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SUMMARY

When negotiations fail, arbitration is often an effective means by which a binding res-
olution can be found. To address the many shortcomings of conventional arbitration,
many industries have been using a variation called Final-Offer Arbitration since the
1970s. The mechanics are simple - rather than crafting a compromise, the judge must
choose one of the two final offers proposed by the parties. Variants of the single-issue
arbitration scenario, modeled as a two-player game, have been studied, but very little
has been said about the game theoretic properties of the multi-issue case. In this work
we define various game models for two or more issues under arbitration, study the
conditions under which optimal pure strategies exist, derive these strategies, and in
some cases prove that they are the unique globally optimal strategies. In particular,
we look at modeling the uncertainty of arbitrator behavior with either a normal or
uniform distribution, and consider a number of metrics the judge may use to make

his ruling (pun intended).

vi



CHAPTER 1

Introduction

Should negotiating parties fail to arrive at an agreeable solution, arbitration serves as a
mechanism whereby a binding resolution may be reached. In conventional arbitration
(CA), the disputing parties submit their cases to an agreed upon arbiter who has full
power to craft whatever fair and just settlement he sees fit. It is widely accepted,
however, that CA has a number of undesirable properties, in particular what has
been called the “chilling effect”: since both parties know the arbiter will craft a
compromise, they tend to take extreme positions. Since it is commonly held that a
settlement reached through negotiation is preferable to a settlement reached through
arbitration, one can view the purpose of a compulsory arbitration as motivating the
parties to reach an agreement during negotiations. This is the paradox of arbitration:

the best arbitration mechanism is that which is used least often.

[t was Stevens (I966) who suggested a simple arbitration mechanism now known as
Final-Offer Arbitration (FOA). In FOA, the arbiter must select one of the final offers
submitted by the parties and has no prerogative to craft a compromise settlement.
The theory was that such uncertainty in the final outcome would combat this chilling
effect driving the two parties to make final offers that are “close” to one another, or

better still motivate them to reach agreement during negotiations.

Since 1975 when FOA was adopted by Major League Baseball for salary disputes,
variants of FOA have been used in various states in public sectors where labor does
not have the right to strike (e.g. police, firefighters). A growing body of literature
has been developed by legal scholars, economists and game theorists studying both

the theoretical and empirical properties of FOA.
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The first theoretical model of FOA was introduced by Crawford (1979). With the
assumption that both parties know with certainty the arbiter’s opinion of a “fair”
settlement, he showed that FOA would inevitably lead to the same outcome as con-
ventional arbitration. Farber (I980), Chatterjee (T981), and Brams and Merrill (T983)
independently developed game theoretic models of single-issue FOA for which play-
ers are uncertain of the arbiter’s behavior. Farber studied the effect of risk aversion
by one of the parties, and derived the strategy pair which in many cases is a Nash
equilibrium. Chatterjee and Brams and Merrill model the game as zero-sum and con-
sequently assumed both parties are risk-neutral. Brams and Merrill provide sufficient
conditions for the existence of a pure equilibrium. In all three models, the arbiter
is assumed by the players to choose a “fair” settlement from a probability distribu-
tion commonly known to both players and select whichever player’s offer is closest in

absolute value.

The basic model has been extended and analyzed in a number of ways in the literature.
Samuelson (T991) developed a model of single-issue FOA where parties’ knowledge of
a fair settlement is asymmetric. Kilgour (T994) studied the game theoretic properties
of FOA and extended the Brams-Merrill model to allow for risk-aversion on the part of
the players. Dickinson (2006) further showed that optimism on the part of the players,
in the form of a biased prior distribution, drives the final-offers apart. Armstrong
and Hurley (2007) generalized FOA and CA into a single model and showed that
optimal offers under CA will always diverge more than those under FOA. Mazalov
and Tokareva (2012) considered an extension where the decision is made by multiple

arbitrators.

If multiple issues are in dispute, FOA has been primarily implemented in two ways
(Stern, 1975). Under Issue-by-Issue FOA (IBIFOA), the arbiter may craft a compro-
mise of sorts from the two parties’ offers by choosing some components from one and
some from the other. Alternatively, Whole Package FOA (WPFOA) requires that the

arbiter select one offer in its entirety. A multi-issue model of FOA was first discussed
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by Crawford (T979) and further developed by Wittman (I'986). Here the main con-
cern was the existence of a Nash equilibrium under various assumptions. Wittman
was also able to show in his model that increased risk-aversion leads a player to make
a less extreme final-offer. Olson (1T992) discussed how the single-issue model does not

accurately reflect arbiter behavior when more than one issue is in dispute.

In his initial paper introducing FOA, Stevens cautions against the use of the “Whole
Package” variant, stating that “such a system would run the danger of generating
unworkable awards...the arbitration authority might be forced to choose between two
extreme positions, each of which was unworkable” (Stevend, [966). Tulis (2013) elab-
orates: “One common criticism of package final-offer arbitration is that parties may
be tempted to include outrageous offers.” He further claims that “issue-by-issue final
offers...are more aligned with the objectives of final-offer arbitration.” We argue the
opposite - that both players’ optimal strategy in a multiple-issue FOA is to make
all final-offer components reasonable. Furthermore, the additional variance in the
awards from WP, as opposed to IBI, acts as a greater motivator for the parties to
reach agreement during negotiations. We show this by extending the model of Brams
and Merrill to multiple-issues and proceed to explicitly construct a pure strategy pair,

proving it is the unique optimal strategy pair in many cases.

The outline of this work is as follows: In Chapter B we review the single-issue FOA
model as it appears in the work of Brams and Merrill, and in particular highlight
the theorem which explicitly gives the globally optimal pure strategy solution to the
game. In Chapter B we define the game model for a multi-issue version of the zero-sum
game. Chapter B explores the two issue case in great detail. Where the uncertainty is
modeled by a normal distribution, we look at six decision criteria which may be used
by the judge to determine which offer is more reasonable, deriving the only possible
optimal pure strategies in each case. In the case of the Ly metric, the strategies are
further shown to be locally optimal under certain conditions of the covariance ma-

trix, and globally optimal under slightly more restrictive conditions. The chapter is
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concluded by considering uncertainty modeled by a uniform distribution on a rectan-
gular region. In Chapter B we consider the game extended to arbitrary dimensional

final-offer vectors, and derive the possible optimal pure strategies.



CHAPTER 2

Single-Issue Final-Offer Arbitration

For context, suppose an employer and worker’s union are in negotiations for a wage
increase. Negotiations stall and the parties are contractually obligated to resolve the
impass via FOA. Across the industry, let us assume that the population of wages
follow a normal distribution. We will also assume that the offer of the employer
(Player I, the minimizer) is no greater than the demand of the workers (Player II, the

maximizer).

The judge has his clerks perform a sampling of the industry to compute and average
salary, which the judge takes to be a ‘fair’ standard for comparison to the parties’
final-offers. Let & be the random value chosen by the judge, drawn from N (i, 0?). Let
x1 be the company offer and x5 the demand from the workers’” union. The expected

ruling of the judge is thus
w1 P(|wy = & < w2 = &]) + w2 P(lzy — & > |z2 — £])

or expressed another way,

o, P (§< x1+x2) + 29P <§> m1+x2>.

2 2

Letting F(x) = P(§ < x), we may write this as

o F <x1;—$2) . <1_F(ZE1—;CL’2>) _ (:Cl—:L‘Q)F ($1—;$2> +o.

Call this K(zq,x2). Suppose pure optimal strategies xj,z5 exist. Because the ex-

pected payoff is a continuous differentiable function of x; and x4, it must be the case
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d
that — K (z7, 25) = 0, that is

dJ?l
Ty — xi T+ xh T+ xh
1 1 2 1 2 Joll it 2\ _g.
1) () e r () =0
. d )
Similarly, — K (x}, z3) = 0, that is
d.??g
xy — ] + 25 ] + 25
2 - F | —2= 1=0.
2 (1) - e (F5R) +1

Subtracting (2) from (), we get

¥ 4+l 1
Jall 2! 2\ _ 1
3) ( ! ) !

Thus, ad ;xQ = p. If we instead add () and (B) we get

1 1

= T *
oV 2T Ty — Xy

(4) f(p) =

So we arrive at the solution; if pure optimal strategies x7, x5 exist, they are given by

. ovV2mr oV 2T
T, =W — 5 To = b+ 5

If we consider more generally any density function f with median 0, Brams and

Merrill (T983) provide the following results:

THEOREM 2.1. Suppose the arbitrator’s notion of a fair settlement has a contin-
uous distribution with density function f and distribution function F where F' = f.

Assume, without loss of generality that the median of F is 0.

(1) If f'(0) exists and f(0) > 0 then if | f/(0)| < 4f(0)?, locally optimal strategies

for the minimizer and mazimizer respectively are
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(2) If f(0) > 0, then the strategies given above are globally optimal if and only if

the following conditions hold:

1
/f _%*_ f0r0<x_m,

/ f)dt > 2b* for x>0,
and the same inequalities hold for f_w f()dt in place of fox ft)dt

It is worth noting that among the distributions which satisfy the conditions for global
optimality are the normal distribution and the uniform distribution. This theorem

will be instrumental throughout the rest of this work.



CHAPTER 3

General Multi-Issue Final-Offer Arbitration

Our model extends the model defined by Brams and Merrill (T983). Let us consider
the case where each player makes not a single valued offer, but an d-tuple x; =
(z%,...,2%), i = 1,2. We will assume that the issues in dispute are quantitative
in nature, with both players restricted to a strategy space S which is an arbitrarily
large, but compact, subset of R Let v;(x) be the valuation of a settlement vector
x by Player I and v9(x) the valuation function for Player II. (consequently, Player 11
values this settlement as —v(x,y)). Suppose the arbiter has in mind a fair settlement
¢ € R%, and measures the “reasonable-ness” of a final-offer demand by a function
R :R? x R? — R. Then the payoff of the game to Player i is given by

(

v;(x1) R(x1,€) > R(x2,§)

(5) Ki(x1,%2) = § vy(x0) R(x1,€) < R(x2,¢)

1 1
[ Ui + 5vilxe)  R(x1,€) = R(x2,6)

where the arbiter chooses either offer with equal probability if, in his opinion, they
are equally reasonable. This raises three important questions: How do players value
settlement bundles, how do they model the uncertainty of the arbiter’s opinion of

fairness, and how do we define the function R?

1. Valuation of Settlements

For the rest of this work we will assume the valuation is additive. An example of such
a situation is one in which wage and workers compensation amounts are in dispute;
workers’ compensation may be valued at the expected compensation amount (in the

probabilistic sense). Even issues which are not monetary, such as number of sick

8



3. DECISION CRITERIA 9
days, may have a straightforward monetary valuation by the parties. Furthermore,
we will assume that the game is zero-sum; giving Player I the role of the Minimizer

(e.g. employer) and Player II the role of the Maximizer (e.g. workers’ union) we have

d
vi(xy, ... xg) = —Zx]— = —vo(x1,...,2q).
j=1

While it has been noted assumptions of additivity in valuation “suppress multi-
dimensionality and, in fact, degenerate it into a univariate case” (David Levhari,

1975), even with this simple assumption the model produces interesting results.

2. Models of Uncertainty

Both players are uncertain of the arbiter’s opinion of a fair settlement &. We will
assume that the players share a prior assumption that &€ is drawn from a probability
distribution with density f, and it is common knowledge (Aumann). We will specifi-
cally consider two special cases in the analysis which follows: the normal and uniform

distributions.

Normal Distribution

Suppose the arbiter (or a fact-finder) is sampling from relevant industry data to
form an opinion. Thus, by the Central Limit Theorem, we may suppose that their
common prior distribution for £ is a multivariate normal distribution, N (u, ) and

let us assume without loss of generality that u = 0.

Uniform Distribution
In this case we will suppose the players assume only that the arbiter will choose
d
£ € X|[—ay, o] with uniform probability density, where o; > 0.
j=1

3. Decision Criteria

Under WPFOA the arbiter must rule in favor of one final-offer vector in its entirety.

It is in this variant that the choice of a distance criterion needs to be chosen by
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the arbiter. The “distance” from a final-offer vector x to & may be determined in
a number of ways. The following decision metrics will be considered in the sections

which follow

1. Net Offer Absolute Difference. In perhaps the simplest case, the arbiter

may take the net offer from each player and side with whichever is closer to > &

(6) RNO X €

Zxa &

3.2. L2 Distance. If the arbiter uses Ly (Euclidean) distance, we may equiva-

lently let
d
(7) RLz X 5 Z

Jj=1

3.3. L1 Distance. Suppose, for example, the arbiter wishes to measure devia-

tion from fair component-wise; an L; distance is appropriate in this case.
(8) R, (x,6) = Z 2 — &l

3.4. L Infinity Distance. If instead he finds a large component deviation par-

ticularly disagreeable, an L., (Chebychev) distance may be used.
) Ru..(x,€) = —max {|z; - &}

3.5. Lp Metric. We will generalize the three previous metrics with an L, metric
(ie. p>1)

d

(10) Rp,(x,€) ==Y |z, — &’

i=1

3.6. Mahalanobis Distance. In the case where & follows a normal distribution

with covariance matrix ¥, a Mahalanobis distance (Mahalanobid (I936)) may be



appropriate to consider

(11)

3. DECISION CRITERIA

Ru(x,€) = —(x = £)'S7 (x — €)

11



CHAPTER 4

Dual-Issue Final-Offer Arbitration

Let Player I be the minimizer and Player II the maximizer in this zero-sum game.
Let us consider the case where each player makes not a single valued offer, but an
ordered pair (x;,y;), 7 = 1,2. Let v(x,y) be the valuation of a settlement vector (z, y)
by Player I (consequently, Player II values this settlement as —v(x,y)). If the arbiter
measures the “reasonable-ness” of a final-offer by a function R, then the payoff of the
game is given by

(

v(@1,91) R(z1,y1) > R(72,2)
(12) K((z1, 1), (v2,92)) = v(x2,Ys) R(z1,11) < R(x2,y9)
\§U($1,y1) + %U(@, y2) R(zi,y1) = R(w2,12)

where the arbiter chooses either offer with equal probability if they are equally rea-
sonable (in his opinion). This raises three important questions: How do players value
settlement bundles, how do we model the function R and how to model the uncer-

tainty of the arbiter’s opinion of fairness.

We will assume that the two issues in dispute are quantitative in nature, with both
players restricted to a strategy space S which is an arbitrarily large, but compact,
subset of R?™. Furthermore, we will assume the valuation is additive, namely v(x,y) =

T+ y.
1. Normal Distribution

Both players are uncertain of the arbiter’s opinion of a fair settlement (£,7), but
assume that the arbiter (or a fact-finder) is sampling from relevant industry data to

10therwise, the game may not even posses a value.

12



1. NORMAL DISTRIBUTION 13
form an opinion. Thus, by the Central Limit Theorem, we may suppose that their
common prior distribution for (£,7) is a bivariate normal distribution, A (u,3) and
it is common knowledge (Aumann). Let us assume without loss of generality that
1= 0. We will assume that these issues are positively correlated across the industry,

thus

o POL0y

where p > 0.

In the multi-issue case, FOA is typically handled in one of two ways: Issue-by-Issue
(IBI) or Whole-Package (WP). Under IBIFOA the arbiter rules independently on
each issue presented. A compromise of sorts may be crafted in this way. If the arbiter
uses the IBI mechanic, the players are engaged in two independently decided single-
issue FOA games. By the Brams-Merrill Theorem (I983), we know that the unique

optimal strategy pair of the players is given by

" (Ii’yi):<_%§%’—%§%> <x;,ys>:(%§%a"ygﬁ).

Under WPFOA the arbiter must rule in favor of one final-offer vector in its entirety.
It is in this variant that the choice of a distance criterion needs to be chosen by the
arbiter. The “distance” from a final-offer point (z;,v;) to (£,17) may be determined

in a number of ways.

1.1. Net Offer. In this model, 2NNO (Bivariate Normal, Net Offer), the judge
considers only the net final-offer from each player. The payoff is

o4y if o — &ty —n <|ze —E+y2 — 1
K (x1,%x3) =

ro+ys if |z =&+ yr —n| > |xe — &+ y2 — 1
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We notice that if we let Q2 = & +n, and w; = x; + y;, this simplifies to

w1 if |’UJ1—Q’ < |’UJ2—Q|
K(wl,w2) =

Wo if |w1—Q| > |w2—Q|

The random variable Q follows a normal distribution N'(0,03), where 03 = a + 8
(a = 02 4 pogo,, B = O'Z + pogoy). This solution is reducible to the univariate case,

with global optimal strategies given by

. 27(a + B) . V27m(a+B)

wy = 5 wy = ——r.

2

This however gives each player set of solution points. Thus we have the following

result:

THEOREM 4.1. In 2NNO, any pair of strategies x; € S1 and X9 € Sy are optimal,

sz{(x’{,—M—x{) :x{GR}
S;:{<x;,w—x§> ::EZG]R}.

1.2. L2 Distance. For our second model, 2NL,y (Bivariate Normal L), we will

where

assume that the arbiter uses Lo (Euclidean) distance:

(14) Dr,((z,y), (&m) = V(€ = 2)* + (1 — )2

1.2.1. Properties of 2NL2. We now establish some properties of the game. Sup-
pose Player I chooses pure strategy a = (1, x2) and Player 11 chooses pure strategy
b = (x9,¥2), and the arbiter considers (£,7) a fair settlement. We define C;(a, b), as
the set of points in R? which are strictly closer to Player i’s final-offer than to the

other player’s, namely

(15)  Ci(a,b) = {(z,9) : (11 —2)* + (1 —y)* < (z2— 2)* + (v — ¥)*},
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(16)  Calab) ={(z,y): (21 —2) + (1 —y)* > (22— )" + (12 —¥)°}.
It is immediately apparent that C}(a, b) = Cy(b,a). The midset is
(17)  Mid(a,b) = {(z,y) : (w1 —2)* + (y1 —y)* = (22 — 2)* + (12 — y)*}.

We observe that if a # b then Mid(a, b) is a line so, because (&, 1) follows a continuous
distribution, P((g, n) € Mid(a, b)) = 0. We can now define the expected payoff to
Player II from I

(18)

l‘1+y1 a=Db
K(a,b) =

(w1 + yl)P((fan) € Ci(a, b)) + (22 + ?/2)P<(§777) € Cy(a, b)) a#b

The following are some consequential properties of the game.

LEMMA 4.1. K(a,b) = K(b,a).

The first property concerns the anonymity of final-offers; the arbiter essentially

does not care which player submits which final-offer.

PRrROOF. If a = b the proof is trivial. Assume a # b.

K(a,b) = (1, +Z/1)P((§777) € Ci(a, b)) + (22 +y2)P(<§>77) € Cy(a, b))
= (21 + yl)P((fﬂl) S 02(b,a)) + (22 + y2)P(<§>77) S Ol(b7a)>
= (29 +y2)P(<f>77) € Cl(bva)) + (21 +yl)P((€777) € CQ(bya))

= K(b,a)

LEMMA 4.2. Let —a = (—x1,—11) and —b = (—x9,—y2). Then K(—a,—b) =
—K(a,b).
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This is due to the symmetry of the bivariate normal distribution about (0,0). If the

players negate their offers then they are effectively swapping roles.

PROOF. This proof makes use of two facts: First, (£,n) € Ci(a,b) & (=&, —n) €
Ci(—a,—b), i = 1,2. Secondly, (£,n7) and (=&, —n) follow the same probability

distribution.

K(~a,b) = (=11~ y) P((&0) € Ci(—a,=b)) + (a2 + —y2) P((E1) € Co(—a, b))
—<(9L’1 + yl)P((fﬂ?) € Cyi(—a, _b)) + (22 + yz)P((@??) € Cy(—a, _b))>
~ (e + 9)P((=€ ~m) € Ci(a, b)) + (@2 + 1) P((~€. —) € Ca(a, b))

— (@1 + )P (&) € Cila,b)) + (@2 + 1) P((&1) € Cala,b)))

= —K(a,b)

LEMMA 4.3. Let —b = (—x3, —y2). Then K(—b,b) = 0.

In other words, because the probability distribution of (£, 7) is symmetric, the arbiter

is unbiased with regards to negating offers.

PROOF. This proof also relies on the fact that (£,7) and (—¢§, —n) follow the same

probability distribution.

K(=b,b) = (—z2,—y2) P((£,n) € Ci(=b,b)) + (z2 + y2) P((§,n) € Co(—b, b))

— (3 + 12) (P((&m) € Ca(=b, b)) = P((&,n) € C1(~D,b)))
— (> + 1) (P((&m) € Ca(=b,b)) = P((—¢, =) € C1(b,~b)))
— (22 + s (P(gn ) € Cy(—b, b)) — P((—€, —n) € Cy(— b,b)))
— (2 2) (P((&m) € Ca(=b, b)) = P((&,n) € Co(~D,b)))

=0
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LEMMA 4.4. The value of 2N Ly is zero.

It may seem deceptively obvious that a symmetric zero-sum game must have a value
of zero, but we have no guarantee that a value exists at all. For example, consider
a simple symmetric game where Player I and II choose z,y € R, and I receives a
payment from II of z —y. The game has no value as sup, inf,(r — y) = —oc while

inf, sup, (z — y) = oo.

PRrROOF. Because the strategy space S of each player is compact and the payoff
K is continuous, by the general minimax theorem of Ville the game has a value v in

mixed strategies (see Parthasarathy and Raghavan (197T)).

First suppose an optimal pure strategy pair a*, b* exists. Suppose v > 0. Then for
any pure strategy a of Player I, K'(a,b*) > v > 0. But by Lemma 8=3 K (—b*, b*) = 0,

contradicting that v > 0. Similarly it cannot be the case that v < 0. Therefore v = 0.

Now suppose that optimal mixed strategies FY, F} exist. Suppose v > 0. Then for

any mixed strategy Fi,
(19) K(Fy, Fy) > v >0.

Player II may approximate the optimal strategy Fj by Fz* where probability mass
is concentrated only on a finite symmetric subset T' C S such that for € > 0 small

enough and for any mixed strategy Fi,

(20) K(F,F;)>v—e>0"

2This claim follows from three arguments: First, by a well known theorem of Varadarajan the space
of all probability measures M (S) is a compact metric space in weak topology. Secondly, the set of
all probability measures under weak topology concentrated on finite subsets of a compact metric
space S are themselves dense in the space of all probability measures on .S. Lastly, by a well known
theorem of Prohorov, any compact subset T of M (S) is characterized by the property that given &
positive, there exists a compact subset of C' of T such that ;(C) > 1 —§ for all p in the set S. (See
Parthasarathy (2014))
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Define

~

gi(may) = fZ*(_:C7 —y),V(x,y) eT

and call the associated mixed strategy G7.

K(GLE) = ) gi(a)f5(b)K(ab)

(a,b)eTXT

= Y. Jfi(-a)gi(-b)K(ab)

(a,b)eTxT

= Y. Jfi(-a)gi(-b)K(b,a)

(a,b)eTXT

=— Y gi(-b)f5(-a)K(-b,-a)

(a,b)eT'xT
With a change of variables ¢ = —b,d = —a,
—— ) gi(©)f;5(d)K(c,d)
(¢,d)eTXT

= —K(G}, F5)

Therefore K (G%, Fy) = 0, contradicting (I9), so v < 0. In a similar manner we can

show that v > 0. OJ

Having established that the game has a value, we know the players must have optimal
mixed strategies. The key contribution of this paper is that in fact the players have

optimal pure strategies.

LEMMA 4.5. (z2,y2) is an optimal pure strategy for Player II if and only if (—x2, —yo)

15 an optimal pure strategqy for Player I.

This is to say, if optimal pure strategies do exist then they must be symmetric about

the origin.
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PROOF. Suppose b* = (x3,y3) is an optimal pure strategy for Player 1. Because

the value of the game is zero,
(21) K(a,b*) >0, Va.
If —b* is not an optimal pure strategy for Player I then there exists b® such that
K(—=b*,b%) > 0.
By Lemmas B71 and B2,
K(=b°,b*) = K(b*,—b°)
= —K(-b*,b%)
<0

but this contradicts (21), so it must be the case that —b* is an optimal pure strategy

for Player 1. The converse of the lemma is shown in an analogous way. 0

Recall from (IR), that if Player I chooses a = (x1,y;) and Player II chooses b =
($2> y2)7 assuming a 7& b>
K(a,b) = (z1 +y)P((§,n) € Ci(a,b)) + (22 + 2) P((§,n) € Ca(a, b))
= (71 + Z/l)P((faﬁ) € Ci(a, b)) + (w2 +y2)[1 — ((fﬂ?) € C(a, b))]
= (w2 +y2) + (21 + 31 — 72 — y2)P((§ﬂ7) € C(a, b))

LEMMA 4.6. If a pure optimal strategy pair a* = (x7,y7),b* = (z5,v3) exists, then

25>0, y5 >0 and 27 <0, y;y <0.

In other words, optimal pure strategies for Players I and II must be in quadrants 111

and I respectively.
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ProoOF. We know that if both players are playing optimally then the expected
payoff is zero. Suppose only one of Player II's offers is negative®; WLOG let 3 < 0.
By playing (—z%, —y3), Player I is guaranteeing a zero expected payoff. Suppose
Player I instead switches to (x3, —y3). If y5 = 0 then the final offers are identical and

the net award is 3. Therefore let us assume y5 > 0.

K ((z3,—u3), (a5,13)) = (x5 +y3) + (x5 — 3 — a5 — y3)P((&, ) € Co((a3, —v3), (23, 43)))

=3+ 3 (1 - 2P((6.0) € Cal(a3, —93), (25,13))) )

Since Cy = {(z,y) : y < 0}, P((&,n) € C1) = P(n < 0) = 3. Therefore,
K (23, —u3). (3, 93)) = w5 < 0.

This contradicts that (z5,v3) is an optimal pure strategy for Player II. Thus x3 > 0.
Because the choice of component is arbitrary, y; > 0 as well. The argument is the
same to show that Player I’s component offers must be non-positive in order to play

optimally. 0

1.2.2. Local Optimality of Pure Strategies. Having established some of the prop-
erties of the game in question, we now derive a pure strategy pair for the players and

show that it is locally optimal. Recall that
(22) K(a,b) = (s + y2) + (x1 + y1 — w2 — y2) P(Player I wins).

The event that “Player I wins” occurs precisely when the arbiter picks a random fair

settlement (£,7) and

(23) (1 =+ —n)’ < (22— + (1o —n)?

3P1ayer IT cannot possibly be playing optimally if both x4 < 0 and y4 < 0, for in this case Player I
may simply agree to the Player II’s final offer and happily accept a negative net settlement.
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which is equivalent to

2242 — 32 — 2
(24) (22 = 21)€ + (3o — g1 )y < 22— —w,

Letting Q = (x5 — 1)€ + (y2 — y1)n, we have Q ~ N(0, 03) where
(25) 04 = (22 — 1)°07 + 2(x2 — 1) (y2 — Y1) pow0y + (Y2 — 1) %0,

Thud Q/og follows a standard normal distribution. Thus we may express the expected

payoff as
(26) K(a,b) = (za2 + y2) + (x1 + 11 — 22 — y2)P(2)

where ®(z) is the distribution function of a standard normal random variable and

2 2 2 2
w Ty + Yy — 27 — Yy

(27) z=—= :
702y f(ay = 1) + ez — 21) (42 — )0y + (92 — 1)}

dogzoy 4ozoy

02+302 302402 . .
THEOREM 4.2. If p > max{— T ¥ = y} then the pure strategies given by

' \/27'('(0'326 + 2po,0, + 02) ' \/271'(0'323 + 2po,0y + 02)
(=1’ (=1

(28) (af)) = - -

for players i = 1,2 constitute a locally optimal strategqy pair®.

4Namely, Je > 0 such that for pure strategies a* and b*,

inf K(a,b*)= sup K(a*, b)=K(a*, b"),
aENc(a*) beN,(b*)

where N,(+) is an e—neighborhood.
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PRrooOF. If the players have locally optimal pure strategies a* and b* then we

must have all four first derivatives zero, namely

(29)

0K B 1 (za—x1)02 + (Y2 — Y1)poa0y _
T = D(2) + (1 + 11 — 22 — y2)P(2) ( oo 2 2] =0
(30)

0K v (22— x1)pogoy + (Y2 — yl)ff; -
8_y1 = ®(2) + (21 +y1 — 12 — y2)9(2) (_a + o2 z) =0
(31)

0K B Ty (w2 —21)0% + (32 — Y1)pooy _
e 1 —®(z2) + (21 +y1 — 12 — Y2)$(2) (a o2 z)=0
(32)

K - 20y + (Y2 = 4oy

OR 1 B(2) 4 (0 + 1 — 1 — g)o(e) L2 - 2T H  Z )y )
0y oQ o0

Since 0 < ®(2*) < 1, ] + v — 25 — y3 # 0. By adding (2Z9) and (BI) we have

* *

x T * * * * *
(33) 0=1+ 20 l($1+y1_$2_y2)¢(2)

*

Q

and by adding (B0) and (BZ) we have

y*_y* * * * * *
(34) 021"’—20* 1($1+yl_$2_y2)¢(z )
Q

From (33) and (B4) we know that
(35) zy—wy=y;—y =d #0.
Note also that

(36) o = d™*(a+B),

where a = 02 + po,0, and § = po,0, + o,. Furthermore, we now have that

d'((z3+=)+ (W5 +vi) _ s +2i+ys+ul

275, 2y/a+ B

(37) ¥ = sgn(d).
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We may now simplify the four equations derived from (29)-(B2) as

(38) 0= ®(=*) + 26(=°) (S%T - 55*)
(39) 0= B(z*) + 26(2") (S%d_%f - f 57,«*)
(40) 0=1—d(z") — 20(=") (S%S - 62*)
(41) 0=1- (") — 20(") (S%;O(éd_%g - f ﬁz*>

By taking (BR) + (89) — (0) — (£1) and using (B7) we get

* " xy + i+ + v * o+ *
0:—2+4¢(z)+2¢(2)(1 H yQSgn(d)_QaJrgz)

= P(z%)

Thus z* = 0, and by simplifying the four equations (BR)-(E1) we get that 7 = y =

—x = —y5. We simplify o = 423%(a+ ) and noting that ¢(0) = \/%7, equation (BY)

becomes
1 sgn(d*)z}
(42) 0= 5 + 2¢(0) (—m ) ,

or equivalently

\/277'(0% + 2p0,0, + 02)
o 4

(43) x] sgn(d”).

We have two solutions to the first order equations, namely d* > 0 and d* < 0. Let us
choose the solution given by d* > 0. To show that b* is a local maximum for Player

IT and a* is a local minimum for Player I we look at the second partial derivatives
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evaluated at (a*, b*). It is straightforward to verify® that

0?K _ 9(0) (3_ 204)
913 |gepey VOt B at+pB)’

This is positive if and only if a + 35 > 0, or equivalently, when

o2 + 302
(44) p> 2%
40,0,
Similarly,
PR o0y )
Y |arpy Va+p a+p3
which is positive if and only if
302 + o2
45 >-———7
(45) p 1ouo,

Note that it is impossible for both (£4) and (E3) to be unsatisfied, as this would imply

that o < 0 and f < 0 and thus a + 8 < 0. It is likewise easily shown that

PK
0y,01,

=0,
(a*,b*)

thus Ky ., Ky — K2, > 0 as long as

T1Y1

2 2 2, 2
o, + 30, _30I+ay}.

> max < —
P { do,0, ’ 40,0,

It can be similarly verified that b* is a local maximum for Player II when Player I
plays a*, with the same condition on p. Thus we have a locally optimal pair of pure

strategies. 0

It is important to highlight that if the issues are too negatively correlated, pure
optimal strategies need not exist. For example, suppose 0, = 1,0, = V3and p = —.0.

If optimal pure strategies do exist, they must be

a* = (—0.588627, —0.588627), b* = (0.588627, 0.588627).

%See SageMath code in the Appendix.
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However,

K(a’,b*) = —.003085 < 0 = K(a*, b*),

where &’ = (—0.572278, —1.029105). Because Player I has a strict incentive to deviate

to a new pure strategy, a* is not optimal (and consequently, neither is b*).

1.2.3. Global Optimality of Pure Strategies. We now proceed to show that the
pure strategies found in the preceding section are indeed globally optimal and thus
represent the unique optimal strategy pair. We must first establish a few lemmas

which will motivate the geometric interpretation of the model which follows.

f(""g):%

(35 3)

(—x3, —x3)
g /

FIGURE 1. If Player II fixes his strategy b* = (x3,2%), we show that
for all pure strategies a # (—z3, —z3), K(a,b*) > 0. In Lemma IS
we show this is true in the gray shaded region. We consider cases of z:
z = 0, the points on the blue circle, in Proposition E9; z > 0, points
outside the circle, in Proposition B12; z < 0 (points within the circle)
in Proposition E—T3.

LEMMA 4.7. Suppose Player II chooses strategy b* = (x3,x3). If Player I selects
pure strateqy a = (x1,y1) then z(a,b*) = 0 iff (x1,y1) lies on the circle of radius
V225 centered at the origin. Furthermore, x3 412 < 2232 iff z > 0 and 22 +1y? > 2232

iff z < 0.
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The proof is trivial.

LEMMA 4.8. If another pure strategy a = (x1,y1) # —b* = (—xb, —a}) exists such
that K(a,b*) <0, then x1 +y; <0 and either

22yt <22 or oy < —2a.

PROOF. Suppose 1 + y; > 0. Because the net offer of Player II, 225 > 0, and
Player I has a positive probability p of being chosen by the arbiter, the expected
payoff

K(a,b") = p(2z3) + (1 = p)(z1 + 1) > 0.
This contradicts our assumption.

Suppose 22 + y? > 2232 Then z < 0 by Lemma EZ0 and ®(z) < . Suppose also that

1
5
1 +y1 > —2x5. Then

T+ Yy — 205 = —4as + €
for some 0 < € < 2x3. But then
K(a,b") = 2z5 + (1 + y1 — 225)P(2)
= 25 — (4o — €)P(2)

1
> 2z — (dxy — 6)5

S Nl

and this contradicts our assumption. O

We now proceed to show that if Player II chooses pure strategy b* = (23, x3) and I

deviates from a* = (—z%, —x3) to any other pure strategy (z1,y;) then it will simply
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result in a positive expected payoff. For the remainder of the paper we will assume

p > 08 and without loss of generality o, < oy-

PROPOSITION 4.9. For all pure strategies a = (x1,x2) # (—x%, —x3) such that
3 4y} = 2232, K(a,b*) > 0.

PROOF. If 2 + y? = 2232, z(a,b*) = 0, so

K(a,b") = 2z; + (z1 + 11 — 223)P(0)

* * 1
=25 + (1 + 41 — 2x2)§

Ty +
=5+ 12y1.

Geometrically we can see that z; + y; is minimized on the circle 22 + y? = 2x3? at

(—JI;, —.%‘;) U

Against Player II’s strategy b* = (23, x3), any pure strategy a = (x1,%;) may be

represented in terms of r and 6 as (x4 cosf, x5+ rsind). This will greatly facilitate

the remaining proofs”. In this representation, with #(#) = —(cos + sin#), we can
rewrite
(46) K(a,b") = 2235 + r(cosf +sin0)®(z) = 225 — rt(6)P(2)
and
47) 2(r6) = 2252 — (x5 4+ rcosf)? — (xh + rsind)? _ 25t(0) 2— r
2r \/ag cos? 0 + 2po,0, cos 0sin 6 + o2 sin® 0 2v/ 05

The following two lemmas are needed for Proposition E-T2. See the Appendix for

proofs.

61t is the author’s conjecture that global optimality of pure strategies will hold with a weaker
condition on p, namely that of Theorem EZ2.
"For convenience we will define t(6) := —(cos + sinf) and o} = o

o sin® 0. Note that t(0) = —v/2sin(0 + I).

2

2 cos? 0 + 2po,0, cos O sin 6 +
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FiGURE 2. This sketch shows the curves ® and f defined below for a
fixed 6. To show that a* and b* are a globally optimal pure strategy
pair, we show that ® and f intersect only at ry when 6§ = %’T (Proposi-
tion B9) and everywhere else f > ®. To prove this, we show that for
r>rg, [ > s> ®, where s is a scaled logistic curve (Proposition B12),
while for r < rg, f > v, a line tangent to ® (Proposition E13).

LEMMA 4.10. For z < 0, the scaled logistic function

1

)= 1+exp (—\/§z>

> d(z).

PRrOOF. Consider s(z) — ®(z) and find the minimum:

§'(2) — () = s(2)(1 - 8(2))\/§ - \/Z—FGZQ/Z =0
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N 1+ 267\/§Z + 672\/§Z

82

e_ g
= e\/gz + 2+ e‘ﬁz — 4712

8
< 1 + cosh <\/jz> — 9¢7°/2
T
2 2 22/2
< 2 cosh —z | = 2e
T
2
& cosh? <\/jz> — /2
T
2
& cosh (\/iz> — 24
T

The three roots are at z = 0 and 2z ~ +1.7318300869742718735. It is clear to see that

= 4¢7/?

s(0) = ®(0). Since s(—1.7318300869742718735) — P(—1.7318300869742718735) ~
.017671, this point represents a local maximum, i.e. here the two curves are furthest

apart.

Next observe that

cosh <\/gz> eV2/mz | o—\/2/

= lim ———% = lim
Z——00 (I)(Z) Z——00 ez2/4 Z——00 622/4

= lim eV¥™ /4 L Jim e V¥4 = g 0.

Z—r—00 zZ—r—00
It cannot be the case that s(z) —®(z) < 0 at any point z < 0, as this would imply the
existence of a local minimum of s(z) — ®(z), of which we know there is none. Thus

s(z) > ®(z) for all z < 0. O
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LEMMA 4.11. The general exponential curve y = Be** and line y = mx have:

;

1 intersection at x* <0 if m <0

No intersection if 0 <m < afe

1 intersection at x* =X if m = afe
a

2 intersections if m > afe
\

PROOF. First let w = ax
w m
y=pe" y=—w
«

Now let let z = %

m
z=€" z=—w="yw

af

If v = e then the two curves have a single intersection, and are tangent, at w = 1. If

0 < v < e then they cannot intersect. If v > e they will intersect at two points. [

PROPOSITION 4.12. For all pure strategies a = (1, z2) such that x3 +y? > 2152
K(a,b*) > 0.

PrROOF. The claim may be equivalently expressed as

(48) K(a,b*) = 225 — rt(0)®(2) > 0 & B(2) < = f(r.0).

rt(0)

From Lemma B0, for z < 0, we note that a scaled logistic function

s(z) == !

Cltexp (—\/§z>

We will indeed prove a stronger claim, namely that for all points a in this region®,

> O(2).

s(z) < f(r,0)

8Strictly speaking, for 6 € (m, %’T) (Case 4) the proof proceeds in a different way.
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¢ <s<z<r+f,e>> - 1) > 2, (f(r+f,9) - 1) |

Let us define the left and right side functions as §(r, #) and f (r,0)

*
2x5

where 7 = AOR

respectively. These may be explicitly written as

. _m(a+B) 8 2w5t(0) —r — %
(19)  3r0) = | " D ey (_ s
(50) - TGXP ((m — t(@)) o ) exp ( 7_(__0_37’) 7
and
(51) f(r,0) = 223 (“*;(_?t(e) - 1) o

We have simply translated and scaled s and f so that, for fixed 6, 5(r,0) = be® and

f(r,0) = mr. By Lemma EIT, we need show that V6 € (27, 8], () < A(f)e and

attains equality only at § = %, where

(52) A(9) = a(0)b(0) = @ exp ((% - t(&)) @) |

Case 1: 0 € [2F njuU [, 7]

In this case,

Case 2: 6= %”

Case 3: 0 € (2F,%)

On this interval it is clear that ¢(6) is decreasing. We will show that on this interval A
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is bounded below by an increasing function A and that A(2) = A(2F). First consider

the partial derivatives with respect to p and oy,:

in, =2 (- 0) 57) (5 i) (6 "5)

d atf _ _20'y(C089 —sin6) ((po2 4 040,) cos 0 + (po, + 0,0,) sin0)

do, o2 o
Loy 00) ) gy 20) (45

2
T

2 .
cos) — o,/ sin )

da+p  20.04(cos0—sinb)(o

dp o3 oy

For 0 € (3¢, 3%):

d o+ p d a+p
53 ———— >0 0
(53) dp o3 - do, o3 ’
and

(o] 1

54 G(0) : + —t(0) >0
(54) 0): 72+ 1~ 1O

Inequalities of (B3) are self-evident. To justify (B4), note that (B3) implies that

2 2
d o d o

dpa+ 3 <0, do, o+ f8 <0

(55)

Thus, for any fixed 6 € (%’r, 37”),
% o % t(0)?
a + ﬁ a+ /Bp:LO'I:O'y ‘

Because 1 < t(f) < v/2,

G(@):@—%H(@):Q_—

Since A is an increasing function of p and o,
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1 —2cos
A0) > A0) = A0) )0 5.0 = ——— — .
(0) = A(0) (0)o=0,0.0 sing P <sin€ + cos 9)
The derivative
dA(0) . —2cosf '\ cosf — 2sin® 0
a0~ P \sind 1 coso sin? 0t(0)2

is positive for any 6 € (2%, 2%). Since A(2) = A (%) and A(H) is increasing, we are

done.

Case 4: 0 € (m, )
Recall from (BR) that K > 0 is equivalent to

*
215

O(2) < f(r,0) = (0

Let us fix r* > 2\/§x§. The proof proceeds via three claims:
Claim 1: f(r*,0) is a decreasing function on this interval.

This claim follows immediately after noting that ¢(¢) is an increasing function on
(. %)

Claim 2: ®(z(r*,0)) is an increasing function for 6 € (r, 2%).

_ 2x3t(0)—r 51 . % . . . .
Recall that z = ;’W For § € (m, 5F), ro = 2x5t(0) is increasing and attains its

maximum value of 2v/22% when 6 = %. Since r* > 2v/2x% > 1o, 2(r*,0) < 0. Because

d
@03 = 2p0,0,(cos’ § — sin®0) + 2(0;, — 02) cosfsinf > 0,
oj is increasing on (m, 2%).

Consider
r* — 2z5t(0)

N

For 0 € (m, °T), t(9) increases so the numerator is decreasing. Meanwhile the denom-

2| =

inator is increasing. Thus ®(z(r*,0)) is an increasing function in (m, 2F).
Claim 3: ®(z(r*, %)) < f(r*, 5).
If we fix 0 = %’r, then the players are in the one-dimensional FOA game, and we

already know that a* = —b* (i.e. 7 = 2v/2z3) is the globally optimal strategy for
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Player I to play against b*. Since we have fixed r* > 2v/2z3, Player I is not playing
optimally, so K > 0 which is equivalent to the claim.

From these three claims it follows that K > 0 for r > 2v/223 and 6 € (, 2F). O

Now that we have shown that against (z3,x3) all pure strategies (z,y) for Player I
outside the circle 2% + y* = 2232 will give a positive expected payoff, we consider

strategies within the circle.

PROPOSITION 4.13. For all pure strategies a = (x1, x3) such that x? + 3 < 232,
K(a,b*) > 0.

The proof relies on the concavity of the normal distribution function for z > 0.

PROOF. From Lemma B8, we need only show that K(a,b*) > 0 for all a in the
semi-circle described by

x4y <0,

2?2+ < 2232

In terms of 6, we are restricting our attention to 6 € (, 37”) For the angles 6 in
question,
(56) t(g) > 1.

Recall from (€8) that K(a,b*) > 0 is equivalent to

*
275

O(z) < f(r,0) = (0)

First we fix 6 € (, 3. Let rg = 245t(0). Note by definition that z(rg,8) = 0. Since

z = 27"0—_’"2, it is straightforward to show that
7
d dz 1 -1 —1
—®(2)] =9(2)7| =T ——.
dr z=0 dr z=0 2m 2 O'; 2 271'0'3
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Define y as the line tangent to ® at (ry, %), specifically,

~ r—r 1
y(r,0) = ——— +
2,/2#03

Note ® is a concave function for r < ro. Therefore, ®(z(r,8)) < y(r,6). To demon-
strate that f > ® for all r < r, it suffices to show that f > y for all . Since f and y
are both continuous functions and lim, g+ f(r,6) = oo > y(0,6), it suffices to show
that f = y for any r. If the two curves do intersect, then there is at least one solution

to the equation

V2r(a + B) L CONCEN !

2rt(0) 2 27?05 4 03 2’
or equivalently
1 t(0)V/ 1 2

2 2#092 4 092 2 2t(0)

+ /27102

= Tr — 2 F

) (t(é) 2n(a + B) )H% (0 +8)j.

t(9)

We have a quadratic in r. Let the vertex be

H0)y/2r@+5) | 2m0;

4 2

r =

and the discriminant, A, for the quadratic is

2 0

A t(é) 21(a + )
t(0)

)2 81,/ (a +ﬁ)a§

If A < 0 then we are done. Let us assume that A > 0. If f(r*,0) = y(r*,6), it must

that 7 < ro; for r > ro, f(r,0) > ®(2(r*,0)) > y(r*,0). This gives us a condition,
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namely 7 + ‘/TZ < 79.

7 + ﬂ < To
2
N VA <0
o 2 V2T
~ 2 2
t(0)v/ath 2\ _ 2y/(etB)o; ~
TONCES: /V%%_¢< 2 +v00 @) t0)va+ B
4 2 2 2

\ > G 2 g
ONCES: AN A BN ONCE: 2\
2 TV~ £(6) 2 Ve
OVaTE ) (tevasE ) et
2 ’ 2 ’ t(6)
2t(0)/(a + B)oz < & (?(Z)B)%
t(9) < %

in other words, ¢(f) < 1. But recall from (B8) that ¢(¢) > 1, which is a contradiction.
0J

The following is the main result.

THEOREM 4.3. If p > 0, then a* = (—x%, —x%), b* = (25, x3) is the unique globally

optimal pure strateqy pair.

Proor. This follows from Propositions B9, BT and B-T3. Without any loss of
generality, assume o, < o,. If Player II plays pure strategy b* then for any pure

strategy a = (z1,v1), K(a,b*) > 0, and equality is only achieved when a = a*.
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Similarly, if Player I plays a*, K(a*,b) < 0 and equality is only achieved when
b = b*. O

1.2.4. Variability of Issue-by-Issue and Whole Package Outcomes. Having shown
that under an L, distance criterion there is a unique pure optimal strategy pair, we
consider the question of whether the issue-by-issue or whole-package variant is more
in line with the aims of FOA. Since FOA makes arbitration a costly alternative by
its inherent uncertainty, we may compare the uncertainty (i.e. variance) between
optimal strategies under the two mechanisms. It may come as no surprise that the

arbitrated outcome in WPFOA has a higher variance.

PROPOSITION 4.14. The expected payoff is zero under both Issue-by-Issue and
Whole-Package variants. If both player play optimally then the variances of the awards

are 5(07 +07) and 5 (07 + 2po.0, + o)) respectively.

Proor. Under IBIFOA, since the components are awarded independently. Let
K, and K, be the awards for the first and second issue in dispute respectively. The

variance is

Var(K) = Var(K, + K,)
= E(K2) + E(K})

1 270> 1 2w o?
=212 T ) Y
(7)1 ()

s
= 5(0'92; +oy).
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Under WPFOA the variance is

Var(K) = E(K?)

1 * 1 *
= 5(2%)2 + 5(2%)2

. *2
= 45

m
= 5(@% + 2p0,0y + 7).

Thus we argue that quantitative issues should be arbitrated by package rather than
independently to provide a stronger motivation to the parties to reach “security in

agreement” (Stevend, 1T966).

1.3. L1 Distance. The L; decision criterion sums the component-wise absolute
difference for each player. The judge rules in favor of whichever party has the lowest
total absolute difference from the ‘fair’ settlement. When Players play strategies
a= (r1,y1), b = (x2,¥2), the judge’s ruling would be

r1+y i |z — &+ |y — ] <lze =&+ |y2 — 1)
K(a,b) =

Ty +yp if [z =&+ |y — 0] > |22 — & + [y — 1|

This distance metric is known as the Manhattan distance, or taxicab distance,
since to a taxi driver the distance between two points in a city is the sum of the
east-west distance and the north-south distance. This model will be referred to as

2N L, (Bivariate Normal L, ).

The Manhattan distance is somewhat counter-intuitive, so it is worth discussing the

geometry involved. Consider two points in R? a = (z1,4;) and b(xa, y2). Let

Ci(a,b) = {(z,y) : |z1 — 2|+ [y1 —y| < |72 — 2|+ |y2 — yl}
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Denote this set C'; where there is no ambiguity. Also, let C5 be defined similarly with

the inequality in the opposite direction.

LEMMA 4.15. Suppose a = (z1,y1) # b = (x2,y2) with x1 < x5 and y; < yo. Let
d= (r2+ 1) — (w1 + ). If, yo — 0 > 12 — 21,

( ( )
y <y +4 T <1y

Cl(aab): (I,y): y<y1+a:1+§l—x T, <1 < Iy

d
_d <
\y<y2 2 Lo ST )

ProOF. This proof will consider various cases to show that the two sets are equal.

.(xz Vo)

la

C; |

2a
i 3a
_________________ Coy)
b 2b I 3b

FIGURE 3. A graphical sketch of the proof of Lemma B13

Case 1: Let z < xy and y < y; + g.
Note that y < ys. This is because

To+ Y2 —T1 — U1
2
(2 — 1) — (32 — 1)
2

Yy<uy+

= Y2+

< Y2
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Let us assume that (x,y) € Cy. Thus

(57) o1 — 2| + |y — y| = |22 — 2] + |y2 — Y|

Case 1la: y > .

In this case, Equation (B4) becomes

TN —T+Y—Nn2T2o—T+Y2—Yy

2> xo+ Y2 — 11+ W

To—T1+Y2—Y
>+ 2 12 2 1
d
:?J1+§

Which is a contradiction.

Case 1b: y < y;.

In this case, Equation (E2) becomes

T1—T+Y1—Y>xa—T+Y2— Y
T+ Y1 = T2+ Y2
But because z; < x5 and y; < yo by assumption, this implies that x1 + y; = x9 + yo,

and ys — y; = x9 — x1. This contradicts our assumption that xo — 1 < yo — y1.

Case 2: Let z; <z < 29 andy<y1+x1+g—x.
Note that in this case y < s, as

Ty + Yo — 11 —
y<yr+r1+ 2T ! yl—x
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Let us assume that (x,y) € Cy. Thus
(58) 21 — 2l + [y —yl = |w2 — 2| + |y2 — 9

Case 2a: y; < y.

In this case, Equation (B8) becomes

T—T1+Y -y 2T —T+Y2—Y
2y > 2y + 221 + (22 + Yo — 12 — 11) — 22

d
y2y1+$1+§—1‘,

which is a contradiction.

Case 2b: y; > v.

In this case, Equation (B8) becomes

T—T1+Y —Y>T20—T+Y2— Y
Ty — 21+ 2(x — x2) > Y2 — 1

Because = < xq, we have xo —x1+2(x — ) < x9 — 1. Consequently xo—x1 > yo—y1,

which is contradicts our assumption.

d

Case 3: z > ry and y < yo — 3.

Let us assume that (z,y) ¢ C;. Thus
(59) 20— 2+ [yr —yl = |z2 — 2| + |y2 — Y

Case 3a: y > y.
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In this case, Equation (B9) becomes

T—X1+Y—Nn =T —Tot+Yy2—y
20 > 2ys + 71 — T2+ Y1 — Yo

d
9292—5

Which is a contradiction of our assumption.
Case 3b: y < y;.

In this case, Equation (B9) becomes

T—T1+Y —Y>2T—2a+Ys— Y

Ty —T1 2 Y2 — Y1,

which contradicts an assumption of this Lemma. Now by symmetry we have that
(x,y) € Cy in any of the following cases:

)
y >y + 4 T < 1

y>y1+x1+g—x T < < Xy

d
(Y > Y2—3 To <

[t remains to show that (z,y) € C} in the cases of equality, that is when

(
y=1y+3 r < @

<y=y1+x2+%—x 1 < < Xy

Y=y — 4 zy <uw

Case 1: :1:<:1:1,y:y1+g.



1. NORMAL DISTRIBUTION

We show equality directly:

d
71— 2|+ [y —yl =21 —x+ —5'
:xl_x+xz—$1+y2—y1
2
—To+ X1 — Y2 —
— =Tt ys+ 2 12 Y2 — 1
To— X1+ Yo — Y1

=z — x|+ 1y — 1 — 5

= |z2 — 2|+ |y2 — |
Case 2: 1 §x<xg,y:y1+x1+g—x.
In this case, note that y; < y < ys. First we justify that y < ys. As z > x4

To+ Yo — L1 —
y=uy1+z1+ 2T 2 Lm0,

And since z < x9,

To+ Yo — 21— WY1

y:y1+x1+ 9 — T
—Xo+ Y2 — X1 —

=1y +x + 2 y22 : yl—x—l—xQ

>+ 2 y22 1~ U

> Y1

43
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Now we can show equality directly:
71— 2|+ |y —yl=r—z1+y—u

d
—x—x1+<y1+x1+§—x)—y1

d
:x—x1+<y2+$g—§—x)—y1

d
=$2—$+y2—(yl+§—$)

=[xy =z + [y2 =y

d

Case 3: 73 <z,y =1 — 5.

d
|T0 — x|+ Yo —y| =2 — 22 + yg—y2—|—§‘
_l’_ — i
:x—x2+x2 922951 Y1

—To+ X1 — Y2+

=r—TitY— Tt

2
d
:x—x1+y2—§—y1
= |21 — z[+[y1 — ¥
By symmetry, this set of points cannot belong to C5 either. U

LEMMA 4.16. Suppose a = (x1,y1) # b = (22,y2) with 1 < x9 and y; < yo. If

Y2 — Y1 = To — L1,

Y < Yo T < I
Cl<aa b) = (l‘,y) :

y<yo—(xr—m) 1 <2x<1I9

Proor. Case 1: x < z; and y < y».



1. NORMAL DISTRIBUTION

(x1,y1)

1b 2b

FIGURE 4. A graphical sketch of the proof of Lemma E1G

Suppose (z,y) ¢ Cy. Then
(60) 21— 2 + |y — yl > Jwa — z] + y2 — yl.
Case la: y > ;.

Equation (B0) becomes

TN —T+Y—n2T2—T+Ys—Yy
2> Ty —x1+ Y2+
202y =t Y2ty

Y = Yo

Case 1b: y < y;.

Equation (B0) becomes

TN—T+Yy —yY>T2—T+Y2—yY

1+ Y1 = T2+ Yo

45
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But since z1 < x5 and y; < y», this implies that 1 + y; = 29 + yo. Thus x5 — 1 =
—(y2 — y1). With yo — y; = 29 — 21, We have that zo = y, and x; = y;, another

contradiction.

Case 2: 7y <z <wmyand y < ys — (z — x1).

Note that in this case y < yo. Suppose (z,y) ¢ C;. Then

(61) |y — 2| + [y1 — y| > |22 — 2| + |y2 — ¥

Case 2a: y > y;.

Equation (BI) becomes

x—x1+y—y12x2—x+y2—y
20 +2y > xet+ax1+y2 +un
2z +y) > 2(z1 + y2)

y>ys— (x— 1)

giving us a contradiction.

Case 2b: y < y;.

Equation (BI) becomes

T—T1+Y—Y=>To—T+Ys—y
2x2x2+x1+y2—y1
20 > xo+ 1 + (22 — 21)

T > X9
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giving another contradiction.
Ifoy <z <zyandy=1ys — (v — 1), (22,y2) and (z1,y1) are equidistant from (z,y).
We can see this directly, noting that y; <y < ys:
71— 2|+ —yl=r -2 +y—wu
=x—x1+y2— (x —x1) + (T2 — 11 — o)
=Ty —x+y2— (2 — (v — 1))
= |z2 — x|+ [y2 — ¥
To complete the proof, we show that if x < x; and y > ys, then (x1,y1) and

(x2,y2) are equidistant from (x,y). By symmetry, this will imply the same for when

x > 9,y < y1. We show equidistance directly:

|ty — 2|+ |y —yl=m1 —2+y—u
=T2—T+Y— Y

= |2 — ]+ |y2 =y

Hence we can picture the regions C and Cy

LEMMA 4.17. In 2N Ly, if optimal pure strategies exist, they must be points along

the line y = x.

The idea of the proof is that if either player is playing a pure strategy not along the
line y = x, the other player can always find a pure strategy on this line which gives
a nonzero payoff (in his favor). Thus neither player has any pure optimal strategies

off this line.
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F1GURE 5. L; Distance: The region in blue is the set C7, points closer
to a than to b under L; distance. A “circle” is shown around each
point

ProoFr. If optimal pure strategies exist, then the game has a value and by sym-
metry the value must be zero. Suppose player II, maximizer, is playing b* = (3, y5)
where 3 # y;, and suppose this is an optimal pure strategy. WLOG, assume y; > z3.
By responding by choosing strategy —b* = (—z%, —y3), Player 1 guarantees a zero
expected payoff. Let a = (z,7) = (—xSQLy;, —%) Let Cf := Ci(—b*,b*), the set

of points closer to (—z%, —y;) than to (x3,y3) under the L; metric. Namely,

Cl={(z,y): | a5 —z|+ |-y —y| <|z; — x|+ |y; —yl}.

Define C; := C}(a, b*), the set of points closer to (7, %) than to (z3,y3), namely

Cr={(z,y) |z —a| + g —yl <lai — x| +[y5 — [}

Claim: C; c C).
By Lemma T3, letting d = x5 — (—x3) + 5 — (—y3) = 225 + 2y;, we have

4 4 3\
Y < —ys+ys+ x5 =13 T < =5

*

=19 (@y): y< -y, —a5+as+y,—r=—v —aF<z<a;

* * * * *
\y<2y—I2—y2——$2 ry <
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Letd:x’g—f—ky;—@:x*—ky;—Q# = 2a5 + 2y;. Because y; > 3,

ys —y > x5 — x. Thus by Lemma BT3,

( ( )
y<g+ys+ay =250 v <~}
Cr =4 (z,9): y<y+rt+as+ty,—rv=-x —x5;<x<T
\ (V<Y 15—y =1 ST )

Because y3 > x5, Cf C C and consequently P((£,1) € C1) > P((€,n) € CF).
As —z5 —yd = 2+ y, K(a,b*) < K(—b*,b*) = v, so (z*,y*) is not an optimal

strategy for Player II. The argument is the same for Player I. U

THEOREM 4.4. In 2N Ly, if pure optimal strategies exist for players 1 = 1,2 then

they are given by

.\/277'(0'% + 2p0,0y + 02) ' \/QW(ag + 2po,0, + 02)
@0 = [ -1y y (1) y

PROOF. Since all optimal pure strategy points must be on the line y = x for both
players, we may transform the distribution by rotating 7 clockwise so that solutions

will be on the z-axis. The rotation matrix is

cos(—m/4) —sin(—m/4) ﬁ 11
sin(—7w/4)  cos(—m/4) 2

And the transformed covariance matrix is

_ 1 11 0326 PO L0y 1 -1
¥ =RYR" =~
21 -1 1 040 o? 1 1
i POzOy Oy
B 1 02 + po,o, 05 + poLoy 1 -1
2 | —0% + pogoy, 0f — pogoy 1 1
_ 1 02+ 2po.0, + 02 02 — o2
2 05 — o2 02 —2po,0, + 05
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The marginal distribution along the z-axis has variance 62 = 1 (02 + 2po,0, + 05).

We now look at solving a modification of the univariate case. For any strategy x of
Player II (a strategy along the z-axis with the rotated distribution), the total of his
component demands in the original case would be %i(x + ) = v/22. This, however,
is true for Player I; we can think of this as simply a scaling of the payoffs so this will

not change the solution. Thus, we may safely disregard this point.

The univariate solution point for Player i is

((—1)i\/@,0> :

2

Rotated back to the original axes, the solution points are

(_1>i\/27r(3§ <\/§ \/5) _ <(_1)i 471'5'37(_1)1- 47?03) .

2 272

1.4. L Infinity Distance. Now suppose the judge is offended by the single
largest absolute deviation (componentwise) from what he considers fair. For example,
the maximizer demands 50 units more than what the judge considers fair on every
issue, while the minimizer’s offer is precisely fair on all but one issue, and on that he
offers 51 units less than the fair amount. In this case the judge will be so offended
by the single deviation that he will side with the maximizer. This decision criterion
is achieved by the L., distance. We will call this game variant 2N L., (Bivariate

Normal, L, distance). The L., distance between two points (x1, y1), (22, y2) is
Dy ((z1, 1), (22,92)) = max{[z1 — 22, [y1 — v2[}-

Under and L, distance criterion, the judge makes a ruling in favor of whichever player

minimizes the maximum absolute componentwise difference. This is also known as
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the Chebychev distance, or chessboard distance, referencing the distance that
a King may travel in any number of moves. We will denote this model as 2N L.
Specifically, suppose players choose strategies a = (21,y1),b = (22,92) and the judge

chooses random point & = (£,n). The ruling is

1 +y if max{|z; — €|, [y1 — 0|} < max{|zy — &, [y2 — |}
K (a,b) =

zy +yp i max{|zy — &, [yr — nl} > max{|zs —&], 2 —nl}

We first establish the geometry of the midset and sets C, Cy as defined earlier in this

work. That is, Given any two points a = (z1,y1),b = (22, 92),

Ci(a,b) = {x|D;_(x,a) < D;_(x,b)},

Cy(a,b) = {x|Dr_(x,a) > D;__(x,b)},

Mid(a,b) = {x|D._(x,a) = D;_(x,b)}.

b*

Cy(—b*,b")

Ci(—b",b")

FIGURE 6. 2N L.: A graphical sketch of the Midset, C; and C5 with
respect to points —b*, b*.
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LEMMA 4.18. Suppose y* > z* > 0. Let b* = (2*,y*),—b* = (—z*,—y*) and
x = (z,y). If v < ax* —y* then

(

Co(—=b*,b*)  ify> —a+az* —y*

(62) X € § Mid(—b*,b*) ify=—xz+a*—y*

\Cl(—b*,b*) ify < —x+a* —y*

If x* —y* <2 <0 then

/

Co(—b*b*)  ify >0

(63) X € ¢ Mid(—b*,b*) ify=0

\C’l(—b*,b*) ify <0
ProoOF. First suppose x < x* —y*. Thus * —z > y.

Case 1: y > —x + 2" — y*.

Then y + y* > z* — x > y*. Therefore, y > 0. Obviously, y + y* > |y — y*|, so

ly +y*| > max{|z — 2%, |y — y*[},

that is, x € (5.
Case 2: y=—x+ 2" —y*.
Soy+y*=a"—x >y*. Thus, we have
ly+yl=y+y =27 —z>[a" — (—a)
and
v —a|=2"—x=y"+y>|y—vy'|

By these inequalities, we have Dy (x,b*) = z* — 2z = y + y* = D;_(x,—b*), so
x € Mid(—b*, b*).
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Case 3: y < —x + 2" —y*.
Note that in this case, |¢* — x| = 2* — 2 > |2* + z|. If y < 0, then clearly |y* — y| >
ly* +y| so x € Cy. If on the other hand y > 0, |[2* —xz| = 2* —2 > y+y* = |y—(—y*)|,

sox € (C].

Now suppose that z* — y* < x < 0. If y > 0, It is clear to see that

' =yl > |-y =y >|—a2" —z

sox € Cy. If y = 0, by supposition y* > z* —x so Dy (x,b*) = y*. This also implies
that y* > 2* + x and y* > —a* — z, so D_ (x,—b*) = y*, so x € Mid(—b*,b*). If

y < 0, then by Case 3 above, x € (. O

LEMMA 4.19. Let b = (x2,y2), —b = (—x2, —ya) where yo > x9 > 0. If (z,y) €
C1(=b,b) then (z + o,y — a) € C1(=b,b) for all a > 0.

ProOF. This is a direct consequence of Lemma EIR and the fact that ' is the

symmetric reflection of Cy about (0, 0). O

LEMMA 4.20. In 2N L., if pure optimal strategies exist, they must be on the line

Y=z

e

N

—b*

FIGURE 7. 2N L.,: A graphical sketch of the proof of Lemma
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PROOF. Suppose Player II, maximizer, is playing b* = (z5,y3) where x3 # 3,
and suppose this is an optimal pure strategy. WLOG, assume y5 > z5. Also x5 > 0.
By responding by choosing strategy —b* = (—z%, —y3), Player 1 guarantees a zero
payoff. Let a = (z,y) = (—%, —%) Let Cf := Ci(—b*,b*), the set of points

closer to (—x3, —y3) than to (3, y5) under the L., metric, namely
Cr = (&, 9)[Dro((2,9), (=22, =43)) < Dr((2,9), (23,53))}-
Define C; = Cy(a, b*), namely
Cr = {(z.9)IDr..((2.y), (2,9)) < Dr..((z,y), (23, 43))}-

Let C3 and C} be defined similarly with the opposite inequality.

Claim 1: If (z,y) € Cy then (—z, —y) € C}.

Suppose (z,y) € Cy. By the symmetry of the L., midset, (,y) reflected over the mid-
point of b* and a, (@, %), will be in C;. Namely, <z§;y§ -, y;;m; — y) €
C.

By Lemma B—19, <x32;y§ —x+ #, @ -y — W) € Cy. This point is (—z, —y).

Claim 2: (0,0) € C;. This is clear because D;_(0,b*) = y* while D;_(0,a) =

x5+ys *
7 <Y

By Claims 1 and 2, P(Cy) > 1, so

K(a b*) < 0= K(—b*,b").

This contradicts that b* is an optimal strategy.



1. NORMAL DISTRIBUTION 55
THEOREM 4.5. In 2N L., if pure optimal strategies exist for players i = 1,2 then

they are given by

'\/QW(U% + 2po,0y + 02) A \/27T(0920 +2po,0y + 02)
(_1)1 1

(x;'ﬁvy;‘): 4 7(_1) 4

PROOF. Since for either player, a pure optimal strategy must be on the line y = x

by Lemma E20, the argument is the same as in Theorem A4, ([l

1.5. L, Metric.

1.5.1. A note on the L, Midset in R®. The L, distance (or Minkowski(p) distance)

between two points (x1,y1) and (z2,y9) is defined as

(64) Dy, ((x1,31), (22,92)) = (|22 — 21| + 2 — ylP)P.

When p = 1 we have the Manhattan distance. When p = 2 this is Euclidean distance.
The limit as p — oo is the Chebychev distance. For any two points (x1,41), (22, y2)
we define the midset under Minkowski(p) distance as the set of points equidistant

from both. We will denote the midset as Mid,[(z1,v1), (T2, y2)]-

FEERY

p=1.4 p=2 p=3 p=64

FIGURE 8. Minkowski Distance Midset: The midset between the two
points is shown as a black line for p = 1,1.4,2, 3, and 64 respectively.
Two curves of constant Minkowski distance are shown around each
point.

LEMMA 4.21. For any p > 1, Mid,[(z1,y1), (x2, y2)] is symmetric about the mid-

; T1+To Y1+y2
point (—2 , B ).
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Proor. WLOG, assume the midpoint is (0,0), thus (x1,y1) = (=22, —y2). Sup-

pose point (x,y) is equidistant from (x1,y;) and (x2,ys). Thus
o0 — 2+ [yr =yl = o2 — 2 + [y2 — yl.
But this may be written
|z —afP+ |-y =[—a—af + -y —yf

Sl—(r——2)+|= (==Y =|- (01 ——2) + |- (1 — =y
& |z — (=2)[P + |y2 — (=y)[F = |21 — (=2)[" + [y1 — (=y)["

So (—z, —y) is also equidistant from (z1,y;) and (x2, y2). O

LEMMA 4.22. Forp>1, a >0,

Midy[(z*, y"), (2" — a,y* — )] = {(x*—i-%—i-t,y*—i-%—l—t) ,tER}.

Proor. WLOG, assume (z*,y*) = (a/2,a/2) = b*, and —b* = (—z*, —y*). So

the set in question is simplified to the line y = —x. Take some point (z,y) = (¢, —t),

for t € R.
Q p Q p\ 1/p
(a* =P +ly =) = (|54 +|5 -] )
B a tp o (tpl/p
_<@_2_ +&_2__)>
o tp o tp 1/p
~([z-e-col +[5-o-1)

Iy = @) = gl + (2" = ) = af")'”.

Now consider a point outside of this set, where y > —z. For convenience, let 8 = 5.

Case 1: z=0+0,y=—0—0,0< ¢ < 0.
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Mz dp
Case 3

Case 4

F1GURE 9. The four regions in the proof of Lemma E=22.

Suppose (z,y) € Mid,[b*, —b*]. Then
2" =P+ Yy -yl =2t =P+ [yt =yl
S0P+ (284 )P = (26 +0)Y + ¢".
For fixed 5 > 0,¢ > 0, take the derivative of each side with respect to 6.

po" "t = p(28 + 0)"~!

= 0=28+0.

Since p > 1. But 8 > 0 by assumption. This is impossible.
Case 2: t=0+0,y=0—¢,0<0,0< ¢ <20.
Suppose (z,y) € Mid,[b*, —b*]. Then

lz* =2 +ly -yl =|—2" -2 +| -y —yf

S0P+ =(26+0)P 4 (28— ¢)P.
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We can state the following inequality:
0" + P <07+ (26)" < (26 +0)" < (26 +0)" + (26 — )"

But 67 + (28)P = (60 + 25)P only when 6 = 0,8 = 0, or p = 1, none of which is the
case by assumption.

Case 3: t=0+0,y=0+¢,0>0,¢0>0.

Suppose (z,y) € Mid,[b*, —b*]. Then

2" =P+ ly -yl =] -2 —af + |-y =yl
SO+ = (284 0)" + (28 + o).
But because [ > 0 this is not possible.
Case 4: x=0—-0,y=—0+4+¢,0<0<25,0< ¢ < frm—ef.
Suppose (z,y) € Mid,[b*, —b*]. Then
2" =P+ |y =yl =] —a" —af [y —yl
S0P+ (26— ¢)P = (28 —0)F + ¢*.

But since ¢” > 6P and 28 — 6 > 23 — ¢, this is not possible. The remaining cases are

handled by symmetry. O

LEMMA 4.23. For p > 1, the curve Midp[(x*,y*), (—a*, —y*)] is differentiable ev-

erywhere.

Proor. WLOG, we will consider only the case where y* > x* > 0, and x > 0,y <
0. When 0 <z <z*,0 >y > —x%,

dy (@ —x)P 4 (2" o)

(65) dv — (y —yPrt+ (g +y)p

When z > 2*,0 > y > —z*, we have

dy (x+ )Pt — (z — )P !

(66) dr - (y* _ y)p—l + (y* + y)p—l ’
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Evaluated at x = x*, they are equal. When —y* <y < —z* & > z*, we have

dy  (@+a)P ! = (z—a !

de (g =yt + (v +y)t

(67)

When y > —y*, x > z* we have

(68) dy (x+x*)P ! — (z — z*)P!
dv  (—y+y )t —(-y—y )t
Evaluated when y = —y* both are equal. Thus the curve is differentiable everywhere.

O

LEMMA 4.24. For p > 1, o*,y* > 0,2* # y*, Mid,[(z*,y"), (—x*, —y*)] and the

line y = —x intersect only at (0,0).

PROOF. Assume WLOG that y* > x*. Let us assume that there does exist a

point (Z,—2) € Mid,[(z*,y"), (—z*, —y*)] with & # 0 (WLOG, assume & > 0).

FIGURE 10. The three regions in the proof of Lemma B=24.
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Case 1: 0 < 7 < z* < y*. The point (Z, —7) satisfies

2" =2+l = (=2)P =] —2" =2 + | =y = (D).
Therefore
(69) (" =2+ (y" +2)" = (¥ + 2)P + (y* — T)".
Leta=x"4+2, f=a"—2,y"=2"+¢ 50 a>F>0. We may write
(70) (a+ef —a? = (B+¢€)P —pP.

As f(x) = xP is convex for p > 1, the slope of a the secant line between (z,2?) and

(x + €, (x + €)P) increases as x increases. In other words,

(0t —ar B+ -
€ €

but this contradicts the equality above.

Case 2: 0 < z* < Z < y*. The point (Z, —) satisfies
(71) (T =2+ W +3)P = (" +72)P+ (y" — 1)
Let B=y"—2, a=12— 2" s0oy* =2"+ a+ . We may substitute and write
(72) af + (22" 4+ 20+ B)P = (22" + )P + 7.
But since o > 0,
(22" +a)P + 07 < (22" 4+ a+ )P < (22" +2a+ )P + o

contradicting the equality.

Case 3: 0 < 2" < y* < . The point (z,—7) satisfies

(73) (T -2+ (Y +12)f = (2 +2) + (T —y*)P.
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Note that since ¥ — z* > & — y*, then (T — 2*)? > (z — y*)?, and as T + y* > T + =¥,

then ( + y*)? > (& + «*)P. But this contradicts the equality. O

As we are considering only the midset curve, subsequently in this section when re-
- - v d

ferring to the derivative of the curve at point X = (Z,7), we will simply say d—y :

L%

In the following lemmas we will establish an important fact about the midset curve,

that nowhere on the curve is the derivative equal to —1.

ety

F1GURE 11. The regions in the proof of Lemmas B23, 27 and :
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LEMMA 4.25. Forp > 1, y* > 2* > 0, let € = y* — z*. Suppose X = (Z,7) €
Mid,[(z*, y*), (—2*, —y*)]. If 0 < & < y* then max(—Z, —2*) < § < min(0,€e — %),
and 0 > Z—y > —1. Furthermore, (0,0), (y*, —z*) € Mid,.

L%

PRrOOF. By definition,
Midy[(z*,y"), (=2*, —y")] = {x| |z = 2" + [y =y | = [z + 2"[" + |y + y*["} .

Clearly both (0,0) and (y*, —z*) satisfy this equation.

F1GURE 12. The regions in the proof of Lemma BE—Z3.

Case 1: First consider x € [0,2*] x [—2*,0]. The following must be true:

(" =2)P+ (" =g’ = @ +1)" + (" +9)"
By implicit differentiation, we get

dy
dx

(74)

X
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Within the brackets, both numerator and denominator are positive on this region of

< 0. Furthermore, evaluated at (0,0) we get

x\ p—1
S (x—) > 1.
(0,0) Yy

Because of this and Lemma B4, it must be the case that § > —2. Note that in this

d
the curve, so el
dx

dy
dz

case 0 < —g < I <z* <y Leta=2z"—2>0,0=2—(—y) > 0. Suppose
dy

= —1. Then we have
dx |4

N e L
(*+T+e—0)P 1+ (6+a+eprt

(75) 1=

If € > 6 that would be impossible, so that means € < §. But any point on the Midset

in this region must satisfy
(" =2+ (Y =9’ = (" +2)P + (" +9)"
That may be written
P4+ @ +T+e—0)0=@"+2)P+(0+a+el.
Butasa <d+a+ea? < (d+a+¢€)P. Alsosince € <, 2*+T+e—0 < 2*+ T s0
AP+ (@ +T+e—0)P < (@ +2)P+ (0 +a+e)P,

d
Presenting a contradiction. Thus everywhere in this region d_y > —1.
x

Case 2: Now we consider X € (z*,y*] x [—y*,0]. X satisfies
(@ =2+ =9 ="+ )"+ (y" +9)"

By implicit differentiation, we get

dy
dx

(76)

= [(57 +af )P — (T~ xj)p—l

X
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Within the brackets, both numerator and denominator are positive on this region of

d
the curve, so d_y < 0. And because the curve passes through (y*, —x*), it must be

X |~
X
the case that §y > —z* in this region. Because x* > 0 and p > 1, the numerator is
d
never zero so § = —x* only when & = y*. Suppose that d_y = —1. Let g = —y,
X |~

a=7—2x" and € = y* — x*. We may write:

(22" + )Pt — P!

(77) B Py Ty ey
SO
(78) (22" + o) = (2" e+ BT+ (@ He— BT +aPT

But we must also satisfy the equation of the curve

(79) o’ + (" 4+ e+ 5)P = 22"+ )P + (z" + e — P)P.

Note that the restrictions of this region have a < e, and g < z*. If
r+a>e+

then x* + e+ 8 < 22* + a and the right hand side of the equation cannot be equal to
the left, so we must have that 2* +« < e+ 3. But then (22* + )P~ < (z* + e+ )P

# —1 in this region. When we evaluate the

d
contradicting ([9). Therefore, d_y
x

derivative at (y*, —x*), i.e. (z*+ ¢, —z*), we get

2* p—1 _ p—1
:_(x +€) SR

dy
(80 - o o

dx

(y*rfx*)

d
Thus, in this region 0 > d—y‘ > —1.
Tl

By the extended mean value theorem, the slope of the secant line between any (z,y) on

the curve in this region and (y*, —z*) must be greater than —1,soy < y*—z*—z. O
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LEMMA 4.26. Supposep > 1,0 < z* < y*. Letx = (Z,9) € Mid,[(z*,y*), (—z*, —y")].

If 2 > y* theny > y* — x* — 7.

PROOF. As before, let € = y* — 2* > 0.
Case 1: —y* <y <0.

In this region, X must satisfy
(@ —a2")P+ (=g +y") =@ +27)P + G +y)"
Suppose y = € — . Then
(Z—aVP+ @ +e—e+)VP =@+ +(e—T+a"+¢€)?,
which means
(T —2")P = (2 — (T — "))".

In this region £ > y* = 2* + €, so T — 2" > €. But then 2¢ — (T — z*) < ¢, clearly a
contradiction. Therefore § # € — Z. Because (y*, —z*) € Mid, and Z—i o > —1,
y>e€—1x.

Case 2: y < —y*

In this case, X satisfies

@ =2+ -9 =@+a")+(-y-y)"
Suppose y = € — T. Then
(Z—a2"VP+ @ +e—e+ )P =@ +a")P+(—e+T—a"—¢)P,

which means

(T —2")P = (& —a* — 2¢).

This is clearly not true as e > 0. From Case 1, we know that at the point (Z(—y*), —y*)

in the Midset that —y* > € — Z(—y*) and because the midset is continuous, it must



1. NORMAL DISTRIBUTION 66

be the case that § > € — T everywhere in this region.

LEMMA 4.27. Supposep > 1,0 < z* < y*. LetXx = (Z,9) € Midy[(z*,y*), (—z*, —y*)].
d
Ifx € (y*,00) X (—00, —y*] then 0 > d_y‘ £ —1.
Tlx

PROOF. The proof for p = 2 is trivial, so we will assume p # 2. Let € = y*—z* > 0.

The derivative is

dy
dx

(81)

(=g +y )t = (=g —y )t

- { (& + 2%)P! — (T — 2% )P

We can verify that within the brackets both numerator and denominator are positive,

dy
SO e < 0.

X

d
Suppose _y’ = —1. Then X satisfies
dzx |4
@+ = (@ =2tV = (g g (g

and because x € Mid,,

@+a")—@—a")V =(-g+y) — (=g -y,
. . dy
but these are inconsistent. Thus o # —1. OJ
Tlg

LEMMA 4.28. Supposep > 1,0 < z* < y*. Letx = (Z,9) € Mid,[(z*,y*), (—z*, —y")].
d
Tl

PRrROOF. The derivative is

dy ) :_[ (T4 ")t — (& — 2" )Pt

dx

(82)

(=g +y )t = (=g -y )t

We can verify that within the brackets both numerator and denominator are positive,

d
SO d_y < 0. From Lemma we know that g > € — 7.
L%
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d - ..
Suppose 1 < p < 2. If d_y = —1 then X satisfies

x
(83) R e R A M G R R L S GRS Lo
Because —y < T — e,

—gt+y' <i—e+y" =3+,
and
— gy <T—e—y" <T—1a" —2e.

For § > 0, the slope of the secant line on f(t) = t?~! between t — ¢ and ¢ increases as

t decreases or as ¢ increases. Therefore,

(5: 4 Zlf*)p_l - (53 . x*)p—l (_g 4 y*>p—1 o (_g o y*)p—l (_g + y*)p—l o (_g o y*)p—l
Q1+ 20* + 2¢ 2z* .

This contradicts the equality of equation B3. Suppose instead that p > 2. The second

derivative is

By _ @ @ g )
S gl T ) e
o (] ) @y Gy -
o= () (T

If x is a point of inflection then this is equal to zero, i.e.

(85)
S 4. I (s Ut et [ o /) il ) i)
eyt () e T

(86)

o (ii’ + x*)p—Q . (i’ o w*)pr — (;Z_i ~> (<y* 4 g)pr o (y* - g)pr)

(87)

PG i G0 (Z_y ~>2
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But as £ > 2* and y* — y > y* + g, the left hand side is negative so this cannot be
true. From Lemma A—23, %!i > —1 when ¥ < y* and from Lemma 027 %’i > —1
when y < —y*. Therefore Z—gyﬁL.( > —1 in this region as well, otherwise there would be

a point of inflection. O

THEOREM 4.6. Supposep > 1,y* > x* > 0. Let z* = I*;y*, M, = Mid,((z*,y"), (—2*, —2%)),

and My = Mid,((—x*, —y*), (2%, 2%)). My and My are disjoint.

PROOF. Suppose there exists (z,7) € M; N M,. Let € = ygx Note that the
two midsets are identical curves with M, translated horizontally by e and vertically
by —e. If the two curves intersect at (Z,¢) then that means (Z — €, 5 +¢€) € M;. But
because the curve is differentiable everywhere, by the extended mean value theorem

d
this implies that A — on the curve at some point x’, which is not the case by

X/

the previous lemmas. O

1.5.2. Optimal Pure Strategies under L, Metric. Now we shall consider what hap-
pens when the judge uses an L, metric to measure distance. We will call this game
variant 2N L,, (Bivariate Normal, L, distance). Having shown that the midset curve
nowhere has a derivative of —1, we now can show that in fact for any p > 1, if a
solution exists in pure optimal strategies it does not matter what value p is; it will
be the same solution as in the cases of Ly, L; and L. Suppose Player II chooses
b* = (z*,y*) with y* > 2* > 0. Let a’ = (2/,¢/) = (—%, —%) The midpoint

between b* and a’ is

_ (_ _) -yt oyt — ot
a= (T = .
Y 4 ) 4
LEMMA 4.29. Letp > 1.
DLp(Oa a’) < DLP(O, b*)

PROOF. By convexity of f(z) =z, for p > 1,

p

2

1 1

! 1
12 2
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SO

p

Ty <a?+y®

2

2

Sl = 0P + |y — 0P < |2* — 0P + |y* — 0.

The above attains equality only when p = 1 or in the trivial case of * = y* = 0, but

y* > x* > 0 by assumption. ([l

Let us define
C_Yl = {X‘DLP (X, a’) < DLP (X, b*))}

LEMMA 4.30. P((¢,nm) € Cy) > %

PrOOF. Assume WLOG that y* > x* > 0. Let the strategy of Player II be b* =

x* + y* x*’ y* .
— ,— 2) as previously
2 /
defined. Let M; = Mid,(a’,b*). So M; = dC}, and (0,0) € C as established by

(x*,y*) and Player I’s strategy be a’ = (2, /) = (

Lemma B29. Let My = Mid,(—a’'—b*), which is M reflected about the origin. Since
by Theorem E@ the two curves are disjoint, let us refer to the region of positive area
bounded by the two curves as C*. Because (0,0) € C*, P((§,n) € CT) > 0. Also
note that by symmetry that P((¢,n) € Cy) = P((§,n) € C;\C"). Thus the lemma is

proved. O

LEMMA 4.31. In 2N L,, if optimal pure strategies exist for either player, they must

lie on the line y = x.

PROOF. Suppose Player II is playing optimally with the pure strategy b* =
(x*,y*) with y* > 2* > 0. Player I may respond strategy —b* = (—z*, —y*), re-
sulting in an expected payoff of 0. Player I may, however, switch to a’ = (2/,%/)

defined as above. Because his net demand remains unchanged but by Lemma =30
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the probability that the ruling is in his favor increases from %, Player II was not

playing optimally. 0

THEOREM 4.7. In 2N L, if pure optimal strategies exist for players i = 1,2 then

they are given by

.\/277'(0'% + 2po,0y + 02) ' \/27'('(0'% + 2po,0y + 02)
(@) = | (-1 ! (1) !

PROOF. Since for either player, a pure optimal strategy must be on the line y = x

by Lemma B=31, the argument is the same as in Theorem £, (]

1.6. Mahalanobis Distance. The Mahalanobis distance (MD) between two
points x1, X2 with respect to a multivariate Normal distribution with covariance ma-

trix ¥ is given by

DM(Xl,X2) = \/(Xl — XQ)TE_l(Xl — X2).

In our case,

Dy ((z1,11), (22, 92))

2

o 1 ( Uy —P0L0y 1 — X2
= E I1—$2>yl—y2) )
—/)Uny Ug; Y1 — Y2

_ X1 — T2
=72 | (02(21 — 32) — poa0y (Y1 — Yo), —poa0oy(T1 — 22) + 02(y1 — y2))
Y1 — Y2

—[SI7Y2 [0 (@1 = 2)? = 2000, (w1 — w2) (11 — o) + T2y — p2)?,

We will call this game variant 2NM D (Bivariate Normal, Mahalanobis distance).

Again we will use the following lemma

LEMMA 4.32. In 2NMD, (z*,y*) is an optimal pure strategy for Player I if and

only if (—x*, —y*) is an optimal pure strategy for Player II.
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LEMMA 4.33. The Mahalanobis midset between x1 = (x1,y1) and Xg = (Ta,Yys) is
the line Ax + By = C where

A= 205(.%2 — 1) — 2p0,0y(y2 — Y1),
B =20%(ys — y1) — 2p0,0, (72 — 11), and
C = 03(1’% — 27) — 20,0, (Tay2 — T1y1) + 02 (Y5 — Y1).
PRrROOF. By definition, the midset is

(88) Midyp(X1,x2) = {x| Dp(x,x1) = Dp(X,%2)}

(89) ={x|(x—x)"2 7 (x—x1) = (x — x2)"2 7 (x — x3)}.

With x; = (z;,¥;), the condition becomes

(90) or(x — x1)* — 2pog0y(x — 21)(y — 1) + 02y — y1)°
(91) =0 (x — 22)? = 2p0,0(x — 22)(y — y2) + 02 (y — ¥2)°
or

oy [(x = 1) = (. — 22)%] = 2pogoy [(x — 1) (y — y1) — (z — 22)(y — )]

o [(y—v1)* — (y—12)’] =0

05 [—Qxlx + 22 + 2w — x%} — 2p0,0y [—T1T — T1Y + T1Y1 + T2y + Yo — Tolo]

02 [=2u1y + i + 20y — y3] =0

Ar+ By —-C =0

O

THEOREM 4.8. In 2NM D, if pure optimal strategies exist for playersi = 1,2 then

they are given by
(I:, y:) = (<_1)i7—o‘7 (_1)27—6) )
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[\

oxiA\/T/

_ 2 _ 2 _
where a = o + poy0y, = 0, + poy0y, T = i and

2

ora® + 2po,0paf + o) 3
O-X/ — .

0424—52

PRrRoOOF. Let

Dar(x1,%x2) == (|2Y2D(x1, x2)%.

Suppose Player II plays pure strategy (z*,y*). Let t* = x* + y*. If Player I responds
with strategy (—x*, —y*), the expected payoff is zero. If, however, Player I chooses a
new point (z,y) with = + y = —t* but with a higher probability of being chosen by
the judge, then he will have improved the expected payoff in his favor. Whichever
player’s MD to the origin is lesser will control the majority of the probability of the

distribution. Let Player I attempt to minimize

Dy (x,0) subject to x +y = —t*.

Dy (x,0) = J§x2 — 200,02y + 02y?

= 0.0% — 2po,0y(—t" — x) + o2(—t* — x)?
= ooa” 4 2po,0y (2 4 t'x) + ol (a® + 27w + t77)

- (03 + 2p0,0, + 02)2* + (2t*poyo, + 2t 02 )T + ot

The minimum occurs when
«

a+ 3’

*

r=—t
where a = 02 + po,0,, f = 0, + poyo,. This gives

. B

— ¢ .
Y a+
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Hence any optimal point must lie on the line
P00y + 05
© pogo, + o2
As before, we apply a rotation to the distribution to align this line with the z-axis.

The angle of rotation is

0,0, + 02
f = — arctan (M) .

pPOL0y + 02
The rotation matrix is
cosf@ —sinf
sinf cos®

The new covariance matrix is

> = RER"
_ 02 cos? 0 — 2po,0, cos Osin 0 + US sin? 0 (02 — 02) sin 6 cos 0 + poyay(cos? O — sin? 0)
(02 — 05) sin  cos 0 + poyoy(cos? 6 — sin? 0) 02 cos? 0 + 2po,0, cos O sin 0 + 05 sin? §

The variance along the z axis is

2 03 (posoy + 07)% + 2p0,0y(po,0y + 07)(pou0y + UZ) + Uj(f’axay + 05)2

O~ —
X (02 + poa0y)? + (poLoy + 02)?

By Theorem P, the univariate solution points are

:|:(0'X/ \/7T_/2, O)

Rotating the point back counter-clockwise by 6 we have

ox\/m/2

\/(Ug + pUzUy)Q + (paway + 05)2

tox\/7m/2(cosf,sinf) =+ (posoy + 02, pogoy, + (7;)

O
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2. Uniform Distribution

Suppose instead that the players assume that the judge will choose some point & =
(&,7n) with uniform probability within the rectangular region = := [—a, o x [—8, ],
where a, f > 0, and this is common knowledge among players. We will refer to the
interior of this set as =°. Thus, we may consider & ~Uniform(Z). Without any loss
of generality, assume > o > 0. In fact, in the analysis which follows we will assume
without any loss of generality that the units have been scaled so that @ = 1. The
players may present any final-offers a,b € R%. We will call this game variant 2U L
(Bivariate Uniform, Lo distance). Again let us use the notation C;(a, b) (or simply C;
where there is no ambiguity) to denote the set of points in R? which are strictly closer
to Player i’s pure strategy than to the other player’s. Let the midset Mid(a,b) be
the set of points which are equidistant to a and b under the Ly metric. In general, if
players play respective strategies a = (x1,41), b = (22, y2), Mid(a,b) will be defined
as the line

T1 — X T+ 2o Y1+ Y2
(92) Y2 — U1 2 2

We let P, = P(&€ € () for ease of notation.

LEMMA 4.34. In 2U Lo, if optimal pure strategies a*, b* exist, then they must lie on

the line y = x.

PROOF. Suppose Player II plays b* = (x3, y5) where x5 # y3 and is playing opti-

mally. Player I may play —b* = (—x3, —y3) and achieve an expected payoff of zero,
Tty 75,1

2 2 '
Because this point is strictly closer to (0,0) than b*, P(S € Cy(a, b*)) > % while his

with P, = % However, Player I may instead deviate to a’ = (

net offer remains the same. Thus b* was not an optimal pure strategy. ([l

LEMMA 4.35. If pure optimal strategies a*, b* exist, they are given by

(5 v-6)
27 2 22
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ProOF. First note that if § = 1, then by restricting players to strategies along
the line y = x the players are effectively in a one-dimensional FOA game where the
distribution f is a triangular distribution. In this game, Players choose strategies
z; = 2x;. The distribution is symmetric with support [—20, 2], so optimal strategies

are symmetric with

N 'y S
ST R

This corresponds to optimal pure strategies in the original game of z] = yj = —3

Now suppose 1 < 5. Suppose optimal pure strategies a* = (z}, x}) and b* = (3, z3)

do exist. Mid(a*,b*) is the line
Yy = —x+ x| + 5.

We have five cases:

Case 1: 7] + 25 < —f — «

In this case, because (—a, —f) € Cy, = € Cy so P, = 0. Thus K(a*, b*) = 2z5. If

2y > 0, K(—b*,b*) = 0 < 223. If 25 < 0, then K(a*,—a*) = 0 > 22%. If 25 = 0,

this means z7 < —f — 1. Player II may deviate to b’ = (1 -5 — 23,1 — 5 — x7).
4 1

P<€ € Cl(a*,b/)) = @ = %, SO

1
K(x},25) =2 =28 — 221 + (227 — (225 - Qﬁ))%

1

=226 -2+ (22{ — 1+ 6)3
1-— 1
Since 27 < —f —1 and 8 > 1,
zx’;l_ﬁ>2(1_m(_l_6):—21+25.

B s B
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S+«
Case 5 y
s
/
— .
Cased , d
s
v
s
Case3 | , g \
v
s
s
Case2 |/
s
Ve
s —6+a
/
Case 1
s
Ve
/
s
—B—a

FiGURE 13. The 5 cases in Lemma B33

Thus

K (7, 2%) > —2%+2B+3—25—%

:3<1—%>>0.

In any of these three sub-cases, one of the players may improve his payoff by deviating

to a new strategy, so the players were not playing optimally.

Case 2: —f—-1<zj+a5<—-[+1

(x5 + 25+ 1+ B)?
83

In this case P, = , so the expected payoff is

(xr + a5+ 14+ 6)2

(93) K(af,3) = 203 + (201 — 20)
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Thus

(xt + a5+ 1+ B)? rit+as+ 1+

Set equal to zero, and noting that P, > 0 gives us
0=a] +25+ 1+ [+ 22] — 225
(94) & 2oy -2 =a]+ai+ 1405

Taking the derivative with respect to %, we have

(x5 + 25+ 1+ B)? i+ +1+p

Set equal to zero and using the substitution (B4), we get
(2% — 2x%)? . 2xh =213
022_##%»"6'1—%)#
1 _ 2
o - ($2 1‘1)
2 23
- (x5 — 7)? o 11
But by the same substitution, P, = T However, in this case P; < % < 5

from this contradiction we can conclude that optimal pure strategies will not exist in

this case.
Case 3: —f+1<zj+a5<p-1
In this case, the probability that Player I is chosen by the arbitrator is

:35”{+:L“§—I—ﬁ

P
1 26

The expected payoff then is

(95) K (2%, a5) = 207 + (207 — 2@%.

If the players are playing a locally optimal strategy pair, K,:(z},25) = 0. We derive

2 *
;1 +1,s0 2] = —g and similarly x5 = é

2

x7 by this first order condition: K,: =



2. UNIFORM DISTRIBUTION 78

Cases 4 and 5 are covered by cases 2 and 1 respectively by swapping the identities of

the players. O

THEOREM 4.9. In 2UL,, the strategy pair a* = (—g,—g) ,b* = (g,

N[®

) is the

unique globally optimal strategy pair.

PROOF. Let Player II fix his strategy as b* as given above. Consider all pure

strategies a = (x1,y;). We first make two observations:

1) If 1 + y1 > 0 then K(a,b*) > 0.
Simply put, if the net demand of both players is positive then the expected payoff of

the game will certainly be positive.

2) If z; + 31 = 0 then K(a,b*) > 0.
This is evident because in this case, no matter the strategy of Player I, (1, 5) is closer
to b* than to (x1, —z1) and thus P; < 1. To see this, note that the minimum distance

to (1, 8) of all points such that z; +y; = 0 is attained at a = (—%, %)

2 5 5
DLz(b*a(laﬁ)):\/(l_g) +%: 1—54—%

Dr,(a,(1,8)) = \/2(#>2: \/%+B+;

Since (1,6) ¢ Ol,Pl < 1.

We next make the following observations:
310> then K (5~ 1,9, b) < K(a,b)

Suppose z1 > g If Player I deviates from a to &’ = (6 — z1,y1), his net demand is

decreased. Note that Mid(a, b*) is

2z, - x_29€1+5 +2?Jl+5
C B-2y 4 4
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B? —2x7 — 2y3
2(8 — 2y1)

—B% + 4Bz — 222 — 27
b +2(5;1 ny)l N Since 2, > g = > < —B% + 4Bz, so P; is not
— 2

decreased by this deviation.

and intersects the y axis at

. However, Mid(a’,b*) intersects the y-

axis at

1y > 2 then K (1, 5~ ). b°) < K(a,b)

Suppose y; > g If Player I deviates from a to a’ = (z1, 8 — y1), his net demand is
decreased. Note that Mid(a, b*) is

5—291( 23/1—1‘5) 2x1 + 3
Yy — +

YT o~ 5 4 4
2 2 2 2 2
and intersects the z-axis at g 203 $12 )yl. However, Mid(a’,b*) intersects the y

—B* + 4By — 227 — 247

decreased by this deviation.

axis at . Since y; > g = (32 < —f% + 4By, so P, is not

Based on the previous two points, we will assume going forward that z; < § and

y1<§.

Let 4 circles be defined with centers at (1,—05), (=1, —5), (=1, ) and (1, 3) all inter-

secting the point b*. The regions within these circles are respectively given by:

3

(@1) T =2+’ + 2By + B - 5B <0
3

(@2) x2—|—2x+y2+25y—ﬁ—§ﬁ2§0
1

(@3) x2+2x+y2—2ﬁy—5+§ﬁ2§0

1
(@4) x2—2x+y2—25y+5+552§0
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We will refer to the boundary of @, as O, and the closure of its complements as

4
0. Observe first that if a ¢ Int U @, then a ¢ Int@;, Vk so (£, £5) € C1;in other

k=1
words, =° € (5, so P, = 0. Thus to determine the globally optimal response to b*
4

we will consider only points a € Int U @®,.. However, observe that if a € @4 then by
k=1

the above, x1 +y; > 0 and so K > 0. Furthermore, observe that if a € @3\ @,, then

Yy > g and if a € @1\ @ that z; > g Neither of these are the case by assumption.

Thus we may assume a € @, and a ¢ @,. So we may restrict ourselves to the

remaining cases:

(1) acRl=@:N @\ (®; U @)
(2) acR2= @ \(@sU @ U@,)
(3) a€R3:=@:NO;N @\ (@)
(4) acR4=@:N@:\(@ U@,

Case 1: a€Rl1
In this case, because (—1,—0), (1, —f) € C}, Mid(a,b*) intersects the left and right

sides of the rectangle. So, by geometric means we have

N i et AW I
P(Cl)_%<ﬂ+ 2ﬁ—14y1 1>_§+ 4ﬁ(ﬁ—12y1>1
So
2_ 9,2 _ 9,2

The first partial derivatives are

1 52 - Qx% - 29% (5 s yl)xl
K, ==
2" BB -2 T BB-2)
K :1+52—2x%—2y%_ﬂ—x1—y1 (5(52—21‘%_29%)_ 29, )
2 4B(B—2y) 2 (8% — 2fBy)? B2 — 2By,
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[

___________ ! (3/2.53/2)

FIGURE 14. The four cases considered in Theorem Z-9

If a is an optimal strategy, it must be a local minimum for Player I so both first

derivatives must be zero. Thus we can state:

1 (BB — 227 — 2y3)
xl_“( =25 _2y1>

2
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After some algebraic manipulation we get
(96) (y1 — 21)(28 — 4y1) = 57 — 22 — 2y}
Setting K,, = 0 we arrive at

—3ﬂ2 —4Bx + 6x% + 48y, + dxyy + Qy% =0

& —3(8% —22° = 29°) + (y — ) (46 — 4y1) = 0

Using the substitution from (88) we get
—3(y1 — 21)(28 — 4y1) + (1 — 1) (46 — dy1) = 0

(y1 —21)(=28 +8y1) =0

In the former case, we have already shown that the

=
: _ B
So either y; = x1 or y; = 1

solution is z; = y; = —g. We can indeed check that K, (a*) = K, (a*) = 0 and

Ky K 2 3

wn — Kiy = 17 > 0, so this represents a local minimum. If instead we

consider y; = g, K,, = 0 gives us the quadratic

15
623 — 387 — §ﬁ2 =0

1+6
4
case y; + x1 > 0. We can verify, however, that

K<1_\/65’§> :M
4 4 16

Which has solution z; = B. We can ignore the positive solution since in that

g > 0.

Before proceeding to Case 2, consider points between R2 and R4
Case 2/4: ac€ O33N @;\(®U®,)

Let Player II choose point b*, and let Player I determine to play a strategy on this

A
curve with probability B of being chosen by the judge, where A € [0,1). Mid(a,b*)
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will intersect points (—1 4 2\, —f) and (—1, ), and thus will be defined by

B A—1
Yy = )\aH— 3 s.

The perpendicular line intersecting b* will be

A B=)
y_Bx+T'

The two intersect at
BAN = B) + 282N —1)
202 + 232

Tr =

The strategy of Player I, therefore, will be

BAAN=B) +28°(A-1) B
() = /\)2 + B2 )
with y(A) = %x()\) + % The payoff will be given by

K() =5+ () +y0) — 6))

Or after some simplification

BX* = 2820 — BA+26° BB -N)(BAL-N)+(8-N))
202 4+ 2p2 N INZ 1 232

K(\) = >0

since 5 >1>\X>0.

Case 2: acR2
In this case, because of the extreme points of = only (—1,—3) € Cy, Mid(a,b*)
intersects the left and lower edges of =. Fixing m > 0, consider Player I's strategy

along the line

(97) y:m(x—é)—l—g.
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Case 2a: m >

= wi=

In this case, (d2) will intersect O at a’ = (2/,y’), where

,  Bm?—6fm+4—p
B 2(m? 4+ 1)

and Og at a” = (2", y"), where

//_Bm2_65m_4_ﬁ
T T oy

Let ¢ = y(2') and y” = y(z”). Note that (1,—8),(-1,2 — 8) € Mid(a’,b*) and

Mid(a”,b*) N Z° = (). For any fixed m > Player I may consider any strategy

1
B?
v € [0,1), where a(y) = (1 —y)(2”,y") + v(2', '), the payoff will be

Kz@—l—(x”+y"+7(:v'—l—y’—x”—y”)—5) ( 2%)

1 1
K’Y _ ([E, + y/ _ - y//),y22mﬁ + (ZL‘” +y// —|—’}/(ZE, + y/ - y//) o 5) (72m5)

Which has critical points at 13 = 0 and

2B—2"—y") _3pm+2+0

V2 = 3($/ + y/ /- y//) 6
i 1 5+ 0
Since m > B, Yo > . > 1, and from Case 1, we know that K(1) > 0. Thus for

for all points a in this case, K > 0.

Case 2b: O<m<%
n

In this case (H2) will intersect O3 at a” = (z",y"), where

2 = Bm2+25m_4_/8
2(m?+1) '

Let " = y(2’"). Note that (—1,5), (=1 + 2mp3,—p) € Mid(a”,b*). Player I may

consider any strategy v € [0, 1), where a(y) = (1 —)(2”,y") + v(z",y"), the payoff
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will be
_ /i Vi " " 14 /! Qm_/B
Ky)=8+(2"+y" +v@" +y" —2" —y") = B) | v 5
mp mf3
K’Y — ( " + y/// _ .QZ” _ y//),yz% _"_ (x// _"_ y// ‘l— ,y(‘r/// + y/// _ .7;// _ y//) _ /B) <77)

Which has critical points at 73 = 0 and

o 2B-a2"—y") _3m+2+40
72_3($”’+y’”—l‘”—y")_ GBm
) 1
Slncem<3and1§6,
1 2+8 1 248 5+p8
=4 — > = = > 1.
=9 68m T2 6 6 -

From Case 2/4 we know that K(1) > 0.
Before proceeding to Case 3, we look at strategies between R3 and R4
Case 3/4: a€ O3N@:N@1\O:

Let Player II choose point b, and let Player I determine to play a strategy on this

curve with probability of being chosen by the judge. Assuming (—1,—p) € C},

Mid(a, b*) will intersect points (—1 +2(1 — A), 8) and (1, —f), namely:

_ B, A=N8

The perpendicular line intersecting b will be

The two intersect at
BAN = B) +23%(1 - \)
202 4 232

xr =
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The strategy of Player I, therefore, will be

BAN—B)+282(1—A) 8
) = : /\)2+52( )_5

with y(\) = %x()\) + 822 K (x,y) will thus be

2—-A

KO =5+ (@) +50) - 5=

Which can be expressed as

L (ABHENA=LPH (BN X1 =N+ B+ N
KN =5 ( 22 4 232 ) ‘

From this, it is clear that K(\) > 0 for all A € [0, 1].

Case 3: a€ R3
In this case, since Mid(a,b*) intersects the top and right sides of the rectangle,
P > % Suppose Player I determines to be chosen with probability 1 — p, where

p € |0, %], and wishes Mid(a, b*) to intersect the top-side of the rectangle at (1—z, ),

where € [0,2]. In this case, Mid(a, b*) will intersect the right side of the rectangle

at
_ 80p
y=p- —
x
and will have a slope of
. 80p
x

The strategy which will attain this for Player I (should it be possible) will be at

™

ofF) = B - D = (P

Lyomz-28 p l<%+2mf—2ﬁ_ﬁ>+

For a fixed p, this will determine a contour:

The payoff in this case will be

(48p + B)z* — 328p°z* — 16(5* — 28)p*z* + 645°p?
64ﬁ2p2 + i’4

K(p,z|b*) =
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FIGURE 15. Parameterization of strategies in Case 3 of Theorem B9

If we let p = 4p, and ignore the factor 5, the numerator is
(98) (p+ 1)z* + p*(—7%(2T + B — 2) + 45%)

Since we know that on the border of the subregion restricted by 4y < 0, K(a, b*) >
0, if K(a,b*) < 0 in this sub-region then there must be a local minimum of this
expression on the interior of the region (i.e. z,p € (0,2),8 > 1); at this point, since

the partial derivatives are all equal to zero the partial with respect to [,
p*(—2* +883) = 0.

But clearly this is impossible. Thus Va €R3, K(a,b*) > 0.

Case 4: a € R4
In this case, the midset will intersect the top and bottom sides of the rectangle;

(_175)7 (_17_ﬁ> € Cl. So

1 2_2 2_22
pt o2y
2 4(p — 2x)
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So

B2 — 222 — 22)

K(a,b*) =8+ (z+y—p) (2 4(B — 2x)

First derivative

K_l p2—222 -2y B—w—y (B> — 222 —2y? 2x
=5t 4B —-2x) 2 ( (8 — 2z)? _ﬁ—Qx)
1 2027 (B-a—y)y
Ky=35+ 4(8 — 2z) B —2x

At an optimal strategy, a local minimum for Player I, both first derivatives must be

zero, thus we can state:

1 5 B2 — 222 — 242
Y=o\ 53— 2z

After some algebraic manipulation

(99) y=" w3 8in e

Ify = g—x+%\/352 — 80x + 8x2, then x+vy > 0, which is not the case. But we shall

show that the curvey = 4 —z — 1 \/3ﬁ2 88x + 8x2 only intersects @3 at (—— —g)

when g = 1.

Consider the line y = %x — % The hyperbolic curve in question only intersects this

line at (—3,—3) when 8 = 1. To see this, set equal

11 B 1 ~

S
I
|

s
|
|
Il

& —4a® 4 (128 — 16)x — 98> + 63 +2 =10
The discriminant is 384(1 — f3).

The circle, O3 may be expressed

P24y~ B~ — 5 =0



2. UNIFORM DISTRIBUTION 89

Substituting y = %[E — % we get

1 1 1
29 -y S v
x+x+(3x 3 B) —p 25 0

& 202° + (32— 128)r + 982 — 68 +2=0

The discriminant is —§(5—1)(28+3), so we only have real solutions when § € [—3,1],

but since $ > 1, we only have an intersection when § = 1.

We have thus shown that for all strategies a € R?, K(a,b*) > 0, with equality only
when a = a* = —b*. By symmetry of the game, a*, b* are the unique globally optimal

pure strategies of Players I and II respectively. ([l



CHAPTER 5

d-Issue Final-Offer Arbitration

We will now generalize some of the previous results to higher dimension. Now let us
suppose Players I and II are to present final offers to the judge x,y € RY, respectively.
The judge chooses a fair settlement vector € from an d-variate Normal distribution
with mean p and covariance matrix ¥ = (0;)axq. Also let us assume that players’
valuation of a settlement vector is additive, as before. Thus the payoff is

p

S @ if R(x,€) > R(y,€)

K (Xv y) = Zgzl Yi if R(Xv 5) < R(yu 5)

(33 @+ u i R(x,€) = R(y, §)

with the judge choosing either offer with equal likelihood in the case that both offers
are equally reasonable. We shall consider only three reasonableness metrics in this

chapter: Net Offer, L; Distance and L, Distance.

1. Net Offer

We will call this game variant dNNO (d—Dimensional Normal, Net Offer). As with
the bivariate case, we shall show that optimal solution points, should they exist, must

lie on a particular d — 1 dimensional hyperplane for each player.

Ignoring the case when both players are equally reasonable (since it occurs with

probability zero) the payoff is

Yo A Do (@ = &) < Do (v — &)
Yoy iD= &) > 122 (v — &)

90

K(x,y)=
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Again if we let ( =), &, and w, = ). x;, and w, = >, y; this simplifies to

w,  if Jw, — (| < |we — (]
K(w,,w,) =

w, if |w$ _C| > |wy_<|

with the reasonable assumption that x; < 0,7; > 0. The random variable ( follows
a normal distribution with mean 0 and variance O'g =>.> ;0ij- The optimal pure

strategies in this univariate case are

w, = —oc\/7/2, w, =o\/7/2.

This however gives each player a set of optimal strategies which can be chosen inde-

pendently. Namely, the set of optimal strategies for Player I is
X" = {—UC\/T&'/Q& Lo € Ad}

And the solution set for Player II is

v* ={oc/n/26: 5 € A}

Where Ay is the d-dimensional simplex.

2. L1 Distance

If the judge instead uses the L; distance to measure reasonableness, the payoff will

be

Yoix i Y |w =&l <Yy — &
K(xy)= .
Yoy Af Y =&l > D0 |y — &l

We will call this game variant dNL; (d—Dimensional Normal, L; distance). The

results from the 2-dimensional case generalize well to d dimensions. First a lemma:

LEMMA 5.1. In dN Ly, both players’ optimal pure strategies, if they exist, must lie

on the line x1 = xo = -+ - = x4.
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PROOF. First observe that if the players have optimal pure strategies, then by the

symmetry of the game, its value must be zero. Suppose Player 11 is playing optimally

with strategy y* = (yi,...,y)) not on the line y; = --- = yg. WLOG, assume
y; # y;. Player I may of course respond by choosing strategy x* = —y*, giving an
iy

expected payoff of zero. By switching to strategy x’ where x] = x}, = Player

2 )
[ increases the probability that he receives the judge’s ruling (by lemma BT4), yet
net demand remains unchanged, thus the new expected payoff is negative. Therefore,

Player II could not have been playing optimally. The same is true for Player I by

symmetry. ([

Given that any optimal pure strategies for either player must exist on the line z; =

-+ = x4, we may apply a rotation to the distribution to align the vector 1,; with e;.

LEMMA 5.2. The rotation matriz to align 14 to ey, where e; = (1,0,--- ,0) is

Ul
o o
S
]

Ry — _ /1 _ /1

1 _\/ 1 _\/ 1 d—1
i d(d—1) d(d—1) dld-1) *° d |

Specifically, in the first row each entry (Rq)1; = \/1/d. Fori=2,....d,

wn

(Ra)ij = =l i=7

PrRoOOF. That the matrix Ry is a rotation matrix is apparent from two facts, that
det(Ry) =1 and RyRY = 1.
Claim 1: det(R;) =1

First note that det(R;) = 1. Let us assume that det(R;_1) = 1. Let R4(ij) be the
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matrix resulting by removing row ¢ and column j.

det(Ry) = \/d det(Ry(dd)) + (—=1)4 \/;det(Rd(ld))
\/ H det Rdl ) 1\/gdet(Rd(1d))

= T + (_1) \/;det(Rd(ld))

Claim Ta: det(Rqy(1d)) = (~1)*" /%

— % \/g 0 0

1 1 2 0

6 6 3

1 d—2
\/(d 1)(d—2) \/(d 1)(d—2) _\/(d—l)(d—Q) d—1

det(R4(1d)) = det

1 0
-5 -3 1
_\/T\F\F d—2 d—ldt _ _
“VaVsVa Va1V a
11
d—2 d—2 d—2
a1 _
| a1 Ta-1 a1

= \/gdet( L)

Claim1b: det(R})) = (—1)¢, where R} is defined as follows:

4

0 j>i+1

(Rij =41 j=i+1

1 1
RV d(d—l) Y d(d—l) A/ dd-1) T/ d(d=1)

U
—_

93

—_
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Clearly det(R;) = (—1)'. Suppose det(R},) = (—1)* for k =1,...,d — 1. Note that

Ry ei
Rq= 11T 1|
-l —3g
where e;_, = (0,0,---,0,1)T.
-1 1 0 0
1 S B
det(R) = %det(Rg_l) —det | :
=T == 1
_1 _1 _1 _1
| T d d d d |
1 _ d—1
= ()T = e de(R )
1 d—1
— (-1 d-1 _ = - -1 d—1
(-1 = (-

By Claim 1b and Claim 1la, Claim 1 is proven.

Claim 2: R4RY =1
(RaRD) =L, 4 =1

For j > 1, (RdeT)lj = \/g (ZE _\/](];—1) + \/jy;l) - \/g <_\/jﬂz+ \/]JE> =0.

For i > 1, R4RY);; = 0, as above.

Claim: the dot product of any two rows ¢ and j,2 > 1,5 > 1,7 # j, is zero.

WLOG assume let i > j. All entries in row ¢ where nonzero corresponding entries exist

in row j are identical, say a. The sum of the entries in row j is (j—1) j(jl—l) +4/ j];l =
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It suffices to verify that Ry14 = v/der, and this is easily seen to be true, since the

sum of each row j > 1 of R is zero. O

After rotation, the variance along the z; axis is 0j; = RERT = 2%, >_;0ij- The

optimal strategies for Players I and II in the univariate case correspond, respectively,

2 _ WZingije ~x ﬂ-ZiZjaije
= Y LY = T oy o

Rotated back to the original axis, we have the following result:

to

THEOREM 5.1. In dN Ly, if optimal pure strategies x*,y* exist for Players I and

11, they are given by

*:_\/Zizdjgijﬂ-/Ql

D2, 0iT/2
1

X ds Y* = d d-

3. L2 Distance

Now suppose the judge awards to whichever player is closer to his fair settlement

opinion under Euclidean distance. They payoff is

Zi z; if Zz (@ — 51)2 < Zz (i — 52)2
Sy i Y (@ — &) > 3 (i — &)

K(x,y)=

We will call this game variant dN Ly (d—Dimensional Normal, L, distance).

LEMMA 5.3. In dN Lo, if optimal pure strategies x*,y* exist for Players I and I

respectively, they both must lie on the line 1 = x9 = --- = 4.

PROOF. First observe that if the players have optimal pure strategies, then by the

symmetry of the game, its value must be zero. Suppose Player II is playing optimally
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with strategy y* = (y7,...,y}) not on the line y; = - - - = y4. WLOG, assume y} # vs.
Player I may of course respond by choosing strategy x* = —y*, giving an expected
payoff of zero. Let w* = ) . z;. By deviating to any other strategy x’ such that
>, v = —w*, Player I's net reward, should he be chosen by the judge, does not
change. The point on this plane that is closest to the origin is x’ = —%*ld, where
1, is the d-dimensional vector of all components 1. As this strategy minimizes the
distance to the origin for Player I, the half-space of points closer to x’ contains the
origin, so the expected value of the game is negative. Thus Player II was not playing

optimally. ([l
By Lemma b= we have the same conclusion as in d/N L, namely

THEOREM 5.2. In dN Ly, if optimal pure strategies x*,y* exist for Players I and
11, they are given by

. Vi ouT/2 Zizj%‘ﬂ/?l

X = — 1d7y = d d-




CHAPTER 6

Conclusion

We have developed a model of multi-issue final-offer arbitration as a zero-sum game
where both players are risk-neutral, issues under dispute are quantitative and the
values are additive. In the bivariate case where the judge’s opinion is drawn from
a normal distribution, the players’ optimal pure strategies (should they exist) for
any L, metric with p € [1,00] are identical irrespective of p. For p = 2, if the
two components are not too negatively correlated, these pure strategies are locally
optimal. If we further assume that the issues are positively correlated, these represent
the unique optimal strategy pair. Furthermore, it was observed that in this case
whole-package FOA leads to an outcome with greater variance than IBI, and would
act as a greater motivator to reach agreement in negotiations. The unique possible
pure optimal strategies for a variant where the judge uses Mahalanobis distance to
measure reasonableness of offers were derived. A game variant was studied where the
judge draws an opinion from a bivariate uniform distribution, and the only possible
pure optimal strategies were derived and proven to be globally optimal. Lastly, a

game variant was studied where the final offers are arbitrarily large vectors.

Even among the game variants considered in this work, there is work that may be
done to strengthen the results. It is our conjecture that the results of local and
global optimality in the Ly case apply also to the L;, Lo and L, cases, and a similar
result could be shown for the Mahalanobis distance. It is also our conjecture that
the restriction on p in Theorem =3 may be weakened to math that of Theorem E=2.
It is also of interest how the proof of global optimality in the L, case extend to the

d—dimensional game.
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This represents only an initial model of the multi-issue FOA game. As this is the
first attempt (to the authors’ knowledge) to formulate a detailed model of the higher-
dimensional FOA game, the intention here is not to create an exhaustively general
model. Instead we wish to delineate a tractable model from which we can glean some
insights, highlight the many interesting ways in which it can be extended and gen-
eralized, as well as discuss the challenges in doing so. Many variants are worthy of
consideration. It may be the case that the final-offer vectors must be standardized
before making the ruling so that components of differing units may be compared.
Certainly, the players’ valuation of a settlement may be more complicated than the
sum of the components. By weighting the components differently, the game imme-
diately becomes non-zero sum. Under what conditions will pure optimal strategies
exist? The level of analysis required for this variant is beyond that of this work, but

it may be that some of the techniques used could be modified to tackle this case.

Finally, it is worth considering an extension of final-offer arbitration to n-player
games, where based on the evidence provided by the parties, the judge draws a fair
settlement from a Dirichlet distribution. This would have applications for inheritance
splitting, for example, where the heirs cannot agree on a fair split and need to bring in
an arbiter. To our knowledge, final-offer arbitration has not been used in an n—player
scenario but we feel it would be an effective means to encourage agreement among

the participants.



CITED LITERATURE

Michael J Armstrong and W.J Hurley. Arbitration using the closest offer principle
of arbitrator behavior. Mathematical Social Sciences, 43(1):19 — 26, 2002. ISSN
0165-4896.

Steven J Brams and Samuel Merrill ITI. Equilibrium strategies for final-offer arbi-
tration: There is no median convergence. Management Science, 29(8):927-941,
1983.

Kalyan Chatterjee. Comparison of arbitration procedures: models with complete and
incomplete information. Systems, Man and Cybernetics, IEEE Transactions on, 11
(2):101-109, 1981.

Vincent P Crawford. On compulsory-arbitration schemes. The Journal of Political
Economy, pages 131-159, 1979.

Bezalel Peleg David Levhari, Jacob Paroush. Efficiency analysis for multivariate
distributions. The Review of Economic Studies, 42(1):87-91, 1975.

David L Dickinson. The chilling effect of optimism: The case of final-offer arbitration.
The Journal of Socio-Economics, 35(1):17-30, 2006.

Henry S. Farber. An analysis of final-offer arbitration. The Journal of Conflict
Resolution, 24(4):pp. 683-705, 1980.

D Marc Kilgour. Game-theoretic properties of final-offer arbitration. Group Decision
and Negotiation, 3(3):285-301, 1994.

P. C. Mahalanobis. On the generalised distance in statistics. In Proceedings National
Institute of Science, India, volume 2, pages 49-55, April 1936.

Vladimir Mazalov and Julia Tokareva. Arbitration procedures with multiple arbi-
trators. Furopean Journal of Operational Research, 217(1):198 — 203, 2012. ISSN
0377-2217.

C.A. Olson. Arbitrator decision-making in multi-issue disputes. Working paper. In-
dustrial Relations Section, Princeton University, 1992.

K.R. Parthasarathy. Probability Measures on Metric Spaces. Probability and mathe-
matical statistics. Elsevier Science, 2014. ISBN 9781483225258.

T. Parthasarathy and T.E.S. Raghavan. Some topics in two-person games. Mod-
ern analytic and computational methods in science and mathematics. American

99



CITED LITERATURE 100
Elsevier Pub. Co., 1971. ISBN 9780444000590.

William F Samuelson. Final-offer arbitration under incomplete information. Man-
agement science, 37(10):1234-1247, 1991.

James L Stern. Final-offer arbitration: The effects on public safety employee bargain-
ing. Lexington Books, 1975.

Carl M Stevens. Is compulsory arbitration compatible with bargaining? Industrial
Relations: A Journal of Economy and Society, 5(2):38-52, 1966.

Benjamin A Tulis. Final-offer“ baseball” arbitration: Contexts, mechanics & appli-
cations. Seton Hall Journal of Sports and Entertainment Law, 20(1):3, 2013.

Donald Wittman. Final-offer arbitration. Management Science, 32(12):pp. 1551
1561, 1986. ISSN 00251909.



NAME:

EDUCATION:

TEACHING:

PUBLICATIONS:

POSTERS & TALKS

VITA

Brian Reed Powers

B. A., Mathematics and Computer Science, Tufts Univer-
sity, Medford, Massachusetts, 2003

M.S., Mathematics, Fairfield University, Fairfield, Connecti-
cut, 2007

Ph.D., Mathematics, University of Illinios, Chicago, Illinois,
2016

University of Illinois at Chicago, 2011-2016
Moraine Valley Community College, 2013
Northwestern College, 2015

Southern New Hampshire University, 2016

Yi Huang, Brian Powers, and Lev Reyzin. Training-time op-
timization of a budgeted booster. In Proceedings of the 24th
International Joint Conference on Artificial Intelligence, 1J-
CAI 2015, Buenos Aires, Argentina, July 2015.

Jeremy Kun, Brian Powers, and Lev Reyzin.  Anti-
coordination games and stable graph colorings. In Algo-
rithmic Game Theory, pages 122-133. Springer Berlin Hei-
delberg, 2013.

Dynamic Approach to Game and Economic Theory - Cele-
brating Sergiu Hart’s 65th birthday

Hebrew University, Jersalem

Poster: “Analysis of Multi-Issue Final-Offer Arbitration”,
2015.

International Workshop on Game Theory and Economic Ap-
plications of the Game Theory Society 2014

Univsersidade de Sao Paulo, Sao Paulo

101



VITA 102

Poster: “Existence of Nash Equilibria without Need for a
Fixed Point Theorem”, 2014.



	ACKNOWLEDGEMENTS
	LIST OF FIGURES
	LIST OF ABBREVIATIONS
	SUMMARY
	Chapter 1. Introduction
	Chapter 2. Single-Issue Final-Offer Arbitration
	Chapter 3. General Multi-Issue Final-Offer Arbitration
	1. Valuation of Settlements
	2. Models of Uncertainty
	3. Decision Criteria
	3.1. Net Offer Absolute Difference
	3.2. L2 Distance
	3.3. L1 Distance
	3.4. L Infinity Distance
	3.5. Lp Metric
	3.6. Mahalanobis Distance


	Chapter 4. Dual-Issue Final-Offer Arbitration
	1. Normal Distribution
	1.1. Net Offer
	1.2. L2 Distance
	1.2.1. Properties of 2NL2
	1.2.2. Local Optimality of Pure Strategies
	1.2.3. Global Optimality of Pure Strategies
	1.2.4. Variability of Issue-by-Issue and Whole Package Outcomes

	1.3. L1 Distance
	1.4. L Infinity Distance
	1.5. Lp Metric
	1.5.1. A note on the Lp Midset in R2 
	1.5.2. Optimal Pure Strategies under Lp Metric

	1.6. Mahalanobis Distance

	2. Uniform Distribution

	Chapter 5. d-Issue Final-Offer Arbitration
	1. Net Offer
	2. L1 Distance
	3. L2 Distance

	Chapter 6. Conclusion
	CITED LITERATURE
	VITA

