have y = U {w} and v = v U {w}. But we must also have that v = 2 U {w'} were v’ # w
which is a contradiction.

Finally, suppose that P = ejeqesey is entirely on level ¢ of @), for some ¢. By the previous
case, we know that P’ = ejesez and P” = egeseyq are rainbow paths. Therefore, it suffices to
show that x(e1) # x(eq). Let e = xy with  C y and e4 = uv with u C v. We will look at the
symmetric difference |[yAw|. Since y # v we know that |[yAw]| # 0 and since |y| = |w| we know
that |yAw| must be even. If |[yAw| = 6, then it is not possible for e; and e4 to lie on the same
Py, so |[yAw| = 2 or 4. If |[yAw| = 2, then z = u = {mq,...,m;}, y = {m1,...,m;,m’'} and
w = {mq,...,m;;m"} with m’ £ m”. In this case we have m’ = a(e1) # a(ey) = m” and we
have x(e1) # x(eq). If |[yAw| = 4, then x = {mq,...,mi—1,m'}, y = {mq,...,my_1,m',m"},
u={my,...,mi—1,m"”} and w = {mq,...,mi—1,m"”" m™} with m’,m” ,m"” , m" all distinct.

In this case m” = p(e1) # p(es) = m"" and so x(e1) # x(e4).



CHAPTER 3

COLORING SUBCUBES OF Qxn

Our goal in this chapter is to study f(Qn, @3, q), however we will first determine the upper

and lower bounds for f(Q,Q@2,3). Let us recall the definition provided earlier:

Definition. Fiz graphs G and H and and integer 1 < q < |E(H)|. Then f(G,H,q) is the
minimum number of colors required to edge color G so that the edges in every copy of H in G

recetve at least q distinct colors.

One of the motivations for studying f(Qn, @3, ¢) was the following result of Faudree, Gyérfds,

Lesniak and Schelp [27].
Theorem 9. Let n =4 orn > 6. Then f(Qn,Q2,4) =n.

Any two incident edges of @, lie in a copy of Cy = Q2 and this implies that f(Q,,Q2,4) >n
since any (Q2,4)-coloring is a proper coloring of @,. The content of Theorem 9, therefore, is
an explicit coloring which demonstrates that the upper bound is also n. For f(Q,,Q@s,q) we
will not be able to provide explicit colorings for the upper bounds for several values of q. We

will rely on a probabilistic technique know as the Local Lemma.

Theorem 30 (Local Lemma, Lovas [4]). Let Aj, Ag,... A, be events in an arbitrary prob-
ability space. Suppose that each A; is mutually independent of all but at most d of the other

events and Pr[A;] <p for alli. If ep(d+ 1) <1 then Pr[\l_,4;] > 0.

24
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Specifically, we will use Theorem 30 to obtain upper bounds for f(Q,,Q@s,q) for 7 < ¢ < 11.

In the following section, we will study f(Qn,Q2,q) and in the section after we will study

f(QTH Q37 Q)

3.1 Many colors on the 2-dimensional subcubes

The goal of this section is to obtain bounds for f(Q,Q2,3). It trivial to show that

f(Qn,Q2,1) = 1 and f(Qn,Q2,2) = 2. It was also shown in [27] that f(Qn,@2,4) = n.

We will prove the following:
Theorem 31. There exists an ny such that for n > ng we have f(Qn,Q2,3) = 4.
We will require a result of Offner [43] for the lower bound:

Definition. A d-polychromatic coloring of Q, with p colors is an edge coloring of Q, such that
all copies of Qg have all p colors on their edges. The maximum number of colors with which it

1s possible to d-polychromatically color any Q. 1S pq.

Theorem 32 (Offner [43]).

WD or d s odd

Pbd =

=5 ifd s even.

We will now to prove Theorem 31.

Proof. First we will prove the upper bound with an explicit coloring where our palette of colors
is the elements of Z4. Let a,b, c € Z4 be distinct. We will proceed by induction on n. For our

base case, 2 is colored as shown in the following figure:
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Now, in order to color @), we consider two copies of Q,,—1 with identical colorings such that
every Qo receives three distinct colors. In one of the copies, if 7 is the color which an edge e
initially received, then we recolor e with the color i + 1. Now we will color the crossing edges
going between the two copies. We use the fact the @Q,—1 is a bipartite graph and partition the
vertices of one of the copies into two independent sets A and B. Fix any z € Z4. If a crossing
edge e is incident to a vertex in A we color it with x and if e incident to a vertex in B we color

it with = + 2. Explicitly, Q3 would be colored as shown in the following figure:

We know that any )2 entirely contained in either copy of Q),,—1 receives three colors on its
edges, so we need only worry about those copies of ()2 with edges contained in each copy of

Qn—1. Such a )9 is colored as follows where d, x € Z4 are not necessarily distinct.
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d d+1

T+ 2

There must be at least three distinct elements among {d,d + 1,z,x 4+ 2} C Z4 and therefore
f(@Qn,Q2,3) < 4.

The trivial lower bound is f(Qn,Q2,3) > 3. However, by Theorem 32 we know that
f(Qn,Q2,3) # 3. If it were possible to color @, with 3 colors so that every copy of Q2
contains 3 colors on its edges, then such a coloring of @),, would be a 2-polychromatic coloring
of with 3 colors, but Theorem 32 tells us that a 2-polychromatic coloring of @, can use at most

2 colors. Consequently, f(Qn,Q2,3) > 4.
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3.2 many colors on the 3-dimensional subcubes

Now we consider f(Qn,®3,q). Let us state our main result here.

Theorem 10. The following upper and lower bounds hold for f(Qn,Q3,q):

q || lower bound | upper bound

4 4 4
5 5 8
6 6 12

7 Q(lo{gign) O(nt/3)

8| QpZis) | On)

log logn

9 nt/3 O(y/n)
10 NG O(n?/3)
11 n/2 O(n)
12 3n—2 nito(t)

Determining f(Qpn,Qs,q) is trivial when ¢ € {1,2,3}. Indeed, it is easy to see that

f(Qn,Qs3,q9) = q for these cases by coloring alternating levels of @,, with colors 1 through

We will first prove a lemma which gives a general upper bound for f(Qy,Qs3,q).

Lemma 33. Fiz 1 < g <12. Then f(Qn,Q3,q9) = O(n%ﬂz)
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Proof. Color @,, randomly with ¢ colors where each color appears with probability 1/c on a
given edge, independently of all other colors. Each copy of Q3 has an associated bad event A;

which represents that copy of (03 receiving less than ¢ colors on its edges. For some constant «

not depending on n, there is a(qfl) ways to color a Q3 with less than ¢ colors and there are ¢'?

a1

edge colorings of Q3 in total from a palette of ¢ colors. Therefore, Pr[A;] = O(%=). A copy

of Q3 shares an edge with O(n?) other copies of Q3; we observe that a Cg is determined by 3
edges and that every copy of (Y3 contains a fixed number of copies of Cg. So, if we pick an edge
e in a Q3, there are at most (n — 1)? copies of Cg which contain e. Therefore, there are O(n?)
copies of Cg and similarly O(n?) copies of Q3 which share an edge with a Q3. Consequently, we
may apply the Local Lemma with parameters p = O(c?13) and d = O(n?). Then ep(d+1) < 1
as long as ¢ = O(nﬁ)

O

We will use the upper bound from Lemma 33 for f(Q,,®s,q) when 7 < ¢ < 11. In the
remaining cases we will use other techniques to provide better upper bounds. We will now
prove Theorem 10. The case ¢ = 12 will be addressed in the next chapter, so we proceed with
all other values of ¢ below.

Case 1: ¢=4

Proof. The lower bound is trivial. We obtain the upper bound by using the same coloring we
used to prove Theorem 31. A Q3 is two copies of Q)2 joined by crossing edges. Each copy of
()2 contains at least 3 colors on its edges. Using our coloring, one copy of Q)2 will have the

colors {a,b,c} on its edges and the other copy will have {a +1,b+ 1,c+ 1} on its edges where
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a,b,c € Zy are distinct. The subset {a,b,c,a+1,b+1,c+ 1} € Z4 contains 4 distinct elements

and therefore f(Q,Qs3,4) <4 O

Case 2: ¢=5

Proof. The lower bound is trivial. For the upper bound, we will use the edge coloring we used
in Theorem 31 with a few modifications. Our palette of colors will now be Zg instead of Z4 and
when we adjoin two copies of Q,,—1 we will color the crossing edges with x and x+4 (instead of =
and x+2). These modifications still guarantee that a copy of Q2 receives three distinct colors on
its edges and so a copy of Q3 will contain the set S = {a,b,c,a+1,b+1,c+1,z,x+4} of colors
on its edges where a, b, ¢ are distinct. Now, we consider the subset S = {a,b,¢,a+1,b+1,c+1}.
If |S’| > 5 then we are done. If |S'| < 5, then because a,b,c € Zg are distinct, it must be the
case, without loss of generality, that b = a+1 and ¢ = a+2. Then S’ is a set of four consecutive
elements and so either « ¢ S” or x +4 ¢ §'. Therefore, [S| > 5 and f(Qn,Q3,5) < 8.

Before proceeding to the next case, notice that this would not work if we used Z, where
p < 7 as our palette of colors. For if in the set S we had a = 1,b = 2,¢ = 3 and = = 4 then
|S| < 4. Thus, if a better upper bound is possible, we would need to use a different strategy

for coloring the edges. ]

Case 3: ¢ =6

Proof. The lower bound is trivial. For the upper bound we will use a modified version of the
coloring used in Theorem 31. We now color the edge e with the tuple (i,r) where i is the color

which e originally received in the proof of Theorem 31 and r is the congruence class modulo 3
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of the level of @), that e lies. We are now using 12 colors in total and we have two cases to
examine. Since we are using the coloring from Theorem 31 for our first coordinate, we know
that a Q3 is made up of two joined copies of ()2 which each have at least three distinct colors
in their first coordinates and the first coordinates of the second copy of ()2 match those of the
first copy of Q2 but shifted up by one. We will assume that the two copies of Q2 each receive
only three distinct colors in their first coordinates. Furthermore, the coloring in Theorem 31
guarantees that if two edges f and f’ in a ()2 receive the same color, then f and f’ are incident.

Without loss of generality, there are two cases we must consider. The first case is shown below:

Since a, b and ¢ are distinct, we immediately see that (a, 1), (b,1), (a,2), (b,2),(a+1,3) and

(c+1,3) are all distinct. In the second case, a ()3 would appear as follows:



32

We are done if a and =+ 2 are distinct, as (a, 1), (x+2, 1), (b,2), (¢, 2), (b+1,3) and (c+1,3)
are all distinct. However, suppose that a = x + 2. If level one of the above Q3 contains three
distinct colors then we are done. Suppose this does not happen. Without loss of generality,
assume that b = a + 1 and ¢ = = (note that © # a + 1 since a =z +2). Then b+ 1 and ¢+ 1
are two consecutive numbers and neither is equal to x + 2, so we have at least one color from

level zero, two colors from level 1 and three colors from level 2 and so f(Qn,Q@3,6) < 12. O

Case 4: ¢=7,8

Proof. The upper bounds for f(Qn,Qs,7) and f(Qn,Qs,8) are obtained by applying Lemma
33. We will prove the lower bound for f(Q,Q@s,7) and also use it as the lower bound for
f(Qn,Q3,8). We will prove the lower bound by contradiction when we assume that it is finite.
Our proof will use r(3); recall that ri(3) is the smallest n such that every edge coloring of K,
with k colors contains a monochromatic triangle. We proceed with our proof.

Suppose that x is a (@3, 7)-coloring with s colors and let n be sufficiently large. On level 0

of @, we can, by the Pigeonhole Principle, find a set of E of edges of size n/s which all receive
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the same color z. Any two edges e, €’ on level 0 of @, are incident and therefore are contained
in a C4. There are (;) + s possible pairs colors other two edges f, f' of the C4 may receive.
Given such a copy of a Cy with edges e, €', f, ', let g : (5) — {1,--+,(5) + s} where g({e,€'})
is mapped to corresponding pair of colors which f and f’ received. If there are e, e9,e3 € E
such that g({e1,e2}) = g({e2,e3}) = g({e1,es}) then we may extend eq,es, e3 to a Q3 with at
most six colors; the edges on level 0 will all receive the same color, the edges on level 1 will
receive at most two distinct colors and the edges on level 2 will receive at most three distinct
colors. Avoiding this is equivalent to avoiding a monochromatic triangle on K n. Since 1%(3)
is finite for all £ € N, for large enough n we will find a monochromatic triangle in K n. So we

must have |E| < rj(3), where k = (5) + s < s%. We use the upper bound r(3) < 3k! [10] to

obtain

|E| =n/s < 32! < 3%,
Solving for s in terms of n gives s = Q(log)ﬁ) gn) O
Case 5: ¢ =9

Proof. The upper bound is from Lemma 33. The lower bound is from the following counting

€ colors. On the level 0 of

argument. Suppose that we have a (Q3,9)-coloring of @Q,, with n'~
Q., we can find a set of edges of size n® which all receive the same color. Since any two edges
on level 0 of @, can be extended to a ()2, we have n® — 1 copies of ()2 which all intersect in

an edge e and whose bottoms edges all receive the same color. The top two edges in each such

()2 receives one of the available ("1;) available pairs of colors. If any two of these copies of o
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which intersect in edge e are assigned the same pair of colors to their top edges, then we can
extend them to a (3 with at most eight colors on its edges. The bottom edges of the @3 all
receive the same color, the middle edges receive at most four distinct colors and the top edges

1—e

receive at most three colors. Therefore (” 9 ) > n — 1 must hold which implies € < 2/3. So we

1-2/3

require at least n colors. ]

Case 6: ¢ =10

Proof. The upper bound is from Lemma 33. For the lower bound, we use a similar argument
to the one we used in the previous case when ¢ = 9. Suppose that we have a (Q3, 10)-coloring
of @Q,, with n'=¢ colors. On the level 0 of Q,, we can find a set of edges of size n¢ which all
receive the same color. Since any two edges on level 0 of @), can be extended to a ()2, we have
n®—1 copies of ()2 which all intersect in an edge e and whose bottoms edges all receive the same
color. The top two edges in each such @2 receives one of the available ("1;) available pairs of
colors. If any two of these copies of Qo which intersect in edge e have a common color on their
top edges, then we can extend them to a (3 with at most nine colors on its edges; the bottom
edges of the Q3 all receive the same color, the middle edges receive at most four distinct colors
and the top edges receive at most three colors. Therefore the inequality is n'=¢ > 2(n€ — 1)

1-1/2 ¢olors. O

which implies € < 1/2. So we require at least n

Case 7: ¢ =11

Proof. The upper bound is from Lemma 33. For the lower bound, notice that if we use fewer

than n/2 colors, we will be able to find three edges on level 0 of @),, which all receive the same
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color; these three edges can be extended to a ()3 which contains at most ten distinct colors on

its edges. O



CHAPTER 4

COLORING @y WITH RAINBOW CYCLES

In the previous section, we determined upper and lower bounds for f(Q,,Q@s,q). Now we
study rainbow colorings of cycles where we are able to obtain more precise results. Rainbow
cycles have also been well studied as subgraphs of K,,. Erdés, Simonovits and Sés [25] introduced
AR(n, H), the maximum number of colors in an edge coloring of K, such that it contains
no rainbow copy of H, and provided a conjecture when H is a cycle and showed that their
conjecture was true when H = C5. Alon [1] proved their conjecture for cycles of length four
and Montellano-Ballesteros and Neumann-Lara [40] proved the conjecture for all cycles. More
recently, Choi [12] gave a shorter proof of the conjecture. We will now present our results which

first appeared in [42].

4.1 Our results

Since we will consider only rainbow colorings in this chapter, we will use the following
notations as a matter of convenience. A Cy-rainbow coloring of @, is an edge coloring of @y,

such that every copy of Cj is rainbow.

Definition. For 4 < ¢ < 2", let f(n,q) be the minimum number of colors in a Cy-rainbow

coloring of Q.

Definition. For 4 < ¢ < n, let g(n,q) be the minimum number of colors in a Qg-rainbow

coloring of Q.
36
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As stated in the previous sections, the smallest case f(n,4) was studied by Faudree, Gyarfas,
Lesniak and Schelp [27] who proved that the trivial lower bound of n is tight by providing, for
all n > 6, a Cy-rainbow coloring with n colors. We consider larger ¢q. Our first result determines

the order of magnitude of f(n,q) for ¢ =0 (mod 4).

Theorem 11 . Fix a positive g =0 (mod 4). There are constants c1,c2 > 0 depending only on
q such that

an?* < f(n,q) < cand/?.

The case ¢ = 2 (mod 4) seems more complicated. Our results imply that for such fixed ¢

there are positive constants ¢}, ¢, with

Anl/ < f(n,q) < dynl?/11,

We believe that the lower bound is closer to the truth. As evidence for this, we tackle the
smallest case in this range, ¢ = 6. As we will observe later, the lower bound f(n,6) > n is

trivial for n > 3, and we obtain the following upper bound.
Theorem 12. For every e > 0 there exists ng such that for n > ng we have f(n,6) < n'*e.

Theorem 12 will also prove the case ¢ = 12 of Theorem 10.
Observation. In @Q,, any Cg can be extended to a Q3. Therefore, if @), is colored so that every
Q3 is rainbow then every Cj is also rainbow so f(Qn, @3,12) > f(Qp, Cs, 6). Furthermore, any

two edges of a Q3 are contained in a Cg (which is also contained in that @Q3). If @, is edge colored
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so that every Cg is rainbow then every Q3 must also be rainbow. So f(Qn, @3,12) < f(Qpn, Cs, 6)
and therefore f(Qn, @s,12) = f(Qn, Cs, 6).
Recall the observation that g(n,3) = f(n,6). Since Cy = @2, the following corollary can

also be considered an analogue of the result in [27] to subcubes.
Corollary. Asn — oo, we have g(n,3) = n'te),

We will consider the vertices of @, as binary vectors of length n or as subsets of [n] =
{1,...,n}, depending on the context (with the natural bijection ¢’ <> v where ¥ is the incidence
vector for v C [n], i.e. U; = 1iff i € v). In particular, whenever we write v — w we mean set
theoretic difference, v Uw or v Nw we mean set union/intersection and when we write ¥+ @ we
mean vector addition/subtraction modulo 2. We write e; for the standard basis vector, so e; is
one in the ith coordinate and zero in all other coordinates. Given an edge f = uv of @), where
U = u + ez for some s, we say that v is the top vertex of f and w is the bottom vertex. We will
say the an edge is on level i of ), if its bottom vertex corresponds to a vector with ¢ — 1 ones

and the top vertex to a vector with ¢ ones.

4.2 Proof of Theorem 11

The lower bound in Theorem 11 follows from the easy observation that in a Cy-rainbow
coloring all edges at level ¢/4 must receive distinct colors. Indeed, given any two such edges
fi =vw and fo = xy, where W = v+e¢; and i = ¥ +e¢;, it suffices to find a copy of C, containing
fiand fa. If fi and fo are incident then it is clear that we can find a C, containing them as long
as n > ¢ which we may clearly assume. The two cases are illustrated below where r = ¢/2 — 2

and s; ¢ wUy for all i € {1,...,7}.
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v U4, ], 81,0y S} wU{s1,..., 8}
vU{j,51,..., 5} ¢ o v U {7,51,..., 8.} xU{s1,..., S} vU{S1,..., 80}
vU{j,sl}‘ ‘vU{z’,sl} 3 3
y=vU{j} w=vU{i} xU{sl}\y/\w/vU{sl}
= r=y- G} v=w- i)

Now, suppose fi and fs are not incident. We know that |[xAv| < ¢/2 — 2 since x and v are
each sets of size ¢/4 — 1. By successively deleting elements of v and z in the appropriate order,
we can obtain a v, z-path of length ¢/2 — 2. Then, since w and y are sets of size ¢/4, we may
find a w, y-path of length ¢/2 between them by successively adding the elements of y to w and
vice versa along with extra elements as needed. The two paths along with the edges vw and
xy form a cycle of length ¢. This is shown in the following diagram. Let y — w = {y1, ..., ym },
w—y={wy,..,wy,} and wNy = {z1,..., 21} where m +1 = q/4. Let {s1,..., s} again be a set

such that s; ¢ y Uw with r = ¢/4 — m.
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wUyU{s1,..., s}

Yy U {317 ceey Spy WH, ...,wmfl} ’/\ w U {817 -y Sry Y1, ~--,ym71}

yU{s1,...,5:} s wU{s1,..., 5.}

y:xu{j}[ [w:vu{i}

T ={Y1, s Yms 21, -, 21} — {J} v ={W1, ooy Wiy 21,4 .oy 21 — {1}

{yl}\/»{wl}

For the upper bound we need a classical construction of generalized Sidon sets by Bose and
Chowla. A Bi-set S = {s1,...,s,} is a set of integers such that if 1 <i; <ip <--- < <mn

and 1 < j; <j2 <--- < jy <n, then
Siy + o Siy F8jy o+ 8,

unless (i1,...,%) = (j1,...,J¢). A consequence of this is that if P,Q are non empty disjoint

subsets of [n] with |P| = |@Q| < t, then

Zsi # Z 5. (4.1)

ieP JjeEQ
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The result below is phrased in a form that is suitable for our use later.

Theorem 34 ( Bose-Chowla [11]). For each fized t > 2, there is a constant A > 1 such that

for all n, there is a By-set S = {s1,...,8,} C {1,2,...,|Ant|}.

Now we provide the upper bound construction for Theorem 11.
Construction 1. Let t = ¢/4 —1 and S = {s1,...,8,} C {1,2,...,|An'|} be a Bj-set as

above. For each v € V(Q,,), let

n
a(v) = Zﬂisi = Z ;.
i=1

1:0;=1

Given vw € E(Qy) with @ = ¥+ ej, let M = [¢gAn'], and let
d(vw) = a(v) + Mj.

Suppose further that vw is at level p and p’ is the congruence class of p modulo ¢/2. Then the

color of the edge vw is

x(vw) = (d(vw),p').
Let us now argue that this construction yields the upper bound in Theorem 11.

Proof. First, the number of colors is at most

max d(vw) X

< (n - max s; + Mn)g < %Ant + %M < PART! = g2 Any/4

N[
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as desired. Now we show that this is a Cg-rainbow coloring. Suppose for contradiction that
H is a copy of Cy in @, and fi = vw, fo = xy are distinct edges of H with x(f1) = x(f2).
Since H spans at most ¢/2 levels, f1 and fo cannot lie in levels that differ by more than ¢/2, so
X(f1) # x(f2) unless f; and fy are in the same level which we may henceforth assume. Let v,z
be the bottom vertices of fi, f2, and W = ¥+ ¢;, 4 = ¥ + e;. Assume without loss of generality

that ¢ < j. If v = x, then

a(v) + Mi = d(vw) = d(zy) = a(z) + Mj = a(v) + Mj.

This implies that i = j and contradicts the fact that f; # fo. We may therefore assume that

v # x. Similarly, if w =y, then i < j and

a(w) —si+Mi=a(v)+Mi=dvw) =d(zy) =a(x)+Mj =a(y) —s; + Mj = a(w) —s; + Mj.

This implies the contradiction s; —s; = M(j —i) > M > An' > s; — s;. Consequently, we may
assume that vw and zy share no vertex. If |[vAx| > ¢/2, then any v, z-path in @,, has length
more than ¢/2 so there can be no cycle of length ¢ containing both v and x, contradiction. So

we may assume that [vAz| < ¢/2. Now y(vw) = x(xy) implies that

a(v) + Mi = d(vw) = d(zy) = a(x) + Mj
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and this yields

< %Ant < M.

M(j—i):Mj—Mi:a(U)—a(m):a(v—x)—a(a:—v)<sz‘Antg

Consequently, we may assume that i = j, a(v) = a(x), a(v —x) = a(z —v) and [vAz| = |[wAyY|.

If v — x| = |r —v| < ¢/4—1, then

a(v—1x) = Z si # Z sj = a(z —v)

1EV—2 jET—v

due to (4.1), the definition of S and ¢ = ¢/4 — 1. So we may assume that |[v —z| = |z —v| = ¢/4
and |[wAy| = [vAz| = ¢/2. This implies that distg, (w,y) = distg, (v,z) = ¢/2. Together with

edges f1, fo, we conclude that C' must have at least ¢ + 2 edges, contradiction. O

4.3 Proof of Theorem 12

We will first show the lower bound f(n,6) > 3n — 2 for n > 3 by providing a set F' of edges
of size 3n — 2 which must all receive distinct colors. Fix an edge f on the first level of Q,. Our
set F' contains the edges of all the C; which contain f. There are n — 1 such Cy and any two
distinct Cy may not share more than one edge, so |F|=4(n—1) — (n —2) = 3n — 2.

Now, suppose fi, fo € F receive the same color. If f; and f lie on a single Cy, then let
h be one of the two remaining edges and take another C4 which contains h. Delete h and the

remaining edges of the two C4 form a Cg. If fi, fo lie on different Cy, then they lie on Cy which
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share the edge f. As before, delete f and the remaining six edges form a Cg. So all the edges
in F' must receive distinct colors.

To obtain the upper bound, we will give an explicit coloring that makes use of a classical
construction of Behrend on sets of integers with no arithmetic progression of size three. Let
r3(IN) denote the maximum size of a subset of {1,..., N} that contains no 3-term arithmetic

progression.

Theorem 35 (Behrend [8]). There is a ¢ > 0 such that if N is sufficiently large, then

Behrend’s result clearly implies that for € > 0 and sufficiently large N we have r3(N) >
N'7¢. The error term e was improved recently by Elkin [21] (see [34] for a simpler proof) and
using Elkin’s result would give corresponding improvements in our result.

Construction 2. Let ¢ > 0 and n be sufficiently large. Put N = [n!*€] and let S =
{s1,...,8n} C {1,...,N} contain no 3-term arithmetic progression. Such a set exists by

Behrend’s Theorem since

n> n1762 — p(=a0+e) 5 pl1-2¢

Let

n
a(v) = Z U; Si.
i=1
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Consider the edge vw, where @ = ¥ + eg. Let

d(vw) = a(v) + 28 € Zan.

We emphasize here that we are computing d(vw) modulo 2N. Suppose further that vw is at

level p and p’ is the congruence class of p modulo 3. Then the color of the edge vw is

x(vw) = (d(vw), p).

1+2¢

The number of colors used is at most 6N < n as required.

Proof of the upperbound in Theorem 12

Proof. We will now show that this is a Cg-rainbow coloring. Due to the second coordinate, it
suffices to show that any two edges f1, fo of a Cg which are on the same of level of @), receive
different colors. If f; and fo are incident, then they meet either at their top vertices or bottom
vertices. If incident at their bottom vertices, the edges are colored as follows and thus are

distinctly colored:

a(v) + 2s; a(v) + 2s;

If incident at their top vertices, the edges lie on a C4 and are therefore distinctly colored
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If fi and fy are not incident, then there must be a path of length two between their bottom
vertices. For if not, then they could not lie on a Cg as the shortest path between their top vertices
has length at least two. Moreover, the top vertices of f; and fo have symmetric difference
precisely two since there is a path of length two between them. With these conditions, there

are three ways the edges may be colored.

a(v) + s; + 2s; a(v) + si + 2s;
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a(v) + s; + 2s; a(v) + s + 2s;
a(v)+2si\\\ ,’/a(v)+23k
N Y 7
v
a(v) + s; + 2s; a(v) + sj + 2sp,
a(v)+2si\‘\ /’/a(v)+2sj
L
v

In the first coloring, s; + 2s; # sj + 2s; holds due to 7 and %k being distinct. In the second and
third colorings, s; + 2s; # 53, + 2s; and s; + 2s; # s; + 253, hold due to our set S being free of

three term arithmetic progressions. O

Our results imply a tight connection between Cy-rainbow colorings in the cube and con-
structions of large generalized Sidon sets. When ¢ = 0 (mod 4) Construction 1 gives the correct
order of magnitude, however for ¢ = 2 (mod 4) the same method does not work. In this case
an approach similar to Construction 2 would work provided we can construct large sets that

do not contains solutions to certain equations.

Conjecture. Fiz 4 < q=2(mod4). Then f(n,q) = nla/4l+o(1),
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For the first open case ¢ = 10, we can show that f(n,10) = n?*°(!) provided one can construct
a set S C [N] with |S| > N/27°(1) that contains no nontrivial solution to any of the following
equations:

T1+ a2 =23+ 24
T1 4+ 2o+ x3 = x4 + 225
T + 220 = T3 + 224.

Ruzsa [48, 49] defined the genus g(FE) of an equation

F: ax1+---4+apx,=0

as the largest m such that there is a partition S; U ... U Sy, of [k] where the S; are disjoint,

non-empty and for all j,

> a4 =0. (4.2)

i€S;

A solution (z1,...,x) of E is trivial if there are [ distinct numbers among {z1,...,z;} and
(Equation 4.2) holds for a partition S; U ... U S; of [k] into disjoint, non-empty parts such
that «; = z; if and only if 4,5 € S, for some v. Ruzsa showed that if S C [n] has no
nontrivial solutions to E then |S| < O(n'/9(E)). The question of whether there exists S with
|S| = nt/9(E)=0(1) remains open for most equations E. The set of equations above has genus

two so it is plausible that one can prove the conjecture for kK = 10 using this approach. For the
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general case, we can provide a rainbow coloring if our set S contains no nontrivial solutions to

any of the three equations below with m = |k/4].

Tyt Ty, = Tl o Tam
ml—i—u-—i—xm—i-xm_:,_l:Z’m+2+"'+1’2m+2$2m+1

T1+ -+ Tl + 2T = Tl + 0+ Tom—1 + 2T2m.-

The set of equations above has genus m = |k/4], so if Ruzsa’s question has a positive answer,

then we would be able to construct a set of the desired size.

4.3.1 The necessary equations

In the previous section, we gave a set of equations such that if we could find a set of integers
which did not contain any solutions to any of the equations then we could use it to obtain a
rainbow coloring. This section will show that such a set is indeed sufficient.

Let K ={¢eN:¢g>6and ¢g=2(mod4)}. Forq€ K, let E; be the set of the following

three equations where m = |¢/4] and z; # y;:

Ty T =y Ym
Ti+ -+ T+ Tp1 = Y1+ Ym—1 + 2ym

1+ F Ty F22m =y1+ -+ Yme1 + 2Ym

Suppose we have colored the edges of (), using the set of colors C' C N so that the edge
vw, where w is the top vertex (i.e. W = ¥ + e;), receives the color x(vw) = (d(vw), p) where

d(vw) = a(v) + 25 and p is the level of @, that vw is on modulo ¢q/2. We will show that if
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C does not satisfy any of the equations in E, U Fy_4 U ---U Eg then all cycles of length ¢ are
rainbow.

We will proceed by induction. For our base case ¢ = 6, we want to show that if our set
of colors C' contains no solutions to x1 = y; or x1 + x2 = 2y; then all cycles of length 6 are
rainbow.

Sine a Cy spans at most ¢/2 levels of @, two edges in a Cg which are on different levels of
Qn, cannot receive the same color. So, let vw and v'w’ (where v and v are the bottom vertices)
be two edges of a Cg which are on the same level of @Q,.

First, we see that [vAv'| = 0 or 2. For if [vAv'| > 4, then the shortest possible path
connecting v and v’ has length 4. Since |[vAv'| > 4, then |[wAw'| > 2 so the shortest path
connecting v and v" has length 2 which means that the shortest cycle that vw and v'w’ could
lie on has length 8 which is a contradiction.

If [vAY'| = 0, then v = /. Then we must have w # w' since vw and v'w’ are distinct
edges, so x(vw) = a(v) + 2e; and x(v'w') = a(v) + 2e; where i # j. Since z1 # yi, we have
y(ow) # x (')

If [vAV'| = 2, then |[wAwW'| = 0 or 2. If [ wAw'| = 0, then vw and v'w’ lie on a Cy and
clearly receive different colors. If jw/Aw’| = 2, then let the path of v,b,v" be a path of length 2
connecting v and v' where v = bU {x1}, w = bU{z1, 22}, v = bU {11} and v’ = bU {y1, 92}

as shown below:
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w=>bU{xr,x2} w' = bU {y1, 2}

v=>bU{x} vV =bU{y}

Since lwAw'| = 2, we know that z; = y; for some pair (4, j). If z1 # yi1, but if 2o = y» then
x(vw) # x(v'w’) since C' does not satisfy 1 = y;. If 21 = y3 or x2 = y1, then x(vw) # x(v'w’)
since ¢ does not satisfy x1 + x2 = 2y;. Therefore, if our set of colors C' does not satisfy any of
the equations in Eg then all Cg are rainbow.

Now, we will show by induction that if @, is colored with a set C' which does not satisfy
any equations in F, U E,_4 U ... U Eg then then all C; are rainbow. As in our base case, two
edges of C; which are on different levels of @Q,, will receive different colors so we will look at
edges which are on the same level.

Again, let vw and v'w’ be two such edges of a Cy. Then [vAV'| < 2|g/4]. Suppose not
and that [vAV'| > 2|q/4] + 2. Then |wAw'| > 2|q/4]|. Then the smallest possible path Py
from v to v contains at least 2|¢/4]| + 2 edges and the smallest possible path P from w to w’
contains at least 2|g/4| edges. So the smallest possible cycle containing vw and v'w’ has at
least |Pi| 4 |Po| +2 > (12[q/4] +2) + (2[q/4)) +2=2(¢ —2)/4+2+2(q —2)/4+2 =q +2
edges which is a contradiction.

Now, suppose that [vAv'| = 2m where m = |g/4|. Then there is a path of length 2m from

v to v’ where x; # y; for i, j < m as shown below:
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w=>blU {xly...,fmainerl}I le —bhU {yh- ) -aym7ym+1}

v=bU{x1,...,zn} vV =bU{y1,...,Ym}

Since [vAV'| = 2m, either [wAwW'| = 2m or |[wAW'| = 2m — 2. If [ wAw'| = 2m + 2, then uv
and v'v" do not lie on a cycle of length gq. Therefore |w N w'| = 1 or 2 and this gives us three

cases to check:

® 1 =y for somei e {1,...,m}
® ;i1 =y for some i € {1,...,m} and y,, 1 = x; for some i € {1,...,m}
® Tm+1 = Ym+1

In the first case, x(vw) # x(v'w') provided that x1 + -+« + Ty + Tipp1 1 + -+ + yio1 +
Yir1 + cdots + ym + 2Ym+1. In the second case, x(vw) # x(v'w') provided that 1 + cdots +
Ti—1 +Tip1 +1dots + T + 2Tmi1 #F Y1+ 0+ Yio1 + Yir1 + +Ym + 2Ymy1. Finally, in the third
case, x(vw) # x(v'w’) provided that x1 + -+ + @y + 2Tms1 # Y1 + -+ + Ym + 2Ymy1. The
equation for each case is an element in our set E, of forbidden equations.

Now, suppose that [vAv'| < 2m. Then there is path from v to v’ of length at most 2m — 2

where m’ < m and x; # y; for i, j < m/' as follows:



53

w:bU{ZL'l,...,l‘m/,{L‘murl}I le_bu{yla-”yymﬁym’—i-l}

v=bU{x1,...,zp} vV=bU{y1,.. Y}

The three cases to check are identical to the ones for |[vAv'| = 2m but with m replaced with
m/. So now the three forbidden equations lie in E;—4 U ... U Es. And so by our inductive
hypothesis x(vw) # x(v'w’) since vw and v'w’ lie on a smaller cycle and our C' does not contain

any solutions to Fy,_4 U ...U Es.



CHAPTER 5

HYPERGRAPH PROBLEMS

We will now turn our attention to hypergraph problems. As previously stated, the classic
Ramsey problems on hypergraphs have received considerable attention, particularly the case of
3-uniform hypergraphs [18, 24, 31, 39]. Just as in the case of 2-graphs, Ramsey type problems on
hypergraphs have been considered for hypergraphs other than cliques. Various small 3-graphs
including K3 — e were studied in [6]. Extensions of paths and cycles were studied in [36, 44].
A typical technique is to color a [-graph G which satisfies certain conditions and use it to color
an (I 4 1)-graph H which also satisfies certain conditions. We will use this technique in several

of the following sections.

5.1 Rainbow coloring paths of length three

A loose path of length three, denoted P3, is the 3-graph with edges eg,es, e3 such that
lex Nea| =|eaNesg| =1 and e; Neg = (. In this section, we will determine the number of colors

required to color the edges of K3 so that all copies of P33 have three colors on their edges.
Definition. Let k3(G) denote the number of triangles in the graph G.

We will use the following theorem and corollary to prove Theorem 24.

Theorem 36 (McKay [28]). Let G be a graph with n vertices. If |[E(G)| = m > n?/4, then

m—n?)(m
ks(G) > Umep)tm),

54
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Consequently, if |E(G)| > n?/4 + ¢ for some positive integer c then k3(G) > cn/3.
Our main result in this section is stated below.

Theorem 24. Let n > 4. Then

n?/4 —n/2, if n is even
RE P23 < (3) - o2/ =

n?/4—n/2+1, ifn is odd.

Ifn > 12, then f3(K3, P3,3) > n?/4 —n/2.

Proof. We will first prove the upper bound. Partition V(K3) into X UY where |X| = |[n/2]
and |Y'| = [n/2]. Color all the pairs {u, v} where {u,v} C X or {u,v} C Y with distinct colors.
This requires (g) — |n?/4] colors. Now, color the triple e = uvw with the color that one of
the pairs in e received. Since [e N X| > 2 or [eNY| > 2, at least one of the pairs in e was
colored and therefore all triples are colored. We see that a Pg’ is rainbow under this coloring; if
two distinct triples e, €’ receive the same color then |e Ne’| = 2, but if e and €’ lie in a copy of
P$ then |[ene/| =0 or |eNne€/| =1 and so they received their colors from different pairs. This
establishes the upper bound.

We will now prove the lower bound. Suppose that K has been edge-colored so that all copies
of P§ C K3 are rainbow. There are two configurations within a color class which are forbidden.
The first is two edges having no vertices in common and the second is two edges intersecting in
a single vertex. If one of these configurations appear within a color class, it may be extended

to a P33 with at most two colors on its edges. We will separate the color classes into two types:
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small color classes which contain at most four edges and large color classes which contain five
or more edges. If a color class is large, then all of its edges must intersect in a common pair of
vertices. If a color class is small, then it may have the same structure as a large color class or
it may be a subgraph of K;Z’. Let C1,...,Ct, Ciyq, - .., Cg be the color classes where C1, ..., Cy
are the small color classes and Cy.1,...,C}) are the large color classes. Let H C K3 be the
set of edges which were colored by one of the large color classes. Let us also define a graph
G C K,. As we previously stated, in a large color class all of the edges contain a fixed pair of
vertices. For a large color class Cj, let e; denote this pair of vertices. Let E(G) = {ei41,..., ek}
Furthermore, since k is the total number of colors used we may assume that k < n?/4 —n/2,
otherwise we are done. We see that |E(G)| = (3) —k+t =n?/4+ (n?/4—n/2 — k+1t) and
that [H| > (3) — 4t.

Now, we will show that k3(G)+|H| < (}). Suppose this were not true and that k3(G)+|H| >
(g) Then some triangle T in G is a triple of H. Because T € H, it was not colored by one of
the small color classes. However, since T is a triangle in G, it was not colored by one of the
large color classes either. This gives the contradiction that 7' is uncolored. By Theorem 36,
since |E(G)| = n?/4 4+ (n?/4 — n/2 — k +t) we have that k3(G) > (n/3)(n?/4 —n/2 — k +1)

and so
(n/3)(n?/4—n/2—k+1t)+ (3) — 4t < k3(G) + [H| < (3)
This simplifies to

n3/12 —n%/6 — 4t +tn/3 < kn/3
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which yields
k>n?/4—n/2—12t/n+t.
Therefore f(K32, P§,3) > n?/4 —n/2 for n > 12. O

5.2 Rainbow coloring Pi(t) in K}

In this section we attempt to the generalize the results on f(K3, P§,m) to higher unifor-
mity. We will determine upper and lower bounds for f(K!, PL(t),2) where Pi(t) is the I-graph
consisting of two edges e1, ea with |e; Nea| = t. Also, recall that given an l-graph H, ex;(n, H)
is the maximum number of edges that an [-graph on n vertices can have without containing a

copy of H. We will require the following definitions:

Definition. Let S(n,l,t) denote a collection of l-element subsets of [n] such that every t-
element subset is contained in exactly one l-element subset. An element S(n,l,t) is referred to

as a block.

Definition. Let m(n,l,t) denote the mazimum size of a collection of l-element subsets of [n]

such that no two intersect in exactly t elements.
Our result on f(K!, PL(t),2) is the following.

Theorem 26. Letl,t be fized positive integers with t <1 < 2t+1. If there is an S(n,2l—t—1,1)

on [n], then

Fi(EL, PY(t),2) < (1+ 0(1) (50 st
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If it is possible to partition S(n,2l —t—1,1) into copies of S(n,2l —t—1,t) and [ —t is a prime,

then

UG PO, = Gy

The proof of Theorem 26 will require the following results.

Theorem 37 (Frankl [32]). Ifl <2t+1 and | —t is a prime power then

m(n,1,E) < (77N (/).
If 1 —t is a prime, then equality is achieved only for an S(n,2l —t — 1,t).
It is conjectured that Theorem 37 holds even when [ — ¢ is not a prime power.

Theorem 38 (Pippenger-Spencer [45]). Let r > 2 be fired and D — oo. Let H be an
r-graph with d(v) = (1 + o(1))D for every v € V(H) and codeg(u,v) = o(D) for any two

u,v € (V(H). Then E(H) can be partitioned into (1 + o(1))D matchings.

Proof of Theorem 26
We start by proving the first part of the theorem. Let G = Kfl and S be an S(n,2l—t—1,1) on
V(G). Every t-element subset is contained in at most D = ("%)/(2172“1) blocks of S. Let H be

-t -t

the (217571)—graph with [V (H)| = ('}) where each v € V/(H) corresponds to some A C V(G) with
|Al=t. In H, (zl_tt_l) vertices form an edge of H if and only if their corresponding ¢-element
subsets make up a block of S. The degree of a vertex in H is at most D. Given u,v € V(H), their

codegree is maximal when then their corresponding ¢-element subsets in V' (G) have intersection

size t — 1 and thus codeg(u,v) < (l_?_l)/(%ljf__ll) = O(n!~t"1) = o(D). We apply Theorem
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38 and decompose the edges of H into m = (1 + o(1))D matchings M, ..., M,,. Every M,
corresponds to a collection of blocks M] = {A1,..., Ay} C Sin G with A; N A; < |t — 1] for

1 <14,5 <m. An l-element subset X is colored with x(X) = ¢ where X C s € M;. Therefore,

UKL, PY(1),2) < (14 0(1))D = (1 + o(1)) gty = (1+ o(1) ol imain

We now prove the second part of Theorem 26. The lower bound is clearly
(1) /exi(n, Pi(t)) = (})/m(n,l,t). If the conditions of Theorem 37 are satisfied and equality
holds, we obtain:

DG )/ ((n=D11) (21—26—1)1/((I—t—1)! ¢! n—1)! (I—t—1)!
s, P, 2 (000 = e s oo,

—~
~ S|~
~—
—~

We now show the upper bound. If it is possible to partition S(n,2l —t — 1,1) into Ay,..., A,
where each A; is a copy of S(n,2l—t—1,t), then any two [-element subsets which are contained
in the blocks of some A; may receive the same color. This gives us an upper bound of |S(n, 2] —
t—1,0)]/|S(n,20 —t — 1,t)|. It is easy to see that [S(n,m,t)] = (})/("}). Indeed, an S(n,m,t)
requires one m-element subset for every t-element subset, but every m-element subset contains

(T) t-element subsets and so we have overcounted each m-element subset that many times. We

obtain the upper bound

BIGEE n—)! (I—t—1)!
$(%, B,2) < (e = (i

5.3 Turan number for r-uniform t¢-linear paths.

n

In the previous section, we saw that f(n, Pj(t),2) 5o It s often the case that

2 eXT-(n,TPQT [©)

results on Turdn numbers are useful in graph coloring problems.
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Definition. Let P](t) be the r-uniform path e1,es, ..., e such that:
i) lesNeiqr| =t fori=1,...,k—1

i) les Nej| =0 if |i—j| #1

In this section, we will consider the problem of determining ex,(n, P/ (t)). We will require the

following definitions. When ¢ = 1, this problem has been solved [38] so we will consider ¢ > 1.

Definition. The complete r-partite r-graph with parts of size t is the r-graph with vertex set

X1U---UX,, [ Xi| =t and edge set X1 x --- x X,.. We denote this graph by K{ . ;.
Definition. Given an r-graph H on n vertices, let

OH ={f:|fl=r—1and Je € E(H) with f C e}.
The following theorem is the main result of this section.

Theorem 29. Fiz k,r >2,t< %] and | = |55 |. Then ex,;(n, PL(t)) ~1(.")).

We will first prove the lower the bound.

Proof of lower bound of Theorem 29. Fix S C V(K]) with |S| = 1. Let H C K] where

ec E(H) iff enS # 0. Suppose H were to contain a copy P of P[(t). Since every edge of

P must contain at least one vertex in S, then there must be at least one vertex of S which is

contained in % > 3 edges of P which is a contradiction. Therefore, ex,(n, P} (t)) > |H| > 1 (:‘:{)
Before proceeding with the proof of the upper bound and its prerequisites, we will observe

that we can easily find a P](t) if the (r — 1)-element subsets of vertices of an r-graph H have

sufficiently large codegree. When such is the case, we are able to start with an edge e and,
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given any subset T of its vertices, find a second edge ¢’ which intersects e in precisely the set

T. We can use the following simple lemma to chain edges together to build the desired path.

Lemma 39. Let v > 2,a > 1 and H be an r-graph such that every set of r — 1 wvertices has
codegree at least v+ a. Given an edge e along with sets T C e and ANe = () with |A| = a, there

is an edge € such that the ¢ Ne=T and e N A =10.

Proof. Let B = AUe and ¢ € E(H) such that T' C €¢’. Suppose that |[eNe'| > |T| and that
there does not exist an f such that |eN f| < [eNne’| . Since [eNe’| > T, there exists x € B such
that x ¢ T and = € €. Let f’' = ¢ — x. Since every set of r — 1 vertices has codegree at least
r + a, there exists a y ¢ B such that f' Uy = €” is an edge with |e N ée”| < |eN¢’| which is a

contradiction. O

Definition. Let H be a k-graph on [n] and S C [k]. An edge-coloring x : E(H) — N is
S-canonical if for any two edges a = ajas---ag, b = biby---by with a1 < ag < --- < ap and
by < by < - < by, we have x(a) = x(b) if and only if for all i, a; = b; when i € S and a; # b;

when i ¢ S.

Theorem 40 (Erdés-Rado [24]). For every p > k > 2, there exists an n such that if
P ([Z]) — N, then there are subsets S C [k] and Y C [n] with |Y| = p such that ¢ restricted to

(1]:) s an S-canonical coloring.

We also define an S-canonical coloring for Ki , and an [-multicoloring.
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Definition. Let x be an edge-coloring of K{ ... ; with parts X1,..., X, and S C [r]. The edge-
coloring x is S-canonical if for any two edges a = aias - - - a, and b = biby - - - b, where a;,b; € X;,

we have x(a) = x(b) if and only if for all i, a; = b; when i € S and a; # b; when i ¢ S.

Definition. Fiz r > 2, I > 1 and an r-graph H. An l-multicoloring is a function x which

assigns to each e € E(H) a set of colors of size l.
Finally, we will require the following lemmas.

Lemma 41. For all p, there is an n such that if X; N X; = 0, |X;| =n for 1 <i <k and
X X1 x - x X = N, then there exist X{,..., X, with |X]| =p for1 <i <k and S C [k

such that x restricted to X1, ..., X} is S-canonical.

Proof. We apply Theorem 40 with inputs k and kp and obtain the necessary value n. Let
X X1 x - x X = Nwith [X;| =n and X; = {@i4,, ..., Tia, } Where 24, < Tia, when a < j.

Let Y = {y1, -+ ,yn} with yo < yg when o < 3. We define 1 : (z) — N below:

V(Wjis - Ys) = X(xlajIJ"'7xk(ljk)'

By Theorem 40, there is a Y’ C Y with |Y’/| = kp such that ¢ restricted to Y’ is S-canonical.
We relabel the elements as Y/ = {b1,--- ,bgp}. Now, let X! = {z4,,... s Tiby,  and

X" ={xip,., - s zip;, } where i* = (i —1)p+1. We will show that x restricted to Xy x - - x X/
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is S-canonical. Let e = {ej,...,ex} and f = {f1,..., fx} be edges of Y such that e;, f; €

{yix, .., yip}. I Y(e) = (f), then e; = f; for all i € S and we have

Yler...ex) = xX(@1e; -+ They ), V(1o fo) = xX(@1fy - Zhpy)-

The edges ¢ = {Zie,,...,The, } and [ = {z1p,..., 25} also have xi, = wz;y, for i € S.

Similarly, if ¥ (e) # ¥(f) then e; # f; for some i € S and x(¢/) = ¥(e) # ¥(f) = x(f).

Therefore, x restricted to X{ x --- x X}/ is S-canonical. O

Lemma 42. For every p > 1, there exists a t such that if X1, - X, are pairwise disjoint of
size t and the edges of K{ , are l-multicolored, then there are X| C X; with |X[| = p for all i
and there are colorings X1, -+ , X1 such that some x; restricted to H' = H(X{,---, X)) is either
rainbow, or x; restricted to H' is S-canonical where S C [r] for 1 < i < r. Furthermore, if all
Xi are S-canonical with S C [r] then a color which appears in a monochromatic coloring xo will

not be present in xg for a # B.

Proof. Pick a color from each edge and call this coloring 1. Applying Lemma 41 allows us to
restrict to subsets of each X; so that x; is canonical. Now, pick among the remaining colors for
each edge to obtain y2 and repeat so that we obtain subsets X" C X; and H"” = H(X{,--- , X/).
If any coloring x; is rainbow, then we are done so assume they are all S-canonical. We see that
the condition of the lemma is satisfied; we removed a color from the list on each edge to obtain

a coloring, so if x; is monochromatic for some 7, then its color cannot used by x; for j #1i. 0O

We will require one more result of Erdés on the Turan number for Kj .
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1

Theorem 43 (Erdés [22]). Fizr > 2,t > 1. Then, as n — oo, ex(n, Kj ) <O(n' " vT).

Proof of upper bound of Theorem 29. For ¢ > 0, let H be an r-graph with

|E(H)| =1(,",) + en""'. Let H' be the graph obtained by deleting every edge which contains
an (r — 1)-element subset with codegree less than [ + 1. We deleted at most l(rﬁl) edges and
so |E(H")| > en™ 1.

If |DH'| < €n"! where ¢ = -, then successively delete edges that contain an (r—1)-element
subset with codegree at most rk. The number of edges deleted is less than |0H'|rk < en” L.
We denote the r-graph that remains as H”. We may build a PJ () by using Lemma 39 a total
of k—1 times with the parameter a = kr to increase the path by one edge with each application
of the lemma until we obtain a P/ (t).

If |0H'| > €n"~!, partition V(H') = X UY where v € V(H') is in X with probability 1/2.
We say that e € OH' is good if e C X and if for ey,...e;1; € E(H') where e C ¢;, we have
e; —e € Y. The probability that an e € dH’ is good is (1/2)"*!. Let B be the number of
good (r — 1)-element subsets in H'. Then E(B) = (1/2)"*¢/n"~! and by Theorem 43, when
n is sufficiently large we can find an H” K[_lt Any e € E(H") may be extended to [ 4 1
different edges in H’'. Thus, we consider H"” to be (I + 1)-multicolored. We apply Lemma 42
to H" to obtain an H"" =~ Klz,il,k with colorings x1,- -, Xm With m =1+ 1 as specified in the
lemma. There are several cases to consider. We will proceed by constructing a pseudo paths
whose edges are sets of size 7 — 1 and then use the colorings x1, ... Xxm to add a vertex to each

(r — 1)-element subset and extend the pseudo path to a proper P/ (t) in H. Let Xy,... X,_1 be

the parts of H"”.
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Case 1. If some coloring x; is rainbow, then take a pseudo path P = ej---e; such that
le;Ne;ir1] =t for 1 <i < k—1. We extend each edge with the coloring x;. Since y; is rainbow,
when i # j e; and e; will be extended with different colors and we obtain a P/ (t).

Case 2. Suppose that none of the colorings are rainbow. Let x1,--- X, be monochromatic

and let Xp4+1, -+, Xm be canonical colorings. We will extend the first 2p edges of the pseudo
path using x1,---,xp. For er,...,egp, if 7 is odd then |e; Nej11| = ¢ — 1 and if ¢ is even then
leiNe;r1| =t—1. For 1 < j < p, use X; to extend ez,_1 and epy. Coloring egp11, ..., e, reduces

to the final remaining case where all x; are canonical.

Case 3. Suppose x1i,.-.,Xm are canonical and let P = ejes...e; be our pseudo path. We
will require one of the available S-canonical colorings which we will refer to as x and we let
|S| = s. Our pseudo path is constructed as follows: if s > 1, then e; Ne;11 = ¢ for all 4 and
if ¢ is even then e; and e; 1 intersect in parts Xi,---, Xy otherwise e; and e;41 intersect in
parts X,_1_¢4,+--,X,_1. We may reorder the parts to ensure that there are 7,7 € S such that
ie{l,....t}andi € {r—1—t¢,...,r — 1}. No two edges of P intersect in precisely the parts
corresponding to .S, so every e; receives its own color and we obtain P} (t). If s = 1, then, since
t > 1, no two edges e; and e;41 will intersect precisely one part so each edge is extended with

a different color.

5.4 Pasch Configurations in K>

In this section, we will prove a Ramsey-type result on one of the simplest examples of a

3-graph with four edges.
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Definition. The Pasch configuration P is the 3-graph on six vertices with four edges such that

any two edges of P contain exactly one vertex in their intersection.

Our goal was to prove that f(Kg,P, 3) = n!t°)  however we were only able to prove the

following weaker result:

Theorem 25. There is an edge-coloring of H C K2 with n' M) colors such that every copy

of P C H receives at least three distinct colors and |E(H)| > () — o(n?).

Our proof of Theorem 25 will require the following result on decomposing a graph G into
induced matchings. An induced matching is a set E' C F(G) such that no two e, f € E’ are

incident or joined by a third edge h € E(G).

Theorem 44 (Alon-Moitra-Sudakov [2]). There is a graph G on N vertices with

|E(G)| = (];) — o(N?) that can be decomposed into induced matchings, each of size N*—°(1),

We now prove Theorem 25.

Proof of Theorem 25

Let V(K,) = [n]. By Theorem 44, there is graph G C K,, with |E(G)| = (}) — o(n?) such that
G can be decomposed into induced matchings M, ..., M; each of size nl=°M) where | < pltel),
Now we color the edges of K3. Let e = xyz € E(K?) and assume that z < y < 2. If zy € M;
for some 4, then assign color i to e, otherwise e remains uncolored. Because each edge of K,
lies in m — 2 triples, this leaves at most o(n?®) edges of K3 uncolored. We will now show that

every P C G contains at least three colors on its edges. Let V(P) = {v1, ve, v3, v4, 5, v6} with



67

the ordering of the vertices to be specified in each case. We will proceed by contradiction with
two cases to consider.

Case 1. Suppose P C G only receives two colors on its edges and three of its edges e, f,h
receive the same color. Assume that e = vivovs, f = vsvgvs and h = vsvgv; with vy < v < vs.
It must be the case the vs,vg < v; otherwise e and h would receive distinct colors. Now, we
must also have the vs, v4 < vs otherwise f and h would receive distinct colors. But this is not
possible since vy < v1 < v3. S0, it is not possible for three edges in P to receive the same color.
Case 2. Suppose P C G only receives two colors on its edges and two edges receive one color
and the other two edges receive a second color. Let E(P) = {e, €, f, f'} and assume that e, ¢’
receive color 7 and f, f/ receive color j. Let e = vjvoug with v1 < vy < v3. Let € = wv3zv4vs,
f = vsvgv1 and f = vovgvg. There are two subcases to consider. First, suppose that vy, vs < v3.
Then, because G has been partitioned into induced matchings, f’ must receive its color from
Vg Oor vgv4. Since f and f’ receive the same color, f must receive its color from vivs, but this
contradicts the matchings being induced. In the second subcase we may assume, without loss
of generality, that vy, vy < vs. If vg,v4 < vo and vs,v] < vg then we obtain the contradiction
vy < vg < Vg < v3 < v5. If vg,v9 < v4, then we obtain vg < v4 < v5 < vg. Therefore, P must

receive at lease three colors on its edges.

5.5 Stepping up type problems

At he beginning of this thesis, we introduced Ramsey Theory with the classic problem of
monochromatic cliques in a larger two colored clique. We will now conclude this chapter and

this thesis with a hypergraph problem on cliques. We will prove two results where we color a
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clique on n vertices so that certain conditions are satisfied and then use it to color a clique on
2™ vertices which also satisfies certain conditions without using too many more colors. Recall
the following definition and the following theorem. The ideas of the proofs, in particular the

edge-coloring functions, in this section will closely follow those given in [6].

Definition. Fiz integers | > 2 and p,q > 1. An edge-coloring of K!, is a (p,q)-coloring if
every subgraph K, contains at least q distinct colors its edges. The minimum number of colors

required for a (p,q)-coloring of K. is denoted as fi(n,p,q).
We will also use the following previously stated theorem.

Theorem 6 (Mubayi [41]).

f(n 4 3) < eO(\/logn)

P

In analogy with the of Erdés and Gyarfas for graphs, we consider the problem of determining
the smallest p such that f3(n, p,3) = (logn)°M). As mentioned in the introduction, r3(4,4) = 13
and a result of Axenovich et. al. [6] implies that f3(n,4,2) = O(loglogn). The (4,2)-coloring
given by this bound is also a (13,3)-coloring, for if a K f’g receives at most two colors, then,
since 73(4,4) = 13, it contains a monochromatic Kj contradicting the fact that we have a
(4,2)-coloring. Consequently, f3(n,13,3) = O(loglogn). Hence, the minimum p such that

f3(n,p,3) = (logn)°™M is at most 13. We obtain the following result for p = 7.

Theorem 20.

f3(n,7,3) < OWlogloen)
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Proof. Let H = K3, with V(H) = {0,1}" and let G = K,, with V(G) = [n]. Given z,y €
V(K3.) , we say that @ < y if the integer given by the binary representation of x is less than
the integer given by the binary representation of y. In other words, < y if at the first position
i that « and y differ, we have x; = 0 and y; = 1. For x,y € V(H) with z < y, let p(z,y) be the
first position in the binary sequences where x and y differ. Given x,y,z with x < y < z, it is
easy to see that p(x,y) # p(y, z). Furthermore, if p(x,y) < p(y, z) then p(z, z) = p(x,y) and if

p(z,y) > p(y, ), then p(z, z) = p(y, z). For integers m,n let

1, ifn>m
s(m,n) =

2, ifn<m

Let g be an edge-coloring function of K, which produces no monochromatic copies of K3 or

two-colored copies of K. Let zyz € E(H) with 2 < y < z; then p(x,y)p(y, 2) € E(G). Let

h(zyz) = (9(p(z, y)p(y, 2)), s(p(z, y), p(y, 2)))-

Now, suppose we have colored the edges of H with h and let K be a copy of K;’ with
V(K) = {v1,...,v7} where v1 < vy < -+ < v7. Let v/ = v;, v" = v;41 where p(v;,viy1)
is minimized for 1 < ¢ < 6. We have a set of five vertices X = {z1,z2,23,24,25} with
x] < g < x3 < x4 < x5 such that p(x;, xi + 1) is minimized for either i = 1 or ¢ = 4. Let
E=E(X)CE(H).

Case 1. Suppose that all edges in F receive the same value for the second coordinates of their

colors. If p(z;, xi + 1) is minimized at ¢ = 1 then p(x1,x2) < p(z2,x3) < p(r3,x4) < p(T4,T5)
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and if p(x;, i + 1) is minimized at ¢ = 4 then p(z1,x2) > p(x2,x3) > p(xs, z4) > p(z4,x5). In
either case, the first coordinates of their colors received by E contain all the colors spanned by
the edges of a copy of K4 in GG. Therefore, there are at least three distinct colors on the edges
in E.
Case 2. Suppose the edges in E do not all have identical second coordinates in their colors.
The first subcase is when p(v;, v;+1) is minimized at i = 1. We know that p(z1,z2) < p(ze, z3).
If p(zg,x3) < p(xs3,4), then consider X' = {x1,x9,23,24}. All the edges in F(X') receive
2 for the second coordinates of their colors and at least two distinct values among the first
coordinates of the colors since G contains no monochromatic triangles. Some edge in E receives
1 for the second coordinate of its color by our initial assumption and therefore we have at
least three colors on E(X'). If p(xa,x3) > p(xs,z4) > p(x4,75) then the same argument
applies for X" = {x9,xz3,24,25}. If p(xs,24) < p(x4,x5), then we apply the argument to
X" = {x1,x3,24,25}. The second subcase is when p(v;,v;+1) is minimized at ¢ = 4 and the
argument identical to the case ¢ = 1.

We started with a K, which contained no monochromatic copies of K3 or 2-edge-colored
copies of K, and obtained, using only twice as many colors, a K3, containing no 2-edge-colored

copies of K2. We used e?(V1°8™) colors on E(K3,), yielding

f3(n,7,3) < OWVIosTogn)
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We will now show that, given a k-edge-coloring of G = K which contains no 2-edge-colored
copies of K! where [ 45 < m, it is possible to edge-color H = Kéffl with 2k 4 21 colors so that

it contains no 2-edge-colored copies Kf,j +11.
Theorem 21. Let n,l,m be positive integers with | > 2 and | +5 < m <n. Then
flJrl(Kéjl_lv Krfrjila 3) S 2 fl(K’fl17 Kfna 3) + 21.

Proof. Let g : ([’Z])  [k] be an edge-coloring of K, which contains no 2-edge-colored K! . We
use g to construct an edge-coloring h : (Efl]) — [2k + 21] on H = K.F' which contains no
2-edge-colored copies of K,l;f_&l Let V(H) ={0,1}". Let vivy---vj41 € E(H) and

v < wvg < --- < wpq. Let f; denote the index of the coordinate where v; and v;4; first differ.

Let

(9(fifz---f),1) if (f1, f2,--+, fi) Is an increasing sequence

(g(fifa--- f1),2) if (f1, fo, -+, f1) is a decreasing sequence
h('Ul'UQ .o 'Ul+1) =

(4,3) iffi<fo<---fi>fin

(i,4) if fi>fo>-fi<fin

Now, let K/ = Ki:_&z with V(K') = {v1,v2,...0my2} and v1 < v < -+ Upy1. There are
several cases to consider:
Case 1. Suppose that f1 < fo < -+ < fia or f1 > fo > --- > fi,. Then all of the colors of

used to color some copy of K,ln in G are present in the colors received by E(K'). Every copy
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of K!, in G receives at least three distinct colors on its edges and therefore there are at least
three distinct colors on E(K') as well.

Case 2. Suppose that fi < fo < f3 > fqg or that fi1 > fo > f3 < fi. In the first case
h(vivg -+~ vig1) = (3,3), h(vavs -+ - viy2) = (2,3) and h(vgvs - - - vi43) = (¢,4) for some ¢. In the
second case, the three distinct colors are (3,4),(2,4) and (¢,3) for some t¢.

Case 3. Now, assume that f; < fo > f3. Suppose that f3 > --- > f; < fiy1. f 4 <i<m,
then, for some j > 2 where i € {j,...,j + I}, the edges vi...v41, v2... V42 and vj---vjy
receive three distinct colors. If ¢ = m + 1, then we have fo > --- > f,,,4+1 which yields three
distinct colors by Case 1. So, assume that fi < fo > f3 < fi. If fs < f1 < f5, then the
edges vy - - V41, V2 - V42 and vs - --vp3 all receive distinct colors. So, we will assume that
fi<fo>fa<fi>fs. If fi < f3 and f’ is the position where v, and v3 first differ, then we
have f’ < f3 < f4 and we have three distinct colors by an argument similar to Case 2. Suppose
that f1 > f3. We will examine the cases f3 < fs and f3 > f5 separately. First, suppose that
fs < f5. We see that if fs > fs, then we have fy > f5 > fs and we are in Case 1 or Case 2.
But, if f5 < f¢ and f” is the position where vs and vs differ, then we have f” < f5 < fg and
we again follow the argument of one of the previous cases. Our final case is when f3 > f5. We
then have f; > f3 > f5. If f is the position where v; and vz differ and f”” is the position
where v3 and v differ, then we have f” > f”” > f5 and once again use the arguments from
either Case 1 or Case 2 to find three distinct colors. If fi > fo < f3, then the argument is very

similar. O
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Appendix A

COPYRIGHT INFORMATION FOR CHAPTER 4

The contents of Chapter 4 first appeared in The Electronic Journal of Combinatorics: Vol-
ume 20, Issue 2. The journal’s copyright policy states that the copyrights of published papers

remain with the authors and may be viewed at

http://www.combinatorics.org/ojs/index.php/eljc/about/submission.
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