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SUMMARY

There has been tremendous growth in the study of non-holomorphic automorphic forms
in recent decades. Progress has been made toward a Saito-Kurokawa lift, including a non-
holomorphic Shimura lift and a lift from the non-holomorphic analogue of the Kohnen plus
space to Jacobi Maass forms. A large gap remains in our understanding of Siegel Maass forms,
which are the non-holomorphic analogue of Siegel modular forms. Relatively few results are
known with a high degree of generality, and even basic results have not been developed in some
cases.

In the case of Siegel Maass wave forms of weight 0, Niwa, in 1991, utilized explicit differ-
ential operators given by Nakajima (1982) to develop the Fourier series expansion. However,
Nakajima’s quartic differential operator is not invariant under the action of the desired slash
operator, and so we still lack a valid Fourier expansion for Siegel Maass wave forms of weight
0.

In this thesis, we introduce Siegel Maass wave forms of weight 0, which are simultaneous
eigenvectors of Maass’ Casimir operators, rather than the operators given by Nakajima, and
follow the method of Niwa to obtain a fourth order ordinary differential equation, which must
be satisfied by the Fourier coefficients of such wave forms.

In Chapter 2, we review the theory of holomorphic Siegel modular forms and the classical

Saito-Kurokawa lift. In Section 3.1, we define Siegel Maass wave forms of weight 0, and in



SUMMARY (Continued)

Section 3.2, we describe non-holomorphic automorphic forms involved in a Saito-Kurokawa lift,
as well as the maps between them which have previously been established.

In Section 4.1, we explicitly compute the Casimir operators which form the basis for our
definition of Siegel Maass wave forms, followed by the computation of the system of differential
equations satisfied by these forms, in Section 4.2. In Section 4.3, through a series of changes of
variable, we reduce this system of differential equations to a single fourth order ordinary linear
differential equation. The Fourier coefficient of a wave form, corresponding to the identity
matrix, will satisfy this differential equation. We discuss the proof given by Niwa for the
solutions to his ordinary differential equation and his method for obtaining the first solution
by theta lifting, in Section 4.4, and finally we conclude in Section 4.5 by giving the Fourier

coefficients corresponding to definite matrices, according to Hori.

vi



CHAPTER 1

INTRODUCTION

1.1 History and motivation

Since the mid-1900s, Siegel modular forms have become a vibrant area of inquiry. A Siegel
modular form of degree n is a higher dimensional analogue of an elliptic modular form. It is a
complex-valued function on the Siegel upper half space H,, of degree n, which is holomorphic,
transforms in a certain way under the action of the symplectic group, and is bounded on Siegel’s
fundamental domain. For n > 1, this last condition is fulfilled automatically by any function
satisfying the first two. Many properties of holomorphic Siegel modular forms are well known;
see, for example [16]. Various “lifting” theorems have been established, which provide great
insight into the relationships between Siegel modular forms and other number theoretic objects.

One such lifting theorem is the Saito-Kurokawa lift. Proved in 1979, by Maass [19-21],
Andrianov [2], and Zagier [30], this established, in the degree two case, a lift from elliptic
modular forms of weight 2k — 2 and level 1 to a subspace of holomorphic Siegel modular forms
of weight k£ and level 1, called the Spezialschar, which is characterized by certain identities
among the Fourier coefficients. The lifting is the composition of three maps. The first is from
the Maass Spezialschar of Siegel modular forms on the full modular group, to Jacobi forms of
weight k£ and index 1, and utilizes the Fourier-Jacobi expansion of a Siegel modular form. The

second maps Jacobi forms to Kohnen’s plus subspace of half-integral weight modular forms



on I'p(4), and the third is the Shimura isomorphism between modular forms of integral and
half-integral weight. The diagram below (Skoruppa [29]) illustrates the relationships between

these spaces.

Siegel modular forms
of degree 2

1\
Maass lift

theta lift Saito-Kurokawa lift

Jacobi forms

Skoruppa,

Kohnen Zagier

elliptic modular forms Shimura lift elliptic modular forms
of half-integral weight of integral weight

In contrast, much less is known about Siegel Maass forms, which are the non-holomorphic
analogue of Siegel modular forms. The holomorphicity of Siegel modular forms is replaced by
the requirement that a Siegel Maass form be a simultaneous eigenfunction of certain differential
operators; following Borel [3], the Casimir operators are a natural choice, since they are the
images under group actions of the canonical elements of the center of the universal enveloping
algebra. This makes them in general more difficult to work with (for example, even the Fourier
coefficients involve much more complicated functions than holomorphic modular forms), and
it is only very recent developments in areas like non-holomorphic Jacobi forms (Pitale [25],
Bringmann and Richter [7], Bringmann, Raum, and Richter [6], etc.) that have made Siegel
Maass forms more accessible for study.

It would be very useful to have a non-holomorphic version of the Saito-Kurokawa lift, and
indeed, partial results have already been obtained. In [15], Katok and Sarnak establish a non-

holomorphic Shimura correspondence, between Maass forms of weight k — 1/2 with respect to



I'op(4) and Maass-Hecke eigenforms. Furthermore, Pitale [25] broadens previous attempts at a
theory of non-holomorphic Jacobi Maass forms, and establishes a correspondence between his
Jacobi Maass forms and the Kohnen plus space of Maass forms. Bringmann and Richter [7]
have also improved on Pitale’s definition of Maass-Jacobi forms, and Bringmann, Raum, and
Richter [5] further improve it to include those with singularities. This leaves the lift from Jacobi

Maass forms to Siegel Maass forms an open question.

1.2 Planned scope of thesis

It seems unlikely that the Saito-Kurokawa lift can be completed in the classical method
as in Eichler and Zagier [10], whereby a lift is constructed using the Fourier-Jacobi expansion
on the Siegel modular form: In the Fourier-Jacobi expansion of a Siegel Maass wave form,
F(Z) = ez ®m(21, 22, y3)e2™mTs  the coefficients ¢, generally depend on y3 and are thus
not Jacobi forms. Regardless, other approaches to obtaining a non-holomorphic Saito-Kurokawa
lift will utilize a Fourier expansion for Siegel Maass forms.

Niwa [23] had established such an expansion. However, in [6], the authors remark that one
of the differential operators on which Niwa’s result rests, is not actually invariant under the
action of the symplectic group. This differential operator was given explicitly by Nakajima [22].
As a result, a correct proof of the Fourier expansion is lacking.

In this thesis, we give a correct expansion of the differential operator given in Nakajima
and follow Niwa to obtain an ordinary differential equation which is satisfied by the Fourier

coefficients of a Siegel Maass wave form.



Niwa derived a Fourier expansion of generalized Whittaker functions which are simultaneous
eigenfunctions of the differential operators given in Nakajima [22]. In particular, he gives
the generators of the algebra of Sp(2,R)-invariant differential operators on Hy. This algebra
is isomorphic to C[A1, Ag], the commutative polynomial ring of two variables over C. The
quadratic operator, A1, is the Laplacian for the invariant metric on Hs, and Nakajima explicitly
computed a choice for the quartic operator, As. It is this quartic operator which is shown in
[6] to be not invariant. The quadratic operator we consider, H; is the same, up to a factor of
—4, as Nakajima’s Ay, and we use the quartic operator Hy computed in Maass [18]. Then we

define Siegel Maass wave forms of weight 0 to be smooth functions

f:Hg—)C,

which are Sp(2,Z)-invariant, are common eigenfunctions of H; and Ha, and satisfy a growth

condition.

1.3 Avenues of future research

Many questions in the study of Siegel Maass forms, including the Saito-Kurokawa lift, require
a Fourier expansion. Kohnen’s limit process, adapted in [6] to real-analytic Siegel Maass forms,
may be further adaptable to the Siegel Maass forms above. Another approach would be to
adapt the methods of Duke and Imamoglu [9], in using Imai’s converse theorem in [14] to give

another proof of the standard Saito-Kurokawa lift.



Further areas of consideration which may be more accessible with a Fourier expansion, are
extending the Ikeda and Duke-Imamoglu liftings to Siegel Maass forms of arbitrary even degree,
characterizations of the Fourier coefficients, non-holomorphic converse theorems in the vein of
Imai, L-functions, considering all of the above with respect to congruence subgroups, rather

than the full modular group, etc.



CHAPTER 2

THE HOLOMORPHIC THEORY

2.1 Siegel modular forms

What we now call Siegel modular forms were developed by C.L. Siegel in the 1930s, as
a higher degree generalization of elliptic modular forms on SL(2,7Z). This was motivated by
Siegel’s investigations of the Minkowski-Hasse principle for quadratic forms over Q. Siegel
modular forms represent one of the most important kinds of automorphic forms in several
complex variables. Various “lifting” theorems have been proven, one of the most important
of which is the Saiko-Kurokawa lift. We summarize the basic properties of holomorphic Siegel
modular forms and a proof of this lift. The reader is referred to van der Geer’s “Siegel Modular
Forms and their Applications,” in [8], Freitag [11], and Klingen [16] for a more comprehensive

treatment of these topics.

2.1.1 Basic properties

The symplectic group, Sp(g,R), generalizes SL(2,R), and is defined as

A B
Sp(g,R) = M = € GL(2g,R) | j[M] = j

C D

where j = ( 9 {), I denotes the g x g identity matrix, a[b] := *bab, and *b denotes the transpose

of b. This is equivalent to requiring that the g x ¢ matrices A, B,C, D satisfy A'B = B'A,



C'D = D'C, and A'D — B'C' = 1,. In general, for R a Euclidean ring, Sp(g, R) is generated by
the matrices j, (£ %), and (tOU U(ll ), where S € My(R) is symmetric, and U € GL,(R). The
subgroup I'y := Sp(g,Z) is a discrete subgroup of Sp(g,R), and is called the Siegel modular
group, analogous to the modular group SL(g,Z) C SL(g,R).

The Siegel upper half space of degree g consists of all g X g complex symmetric matrices

whose imaginary part is positive definite:
Hy := {z:x—l—iyEM(QaCth:z, y>0}.

Sp(g,Z) acts on Hy by M(z) := (az + b)(cz + d)~' where M = (%) € Sp(g,Z) and z € H,.
Indeed, Sp(g,R)/{£1} is the group of biholomorphic automorphisms of H,, acting faithfully
and transitively, with stabilizer of iI the unitary group U(g). We further define the congruence

subgroups

Ly(n) ={y €5p(g,Z) |7 =129 (mod n)}.
Finally, we come to the definition of scalar-valued (or, classical) Siegel modular forms.

Definition 1. A scalar-valued Siegel modular form of weight k and degree (or genus) g is a

holomorphic function f :Hy, — C such that

F(y(2)) = det(ez + d)* f(2)

for all v = (‘; Z) € I'y. When g =1, we require also that f is holomorphic at co.



Modular forms of weight & and degree g form a finite-dimensional vector space, which we
denote by My (I'y). There is, of course, a more general notion of scalar-valued modular forms,
but we shall omit it here, and in the following, “Siegel modular form” shall always mean a
scalar-valued Siegel modular form. Similarly, it is also possible to define Siegel modular forms
for congruence subgroups, but we shall generally only deal with the full Siegel modular group.

A Siegel modular form f has a Fourier expansion

f(Z) _ Z a(n)e%ritr(nz)

n

with a(n) € C and n ranging over half-integral symmetric symmetric g X g matrices. Here, n
half-integral means that the diagonal entries n; are integers, and twice the off-diagonal entries
are integers, that is, 2ng € Z (k # 1). We will, at times, use the notation ¢" = e2mitr(nz) - ip

analogy with the classical case. The coefficients are given by

CL(TL) _ / f(Z)e—Qﬂ'itr(nz)dx
x mod 1

where dz = Hkgl dzy; is the Euclidean volume element in the z-space, and the integral runs
over —1/2 < x;; < 1/2. It is well-known that Siegel modular forms of odd or negative weight
vanish. Let f = >, a(n)e?™("?) ¢ M (T,). Then a(n) = 0 for n not positive semi-definite.

This leads to the well-known Koecher principle:



Theorem 1. f € My(T'y) is bounded on any subset of Hy of the form

{zeHy|Im(z) =y >cl} (c>0).

As in the case of classical modular forms, we have a notion of cusp form.

Definition 2. The Siegel operator ® on Siegel modular forms of degree g is defined by

Of = lim f

t—o0

where 2’ € Hy_1 and t € R.

This limit is defined because of the Koecher principle. The Siegel operator defines a linear
map My(I'y) — M(T'y—1), where My (I'g) = C by convention. The kernel of this linear map

forms the subspace of cusp forms:
Definition 3. f € My (I'y) is called a cusp form if @f = 0.

We denote the space of cusp forms by S, = Si(I'g). Cusp forms can be characterized by

their Fourier expansions.

Proposition 1. f € M(I'y) (9 > 1) is a cusp form if and only if

f(Z) _ Z a(n)GZWitr(nz)

n>0
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where n ranges over half-integral positive definite g x g matrices. That is, a(n) = 0 for all n

that are semi-definite, but not definite.

T z
z T

When g = 2, we can write Z € Hy as Z = ( ) where 7,77 € H and z € C satisfy

Im(2)? < Im(7)Im(7"). We then write f(7,z,7'). Similarly, N positive semi-definite and half-

n r/2
r/2 m

2

integral can be written ( ) with n,r,m € Z, n,m > 0, and r* < 4nm, and we put

a(n,r,m) in place of the Fourier coefficient a(N). Then the Fourier expansion of f is

f(Z) _ Z a(n’ r m)€27ri(n7'+7"z+m7")‘

n,r,mes
n,m,4nm—r2>0

The terms can then be rearranged to obtain the Fourier-Jacobi expansion of the Siegel

modular form:

f(T,Z,T/) — Z ¢m(7—7 Z)€2m'm-r/'
m=0

This expansion will play a pivotal role in the proof of the Saito-Kurokawa lift, as will be seen

below.

2.1.2 Hecke operators and L-functions

In the case of elliptic modular forms, Hecke operators provide arithmetic information from
the Fourier coefficients of modular forms. In particular, for f = ) a(n)¢" a normalized
common eigenform of the Hecke operators, then the eigenvalue A(p) of f under the Hecke
no_ eQm’nz

operator T'(p) is equal to the Fourier coefficient a(p). Here, ¢ , as is standard, and

normalized means that the first Fourier coefficient, a(1), is equal to 1.
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Hecke operators play a similarly important role in the theory of Siegel modular forms. Let
G = GSp(29,Q) = {M € GL(29,Q) | j[M] = v(M)j, v(M) € Q*} be the group of rational
symplectic similitudes, and let Gt := {y € G|v(M) > 0}. Then G* is a semi-group, and
Iy € G*. Let L(Ty, G) be the free C-module generated by the right cosets I'yz for x € T'j)\G™.
Let H(T,G) = L(Ty, G)'s be the subspace of L(I'y, G) invariant under right multiplication by
I'y. H(I'y,G) is endowed with the structure of an algebra, by defining the following product:

For T1 = errg\c ayl'gx and Th = Zerg\G byI'gy, define

T, - Ty := Z azbyl'gy.
z,y€l\G

Since H(Ty, Q) is generated by double cosets I'yal'y, with z € G*, we have that T} - T» €
H(T'y,G). With this multiplication, H(I'y, G) is a commutative associative algebra with unity,
called the Hecke algebra. The Hecke algebra can be written as the product of local Hecke
algebras: H(I'y,G) = ®@,H, = ®,H(Ty, G N GL(2g,Z[p~'])). The local Hecke algebra H, is

generated by the g + 1 double cosets
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and

pl;

p21g—1

pli
where 0 < i < g. We can also define Hecke operators T'(m) for m € N by T(m) :=
>z e T)\Oy gz, where O, = {x € GL(2n,Z)|j[z] = mj}. For m = p prime, T'(m) co-
incides with the T'(p) introduced above, and for m = p?, T(m) is a sum Y 7_,T;(p?). It is
further known that

Hom(H,,C) = (C*)9™! /W, (2.1)

where W is the Weyl group of G.

For f € My(,) and v = (25) € G, set

Flyw(2) = rm=9@tD2 det(cz + d)7* f(7(2))

where rJ""¢ (9+1)/2 ig a scalar factor of ~ included for cohomological considerations. Now, define

Yirk

Tf::Zf
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This gives a linear operator on My (I'y). Thus the Hecke algebra operates on Siegel modular
forms. Moreover, the Hecke operators are Hermitian with respect to the Petersson inner product

dydy

(f,h) = v, F(2)h(z)(det y)kW

where F is a fundamental domain, f € My(I'y) and h € Si(I'y). Hence, Si(I'y) has a basis of
common eigenfunctions of all T' € H(I'y, G). Now, if f is such an eigenfunction with eigenvalues
XT) for T € H(I'y, G), then the map Hy, — C defined by T' — A(T") is a homomorphism for each
p, and thus, by the isomorphism Equation 2.1, is determined by (ag, as, . .., a,) € (C*)9T/We.
These non-zero complex numbers, «;, are called the Satake parameters of f.

Recall that, in the case of g = 1, for an eigenform f = > a(n)q™ € My(I'1) of the Hecke
algebra, there is an associated Dirichlet series }_, - a(n)n™* for s € C with Re(s) > k/2 + 1.
When f € Si(I'1), we have holomorphic continuation of the L-function to the whole s-plane,

and it satisfies a functional equation. It has an Euler product

Similarly, for f € Si(I'y) a common eigenform of the Hecke operators, we define the following

two L-functions. The standard zeta function is

Dy(s) = [[ Dsplp™)"
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with local Euler factor at p

g
Dyp(t) = (1=t) [T = cit)(1 = o 't).
=1

The spinor zeta function is defined to be

Zy(s) =[] Zpslo™) "

with local Euler factor at p

g
Zep®) =1 —aot) [T [ (100, -ait).

r=11<i1<-<i,<g

The standard zeta function has a meromorphic continuation to C and a functional equation

with respect to s +— 1 — s for all g. For g = 2, Andrianov [1] proved that
Pp(s) :==T(s)[(s — k +2)(27) "> Z4(s)
is meromorphic with finitely many poles and satisfies the functional equation

O(f,2k —2—s) = (—1)*Ds(s).
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2.2 The Saito-Kurokawa lift

Proved primarily by Maass [19-21], and completed by Andrianov [2] and Zagier [30], the
Saito-Kurokawa lift establishes a correspondence between classical modular forms and Siegel
modular forms of degree 2.

We must first define M} (I'2), the Maass subspace of Siegel modular forms. The Maass

eQwitr(NZ)

subspace consists of forms F'(Z) = >y~ a(N) whose Fourier coefficients a(N) depend

only on the discriminant d = 4mn — r? and the greatest common divisor gcd(n,r,m) (N =

(r72 %2)). Writing a([n,r,m]) for a(N), the condition that F' € M} (I'z) can be stated as

a([n,r,m]) = Z d"La([1, 7 ?])

d>0,d|(n,r,m)
We denote by S} (') the space of cusp forms in M} (T's).

Theorem 2 (Saito-Kurokawa lift). The Maass subspace Si(I'2) is spanned by Hecke eigenforms,

which are in 1 — 1 correspondence with normalized Hecke eigenforms f € Sor_o(I'1), with
Zp(s)=C(s—k+1)((s—Ek+2)L(f,s) (2.2)

where both L-functions are the spinor L-functions.

The correspondence is the composition of three maps, which we will briefly sketch here.
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The first is between Siegel modular forms in the Maass subspace, and Jacobi forms of
the same weight and index 1. A Jacobi form on I'y = SL(2,Z) is a holomorphic function

¢ : H x C — C satisfying the transformation equations

aT + b z k 2mimez
- ) = d cTt+d
c¢+d’c7’+d) (er +d)e 9(7,2)

&(

and

o7, 2+ AT + p) = e 2T (7, ),

and having a Fourier expansion

K2 =3 S clnr)emioried
n=0

rEL
r2<dnm

for (2%) € I't, (A p) € Z*. The natural numbers k and m are called the weight and index of
the Jacobi form, respectively. We will sometimes use the notation ¢ = e*™" and ¢ = €?™, so
that the Fourier expansion is written ) c¢(n,r)¢"¢". We denote by Jj ,,, the space of Jacobi
forms of degree k and index m. A cusp form is a Jacobi form for which ¢(n,r) = 0 if 72 = 4nm.

There is an operator V; acting on Jacobi forms of weight £ and index m to Jacobi forms of

the same weight and index kl. It is given by

aT+b lz )

; 7622
(@kmVi)(r2) =170 3T (e + d) R E R

b y
(fj d)erl\Mg(Z)
ad—bc=l
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The action on Fourier coeflicients is

=% 2 ae(l) )

n,r al(n,’l",l)

The coefficients, ¢y, (T, z), in the Fourier-Jacobi expansion of a Siegel modular form of weight
k and degree 2 are themselves Jacobi forms of weight k£ and index m, as was shown by Piatetski-
Shapiro [24]. This gives an injective map H : Mg(I'2) = [[,,5¢ Jk,m- We have a map in the
other direction, V : J;, 1 — Mj(T'2) due to Maass [19]: For a Jacobi form of weight £ and index
m, the functions ¢|V,, for m > 0 are the Fourier-Jacobi coefficients of a Siegel modular form
V¢ of weight k and degree 2. The map V is itself injective with image the set of F' € My(I'2)
satisfying F' = V(H(F')). Maass [19] shows that this is precisely the Maass subspace. Hence,
H and V provide inverse isomorphisms M (I'z) = Jj, 1.

The second map takes a subspace of half-integral weight modular forms to Jacobi forms of

index 1. The Kohnen plus space of half-integral weight modular forms is defined by

M, ,(4N) = b € My_yo(To(4N)) | h = 3 e(m)g"

m=0

(—l)k*1m5&1 (mod 4)

where Ig(N) := {(2%) € SL(2,Z)| ¢ =0 (mod N)}.
Now, the coefficients ¢(n,r) of a Jacobi form of index m depend only on the discriminant

4nm—7? and on the value of 7 modulo 2m, so that one can actually write c(n,r) = c.(4nm—r?)
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where ¢,.(N) = ¢,/(N) for r =7’ (mod 2m). Then we have the following isomorphism between

M+

k_1/2(F0(4)) and Jk71:

Z c(N)g" — Z c(4n —r3)g"¢".

N2>0 n,r€’

N=0,3 (mod 4) 4An>r2

This correspondence is compatible with Petersson scalar products and with the actions of the
Hecke operators.

Finally, Shimura [27,28] established an isomorphism between half-integral weight modular
forms and even weight modular forms, such that the corresponding Hecke eigenvalues agree.

The composition of these three maps gives a lift from Soi_2(I'1) to Si(I'2).



CHAPTER 3

THE NON-HOLOMORPHIC SETTING

3.1 Siegel Maass wave forms of weight 0

3.1.1 Basic properties

Let I' =Ty = Sp(2,Z), and recall the action in Section 2.1.1,

M(Z) = (AZ + B)(CZ + D)™,

where M = (é B) € I"and Z € Hy. Let Hy and Hs be the generators of the center of the
universal enveloping algebra, which is isomorphic to the algebra of all I'-invariant differential

operators. An explicit expansion of Hy and Hs is given in Section 4.1.

Definition 4. A Siegel Maass wave form of weight 0 is a smooth function F : Hy — C which

satisfies the following conditions:

1. F is T'-invariant:

F(M(Z))=F(Z) VM €T,Z € H,

2. F is a common eigenfunction of Hy and Hy:

HF=dF

HyF = daoF

19



20

for some dyi,dy € C

3. F satisfies the growth condition
|F(2)| < c(sup{tr(Im(Z)), tr(Im(Z)~*})"

for some 0 < c € R and some n € N.

Let M(T") = Mg, 4,(I") denote the vector space of Siegel Maass wave forms of weight 0 with
eigenvalues dy,ds for H; and Hs. By a result of Harish-Chandra [12, Theorem 1], this space is
finite dimensional.

For P a parabolic subgroup of Sp(2,Q), let N be its unipotent radical. A Siegel Maass form

F satisfiying the further condition

/ F(n(Z))dn = 0
N@)/N®)

for any parabolic P, is called a cusp form. (N(Z) = N(Q)NT and dn is Haar measure for N).
Cusp forms decay rapidly along cusps of I', hence are bounded on Ho\I' ([4,12]). We denote

by S(I') the space of Siegel Maass cusp forms. This space has a Hermitian inner product,

(F1, Fy) = /F\HFI(Z)FQ(Z)det(ICIZnZ(Z))?’
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where dZ = dxidrodrsdyidysdys. Finally, Hecke operators are mutually commutative and self-
adjoint with respect to this inner product, so S(I') has a basis consisting of common eigenforms
of all Hecke operators ([13]).

Applying the I'-invariance of F' for the matrix

where S is symmetric, we obtain
F(Z)=FM(Z)=F((IZ+S)(0Z+1)"")=F(Z+19)
for Z € Hy. Thus, the wave form has the Fourier expansion
F(Z)= ) a(N,Y)e*mr(VX)

NeN2

where Z = X +iY, and My = {N € M2(Q) |!N = N, half-integral}.
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Now, in analogy with holomorphic Siegel modular forms, we establish a Fourier-Jacobi

21 22

expansion of Siegel Maass wave forms. Write Z = X +1Y = (22 za) € Hy with z; = x; + iy;.

Further, write N € 91 as N = (;;2 %2). Then tr(NX) = nz + rzy + mas and we can write

F(Z) = F(z1, 22, 23)

— Z G(N, Y)eQWitr(NX)
NeN2

_ § : 2mi(nx1+rrs+mae
- a(n7T7m7y1ﬂ y27y3)€ ( ! ? 3)

n,r,me”

= Y dml21, 2, y3) >

meZ

by rearrangement of terms. As in the holomorphic case,

F(Z) = ¢m(z1,22,y3)e>™ ™" (3.1)
mEZ

is called the Fourier-Jacobi expansion of the wave form.

3.1.2 Hecke operators and the Andrianov L-function

We now discuss Hecke operators for Siegel Maass wave forms, as in [13, Section 2]. For each
m € 7, set

Sm ={M € My(Z)| Mj'M = mj}
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where j = (71 é) as in Section 2.1.1 and put

n

I
ﬁcg

SCQ

Define a function F|M on Hp, for each F € M(T') and M = (A 5) € S, by
(FIM)(Z) = F(M(Z)) = F((AZ + B)(CZ 4+ D)™ 1)
for Z € Hy. Then
(FIM)|M' = F|\MM' for all M,M'c S

and we can define the Hecke operators T'(m) on M(I") for m € Z by

T(m)F=m™ > F|M.
MEF\Sm

For M € T, FIM = F by definition of Siegel Maass wave form, so the action of T'(m) is well-
defined, and T(m)F € M(T). For m,m’ € N, properties of the abstract Hecke ring due to

Shimura [26] imply
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and that the formal power series Y 5o T(p°)t?, for p prime, is given by

i T(p')t = (1-p~*?)

0=0
x [1=T(p)t+{T(p)*> —T(p*) —p "}’

—T(p)p 3¢ + p~St4 7.

Let FF € M(T") be a common eigenform of the Hecke operators T'(m), m € Z, with eigen-
values Ap(M) € C; that is,

T(m)F = A\p(m)F.

Hori [13] defines the Andrianov L-function attached to F' to be

Lp(s) =25 +4) > Ap(m)m ™"

meN

Let

Qpr(t) = 1= Xp(P)t + {1 (p)* = Ar(p?) —p~ 12 = Ap(p)p > + p~°t".
Then the Andrianov L-function has an Euler product

Lr(s) = [[ Qur(»™)

because of the properties Equation 3.2 of the Hecke operators. This L-function is a special case

of the Langlands automorphic L-function, corresponding to the spinor representation of the
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dual group SO(5,C) of Sp(g,R). For Re(s) large enough, it is absolutely convergent for cusp
forms.

3.2 Progress toward a non-holomorphic Saito-Kurokawa lift

3.2.1 Non-holomorphic Shimura lift

In [15], Katok and Sarnak develop a non-holomorphic Shimura correspondence. Let I'y =

SLo(Z), H be the upper half space, and set

U= Lgusp(rl\H)
={f:H—Clf(v(2) = f(2) ¥y € T,

1
/ ’f’2dmdy < 00, / f(z,y)dz =0 for a. e. y}.
' \H 0

This is a Hilbert space with the usual inner product. It is invariant under the action of the

0? 0?
2= (52 +37)

Laplacian

and the Hecke operators

L)) = 3 (0 b(p) + - 1/%( ) YWo i (4rlnly)e(n)
n#0

where b(n) is the nth Fourier coefficient in the expansion

Zb WOW 47r\n|y) ( )
n#0
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W3, (y) is the usual Whittaker function normalized so that Wg ,(y) ~ e V28 as y — oo,
and b(%) is assumed to be zero if p does not divide n. These operators commute, and U has
an orthogonal basis consisting of common eigenfunctions for Ag and 7},. These eigenforms are
called Maass-Hecke eigenforms of weight 0.

Now let

V=1L2

cusp

(To(4)\H, J)

={f:H—=Clf(1(2)) = J(7,2)f(2) Vy € To(4),

f is cuspidal and square integrable},

where J(v,z) = 6(97(7%», 0(z) = y/*32°° ___e(n?z), and f cuspidal means that the zeroth

n=—oo

Fourier coefficient is 0 at the three cusps of I'g(4)\H. Then V is a Hilbert space, invariant

under the action of the weight-1/2 Laplacian

Y AN )
12=Y | 922 Oy? 2" or
and the Hecke operators T2 for p # 2. Now set

L =m0,
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where

n(f(2)) = ein/! <‘;>_1/2f(—1/42)
=% T (M),

v mod 4

Then Ay, T2, and L commute and are self-adjoint, so V' is spanned by common eigenforms,
f1, f2,... of these operators. Let VT be the subspace of V' on which Lf = f. This space will
essentially take the place of Kohnen’s plus space from the holomorphic setting, as we shall see.
In fact, it can be characterized by Maass forms from V whose Fourier coefficients vanish for
n=2,3 mod 4.

Denote by p;(n) the Fourier coefficients of the weight 1/2 Maass forms f;. We will typically

assume ¢ € U is normalized so that b(1) = 1. Associated to ¢ € U is the L-function

L) =Y 20

n=1

Let

O(z,9) = v'/%0(z, g)

= p3/4 Z e(u(h3 — 4hiho) f3(v/vg " (h))

hez3

be Siegel’s O-function coming from the Weil representation, where z = u+iv € Hj, g € SL(2,R),

h = (h1,ha, hs) € Z3, and f3(h) = e~ 2m(2hi+h3+2h3)
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Now we are ready to state the non-holomorphic Shimura correspondence. If p € U is a

normalized Maaf3-Hecke cusp form, then

f(z) = / ©(9)O(z, 9)dg
I'1\SL2(R)

is in V*. Conversely,

Theorem 3. [15, Proposition 4.1, p. 213] Let 2 = u+iv € Z,w € H, f(z) € VT be a weight 1/2

Maaf-Hecke form with Fourier coefficients p(n). Let 1 (w) = fr0(4)\H f(2)0(z,w) % Then

02
1. Y(w) € U.
2. 1 is a common eignfunction of T, and Ag.
3. If p(1) =0, then ¢ = 0.
If p(1) # 0, then ¢ = 3\/(2)71'1/4p(1)¢) where p € U is the unique normalized Maafl form
with Fourier expansion 2 > 1 a(n)Wy 2 (47ny) cos(smnx) having the same eigenvalues

2

as 1, whose Fourier coefficients are defined from the equation ((s + 1)> 7, % =
p(1) S22y an)n=.

We note here that, while Katok-Sarnak established this only for k = 0, one can generalize
all of this to any k. We will want this more general definition in the next section, so we give it

now. Let G be the group consisting of pairs (v, ¢(7)), where v = (24) € GL3 (R) and ¢(7) is

1/2
a function on H such that ¢(7) = t det(y)~ /4 (@ii) with ¢ € C, |t| = 1. The group law is

given by

(71, 91(7)) (72, 62(7)) = (1172, d1(72(7)) P2(7)),
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where (1) := ‘ij:g

For v = (24) € To(4), set

1, d=1 mod4
€4 =
i, d=3 mod 4.

Let 0(7) := yY/*3°%° __e(n?7), and

Jy, 1) =

e\ _ [ cT 1/2 T
@ (oa) ="

where (f) is the Legendre symbol. Then there is an injective homomorphism

vy = (7,00 7)

Now define, for k € Z, a slash operator on functions on the upper half plane:

(Fllb—1/2(7, 8))(7) := f(y (7)) ()~ 1.

Then a smooth function f : H — C is called a Maass form of weight k£ — 1/2 with respect to

[o(4) if it satisfies:

1. For every v € I'g(4), we have f|[,_1/27" = f.
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2. Ap_ysof = Af for some A € C where Aj_; /5 is the Laplace Beltrami operator given by

0? 0? 1 0
—a2 2= 4 Z ) ) gy —
Bk-1/2 =Y <8:r2 * 8y2> <k 2> Yor
3. f(r) = O0(y") as y — oo for some N > 0.

If f vanishes at the cusps of I'g(4), then f is called a Maass cusp form. We denote the space
of weight k& — 1/2 Maass (resp. cusp) forms by M;,_;/5(I'0(4)) (resp. Sp_1/2(T'0(4)), and now

the Fourier expansion of f € Mj,_;/5(I'0(4)) can be written as

f() =3 emW, i1 (dminly)e(na)

nel

where A = —(1/4 + (1/2)?). If f is a cusp form, then ¢(0) = 0. Define the plus space
M, /2(F0(4)) to be the subspace of those Maass forms whose Fourier coefficients ¢(n) vanish
whenever (—1)*~'n =2,3 mod 4.

3.2.2 The lift to Jacobi-Maass forms

Now we can define Jacobi-Maass forms, as in Pitale [25] and look at the second isomorphism
in a nonholomorphic Saito-Kurokawa lift. Let G’(R) = SL(2,R) x H(R) be the Jacobi group,
and denote the discrete subgroup SL(2,Z) x H(Z) by I'’. Here, H is the Heisenberg group
consisting of elements (A, pu, k) := (X, k), where X = (A, ). There are two different coordinate

systems on G”(R), and it will be convenient to switch back and forth between them:
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1. The EZ-coordinates (due to Eichler and Zagier) (z,y, 0, A, u, k) produce the element
M(X, k) € G'(R),

where

1 =z yl/2 0 cosf sind

0 1 0 gy /2 —sinf cosf
withz € R, y e RT,0<0 < 2m, X = (\, ) € R?,and s € R.
2. The S-coordinates (due to Siegel) (z,y,0,p, g, k) give the element (Y, x)M € G’(R) where
M is as above and Y = (p,q) = XM ! € R%

The action of G’(R) on H x C is then given by:

1. If g = M(X, k) € G’(R) is given in EZ-coordinates, then for 7 € H, z € C, we have

= (s, 22 82)

ct+d

where M = (24) and M(r) = g:i‘g as usual.

2. In the S-coordinates, we have

G’7(R)/(SO(2) x R) = H x C

g=(p,q, k)M —— g(i,0) = (1,pT + q)

where 7 = M (i).
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There is a non-holomorphic factor of automorphy j** (k € Z,m € N) for the Jacobi group,

given in the EZ-coordinates by

c(z + A7+ p)?
cT +d

CT+d>_k

+ 227 420z + M) (CT T

Githa(gs (7, 2)) = e(m(r —
In the S-coordinates, it looks much simpler:
(9, (i,0)) = e(m(s + pz))e’™” where z = p(x + iy) + .

The automorphy factor satisfies a cocycle condition, and we can define a slash operator on

functions on F': H x C — C by

(Flemg) (7, 2) = jin(g, (7, 2) F(g(7, 2))

for g € G/ (R), (1,2) € H x C.

Now, put

CEmF :gF — 27— 7) s — (k= 1) (1 — 7)F; — k(T — 7)F;
k(r —7) =775
8rim ~ * drim ¢
Kr=7), | (r-7)E-3 ey
—F s+ —F—FF, = 2(7 — —)Fs+~—LF .
4mim + 4mim (r=7)(z - 2) + Amim

N <(z—z)2 +k(r—r)>Fzz+ (r—%)(z—z)F

2 8mim
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This is the pullback of the standard Casimir operator by j]?};n If F' is holomorphic in the z
variable, then the last two lines of this will be zero; if it is also holomorphic in the 7 variable,
then C*™ becomes simply %F —k(r—7T)F: + %Fzz, which bears a strong resemblance to

the heat operator 8mimd, — 92.

Pitale ([25, Definition 3.2, p. 93]) defines a Jacobi Maass form as follows.

Definition 5. A smooth function F : H x C — C is called a Jacobi Maass form of weight

k € Z and index m € N with respect to T/ if
1. (Flemy)(1,2) = F(7,2) for ally €T and (1,2) € H x C,
2. CHPMF = \F
3. F(r,2) = O(y") as y — oo for some N > 0.

Such a form will be called as cusp form if it further satisfies the condition
1 1 1 =z
/ / F (0,u,0)(7, 2) | e(—(nz + ru))drdu =0
o Jo 0 1

for all n,r € Z with 4nm — r?> = 0. We denote by jknfqll the vector space of all Jacobi Maass

forms of weight k and index m with respect to I'/, and the subspace of cusp forms by jkn };L usp

Now, let € = (—1)*~L. For

Py = S )W, o g (mlnly)e(na) € MF ,(To(4))
nez
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define

fOr =3 c(4n)WSgn(n)k721/27%(47r|n|y)e(nx)
and
€ €
fOE) =D cldn+ oW w2 a (4l + y)e((n + ).

sg 4
nel

Then explicit computation [25, p. 96] yields

F(r) = (FO + fDyan),

and we see from the Fourier expansions of f(9) and f(!), that they are eigenfunctions of Aj_; /2
with the same eigenvalue as f.
We will now restrict our attention to Jacobi Maass forms of even weight k£ and index m = 1.

Define the theta series for r=z 4+ € Hand 2z € C,j =0,1:

For f € /\/l;r_l/z(Fg(4)) with & even, define Fy : H x C — C by

Fy(r,2) i= FO8O(r,2) + FED (7, 2).

It is shown in [25, Theorem 4.4], that this is precisely the desired lift:
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Theorem 4. Let f € Mz_l/Q(Fo(Zl)) with k even and Fy be the smooth function defined above.

Then
1. Fye g,
2. Fye I ™ if and only if f € S, ,(To(4)),
3. If Ap_1/0f = Af, then we have Ck’lFf = 2AFy.

Using the definitions of these theta series and the Fourier expansion of f(), we obtain the

Fourier expansion of Fy

Ff(T’ Z) = Z C(4n - rz)in ﬁ)k}l/?

sgn(n—1
rnEL

)

r? r?
i <4ﬂ'|n - 4|y> e 2" T Ye(nx)e(rz).
2

This implies that the map f ~ Fy is injective, so for even k, the space j,;‘i‘ is infinite di-
mensional. Finally, the image is the subspace j,ﬁ‘ consisting of those Jacobi forms that are

holomorphic in the z-variable (|25, Theorem 4.5]). So we have an isomorphism
b= My (To(4))

This map has the added property that it is compatible with the action of the Hecke operators:
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Theorem 5. [25, Theorem 6.1] Let Mz_l/Q(FO(ZL)), k even, be a Hecke eigenform with eigen-

value A, for every odd prime p. Then the corresponding Jacobi-Maass form Fy is an eigenfunc-

tion of the operator

_ _1
T,F :=pr™ > > Flg1(det(M))"2 M (X, u1,0).
MESLy(2)/M3(2) (A1) €(Z/pL)?
det(M)=p2
ged(M)=1

Moreover, if u, is the eigenvalue of Fy under T),, then

[y = pk73/2>\p.

Finally, we discuss how this definition of Jacobi Maass forms in compatible with the repre-
sentation theory of the Jacobi group. In particular, fix a half-integral weight Maass cusp form

fe S;_I/Q(I‘o(él)) (k even) such that, for every odd prime p,

Tpf =XMf

Apovppf = Af
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1(s> = 1). Let 7y = ®m, be the irreducible cuspidal (genuine) automorphic rep-

where A =
resentation of SIQ(A) corresponding to f. Let F; € j,ﬁ‘ be the corresponding Jacobi Maass
forms with

1
Ck’lFf = 2)\pr = 5(82 — 1)Ff,

Ty = ppFy = pk—3/2)\pr'

Let 7 be the irreducible cuspidal automorphic representation of

G'(A) =GN ()G R) [ ¢7(Zy)

p<oo
corresponding to Fy. To construct wp, first lift Fy to a function ¢ on G7(A) as follows: if
g = Ygooko € G7(A), with v € G7(A), goo € G'(R), ko € | J G’(Z,) , then set

So mr is the space of right translates of ¢, and the group G”(A) acts by right translation.

Then [25, Theorem 7.5]

TR =TF® Tdw
where Wéw is the global Schrédinger-Weil representation of G (A), which is the expected rela-

tionship.
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Remark. The functions ¢m(z1,22,y3) in Equation 3.1 are dependent on ys, so the Fourier-
Jacobi coefficients of a Siegel Maass wave form are not, in general, themselves Jacobi Maass
forms. Therefore, one does not expect to be able to lift Jacobi Maass forms to Siegel Maass
wave forms in a manner analogous to the holomorphic case, by means of Fourier-Jacobi coeffi-
cients (see Section 2.2). So a non-holomorphic Saito-Kurokawa lift is likely not obtainable by

mimacking the classical construction.



CHAPTER 4

FOURIER EXPANSION OF WAVE FORMS

4.1 Generators of the central enveloping algebra

For functions f : Hy — C, and for fixed «, f € C with a — 8 € Z, define the slash operator

(flasM)(Z) := det(CZ + D)"*det(CZ + D) =P f(M(Z))

for all M € TI's.

The center of the universal enveloping algebra of Sp(2,R) is generated by the Casimir
elements. The images of these elements under the slash operator are a quadratic and quartic
operator, called the Casimir operators, and they generate the C-algebra of differential operators
invariant under the slash operator above. Maass [18] computed these operators Hi, Ho, and we

use the notation of [6], with a = 5 = 0 to write them explicitly. As in [6], let

0, Lo B 9, o
0y = o and 0y = b ;
;82 a3 % 2 a3
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where 9; = 72 = (3% —ige) and 9, = 5% = 3(32- +im-). Set Ko = al + (Z — Z)dz,

0z;

Ag = -0l + (Z - Z)az, and

3
Qa,ﬁ = AB_%KQ + Oé(ﬁ — 5)]

= —4Y' (Y 03)07 — 2iBY 0z + 2iaY ;.
Defining AS,)B = Qa5 —a(f — %)I , then [6] gives that the Casimir operators generating the

C-algebra of differential operators invariant with respect to the slash operator on the Siegel

upper half space Hs are

H*? = tr(Al))  and (4.1)
o, 1
2P = (A AD)) — tr(AgAl)) + itr(Aﬁ)tr(Ag{g), (4.2)

where tr(A) denotes the trace of A € My(C).
Setting « = 8 =0, Hy := H{O’O), and Hy := Héo’o), and d = y1y3 — y5 we obtain by explicit
computation

3

_ L 1.

Hy=—-4 Z Yiyj 0;0; + 4d(9,03 + 0,03 — 58232)
inj=1

_ _ _ - 1 = 1 =
= —4(11%3181 + Y1920, 05 + y50,05 + Y120, 05 + 53/13138282 + 53/%3282

+ y2y33253 + y%glag + y2y35283 + y%aggg) (43)



and

3

3
_ o 1. -
Hy=16 > yiyjyey 0:0;0,0, — 32d( ) vi;0,0;) (0,05 + 0,05 — 53262)

1,7,k,l=1 2,j=1

+16d (0,05 + 0,05 — l6252)2 — 32d%(0,05 — iag)(é@) — %53)

3
+ 49 Z Y yj Yk 8 8k 4ld Z yz 8183 + 8163 6252>
i,5,k=1

— 8id( Zyz 6183 - *62)
= 2<8yf3f5f + 16y Y2070, 8y + 16y 20,970, + 8yTys07 95 + 16y7y3070,9;
+ 2497150, 0,050 + 87 Y507 05 + 16y7y30,07 05 + 16y, 4507 0505 + 8y, Y30, 0,05
+ 16y1 Y501 010505 + 8y1 30,050 + 16y150, 00505 + 16y,y507 0,05
+ 8?/281 83 + 8y281828283 + y§82 62 + 4:1/2818283 + 4:1/3818283 + 8:1/281828263
8y3 0202 + 8y3150,0,0504 + 8y Yoy30, 0502 + 1612Y51y30; 01 Dy0
+ 8Y90703 + 8Y1Y301010209 + 8Y1YaY301 0205 + 16Y1Yy30101 0503
+ 8YTYpy30,0505 + 16yTyoy30, 010,05 + 24y, y3y30, 050,05 + 6y, y5y30505
+ 8Y1Y3Y30,05 05 + 8y1y3y30, 0505 + 32y, y3y30, 010505 + 24y, Y350, 050,04
+ 16y31y30,0,02 + 8313030505 + 1613130050505 + 8y31y30,020.
Y2Y3010203 Y2Y3020203 Y2Y30020303 Y2Y3020203
+ 16y35y30, 050505 + 16y5y30,0,03 + y1y30505 + 4y3y30,0305 + 4yiy30,0505
+ 8y1Y2y305 0,05 + 16y,y5y30, 050505 + 8y, yay305 0,05 + 16y, y5y30, 050305
+ 8y2y20202 + 16y2y20,0502 + 24y3y2 050,050 + 8y2y20202 + 16y2y2,020.
Y2Y30203 Y2Y3010303 Y2Y302090303 Z/zy3 203 y2y3 10303

+ 814305050505 + 16y5y30,0503 + 16y9150,050, + 8y30503

41
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+ i(2y:15615% + 4yTys0,0,0 + 2yTy207 0y + y1y50,05 + 6y150,0,05 + 3y, 30,050,
+ 291 Y307 03 + 2y3010505 + 4930, 0,05 + 23010505 + Y1301 05 — 27 y30,0, 05

+ Y7 13010205 + 29123010505 + 2y, Y0y30005 + 201 Y9930, 0205 + 24530, 05

+ 3Y3Y3000505 + y5y30505 + 6y330, 0505 + y1y30,0505 + y1y30505 — 24130, 0505

+ 24530503 + 4yyy30,0505 + 21/5’535??)) (4.4)

4.2  Siegel Maass wave forms of weight 0

Now, for di,ds € C, we consider the space W of generalized Whittaker functions, that is,
functions

fiHy = C, f(Z) = g(Y)em 0,

which satisfy

Hif =dif,

Hyf =dof

where Z = X +1iY € Hy, g some functions of Y, and the trace of X is tr(X) = x1 + z3.
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Observe that

- 1.0 2mi(x1+x3) ifi=1.3
Titr 1,0 . 0 Titr (7” 2 9yi )Q(Y)e ne ’
O,(g(Y)e ) i= S — i )(g(Y)e ) =
—3ige-g(Y)ermimtns) if i =2

and

g .0 (mi + %%)g(y)e2m(xl+x3) fi=1.3

1( +
2 8:@ ’ Oyl

a‘(g(y)e%ritr(X)) —

7

)(g(Y)ermr ) =

sigg(Y)ermimtes) if i = 2.

By applying H; and Hs to the product g(Y)e%m(X ), we obtain that g satisfies

(74)1(4 o +4 O +2 2 0 +4 o
g\ v 0Y20Yy3 vz Y3011 v3 oy3 v 0Yy20y1
+ y3y1—2 + y28—2 + 02 8m%ys — 16m°y5 — 8y} )g = dig (4.5)
o3 Poys  Tloy? ’ ? ! '

and

9 0
(2001 + ) (27 (47 + 20 + o) — And — 72(d — (W +13)) 5, - — 7(d — (43 +¥)5 -

oy 0ys
9 d 2, oy 0 a2 | oy 07
+ w2y (y1 + y3)%) + 7y (d — (yi + y2))an + mys(d — (v3 + yg))@
1 3
2 02 82 82
— i +ys) (= +2=————) — 21y (V2 + y3) ——— + (v5 + o2
y3(y1 +ys)( 202 o ayg) y2 ((y7 +3) 50197 (V5 +93) 7 ayg)

+ 167 (47 +3) + (15 +43) + 205 (U7 +13)°)
82 82 82
+ +
Yy 0y10y2 b2 0y10y3 b3 0Y20y3 )

— 4r? (4y2(yT + 25 + y3)(



2 82
2y d+ (y5 +y -5
( 2 (2 3) )8y3

+ ((1ys + v3) (7 + 205 + ) — d2)82) 1(f”({i+ T i)
Y1Ys — Y2 )\Y1 Ya T Y3 dy 2 yl(‘?yi” y1y2y3ay§, y36y§

)
+2Q2y5d + (y7 +43)* )a 2

3 o, P , 1 o3 o3
i ooy, 8y28y§) ~+ gy o3 T 8y33y3)
+ (19193 - 2y§)(y1 i +ys > ) — y2(yrys + 2 y2)873
2 dy20ys Oy10y3 0y10y20y3

4 (y4 o +y4 o4 ) n 1(y4 + 615203 +y2y2)a—4 +4y2(y3 o* oy o4 )
foyl T Poyy T 8V 208 I oyl Loytays 7P Oya0y3
oy o O , O 2 ot ot

+ (y1ys +5 + +2 + :

(y1y3 + 5v3) (vi 9202 a2 8y§) y2(y1y3 + v3) (1 o 8y§ Crmrm )
4 4 ) 84 04

+ 4y2(y1ys + 2y3) (v + 3
) (o1 )| L 9y20y2ys 8y18y28y§)

+ a2 (2 b2
2 (i Oy3dys 7P Oy10y>

4

———— ) g = dag.
Dy10y3 8y3> 29

+ (y1y3(y1ys + 5v3) + 33 (y1ys + v3))

4.3 Reduction of the differential equations

Since Y is symmetric and positive definite, we can make the change of variables

Y1 Y t17 0 cosf) —sinf

Y2 Y3 0 to sinf cosf

44

(4.6)
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where a[b] := 'bab, and we put g(Y) = h(6,t1,t5). In particular,

Y1 = t1 cos® 0 + tosin? 6,
1 .
Y2 = —§(t1 — t2) sin 20,

ys = t1sin® 0 + to cos? 6,

and, via the Jacobian,

= _%(tl —t2) " !sin 202 + cos? gi + sin2 92

dy1 - 00 0ty Ota
0 1 0 0 0
A (e 20~ — §in20—— +sin 20— —
9 (t1 —t2)” " cos 086 sin 9(%1 +sin 9(%2
b 1 IR AP 2, 0
9 2(151 to) ™" sin 060 + sin 98751 + cos 981%2

From Equation 4.5 and Equation 4.6, we then obtain the differential equations satisfied by

h(0,t1,t2):
1 _ 0 0
_(—4)§(t1 —t5) 2(87r2(t1 — 19)2(t2 4 2) — 210 (t, — tg)(a—t1 — 872)
0?2 0?2 0?2
—2(t — t2)2(t§a—t% + t%a—t%) - tltgﬁ)h(ﬁ,tl,tg) = d1h(0,t1,t2) (4.7)
and

1
gt — to) ™4 <8(t1 — t) (] + t3)7h — 32(t1 — t2)5(ty + to)7°
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. 3. 0
+ 1672ty (1 — t2)® (3 — 5tTta + 3t1t3 — t3)

oty
2 3 3 2 2 3 0
+ 167 tg(tl — tg) (3t1 — 3tita + dt1t; — t2)§
2
2 2 2 62
— 321t oty — to) (12 — tito + t2)ﬁ
o2 02
— 6472 (t — to)* (t}=— + th—
ﬂ-(l 2)(1(%%_}_2875%)
02 02
— 87ty — t2)° (2= — 23—
m(t —t2) (18t% 2at3)
+ 8tyto(ty — t2) (52 — Ityty + 51t2)(i - i)
! PNot, Oty
32 2
— dtita(ts — t2)? (t1 (10t — 9to) —— + t2(9t1 — 10t2) =)
ot o2
— At — t2)? (B (t1 — 5t2)a—2 +t3(5t1 — tz)a—g)
! a3 " 2 ot3
o4 ot
8(t1 — o) (i =— + ti—
+ 8(t1 — t2) (18t‘11+ 2875421)
2
tita(t — t2)%(5t2 — 9tyt t2)———
+ 8tita(ty — t2)*(5t7 912+52)8t18t2
o3 o3
— 12t1t9(t — t2)* (¢t t
2ty =) TErTa 28t18t§)
83 3
— Qtqto(ty — to) (t1(9t] — 8ty) ——— + to(8t1 — Oty)—o——
1ta(th 2)(1( 1 2)6926t1+ 2(8t1 2)8928752)
4 4 64

8tita(ty — t2)? (3 =5 + t1t t3
+ 8tita(ts — t2) ( 13923,5% th 20020t,0ty + 2892875%)
84
2

22—
+ 1 2591

)h(ﬁ,tl,tg) = doh(0, 11, 12). (4.8)
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Being periodic with respect to 6, h has a Fourier expansion

h(f,t1,t2) = Z Bh(ty, t2)e*™.
nez

Applying Equation 4.7 and Equation 4.8 to each term of the sum above, we obtain that B, (¢1, t2)

satisfies
—l(tl —1y)72 (4(t1 — )2 (t] + 13)7? + 2ntity — (t1 — tg)?(t%a—2 - tgai)
4 o3 ot2
0 0
— — — — —) B, =diB, 4.
tita(ty m(at1 atz)) dq (4.9)
and

1
gt - to) ™4 (8(t1 — o) (t] + D)t = 32(t) — t2)5(t1 + o) + 16011313
+ dt1to (3277 (t1 — t2)* (8] — tita + t3) — (56t] — 96t1t2 + 56t3))n’
+ 8t1(t1 — t2) (272 (t1 — t2)*(t] — Btits + 3t1t3 — t3) + ta(5t] — Ot1to + 5t3)

0
2n2t1t5 (9t — 8ty)) —
+ 2n 12(91 82))8751

+ 8ta(t1 — t2) (212 (11 — t2)? (3t} — 3t5ta + Btats — t3) — t1 (585 — Otita + 5t3)

9
2n2tto (8t — 9ty)) —
+ 2n t1to(8ty 2))8752

02
— 485 (t1 — t2)? (8ntite + 1677 (11 — t2)® + 2 (t1 — t2)® + t2(10t; — %))87%

82
— 43 (t1 — t2)?(8n?tity + 167245 (11 — t2)? — 2m(t1 — t2)® + 11 (91 — IOtZ))aTg
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62 3
—A(t; — t2)3 (83 (81 — Bty)—= + 3(5t] — to)—s
(ty — t2)* (1 (1 2)8t51’>+ 5(5t1 2)(%%)
ot o4
8(ty — to) (t=— + i —
+ 8(ty 2)(18t‘{+2at§)
2 2 2 2 82
— 8t1to(t1 — t2)?(4n’t1ty — 5t tity — 5t2) ——
8tita(ty — ta)”(4n“tite — 5t7 + Yt1to 52)87518752
4 3 3
— 12t (81 — t2)* (¢ t B, = dsB,,. 4.10
1ta(t — t2) (18{{&2 + 28751615%)) 2 ( )

Now, since Equation 4.9 and Equation 4.10 are invariant under n — —n, we can assume

n > 0 in the following. Set x = t; — to and y = t; + to with y > 0 and |z| < y, and put

Bn(tla t?) = Cn(l" y)

Then ¢, = %(m +y), ta = —%(:1: —y), and using the chain rule to write the partial derivatives of
B,, with respect to t; and t5 in terms of x and y, we obtain the following differential equations

satisfied by Cy(z,y):

. 1 20,2 2 2 2\ 2  _2/.2 2 0
(-0 (102 +9) (0 = ) = 2 )
0? 0 0?
— 2% (2® + yQ)@ —x(y® — 1‘2)% - 4x3y8x8y>cn = d1Cy, (4.11)
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1

Fyey (52722334 +ntzt — 240?728 + 142 + 327325y — 48n22%y? — 2nt2?y?
x

+ 16n27r4x4y2 + 67r4x6y2 — 4n2y4 + n4y4 + 8n2m2a?y? + 7r4x4y4

d
+ (—36n%zty + 167225y + 36n2x2y3)8—
Yy

0
+ (2n22% — 8722 — 8maby 4 An?aty? — 487220y? — 6nla?yt — 8772x4y4)ﬁ
Yy
o o

63
6 8 2,2 4,4

0
+ (—19x5 — 34n?2® + 24n%2” 4 18232 + 32n223y% + wyt + 2n2xyt — 87r2x3y4)8—
X

+ (—87r:c7 + 202%y + 1602y — 64n%2"y — 812’y — 2023y> — 160223y — 647725853/3)8 5
oy
7 5, 2 3, 4 § 7 5,3 o o
—6x" — 12 6 16 16
+ (—6x xy+$y)8a:8y2+( x'y + xy)(8x8y3+83:38y)
+ (19386 + 6n%2® — 8n%a® — 87r:1c6y — 183@43/2 — 4n2x4y2 — 487r2:136y2 — x2y4
—on2a?yt — 8W2x4y4)i2 + (—242%y + 122%9%)
0x? 0220y
8 6,2 4,4 7 5 4y P
+ (62° 4 362°y“ + 62"y )8x28y2 + (62" + 22°y )@>Cn = daCp,. (4.12)

Now, set Cp(z,y) = (22 — y?) Y52 ar(y)z* where ai(y) = 0 for any k < m, where m is a

positive integer such that a,,(y) # 0. Then, Equation 4.11 implies

(—4)5 (K + 2k +n? — 47y — 2)ag + ((k +2)% — n?)yak4o — dmlap_o

| =

+ 4(k + Vyay, + af_y + y*a}) = diay,. (4.13)
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When k& = m —2, by virtue of the fact that m is a smallest positive integer such that a,,(y) # 0,

we have that a = ay—2 = a}, = a), = a}) = a]_, = 0, and thus

((k+2)? = n*)y’aps2 = (m* —n*)y’am = 0.

Since a,, # 0 and y > 0, we must have that m = +n, and since n,m > 0, m = n.
Lemma 1. With m as above, if k #m (mod 2), then ar(y) = 0.

Proof. We use strong induction. For k = m — 1, as above, we have that ay = a2 = aj, = a), =

aj = aj_, =0, and hence

((k+2)* = n*)yPapi2 = (m+1)% = n?)y’ams1 = 0.

Since y > 0, if a1 # 0, we must have

(m+12—=n*=m*+2m+1-n*=2m+1=0.

But this is a contradiction since m is a positive integer. Thus, a;,4+1 = 0.
Now, suppose k& = m + j, where j is a positive odd integer so that k£ #Z m (mod 2), and
ar = am+; = 0 and a; = 0 for odd 7 < k = m + j. We show that a,,4+2 = 0. By assumption,

Am4j = m+j—2 = 0 hence also their derivatives. So, setting £k = m + j, Equation 4.13 becomes

((m+j+2)* = n®)y’amjp2 = 0.



o1

Since y > 0, this implies that either ap+j1o =0 or (m + j + 2)? —n? = 0. Suppose amj+2 #
0.Then 0 = m2+2mj+4(m+7)+52+4—n? = 2mj+4(m+j)+j2+4, but m and j are positive,

so this is a contradiction. Hence a,,4+j+2 = 0, and, by induction, we have the result. [

Furthermore, Equation 4.12 yields the following differential equation for ay:

é((48k — 12k — 43 + k* — 8n? — 16kn? + 6k’n% + n* — 8kmy — 8k%my
+ 167%y? — 48kny? — 48k>12y? 4 16n>72%y% 4+ mhyt)ay,
— 272 (4k* — 16k 4 12n* — 8 — 167y — 37%y*)ap_o + 7lap_4
—2(24 — 30k? — 18k3 — 3k* — 10n? 4 2kn? + 2k%n? + n* — 4n’7?y?
+ 1672y? + 16kn’y? + 4k*7%y?)y* apio
+ ((k+2)2 —=n?)((k+4)2 — nH)ytapa
+ 4(4 — 17k + 4k3 — 3n? 4 4kn? — 2kmy — 872y? — 16kn2y?)yal,
— 8m(k + 8kmy — 6my)aj,_o
+4((k +2)* = n*) (5 + 4k)y ajyo
+ 4(—3 + 6k + 9Kk* + n? — 2n%y*)y a),
+ 2(=6 — 6k + 3> + n? — 4my — 247°y*)al_,
—8m?ay_y + 6((k +2)* = n®)y'af
+ 4(4k — 3)yal?, + 8(2k + 1)yPal?

+y'al” + 6%, + o)) = doay (4.14)



52

for all k € Z.
Next, we derive a single ordinary differential equation for a,. We set K = m = n in

Equation 4.13 and solve for a,42, obtaining,

1

m (2(d1 +ni4n— 27T2y2 — Day, +4(n + l)ya; + yQCLZ).

(n42 = —

Similarly, setting k¥ = m + 2 = n + 2 in Equation 4.13, we find

1

Ap+4 = —

+y%al o + +al — 4n’ay)

are easily computed, where a? denotes the jth derivative of ap. Then substituting these

values, the Differential Equation 4.14 yields the following fourth order linear ordinary differential

equation for a,,:

—((8n® — 40n — 4)dy — 4d} + 8dz + 8 — 20n — 360 — 4n® + 4n*
+ 8nmy + 8n?my + 4872y + 157ty an(y)
—4(4(n — 2)dy — 14 — 17n + 3n? + 4n® + 2nmy — 47y?)yal (y)
— 4(2dy — 5+ 9n + 60 — An’y?)yPall(y)

—4(4n + 5)y3a$13) (y) — 4y4a£l4) (y) =0. (4.15)
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4.4  Solutions of the ordinary differential equation

In this section, we discuss the method of Niwa to obtain solutions to his ordinary differential
equation [23, Equation (1.12)]. As was explained earlier, in [23], Niwa used the differential
operators A; and Ag given by Nakajima [22] and obtained an ordinary differential equation,
analogous to our Equation 4.15, satisfied by a,. Since the quartic operator of Nakajima is not
invariant under the necessary slash operator, Niwa’s ordinary differential equation is inaccurate.
However, his method for obtaining the first of the four solutions utilizes basic properties of the
Whittaker functions and the differential operators, rather than the ordinary differential equation

itself, we conjecture that this first solution also satisfies our ordinary differential equation.

Conjecture 1. The solution
oo o0
Cnly) = / / Pl (1) Pl (22) (27 — D222 — 1)V 2e 2122 45 d 2y
1 J1

given by Niwa [23, Proposition 1] is a solution to Equation 4.15, after a suitable change of

parameters. Furthermore, it is the only solution of rapid decay to this differential equation.

First, we sketch Niwa’s proof of the solutions to the ordinary differential equation [23,
Equation (1.12)]. Niwa introduces parameters A; and Ao to describe these solutions, yielding

another ordinary differential equation [23, Equation (1.14)]. His choice of parameters is

A+ X —2 ()\1 — )\2)2 A1+ A2 3
8 ’ 2 256 32 164 (4.16)

dy
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For v € C and m € Z, PJ*(z) and Q}'(z) denote the associated Legendre functions of
the first and second kind, respectively. That is, they are independent solutions of Legendre’s

differential equation

d d
%((1 - zz)i)u(z) +v(v+ 1u(z) — u(z) = 0. (4.17)

Set
e =—Q5,(0) ez = Py (0)

e =—2Q9,(0) ca2 =2Q9,(0).

Then ¢12 # 0, ca2 # 0 for —1 < Re(vg) < 0. Set ([23, Equation (1.19)])

RY,(2) = c11 Py, (2) + c12QY, (2)

Sp,(2) = a1 P (2) + 22Q0, (2). (4.18)

Then [23, Proposition 1] describes the solutions to Niwa’s ordinary differential equation:

Proposition 2. Put v; = =114 V21+4Ai fori=1,2, and assume that —1 < Re(v;) < 0 and that

A1, A2 are not integers. Then there exist polynomials hi,hs in y~1' of degree n — 1 such that

)

( S (z1) P} (22)(—27Ty22)_”(z§ - 1)”/26_2”‘2122de2> dzy — ha,

/ RO (z1)P)} (zz)(—QWyZQ)_”(zg — 1)”/26_2”1229dz2> dz1 — ha,
1

ﬁc\

1

oo oo

= / P} (21) P, (22) (21 2 _)2(22 — 1) 2em PN EY g d 2y
1 N1
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are linearly independent solutions of the ordinary differential equation. If Ay and Ao are fur-
thermore real, then there exists a polynomial hs in y~' of degree n such that the three functions

above, together with

/ (/ 21) P (—22) (21 — 1)"/2(23 — 1)”/26_2”’31‘22%22) dz (4.19)

( v+ n+ 1) > n —-n
R et A ([ P pa -z -2mym) (120)

(22— 1)”/26—2WZ1Z2ysz) dz1 + hy (4.21)
generate all the solutions of the ordinary differential equation

By direct computation, Niwa shows the existence of hi, hs, and hs such that these are
solutions. We can see by inspection that yA,(y) and yB,(y) are bounded, that C,(y) decays
rapidly, and that D, (y) grows rapidly as y — oo. Furthermore, we see A,, and B,, have different

asymptotic expansions by considering
€ o0
/ </ Rgl(zl)P,Z(zg)(—%ryzg)_”(z% - 1)”/26_2mlz2ydzg) dzy,
0 1

/ </ Sp (21) Pl (22)(—2myz0) "™ (25 — 1)”/262”2122%22) dz

for small €, so the functions A,, B,, Cy,, D, are linearly independent.
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Using the recurrence relation [23, Equation (1.9.1)] and partial integration with Legendre’s

differential equation, Niwa obtains (Proposition 2) that the functions

Cpl(z,y) = x—y//P"zlP"zg)

X Jp(2mi(22 — 1)V2(22 — 1) 22)e 2122V 421 d 2y (4.22)

are solutions to his Equations (1.8.1) and (1.8.2), where J,, denotes the Bessel function of the
first kind. Note that our Equation 4.11 and Equation 4.12 correspond to Niwa’s equations
(1.8.1) and (1.8.2).

Finally, Niwa ([23, Theorem 1]) proves

Theorem 6. Put v; = @ fori=1,2 and assume —1 < Re(v;) < 0 and that A1, A2 €
R\ Z.

Let f(X +iY) = g(Y)e2™(X) be a generalized Whittaker function (i.e. it satisfies AF =
d; F fori=1,2 with di,ds as in Equation 4.16). Assume that g(Y') is a real analytic function

Of t1 — tg with

Y1 Y2 t1 0 cos@ —sinf
Y: =

Yo Y3 0 to sinf  cosd

and that for all positive integers m,a,b, c, the convergence

=2y
tr(Y —qg(Y)— 0
Oy§oys 3y3
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holds uniformly on compact sets of y1 — ys and y2 when tr(Y) — 0. Then g(Y) is expanded as

g(Y) =D buCulty + ta, t1 — ta)e™™*
nez

where b, € C and Cy(z,y) is the function defined above.

Now, we describe Niwa’s derivation of the solution C,(y). He considers a Siegel modular
form lifted from a Maass wave cusp form by theta correspondence ([23, Section 2]). He then
constructs the other solutions by considering integral representations similar to that for the
first solution.

Niwa [23, Section 2] defines a theta function, involving a Dirichlet character x modulo N

an odd squarefree integer,

0(Z, 21, z2)

where Z € Ho, 21,29 € Hj. In Theorem 2, p. 181, he derives a system of differential equations
satisfied by 0(Z, z1, z2), when acted on by the differential operators A; and As. Now, let ¢

and o be Maass wave cusp forms with character x; so y; satisfies
0? 0?
2 — o
Yy ((%:2 + 8yg> vi(z) = Xipi(2)
for i = 1,2. Setting doz = y~2dwxdy for z = x + iy, define ([23, Equation (2.6)])

Fcpl,cpg (Z) = / / G(Z, 21, ZQ)(pl(Zl)@Q(ZQ)dozldoZQ (4.23)
M\H; JT\H;



where I' = I'g(N). Then Niwa asserts that

A1F<p1,4,02 (Z) = d1F<P17<P2 (Z)> A1F<P1,<p2 (Z) = lem,tpz(Z)v

with di, ds defined by Equation 4.16 for A1, Ao, and further that

F«pl,cpz(UZ) = X(d)F<P17<P2(Z)

holds for ¢ in the set

ailp ai2 a1z aiq
o € 5p(2,Q),
a1 a2 0a23 a4

TgEN0= as1,a31, 032, @41, 042 € NZ,

aszr azz2 a3z a34

Nay3 € Z, other aij € 7

a41 Q42 Q43 Q44

o8

(4.24)

and with lower right block (‘cz Z). Then there is a lattice T C {(‘cz Z) la, b, c € Z} containing

(4'9) such that we can expand

Fypip0(Z) = Z A(T, Y)e2mitr(TX)
TeT

(4.25)
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Then by Equation 4.24, the function

is a generalized Whittaker function. Niwa then claims that direct calculation shows

ty O cosf) —sinf ,
w = Z ann(tl — 2,11 + tg)eme

0 to sinf cosf nez

where C), is as in Equation 4.22.

4.5 Conclusion

From this analysis, we expect that there is a unique solution to Equation 4.15 that decays
rapidly, and that, in fact, Niwa’s solution C),(Y") will satisfy our ordinary differential equation.
Then Niwa’s Theorem 1 gives the expansion for our g(Y). Observe that the first term in the
Fourier expansion of a Siegel Maass wave form is a generalized Whittaker function. Hence, for

F(Z) =) yem, AN, Y)e2m it (NX) e expect

ALY) = arn(F)Colz,y)e™.

neL

Then by Hori [13, p. 202] and uniqueness of Fourier expansion, we can write, for N definite,

a(N,Y) =) ann(F)Wnna(Y), ann(F)eC

neL



where

Wy (n,Y) = Cp(NY2Yy N1/2)

Wi (n,Y) = Cu((=N)"?Y (=N)'/?)

ifN >0

if N <0.

60

(4.26)
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