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SUMMARY

In this dissertation, I present my research on different aspects of the quark-gluon plasma
(QGP) by using the AdS/CFT correspondence, and thermal perturbative QCD approaches.
The effects of external magnetic field on the thermalization of the QGP (dual to black hole
formation in AdS space), and the critical temperature of the confinement-deconfinement phase
transition of the QGP (dual to Hawking-Page phase transition in AdS space) will be studied.
The violation of the KSS viscosity bound in anisotropic QGP or anisotropic black hole geome-
tries in AdS space will be shown. Moreover, using the holographic RG flow and Schwinger-
Keldysh formalisms in the AdS/CFT correspondence, as well as thermal perturbative QCD,
the electromagnetic probes of the QGP will be investigated by taking into account the effects
of external magnetic field, velocity gradient correction, and axial anomaly. The hard probes of
the strongly magnetized QGP, such as jet quenching and energy loss of a heavy quark, will also
be investigated by using thermal perturbative QCD, and string theory in AdS space. Finally,
different aspects of A/ = 4 super Yang-Mills theory on the Coulomb branch will be explored
by using its string theory dual, and will be shown to have most of the properties expected
from pure Yang-Mills theory at strong coupling. In addition, a new holographic mechanism
for hadronization or particle production from the QGP will be proposed, and shown to be

equivalent to the well-known Cooper-Frye formula in the hydrodynamic or low frequency limit.
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CHAPTER 1

INTRODUCTION

Due to the asymptotic freedom of the QCD coupling constant at very high temperature
T > T, ~ 120 MeV, a quark-gluon plasma (QGP) is expected to be formed in ultra-relativistic
heavy-ion (such as gold-gold or lead-lead) collision experiments. See the cartoon diagram
that depicts the entire time flow of a heavy-ion collision experiment (1)).

In this dissertation, we will investigate the properties, formation, and hadronization of the
quark-gluon plasma (QGP) using thermal perturbative QCD, see for example (7)), and the
AdS/CFT correspondence (12 3; 14)), see also (5; (6]).

In Chapter 2] a non-trivial holographic RG flow equation of the shear viscosity in anisotropic
black hole geometry (dual to anisotropic QGP) will be derived. After solving the RG flow
equation analytically, we show that the KSS viscosity bound is violated in anisotropic black
hole geometries.

In Chapter 3], different aspects of the electromagnetic probes of the QGP will be investigated.
In section the thermal emission of soft photons and dileptons of a magnetic black hole
geometry (dual to a magnetized QGP) will be computed analytically, and it will be shown that
a strong magnetic field enhances both the soft photon and dilepton production rates of the

QGP.
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Figure 1. Time evolution of a heavy-ion collision.

In section by using the Schwinger-Keldysh formalism in the AdS/CFT correspondence,
we compute the velocity gradient correction to the photon emission rate of the QGP. We will
show that the first order velocity gradient correction enhances the photon emission rate.

In section [3.3] the thermal photons and dileptons, from axially charged black hole or QGP,
will be shown to have a spin polarized emission rates. The spin polarization asymmetry will
be computed, both at strong coupling (in the holographic Sakai-Sugimoto model) in section
and at weak coupling (in the thermal perturbative QCD: to complete leading order which
includes the LPM resummation) in section and found to be a percent level.

In Chapter [ the effects of strong magnetic field on hard probes of the QGP will also
be investigated using thermal perturbative QCD for weak coupling regime in section and

string theory in AdS space for strong coupling regime in section [£.2] For both weak and strong



coupling regimes, it will be shown that a strong magnetic field enhances both the jet quenching
parameter and energy loss of a heavy quark moving through a magnetized QGP.

In Chapter 5| using the AdS/CFT correspondence, we will show that the presence of external
magnetic field speeds up the formation of black hole in the AdS background or thermalization
of the QGP.

In Chapter @ we will show that weak magnetic field decreases (while strong magnetic field
increases) the critical temperature of the confinement-deconfinement phase transition in various
confining holographic models of QCD.

Finally in Chapter [7] the holographic or string theory dual to the Coulomb branch of N' = 4
super Yang-Mills theory (where the conformal symmetry is broken due to the Higgs mechanism)
will be studied. For particular choice of the VEVs (or for a particular point in its moduli space),
we will show that A/ = 4 super Yang-Mills theory on the Coulomb branch (¢cSYM) has most
of the properties expected from pure Yang-Mills theory at strong coupling, i.e., confinement
(Cornell potential), mass gab (with quantized mass spectrum for the scalar and spin-2 glueballs),
an equation of state where the pressure vanishes at critical temperature T,.. We will also show
that A/ = 4 ¢SYM has a physical small black hole branch where the pressure is still positive. In
addition, a new holographic mechanism for hadronization or particle production (which reduces
to Cooper-Frye formula in the hydrodynamic or low frequency limit) will be proposed in section
The hydrodynamic transport coefficients and hard probe parameters of N' =4 ¢SYM will
also be computed in section [7.4] and and will be shown to be consistent with the presence

of particle production in the small black hole branch.



The AdS/CFT Correspondence

In what follows, we will provide a quick introduction to the tools of the AdS/CFT corre-
spondence that we need in the subsequent chapters of the dissertation.

The AdS/CFT correspondence ({2)) (in its weakest form) is a holographic duality between a
weakly coupled supergravity in AdS space and strongly coupled gauge theory at the boundary of
the AdS space.

For example, Type IIB supergravity in AdSs space is equivalent to N' = 4 Super-Yang Mills

(SYM) gauge theory at the boundary of the AdSs space with the following parameter mappings

2):

a? 1
Gs 7/2

where the parameters of Type IIB supergravity are: R (the radius of the 5-dimensional AdSs
space), o' = ¢2 (the string length scale), and G5 (the 5-dimensional Newton’s gravitational
coupling constant), while the parameters of N' = 4 Super-Yang Mills (SYM) gauge theory are:
A = g%, N. (the 't Hooft coupling constant), gyas (the gauge theory coupling constant), and
N, (the number of colors).

Moreover, weakly coupled supergravity in the AdS black hole geometry is equivalent to
strongly coupled gauge theory at finite temperature at the boundary of the AdS black hole

geometry where, for example, the temperature Ty, of the AdS black hole is identified with the



temperature T of the thermal gauge theory, and the entropy density sp, of the AdS black hole
is identified with the entropy density s of the thermal gauge theory (4).

Formulations of the AdS/CFT Correspondence

The partition function for a gauge theory in Euclidean signature (where, for example, ¢t —

—iT, w — iwg, and the action iS — —Sg ) is
Zgauge(JiNe,\) = / D(fields)e~ Seme(fieldsiNe A+ [ dz]O (1.0.3)

where J is the source function for the corresponding operator @. And, the partition function

for a supergravity theory in Euclidean signature is

o o ol
Zgravity(d)o;Gd-‘rlaﬁ) = /DQS@ Sgravmy(d),GdJrl,R?)v (104)

where ¢ (7, z,y, z) is the boundary value of ¢(7,z,y, z,u), i.e., ¢o(7,x,y,2) = ¢(1,2,y, z,u =
0).
Therefore, according to the AdS/CFT correspondence (in its strongest form) (2; 4), we have

the equivalence of the partition functions

a/

Zgauge(JSNm)\) = Zgravity((ﬁo;GdJrlaﬁ)? (1.0.5)

where J is mapped to ¢q, i.e., J = ¢g.



And, in its weakest form, using N’'=4 SYM as an example, we have
Zsy s, (J;Ne > 1A = 00) = e~ Soravitys (9eiiGars <Lz = 0) (1.0.6)

where

¢Cl(wE7k7u) - F(wE7k7 u)¢0(wE7k)7 (107)

is the classical solution for equation of motion of the scalar field ¢ in the AdSs space with the
boundary condition F'(wg,k,u =0) = 1.

As a specific example, we will consider the gravity action

o 1 1 5 "
ravi U5, =3 — , 1.0.
Sgravitys (9;G5 7 —0) 516G /d /=99 0,00, (1.0.8)
on the AdSs space with the metric g, given by
22 P2 2
o m™I°R 2y 7.2 2 2 2 R 2

And, the on-shell gravity action Sy shen found by inserting ¢ (wpg, k, u) = F(wg, k, u)do(wg, k)

into the gravity action and integrating by parts, is given by
1 1
Son—shell = Z 167TG5 /d4k\/ _gguuFE’(_k:¢ u)auFE(kv u)¢0(_k)¢0(k)|u=0 (1010)



Using the on-shell action [Equation 1.0.10] and the mapping of the source function J = ¢y,

we can determine the one-point and two-point functions of the corresponding operator O as

(35 4)
0Zsym 0Son-shell 11 u
<O>p=—3 560 26 Y 99 E(—k,u)0uFE(k, u)do(—Fk)|u=0
(1.0.11)
0*Zsym _ 0*Sonshenl 1

GE(WE,k) =< 00 >p= Vv _gguuFE(_kvu)auFE(kquu:O'

5J6J  d¢odde 167G
(1.0.12)

And, we can determine the retarded Green’s function Gr = (—i)8(t) < [O(t,x),O(0)] > in

real-time to be (5; 6)

1

Cr(w. K) = G %) o= J5=em /=00 F (k. 1), F (k. 1) =, (1.0.13)

Therefore, the prescription for computing the real-time retarded Green’s function Gg(w, k)
can be stated as (5)): solve the classical equation of motion for the scalar field ¢(w, k,u) in AdS
space with real-time signature, and with the boundary condition ¢ (w, k,u) = F(w, k,u)do(w, k) |y=0=
oo(w, k), then the retarded Green’s function Gr(w, k) is simply given by

1
167TG5

Gr(w,k) = V=99""F (k,u)0,F (k,u)|y=0- (1.0.14)



Though the above prescription to compute Gr(w, k) is straightforward, it requires solving

a linear second-order differential equation for the scalar field ¢(w, k, u)
O Il = (N"w? + N k2) ¢, (1.0.15)

where NH(u) = ﬁ\/—ggw, and the conjugate momenta IT = 55%‘# = N9y, .

However, one can avoid solving the linear second-order differential equation [Equation 1.0.15|

by defining a 5-dimensional retarded Green’s function Gg(w,k,u) = ¢(wHk L and recasting

[Equation 1.0.15|as a non-linear first-order differential equation (also known as holographic RG

flow equation) for Gr(w, k, u), i.e.,(6)

GR(CU, k:l‘: ’LL)

2
DuGr(w, ky,u) = — e + Ntw? + No2k2, (1.0.16)

Then, the retarded Green’s function Gr(w,k) = Gr(w,k,u = 0). In this formalism, the
interpretation of the extra radial dimension u as the energy scale of the field theory becomes
apparent (2;[8;9). We will use the holographic RG flow equations when we compute the shear
viscosities in Chapter [2] and section [7.4] electric conductivities in section [3.1] and [7.4] and jet
quenching parameters in section and

In addition to the retarded Green’s function Gg(w, k), we can use the AdS/CFT corre-

spondence to compute the Schwinger-Keldysh propagators G11(w, k), Gaa(w, k), G12(w, k), and



Ga1(w, k) (13;|14; |15)), on the contour shown in with 0 = 3/2 = 1/2T, by generalizing

the prescription to compute Gr(w, k) as (14)

¢(k7ua) = ¢b(k)gba(kau)v (1'0'17)

where the indices a and b take the values 1 and 2 (where 1 corresponds to the R quadrant, and
2 the L quadrant of the Penrose diagram shown in with two boundaries of the AdS

space located at ug = uy, = 0),

o1(k) = limogb(k,uR) ¢a(k) = lim0¢(k,uL), (1.0.18)

UR— ur,—

and G, are bulk-to-boundary Schwinger-Keldysh propagators

ew/T 1
gll(w,k,u) = mF(k,UR) — WF(_k7uR)7
Go1(w, k,u) = 2ie‘*)/T7—11m F(—k,up),
‘ ew/2T
ng(w,k,u) = —QZWImF(—k7UL),
e/ T 1
ggg(w,k,u) = mF(*k,UL) — mF(k,UL), (1019)

and the retarded bulk-to-boundary Green’s function Ggr(w,k,u) = F(k,u), with the property

Gr(k,u) = Gr(—Fk,u).
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Figure 2. The Schwinger-Keldysh contour.

Then the Schwinger-Keldysh (boundary-to-boundary) propagators Gg,(w, k) are

5250

Gap(k1, ko) = —(—1)a+bm’

(1.0.20)

where

1 1

Sg7avi1 5 d V 99 Vé[l¢6l/¢

167Gy

/ d°x\/=gg"" 9,60, 6. (1.0.21)
L

After taking the functional derivatives in [Equation 1.0.20, we find

(/T — 1)F(k, u)0uF (k, u) + (¢=/T — 1)F(~k,u)d,F(~F,u)

Gi(w k) = N"(u) (€27 — 1)(e—20m 1)

ew/?T
Gra(w,k) = N"(u) ,
u=0

(F(—k‘, w) 0y F(—k,u) — F(k,u)0,F(k, u)>

ew/T — 1

G21(w7 k) = _GTQ((U’ k)7

Gy = —G(wk), (1.0.22)
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Figure 3. Penrose diagram of AdS black-hole geometry.

and the retarded boundary-to-boundary Green’s function G g(w, k) = N (u) F (k, u)0, F (k, u)|u=0

as in [Equation 1.0.14] Note that the Schwinger-Keldysh (boundary-to-boundary) propagators

Gap(w, k) satisfy the KMS identities

*y = —Ca, (1.0.23)

where 1 = 2 and 2 = 1, as long as the bulk-to-boundary propagators G,, have the property

Gap = G (1.0.24)
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And, using the fact that Gy (k,u) = Gr(—k,u) or F*(k,u) = F(—k,u), and 2ilmGgr =

Gpr — G%, one can derive the fluctuation-dissipation relations

G(w,k) = —ieTGa(w, k) = —2np(w)ImGr(w, k),

G (w,k) = —ie 2TGy(w, k) = —2np(w)eT ImGr(w, k), (1.0.25)

where np(w) = e‘*’/%—l is the Bose-Einstein distribution, while G<(k) = [ d*z e=**(0(0)O(z))

and G~ (k) = [ d*z e~ **{O(z)O(0)) are the Wightman functions.

Note that the fluctuation-dissipation relations [Equation 1.0.25| still hold in a space-time

dependent bulk metric of the form g, (¢,x,u) = g (u) + dg;j(t,x,u) as long as the bulk-to-
boundary propagators G, or Gr = F(k,u) are constructed only from the background metric
guv(u), and has the property Gy = G5 or Gp(k,u) = Gr(—k,u). This fact will especially be
important for us in section where we will compute the velocity gradient correction to the

photon emission rate.



CHAPTER 2

SHEAR VISCOSITIES OF STRONGLY COUPLED ANISOTROPIC

PLASMA

(Previously published as Kiminad A. Mamo, “Holographic RG flow of the shear viscosity to
entropy density ratio in strongly coupled anisotropic plasma,” JHEP 1210, 070 (2012))

Since, the strongly coupled quark gluon plasma created in the heavy ion collision (16;/17) is
anisotropic (32 [33)), it is important to study the anisotropic version of N' = 4 SU(N,) super-
Yang-Mills plasma by using its type IIB supergravity dual (34; 35). For example, the trace
of the energy-momentum tensor of the anisotropic N’ = 4 plasma has been calculated in (35),
by using its gravity dual, and it turned out to be proportional to the anisotropy parameter a,

_ NZ2a

4
more precisely, (T?;) = 15.r- This shows that there is conformal anomaly in the anisotropic

N = 4 plasma due to the anisotropy. Hence, the Callan-Symanzik RG flow equation for the
two-point function, consequently, the RG flow of some components of the shear viscosity tensor
n® . %, must be non-trivial. In fact, in this chapter, we show that an independent component
of the shear viscosity tensor, n’,’., has a non-trivial RG flow while the other independent
components of the shear viscosity tensor, n/;7; and n?;?;, have a trivial RG flow.

In this chapter, we derive the non-trivial holographic RG flow equation of the shear viscosity
n' . ", of the anisotropic ' = 4 plasma, using the equation of motion for the shear mode grav-
itational fluctuations, we find analytical solution up to first order in the anisotropy parameter

a, and show that the Kovtun-Son-Starinets (KSS) shear viscosity bound is violated.

13
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2.1 Effective Action for Gravitational Shear Mode Fluctuations

As shown in (21), later in (6), and more recently in (43)) the relevant equations for gravi-
tational shear mode fluctuations can be mapped onto an electromagnetic problem. Consider a

metric perturbation of the form
9an (1) = gan (1) + gaah® N(xM # a) (2.1.1)
in isotropic bulk spacetime
ds? = gundzMda = gudt? + geedz®dz® + gyuudu®. (2.1.2)

Indices: {L, M, N, } run over the full 5-dimensional bulk; {a, b, ¢} run over all spatial coordinates
x, y, and z. And, throughout this paper the Einstein summation convention will apply only for
indices {L, M, N, } but not for {a,b,c}. Comparing this to the standard problem of Kaluza-
Klein dimensional reduction along the a spatial direction, setting A% = h® y, and using the

gauge hyy = hyny = 0, the Einstein-Hilbert action

1
= — — 2.1.
Shulk 52 /M\/ g R, (2.1.3)
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after expanding it to second order in the gravitational shear mode fluctuations h® n, with

gravitational coupling ﬁ = ﬁ, can be mapped onto Maxwell’s action for the gauge fields

1

A%;, with an effective gauge coupling = ﬁgaa = ﬁgm = ﬁgyy = ﬁgzz (215 6)

9t fa

1
Sup = 1 [ NIV i F, (2.1.4)

where
Fyiy = 0OmA% — OnASy, (2.1.5)
Ay = h'N = g%hen(t,u,c # a), (2.1.6)
1

N(iWN(u) = @gaav_ggMMgNN- (2.1.7)

The effective action for A%, with the effective gauge coupling g.ry, can be further mapped on

to an action for scalar fields ¢y = A?

1
Seff =~35 / AN Or i Orr (2.1.8)

which upon variation gives the equation of motion for the shear mode gravitational fluctuations
vy

Ot (NP (w)Oarelyt) = 0. (2.1.9)
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2.2 Holographic RG Flow Equation for Shear Viscosities

The fact that classical equations of motion in the bulk corresponds to RG flow equations
in the field theory side was anticipated at the early stage of AdS/CFT (41). Therefore, for
example, the holographic RG flow equations for the shear viscosity tensor n°, = n°,%,, and
conductivity o were derived, using the equations of motion for the scalar modes of the gravita-
tional fluctuations, and Maxwell’s equations of motion, respectively, for an electrically neutral
isotropic black hole background (6), which were trivial in the hydrodynamic limit. And, re-
cently, (42) has derived the same flow equation, for the conductivity, using the holographic
Wilsonian renormalization group method (37; |38), and has provided the proof for the equiv-
alence of the two methods in a general black hole background. Also, (43) has derived the
holographic RG flow equation for o, using the equations of motion for U(1) gauge fields in a
charged black hole background, which is non-trivial even in the hydrodynamics limit, and is in
agreement with the one derived in (45) using Kubo’s formula.

Now, we derive the RG flow equation for the shear viscosity tensor n°, = n®,%,, which is
extracted from the correlation function (7% ,T°,) where T?, is dual to h?,, in isotropic bulk

spacetime using the equation of motion (Equation 2.1.9)). To this end, integrating by parts the

bulk action (Equation 2.1.8)), and using the equation of motion (Equation 2.1.9)), we’ll be left

with the on-shell boundary action

Sepf = —Sgle, (2.2.10)
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where the boundary action at u = €, Sple], is

Spld = —= / PN, 0. (2.2.11)

And, the canonical conjugate momentum along the radial direction II is

0SB

=
oy

= — N9, 18 (2.2.12)

In terms of II (Equation 2.2.12) the equation of motion (Equation 2.1.9)) can be re-written, in

the momentum space, as

O Il = — (Nfw? + NPK2) oy (2.2.13)

Note that a # ¢. The shear viscosity tensor n°, is defined by n°, = %, and taking its first
b

derivative with respect to €, we’ll get

0,01 T8

b — —
O = Gy~ ()T

(2.2.14)

Then, using (Equation 2.2.13)) and (Equation 2.2.12) in (Equation 2.2.14)), we’ll find the holo-

graphic RG flow equation for n°, to be

b (0°a)? by o b orpebp2
Aen’ o = 1w ( b +NG) A+ —NERE, (2.2.15)
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One can see that the RG flow equation (Equation 2.2.15|) is trivial in the hydrodynamics

limit k. = 0, and w — 0. Hence, the shear viscosity tensor 7’ , takes the same value at any

hypersurface u = €. And, the initial data at the horizon is provided by requiring regularity at

the horizon € = uy, (6)). Since Nlu,, and N/ diverge at the horizon e = uy,, for the solution to be

regular at the horizon, the right hand side of (Equation 2.2.15)) has to vanish at € = up. From

which we recover, the frequency and momentum independent result

1 g(uh) gaa(uh)
b (e= — “NubAh — . 2.2.16
7" a(€ = un) m 262\ guu(un)gee (un) goy(un) ( )

g(un) : : :
O T the shear viscosity to entropy density

And, using the entropy density s = i

ratio at the horizon € = u;, will be

ba - 1 aa 1
Male=un) _ 1 Goa(un) _ 1 (2.2.17)
S 47 gbb(uh) 4

where we used the fact that g,, = g, for any a and b in isotropic spacetime. And, since the

b
RG flow is trivial, in the hydrodynamic limit, the shear viscosity to entropy density ratio %(E)

will be given by (Equation 2.2.17)) at any hypersurface u = e, i.e.,

10(©) _aole=m) _ale=0) _ 1 2218
s s s A o
This proves the universality of M, in isotropic bulk spacetime. But, we’ll see, later on, that

S

b
the universality of "T“ is no more valid in anisotropic bulk spacetime where different components
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b
of the shear viscosity tensor 7° ., hence e will take different values, and some components of
it will RG flow non-trivially, i.e., their value at the horizon (IR) will be different from the one

at the boundary (UV).

2.3 Anisotropic Black Hole in Type IIB Supergravity and Its Shear Viscosities

Our five dimensional axion-dilaton gravity bulk action, which is a type IIB supergravity
action where the Ramond-Ramond (RR) field, the axion, is a 0-form potential which is the

‘magnetic’ dual of the 8-form potential which couples to D7-branes ’electrically’, is (34; 35; |36)

1 09)? 0x)?
Sputk = 2KQ/M\/—ig (R‘l‘ 12—( ;b) —62¢( ;C) ), (2.3.19)

where k2 = 871G = ‘;\%2. The background solutions for the equation of motions resulting from

the variation of this action are (35)

X = az, (2.3.20)

ds?> = gundeMda = gudt® + guada®dz® 4 guudu® = gudt? + gidr'de’ + g,.dz* + guudu®

=)/ R ,
= — —_— 2.3.21
- ( F(B(w)di* + o + da’ + dy” + H(w) dz> (2.3.21)
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Indices: {L, M, N, } run over the full 5-dimensional bulk; {a, b, ¢} run over all spatial coordinates
x, y, and z; {i,j} stand for x and y only. Also, throughout this paper the Einstein summation

convention will apply only for indices {L, M, N, } but not for {a,b,c} and {i,j}. And,

o(u) = “ifh log(1 + i)+0( 4, (2.3.22)
Fu) = 1- “j+2422[8u( —u?) — 10u*log 2 + (3u}, + 7u*) log(1 + ;)]+0((@%;;,23)
B(u) = 1—“22%[%+1og(1+£)]+0(a4), (2.3.24)
H(u) = e W), (2.3.25)

for a < T. And, the horizon u; and the entropy density s are related to the temperature T by

(35)
1 5log2—2
un = = + ﬁcﬂ +O0(ah), (2.3.26)
1 g(up) w2 N2T3  N2T 4
O(a%). 2.3.27
=10\ gulwdgeton) ~ 2 16 @ T O (2.3.27)

Turning on only the metric fluctuations hyn about the background solution ¢%,, (Equa-]

tion 2.3.21)), i.e. gyn = 99\/[N + haw, expanding the bulk action (Equation 6.1.2)) to second

order in hysy, and also using the gauge hps, = 0, we’ll have (36)

1 1 2z
5O = / [/ 7g?24© + y=5© (R< ¢2ag <>)}, (2:3.28)



where

A0 —

22(2)

1 1 1
—5(8 + §¢/2guu + 762¢a2quz)(0)’

9

2

LL(O)gzz(O)gzz(O) hy.hp..

21

(2.3.29)

(2.3.30)

Using the trick of (21} |6)) of Kaluza-Klein dimensional reduction in the a direction, consid-

ering only hn, = hyo(zyr # a), and using the gauge hyy = hyny = 0, we'll get the effective

action

e

where

Fyry
Ay
NMN (u)

a

M (u)

2

1 1
@ / (= NP Py Py — S MEA7 A7),

oM AN — ON Ay,

he N = gaa(O) han

1
(0) \/jg(O) gMM(O) gNN(O),

o2 Jaa

1
5 a2e2? \/_—g(O) gLL(O)'

(2.3.31)

(2.3.32)
(2.3.33)
(2.3.34)

(2.3.35)

Note that this action, as emphasized in (6), is exactly in the form of the standard Maxwell’s

action with an effective coupling for the gauge fields

9z

2Jaa
fha 2K

(2.3.36)
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It’s obvious from the above relationship that the effective coupling gers, # gers. since gi; # g--.
Hence, we have two distinct effective theories depending on which coupling and gauge fields
we use. The gauge fields A§V are coupled by gery,, and the gauge fields A3, are coupled by
geff.. For example, using the effective theory with the g.rs, we can extract the shear viscosity
tensor n°; ?; from the correlation function (T bini> where T?; is dual to h?y. Similarly, using
the effective theory with the gy, we can extract the shear viscosity tensor nb.%, from the
correlation function (Tb LT ») where T? . is dual to h* . Therefore, there are three independent

components of the shear viscosity tensor n°, %, , in the bulk, namely

wi=nili = nxyxy_ny x
nzz:nzizz = nzx x:nzyzy,
nizzniziz — U$sz:nyzyz' (2337)

However, we observe that two of the three independent components of the shear viscosity
tensor in the bulk, n?;, and 7’ ., take the same value at the boundary, hence, we have only two
independent components of the shear viscosity tensor at the boundary. This is consistent with
the fact that the one index up and one index down energy-momentum tensor operator at the
boundary is symmetric, and the shear viscosity tensor has only two independent components

at the boundary (31).
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Now, we start studying the properties of the shear viscosities using their corresponding
effective actions. The effective action for A7 with the effective gauge coupling gerr. can be

found from the action (Equation 6.1.1]) by setting a =2, N =14, and L =

1 s 1
Serr = / (= NP Onr7 00 ;S MIGFUE) (2.3.38)
where
NME = 2H29z2x/ MM O gilo), (2.3.39)
M= T“ 22 /=g"g (2.3.40)
Vi(tu,y) = Af(t,u,y) = h*i(t,u,y). (2.3.41)

Similarly, the effective action for Ai with the effective gauge coupling gcsys, can be found

from the action (Equation 6.1.1)) by setting a =4, N =b, and L = b

1 . )
Sery :/d%(—QMMbaM%@M%) (2.3.42)
where
N = %,_CQQES)\/TQ(O)QMM(OW’(O), (2.3.43)
¢ L 22 (0) ii(0)
M = gade V=g g™, (2.3.44)

Vi(t,u,z) = Al(t,u,2) = h'y(t,u,2). (2.3.45)
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Note that we have dropped the mass-like term %Mbdjgw,f from QEquation 2.3.42[) since it doesn’t

affect the equation of motion for M;. Also, since (Equation 2.3.42)) is the same effective action

as the isotropic one ([Equation 2.1.4) discussed in the previous section, we can immediately

b
observe that n°; has a trivial RG flow, and the components of % take the values

Wile) 1 g 1

- =1 2.3.46
S 47 gjj 471" ( )
and,
n* i(€) L gii(un) 1 1 log2 a2 A 1
s Ar = = —(1-—=(5)+0 — 2.3.47
s A gaz(up)  AnH(up) 47r( 472 (T) +0(a%)) < i ( )

for a # 0. Equations (Equation 2.3.46)), and (Equation 2.3.47)) are exactly Eq.14, and Eq.17 of

reference , respectively, derived using the membrane paradigm approach.

But, in order to calculate 1’ , one has to solve the RG flow equation that we’ll get from the

corresponding effective action (Equation 2.3.38)).

Using the equation of motion for the shear modes of gravitational fluctuations, we derive

the holographic RG flow equation for the shear viscosity n'.. Varying the effective action

(Equation 2.3.38)), we find the equation of motion

O (NP 0p7) — Mip7 = 0. (2.3.48)
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Using the equation of motion (Equation 2.3.48) in the bulk action (Equation 2.3.38)), we get

the on-shell action

8%, = —Spld, (2.3.49)

where the boundary action at u = €, Sp[e], is

&M:_;/_&mwwmw. (2.3.50)

And, the canonical conjugate momentum along the radial direction II is

68y
o oy;

IT = N9y 07. (2.3.51)

In terms of II (Equation 2.3.51)) the equation of motion (Equation 2.3.48)) can be re-written, in

the momentum space, as

Oull = — (N'w? + NY'k] + M)yy7. (2.3.52)
The shear viscosity tensor 1’ is defined by n', = ﬁ, and taking its first derivative with
respect to €, we’ll get
- Oy 11 [0, 7
Oy = —— — uti (2.3.53)

Wi dw(PF)?
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Then, using (Equation 2.3.52)) and (Equation 2.3.51) in (Equation 2.3.53)), we find the holo-

graphic RG flow equation for 7’ . to be

T \2 .
den' = = iw((?]\/iz + NI + %(Nzy%g + M), (2.3.54)

which is non trivial even in the hydrodynamics limit £, = 0 and w — 0. One can also see that

at @ = 0, which makes M? = 0, the flow equation (Equation 2.3.54)) reduces to the isotropic

one (Equation 2.2.15)).

We solve the flow equations (Equation 2.3.54)) analytically up to second order in the anisotropy

parameter a. The initial data at the horizon is provided by requiring regularity at the horizon

€ = up @ Since ﬁ and N! diverge at ¢ = uy,, in order for the solution to be regular at

z

the horizon, the right hand side of (Equation 2.3.54) has to vanish at € = uj,. From which we

recover frequency, momentum and mass-like term M? independent result

. . . 1 g(uh) gzz(uh)
Zz — — 7_/\/‘21;1_/\/’;1 —_ . 2.3.55
n'" (€ = un) \/7 262\ guu(un) g (un) gii(up) ( )

And, using (Equation 2.3.27)), the shear viscosity to entropy density ratio at the horizon € = uy,

will be

nale=u,) 1 ge(u) 1 1 log2 a2 \ )
s 4 T = -+ (5 — 2.3.
s 4 gii(un) ) = (L4 5 () +0(a) > (2.3.56)
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for a # 0. Writing out 7/ , = Re (',) + ilm (n*,) in (Equation 2.3.54), taking w — 0 limit,

setting k, = 0, and writing out the metric components explicitly, we’ll get

; a? e1%© B(e)
Odm (1 ) — 520, 3 = 0, (2.3.57)
8.Re (1) + dwr> et Im (1 .)Re (1 0 9.3.58
Re (n',) +dwx®*————=Im (n* ,)Re(n*,) = O. .3.
(n'2) FOVBO (n" 2)Re (1" ) ( )

Since, we are interested only up to second order in a, we’ll take B = e? = 1 + O(a?), and

Flu)=1- Z—: +0(a?) = (i tu?) (uj —u?) + O(a?). Therefore, up to a second order in a, the flow
h

uj,
equation for Im (7’ ,) can be written as
a’? 1

Odm (n*,) = ——=+0(a%). (2.3.59)

2k2w €3

Solving (Equation 2.3.59)), using the initial condition at the horizon Im (1’ ,(e = uy,)) = 0, and

using it in (Equation 2.3.58)), we’ll get

2

O:Re (ni 2) — [
e +ul

a® + O(a4)]Re (n'.) =0. (2.3.60)

Note that w is canceled out. Solving (Equation 2.3.60)), and setting Re (1’ ) = n(e), we'll get

2

62 “I—'U/Q a2uh 1 62 +U2
50 h) 2 4 O(a4) = n(uh)(l + *CLQU% log| h
h

ne) = nlun)( 5 5 ) + 0(a*)(2.3.61)
h
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which, after using (Equation 2.3.55)), and (Equation 2.3.26[), becomes

N2T3 1 N2T
Tle” (1-+log[ (1 + 7°T°¢) ")) 4 a” + O(a). (2.3.62)

n(e) =

Note that at a = 0 (Equation 4.3.149) reduces to the isotropic case calculated in (20). And,

using (Equation 2.3.27)), the shear viscosity to entropy density ratio at any hypersurface u = €

will be
ne) 1 N log[3(1 + 72T2€?)?]

= (5)* +0(a")). (2.3.63)

T

Note again that when a = 0 in (]Equation 2.3.63') @ will take the universal value ﬁ. We'’ve

plotted the holographic RG flow of @ (IEquation 2.3.63[), for a fixed value of @ and T, in

Figure 4
2

As we can see from (Equation 2.3.63)), the shear viscosity to entropy density ratio at the

boundary € = 0 becomes

ne=0) _ 1 (1- %(%)2 +0(ah) < ﬁ. (2.3.64)

Note that (Equation 2.3.64]) is equivalent to (Equation 2.3.47) as advertised. And, at the

horizon €2 = u% = WQ—ITQ, (]Equation 2.3.63[) reproduces (]Equation 2.3.56[), as expected,

me=m) Lo 82y, o) > L (2.3.65)
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Figure 4. Shear viscosity n = Re (1’ ,) over s/47 as a function of the radial coordinate € with
up, = 0.50, a = 0.1, and T = 0.64.
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Figure 5. Shear viscosity 7 = Re (' ,) over s/4m as a function of the anisotropy parameter
a/T at the horizon € = u; = 0.50, and at the boundary € = 0 for a < T
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We've plotted the temperature flows of Z=4) (IEquation 2.3.65'), and @ (]Equation 2.3.64[)

S
in [Figure ]




CHAPTER 3

ELECROMAGNETIC PROBES OF QUARK-GLUON PLASMA

(Previously published as Kiminad A. Mamo, “Enhanced thermal photon and dilepton pro-
duction in strongly coupled N = 4 SYM plasma in strong magnetic field,” JHEP 1308, 083
(2013), Kiminad A. Mamo and Ho-Ung Yee, “Gradient Correction to Photon Emission Rate
at Strong Coupling,” Phys. Rev. D 91, no. 8, 086011 (2015), Kiminad A. Mamo and Ho-Ung
Yee, “Spin polarized photons and dileptons from azxially charged plasma,” Phys. Rev. D 88,
no. 11, 114029 (2013), Kiminad A. Mamo and Ho-Ung Yee, “Spin polarized photons from an
axially charged plasma at weak coupling: Complete leading order,” Phys. Rev. D 93, no. 6,
065053 (2016))

Electromagnetic probes, such as thermal photons and dileptons, are defined as direct pho-
tons and dileptons produced from interactions other than decay process in the presence of
thermal background or quark-gluon plasma (QGP), and cover the low-momentum pyr <2GeV
(68) and intermediate-mass 1GeV< M <3.2 GeV (69) region of the total direct photon and
dilepton production spectrums, respectively, in the heavy-ion collision experiments.

Thermal photons and dileptons, in heavy-ion collisions are valuable observables that can
provide important information on the properties of quark-gluon plasma. Since the emitted
photons and dileptons rarely interact with the background plasma again, their signals are

expected to faithfully describe the state of the quark-gluon plasma at the time of their emissions.

31
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The experimentally measured thermal photon and dilepton productions at RHIC ([70; 71}
72) have shown significant enhancement in comparison to the thermal perturbative QCD (166;
74; 75) and relativistic hydrodynamics (68; 74; |75; |69) predictions, and the enhancements
increase in more non-central collisions (74; 75) where the magnetic field is expected to be
stronger. In addition, the experimental measurements show that, the enhancement of the
thermal dilepton production increases with the decreasing of its invariant mass (69)). Thus,
in this chapter, we will explore different effects which might enhance the thermal photon and
dilepton production rates of the QGP. We will also propose and compute the spin polarization
asymmetries of thermal photons and dileptons as a probe to the topological charge of QCD

vacuuml.

3.1 Soft Electromagnetic Probes of Strongly Magnetized Plasma at Strong Coupling

In this section, we will apply the AdS/CFT correspondence, to compute soft-thermal photon
and dilepton production rates in strongly coupled N/ = 4 super-Yang-Mills (SYM) plasma in
the presence of strong external magnetic field B > T2 hoping to find qualitative insights into
the quark-gluon plasma produced at RHIC and LHC which were recently found to contain a
strong magnetic field background at the order of B ~ 4m2 at RHIC (152)) and B ~ 15m?2 at
LHC (54), produced during the early times of the non-central heavy-ion collisions. The effects
of this strong magnetic field backgrounds on different signatures of the quark-gluon plasma has
recently been explored in different contexts (153} [152; |57 [161; 59; 60; 615 625 213; [64; (655 [66)),

see (67) for a review.
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Previous studies of the thermal photon and dilepton production rates at strong coupling
without magnetic field include: N/ = 4 super-Yang-Mills plasma with zero (77) and non-zero
chemical potential (78]); a strongly coupled plasma with flavor and with zero (364) and non-zero
baryon chemical potential (80); finite 't Hooft coupling corrections (81} |82; 83); prompt photon
production rate (84} 85)); strongly coupled anisotropic plasma (86; [87).

In thermal equilibrium, if we let the photon interaction with matter be of the form eJ,A*,
and I', denotes the number of photons emitted per unit time per unit volume, the photon
emission rate will be given by (77

dr,

H = QX (K) (3.1.1)

KO=|k| '

where y*”(K) is the spectral function, proportional to the imaginary part of the retarded

current-current correlation function
X"(K)=-2ImC"(K) , (3.1.2)
where C*” is the retarded two-point function of conserved current J"

M (K) = —i / 4 X =KX () (IR (X), T (O)]) - (3.1.3)
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0
And, Q, = ﬁ;k‘nb(lﬁto) where ny(kY) =1/ (e% — 1) is the Bose-Einstein distribution function,
T is the thermal equilibrium temperature of the plasma, n,,=diag(-+++) is the Minkowski

metric, and K is a null four-momentum vector with £° = |k| = w.

We can also re-write (Equation 3.1.1) as
—— =Q,xhw), (3.1.4)

where @7 = %ﬁ And, for soft photons the spectral function x*¥(w) is given in terms

of the frequency independent conductivity (DC conductivity) o*” as (333)

X (w) = 2wet” | (3.1.5)

for small w. Note that equation (Equation 3.1.5) can be obtained by inverting the Kubo’s

formula for DC conductivity o#*(333)

1 , 1
V) 7N wt i v 1 g
g = ul]lIHO 72 /dth@ ([J (l‘), J (O)D = L})II?% 72 X (w) (316)

If we also add to the above theory massive leptons which carry only electric charge, then the

thermal system will also emit these leptons, produced by virtual photon decay. Therefore, the
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same electromagnetic current-current correlation function, evaluated for spacelike and timelike

momenta K2 = —M?, gives the dilepton production rate, (77)

d*K

= Qux},(K), (3.1.7)

where

1 e? e?
(2m)* 6| K2|5/2

Qup O(k°)O(—K?%—4m?)

x  [~K2—4m?Y? (= K?*+2m?) ny(k°), (3.1.8)

and, ey is the electric charge of the lepton, m is lepton mass, and ©(z) denotes a unit step

function. Expressions (Equation 3.1.1)) and (Equation 3.1.7) for the production rates are true

to leading order in the electromagnetic couplings e and ey, but are valid non-perturbatively

in all other interactions. And, for soft dileptons the spectral functions are given by the same

equation as the soft photons (Equation 3.1.5)).

3.1.1 DC Conductivities of Strongly Magnetized Plasma at Strong Coupling

In this subsection, we will calculate the DC conductivities of the N/ = 4 super-Yang-Mills
plasma both in the absence B = 0 and presence B > T? of the external magnetic field.
For the case, where the external magnetic field is present, we calculate the DC conductivities
separately when the momentum is parallel k, | B, and perpendicular k, L B, to the magnetic
field B, = B.

DC Conductivity for B =0




36

The gravity dual of N' = 4 super-Yang-Mills plasma at strong coupling and large N, limit

is studied in an asymptotically AdSs metric (77

22 P2 2
2 pggr = TR 2 an? e a? 4 de?) 4
ds Guvdatdx ( fluw)dt® + dx* + dy +dz)+4f(u)u2

2
1.
" du®, (3.1.9)

To
TR?2

where T' = is the Hawking temperature which is conjectured to be the thermal equilibrium
temperature of the plasma in section 2, R* = AM? is the radius of the AdS5 spacetime, A\ =

g%/ Ne is the 't Hooft coupling, u = r2/r?, f(u) = 1 — u?, the horizon corresponds to u = 1,

the boundary to u = 0, and the entropy density s is given by

1 1
s = Ew/gmgyygzz = §W2N3T?’ , (3.1.10)
where G5 = % is Newton’s constant. So, the energy density € = %ST at infinite coupling
A =00 is

e = Sp2n2rt : (3.1.11)

while the zero coupling A = 0 result is

4
€r=0 = €= —miN2Tt | (3.1.12)
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In contrast, for the large-N. QCD plasma at zero coupling, see for example (91), we’ve

2
oo (

€QCD = o5 ANZ + TNyN)T* (3.1.13)

and, comparing (Equation 3.1.13) and (Equation 3.1.12) for N. = 3 and Ny = 3, we can

infer that egyyr = 2.73egep at zero coupling and similar difference can be expected at strong
coupling 1 < A < N, limit. Therefore, we have to take this qualitative difference between
QCD and N/ = 4 SYM plasma in consideration, whenever we try to compare the AdS/CFT
correspondence computations in this paper with the heavy-ion collision experiments at RHIC
and LHC.

The gauge fluctuation A, is governed by the Maxwell’s action

1
S = —492/dd+11‘\/ —gFMNFMN, (3.1.14)
5

where g2 = 1%2}% (77).
Choosing a gauge at which A, = 0 and choosing the wave to move in the z direction only,

ie., K = (w,0,0,k;), the equation of motion for the transversal component A, derived from

the action (Equation 3.1.14) can be written as

1 1
au <g2 /_gguugxxA;c> — ?\/jggmAx(ngtt + kggzz) - 0. (3.1'15)
5 5
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One also finds the current or the conjugate momentum to be

oL

T = D0, A,

1 1
= —?\/—gFW = —?\/—ggu“gmAg. (3.1.16)
5 5

Then, using Ohm’s law, defining the transversal frequency and momentum dependent (AC)

conductivities at finite UV cut-off u = € as 0¥ (¢, w, k.) = 05" (e, w, k.) = ﬁ, one can derive

the RG flow equation for the transversal AC conductivity 07" (e, w, k) using (Equation 3.1.15)

rr __ Guu (U%w)Q xTx k.ggzz
007" = w, /E [Em(e) —X"(e) | 1+ g , (3.1.17)

as (6))

where

1 g
() = =,/ ez 3.1.18
) g2 Guuget” ( )

Since the right hand side of (Equation 3.1.17)) is divergent at the horizon v = 1, requiring them

to vanish there, due to the regularity condition at the horizon, we’ll get, the momentum and

frequency independent (DC) conductivities o (e = 1, w, k.) = 0¥ (e = 1,w, k.) (6)

or (e=1wk,) = U:'yﬁy(e = Lwakz) =X (6 =1)= gg\/gmz(l)gyy(l)gzz(l)g (1) = 167 =o(1).



39

Similarly, if the wave is chosen to move in the z-direction, we’ll have the transversal DC

conductivities 057 (e = 1,w, ky) = 05’ (e = 1, w, ky)

2
07 (e = 1,w, k) = D7 (e = 1) = glg\/ wa(1)gyy(1)g=-(1)g7 (1) = ]fﬁf —o(1).  (3.1.20)

We can also find the RG flow equation for the longitudinal component of the conductivity
o7’ (e,w, k), for example when the momentum is in the z direction, from the equations of
motion for the longitudinal component A, and the time component A; accompanied by the

equation for the conservation of the current J* = _g%‘/_ gF"* and the Bianchi identity as (6)
5

2z\2 2 zz

where

L /g
Y (e) = — 7 3.1.22
© 952, guugttg ( )

Since the right hand side of (Equation 3.1.21)) are divergent when the UV cut-off is at the horizon

€ = 1, requiring them to vanish there, due to the regularity condition at the horizon, we’ll get,

the momentum and frequency independent (DC) longitudinal conductivity o7*(e = 1,w, k) (6)

2
oFle=1,w k) =%e=1)= glg\/gm(l)gyy(1)gzz(1)g'zz(1) _ N (1) . (3.1.23)

167
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Similarly, if the wave is chosen to move in the z-direction, we get the longitudinal DC

conductivity o7*(e =1, w, kz)

o5 (e = 1w, k) = T(1) = glg¢gm<1>gyy<1>gzz<1>g”<1> =Sl —o(). (3124)

Note that, throughout this paper, we work in the limit k, ~ w < T where the diffusion constant
D =0.

DC Conductivities for B > T2

Recently, a magnetic brane solution has been found in (280; 93) which interpolates between

the AdSs spacetime (Equation 3.1.9) in the UV or near the boundary and the AdS3 x T2

spacetime in the IR or near the horizon for B > T2. Near the boundary, i.e., for B < T2
the magnetic brane solution can be given as a perturbation series around the AdSs space
(Equation 3.1.9)) in powers of % (280; 193; [213)) while the metric in the strong magnetic field

B > T? regime is given by AdS3 x T? metric (280} 93; 213)

2 (£)? R\?
ds? = g8 datda” = : r E (= fB(r)dt? + dz?) + r#; (T)dﬁ n (%) (V3Bdz? + v3Bdy?) |

Sl

(3.1.25)
where fp(r)=1-— :—é, the horizon corresponds to 7 = 73, the boundary to r = oo, R* = M4 is

the radius of the AdS5 spacetime, and we can identify % as the radius of the AdSs spacetime.
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Introducing u = r,% /r?, we can re-write the metric (Equation 3.1.25) in more convenient

form as

4_2m2 p2 2 2

smT*R 9 9 R 2 R 2 2

37 7 " (_ I B— + 1.2
(—fB(u)dt® + dz )+12f3(u)u2du + \/g(dw dy®), (3.1.26)

2_ B
ds® = g, dz"'dz” = "

where T' = 7 is the Hawking temperature (213), A = g% ,,;Nc, fp(u) = 1 —u, and the horizon

2. -R2
37rR

corresponds to u = 1. The entropy density sp is given by (280; |93)

1 1. 5
S aTen Ire9yy9zz = 3Ne BT, (3.1.27)
where G5 = % is Newton’s constant. Comparing (Equation 3.1.27) and (Equation 4.3.147)),
one can see that
2 B 8
SB — Sﬁﬁs = ng s (3128)

where we’ve defined the dimensionless quantity b = and the ratio of the energy densities

_B
Ar2T2)

€ = %TSB and € = %Ts, at infinite coupling A = oo, will be

€RB 2 B B
— = ——~0.07T— 1.2
; 3.2 72 0 07T2 ) (3.1.29)
which can be compared to the zero coupling A = 0 result (280; [93))
A=0
33 B
b _V33en 0B (3.1.30)

=0 2 4 ¢ T2
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So, for N = 4 super-Yang-Mills plasma, the ratio of the energy densities interpolates between

0.05% at zero coupling to 0.07% at infinite coupling.

In contrast, using the fact that for QCD plasma 650[) = % in the presence of the

magnetic field B at zero coupling, see for example (66)), we can infer that

B B
‘ecp ~ (6.8£ % ggﬂ — 0‘05w .

3.1.31
€QCD T2) €ESY M T2 ( )

Thus, one can see that equation [Equation 3.1.30| and [Equation 3.1.31| are equivalent with the

replacement of

x B. (3.1.32)

Therefore, whenever we compare the AdS/CFT correspondence computations in this paper
with the heavy-ion collision experiments at RHIC and LHC, we have to use about 6.8%
times stronger magnetic field than actually produced at those experiments, i.e., B = Bgyy =
(6.8%) X Bgetuai- Note that we are making the above conclusion based on an observa-
tion at weak coupling but we expect the same conclusion to hold in the strong coupling limit
1 < A< N, at least qualitatively.

The equation of motion and the RG flow equations for B > T? are still given by (Equa-|

tion 3.1.15|) and (]Equation 3.1.17[), respectively, but this time using the AdS3 x T? metric gfy

(Equation 3.1.26). So, if we take the momentum k, to be in the z-direction, which is parallel
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to the direction of the magnetic field B = B, || k;, then the transversal DC conductivities

chH (

op (1) = Ug,yB“ (1) will be

P10 = o feB e e e (1) = 5l = o). (3.1.33)

while the longitudinal DC conductivity UzZB” (1) will be

2B, 1 vy 1 N2B
op '(1)= gg\/gfx(l)gﬁ,(l)gi(l)gs (1) = 51537 = 2bo(1) , (3.1.34)

N2T
167

where we used o(1) = to get the last line. Therefore, one can see that the DC conductivity

B - : .
o5 1(1) is independent of B and has increased by a factor of % when the momentum is
parallel to the magnetic field B, || k..

Similarly, if we take the momentum k, in the z-direction, which is perpendicular to the

direction of the magnetic field B = B, L k,, then the transversal DC conductivities O'%yBL (1) #

oz2BL (1) will be

1 2 N2T 2
A1) = e (B (1) = Z=500 = —2o(1) (3.1.35)
and
1 1 N?’B
zzB | _ - /.B B B 2z _ -t _
o 1) = VIBE R (WgE (gF (1) = 516557 = 2ba(1) (3.1.36)
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while the longitudinal DC conductivity o¥*5* (1) will be

2 N2T 2

70 = o (e eE (g (1)

Note that J‘%yBL (1) is independent of B and has increased by a factor of % while J?ZBL (1) has

increased linearly with b = ﬁ. The fact that the DC conductivities a::,cﬂxBL(l) = o%yBL(l)

are independent of the magnetic field B = B, while 07° BL(1) increases linearly with B = B,

has already been observed in the lattice computations for 7' = 0 (see Figure 3 of (88) and Figure
2 of (89)), see also (94;|95)) which is consistent with our strong magnetic field or low temperature
regime T' < VB.

Production Rate of Longitudinal Photons

We’ll compute the spectral functions of photons in the low-frequency limit, w < T for B =0
or w < VB for B> T2, using the DC conductivities.

Photon Spectral Functions for B =0

Using (Equation 3.1.5) and choosing the momentum of the photon to lie in the z-direction

K = (w,0,0,k, = w), we find the transversal components of the spectral function y**(w) and

XY (w) to be

X (w) =x¥(w) = 2woF (1) =2wo(1) . (3.1.38)
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Then, we can calculate the trace of the spectral function x/(w) as

Xiw) = xi(w) + x5 W) + x5 (W) + 1§ (w) = xg (W) +xj(w) = dwo(1),  (3.1.39)

where we used the Ward identity % X** = x", at light like momentum k. = w, to eliminate the
time and longitudinal components of the spectral function from its trace. The fact that only
the transversal components of the spectral function contribute for the photon production rate
has already been observed, for example in (77).

Similarly, by making the momentum of the photon to lie in the z-direction K = (w,k, =
w,0,0), one can find the transversal components of the spectral function x¥¥(w) and x**(w) to

be

W(w) =xF(w) = 2wod (1) =2wo(l) . (3.1.40)

Hence, the trace of the spectral function x/,(w) becomes

Xa(w) = xy(w) +xi(w) = dwa(1) . (3.1.41)
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For B = 0, one can also calculate the trace of the spectral function x/(w) exactly at any
frequency w, as it was first done in (77)), giving us an opportunity to compare our low-frequency
result with the exact one. The exact result is (77)
w

1

X (@) = X (@) +XEW) = 2P (1= (1) o, 1+ (=) i L= =1)| wo(1) . (3.142)

So, using the identity oFj(1,1;1;—1) = % for Gauss’s hypergeometric function oF}(a,b;c; z),

it’s clear that the exact result (Equation 3.1.42)) reduces to our low-frequency result (Equa-|

tion 3.1.41) in the % — 0 limit.

Photon Spectral Functions for B > T2

Since, we have external magnetic field B = B, in the z-direction which creates anisotropy
in our system, we’ll carefully and separately study the spectral functions when the momentum
is parallel and perpendicular to the direction of the magnetic field B,.

Using and choosing the momentum of the photon to lie in the z-direction
K = (w,0,0,k, = w), which is parallel to the magnetic field B,, we find the transversal

components of the spectral function x**ZI(w) and x¥*ZI(w) to be

Bl (w) = Bl (w) = 2wopTI(1) = jgwa(l) : (3.1.43)

. . B
which means that the trace of the spectral function Xﬁ '(w) becomes

uBj

B B 8
X (W) =Xz (w) + X r !

B () = w1 (1) = JFeoll) (3.1.44)
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In the presence of strong external magnetic field B, = B >> T2, for the photons with

momentum k, = w parallel to the direction of the magnetic field B,, the photon production

rate (Equation 3.1.4) using the trace of the spectral function (Equation 3.1.44)) becomes

dl“f”
WL«@ - EQWWJ(U' (3.1.45)

Production Rate of Transverse Photons

Using (Equation 3.1.5) and choosing the momentum of the photon to lie in the z-direction

K = (w, k; = w,0,0), which is perpendicular to the magnetic field B,, we find the transversal

components of the spectral function x¥¥P1(w) and x**B+ (w) to be

YWYBL (w) = nggbyy(l) = \;lgwa(l) , (3.1.46)

P (W) = 2wob (1) = dbwa(1) . (3.1.47)
So, the trace of the spectral function XﬁBl (w) becomes

4
XEPE (w) = xUPH (w) + 2P (w) = 2wol WP (1) + 2wol 7 (1) = (—= + dbwo(1) . (3.1.48)

V3

Note that our low-frequency limit results (Equation 3.1.44)) and (Equation 3.1.48)) should be

considered as a large magnetic field B > T? and low frequency w < v/B limits of a yet unde-

termined spectral functions at an arbitrary magnetic field B and frequency w. Unfortunately,
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we couldn’t find the exact spectral functions here since the exact bulk metric which interpolates
between the AdSs x T? metric near the horizon for B > T2, which we used in this paper, and
the AdSs metric near the boundary is lacking (280)).

For the photons with momentum k, = w perpendicular to the magnetic field B,, the photon

production rate (Equation 3.1.4)) using the trace of the spectral function (Equation 3.1.48))

becomes

drhs
dw w<<\/§ -

( 4

7 +4b)Q.wo (1). (3.1.49)

The photon production rates for B = 0 are found from (Equation 3.1.4)) using the trace of

the spectral functions (Equation 3.1.42)) and (Equation 3.1.41)), therefore, they are given by

B=0
dr’

S =RRl- 1+ D L (1= )i 1 — i —1)[2Q, wo (1), (3.1.50)

47T’ 47T 27T

for any frequency w, and

dr,f?:@ _
- =4 1 3.1.51
7o e Q. wa(1), ( )

for a small frequency w < T'. We’ve compared the low-frequency result (Equation 3.1.51f) and

the exact result (Equation 3.1.50)) in [Figure 6, Note that, in we’ve multiplied both

(Equation 3.1.51) and (Equation 3.1.50) by a factor of 2 in order to find the total thermal

apu N2T® (%)2
1672 % _1°

photon production rate in the z and z directions. Also, note that @Vwa(l) =



1dr,

agm N T? w dw

49

Figure 6. Thermal photon production at any frequency (Equation 3.1.50)) [solid lines] and at
low-frequency (Equation 3.1.51)) [dashed lines] for B = 0.

d
Finally, the total thermal photon production rates

B=0
F'y(Total)

B=0 _
dr'y(Total) ‘ _ 2d1—‘5 0 ‘ _
dw wkT dw lwT
and
B B
AT rota) _dry! ‘ Il _
dw w<VB dw lw<VB dw lw<vB

(

dFE(Total)
and o become

8Q wo(1), (3.1.52)
12 _
el 40)Q,wo (1). (3.1.53)

We have plotted the total thermal photon production rates (Equation 3.1.52) and (Equa-

tion 3.1.53|) together in |Figure §

Production Rate of Longitudinal Dileptons

Note also that Q. wo(1) =

apu N2T3 (%)2

1672 % _q°
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Figure 7. The ratio of thermal photon production at any frequency (Equation 3.1.50|) and at
low-frequency (Equation 3.1.51)) for B = 0.

We will compute the spectral functions of soft or low-frequency dileptons, w < T for B =0
orw<VBfor B>T 2, using the DC conductivities.

Dilepton Spectral Functions for B =0

Using (Equation 3.1.5) and choosing the momentum of the dilepton to lie in the z-direction

K = (w,0,0,k;), we find the longitudinal and time components of the spectral function

X**(w, k.) and x*(w, k.), respectively, to be

X (w, k) = 2wof* (1) =2wo(1), (3.1.54)
and
k2 k2
XHw, k) = 2x*(w, k) =2-20(1), (3.1.55)

w?
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1dr,

agm N T? @ dw
o o
8 R

1dr,

o

Q

R
T

o

o

=
T

Figure 8. Thermal photon production in the absence of the magnetic field B = 0
(Equation 3.1.52)) [solid lines] and in the presence of the strong magnetic field B > T2
(Equation 3.1.53)) [dashed lines]. In (a) we used (Equation 3.1.32) to get
B = Bsyy = (6.82841C) x Brprc = 10.90 x 4m2, T = 1.58m, and b= 55 &
RHIC. In (b) we used (Equation 3.1.32)) to get
B = Bgyy = (6.82LH2) x Brye = 21.46 x 15m2, T = 2.18m;, and b= ;23 & = 1.72 at
LHC.

e = 0.44 at

where we used the Ward identity to find the time component of the spectral function x%(w, k)

from the longitudinal one x**(w, k). Again, using (Equation 3.1.5)), we can find the transversal

components of the spectral function for the dileptons to be

X (w, k) = x¥W(w, k) = 2wof’ (1) =2wo(1). (3.1.56)
So, the trace of the spectral function for the dileptons x4 (w, k) becomes
kQ
Xh(w, kz) = Xh(w, k2) + xZ(w, k) + x5 (w, k) + Xy (w, kz) = —2f0(1) +6wo(l) . (3.1.57)



52

Similarly, when the momentum of the dileptons lies in the z-direction K = (w, k; = w, 0,0),

the trace of their spectral function x},(w, k,) becomes

2

k
X (w, ky) = Xi(w, ke) + XE(w, ky) + Xy (W, kz) + X (w, kz) = —2;550(1) + 6wo (1) . (3.1.58)

Dilepton Spectral Functions for B > T2

Using ([Equation 3.1.5)) and choosing the momentum of the dileptons to lie in the z-direction

K = (w,0,0, k), which is parallel to the magnetic field B,, we find the longitudinal and time

components of the spectral function x**PIl(w, k.) and "5 (w, k. ), respectively, to be

XZZBH (U), kz) — 2w0—L (1) — 4bw0‘(1), (3159)
and
XttBH (w k ) — igXZZB\I (w k ) = 4bké(f(1) (3 1 60)
y Kz w2 y vz w . B

We can also find the transversal components of the spectral function for the dileptons x** I (w, k)
and x¥PI(w, k.) to be

XBI(w, ky) = xWWPNw, k) = 2wop (1) = ﬁwa(l), (3.1.61)
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B
which means that the trace of their spectral function XZ "(w, k) becomes

XﬁB“ (w, k) = XiB” (w, kz)—i—XZB” (w, kz)—l—xg;B” (w, kz)—l—XzB” (w, k) = —4bf0(1)+4bwa(1)+iwa(1) )

V3

(3.1.62)

The thermal dilepton production rate for B = 0 is found from (Equation 3.1.7) using the

trace of the spectral function (Equation 3.1.57)), thus, it’s given by

dPZB;O k2
A ey = (205 T 0Quwa(1). (3.1.63)

Therefore, in the presence of strong external magnetic field B = B, > T2, for the dileptons

with momentum k, which is parallel to the direction of the magnetic field B, the thermal dilep-

ton production rate (Equation 3.1.7) using the trace of the spectral function (Equation 3.1.62))

becomes

ClFBH 2
& — ™ a2 )Que() (3.1.64)
DK ey w? V3 -

Production Rate of Transverse Dileptons

Using ([Equation 3.1.5) and choosing the momentum of the dileptons to lie in the z-direction

K = (w,k,,0,0), which is perpendicular to the magnetic field B,, we find the longitudinal and

time components of the spectral function x**51 (w, k,) and x5+ (w, k), respectively, to be

4
2Bl ky) = 2wotPL(1) = —wo(1), 3.1.65
k) = 200 (1) = wa() (3169
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and

VB k) = FEenmi, gy 2 AR ) (3.1.66)
) €T w2 ) xT \/g w . el

We can also find the transversal components of the spectral function for the dileptons x¥¥2+ (w, k)

and x**BL(w, k;), respectively, to be

4
WBL (4w k) = 2wo¥PL(1) = —wo(1), 3.1.67
X (w, k) 7 o(1) 7 (1) ( )
and
X (W k) = 200 P (1) = dbwa(1). (3.1.68)

So, the trace of the spectral function for the dileptons XﬁBL (w, k) becomes

4 k2 8
XZBL (wa k;t) - X;Bl (w7 k:v)"i_XgBL (w, kac)"i_XZBL (w7 kx)""szJ_ (w, kx) - _%f‘j’(l)"i_ﬁwo'(l)""_zlbwa(l) :
(3.1.69)

for the dileptons with momentum k, perpendicular to the direction of the magnetic field

B,, the dilepton production rate (Equation 3.1.7)), using the trace of the spectral function

(Equation 3.1.69)), becomes

B
dri: B
dAK lusvB

4k§+i
V3

(

~ Ak +4b)Q pwo (1). (3.1.70)
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M(GeV) | | | | M(GeV) | |
(a) (b)

Figure 9. Thermal dilepton production in the absence of the magnetic field B = 0
(Equation 3.1.71)) [solid lines] and in the presence the strong magnetic field B > T2
(Equation 3.1.72)) [dashed lines| as a function of the intermediate-mass 1GeV< M <3.2 GeV
of the dileptons. In (a) we used pr = 1GeV, also used (Equation 3.1.32) to get
B = Bgyy = (6.8%) X Brurc = 10.90 x 4m2, T = 1.58m, b = ﬁ% = 0.44 at RHIC.
In (b) we used pr = 1GeV, also used (Equation 3.1.32]) to get
B = Bsyy = (6.83%‘2’0) X Brgc = 21.46 x 15m2, T = 2.18m, and b = ﬁ% =1.72 at
LHC.

~

r5=0 dre
0(Total) and 2L(Total) are

Finally, the total thermal dilepton production rates —_ 7 iy
drB=0 drB=0 2
(Total) 00 pr
— =2 =2(—2— swo (1 171
d*K  lo<r d*K lw<r ( w2 +6)Qwo (1), (3.1.71)
and
ar ar’ dari: 1 2 1
20(Total) _ 00 i _ (—4(b + 7)]9771 +8h+ 76)62@000(1),
d*K  lwsvB d*K lusvB  d*K locvB V3 w? V3

(3.1.72)
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where we used p% = k2 + k2. We've plotted the total soft-thermal dilepton production rates

Equation 3.1.71)) and (Equation 3.1.72)) in [Figure 9, Also, note that in [Figure 9/Q,; = %]S))T,

and w? :pgf + M2

3.2 Velocity Gradient Correction to Photon Production Rate at Strong Coupling

In this section, using the AdS/CFT correspondence, we will compute the velocity gradient

correction to photon emission rate of the QGP

dr’ e? Dk <
ﬁ,(e“) = meﬂ(e )G (k) o (3.2.73)
where
Gy, (k) = / d*z e (J,(0)J,(z)) . (3.2.74)

Considering rotational invariance, the correction to the emission rate at local rest frame

should take the form

dl‘\shear
a3k

2 e A .
= %F(l)(w)kzkjaij : (3.2.75)

where k' is the unit vector parallel to the momentum direction of the emitted photons, and T
is the temperature.

We note that for a static equilibrium QGP, the photon emission rate was computed both at
strong (77) and weak coupling (163; 164; 166; 132). In addition, in the weak coupling regime,

(135) has computed the correction to photon emission rate arising from non-vanishing shear
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component of velocity gradients, and has been implemented in realistic numerical simulations
of heavy-ion collisions in (136;|137;138;139). We also note that (220) has computed the similar
gradient correction to the drag force on heavy quark, and (84]) has computed the photon emission
rate in far out-of-equilibrium geometry of falling mass shell (141)).

In the AdS/CFT correspondence, computing the velocity gradient correction boils down to
computing the Wightman function Glfy(k) in a bulk metric with velocity gradient correction
G (t,x,7) = gw(r) + 09, (t, x,7), that is,

dr?

2 _
= e

+ 72 (= f(r, Tuyuydztda” + (n — uyw,) detds”) + Sgy,datde” ,  (3.2.76)
with

6gij(r) = S(r)oij , (3.2.77)
where ((147; |148))

21
S(r) = %ﬁ T — 2arctan <7TLT) + log

(=) (o))

Gij = % (&uj + Oju; — % <3kUk>> ; (3.2.79)

) . (3.2.78)

is the shear component of velocity gradient with u,, slowly varying in space-time, hence we will

assume o;; and u, to be constant,

frT)=1- (”)4 , (3.2.80)
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is the blackening factor of the black hole with the local temperature T, representing hydrody-
namic evolution of the gauge theory plasma close to equilibrium.
Since, in our computation, the bulk-to-boundary propagators G,, and Gr are constructed

from the background metric g, in thermal equilibrium, as we have showed in Chapter (1, the

fluctuation-dissipation relations |Equation 1.0.25| still hold, specifically, Gﬁu = —2np(w)l me,/.

Therefore, we only need to compute the velocity gradient correction to the retarded Green’s
function Gﬁ;j.
Linearizing the 5-dimensional Maxwell’s gravitational action, for g, (t,x,7) = g,,(r) +

39 (t,x,7), we find

1 1 1 S(r) ;
Ss = — P/ (—F FMN _ Z 5 P g i@ NQ). 3.2.81
b 167rG5/ TV I\ gEMN 90U TN ( )

Note that we have dropped the bar from the background metric g, after linearizing the action.

The Maxwell’s equation of motion for the transverse component of A, (k,r) = (ey)*gfl,(k, 7)o (k)
(where we use the transverse photon polarization tensor ¢# with ¢ = 0 and €- k= €'k; = 0) is
given by

w? -
0 (21(r10,) + 1 (1o~ )| stk =, (3282)

Ay (k,r) satisfies the UV boundary condition A, (k,r — 00) = (€,)*po (k).
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The exact analytic solution of [Equation 3.2.82 for light-like on-shell momenta with |k = w

is given, in terms of hypergeometric function o F}(a, b;c; z), as (77)

Ay(k,r) = —i(e)” (1 - <7rf>2> o (1 + (WTT>2>_2:T (3.2.83)
1 ; .

Similarly, we have

2\ ~VinT 2\ " 2T
Ayk,r) = —iey, (1 - <7TTT <1 + <7TTT> ) (3.2.85)
1 y y . .

Using the above solutions in the action [Equation 3.2.81|and taking the functional derivative

twice with the boundary value A, (k,r — 00) = (€,,)*¢o(k), we determine the velocity gradient

correction to the retarded Green’s function 5Gﬁy(k:) to be

S(r)

0Cu (k) = gpmoi / dr [(&gm,r)) (0 G (k1) ™" (3.2.87)

+ (k:lg/?y(kvr) - k‘pgﬁ(k‘, T)) (kjgﬁo(k’r) - kﬂgfj(k’ T)) gpa )
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which after integrating by parts, and contracting it with the photon polarization tensors, be-

comes

SGR(k) = ETTen % /oo dr [ei(ej)*ar <S?f§)> r3F(r)H (r) 0, H (r) — kiky 2

where 0GR (k) = e“(e”)*ény(k),

mo = (- () (e () 259

1 N oW 1 ) w1 T\ ?
X 2b (1_2(1+Z)27TT’_2(1+1)2WT’1_l27rT’2 (1— (r> )) )

1 N oW 1 N oW w1
C = QF]_ (1 — 5(1 +2)ﬁ’_§(1 +l)ﬁ’1 _Zﬁ7 2) y (3290)

and we have used the fact that the boundary term from the integration by part,

i 0y L (S(r) 5 h
_ o C Eei(ej) < 2 o f(r)H (r)0-H (1) , (3.2.91)

TH

vanishes both at r = co and r = rg.
Therefore, the expression for the correction to the photon emission rate
drshear 62 62

() = )OGS (k) = — =2 I R 2.92
() = G G (K) = — S me@)Im [BGRR] . (32.92
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r® ()

O (w)
05+

04|
03f

02l

O'Oi L L L 1 L P 1 L L L 1 P L 1 L L L |- L L 1 L L T L T
2 4 6 8 10 12 14 T

Figure 10. The plot of R = T (w) /T (w) as a function of w/T.

after using

ci(ey)* — 615 — kiky (3.2.93)

in [Equation 3.2.88] becomes

dl‘\shear 2 o
= :‘%r(l)(w)kw%, (3.2.94)
where
1 N2T
r® = c 2.
() (27)32w n5(w) 152 (3:2.95)

Im

X

1
012 /Ood'r [ar (ST(;"))7~3f(r)H(r)8,,H(7«)+w25(T)H(T)2” .
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Finally, the total photon emission rate including the velocity gradient correction becomes

A _ 2ro (W) + éF(1>(<,J)l§:il%ja-- 4 (3.2.96)
d3k T Y ’ o
where (77)
1 2%
rOw) = P GG
w=|k|
1 v\* YR
= —m QTLB(CL))Im [6”(6 ) GNV(]{:)]
1 N2Tw 1 w 1 w w —2
= c F(l—-(Q+i)— 14 (1 =)l — i —1
2w "W e |2 1( pI g 1o —igml —ig T >

where the last factor 2 in the first line comes from the polarization summation. We have plotted

(1) . .
= E(O)E:; in [Figure 10

the dimensionless ratio R

3.3 Spin Polarized Photons and Dileptons of Axially Charged Plasma at Strong Coupling

So far, in the previous sections of this chapter, we have explored the effects of magnetic
field, and fluid velocity gradient on the thermal photon and/or dilepton emission rates of the
QGP. In this section, we will investigate the effect of chiral (axial) anomaly on the thermal
photons and dileptons emitted from the QGP.

An SU(N) Yang-Mills theory, such as QCD, in addition to infinite number of degenerate

vacua, can also has gauge field configurations with topological charge Q) = 33; i d*z FI'F i

which is quantized as an integer if these configurations interpolate between two of the infinite
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number of degenerate vacua. In the presence of axial anomaly in SU(N) Yang-Mills theory

coupled to massless fermions (quarks), i.e.,

2

Nrg L=
Ol = =5 6{;2 FEe (3.3.97)

it can be shown that the change in axial charge or chirality (where chirality is the difference
between the number of particles (plus antiparticles) with right-handed and left-handed helicity)

over time AJB‘ is proportional to the topological charge @, i.e.,

dJ§ N 8
dTA - _‘i 67r§ / &z FIV L, (3.3.98)

where the axial charge J§ = N(qz) + N(qz) — N(qr) — N(gr). Therefore, [Equation 3.3.98|

implies that the @ # 0 fields can induce parity (P) and charge-parity (CP) odd effects by
interacting with the fermions.

In off-central heavy-ion collisions, axial charges may be created event-by-event either by the
glasma color fields in the early stage of collisions or by thermal sphaleron transitions in a later
stage (152; [150; |100). Moreover, the ultra-relativistic heavy-ion projectiles can create a huge
magnetic field which provides an ideal set-up for Chiral Magnetic Effect (CME) (152)

e2pia
om2

<~
I
Sl

(3.3.99)
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where p4 is the axial chemical potential. The induced event-by-event charge separation from
the CME may lead to some experimental signatures (101) that indeed seem to be consistent
with the observations in RHIC (102) and LHC (103)). However, as the proposed signal is roughly
the square of the charge separations in order to avoid event-averaging to zero, the signal is in
fact P-even and may get additional contributions from other background effects unrelated to
triangle anomaly (1045 105} 106} 107)), which makes it hard to draw definite conclusions on the
CME in heavy-ion collisions.

Another related phenomenon is the Chiral Magnetic Wave (CMW) (60; 61) which is a
gapless sound-like propagation of chiral (that is, left-handed or right-handed) charges along
the direction of the magnetic field. The CMW may lead to a non-zero electric quadrupole
moment in the plasma fireball (108; [109; |110) that can explain the experimentally observed
(111 |112) charge-dependent elliptic flows of pions at RHIC (109; 110). Although this is quite
suggestive to the existence of the phenomenon, similarly to CME the observable is sensitive to
other background effects not originating from triangle anomaly (113;|114; (115} 90; |116).

The proposed observables sensitive to the presence of the axial charge Jg in the quark-
gluon plasma (QGP), such as charge separation by Chiral Magnetic Effect rely on the presence
of background magnetic field B. However, thermal photon and dilepton emission rates are

directly sensitive to the axial charge JY, even in the absence of background magnetic field B.
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For example, in the presence of axial charge Jg, the difference in the photon emission rates

between + and — circularly polarized states (”circular polarization asymmetry”)

A (¢ ) — AU (¢ )
+ —
A, =Lk b~ (3.3.100)
w7 () + 57 (e0)
is given by
ImGE — ImGE ReGL, 2Re G&, Imo, (k°)
A = L GR Y I GR " ImGE " ImTrGR = Reon (i) 3101
+ ~lro=iR 1L ko] Ko=[F| H

where we used the photon emission rate per unit volume dI'/d3k(e") to be

dr e? -2 % R
— (¥ = —————Im [e"(e")*G,}, (k)] L (3.3.102)
d3k (27)32|k| eBIkl — 1 kO=|k]|
with the retarded correlation functions
(3.3.103)

G (k) = —i / a4 e 0(20)([J, (), Ju(0)])

which after choosing the momentum of the emitted photons to be k= k&3, and contracting

with the circular polarization vectors € = (¥, ¢!, €2, €3) = %(O, 1,+i,0), becomes

di(eL)*GE, = (G, +iGTy) = GE. (3.3.104)
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To get the last line, we have also used GT, ~ ik%, (k) and G ~ —ik%011(k°) where

G~ =ioy(w, k)egrk®, .5,k =1,2,3, (3.3.105)

and oy (w, k) is the coefficient of the CME [Equation 3.3.99 at finite frequency-momentum,

-

J = e, (w, k)B(w, k). (3.3.106)

Since in the zero frequency limit, the chiral magnetic conductivity o, (k°) is given by

2
lim o (k%) = SE4

Jim o (3.3.107)

which is real, we expect the imaginary part of the chiral magnetic conductivity hence the

circular polarization asymmetry A, [Equation 3.3.101| to vanish in the zero frequency limit of

our numerical computation. We also expect the circular polarization asymmetry A+, to be
proportional to the axial chemical potential 4.
Similarly, for dileptons, one can show that their spin polarization asymmetry A is given

by (154)

2cos b ImG_IE—ImGlf
Aill_:

. , 3.3.108
1+ cos?6 Ime—i—ImGE ( )

pH=p=p +p

where p; = p(—sinf,0,cosf) and pa = p (sinf, 0, cos #) are the two momenta of the lepton and

anti-lepton with the same magnitude p = [pi| = |p2|, and an angle 20 between them as shown

in [Figure 11} p’; = <2E = 2¢/p? +m?2,0,0,2pcos 0) is the total center of mass four-momentum
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X

Figure 11. A schematic illustration of the lepton (p}) and anti-lepton (p2) momenta in the
di-lepton emission from an isotropic axially charged plasma.

that is carried by the virtual photons, and m is the mass of the lepton species. Note that

[Equation 3.3.108|is similar to the expression |Equation 3.3.101|for A, except for an additional

angular factor and a different kinematic domain probed.
An interesting observation on the effect of triangle anomaly to the photons interacting with
the plasma was previously made in Ref.(126), showing that the photon field with a particular

polarization is unstable and seems to grow. The physics is based on the same P- and CP-odd
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part of the retarded correlation functions (Equation 3.3.105)), now entering the dispersion rela-

tion of photon field interacting with the plasma medium. Although this is quite interesting, for
this instability to be realized, the time scale should be long enough to allow multiple interactions
between photons and the plasma. Due to a smallness of electromagnetic coupling agyr < 1,
this required time scale is parametrically long (proportional to ag}w), and based on this, it has
been typically assumed that the photons in heavy-ion collisions once emitted from the plasma
do not interact with the plasma again before they leave out the fireball, and the well-known
photon emission rate is based on this premise. In this case, the more plausible phenomenon
happening in real heavy-ion collisions seems to be a simple asymmetry in the emission rates for

different spins we discuss.

In what follows, we will compute the spin polarization asymmetries [Equation 3.3.101| and

[Equation 3.3.108| in strongly coupled regime, using the AdS/CFT correspondence in Sakai-

Sugimoto model (300).

Spin Polarized Photons and Dileptons in Sakai-Sugimoto Model

Sakai-Sugimoto holographic model of QCD (300))(for detailed discussion of Sakai-Sugimoto
model, see for example, the section 5 of (161)) and section 3 of (124))) lives in a 5 dimensional
space-time, (z#,U) where U is an extra holographic dimension. There are two 5 dimensional
U(1) gauge fields, Ay and A,, corresponding to the vector and axial symmetry of the massless

quark species in the QCD side, whose 5 dimensional dynamics describes the chiral dynamics
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of the massless quark holographically. Especially, there are 5 dimensional Chern-Simons terms

that are the holographic manifestation of the triangle anomaly in the QCD side

—_— NC
9672

Scs /d4IL‘dU EMNPQR [—(AL)M(FL)NP(FL)QR + (AR)M(FR)NP(FR)QR] , (3.3.109)

where we introduce chiral gauge fields defined by
A=Ay — A,, Ar=Ay + A,. (3.3.110)

The QCD plasma with a finite axial charge is described in the model by a non-zero background

configuration of the axial gauge field A, which is

0
(Fa)jy) = BN (3.3.111)

where the parameter « is related to the axial chemical potential p4 by the relation

> o 2a 3113 o
= dUu = Pl —= - = ——. 3.3.112
1A /UT U5 1 o2 3U7%2 1(10’2’10’ U%) ( )
The parameter Ur in the above in turn is determined by the temperature T by

47T\ ?
Ur = R® <7;> : (3.3.113)



70

with a numerical value R® = 1.44 in units of GeV. The Uy is in fact the location of the black-hole
horizon at U = Urp in the background holographic space-time describing a finite temperature
plasma, and the holographic coordinate U has a range Ur < U < oo where U = oo is the region
corresponding to the UV regime of the QCD side.

Our main interest is to compute retarded (vector) current correlation functions in the axially
charged plasma described above. To do this in holography, one first solves the linearized

equations of motion for the vector gauge field Ay fluctuations from the background solution

given by (Equation 3.3.111)) (161)

O (A(U)Fyur) — B(U)(9;Fis) =0, (3.3.114)

A(U)(E)tFtU) + B(U)(&Fm) + C(U)(@ZFUl) =0,

Ne

0 .
s (Fat e Fyr =0,

B(U)(0,Fyi) + 0y (B(U)Fy + C(U)Fyi) + D(U)0; Fji —

where 4, j,k = 1,2,3, C = 0.0211 in units of GeV, and the functions A(U), B(U),C(U),D(U)

are given by

with

fU)=1- <UT>3 : (3.3.116)
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Note that the last term in the third equation in (Equation 3.3.114) is from the 5 dimensional

Chern-Simons term which is a consequence of triangle anomaly. The solution has a near U — oo

behavior given by

A(l) A(Z) A
A, = AO £ B4 IR 3.11
m ” + U% + U + U% + , (3 3 7)

with
AV =0, AV =2Rr:FY, AP = 2R%F), AP = 2Rr%FY |  (3.3.118)

where ALO) is a free parameter (the UV boundary condition) acting as a source for the QCD
vector current J#, while the /Nlu is a dynamically determined quantity which encodes the ex-

pectation value of the current in the presence of the source ALO) by (124)

.8
<Jt> = 3C (At+3R36t8]Ft(]0)) R

() = 3C (fL +4R? <8t8jﬂ(f) + ;ath(f) - ga,»ath(f)» . (3.3.119)

(0)
m

The solution with a given source A, ’ and the incoming boundary condition at the horizon

U = Ur is unique and it is proportional to ALO), and hence the current expectation value

quuation 3.3.119b is a linear function of A,(?) from which we finally obtain our desired retarded

correlation functions as

(J) = —GEvAO, (3.3.120)
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Since we are interested in computing only the transverse part of the correlation functions, we
can consistently turn on A; > components only, after taking the frequency-momentum (w, k=

k#3), so that 0; = —iw, &; = ikd;3. The relevant equation of motion is the third equation in

(Equation 3.3.114)),

. X . Nc 0) ij
— iwB(U)dy Ai + 0y (~iwB(U)A; + C(U)0y As) = ED(U) A + ik 3 C(Fa)gU)e iA; =0,

(3.3.121)

with i,j = 1,2 and €2 = —e?! = +1. From the structure of the above equation, it is natural to
work with a helicity basis

1
AL = — (A1 Fi4,) , 3.3.122
=7 (A1 FiAs) ( )

in terms of which the equation of motion diagonalizes as

Ne
2

- C(Fa)E?}Ai 0.

—iwB(U)0y A+ + 0y (—iwB(U)A+ + C(U)dyAx) — E*D(U)Ax T k

(3.3.123)

Once we find the solution of A4, we can read off the source Agg =1 / \@(Ago) ¥ Aéo)) and the

expectation value via (Equation 3.3.119)

(J5) = — (J' FiJ?) = 3C <Ai + 4R (—iw) (k2 - w2> Ag§>> . (3.3.124)

Sl
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From the relation (J%) = —GRijAg-O), and the rotational symmetry G} = G and G, = -G£,

it is straight forward to see that
(%) = — (GI £iGT) AY = —~GRAD, (3.3.125)

so that we can naturally obtain our desired G, entering our expressions (??) and (??) for A,

and A7, from the solutions of A.

Numerically, what we do is to solve the equation (Equation 3.3.123|) from the horizon U = Up

up to a UV maximum U,,,; and then compare its value and derivative at U,,q, with the UV

expansion (Equation 3.3.117)),

2Rz (—i —2R3k? A
Aﬂ:(Umax) = Ag?)"'_ 2(1 lW)A$)+ U A$)+ ;E )
r%lax max Un?lax
3 ~
12R2(—i 2R3k A
O As(Unax) = —QMAQS)JF (i Af)—g%, (3.3.126)
Un%ax max UanaX

to obtain Agg) and Ay. We then compute (JF) from (]Equation 3.3.124[), and finally get G%

from

Gl = — : (3.3.127)

shows our numerical results of photon circular polarization asymmetry A, as
a function of frequency, where T' = 300 MeV with p4 = 100 MeV (solid) and p4 = 50 MeV
(dashed). Since the model is trustable only up to a few GeV’s, we compute A4, only for w < 2

GeV. We observe that the asymmetry is about a percent level with a peak around w =1 GeV.



74

0.015

0.010

0.005

S ‘ ‘ ‘ - winGeV
0.5 1.0 15 2.0

Figure 12. The photon circular polarization asymmetry A+, from an axially charged plasma
as a function of frequency w, where T'= 300 MeV with p4 = 100 MeV (solid) and pgq = 50
MeV (dashed).

It is easy to check that the result is absent without the Chern-Simons term (triangle anomaly)
and the effect is roughly proportional to the axial chemical potential.
Figure 13| shows our numerical results for the di-lepton spin polarization asymmetry A ;;
T

in the case of di-muon pair with a relative angle 20 = 7 as a function of the muon momentum

p = |p] (see [Figure 11)). Note that the p’; which probes the plasma is

py=2\/p>+m2, m,=100MeV, |jf|=2pcosf. (3.3.128)

We observe again that the effect is about a percent level.
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Figure 13. The di-lepton spin polarization asymmetry A;; from an axially charged plasma as
a function of one lepton momentum p = |p] for the case of muon, where T' = 300 MeV with
pa =100 MeV (solid) and 4 = 50 MeV (dashed). The relative angle between muon and

anti-muon pair is taken to be 26 = 7.

3.4 Spin Polarized Photons of Axially Charged Plasma at Weak Coupling

In this section, we will compute the spin or circular polarization asymmetry of photons

[Equation 3.3.101] in the weakly coupled regime of thermal QCD, by using the concept of “P-

odd spectral density”, first introduced in (182) (see Appendix 1 of that reference).

We will compute it in real-time Schwinger-Keldysh formalism, where we have two time
contours joined at future infinity, one is going forward in time (labeled as contour 1) and the
other is going backward (contour 2). Initial thermal density matrix is realized by attaching an

imaginary time thermal contour at the beginning time (at past infinity). By placing operators
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in suitable positions in the two contours, one can generate all kinds of time orderings for

correlation functions. In terms of “ra”’-variables defined by

Or=5(014+03), Oa=01-0s, (3.4.129)

DO | =

our starting point is the thermal relation for the current-current correlation functions
GTr (k) = (; + nB(k:O)> (GT(k) — G2 (k) . (3.4.130)
The retarded Green’s function is given in this notation by
Gl(k) = -G (k), (3.4.131)

and by hermiticity of the current operator, the retarded Green’s function should be real-valued
in coordinate space. This requires to have (Gﬁ(k))* = Gﬁ(—k) in momentum space, or equiv-
alently

(Gij (k)" = =Gij (=k). (3.4.132)

On the other hand, by definition, G (z) = G/ (—x), so that in momentum space we have

G (k) = G3 (=k) = = (G5 (k)" (3.4.133)

where the last equality comes from (Equation 3.4.132)).
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In the relation (Equation 6.1.13)), the left-hand side means the fluctuation amplitude, and

the right-hand side, besides the statistical factor, represents the spectral density

Gy (k) = <; + nB(k°)> pij(k),  pij(k) = Gif (k) — Gif (k). (3.4.134)

The relation (Equation 3.4.133)) gives us

pij(k) = Gij (k) + (G5 (k)" (3.4.135)

so that the spectral density is twice of the hermitian part of G7{(k) in terms of spatial i, j
indices. In a P-even ensemble, rotational invariance dictates that G:]‘l(k) be proportional to 6%

or k'k?, and hence be symmetric with respect to 7, j. The resulting spectral density from this

should then be real-valued by (Equation 3.4.135|).

In a P-odd ensemble, such as with axial chemical potential, rotational invariance allows us

to have a purely imaginary and anti-symmetric (and hence hermitian) spectral density,

pij (k) ~ p°%(k)ie"' k! (3.4.136)

with a real valued function p°¥(k). From (?7), we have p°¥(k) = —2Imo,(k), that is, the
P-odd spectral density is in fact the imaginary part of chiral magnetic conductivity. We see
that the imaginary part of chiral magnetic conductivity governs P-odd thermal fluctuations of

currents, while the topological real part at zero momentum limit (??) does not contribute to
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thermal fluctuations. This gives some intuition why Imo, (k) is subject to microscopic real-time

dynamics of the theory.

From (Equation 3.4.132)), and (Equation 3.4.135)), we have

pPl(—k) = —p (k) . (3.4.137)

Rotational invariance dictates that p°(k) be a function of |k|, so p°¥(w, |k|) is an odd function
on w, similarly to P-even spectral densities. In small frequency, zero momentum limit we expect

to have

PP (w,0) ~ 265w+, w—0, (3.4.138)

where the hydrodynamic transport coefficient &5 has the meaning of (?7?7). As the sign of &
depends both on the chirality and the axial chemical potential, there seems to be no concept
of positivity constraint on it, contrary to electric conductivity. However, explicit computa-
tions indicate that the “relative” sign between og (defined in (??)) and &5 is always negative,
reminiscent of magnetic induction (182). We are not yet aware of any formal proof on this.

Our P-odd photon emission rate is related to the P-odd spectral density via (??) by

dFOdd 62 4d
Pk :_(27r)3”3(°")po CILD] e (3.4.139)

which explains that the P-odd photon emission rate, while it is P- and CP-odd, is a dynamics

driven observable.
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We will compute the P-odd photon emission rate at complete leading order in QCD coupling

Qs,

drodd — qr+  qr-
e = B BE " apmos(log(l/as) +¢), (3.4.140)

with an (approximate) axial chemical potential p4 in the chiral limit of QCD.

The leading order rate consists of three distinct contributions: 1) Compton and Pair An-
nihilation with hard (that is, comparable to T') momentum exchanges, 2) Soft (that is, much
less than T') t-channel exchange contribution with IR divergence regulated by Hard Thermal
Loop (HTL) re-summation of exchanged fermion line, and 3) collinear Bremstrahlung and pair-
annihilation contributions induced by multiple scatterings with soft thermal gluons, referred to
as Landau-Pomeranchuk-Migdal (LPM) effect. The leading log result in «ay is produced by 1)
and 2), and the matching of the two logarithms from 1) and 2) to have the cut-off dependence
removed is an important consistency check for the computation. We will see that this happens
for our result.

Our methods of computation for the above three contributions closely follow the well-known
ones in literature (163; |164; |165; |166), and we apply them to our case of P-odd emission rate,
modulo a few subtleties. The complexity of numerical evaluation is somewhat heavier than the
P-even total emission rate.

A massless Dirac quark consists of a pair of left- and right-handed Weyl fermions. At
leading order in ay, the QCD interaction between them gives a higher order correction to the
photon emission rate, and hence we can treat them independently. This will be clear in the

Feynman diagrams we compute in the following. The only effect of having the other chiral Weyl
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fermion appears in the value of Debye mass m% in the gluon Hard Thermal Loop self-energy

which enters the Landau-Pomeranchuk-Migdal (LPM) resummation of collinear Bremstrahlung
and pair-annihilation.We therefore present our computational details only for the right-handed
Weyl fermion with its chemical potential p = pa. The other left-handed Weyl fermion then
has u = —u 4, and the total contribution to our P-odd photon emission rate is simply twice of
that from the right-handed Weyl fermion, up to the above mentioned modification of m%. We
assume our Dirac quark has a electromagnetic charge () = +1, and the full result for two flavor
QCD is simply

5

Qt+Qi= (3.4.141)

times of the result for @ = +1 (where again mQD has to include two flavor contributions).
We briefly summarize our notation and convention for a right-handed Weyl fermion theory.

Our metric convention is n = (—, +, +,+). Let us define
ot =01,0), '=(1,-0), (3.4.142)

which satisfy

ohg” + gt = =2 (3.4.143)

The equation

(p-o)p-7)=—p*= ")’ —Ip*, (3.4.144)



81

and the following trace formula will be useful,

Tr(o"5"0%5%) = 2(n'n®P 4 nhbyre — phanvh 4 jevaby (3.4.145)

The right-handed Weyl fermion action with QCD coupling g is

L =iylo"(0, —igt" A%y, (3.4.146)
Upon quantization, we have
d3 A A A A
P(x) = \/% (u(p)ape_zlplt“p'w + v(p)bipe”p't“p'w) , (3.4.147)

where particle and antiparticle spinors are defined by

il

(I1-0o-pulp)=0, (1+o-p(p) =0, p (3.4.148)

with normalization

u(p)ul(p) =—p-5, v (p)=-p-o, p"=(plp). (3.4.149)
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Note also that v(—p)v!(—p) = —p - &. It will be convenient to define spin projection operators

to quark/anti-quark states

ps'6

P = —s—
S(p) $ 2‘]7‘ ’ bs

(1+sp-o)= = (slp|,p), s==1, (3.4.150)

1
2

in terms of which the (bare) real-time propagators in “r/a” basis are

) p—— S

pO—pOtie  g—+ pO - S|p| + i€

S5(p) = ZﬁPs(p),

ra p-o
S™(p) = ZpT

570 = (5 m0") 570 - 5700 = (5 - n 69 ) e, (Ba15)

where ni(p®) = 1/(e?®"F1) 1 1) and the (bare) fermionic spectral density is

pr(p) = (2m) Y 5" = s[p)Ps(p). (3.4.152)
s=%

The Feynman rules are as usual, for example, for incoming (out-going) quark of momentum
p, we have u(p) (uf(p)), and for the incoming (out-going) antiquark of momentum p, we have
vi(—p) (v(—p)). We remind ourselves of the rules for polarization states as it is important to
get the correct sign for our P-odd photon emission rate. For out-going photon of polarization

€., we attach (e,)* contracted with the photon vertex iec* in the diagram. The same is true for
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' py gluon
k k i i
pP-k + k—p'
p P p P

Figure 14. Pair Annihilation diagrams with hard momentum exchanges.

gluons. For incoming gluon of polarization €, we attach €, contracted with the gluon vertex

igt®o*. Finally, with these normalizations, the natural momentum integration measure is

d3
/ Wi’glpl . (3.4.153)

Hard Compton and Pair Annihilation Contributions

Let the final photon momentum be k. For Pair Annihilation we label the momenta of
incoming quark and antiquark pair by p and p’ respectively, and let k&’ be the momentum of
out-going gluon of polarization é* and color a. There are two Feynman diagrams as in
with the total amplitude given as
(k - p,) 04 v

| k).
Mpazr(ei) — —iegvT(—p’) tao_ullo-o-“ 4ot % U(p)(e

= H

)(6,)*, (3.4.154)
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where ¢/ are the spin polarized photon states. Summing over colors in the squared amplitude

produces a simple color factor
1
> (1) = Cy(R)dg = §(N3 1), (3.4.155)

for the fundamental representation of SU(N,.). The summation over gluon polarization can be

replaced by

> (@) e = m (3.4.156)

é
thanks to Ward identities. Since our P-odd photon emission rate is the difference between the

rates with e, and e_, what we need is the difference
(M ()2 — [MP (e )P = M7 2 (3.4.157)

and the Pair Annihilation contribution to the P-odd photon emission rate is written as

dFOdd d3kl
078 p— 4 Y
(2m)"20 0 / o 32\p\/ o 32yp|/ Sy ) O+ =k = k)

< MPUTR g e ([pl)n- (19 (1 + na (k') (3.4.158)
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The computation of P-odd amplitude | M p‘m\idd is algebraically complicated, although con-

ceptually straightforward. Using (Equation 3.4.149)) and (Equation 4.1.27]), and the polarization

vectors

1
M= —2(0, 1,+i,0), (3.4.159)

after choosing k = |k|#3, it reduces to computing traces of 8 o matrices. After some amount

of efforts, we obtain a compact expression
air|2 2 2 1 DL pl 2
|MPer|S = Co(R)dR - 4e“g“(t —u) [ -+ — -2 — —— , (3.4.160)
U

where t = (p — k)2, u = (k — p')?, and p, is the component of p perpendicular to the photon

momentum k.

The momentum integration in the emission rate (Equation 3.4.158)) with the above P-odd

amplitude possesses logarithmic IR divergences near t ~ 0 and u ~ 0, corresponding to soft
fermion exchanges. From the diagrams in Figure [Figure 14] it is clearly seen that the u ~ 0
divergence is the same type of divergence near t ~ 0 with a simple interchange of quark and
anti-quark. We can explore this symmetry of interchanging quark and anti-quark to simplify

our computation: the kinematics is identical under the interchange

p«—p, te—u, ni(|pl) «— n_(lp]), (3.4.161)
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k+k'

p

Figure 15. Compton scattering diagrams with hard momentum exchanges.

and we can replace singular ~ 1/u terms in the amplitude with ~ 1/t terms, so that the
IR divergence appears in the new expression only around ¢t ~ 0. Explicitly, we can have a

replacement

M7 g g (I (1p/) (1 + ns (1K)

2 /
22 % 5 P, PL'P,
— C3(R)dR - 4e“g < " 2(t — u) <t2 . >>

< (ny(Iphn-(1p') = n—(IpDn+ (1)) (1 + np(|K)) . (3.4.162)

The integral with the above new expression has an additional advantage besides the absence of
IR divergence near u ~ 0: from the new structure of distribution function factor, the fact that

the result is an odd function on the chemical potential y is manifest.
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For Compton scatterings, let us first consider the Compton scattering with incoming quark
of momentum p and incoming gluon of momentum p’. The momentum of out-going quark will
then be k’. The kinematics is identical to the Pair Annihilation case with the same definitions

oft=(p—k)? u=(k—p)?and s = (k+ k)% Note that
t+u+s=0. (3.4.163)

There are two Feynman diagrams as in with the amplitude

— k4 k)G
MCompton(ei):_ieguT(k/) O'V(p UJ“—}—O'M( + ) o .

quark W (k T k/)2 U(p)(eljf)*gy s (34164)

where we omit color generators as it produces the same Cy(R)dg factor in the final result. The

P-odd amplitude square is then computed after some amount of algebra as

C t _ C t C t
Mgt " loaa = 1 Muari (€)1 = [Mgua 2" ()

/ 2
= Cy(R)dR - 4€?g*(s — 1) <1+i—2<m+kl> ) . (3.4.165)

t S

The P-odd emission rate with this Compton amplitude for quarks is given by

dFOdd d3kl
3 - 4 /A A v
(2m)"20 0, / o 32\p\/ o 32]p|/ Smypap] 2T O P k= k)

X [MGeEen 2 (Ip) (1 = ny (K ]))ns(p]) - (3.4.166)

quark
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There arises a logarithmic divergence near ¢ ~ 0 only, which can be treated together with the
one from the Pair Annihilation contribution.

The Compton scatterings with anti-quark has the P-odd amplitude square which is precisely
negative to the above. This could be expected simply from the fact that anti-quark has the
opposite chirality (helicity) to that of quark, so P-odd observable has to flip sign between them.
We confirmed this expectation by an explicit computation, but just for reference we present
the Compton amplitude with anti-quark,

ME (es) = —iequ! () [ (21T o e LI 2 ] ke

(3.4.167)

Besides to this sign flip compared to the quark Compton contribution, the distribution function

ny in (Equation 3.4.166)) has to be replaced by n_ for anti-quarks, so the final Compton rate

is given as

(22, T / / / K o is(p+ =k — &)
VB T (o 32|p| on 32|p| Sm)sal] 2T AP+

Mgt 24 (ns ([P (1 = na([K]) = n—(|p) (1 = n—(1K']))) na(lp']) -

X

(3.4.168)

The fact the the result is an odd function on the chemical potential is also apparent here.

To perform the phase space integrations in (Equation 3.4.158)) and (Equation 3.4.168|) with

P-odd amplitudes (Equation 3.4.160) and (Equation 3.4.165)), we follow the technique nicely
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introduced and explained in Refs.(167; 168). The idea is to introduce auxiliary energy variable
q° corresponding to either t-channel energy transfer (“t-channel parametrization” according to
Ref.(168)), or s-channel energy transfer (”s-channel parametrization”). Its essential role is to
trade the angular integration, coming from the energy d-function, for a scalar integration of
¢°. The price to pay is a somewhat complicated, but manageable integration domain. The
choice between t-channel and s-channel parametrizations is simply for convenience: t-channel
parametrization is convenient for terms with 1/¢, and vice versa for s-parametrization.

We will give a brief summary on these parametrizations that one can also find in the

original Refs.(167; |168). Let us focus on the common phase space integration measure in

(Equation 3.4.158) and (Equation 3.4.168)),

A3k’
(2m)4s f—k— k). 3.4.169
/ o 32|p|/ o 32\p|/ 2 yiafie] o) 0P P ) (3.4.169)

For t-channel parametrization, we perform d*k’ integration, and shift the integration variable

p to g = p — k to obtain

/ o 4 —r )8 (lg + k| + |p| — k| — g +p'|) (3.4.170)
@r32lq+ k| ) CoP2lp|2q+p] 0 VY p qg+p) . 4.

We then introduce a variable ¢° to write the energy § function as

+oo
5 (lg+k|l+1p'| — k| —|g+P) =/ dq’ 6 (g + k| — |kl —¢") 5 (" + |P'| — la +P]) .

—0o0

(3.4.171)
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where the meaning of Q = (¢°, q) as the t-channel exchange momentum is obvious.
The next step is to express the energy d-functions in terms of angle variables. Denoting the
angle between q and k as 6, we have

k| + ¢°
|ql| k|

5 (lg + k| — || —qo) = d (cos@ — cosOgr) , (3.4.172)

where

(4")% — |g|* + 2|k|¢°
2|q||k|

cos Ogr, = (3.4.173)

There appears constraints on (¢°, |g|) simply from the requirement that | cos 4| < 1, which
restricts the final integration domain that will be described shortly. Similarly, for the angle ¢’

between q and p’ we have

/ 0
AR

ol (cost — cosbpq) , (3.4.174)

5"+ 1P| —la+p)

with

(¢") — |g|* + 2[p|¢°

3.4.175
2Pl (3.4.175)

cosOpq =

Using these, one can perform the angular integrals of cosf from d3g and cos# from d°p/,
localizing cos 6 and cos @’ to the values cos fgx and cos 4. Since we need to compute p; = q
and p’| that appear in the P-odd amplitudes, it is convenient to fix the photon momentum
direction to be along 3, and using the overall rotational symmetry in (2!, 2?)-plane, we can

align g to be in (2!, 23) plane. See|Figure 16|for the illustration. ~ This alignment will produce
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Figure 16. The geometry of t-channel parametrization. (g, ', #2) form an orthonormal basis
rotated by fq, and p” is a projection of p’ onto the (2!, 2?) plane.

a trivial (27) azimuthal integration factor in the integral of d®>q. Note that the azimuthal angle
¢ of p’ with respect to g as defined in Figure 7?7 still has to be integrated explicitly. From the
geometry in we have

q1 = (|g|sin gk, 0), (3.4.176)
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N

Figure 17. The integration domain of (¢°, |q|) (shaded blue). The domain for |p/| is
Ip’| > (lg| — ¢°)/2. The soft region A (shaded red) is responsible for leading log IR divergence,
and the region B produces the energy logarithm that is described in the following.

in (z!,22) plane, and the p in (2!, 22, 23)-basis is given as

coslgr, 0 sinfg sin Oy g cos ¢
P = Ip 0 10 sin Oy sin ¢
—sinfgr, 0 cosbgk cos Op/q
€08 Ogg, sin O g cos ¢ + sin Ogy, cos Oprq
= |p/| sin Oy ¢ sin ¢ ’ (3.4.177)

— sin Ogp, sin Oy g cos ¢ + cos Ogg cos Oy ¢

which will be used in computing the P-odd amplitudes (Equation 3.4.160)) and (Equation 3.4.165)).

Finally, the integration domain for (¢°,|q/|,|p’|) is depicted in [Figure 17
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From all these, the phase space integration in the t-channel parametrization becomes

/ / / @K @em)*op+p —k—k)
o) 32ypy o) 321p\ 2 )32| K| pp

ql o0 2
_ 1 dlal dqo/ d]p’|/ dé . (3.4.178)
8(27r)4|k!/o maz(~|ql, q|~2|k|) lale® 0

For the amplitudes, we need to express various quantities in terms of integration variables and

the angles fiq and 6p4. The following expressions can be derived from (Equation 3.4.176) and

(Equation 3.4.177) and the previous definitions:

t = _(q0)2 + |q|2 . u="2|k||p| (1 + sin Ogg sin Oy g cos ¢ — cos Ogy, cos 0p/q) ,
qi — ‘q‘QSmZ Oge» Q. - P = |q||p| (31n9qk cos Ogp smﬁpqcosqﬁ—i—sm O gk cOS Oy q) ,

s=—t—u, pi=q., kK =q +D, (3.4.179)

where fq and 04 are given by (Equation 3.4.173) and (Equation 3.4.175). Finally, for the

arguments that enter the distribution functions, we have

pl ="+ k|, |K|=¢+I|p|. (3.4.180)

The above data are enough, at least numerically, to compute the phase space integrations in

(Equation 3.4.158) and (Equation 3.4.168) to obtain our P-odd emission rate from the hard

Compton and Pair Annihilation processes. This t-channel parametrization is not efficient for

the terms of ~ 1/s or ~ 1/s? type, for which we use s-channel parametrization.
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The geometry of s-channel parametrization is similar, so we simply summarize it. The phase

Space measure becomes

/ / / LK omisp+ ol — b~ K)
27r32ypy 27r32|pf\ (m)72 ¥ nIOAPTP

q Hq\

> 27
= d dlp do, 3.4.181
27T ’k’ /k| /2|k:| | | | - I | | | 0 ( )

and we have

s=—(¢")?+|q*, t=2|k||p|(1+ sin by sinbOpq cos P — cos Oy, cos Opq)
T =la’sin®Ogr, 1 - g1 = |p|lg| (sinOgk cosOgk sin Opg cos @ + sin® Ogx, cos Opq)

Kl =q, (3.4.182)

where

lal* — (¢°)* + 2¢°|K| gl = (¢%)* + 2¢"|p|
, coslpg = ,
2|ql|k| 2|q||p|

cos Ogr, = (3.4.183)
and finally, we have to replace

| =" —Ipl, |K|—=q" -k, (3.4.184)

in the arguments of distribution functions.
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The ¢ integrations in both t-channel and s-channel methods are at most of the type

/27r A+ Bcoso
0

B 4.1
dé C+ Dcos¢’ (3.4.185)

which can be done analytically. The rest parts of the integration have to be done numerically,
but we can identify the leading log parts of log(1/as) and log(w/T) for w > T analytically
(recall w = |k|), which we now describe.

Leading Log

The Pair Annihilation contribution (Equation 3.4.158) with (Equation 3.4.160) has a loga-

rithmic IR divergence near ¢ ~ 0, or when (¢°, |q|) < |k|,|p’| in the t-channel parametrization.

The same is true for the Compton rate (Equation 3.4.168) with (Equation 3.4.165). These

divergences are regulated by including HTL self-energy (169) in the t-channel fermion propaga-
tor, which screens the fermion exchange for soft momenta (¢°, |q|) < gT' (“soft region”). When
(¢° 1q]) > ¢gT (“hard region”), the HTL correction is sub-leading in a5 and what we have in
the above as hard Compton and Pair Annihilation contributions give the leading order result.

A practical way to organize the leading order contributions from both regions is to introduce
an intermediate scale g7 < ¢* < T (183), which serves as a t-channel IR cutoff for the above
hard Compton and Pair Annihilation rates in the hard region, and as a t-channel UV cutoff
for the same rates in the soft region with now the HTL self-energy included in the fermion
propagator. The two logs of log ¢* from both regions have to match to produce a final result

independent of ¢*: after identifying logq¢* from each region, we neglect ¢*/T and (¢7T)/q*
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corrections in the rest parts of the two regions by sending ¢* — 0 in the hard region and
q¢* — oo in the soft region. The resulting (numerical) constant is the leading order constant
under the log.

Let us identify the leading log from the hard region in this subsection. The t-channel

parametrization is most efficient for this purpose. The ¢* is introduced as an IR cutoff of

d|ql-integral in (Equation 3.4.178))

(2m)32 AT fara ! /Ood\ \/CA d 0/00 d| ’|/2ﬁd¢l (3.4.186)
)" 2W = , 4.
@k 8RO S M ety S TP,

max 5

where [ is the sum of the integrands in (Equation 3.4.162)) and (Equation 3.4.168) from the

Compton and Pair Annihilation processes:

2 /
_ a0 gy o (9 aiPL
I = C9(R)dg-4e°g < ; 2(t u)<t2 » ))

(n4(¢” + [kDn—(1p]) = n—(¢" + [kDnr (IP') (1 + n5(e” + [P])

/ 2
+ C3(R)dg - 4e*g*(s — t) (1 + % -2 (qtl + pr)> )

X

S

X

(ne-(a® + k)1 = n (¢ +1P]) = n—(a® + [k[)(1 = n_(¢° + |P]))) na(1P]) .

(3.4.187)

with the use of expressions in (Equation 3.4.179) and (Equation 3.4.180)) for the t-channel

parametrization.
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From the distribution functions, |p’| integral is dominated by |p’| ~ T. The log divergence

appears in small (¢°, |q|) < |k|,|p’| ~ T since we assume hard photons T' < |k|. [Figure 17

shows this region (region A). In this case, from (Equation 3.4.173) and (Equation 3.4.175)), we

have
0

oS Ogi, & €08 Oprg = % , (3.4.188)

and the leading behavior in A comes from the terms of (u, s)/t or (u, s)q? /t* types, which gives

after some algebra,

I ~ Cg(R)dR-86292|k(|;l|‘€,‘(1+cos¢)
< (ne(lkDn=(Ip' D1 +ns(p']) + ne((kDns(p') (1 — nie(|p']) — (n4 < n-))
— Oy(R)dp - 8622 "“(‘1"’2’/‘ (14 cos )
< (4 (Jk[)n—(0) = n_(|k)n+(0) (n+(1P') +n—(Ip']) + 2n5(IP'])) . (3.4.189)

where in the last line, we use an interesting identity

nx ([P D1+ np(lp']) +ns(lp') (1 = nx (1)) = n5(0) (n4(1P]) + n—(1']) + 2n5(lp'))) -

(3.4.190)
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We then have a leading log behavior

drzddd 6292

—re  ~ Co(R)dp - ——=
Bk 2(R)dr (2r)?

~T 1 lql o
/ dal / R /0 dp'| 9] (s (12)) + n_(p')) + 205(1p'))
q —1q

*

(2m)°2w (n4(|k[)n—(0) — n—(|k|)n4(0))

X

62 2
~ Cy(R)dg - (2:)3 (7r2T2 + /ﬂ) (ny(|k|)n—(0) — n_(|k|)n,(0))log (T/q*)
62
= dngym (s (K- (0) = (k)4 (0) log (T/4") (3.4191)

where we use

(w*T? + %), (3.4.192)

N | —

/Ooo dlp'| |p'| (n+(IP']) + n—(1P']) + 2n5(Ip'))) =

and in the last line we write the result in terms of the asymptotic fermion thermal mass

92 MQ
m} = Co(R) <T2 + ) : (3.4.193)

T2

We will check that the leading log from the hard Compton and Pair Annihilation given in

(Equation 3.4.191)) nicely matches to the soft region result with HTL re-summation in the next

subsection.
For an ultra-hard photon energy w = |k| > T, there appears a logarithmic rise of log(w/T")

in the energy dependence of the leading order constant under the log. We close this subsection
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by identifying this “energy logarithm”. For this aim, it is convenient to work with the light

cone variables

q:t _ gl £ ¢°
==

(3.4.194)
with the measure change d|q|d¢® = 2dq*dq~. The energy logarithm appears in the domain

where

¢ S| ~T<q" <|k|l=w, (3.4.195)
which is also indicated in (region B). In this case, we have

0 —4 + - 2 O(an/ 2~
cosﬁqkmq—zl, cos bprg = 44 /+ il ~1— q/ ,
| 2[p'|q| ']

(3.4.196)

and the leading behavior in A arises again from the same (u, s)/t or (u,s)g? /t* terms, with
k
I~ CalR)d 4] (s (D) (- (9) + (1) = (0 5 0)) . (3:429)

so that we have

dredd 6292 |k| 1 00 00
2r)32w—Laerd  Cy(R)d / d+/ d/ d|p’
(2m)" 20— 2(B)drg s [ da” x| da a Pl

< (ni(Ik]) (n-(p)) + np(p]) - (ns  n_))

62 2 00
= Co(R)dn i 5 Tox( K1/ T) (n+<|k|> /0 dg~q (n_<q—>+nB<q->)—<n+Hn_>>,

(3.4.198)
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where in the first line, we can safely let the upper cutoff of ¢~ be infinity, due to the presence of
effective cutoff by the distribution functions (more precisely, the cutoff is given by ~ ¢t > T).

The integrals that appear in the above

/OOO dg~q~ (ns(q7) + np(g)) = T62 (71'2 — 6 Lis (—ejF“/T)> , (3.4.199)

are not simple polynomials in 7" and pu, contrary to the case of leading log in coupling (Equa-|

tion 3.4.101)).

Soft t-Channel Contribution: Hard Thermal Loop

We compute the soft t-channel contributions from Compton and Pair Annihilation pro-
cesses, whose IR divergence is regulated by re-summing fermion HTL self-energy in the fermion
exchange line. Following the original treatment in Refs.(163; [164)), we compute this directly in
terms of 1-loop current-current correlation functions that enter the emission rate formula (?7)
or (?7), with one internal fermion line being soft, and hence HTL re-summed, corresponding to
soft t-channel exchange. The emission rate written in (??) is given by suitable imaginary part
of the correlation functions, and by applying the cutting-rule, it is easy to see that the result
should be equivalent to that from computing Feynman diagrams of only t-channel Compton
and Pair Annihilation processes (with the HTL re-summed propagator) that we described in

the previous subsection.
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Figure 18. Two real-time Feynman diagrams for G7 (k) in the “ra”-basis.

We compute the following with the soft t-channel momentum with an UV cutoff ¢*,

dl'(e)

(2m)32w B e*np(w)(—2) Im [(el)*eL GR (k)] = e*np(w) 2 Re [(h)* 1 G (k)] -

(3.4.200)

Since (€' )*€Y is a hermitian matrix in terms of p, v indices, the emission rate picks up only the

hermitian part of GL‘;(k) There are two real-time Feynman diagrams for Gzay(k) depicted

in which gives

d4p v Qrr ra v Qar Tr
Gl (k) = (—l)dR/(%)4 tr (078" (p)a" ST (p + k) + 0V S (p)o ST (p+ k)], (3.4.201)
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where dp is the dimension of color representation. Recall the thermal relation

y%mz(l—n4w0<y%m—sww»

2 <; - M(po)) pr(p) (3.4.202)

and by the reality property S (p)! = —S"%(p), S™"(p) and pp(p) are hermitian matrices in
terms of 2 component spinor indices. Using the same relations and the hermiticity of o#, it is

easy to find the hermitian part of GJ,(k) as (we denote w = KO = |k|)

d4p4 (n+(0°) = n4(p° + W) tr 0" pr(p)o” pr(p + F)] - (3.4.203)

qxw»uam@m*:dg/Ch)

The emission rate is given solely by (fermion) spectral density pp, which conforms to the

expectation from cutting rules.

Bare fermion spectral density is easy to read off from (Equation 3.4.151)) or (Equation 3.4.152)):

PEe(p) = (2m) Y 60" — slp|) Ps(p), (3.4.204)
s=%

with the projection operators we repeat here for convenience,

5"]95

Psp: 5
) o)

(1+35p) = —s

vy = (slpl,p). (3.4.205)

N | —
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In general, fermion spectral density in a Weyl fermion theory including HTL self-energy is

written as (see Appendix 2 of Ref.(182))),

1
pHTL(p HTL(,, HTL
p)=—-2Im , 3.4.206
SR AT -2t | | e
where the HTL self-energy is given by

m2 0 0 + | | + i€
SRHTL (), :._f’<23+-<1 P >log(pp,>> : 3.4.207
) 4|p| "Ipl P — |p| +ie ( )

with the asymptotic fermion thermal mass that is introduced before in (Equation 3.4.193)),

2

g 1
7@:@mu<ﬁ+ﬁ>. (3.4.208)

Inserting (Equation 3.4.203) into (Equation 3.4.200)), choosing the direction of k = |k|2> ex-

plicitly and computing the o-matrix traces using (Equation 3.4.145]), we end up to an expression

for our P-odd emission rate as

odd 4
2 = drenple) [ (n40) = i + )

(ps + |kl P3>
ps(p)pe(p + k) ( —s— |, 3.4.209
2 pe(pp: okl ol (3.4.209)

X
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where ps; in the above can be either bare or HTL, depending on whether the momentum
argument is hard or soft. We should consider the region of p where one of the two momenta, p
or p + k, is soft, corresponding to soft t- or u-channel processes.

It would be convenient to combine the two soft regions into one, say soft p region. That is,
for soft p + k region, let us change the variable p — —p — k, so that in the new variable, p is

soft. Under this transform, we have

ny (p°) =y (P’ +w) = n_ (%) —n_(° +w), ps(p) = p_slp+k), plp+k) = pi(p),
(3.4.210)

and relabeling —t — s and —s — ¢, we arrive at the precisely the same form as in (Equa-]

tion 3.4.212)), with the replacement

(ne (%) = (P + w)) = — (n—(°) — n— (" + w)) , (3.4.211)

therefore, we can study only the soft p region of the following expression

3 drgg?t 2 d*p 0 0
(2m)°2w Br dre nB(w)/ Gn)i (ne (@) =y (@’ +w) — (ny <> n_))
+1k)) _p3
x> pTE(p) gk (p + K <t (p3 g3 3.4.212

where we explicitly indicated the HTL (bare) spectral density for soft (hard) p (p + k). An

additional bonus is that the result is manifestly an odd function in the chemical potential.
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This is reminiscent of what happens in our previous computation of hard Compton and Pair
Annihilation processes.

From

P (p + k) = (2m)3(p° + || — t|p + KI) , (3.4.213)

and since p is soft while (w = |k|, k) is hard, we see that only ¢ = 1 contributes. The total

integrand has a rotational symmetry on (2!, 2?)-plane, so the azimuthal integral of p around

k will trivially give (27). The polar integration can be done by the same technique we use

in (Equation 3.4.173)): for p < k, we can write the integral measure including the energy

o-function as

d4p 0 B _L pO
[ o amat? 1= o4 k) = s [ ool [ (14 )

where

M
Pp3—|p| cos Opp

(3.4.214)

(") — |p|* + 2p° k|
2|pl|k|

cos Opp, = (3.4.215)

Using this, our P-odd rate (Equation 3.4.212) from soft region is compactly written as

(2P it g ( >/q*d\ ] |/'p'd0(1 0)
T)° 2w = dr—=npw Pl |p D + 7
d3k (27T)2 0 —\p\ |k’

X (ne(P°) = (0’ +w) = (ny & n))

0 k
ZPHTL 0 p)) (’P’C;))s:’rk—;_‘ | —scosﬂpk> , (3.4.216)

X
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where we introduce the UV cutoff ¢* for the t-channel momentum integral of |p| to regulate the
logarithmic diveregence. The meaning of ¢* here is identical to that used in the hard Compton
and Pair Annihilation rates in the previous subsection, which is important to get the correct
leading order constant under the log.

Since the cutoff is ¢* < T' < |k| (while ¢* > my ~ ¢T'), we have a further simplification at

leading order to

pO

Ip|’

0,1 + |k
08 O, ~ P <|p|cos vk & | (3.4.217)

| K 2+ K] —scos9pk>z1—s

and we arrive at

odd 2
soft €

(27)%2w e dRWnB(w) (n4+(0) — ny(w) — (ny <> n_))

0
< [ v / ST ) (151
62
= dRW (4 (w)n—(0) = n_(w)n(0))
0
x /0 d!pH!p/p'deZpH” %, 1p|) <1—s|l;|), (3.4.218)

s

where in the last line, we use an interesting identity

np(w)(n+(0) — ni(w)) = ny(w)n(0) . (3.4.219)

As it happens, the remaining integral is something that has been already computed in

literature: the same integral appears in the P-even total emission rate. In fact, a similar
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manipulation in our language produces the usual P-even total emission rate from soft t-channel

region at leading order as

total 62
(2m) 2w—lt dR@T)ww)nf(m+n7<w>n+<o>>

0

P
/0 d!pl\pl/ |dp°ZpHTL 2, p|) <1—s|m>, (3.4.220)
p

S

X

and matching to the known results in Refs.(163; |166) when u = 0, we have at leading order

0

p *
/0 diplp / Y o) (1—sw)=<2w>m§e<log<q fmg) = 1+1og2) .
p

S

(3.4.221)

Using this in (Equation 3.4.218)) we finally have the leading order expression for our P-odd

emission rate as

dFOddt 62
(2m)32w d;;;f R~ dR@mfc (ny(w)n—(0) — n_(w)n(0)) (log(q*/mys) — 1 +1log2) . (3.4.222)

Nonetheless, it is instructive to see how the leading log arises from the above integral, using
the sum rules for the fermion spectral densities p7%. The leading log comes from the region

mys < |p| < ¢*, and in this case, we have sum rules (see, for example, Refs. (171} |172))

|pl m2 4 2
[ 7w erratph = 50 (og (2EE ) —1)
—|p| 2|p’ mf

|pl m2 4|p|2
0.0 HTL/,0 _ Ty p|
/_ dp”p”ps " " (p7 Ipl) = 3 Tpl (log ( o | 73 (3.4.223)

p|
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which gives

e, e oo
)2t~ dnggmd (e w)n-(0) = () 0) [ Al
62
= dnggm} (@)= (0) = n- (@) (0)lox(a” /). (34224

Looking at the leading log from the hard Compton and Pair Annihilation processes (Equa-

tion 3.4.101)),

3 driozz‘idw i 2 _ *
(om0 et = dy s (n (K (0) = (Rl () log (T/a") . (34.225)

we see that the log(q*) nicely cancels in their sum, which is an important consistency check of
our computation.

Physics of Leading Log Result

Looking at the leading log expressions for both P-even case (Equation 3.4.220) and the

P-odd emission rate (Equation 3.4.222)),

oy, et g @ 0 0)) log(g*
2 2 dn sl (@ (0) + () (0) logla /).
dFOdd 2
soft €

(2m)32w B dR%m?c (n4(w)n—(0) — n_(w)ny(0))log(q*/mys), (3.4.226)

and recalling that they are given in terms of spin polarized emission rates as

[total _ T(eh) +T(e), redd _ L(et) —T(e), (3.4.227)
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=| “ QMMAM 2

Figure 19. Leading log contributions from soft t- or u-channel exchanges: a hard fermion
making conversion to a collinear photon. The blob represents Hard Thermal Loop (HTL)
re-summed propagator.

we find that the leading log spin polarized emission rates are given, after matching the loga-

rithmic dependence on ¢* with the hard rate, as

et e?
de) = di gy ) (0) log(T ). (3.4.225)

Leading Log

which can be physically understood as follows.

Recall that the leading log comes from the soft t-channel fermion exchange, and the t-

channel momentum is space-like as can be seen in the integral in (Equation 3.4.218)); we have

p < |p|. The spectral density in this kinematics is non-zero due to Landau damping that is
captured by HTL self-energy, and represents thermally excited (fermionic) fluctuations of soft
momentum that are present in the finite temperature plasma. The leading log process can be

understood as a process of a hard fermion making conversion into a collinear photon after being
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annihilated by a soft fermion of momentum ¢7', as in the At leading order, this g7
momentum can be taken as zero.

For definite spin helicity of the final photon in T'(¢*), the conservation of angular momentum
dictates that the incoming hard fermion which is collinear to the photon should have a spin
+1/2 aligned with the momentum direction: the other spin £1/2 to make up the final spin +1
of the photon will be provided by the annihilating soft fermion. Since hard fermions have bare
spectral density at leading order in coupling, they have definite helicities determined by their
quantization in free limit: for our right-handed Weyl fermion field, a particle has helicity +1/2
and anti-particle has —1/2. This means that the leading log rate of I'(¢*) (for photons of spin
helicity +1) can appear only from the incoming particle of helicity +1/2, while an incoming
anti-particle of helicity —1/2 can not contribute to I'(¢*). Since the incoming particle can
annihilate only with a soft anti-particle, the rate I'(e™) should be proportional to n(w)n_(0),
where the first factor is the number density of incoming particle and the second is the number
density of annihilating anti-particle of zero (soft) momentum. See m The precisely

same logic tells us that the leading log rate of I'(¢e™) should be proportional to n_(w)ny(0).

This argument nicely explains the result in (]Equation 3.4.228D. The overall m% is nothing but

the strength of the fermionic spectral density in soft momentum range that arises from the HTL
self-energy: the same self-energy also gives arise to the asymptotic thermal mass m?

Collinear Bremstrahlung and Pair Annihilation: LPM Resummation

We compute collinear Bremstrahlung and Pair Annihilation contributions to the P-odd

photon emission rate that are induced by multiple scatterings with soft thermal gluons in
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Particle
n,(w)

n_(0)

Anti — particle

Figure 20. Angular momentum conservation in leading log spin polarized emission rates.

the plasma (165). The incoming quark or anti-quark of a hard momentum experiences soft
transverse kicks by thermal gluons of momenta ~ ¢7T', becoming off-shell by small amount
¢*T, during which a nearly collinear photon is emitted, or quark-antiquark pair annihilates
to a collinear photon. The rate of these soft scatterings is well-known to be ~ ¢?>T (which
causes the damping rate of ~ ¢?T). The scattering gluons are genuine thermal effects: their
momenta are space like and the non-zero spectral density in this kinematics arises only due to
the Landau damping. Since the life time of the intermediate states dictated by small virtuality
g*T is of 1/(g*T), which is comparable to the scattering rate, one has to sum over all multiple
scatterings to get the correct leading order result, coined as the LPM re-summation (165).
These contributions add to the leading order constant under the log. The effect of re-summation

typically gives a suppression compared to the single scattering contribution.
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Figure 21. Ladder diagrams to be summed over to get the correct leading order LPM
contribution to (our P-odd) photon emission rate.

In diagrammatic language, the LPM re-summation corresponds to summing over all ladder
diagrams of the type depicted in for the retarded (or “ra”) current-current correlation
functions that enter the photon emission rate formula (165). The reason why these multiple
ladder diagrams are not suppressed by higher powers in coupling constant is the presence of
collinear “pinch” singularities arising from nearly on-shell fermion propagators: the momentum
transfer by exchanged gluon lines are soft, and each pair of fermion propagators, one from the
upper line and the other from the lower line, are nearly on-shell and have an IR pinch singularity
when the internal momentum is nearly collinear to the external photon momentum (the detail
will become clear in the following). This singularity is regulated by soft transverse component
of the fermion momentum, pi ~ ¢?T?, induced by soft kicks from thermal gluons. Then, one
has to also include in the propagators the fermion thermal mass mfc ~ ¢*>T? and the leading
order damping rate ¢ ~ ¢?>T which are of the same order as pi.

Since the exchanged gluons have soft momenta for leading order contributions, we need

to re-sum gluonic HTL self-energy in their propagators. To get a Bose-Einstein enhancement
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N7
i
N (p,k)
Figure 22. Two types of real-time ladder diagrams for leading order LPM contributions. The

shaded part represents the re-summed rr-type current vertex A*(p, k). The rr-type gluon lines
are the HTL re-summed ones.

ng(q") ~ T/q" ~ 1/g in the exchanged gluon lines, the gluon propagators need to be of the r7-
type in the “ra”-basis of Schwinger-Keldysh formalism: only these diagrams give leading order
contributions in ¢g. Imposing this requirement and the maximal number of pinch singularities
(that arise from a pair of S"* and S propagators), there are essentially two types of ladder
diagrams to be summed over in the “ra”-basis as depicted in Defining the
re-summed “rr”-type fermion-current vertex A’(p, k) which has two r-type fermions legs, the

re-summed ija(k') current-current correlation function is written as

4

Gij (k) = (=1)dr / (;l;)z tr [S™(p + k)o? ST (p)A (p, k) + S™(p + k)o? ST (p)A' (p, k)] -

(3.4.229)
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Since the pinch singularity appears from a pair of S™® and S, and using the thermal relation

S (p) = (1/2—n4(p?))(S™(p) — S (p)), the singular part of Gif (k) is given by (w = KO = |k|)

ra d4p 0 0 ra i qar 7
Gy (k) “dR/W (ns (0° + w) = g (p°)) tr [S™(p + k)07 S (p)A'(p, k)] . (3.4.230)

The re-summation of the vertex A*(p, k) is achieved by solving the Schwinger-Dyson equation

described in the

4
(Czlw?wﬁsa’“(wcz)Ai(pw,k)S’”“(p+@+k:)a“ ap(@), (34.231)

Ne(p, k) = o +(ig)2Ca(R) /

where G is the HTL re-summed gluon propagator. We will solve this integral equation and
compute G:Ja (k) in leading collinear pinch singularity limit.
The real-time fermion propagators, including the thermal mass and the leading order damp-

ing rate, are given as

)= P (g (3.4.232)

00 = sy /Ipl 4 mi 4 5C

where the damping rate is independent of momentum p and the species s at leading order

(= 02(3)3; log(1/9)T . (3.4.233)
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Figure 23. The real-time Schwinger-Dyson equation for the re-summed vertex A’(p, k).

Let’s consider the pair of S™(p + k) and S* (p) in (Equation 3.4.230) to illustrate the pinch

singularity and its leading order treatment. Looking at the expression

B iPs(p+k) iP(p)

S7(p + k)S (p) = | .
! ! ;(p0+lk|—8\/m+gc) <p0—t\/m—%<)

(3.4.234)

the two poles in the complex p’-plane, one in the upper half plane and the other in the lower

half plane,

i i
P’ = —|k|+s [P+ k[ 4+ m} = 2¢, P’ =t [Pl +m} + 3¢, (3.4.235)
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may be close to each other with a distance of ~ ¢?>T, if p is nearly collinear to k and p; ~ ¢T.

In computing p¥ integral, we close the p® integral contour, say, in the upper half plane, picking

up the pole of p° = ¢t,/|p|% + m?c +iC/2, then the residue from the other pole is

1
k| +t\/\p\2 +m?2 — s\/|p+k:|2 +m2 + i

(3.4.236)

Let’s fix the direction of k to be along 2 = @3 direction, and write the 2 component of
momentum p as p|, and the perpendicular component as p,, so that we can expand up to

order ¢*T as

2 2 2 2
p1 +m; Py +my

bl oyl + 5L Slp k2 md sy Rl L (3.4.287)
f I 2|py | f | 2|py + |K||

The pinch singularity happens when the leading collinear terms in the denominator cancel with
cach other, that is [k| + t[py| — s|p| + |k|| = 0, to result in ~ g7 in the denominator which
enhances the contribution. There are three physically distinct cases where this happens:

1) s =t = 1: in this case, |k|+ |p| —[p| + k|| = 0 is satisfied when p| > 0. Considering the
kinematics, one easily sees that this case corresponds to quark of momentum p + k emitting
the collinear photon of momentum k by Bremstrahlung. The residue becomes

pi+mi  pl+mj o k|(p? +m3)
2p| 2(p) + |k|) 2p)(py + |K|)

+iC=0E(p.) +iC. (3.4.238)
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2) s = 1,t = —1: the condition |k| — |p| — [p + [k|| = 0 is fulfilled when —|k| < p; < 0,
and this case corresponds to collinear pair annihilation of a quark of momentum p + k and an
anti-quark of momentum —p. Considering signs of p; and p; + |k|, one finds that the residue
has the precisely the same expression, 0 F + i¢ with 0 F is defined as above.

3) s =t = —1: we have P < —|k|, which corresponds to Bremstrahlung of anti-quark of
momentum p + k. Again the residue has the precisely the same form as 0F + i(.

Note that in all three cases, (s,t) are correlated with p) in such a way that s(p + |k[) > 0
and tp; > 0. Since we only care about the above pinch singularity enhanced contributions, the
(s,t) are uniquely chosen for each value of p| as above, and we consider only these terms in the
following.

In leading order treatment, the location of the pole can be approximated as p° = ¢, /|p|? + mfc—i—

i(/2 ~ t|p|| = pj in all other places in the integral once the above residues are correctly iden-

tified. In summary, we can replace the two poles in (Equation 3.4.234)) by

1 1 (2mi)8(p° — py)

(00 + 1Kl -5/l KP + 7+ 50) (Pt flpP v —4c) | OB+

and depending on the value of p € [~00, +00], the suitable (s,?) as described in the above has

, (3.4.239)

to be chosen. For example, we have for (Equation 3.4.230)),

S (p+k)o? S (p) — <P+(p+k)0jP+(p)@(p)+P+(p+k)UjP—(p)@(—m)@(pu+\k\)

—(270)5(p° — py))
0E(pL) +i¢

£ P+ K P (p)O(p - k) ) (3.4.240)
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Since @ carried by exchange gluons is soft, we have an essentially same structure for S (p+

Q)N (p+Q, k)S™ (p+Q+k) appearing in the integral equation for A*(p, k) in (Equation 3.4.231]),

S p+ QAN (p+ Q. k)S(p+Q + k)
— <P+(p +q@)N(p+Q,k)Py(p+q+K)O(p))

+ P_(p+@AN(p+Q k)PL(p+q+k)O(—p))O(p + |k

—(2mi)6(¢° — q)
SE(pL+qi)+iC’

L P(pt @A+ QEP_(pt gt K)O(—py - |k|>)

(3.4.241)

the only difference of which are the argument p; 4+ q, in JF instead of p,. In writing the

5(q° — q”) factor, we used p? = p| that is imposed by (]Equation 3.4.240[) when we compute

the correlation function G}f(k) by (Equation 3.4.230). We will solve the integral equation

(Equation 3.4.231) for A?, with the above replacement (Equation 3.4.241)) that is enough for

the leading order result.

Looking at (Equation 3.4.230)), (Equation 3.4.240f), and (Equation 3.4.241)), what we need

are the projected vertices

Py (p+k)o?Pi(p) = X, (p, k) Ps(p + k) Py(p) (3.4.242)
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and we define a vector function F(p,) as (we ignore p| and |k| arguments in F* as they are

common in all subsequent expressions)

Pi(p)AN'(p, k)| o_, Ps(p+k) = (§E(pL) +iC) F'(pL) Pi(p)Ps(p+ k). (3.4.243)

pO=p

Here, we emphasize again that the (s,t) are the choice depending on the value of p suitable

for the pinch singularity that we discuss in the above. Note that Egt and F' are complex

valued functions, not 2 x 2 matrices. In terms of these functions, using (Equation 3.4.230)),

(Equation 3.4.240)), (Equation 3.4.242)) and (Equation 3.4.243)), we have (recall w = k° = |k|)

ra . d4p 0 0 J 7
Gij(k) = dR(—Z)/ (2ﬂ)4(n+(p +w) = ni(p”)) X (p, k) F' (pL)tr (Ps(p + k) Pi(p))

x  (2m)8(p° — py)

Q

4 . .
dr(—1) / D (e (0 +w) = s (6T, (b ) (pL) (20" — ).

(2m)*
(3.4.244)
where in the last line, we use
1 o
tr (Py(p+ k)Pu(p)) = 5 (1 Ystpopt k> ~1, (3.4.245)

to leading order in p, /p| ~ g and we use tp| > 0 and s(p| + |k|) > 0.
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Recall that our P-odd photon emission rate is given in terms of G77 (k) as

= e np(w)(=2)Im [G13(k) — Ga1 (k)] (3.4.246)

given the choice of k = |k|#3. Hence, we need only the transverse components of th and F°.

A short computation from the definition (Equation 3.4.242)) after taking the trace of the both

sides gives

—J s . y Al/\m
>, (p, k) = sptk +ip diste Toptk : (3.4.247)
1+stp-p+Ek

and the integral equation (Equation 3.4.231|) after being contracted with P;(p) on the left and

Ps(p + k) on the right gives

. i i * d4 7 A0 rT :
(BE(p1) +10) F(p.) = (S(p. k) +0°ColR) [ G5 1o+ )% GL(@) 2m)ala"ay),
(3.4.248)
where in the integral kernel, we used an approximation
Py(p)o”Py(p+ q) = P+(p)o” Pi(p) = v /Ip||P+(p). (3.4.249)

for soft Q, where pi* = (|p|,tp) = (|p)l,0,0,tp|) at leading order, so that pi/[p|| is a light-like

4-velocity 9* along the collinear vector ¢p. Considering the correlation between p| and the
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sign of ¢ that we describe before, we see that ¢p| > 0 always, so that this 4-velocity is always

0% = (1,0,0,1). The same is true for Ps(p + g + k)o“Ps(p + k) so that we have

Py(p)o’Py(p + @) Ps(p+ g + k)0 Py(p + k) = 00" Py(p) Ps(p + k) , (3.4.250)

which has been used to arrive at our integral equation for F* in (Equation 3.4.248). Since

F' ~ 1/g and the both sides of (Equation 3.4.248)) are of order ~ g, this approximation is

enough for the leading order computation.
One subtle point is that the HTL gluon fluctuations in GZB contains a P-odd spectral

densitywhich is anti-symmetric in « and 8, which could potentially contribute to our P-odd

photon emission rate, if we keep @ corrections in (Equation 3.4.249). We estimated them to

find that these corrections are higher order in g. The fluctuations contracted with light-like

vector 0% in QEquation 3.4.248[), f;‘lf)ﬁng (which are the correlations along the Eikonalized

light-like Wilson line) receive only the usual P-even longitudinal and transverse contributions.

As is well-known (165)), the integral equation is further simplified due to the fact that the

integral on the right in (Equation 3.4.248) without F' is identical to the leading order damping

rate (,

4
¢=Cu(R) [ Gt G QR ~ ), (3.4.251)
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so that we can move i¢ F*(p,) term in the left to the right to arrive at

SE(pL)Fi(py) = (Si(p.k))" (3.4.252)

4
= POR) [ G (Flps+a0) = F(p.) "0 GLL(@)2m)ila’ — ).

This form has a good infrared behavior so that only the well-controlled soft scale Q ~ ¢gT
contributes at leading order, while the magnetic scale of g>T gives a finite, sub-leading contri-
butions.

Finally, for soft Q) we replace

1 T

ap(Q) = (2 + nB(q0)> PIE"(Q) ~ o PIE(Q), (3.4.253)

for leading order, where pilgon is the gluon spectral density in HTL approximation, and the

amazing sum rule in Ref.(173) gives the integral over (q°, q) as

2
Tm7,

dq’dg L g
T ~axB L gluon 21)8(a® — - __ "D 3.4.254
| T G @it —a) T D) (3.4.25)

where

2 2

T2 2 T
mp = g (3 + /;2> (Ta + NpTR) = ¢ <3 + gQ) (Ne.+ Np/2), (3.4.255)
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is the Debye mass for Np Dirac quarks in fundamental representation, so that the integral

equation for F*(p, ) is finally recast to

d2

SE(pL)F'(pL) = (Zh(p. k) +i/ (2:;; Clqy) (F'(pL+qu)— F'(py)),  (3.4.256)

with
2
Tmp,

C(q1) = ¢?Co(R)———L——.
(J_) 2( )qi(qi"i_m%)

(3.4.257)

Since we need only the transverse parts of (Equation 3.4.256) and (Equation 4.1.22)) for

G (k), we expand Y. (p, k) given in (IEquation 3.4.247D to linear order in p, /p ~ g, which is

S

enough for leading order,

%

. 1 1 1 . 7 1 1 .
Yu(p,k <+ )p’+<—>e’lpl
(P K) 2\pp o +IRl)TT 2\ p k) T

2p + k| K| i
B L S .| P (3.4.258)
2p(py + K[ 2py(p) + |k T

where we used the fact that tp; > 0 and s(p + |k|) > 0, and €}?> = —€§! = 1. We use this

expansion in both (Equation 4.1.22)) and (Equation 3.4.256)). From (Equation 3.4.256|), we see

that the solution for F*(p,) is given by

2p) + |k Fipy) —i k| il

Fip)=5——"= iy €
2p(py + |K[)" - 2p(p + |K|)

fipl), (3.4.259)
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where f (py) is the solution of the integral equation

2

A , d
SE(p)fi(pL) = P, +i / da.

@y Cla) (filpr+qu) - fi(py)) - (3.4.260)

This equation for f% (py) is identical to the integral equation obtained by Arnold-Moore-Yaffe

in Ref.(165), with the identification

FLp) = 4 (Fhan (p2)” (3.4.261)

so that the techniques of solving this integral equation that are known in literature can be

utilized to find our object Fi(p,). Using this expression for F' and (Equation 4.1.22)) for

ij“(k), we obtain after short manipulations,

|k|(2p) + |K])

_dr dpyd*p.
pii(p) + [k[)?

15— G5t (k) = 5 W(n+ (p) +w) —n4(py)) (pL-f1), (3.4.262)

and using an interesting identity

np(w) (ny(p) +w) —ni(p))) = —ni(py +w) (1 —ny(py)) (3.4.263)
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we finally arrive at an expression for our P-odd photon emission rate in terms of the solution

f1(p1) of the integral equation (Equation 3.4.260) (recall w = |k|),

dr9dd dpd? w(2p) + w)
(22w S = et [ Ly + ) (1= s ) pﬁ(]j;”W(—nfm[(m Fap

(3.4.264)

This is the main outcome of this section. Our numerical evaluation is based on this expression

with the integral equation (Equation 3.4.260)), where J E is given in (Equation 3.4.238)) (see also

(Equation 3.4.267))).

Although it is not manifestly obvious that the above expression is an odd function in (axial)
chemical potential p that enters the distribution function ny, one way to see this is to first
observe that the factor ny (p) +w) (1 — n+(p||)) is easily recognized as the statistical factor for
the collinear Bremstrahlung process of a fermion of momentum p + k emitting a photon of

momentum k, provided that p| > 0. In the case p| < —|k|, using the identity

ni(p) +w) (1 =n(py)) = n-(=p)) (1 = n-(-p| —w)) (3.4.265)

we see that the process is in fact the Bremstrahlung of anti-fermion of momentum —p emitting
a photon of momentum k. It is more convenient to change the integration variable in this case

to p| — —(]5” + w) so that we have P| > 0 and the statistical factor becomes

n_(p+w) (L=n_(p))) , (3.4.266)
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which makes the interpretation clearer. From the expression for §F in (Equation 3.4.238|), we

have
B w(p? + m?c) B w(p? + m?)

§E = == ,
2p(py+w)  2p(p) +w)

(3.4.267)

so that the integral equation (Equation 3.4.260) and hence the solution f (p,) is invariant

under this change of variable, but the integral kernel in our P-odd emission rate in (Equa-

tion 3.4.264) changes sign under this transformation as

w(2p + w) N w(2p) + w)

o , (3.4.268)
pilpy+w)? BB +w)?

so that the net sign of the contribution from anti-fermion Bremstrahlung is opposite to the
one from fermion Bremstrahlung. This is expected since fermion and anti-fermion from our
right-handed Weyl fermion field have opposite chirality, so their contributions to T'°% should
be opposite. From the above, if we sum over p| > 0 and p| > 0 regions (and calling D| as p”),

we see that the final result is proportional to

ni(p +w) (1= n4(py)) —n-(p) +w) (1 —n-(p))) , (3.4.269)
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which is indeed an odd function on the (axial) chemical potential p. More generally, by the

change of variable from p| to p) for the entire range of p||, we can simply replace the statistical

factor in our main formula (Equation 3.4.264]) with the average

n(p) +w) (1= ns(py) — % (n+(p) +w) (1 = ni(p))) — n-(p) +w) (L= n-(py))) ,

(3.4.270)

so that the LPM contribution to our P-odd emission rate, (Equation 3.4.264)), is now manifestly

an odd function in pu.

Following Ref.(174), the integral equation (Equation 3.4.260)) can be transformed to the one

in the transverse 2-dimensional coordinate space b, which takes a form

w(—Vi+ m?c)

(b)) = —ivis? , i
2oy F ) L) = IV (B) +iC(b) £1(B), (3.4.271)
where
i d? , .
L) = /(271:)26@L filpy), (3.4.272)
and

cw)= [ E8 ctq) (o 1) =~ T2 (o) 45+ og(bimp2)
(3.4.273)

From rotational symmetry, one can write

fi(b)=0f(b), b=Ibl, (3.4.274)
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in terms of a scalar function f(b) which satisfies the following second order differential equation

w 3
— ([ -8?->9 +m2> b) =iC(b) f(b), 3.4.275
e (o= So i) 50 = i) 1) (3.4.275)
with the boundary conditions
+
f(b—0)=—i W +0@0°%), f(b—o0)=0. (3.4.276)

In terms of the scalar function f(b) which can be easily solved from the above differential

equation, the p, integral in our P-odd emission rate (Equation 3.4.264) takes a simple form

2
/é;’; (=) Im[py - fi(pL)] = (=1)Im[(—i)Vp - f1(b)] X O=2Ref(0), (3.4.277)

so that the final expression for the LPM contribution to the P-odd photon emission rate becomes

odd +oo (
(2ﬂ)32degZM = e’dg / % (n+(p) +w) (1 =n4(p))) —n-(p) +w) (1 —n-(p))))
w@ptw) o
Pi(p) +w)? Re 740). (3427

This is what we practically use for numerical evaluations, and the computation reduces to

solving the second order differential equation (Equation 3.4.275|) with the boundary conditions

(Equation 3.4.276]).
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In summary, the leading order P-odd photon emission rate for a single species of right-

handed Weyl fermion is a sum of the three contributions: 1) hard Compton and Pair An-

nihilation rate given by (in t-channel parametrization) the equation (Equation 3.4.186[) with

(Equation 3.4.187)) where one has to use (Equation 3.4.179), 2) soft t- and u-channel con-

tributions given in (Equation 3.4.222), 3) the LPM re-summed collinear Bremstrahlung and

Pair Annihilation contribution given in (Equation 3.4.278)) with (Equation 3.4.275)) and (Equa-|

tion 3.4.276[). For a theory with Np Dirac fermions with an axial chemical potential p4, one

has to multiply the above results by a factor

2 (Z Q%) , (3.4.279)
F

with a replacement p — 4 in the distribution functions, where Q r are electromagnetic charges

of flavor F' in units of e. Recall also that the Debye mass

2

2 2 T° H
mp=9" {5+ 3 (Ne + Np/2), (3.4.280)

has to be adjusted according to the number of flavors Np.
We choose to present our result in a way similar to the existing literature. Define

2

Aw) =2apy (Z Q%) dR%nf(w), (3.4.281)
F
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where n¢(w) is the Fermi-Dirac distribution with zero chemical potential and m?” 0 = C2 (R)g?T?/4

is the asymptotic fermion thermal mass at zero chemical potential that has to be compared to

the full expression (Equation 3.4.193) in the presence of (axial) chemical potential

g2 ,UQ
m} = Co(R)" <T2 + Wg‘) : (3.4.282)

The hard Compton and Pair Annihilation rate is then written as

drodd o0 gl 0 poo o
ot Tiba _ g 2 T 1 / d|Q|/ dq” Od’p|/ do 1T,
¢ T Joaa(-lallal-2wy T Jlaz T Jy
(3.4.283)

where

2 )
I = <—u—2(t—u) <""L—‘” pl))
t t2 tu

(n4(¢° + [kDn—(Ip')) = n—(¢" + [k)nr (1)1 + n5(d° + [P]))

/ 2
)

(n4(@” + kDA =i (@ +1P') = n-(a° + kD1 = n-(¢° + [p'])) np(|P'])-

X

X

(3.4.284)
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Note that what is multiplied to A(w) is a dimensionless function on w/T (recall |k| = w), and
the phase space integral as well as the integrand I is in terms of dimensionless variables |q|/T,

etc. The soft t- and u-channel contribution is written as

3d1“§§j§t mi 1 .
() T = M) g (e @)n=(0) = () (0) ot/ my) =1+ 10g2)
(3.4.285)
Finally, the LPM contribution is
odd +o0
(277)3drd§,ZM = A(w)nftw) /_OO dp) (ny(p) +w) (1 —ny(py)) —n-(py +w) (1 =n_(p))))
y @(2]3” +w) o F
7y 7 07 Re f(0), (3.4.286)

where p| = p; /T and © = w/T, and f(b) is the solution of the differential equation

s (%S o f(E):—iz%(K (b) + & +log(b/2)) f(b), (3.4.287)
2p)(p) + ) bop Tt m3, T m2 vE + log , (34

with the boundary conditions

f(b— 00) =0. (3.4.288)

The final result can be recast to the form

3dFl[)/dOd — odd odd odd
(2m) LD — A(w) (Cftg(w/T) log (T/my) + O3ty (w/T) + Cpfhy(w/T)) ,  (3.4.289)
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with the dimensionless functions CZ%‘;, Ccgdd, 9l | where
odd mi 1
C1Log = m2 n (w) (nJr(w)n* (O) —n- (W)nJr(O)) ’
70 "
. 2 T 1 [>dlg| (19 L S B
C9dd, = lim ( — / — — / do I
2602 g*—0 (27T)3 w nf(w) q* T maz(—|ql,|q|—2|k|) T # T 0
- CE(/T) (log(T/a") +1~1og2) )
odd 1 oo
Cipm = @) /_OO dpy (n4(py +w) (1 = ny(p))) —n—(py +w) (1 —n_(py)))
@(2]5“ + (D) _
pi(p) +@)? ©) ( )

Note that we have not extracted out the energy logarithm given in (Equation 5.0.24), but one

could choose to do so to redefine C$%4,.

The above result is valid for full dependence in the axial chemical potential p4, but we will
present our numerical evaluations only for its linear dependency by expanding the dimensionless

functions 4

Tog> Cgdd,  C94d,  in linear order in pa/T. In this case, mfc can be identified with

m%(o) and one can also neglect M2A in the Debye mass mQD. Writing this linear expansion as

drodd » . » »
@)~ AWw) (Crag™ @/T)log (T/my) + C345" (/T) + CR (w/T) ) £
+ O(3), (3.4.201)
we have
odd,(1 1
Crog"” = 5 (L=2np(w)) (3.4.292)
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while the other two functions, Cgidé(l), Cz(gj’\gl), have to be evaluated numerically. The nu-

merical evaluation involves three dimensional integrals and solving second order differential
equation, and can be performed with a reasonable precision using Mathematica. We present
our numerical results in for the range 0.5 < w/T < 3. We see that the LPM contri-
butions to the constant under the log is 2-3 times bigger than the one from 2 <+ 2 Compton
and Pair Annihilation contributions in this range, but we should remember that the leading log
contribution comes from these 2 <> 2 processes.

Finally, recalling that

rotal — D(et) +T(e7), I =T(e") —T(e), (3.4.293)

we get
3 dFtLOg)al total,(0) total,(0) )
(2m)* 0~ ~ A(w) <log (T/my) + CL'%O) (/1) 4 Clotel: (w/T)) O, (3.4.204)
where
ota 1 2 T _
O /Ty = ZIn(Z2) +0.041= — 0.3615 + 1.01e~13%/T
2 T w
w
2< 2 A.
02 <, (3.4.295)
otal, (0 0.3161n(12.18 + T'/w 0.0768w /T
CEpO/T) = 2[ O -
(w/T) V1+w/(16.27T)
02< 2 <50, (3.4.296)

T
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Figure 24. Numerical results for C’;fﬁg(l)( /T), C Z%M (w/T) for Np =2 QCD.

which is nothing but AMY’s result for ps4 = 0 (166).

Therefore, the circular polarization asymmetry A4, = FF;(:ZZ ~ 0.03 for w/T = 2, as = 0.2,

and p4/T = 0.1 which is about three times more than the strong coupling result A4 ~ 0.01

that we found in Sakai-Sugimoto model using AdS/CFT correspondence, see [Figure 12



CHAPTER 4

HARD PROBES OF STRONGLY MAGNETIZED QUARK-GLUON

PLASMA

(Previously published as Shiyong Li, Kiminad A. Mamo, and Ho-Ung Yee, “Jet quench-
ing parameter of the quark-gluon plasma in a strong magnetic field: Perturbative QCD and
AdS/CFT correspondence,” Phys. Rev. D 94, no. 8, 085016 (2016), and Kiminad A. Mamo,
“Energy loss of a nmonaccelerating quark moving through a strongly coupled N=/ super Yang-
Mills vacuum or plasma in strong magnetic field,” Phys. Rev. D 94, no. 4, 041901 (2016))

In this chapter, we will investigate the energy loss of a high energy jet in a strongly magne-
tized plasma both at weak and strong coupling regimes.

The energy loss of a high energy jet in the QCD plasma via gluon Bremstrahlung, described
by BDMPS-Z formalism in large scattering number limit (175; [176; [177; [178; [179)), rests on
a single parameter ¢, the jet quenching parameter. It is defined as the transverse momentum
diffusion constant of the (emitted) gluon per unit length of the jet trajectory: ¢ = (p*)/dz (176)).
In our computation, we will call any fast moving color charged object with some representation
R a jet, since in the eikonal limit the identity of the object should not matter except its color
charge (this includes the emitted gluon as well). The same parameter also gives the damping rate
of an energetic small dipole of size b by T'#Pole = %zjb2 in small b limit. This connection between

the two can be understood as follows. The amplitude square of the gluon Bremstrahlung is

135
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a product of transition amplitude forward in time and its complex conjugate. The conjugate

amplitude can be put as

(U@ = (FIU®)"i) , (4.0.1)

where U(t) is the time-evolution operator and [i) is a time-inversion state of the initial state
|i), which in Schrodinger picture is just the complex conjugate wave function of the original
wave-function. Since the time-inverse operator U(¢)* describes a negative energy state with
opposite color charge, the complex conjugate of transition amplitude can be put as an ordinary
transition amplitude of a jet, but with a negative energy and opposite color charge, which
evolves with time-reversed propagator U(t)*. Let’s call this "anti-jet”. This is nothing but
the evolution on the second contour in Schwinger-Keldysh formalism for complex conjugate
amplitudes. The key element is that the thermally fluctuating soft gauge fields that are the main

source of scatterings with the jet are classical fields in nature, which are ”r”

-type fields in the
language of Schwinger-Keldysh formalism: these classical soft r-type fluctuations give leading
order contributions to the total scattering rate to the jet, due to Bose-Einstein enhancement
in the soft region, np(w) ~ T/w for w < T. As these r-type fields have the same values
on both contours in the Schwinger-Keldysh formalism, it doesn’t matter on which contour we
put the anti-jet for the computation of soft scatterings with them. If we choose to put the
jet and anti-jet together, they look just like a color dipole. In BDMPS-Z formalism, we have
jet-antijet-gluon three body system during the virtual process, which can be thought of as a

collection of three color dipoles. The only difference between this jet-antijet pair and a real

color dipole is that the anti-jet has a negative kinetic energy: the damping rate part of the
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hamiltonian (i.e. the imaginary part) coming from soft scatterings with thermal fluctuations
is the same between the two, since these scatterings care only the color charges of the pair. In
large scattering number limit, the small size regime dominates, and the scattering amplitude
becomes

APOIT — (1 — eibavy gsingle o _j(p. g, ) Asindle, (4.0.2)

where Agingie is the scattering amplitude with a single jet, q is the spatial part of the exchanged
momentum, and b is the transverse size of the color dipole. This gives the damping rate part

being

ppain — il o / d3qu;;Zgle (b-q.) = 11 / d?’qu;;Zgle 4 = 3V, (4.0.3)
with the conventional definition of ¢ being the transverse momentum diffusion rate of a single
jet.

We compute § in the presence of strong magnetic field limit eB > T2, in both weakly coupled
regime at leading order in a; as well as in strongly coupled regime described by AdS/CFT
correspondence. In the former case, we additionally assume aseB < T2, so that self-energy
corrections from lowest Landau level states (LLL) of quarks to the “hard” particles of typical
momenta 7' can be neglected (see later sections for more details). Only with this additional
assumption of small enough coupling oy, a systematic power counting scheme at weak coupling
we employ can apply: this scheme was recently introduced in Ref.(180) to compute heavy-quark

diffusion constant in strong magnetic field in perturbative QCD (pQCD). We follow the same
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scheme in this work. We further neglect small quark mass corrections treating them massless:
this is well-justified practically, m2/eB or mZ/T? is about 10~* for T' ~ 300 MeV. In both
weakly and strongly coupled regimes, we consider the two cases of jet motions: the jet moving

parallel to the magnetic field and the one moving perpendicular to the magnetic field.

4.1 Jet Quenching Parameter at Weak Coupling

The leading order computation of ¢ in small as can be done by first computing the scattering
rate per unit momentum transfer, dl'*"9'¢ /d3q, from leading t-channel gluon exchange between

hard thermal quarks or gluons and the jet. Then the jet quenching parameter is computed as
. 1 3drsingle 5

where g, is the transverse component of the momentum transfer, and 1/v factor is from the
translation between the diffusion constants “per unit length” and “per unit time” : d/dz =
(1/v)d/dt. In the large jet momentum limit P > T', which is the case for either heavy-quarks
(PY = Mg > T) or for a ultra-relativistic jet (P ~ E(1,v) with E > T and v ~ 1), the leading
power of P in the Feynman diagrams arises only in the t-channel exchange diagrams. For the
case of scatterings with thermal gluons, this statement is not gauge-invariant, but is true in the
gauge €+ P = ¢- P = 0 where ¢, € are polarizations of incoming and out-going gluons (181)). For
a ultra-relativistic jet where P is nearly light-like, this gauge is essentially the light-cone gauge.

The t-channel momentum exchange q involves a soft scale (Q < T) for leading log con-

tributions (as we will see), which features logarithmic IR singularity for ¢. This is cured by
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gluon self-energy corrections either from thermally excited LLL quarks or from thermally ex-
cited hard gluons. Both give the screening masses for t-channel gluon exchange, the former
being mQD? g ~ oaseB and the latter m2D ~ a,T?. Under our assumption of eB > T2, we can
keep only the former Debye screening from the LLL states. We emphasize that the t-channel
exchanged gluons for which we include the self-energy are space-like and soft.

On the other hand, the dispersion relations of scattering hard quarks and hard gluons
generally get thermal mass corrections from the same self-energy but evaluated in nearly on-
shell kinematic regions. They are of the same order, aseB or a,T?. As our further assumption of
aseB < T?, and hard quarks and gluons have typical momenta 7', we can neglect the self-energy
(i.e. thermal mass) for these scattering hard thermal particles in leading order computation:
the leading order § comes from the hard momentum (~ T') region of scattering particles. These
hard particles are then free particles in leading order treatment. In turn, this also justifies the
computation of self-energy itself from 1-loop of hard particles in the loop: these hard particles
in the loop are free particles, their thermal mass corrections give only higher order corrections
to the self-energy. This leading order treatment is then self-consistent (180).

We give a brief summary of results we will obtain in the next subsections of detailed com-
putation of ¢. For the case of scattering with thermal gluons, due to an issue of gauge in-
variance that we mentioned above, one needs to work directly with this formula computing

somewhat challenging phase space integrals as done originally in Ref.(181). The leading log

contribution is however manageable, can be shown to be Gguon ~ o213 log (asTjB). On the

other hand, the contribution coming from scatterings with LLL quarks will be shown to be
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Qquarks ~ ageBT log ((i), which is larger than ¢g,0n by a factor of eB/T2 > 1. The origin
of this enhancement is basically the large density of states of LLL quarks which scales linearly
with eBT (eB from the density of states of LLL in two transverse dimensions and 7" from the
longitudinal thermal distribution), while the density of states of gluons with thermal distribu-
tion scales only with T3. Therefore, the leading order § is provided by the scatterings with the
thermally excited LLL quarks.

The t-channel process with LLL quarks is free of gauge-invariance issue, and in this case
one can explore an alternative way of computing the t-channel scattering rate dI'/d®q from
cutting the 1-loop retarded jet self-energy diagram, which gives the imaginary part of retarded

jet self-energy or the damping rate of the jet,

) drsingle
~ m[ER(P)] ~ T = [ g S

(4.1.5)

where q is nothing but the loop momentum of the gluon line in the jet self-energy computation,
and YF(P) is the retarded jet self-energy: see M The internal gluon line should
include its own self-energy coming from 1-loop hard thermal LLL states: that would be the
Hard Thermal Loop propagator in the soft t-channel momentum region of g, but now from the
LLL states instead of more conventional free hard fermions/gluons. As argued in the above,the
contributions from hard gluons to this t-channel gluon self-energy is subdominant and neglected.

Once we compute dI'*™9¢ /d3q in this method, we can compute § by weighting the integral by
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Figure 25. The imaginary cut of the jet self-energy is equal to the damping rate, that is, the
total scattering rate with thermal (hard) particles, especially the lowest Landau level quarks.
The exchanged gluon line is Debye screened by the same hard LLL states.

an additional factor of qi. This method seems much simpler, so we will adopt it in the next
subsections.

Scattering rate of the jet from its 1-loop self-energy

For definiteness we assume that the jet is a fast moving fermion with momentum P, but the
result in high P limit is independent of this detail, due to eikonal reduction of jet propagation
when P > @Q: the only important fact is that the current of the jet in relativistic normalization
is

U(P + Q)y*t"U(P) ~ 2P"t*, (4.1.6)

where t% is the color charge of the jet.
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The 1-loop retarded jet self-energy is given by Xf(P) = (—i)X"%(P) with "ra”-self-energy

in real-time formalism is

d*Q
(2m)*

S7(P) = (ig)*C4y” / (@S (P +Q) + GL@SEH(P+ Q)]+, (1L)

where Cj is the color Casimir of the jet, and Gag(Q) = (Aa(Q)As(—Q)) are the real-time

gluon propagators without colors (or the color diagonal part defined by (Ag(Q)A%(—Q» =

Gop(Q)5%), and S(0)(Q) are the bare jet propagator given by

0 0
: 7" P(q) . 7OP(q)
Sra — —q , gar = (—i 7
6@ ( q° —/@* 4+ M? +ie 0)(@) = ( )qo_\/m—ie
1
So(@ = - (2 - nF(q°)> (27 P(a)é (¢ ~ V@ + M) | (4.1.8)
with the spinor projection operator
1 (v - q—iM)

Pla=5\1+—F—=" | 4.1.9

and M is the rest mass of the jet. We will consider relativistic cases where the jet momentum
p > M. Our metric convention in this work is n = (=, +,+,+). The self-energy re-summed

jet propagator S(P) is given by

(™ (P)~! = (Sig(P) " = x(P), (4.1.10)
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and the damping rate of the jet ™9 is identified by the ansatz

7°P(p)

pO _ /p2 + M2 + Z’I“single/Q

ST(P) ~ (—i)

(4.1.11)

neglecting a mass shift and wave function renormalization which are from the real part of X%(P)

instead of the imaginary part. This ansatz is equivalent to

(S(P)" = (=) P(p)° (° — VP2 M2 "¢ 2} = (578 (P)) ™ + P(p)y Tl 2,

(4.1.12)
and comparing with (Equation 4.1.10) and using Tr(P(p)) = 2, we have
rsngle — Re [Tr (X7 (P)y°P(p) = —Im [Tr (B (P)Y°P(p) ,
77 M|, e |,
(4.1.13)

which is the desired formula relating the damping rate of the jet with the imaginary part of its

retarded self-energy.

Using the explicit expression (Equation 4.1.7)) for X"(P), and (Equation 4.1.8), and the

similar thermal relations for gluon propagators

Q) = (GR(@Q)",

5@ = (540060 (G5@ - 625(Q) = (5 + 8l fy(@). (4110
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with the gluon spectral density piB(Q) that is a hermitian matrix in («, ), one can finally

arrive at after some amount of manipulations (see Appendix 2 in Ref.(182) for the relevant

details)
prinse = £ @) +np (" + ") r)S0° + ¢ = v/ + )7 + M2)pf4(Q)
x Tr [’Y’B’Y P(p + q)7*y P(p)} : (4.1.15)

which is basically a cut of the self-energy where all internal propagators are replaced by their
spectral densities. For the bare jet internal line Sg) (P + @), it imposes simply the on-shell §
function on the out-going jet state after the scattering, while the spectral density of the internal
gluon line encodes the soft t-channel scatterings with hard LLL quarks or hard thermal gluons.
A convenient fact for us is that the internal 1-loop momentum gq is nothing but the exchanged
momentum in these t-channel scattering with the hard particles, so that one can read off the

differential scattering rate dI'*"9'¢ /d3q by simply writing the result as

) dFsingle
psingle — /d3q . 4.1.16

To find the gluon spectral density after re-summing 1-loop gluon self-energy from the LLL

quarks, we start from

(G™(@) " = (G5 (@)™ —1I"(Q) (4.1.17)
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where the inverse refers to the Lorentz indices, and H%(Q) is the ra-type gluon self-energy at
1-loop

r(Q) = (ig)*TrNp(jn(Q)j5(—Q)) , (4.1.18)

where j, is the quark color current after color indices are stripped off, and the quark color
traces gives Tr which is 1/2 for fundamental and N, for adjoint representation, and Np is the
number of light flavors. In our LLL approximation in massless limit, the above current-current
correlation function factorizes into a product of 1+1 dimensional correlation function and the
transverse density of the LLL states. The former is then easily computed using the well-known
bosonization of 141 dimensional fermion into a massless real scalar field. These have been

recently computed in Ref.(180) and the result is given by

2 2
ra .9 eB _al 1
ap(@) =X (Qﬁ??uaﬁ - Q||aQHﬁ) , x=—i_TrNF <> e 2B (4.1.19)

where Q| and 7,4 refer to 1+1 dimensional components of momentum and the metric along
the magnetic field direction, g, is the component perpendicular to the magnetic field direction,
and

Qf. = Qf =—(¢"+ie)? + ¢2. (4.1.20)
q0—q0+ie
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The (G’("(‘)I)(Q))_1 and therefore G™*(Q) needs a gauge-fixing, and we choose to work in the

covariant gauge where

(ng)(Q))_l =1 (QQnaﬁ - QaQﬁ + 2@0[@/3)

: (4.1.21)

q0—qY+ie

where ¢ is a gauge parameter. Then, G"*(Q) with (Equation 4.1.19) is found to be given by

ap(Q) = s i(1— S)M - (Qﬁnnaﬁ - QHaQHB)

@ @7 41.22)

X
Q@2 +ix@Q})’

where Q? = —(q° +i¢)? + q>. The gluon spectral density is defined to be twice of the hermitian
part of G"*(Q), and since the above is symmetric in Lorentz indices, it is simply twice of the
real part: pf(Q) =2 Re { Z%(Q)}

The second term involving £ is proportional to ()., which vanishes after being contracted

with the jet current U(P + Q)y*U(P) in (Equation 4.1.15) by Ward identity, which ensures

the gauge invariance of the scattering rate (Equation 4.1.15). From the on-shell constraint

in (Equation 4.1.15) the momentum transfer @ is space like, so the real part from the first

term in (Equation 4.1.22) which is ~ §(Q?)sgn(q") does not contribute to the scattering rate

in (Equation 4.1.15)). The contribution from the last term in (Equation 4.1.22)) represents the
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scatterings with the LLL states we are looking for. A simple, but careful computation as in

Ref.(180) gives

(27)Q1aQ)s ETrNF (52) e~ 268 sgn(¢)0(QR)

Pos(Q) ~ FRe : (4.1.23)
2 _a
<Qi + S TrNr (57) € %B)
which is a key ingredient in our subsequent computations.
Since
1
sgn(¢”)8(Q}) = 30 (0(¢° — ¢=) +6(¢" + q2)) (4.1.24)

where we assume the magnetic field points to the Z direction, there are two separate pieces in
the above spectral function. They reflect the two light-like spectrums of 1+1 dimensional LLL
quarks moving in opposite directions, each corresponding to a definite 4D chirality of massless
quarks. Since the gluon vertex with the quarks does not mix the two chiralities, the momentum
transfer () should be given by the momentum difference of the two states within the same 141
dimensional chiral spectrum, and therefore @) should be also light-like in 1+1 dimensions. The
term with 0(¢° — ¢.) arises from the LLL quarks moving to # direction, while the term with

5(q° + ¢*) corresponds to the LLL quarks moving to the opposite direction.

Computing the spinor trace in (Equation 4.1.15)) gives

Tr |v%7°P(p + @)y*+"P(p)

P-Q)
S I naﬁ(i = 5% (4.1.25)
P “pt+q p+q~p EpEp+q



148

where Ep, = /p? + M? and
02 = 2 (1,p/Bp) = (1,0p), (4.1.26)

where vy, is nothing but the velocity of the jet of momentum P. In deriving the above result,
we used the on-shell condition P? = —M?. From the above expression, it is straightforward to
see the on-shell Ward identity that we claimed before holds

1
$PQy = —=—(2P-Q+Q*)P’ =0, (4.1.27)
EPEP+Q

where we used the fact that the energy § function in (Equation 4.1.15) imposes the on-shell

condition (P + @Q)? = —M? which is equivalent to

2P - Q+Q*=0, (4.1.28)

since P2 = —M?2.

The scattering rate (Equation 4.1.15)) with the gluon spectral density (Equation 4.1.23)) and

the spinor trace (Equation 4.1.25)) are the basic ingredients in our computation of jet quenching

parameter in weak coupling theory in the following subsections.

q when the jet is parallel to the magnetic field

Let us first consider the case where the jet is moving parallel to the magnetic field, say along

Z direction: p = p,Z, p, > 0. In this case, the notions of || and L from the magnetic field and
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the jet coincide, so we can use them for both. From the gluon spectral density (Equation 4.1.23))

and

sgn(@")5(Q3) = 2; (6(c° = 42) +6(c° + a2)) . (4.1.29)

there are two distinct delta-functions which give different characteristic contributions to the jet
scattering rate. We will find that the one coming from LLL quarks moving opposite to the jet
direction (i.e. the one with 6(¢° + ¢.)) gives the dominant contribution in high energy limit

v — 1.

From (]Equation 4.1.15[) with (]Equation 4.1.23[), we see that we need to compute S*? Q)o@ -

Due to the Ward identity and (), = Qa — @ La, this is equal to

b
EpEpiq

1

i _ ((ﬁ)Q
2EpEpiq

$¥Q)aQs = $Q1aQ1s = - Q4 = ey

(P-Q)g (4.1.30)

where we used P - @, = 0 and (]Equation 4.1.28[), as well as Q% = qi in the last equality due

to the § (Qﬁ) factor in (]Equation 4.1.23[). The net result is quite simple.

From (Equation 4.1.29)), let us consider each delta-function separately, and perform ¢°

integral so that we can replace ¢ with +¢, where + refers to each case of the two delta-

functions. Then, the energy delta function in (Equation 4.1.15)) is worked out as

5(p°+q°—\/(p+q)2+M2)—5<\/p§+M2iqz—\/(pz+qz)2+qi+M2)

M(s <q + qi) (4.1.31)
Epy(1Fv) 7 " 2E,(1Fv) )’
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where Ep 4 should be replaced by

ql

Eprg=Eptq=Ep+—tt (4.1.32)
prq P z p 2Ep(1 ¥ 'U)
and
f:i%:—ii—a (4.1.33)
2Ep(1Fv)

Finally, the statistical factor (np(q°) + np(p® + ¢°)) in (Equation 4.1.15)) is simplified if we

assume that the coupling as = g2/(4n) is small enough that

2
0 a1

== T 4.1.34
SE,(1F0) = (4.1.34)

q

since we will see shortly that the typical momentum transfer is qi ~ ageB. Then we have at

leading order

T 2TE,(1Fv
np(¢°) ~ - = 1;(2), (4.1.35)
1

L)

while np(p® + ¢°) is exponentially suppressed due to high energy limit p® = E, — oo.

Gathering all the above discussions, especially (Equation 4.1.30), (Equation 4.1.31) and

(Equation 4.1.35|), we finally arrive at a compact result for the scattering rate (Equation 4.1.15))

as

2
asTrNr (8) e 55

' d*q.
Fszngle — 2(87-‘-)0[305](1 + ’U)T/ (27_[_)2 qi 2
2 (42 + ot (32) 55
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from which we see that the lower sign case (that is, from 6(¢° + ¢.) piece in the gluon spectral
density coming from the LLL quarks moving opposite to the jet direction) gives the dominant

contribution in high energy limit v — 1.

The condition (Equation 5.0.13|) we assumed is perfectly fine for the lower sign case (that

is, (1+v), or 6(¢° + g.) case) in high energy limit: v — 1 and E, = M~ — oc. For the uppers

sign case, (Equation 5.0.13)) will eventually be violated in ultra-high energy limit when

2
agseB
~(1 = ) N\/1—ug% ~ (4.1.37)

but in this case, np(¢°®) ~ e /T < 1is exponentially suppressed anyway. Therefore, we
always get the dominant contribution from the 6(¢° + ¢.) piece in the gluon spectral density
in high energy limit v — 1, while §(¢° — ¢.) contribution is sub-leading. We will keep only the

dominant contribution in the following.

From (Equation 4.1.36)), we get the sought-for differential scattering rate of the jet with the

LLL quarks

2
) _91
drszngle 92 asTrNp (%) P

Pq. ;as(]g(l +oT

— (4.1.38)
(qi +4a,TrNp (%) e_2eJ1_3>

and the jet quenching parameter to complete leading order in «; is finally computed as

1 ) drsingle ) 1 J )
q= U/d q. P qi = ;(14—1/1})02 TrNp as(eB)T(log(l/as)—l—ny—log (TRNF/W)> ,

(4.1.39)
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where vg & 0.577 and the leading logarithm is produced from the range
aseB < g3 < eB. (4.1.40)

In getting the above complete leading order result (leading log and the constant under the log),
we used the standard technique (183) of introducing the intermediate scale vaseB < ¢* <
VeB, and divide the integral into two separate regions |q;| < ¢* and |q.| > ¢* where the
integrand simplifies to leading order in ¢*/v/eB and v/azeB/q* (see the next section for a more
detailed example of the same technique). It is interesting to point out that the UV cut-off is
provided by the inverse size of the LLL levels, v/eB, from the exponential term 6_%, which is
naturally expected since the LLL states cannot provide or absorb transverse momentum greater
than this. It should be also remarked that the jet-quenching parameter from the LLL states is
finite in the infinite energy limit of v — 1.

q when the jet is perpendicular to the magnetic field

Let us next consider the case where the jet is moving perpendicular to the magnetic field

direction. We choose the magnetic field to point to Z, and the jet to move to Z direction: p =

p2&. What we mean by ¢ in the gluon spectral density (Equation 4.1.23)) is then g = (¢z, qy),

while the parallel component is Q| = (¢°,q.). The transverse directions to the jet is (gy,qz),
and recall that ¢ is defined as a momentum diffusion constant in this transverse space.
The definition of § assumes a rotational symmetry around the jet direction &, which is clearly

broken by the magnetic field along z. This means that the transverse momentum diffusion of
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the jet along Z will in general be different from the diffusion along ¢ direction. Let us denote
the momentum diffusion along £ as ¢., and along ¢ as ¢,. The original definition of ¢ assuming
the rotational invariance is the sum of momentum diffusion constants along the two transverse
directions: ¢ = ¢. + ¢,. The asymmetry in the momentum diffusion constants should affect
the BDMPS-Z gluon Bremstrahlung emission pattern in interesting ways to have an azimuthal

asymmetry in the gluon emission spectrum.

From (Equation 4.1.15)) with (Equation 4.1.23) and (Equation 4.1.25)), we need to compute

Sob Q)aQ)s = SPQ | ,Q 13 where we again used the Ward identity. We have

1

S7Que@us = g (2AP-QU(P+Q)- Q1) - (P-QQY)
1 1
= m <2(pqu)(l?qu + (ﬁ + qz) + 5 (qi + q§)2) R (4.1.41)

where we used the on-shell condition 2P - Q + Q? = 0 as well as Qﬁ = 0 from qEquation 4.1.23[).

We will consider a high jet energy limit such that

Po~My>VeB>T, (4.1.42)

and since we will see later that Q < veB, this means that the jet energy is much larger than

the momentum transfer: p, ~ Ep > Q. Then (Equation 4.1.41)) is simplified as

2
SQLaQuip~ 2q§% =2¢20°, (4.1.43)
p
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where v = p, /Ep, is the velocity of the jet.

As before, the gluon spectral density (Equation 4.1.23)) has two separate pieces, each from

5(¢°F q.) (see (Equation 4.1.24))). Performing ¢° integration simply replaces ¢° with +¢.. Then

the energy J-function in (Equation 4.1.15) becomes after some algebra

6 (1 +a" Vot @+ M2) =6 (V2 + M g, — [ (pe + 02)? + 63 + g2+ M?)
(Ep £ q2)
\/inqu p — G2
(Ep +q:)
\/p2i2qz p— 4

(5(% + po — \/pi +2¢:Ep — q3) + 0(qz + Pz + \/p% +2¢.Ep — qﬁ))

(g + P2 — \/p% +2¢:Ep — q3) , (4.1.44)

where in the final form, we dropped the second J-function, since it would give no contribution

due to Q < p,. On the other hand, the first §-function will put ¢, to be

+2¢.Ep — g E q
4z = \/p%i2qup—qZ—p = il ziqz—”zif, (4.1.45)

=
\/p% +2¢:Ep — ¢ + pa Pz

where we used p, > @ as before. Since ¢, is along the jet direction, while we are interested in
computing the transverse momentum diffusion along 2 and ¢ (¢, and ¢,), we should integrate

over ¢, at this stage, and the above energy d-function simply replaces g, with +¢,/v at leading

order. The Jacobian in front of the d-function (Equation 4.1.44) also simplifies as

E. + E 1
(Bpte) Bp_1 (4.1.46)

VP E2Ey =gy eV
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With all these, the (Equation 4.1.43) becomes

SQ1aQ 15~ 2¢°0% ~ 242, (4.1.47)

and the jet scattering rate is given by

(qg/v2+q2)
asTrNE (%) e = 2B -

) 2
Fszngle ~ Zm}ascg/dqz/denB(iQZ)(iq,z)
+

(q b2+ 40 TN (&) = i ™
(4.1.48)
For the lower sign (that is coming from §(q” + ¢.) piece in the gluon spectral density), we can
simply change the variable from ¢, to —¢, to get the same expression to the upper sign case,
which means that the LLL states moving along or opposite directions to the magnetic field
give the same contributions to the jet scattering rate and hence to the momentum diffusion
constants. Therefore, the total scattering rate should be twice of the one with the upper sign

and the differential scattering rate we can use in order to compute the momentum diffusion

constants is finally given as

‘ (q2/v2+q2)
drsingle 4 as TrNFp (%) 6_%

~ 7a50§] TlB(qZ) qz ( 2/v2442) 2
(5 +4 + 40uTee () 5™ )

~ 4.14
dgydq. v ( 9)

which is our starting point of computing the jet quenching parameters ¢, and ¢, in high energy

limit:

dFszngle drszngle
d dq. d dq, 4.1.
/ qy / Q- @ ——— daydq, / qy / = 4y ——— dayda. (4.1.50)
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One aspect of the above result (Equation 4.1.49) is that it contains the vacuum contribution

which can be obtained in 7" — 0 limit. In 7" — 0 limit, we have

np(q:) = —O(-¢;), T =0, (4.1.51)

which restricts the integral to ¢° = ¢. < 0 region. The ¢ < 0 means that the jet gives the
energy to the LLL states, and it is not difficult to find that the only way this is possible in the
vacuum is a pair-creation of quark and antiquark pair from the vacuum. In the presence of the
magnetic field with the 14+1 dimensional dispersion relation of LLL quarks, this pair-creation

by the jet energy transfer to LLL states is consistent with the on-shell kinematics, which gives a

finite contribution to the jet scattering rate even in the vacuum, as is given by (Equation 4.1.49)

with np(g.) = —O(—q.).

We first compute these vacuum contributions to ¢. and ¢,. We show some details for g7*<**“™

and the computation for gy

is nearly identical. We have

(qg/v2+qf,)
0 B\ ,—~2 YL
graewm — 4 o0 [ g ig. (—0.)? asTrNF (57) e =P
? T2 2 Y T 2 (2/v2+a3) \ 2
o - (q +¢2 +4a,TrNp (L) e 25 )
v2 Y ™

(4.1.52)
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Changing ¢, — vg,, and working in the polar coordinate system of (g.,qy,) plane, (gq,6), we

have

112

A2 3m/2 00 asTrNp (£8) e~ 3e
q;}acuum — UC)[SCQ]/ de(_ CcOS 0)3/ dq q4 sTRIE (271') 5 5 - (4153)
7T /2 0 (q2 + 40, TpNr () 6*2?73)

oy

Without the exponential factor in the numerator, the ¢ integral is linearly divergent in large ¢
limit, so the exponential factor in the numerator provides a relevant UV cutoff, which implies
that the dominant leading contribution to the final result comes from the region ¢> ~ eB. Then
in the denominator, one can safely neglect the Debye mass term which is sz, g~ aseB < eB ~

q> compared to ¢* at leading order computation. This brings us to leading order

42 3mw/2 oo B 2
gracwum - — UozSCQ]/ do(— 0059)3/ dq asTprNF <€> e 2E
™ /2 0 2
1602

The next-to-leading order correction is further suppressed by an additional factor of |/a; coming
from the region ¢ ~ /agzeB. The almost same computation gives the leading order vacuum

contribution to g, as

4 3m/2 S) B 2
g o = ozSC’QI/ df(— cos fsin? 9)/ dq asTrRNp <Z) e %E
T /2 0 T
= LC{TRNFag(eB)?’/Q. (4.1.55)

3(2m)32
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We see that g™ # ¢,*“*"" at leading order, which implies that the momentum diffusion in
the transverse space of the jet direction is asymmetric.

Next, we would like to compute the thermal contributions at finite temperature 7". This

can be obtained by subtracting the vacuum contribution from (Equation 4.1.49)):

Single T N (BB) (qg/v2+q§)
dr 4 QRN \gr) e P
—thermal o — o, CY (np(g:) + O(—¢2)) ¢ : :

dq,dq gy (2/024a3) \ 2
v <‘1 + @2 +4a,TrNp (L) e 25
(4.1.56)
From the fact that
np(g:) + O(—¢.) ~ sgn(gz)e 1=/T g > T, (4.1.57)

the integration range of ¢, is effectively confined into |¢.| < T. Then, due to the hierarchy

20 . :
we are assuming eB > T2, we can replace the exponent e~ 55 with 1 at leading order in

T?/eB < 1:
dFsingle 4 Tr N (eB) i
thermal = CJ O(— ¥sRIVE (57 ) € P 4.1.58
7dqydqz puy asCs (np(g:) + O(—4¢)) ¢ ( )

There are three important scales in the above result: 1) v/aseB which sets the scale of Debye
screening mass (that appears in the denominator) which serves an IR cut-off, 2) the temperature
T that enters np(q,) + ©(—q.), 3) VeB that gives the ultimate UV cutoff by the exponential

2

q
suppression e~ 28. Recall that our assumption on hierarchy of scales is vVaseB < T < veB.
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It can be easily seen from the g, integral in (Equation 6.1.13) that the leading contribution

comes from the region

lay| ~ V@2 /v? + aseB ST (4.1.59)

This is because ¢, integral is UV convergent for both ¢. and ¢, due to the denominator,
2
q

independent of the existence of the e~ 3B term. Therefore, to leading order in T2 /eB we again

2
q
can replace e~ 2B with 1, and we finally have

dFsingle 4 a TRNF eB
thermal ~ 70[8051 (nB<qZ) + @(_Qz)) @ S (271')

dg,d 2 27
Ty 4= T (% + q%j +4aTrNE (%))

(4.1.60)

valid at leading order. This means that the ultimate UV cutoff, veB, does not play a role
at leading order in T?/eB, and the leading order result comes from the softer scale dynamics

between \/aseB and T.

Let us show some details of our computation of ¢, with (Equation 4.1.60) at complete

leading order in «ay (that is, the leading log as well as the constant under the log):

QSTRNF (%)
€ 42 ey’
o + a4 + 40 TrNF (57)
1

2
(4 + 40 TrNF (£) )
(4.1.61)

~tnermai 4
et = i [ da. [ day (ona) + 0(-0.) &

2 eB
S (%) [ da. (nnlas) + ©(=0.) ¢

)

Njw

where we performed the g, integration in the last line. It is not difficult to see from the above

that the remaining ¢, integral produces the logarithm between the IR cutoff v/aseB and the UV
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cutoff T'. To handle this, we follow the standard technique (183)) of introducing an intermediate
scale ¢* between y/aseB and T (that is, vVaseB < ¢* < T'), and divide the g, integral into

lg:] < ¢* and |g,| > ¢*. In the first integral of |¢.| < ¢*, since |q,| < T we can replace to leading

order
T
np(g:) +0(—¢.) ~ —, (4.1.62)
q-
and we have
2 eB 7 1
—a3Cy TrNF (> T/ dg. ¢ .
v 27-‘- 7(1* q2 EB 2
(v—z +4a,TpNp (ﬁ))

_ 2 ~J @ (q*)2 B agseB
= 2va;C5TrNFp (271’) T (log <a5TRNF (%) 2 240 )2 . (4.1.63)

In the other region of |g,| > ¢*, we instead have |g,| > V/aseB, so we can ignore the Debye

mass in the denominator at leading order to have

eB

2va§0{TRNF< ) [ da. nsla) +0(-a.)) snla)

2 lgz|>q*

_ 9pa2C eB T a

st ()1 (s () 0 (2)). 1o

Combining the two regions (Equation 4.1.63)) and (Equation 4.1.64)), we finally have the thermal

contribution to qﬁh”mal at complete leading order as

) 1 7
e = JoC{TaNpa(eB)T (k’g ( ToNr () ) - 2) | e
S 27
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to leading order in a3 and aseB/T 2. Recall our assumed hierarchy of scales azeB < T? < eB.

A similar computation can be done for (jzh”m“l:

| 4 asTrNF (52
gihermal = m;?asCé]/qu/dqy (n5(4:) +O(=2)) @2y o i
(1% + ¢2 4 4a,TrNF (%))
9 eB :
= SotcdTane (57) [ da- (opta0) + 000 :
2
(%3 + 4a,TrNF (%))

(4.1.66)

From the region |¢.| < ¢* we have

*

2 eB q 1
= a2C{TrNF <) T/ dq.
v 2m —q* q2 eB

2 o g <eB> (q*)* <aseB>
= —a;CsTrNrp | — | T (! +0 . 4.1.67
’Uas 2 TRUF 27 °8 asTRNF (%) 1)2 (q*)Q ( )

and from the region |g.| > ¢* we have

NI

eB

%) /qz|>q* dq. (np(q.) +O(—q.)) sgn(q.)
e (@)r(a(F) o () o

so the final result for cjéhﬂmal at complete leading order is given by

2
;a?CéITRNF (

1

T2

~thermal __ J 2

it = —CJTpNral(eB)T <log (a T () v2> + 0) , (4.1.69)
s 2w
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where by 0 in the above, we mean there is no other constant under the log than what is shown

in the above result.

~thermal ~thermal

Comparing QEquation 4.1.65[) and (]Equation 4.1.69[), we see that ¢ and g, are

in general different, but in the high energy limit v — 1, they differ only by a constant under
the log, while they become equal at leading log order in T2 /(aseB).

In summary, the sum of the vacuum and thermal contributions to the ¢, and ¢, is given by

1602 1 T?
i, = ——CJTrNpa2(eB)*? + ZvC{TrNpa2(eB)T | lo —2],
q 3(27‘(’)3/2 5 TrRNFpo(eB) ﬂ_’U 5 TrNpog(eB) g a TN (%) 2
Iy = LC‘]T Nrpo?(eB)*? + iC’JT Nra2(eB)T | lo T +0
W = 3(2m)3/2 2 R mo - 2T HRTESs & asTrNF (£) v2 '

(4.1.70)

We should note that the next-to-leading order correction to the vacuum contribution (the first

term in the above) is further suppressed by /a;s compared to the leading order (see the previous

discussion below (Equation 4.1.54))), so it is sub-leading by v/aseB/T < 1 compared to the

leading order result from the thermal contributions (the second term in the above). Therefore,
the above two terms indeed represent the first two leading terms in our assumed hierarchy of

scales aeB < T? < eB.

4.2 Jet Quenching Parameter at Strong Coupling

We compute our jet quenching parameter in strong magnetic field in the AdS/CFT corre-
spondence. We use two well-established methods in literature corresponding to the two different

definitions of the jet quenching parameter, albeit the fact that these two definitions agree with
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each other at weak coupling regime: 1) the first definition is what we have used in our com-

putation at weak coupling, that is, the transverse momentum diffusion constant, § = al P
2) the second definition is in terms of a light-like Wilson loop (179) with a transverse spatial
separation b, in small b, limit behaving as (W (b )W (0)) ~ exp[—ﬁ(jbixﬂ where z7 is
the light-like extension of the loop. To see the equivalence heuristically at weak coupling (we
will not be precise about color factors and normalizations), let’s prepare a fast moving initial

state with a transverse momentum p, written in the position basis |, ) as

1 _—
p1) = N /dQﬂULe”u ), (4.2.71)

where S| is the transverse area put to normalize the state. After traversing the light-like
distance x, each state |z ) in the eikonal approximation will pick-up the Wilson line W (x ),

so the final state becomes

1
VS1

) = o [ Pz W@yle.), (4.2.72)

and the transition S-matrix to the state with additional momentum kick g, is

1 .
(pL+aq|vy) = 5 /deLe—ZqL‘MW(M) . (4.2.73)
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Then, the probability distribution of transverse momentum P(q ) after traversing the light

distance = becomes

Plasa®) = I{po + aulig) P = o [ et o) W) (12.74)
€L

where we have used the translational invariance in the transverse space. If the Wilson loop

behaves as (W (b, )W (0)) ~ exp[—ﬁ(jbixﬂ, the distribution evolves in time (or space z) as

oP(qL, ot OP(qu.at) g 1 L b (Y (b, )T
@aéx) = ﬁ%_ﬂzi&/dei(_bi)equl< (bl)T (0))
51 .
T L A B R

ice | - d
= v o [ @bt o) W) = 292 Plasat). (4275)

which is precisely the Fokker-Planck equation coming from the random momentum kicks with
the momentum diffusion constant ¢, showing the equivalence of the two definitions.

We compute § via the definition of 1) in the AdS/CFT correspondence using a single string
world-sheet moving with a velocity v; the method developed in Refs (184;341). The momentum
diffusion constant is identified from the low frequency limit of the spectral density of color elec-
tric field correlators in real-time Schwinger-Keldysh formalism, quite similar to conductivity for
current operators. In operator-field mapping in the AdS/CFT, the color electric field operator
maps to the transverse displacement of the string world-sheet. Since the low frequency limit
of spectral density in AdS/CFT correspondence is given solely by event-horizon properties via

membrane paradigm (6), we will skip the details already present in literature, and simply apply
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the known expression to our situation with strong magnetic field. The same universality has
also been derived by holographic RG formalism in low frequency limit.

We also compute ¢ in the definition of 2) from the light-like Wilson loops; the method used
in Ref.(343; |187)). As is the case without magnetic field in literature, the definition 2) gives a
different result from that from 1), which still seems to be an open issue.

The black-hole geometry in AdS space with a magnetic field in 2z direction takes a form

1

ds® = gzz( — f(r)dt2 + dzz) + Goa (da:2 + dy2) + o)

dr?. (4.2.76)

The Hawking temperature 71" of the black hole which is identified with the field theory temper-

ature is

T %\/gzz(y«h) e () (4.2.77)

where 7, is the radius of the black hole horizon which solves f(r,) = 0. In the presence of a

strong magnetic field B > T2 in the bulk, the black hole metric (Equation 4.2.76) takes the

particular form for the region r < v/BR? where the scale is much smaller than the magnetic

field (230)

2
1
= =5 (~F(r)df? + dz?) + R?B(da? + dy?) + poyTe dr? (4.2.78)

R2

ds?

2
where f(r) =1— ;—’5 with the horizon corresponding to r = 7, and R* = \o/? is the radius

of the AdS5 spacetime (\ = 932/ A INe is the strong coupling constant and o/ = 12 is the string

length scale which disappears in final physical results). The above metric is a product of 3
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dimensional BTZ and trivial flat two dimensions. We identify R = % as the radius of the

AdSs spacetime or BTZ black hole, and B = /3B = \/§ny as the physical magnetic field at

the boundary. The Hawking temperature T" of the BTZ black hole (Equation 4.2.78)) is

T = g rr () = 5. (42.79)

q from transverse momentum diffusion

The transverse momentum diffusion constant x(v) “per unit time” of a heavy quark moving
with velocity v in the strongly coupled regime at zero magnetic field, was first computed in
Refs.(184; 341) for N = 4 Super Yang-Mills theory, and was generalized to non-conformal
theories in Ref.(190). In the eikonal regime of high jet energy, there should be no distinction
between heavy-quark and the jet for the momentum diffusion constant, since the scatterings
would care only about its color charges. Based on this premise, we can identify

q(v) = —k(v), (4.2.80)

where the factor 2 is from the definition of x(v): it is defined by (&%(t)g%(t’)) = kOYS(t —t'),

so that

1 dr
== | &?¢° 2 4.2.81
vy [ el gt (12:81)

and 1/v is from translating d/dz = (1/v)d/dt.
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q when the jet is parallel to the magnetic field

In the presence of strong magnetic field parallel to the jet, the Nambu-Goto (NG) action is

I _ sy 1 [ 7
SNG—/deaﬁ(hab) = _27Ta’/deU —det hgp , (4.2.82)

where the background induced metric on the string hyp is given by
hab = G Oa™(T,0)0px" (T, 0) . (4.2.83)

Using the embedding (7,0) = (¢(7,0),0,0, 2(7,0),r = ), the background induced metric

hav(%,2') (Equation 7.5.32) becomes (- = d/dr,’ = d/do)

hap(2,2") = gut0atOpt + 9220,20p2 + GrrOarOpr . (4.2.84)

Using a particular Ansatz of the form t(7,0) = 7 4+ K(0) and z = vT + F(0), which repre-

sents a “trailing string” configuration moving with velocity v, the background induced metric

(Equation 7.5.33) becomes

her(0,2)) = gu+vg..,
haa(va Z/) = gtt(Kl)2 + gzz(zl)z + Grr

hTO’(v) Z,) = gttK, + gzzZ/U . (4285)
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Finding the equation of motion from the action, we have

o /
0 (g“g“<z ok )> —0. (4.2.86)

\/ —det hqp,

There exists a gauge freedom of re-parametrizing the world-sheet coordinate 7: 7 — 7+h(0)
for any function h(o), under which we have the transformation K(o) — K(o) + h(o) and
z — z+vh(o). Indeed, the above equation of motion is invariant under this transformation, as

it should. Requiring h,,(v,z’) = 0 to fix this gauge freedom, we have an additional constraint

K = —%z’ v, which can be used to diagonalize (]Equation 7.5.34[) as

hTT(UaZ,) = _gzzf<1 _ 2 ) )

hoo(v,2)) = g.. (1 - )(Z’)2 + Grr s

hio(v,2') = 0, (4.2.87)

while the equation of motion in this gauge becomes

2 2
Lf, (1 — v) " = constant = C,,v . (4.2.88)
V/—det hay f

Using g,r = ﬁ and

zz

2
—det hagp = —hrr (v, oo (v, 2) = g% f <1 - ”) ()2 —(1-2), (4.2.89)
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we find
20 1

RGeS )

()

(4.2.90)

2| requiring (2')? to

Since the factor (1 — %) in (Equation 7.5.37)) vanishes when f(rs) = v

2 2
Cz v

g2.f

be positive across r = rg, the other factor (1 — ) has to vanish at r = r4 as well, which will

fix the integration constant C,, = g..(rs). Therefore, (Equation 7.5.37)) becomes

() = Ealrs)_©° 1 (4.2.91)

= A 2 2 2.(rs) v )
gzz(r) f (T) (1 - f(r)) (1 - Zgzg;") f(r))

and using this the metric (Equation 7.5.36) is finally given by

hTT(Ua Z/) = gzz( - f + 272) ;

hoo(V,2") = gzz (ggz(r)f(r) — gﬁz(rs)v2> )
Foo(v.d) = 0, (4.2.92)

which can be interpreted as a metric of a 2-dimensional black hole with a line element ds%z)

given by

1
—_do?, (4.2.93)

ds?,, = hrd7? + hyodo? = g,.(— f(r))dr? +

where f(r) = f —v2, p(r) = [g2.(r) f(r) — g2.(rs)v*](g.-) ", and the radius of the horizon r,

of the 2-dimensional black hole is found from f(rs) = 0 or f(rs) = v?, i.e., rs = ~yr, where
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The Hawking temperature of the 2-dimensional black hole denoted as TSH is still given by

(Equation 7.1.4) after replacing 7' — Té“, f(r) = f(r) and p(r) — p(r), i.e.,

1 ~ B r
1) = G0 P ) = s VI 07 = TV 07,

where we used p/(rs) = 29, (rs)v? + g..(rs) f/(rs) and 74 = yrp.

Note that the drag force acting on the heavy quark F I s simply given by

drag

[ oL B C.

drag = 5,0~ 2xa/

2
v = —gﬂ\&'yQT%} ,

(4.2.94)

(4.2.95)

where we used C,, = g..(rs) and rs = yr, to get the last line. This is independent of the

magnetic field in our limit B > T2. This could be interpreted as a superfluid nature of the

LLL states in strong magnetic field, as discussed in Ref.(205) (see also Refs.(192;|193)).

To obtain the transverse momentum diffusion constant from the color electric field cor-

relators, we consider the fluctuations of the dual field, that is, the fluctuations of transverse

position of the string, dx. The transverse fluctuation dhg,(di, d2') around the background

induced metric hqy(v, 2') (Equation 4.2.92) is given by

(5hTT(5$',(5a:’) = gm(5$)27
Shoo(03,62") = gu(62')?,

Shro(02,02') =  guu(6202')? .

(4.2.96)
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Replacing hap(v, 2') = hap(v, 2') + Shap (03, 02') in S]”VG quuation 7.5.31'), and expanding it to

linear order in dhq, (02, 0x’), one finds

sle = / drdo Ll (hay(v, 2'), 8hap (0, 02))

1 — —a
_ / drdo g/ —det T (v, V5 (0, 2')Shap (5, 52

4o’

1 —a
= —Q/dech”b(v,z')(‘?a(Sx(T, 0)Opdx(T,0), (4.2.97)

where éﬁb(v, 2') = 515 gaar/ —det hap(v, z’)ﬁab(v, 2'). Note that the indices a and b are raised

and lowered using the background induced metric hgp(v, '), and Eab(v,z’ ) is the inverse of

hap(v, ).
Using the conjugate momenta Il = %7 defining the retarded Green’s function Gg% = —%

as in Ref.(6), and using the equation of motion for dx in momentum space derived from the

action (Equation 4.2.97))

05G|° g — w*G| 6z =0, (4.2.98)

one can derive the holographic RG flow equation for the retarded Green’s function G'l,l% to be

G” 2 S
0,Gl, = _(Gﬁ?z +w?G)" (4.2.99)

Since éﬁT and % diverge at the horizon of the 2-dimensional black hole metric, i.e., at r = rg,
Il

we first note that GL vanishes at w = 0, and we expect GL o w for small w limit. Since the
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right-hand side is O(w?), G'J% becomes a constant in ¢ in w — 0 limit. Demanding the regularity

of the right-hand side at the horizon, we find

GLI%(W) = fw aﬁTéth lr=r.
= i%gmfz \V —det Eab \ LR |r:r5 )
w

where the negative sign is chosen for the retarded function (the positivetive sign would be
for the advanced function). Therefore, the velocity dependent transverse momentum diffusion

constant per unit time is given by (190))

lv) = —27I 1
k(v) 2T UI}E%) ”

M T 7”1—'_1}2\5311 (4.2.101)
3 ’ o

= wgzz (7’5> =

where we used g,.(rs) = R%B, 7;‘—,2 @, T 5” = Tv/1+ v2. Finally, the jet quenching parameter

q(v) = 2““5”) is found to be

. 1
G(v) =2— = = —\/1+ ﬁﬁBT. (4.2.102)

Note that when v = 0, &ll(0) is identified with x|, the heavy-quark momentum diffusion
constant in perpendicular direction to the magnetic field introduced in Ref.(180). Therefore,
the B dependence of k| = %ﬁBT at strong coupling is similar to s, oc a?(eB)T found in

Ref.(180) at weak coupling.
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q when the jet is perpendicular to the magnetic field

We next consider a jet moving to x direction, which is perpendicular to the magnetic field
direction z. We first find the trailing string background as before. Using the embedding (7,0) =
(t(r,0),x(7,0),0,0,7 = 0), and an Ansatz of the form ¢(r,0) = 7+ K(r) and z = vt + F(r),

the background induced metric becomes

ETT(”: 33/) = gu+t UQQxx s
EO’O’(U) l‘,) = gtt(K/)2 + gwx(-r/)Q + Grr,
ETU (U7 ml) = gttK/ + gacacxlv . (42103)

As in the previous subsection, requiring h,,(v,2’) = 0 to fix the residual gauge freedom, we

have %—Ir{ = —%x’ v which can be used to diagonalize (]Equation 4.2.103[) as

2
_ v
hTT(v’x,) = 7gzzf(1 - 7?22) )
_ 1)2
hog(v,xl) = Grz (1 _ 7gﬂ> ($/)2 + Grr s
[ 92z
heo(v,2') = 0, (4.2.104)
while the equation of motion becomes
gmcgzzf<1 - %%)LE,
= constant = Cy,v. (4.2.105)

—det hay(v, ')
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Using g, = ﬁ and

— det Eab(v,x') = —hTT(Uax/)}_lao(Uaxl) = gm:gzzf<1

2 2 2
v gm) ()2 — (1— 2922y " (4.2.106)

- 7 9zz f 9zz

we solve (Equation 4.2.105) to obtain

C2? v? 1
@) = : (4.2.107)
92.9%. 12 (1 _ %77) (1— Gy

9zz zxgzzf

As before, the two factors in the denominator should vanish at the same location r = 74,

which fixes the integration constant to be Cypy = gz2(Fs) = gur = constant. Therefore, (Equa-|

tion 4.2.107)) becomes

1 02 1
)2 = , 4.2.108
= o P (1= ) (4:2.108)
f(r) gz2(r)
and using this, the metric (Equation 4.2.104)) finally becomes
T N 29zx
hT-,-(’U,$) = gzz(_f+v 97)7
— 1
hO'O' (’U7 x/) = Y )
_ 29z
geo(f — v2ie2)
hro(v,2') = 0, (4.2.109)

which can be interpreted as a 2-dimensional black hole metric with a line element ds%z) given

by

1
——do?, (4.2.110)

ds2y = herd7? + hoodo® = g..(~ F(r)dr? +
p(r)
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where f(r) =f- fu2gzj:, p(r) = gzzf:(r), and the radius of the horizon 75 of the 2-dimensional

black hole is found from f(Fs) =0or f(rs) = UZ%’ ie.,

472 T2

72 =1} + R, = RIB(1+ Tg) , (4.2.111)
v
using gz = BR2, g..(s) = 77;52, and T = 2:7*”%2 from (Equation 4.2.79). The Hawking tempera-

ture of this 2-dimensional black hole is given by

1 T ()7 wBy  AnTE\1/2
T = Ve GOr o) = SO S SR T 2
Note that the drag force to the heavy-quark jet F C# ag 18 simply given by
oL C 1
1 _ _ T _
Fdrag - @ - _27_(_0/7) - _67\587)7 (42113)

where we used Cy, = gz, in the last equality. It is interesting to note that this drag force exists
even at zero temperature. As we explained in the case of weak coupling, this is possible in the
case of weak coupling due to the fact that it is kinematically possible to create a quark-antiquark
pair from the LLL vacuum by scatterings with the jet. It is interesting that we observe the
same feature even at strong coupling.

To find the transverse momentum diffusion along z direction (note that z,y are the two
perpendicular directions to the jet motion), we consider fluctuations of string position along

the z direction which is dual to the z component of color electric field: §z. The transverse
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fluctuation §hyy(92,02") around the background induced metric hgp (v, ') (Equation 4.2.109) is

given by

5]1.,-7-(52,52/) = gzz(52)27
Oheq(02,02) = g..(62)2,

Shro(02,02) = g..(6262")?, (4.2.114)
and the Nambu-Goto action is expanded to linear order in dhq;(02,02') as

Sva = / drdo L (hap(v, 2'), hap(82,52))

1 T —ab .
- _471'0//de0922 —det hap(v, ')l (v, ") 5hap (92, 02")

1 —a
= _2/d7-daGlb(v,x')3a5z(T, 0)002(T,0), (4.2.115)

where @ib(v, 2') = 525g..1/ —det hap(v, x’)ﬁab(v, z). Using the conjugate momenta I+ = gf;z,

defining the retarded Green’s function as Gﬁ = —%, and using the equation of motion for §z

in momentum space derived from the action (Equation 4.2.115)

0,G) 050z — WG 62 =0, (4.2.116)

one can derive the holographic RG flow equation for the retarded Green’s function GJ]% to be

132
0,Gf = — @52 +w?G . (4.2.117)
G
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By the same reasoning as before, we have in small w limit

Grlw) = w\/GGT |r=,
w - —TT00
= iﬁgzz \/ —det hapyVh h ’r:fs )

w

— f%a/gzz(fs)_ (4.2.118)

Therefore, the velocity dependent momentum diffusion constant along z per unit time when

the jet is moving perpendicular to the magnetic field is given by

Im G% T+ 3
ik (w) = —2o7t fim CGEW) _ T g2 (Fs) = —5 VABY? + oV AVBT?, (4.2.119)
w—0 w To 6m

for B > T?, where we have used g, (7s) = 7%2 = U2R28(1 + %%2) from (Equation 4.2.111

)

v2 B

1/2
R = @, T+ = %(1 + ﬁﬁ) from (Equation 4.2.112)). Therefore, the jet quenching

1
parameter ¢, = ”ZT(”) is given by

0

v

2
= 6”?\563/2 +VAVBT?, (4.2.120)

which has a very similar structure to that at weak coupling (Equation 4.1.70]). Especially, the

first term is the vacuum part that exists even at zero temperature, similarly to the case at weak
coupling.
Note that when v = 0, g..(Fs) = g:.(rp) = 4n?R?*T?, and k1 (0) = L;g..(rp) = LVAT3

is identified with r, the heavy-quark momentum diffusion constant along the magnetic field
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introduced in Ref.(180). Therefore x| at strong coupling is independent of B, which is precisely
same to ) o a?T3 in Ref.(180) found at weak coupling pQCD. This seems in line with the
idea of superfluid nature of LLL states in Ref.(205).

Following the same steps, one can compute the diffusion constant along the other remaining

transverse direction y. We find the momentum diffusion per unit time as

| T+ N T+ v B2 1ff2
K/y (U) == a/gyy(Ts) == @QII == @ B + 371} ANV BT s (42121)

(v) 1 1
oy 3/2 L _—_ T2 . 4.2.122
Gy . = VAB3/2 1 22 VIWVB ( )

It is interesting to compare these results in AdS/CFT, (Equation 4.2.120)) and (Equation 4.2.122)),

with the results at weak coupling (Equation 4.1.70) computed in pQCD.

q from light-like Wilson loop

The jet quenching parameter at strong coupling was first computed in Ref.(343; 187)) at
zero magnetic field using light-like Wilson loops and the AdS/CFT correspondence. See also
Ref.(188) for the lattice QCD computation of the jet quenching parameter. Here, we extend
the works of Ref.(343; 187) to the case with strong magnetic field by using the general formula
for jet quenching parameter derived in Ref.(194). Since the computational steps are already in
literature, we simply summarize the general formula and our results in the case of strong mag-

netic field. We emphasize that the results we obtain from this method are different from those
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we obtain in the previous subsection using the heavy-quark trailing string: this discrepancy
exists even in the original computations for N = 4 SYM without magnetic field. This might be
due to possible breakdown of heavy-quark method in ultra-relativistic limit (184), although it
has not been fully understood to the best of our knowledge.

q when the jet is parallel to the magnetic field

2
We first make a coordinate transformation r = — to rewrite our metric (Equation 4.2.78
u

as

RQ R2
ds* = G, datdz” = —= (= f(u)dt* + dz*) + R*B(dz® + dy®) + mduQ : (4.2.123)

where f(u) =1 — Z—;, the horizon corresponds to u = wuy, the boundary to u = 0, and the
h

Hawking temperature T of the BTZ black hole (Equation 4.3.151)) is

1
T = .
2muyp,

(4.2.124)

The jet quenching parameter ¢ for a jet moving along the z direction (with the speed of

light v = 1) can be directly obtained from the metric by (194),

—1 1

1 Up, 1 Guu 2 Up, 1
1= = o VABT - . (42.12
N N . | oY e O

The integral in the above has a logarithmic UV divergence near v = 0, which is easy to

understand. Recall that our BTZ metric (Equation 4.3.151)) is valid only up to the “UV cutoff”
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U~ 1/ VB in the full 5 dimensional dual geometry where the energy scale 1 /u is smaller than
the scale of the magnetic field. For u < wu,., especially near the UV boundary u = 0, the
full AdS5 geometry takes over, which makes the above integral finite in the region u < wu..
Therefore, a large logarithm develops in the above integral between the scale 1/up ~ T and
1/u. ~ v/B, and we get the leading-log result of § as

4 BT

3Toa(B/T7) (4.2.126)

qA:

To find the constant under the log, we need to know the exact geometry interpolating BTZ
and AdSs, but we will not go into such detail in this work, satisfied with the above leading-log
result in our assumed hierarchy B > T?2.

¢ when the jet is perpendicular to the magnetic field

We compute next the jet quenching parameter when the jet is moving perpendicular to the
magnetic field. As we can have two different transverse directions, one along the magnetic field,
the other perpendicular to the magnetic field, we should consider the two cases separately as
before. Let the magnetic field point to z direction, and the jet move to x direction.

The jet quenching parameter ¢, for the momentum broadening along the z direction is

. 1 un Gow N[ [ u? o
== ora/ e\ GG ~ o du )
2ra/ \ Ju,  Gaz N G+ G T\ e (B2 — 1+ w2 fud) (1 - u2/ud)

(4.2.127)

where an extra factor 1/2 is from our definition of ¢, (such that in an isotropic case, § =

G-+ Gy = 2q.), and u. ~ 1/v/B is the UV cutoff of our BTZ metric. From the above, it is easy
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to see that the region u < u, gives a contribution to the integral which is of order u? ~ (1/B)3/2,

that is subleading compared to the contribution from u. < uw < wup, where the integral becomes

simplified to

/ du ~ / du = h — 5 5
Ue \/(BU,Z — 1+ u2/u}2l)(1 _ UQ/U}QL) \/E 0 m \/E 4 \/ET
(4.2.128)
so that we have a leading order expression for ¢, as
. 27 9
G- = gﬁ\/ET : (4.2.129)

Similarly, the momentum broadening along y direction, §,, is

-1 _1
. 1 | Guu VAB [ [un 1
T\ Ju. Gy V G+ Gow T\ ue o J(Bu? =1+ w2 /)1 - w2 /)

(4.2.130)

The integral produces a leading large logarithm between u. < u < wuy where the integral

becomes

log(B/T?).  (4.2.131)

/Uhdu ! ~ 1 /Uhdul— 1
Ue \/(Bu2—1+u2/u%)(1—u2/u%) VB Ju, v 2VB
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The constant under the log requires a full knowledge of the interpolating metric between BTZ
and AdSs, and it is easy to see that the UV region u < u,. also produces a constant under the
log. Therefore, we have a leading-log result for ¢, in B > T? limit as

. \/XBS/Q
W= 3m)log(B/T?)

(4.2.132)

Comparing with (Equation 4.2.129)), we see that g, > ¢, in the assumed hierarchy B > T?.

Our results are summarized as follows. In weak coupling perturbative QCD, for a jet moving
parallel to the strong magnetic field, we have the jet quenching parameter at complete leading

order in a; (the leading log and the constant under the log) as
1
G=—(1+1/0)CJTrNp ag(eB)T(log (1/as) — 1 — 75 — log (TRNF/W)) L (4.2.133)
v

For a jet moving perpendicular to the magnetic field, there are two different transverse directions
due to the presence of the magnetic field. The momentum diffusion along the magnetic field
direction, ¢,, is given by

1602
3(2m)3/2

A~

qz =

1 T?
CJTrNpa?(eB)*? + —vC{TrNpa2(eB)T | lo -2,
5 TrNpo(eB) —vC3 TrINpa(eB) 8\ auTair (Z) 2

(4.2.134)
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while the momentum diffusion along the perpendicular direction, ¢y, is given by

8 1 T2
Gy = ——CITrNpa?(eB)Y? + —CJTrNra2(eB)T | 1 0] .
Qy 3(2m)3/2 5 TrNFag(eB)” " + Ty 2T RIVEYs (eB) 0g aTrNp (%) 02 +

(4.2.135)

In both (Equation 4.2.134) and (Equation 4.2.135)), the first term represents the vacuum con-

tribution that exists even at zero temperature, while the second term is the leading ther-
mal contribution to complete leading order (the leading log and the constant under the log).
These two terms are the first two leading contributions in the assumed hierarchy of scales,
aseB < T? < eB.

In strong coupling AdS/CFT correspondence, we compute our jet quenching parameters in
the two different methods: 1) heavy-quark strings, and 2) light-like Wilson loops. In the method

1), when the jet is moving parallel to the magnetic field, we have (A = g2N, and B = eB)

2 1
G=o\1+ v—zﬁBT, (4.2.136)

while, in the case the jet is moving perpendicular to the magnetic field, the two different

momentum diffusion constants depending on the orientation with respect to magnetic field are
2

g = %\fww +VAVBT?, (4.2.137)
™

and

1 1
gy = ﬁfwi”/? + @ﬁ\/ETQ. (4.2.138)
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In the method 2) of the AdS/CFT correspondence, for the jet moving parallel to the mag-

netic field, we have

4 VBT
= -————— 4.2.1
1= 310g(B/T2)" (4.2.139)
and for the jet moving perpendicular to the magnetic field, we have
N 2T 9
g, = ?ﬁx/ET , (4.2.140)
and
B3/2
VA (4.2.141)

W= (3m)1og(B/T?)

Perhaps, the most useful observations from these results in the assumed hierarchy 72 < eB
are 1) the jet quenching is generally larger in the case the jet is moving perpendicular to the
magnetic field, compared to the case the jet is moving parallel to the magnetic field, 2) in the
case the jet is moving perpendicular to the magnetic field, the transverse momentum diffusion
is asymmetric, ¢, # ¢y. The 1) implies that the strong magnetic field tends to suppress more
jets in the reaction plane than the jets out-of reaction plane, so it would reduce the elliptic flow
of the jets. The 2) implies that the BDMPS-Z/LPM evolution equation of the gluon emission
vertex F'(b) in the two dimensional impact parameter space b in large scattering number limit
(that is, small b limit, or harmonic potential limit) becomes an asymmetric harmonic oscillator

problem with complex frequencies,

OF(®) 1,
! ot __2wvb

F(b) + % (G:b2 + g,b) F(b), (4.2.142)
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where b = (b;,b,) and w is the gluon energy. This problem is still solvable analytically both
in finite and infinite mediums, which can be plugged into the emission formula to find the az-
imuthally asymmetric gluon Bremsstrahlung spectrum. We hope to report a detailed numerical

analysis of it and its implications in heavy-ion phenomenology of jet spectrum in a near future.

4.3 Energy Loss of Heavy Quark at Strong Coupling

In this section, we will study the energy loss of a heavy quark moving in arbitrary direction
in a strongly magnetized N'=4 SYM plasma. Before we jump into the energy loss problem, in
the following, we will review the effect of external magnetic field on the particle spectrum of
N=4 SYM and adjoint QCD.

The field content of N'=4 SYM theory, including their U(1) C SU(4) R-symmetry charge, is
as follows (all of them are in adjoint representation of the gauge group SU(N,)), see for example
(280): there are four flavors of Weyl fermions (1 Weyl fermion of charge 1 and 3 Weyl fermions
of charge —%); 3 complex scalar field of charge %; and 1 vector field of charge 0 (the gauge
field). And, the spectrum of single particle excitations of N’=4 SYM theory in the presence of
a magnetic field pointing in the z direction are given by relativistic Landau levels which are the

following (280)): for a charge g4 scalar field

By = /lasBl(2n+1) +p2 n=0,1,2, . (4.3.143)
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for a charge g, Weyl fermion (with s, = :l:%)

1
E, = \/2|qwl3|(n +tg - s:)+p, n=0,1,2.... (4.3.144)

From (Equation 4.3.143) and (Equation 4.3.144)) it is clear that in the lowest Landau level

(LLL) with zero energy (at vanishing momentum p,) we only have Weyl fermions but no
scalars. Hence, in the strong magnetic field B > T2 regime the whole dynamics of N' = 4 SYM
theory is entirely dominated by the lowest Landau levels (LLLs) of Weyl fermions with four
flavors (in the adjoint representation) since the scalar particles (and higher Landau levels of
Weyl fermions) are integrated out in this regime resulting in a (1+1)-dimensional low energy
effective field theory of LLLs and the gauge field.

In contrast, the field content of adjoint QCD with four flavors, including their U(1) C SU(4)
flavor-symmetry charge, is as follows (all of them are in adjoint representation of the gauge
group SU(N,)), see for example (207): there are four flavors of Weyl fermions (1 Weyl fermion
of charge 1 and 3 Weyl fermions of charge —%); and 1 vector field of charge 0 (the gauge field).
And, the spectrum of single particle excitations of adjoint QCD in the presence of a magnetic
field pointing in the z direction are given by the relativistic Landau levels which for a charge

gy Weyl fermion (with s, = £3) are given by

1
E, = \/Q\leﬂ(n +5 - s:)+p2, n=0,1,2, ... (4.3.145)
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Hence, in the strong magnetic field B > T2 regime the whole dynamics of adjoint QCD is
entirely dominated by the lowest Landau levels (LLLs) of Weyl fermions with four flavors (in
the adjoint representation) since the higher Landau levels of Weyl fermions are integrated out
in this regime resulting in a (1+1)-dimensional low energy effective field theory of LLLs and the
gauge field. Note that the beta function for adjoint QCD with four flavors is given by (207)),
see also (208; [209),

0 1 X2 5 X\

P M) =52 T it

(4.3.146)

which has vanishing beta function or IR fixed point at g)z/MNC =A== %W2. Since, the beta

function of A’'=4 SYM vanishes for any 't Hooft coupling A, we can claim that

N =4 SYM in strong magnetic field B> T? at A = \* = adjoint QCD with four flavors in

strong magnetic field B> T? at A = \*,

where A* is defined as the coupling at which the beta function of adjoint QCD with four flavors
vanishes. Note that in this article whenever we refer to adjoint QCD we are specifically referring
to the adjoint QCD with four flavors and at its conformal IR fixed point A = A*.

Due to the above equivalence, using the AdS/CFT correspondence in order to study the
effect of the strong magnetic field B > T2 on a strongly coupled N'=4 SYM plasma or vacuum

is particularly interesting, since the results found for N' =4 SYM (at strong coupling and large
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N, limit) also apply for adjoint QCD (at strong coupling and large N, limit). Therefore, we

can conclude that the entropy density (280)

1
s=——N?BT, 4.3.147
N (1.3.147)
conductivity (210)
1 B
= - 4.3.148
32/3m3 T’ ( )
shear viscosity to entropy density ratio (212)
I T2
n
A 4.3.149
S ™ B ) ( )
and Chern-Simons diffusion rate (213)
A2 9

I'=———_BT?, 4.3.150
384+/375 ( )

of N = 4 SYM plasma, in the strong magnetic field B > T? regime, are also the entropy
density, conductivity, shear viscosity to entropy density ratio, and Chern-Simons diffusion rate
of adjoint QCD plasma in strong magnetic field B> T? at A = \*.

It would be very interesting to check the above claim numerically using the lattice adjoint
QCD (214) in strong magnetic field B > T? regime (for lattice QCD in magnetic field see

(215; [195)) which would also be a nice numerical verification of the AdS/CFT correspondence
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in a set up where supersymmetry is totally broken unlike the previous numerical tests of the

AdS/CFT correspondence which rely on supersymmetry (216).

4.3.1 Drag Force

It is well known that a quark moving at a constant velocity v, for example, through a strongly
coupled N'=4 SYM vacuum, doesn’t loss its energy, even though it does in a plasma at finite
temperature T'. The rates of energy and momentum loss of a heavy quark moving at constant
velocity v through a strongly coupled N=4 SYM plasma, with no magnetic field, were first
computed in (217; 218) using the AdS/CFT correspondence. Effects of fluid velocity gradients
and axial chemical potential on heavy quark energy loss has also been investigated in (219; 220)).
And, the rates of energy and momentum loss of an accelerating quark moving through a strongly
coupled N'=4 SYM vacuum, with no magnetic field, was found in (221} 222; [223)), see also
(224; 225} 226; [227)).

In thia thesis, using the AdS/CFT correspondence, we show that in the presence of a strong
magnetic field B, even a nonaccelerating quark moving at a constant velocity v, through a
strongly coupled A'=4 SYM vacuum at T = 0, loses its energy at a rate linearly dependent on
B.

We will study the rates of energy and momentum loss of a heavy quark of mass M moving
with velocity v, in arbitrary direction, through a strongly magnetized plasma in the strong
coupling regime. The effect of the magnetic field directly on the heavy quark moving through
a non-magnetized plasma (ignoring the effect of the magnetic field on the plasma) was studied

in (228;229). In this article, we rather ignore the effect of the magnetic field B directly on the
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heavy quark of relativistic mass yM > /B, where the Lorentz factor v = ﬁ, and only

consider the effect of the strong magnetic field B > T2 on the plasma. In other words, we will
work on the more physical limit yM > B > T.

Specifically, we will study the rates of energy and momentum loss of a heavy quark of mass
M moving at constant velocity v through a strongly coupled N = 4 SYM plasma in the presence
of strong magnetic field B > T2 using its 5-dimensional gravity dual.

The 5-dimensional background metric in the presence of strong magnetic field B > T2 is

given by (1280,

R2
ds* = gyndzMdz = ) (—f(w)dt® + d2?) + R*B(dz* + dy®) +

u;;ju) du?,  (4.3.151)

where f(u) =1— Z—;, the horizon corresponds to u = wuy,, the boundary to v = 0, the Hawking
h

temperature T of the BTZ black hole is T" = ﬁ, we identify R = % as the radius of the

AdS3 spacetime or BTZ black hole, and B = /3eB = \/§ny as the physical magnetic field

at the boundary. Also, note that (Equation 4.3.151)) is valid only near the horizon, i.e., in the

regime u > ug = ﬁ And, for an arbitrary strength of B, the metric numerically interpolates

between the AdSs3 spacetime or BTZ black hole (Equation 4.3.151) near the horizon (IR) and

AdS5 spacetime near the boundary (UV)(280)).

We will further rewrite the metric (Equation 4.3.151) as

2
ds? = &<—th2+dz2+H(dw2+dy2)+

d 2
= a ) (4.3.152)

F
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where F' = f(u) =1 — Z—;, and H = u?B, so that, it resembles the anisotropic metric used
h

in (230)), which we will follow closely in the following derivation of the energy and momentum

loses of a heavy quark.

On the gravity side the rates of energy and momentum loss of a heavy quark are described

by a string propagating in the background (Equation 4.3.152)) governed by the equation of

motion for the string which is derived from the Nambu-Goto action

1
S = /dea \/ —det hqp = /deaL, (4.3.153)

2ma!

where hgy = gunOa XM (7,0)0, XY (7,0) is the induced worldsheet metric. In the following

expressions, we set R?/2ma/ = v/A/67 to one, and reinstate it at the end.

From the action (Equation 4.3.153)), we determine the spacetime momentum flow II; along

the string to be

oL

Since, we have rotational symmetry in the xy-directions, we can set y = 0. Then, identifying

(t,u) = (1,0) and considering a string embedding of the form

z(t,u) — (vt + x(u)) cos g, (4.3.155)

z(t,u) — (vt + z(u)) sin (4.3.156)
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which corresponds to a quark moving with velocity v in the xz-plane at an angle ¢ with the

z-axis, the Lagrangian takes the form

1
L = — F 4 sin? ¢ (F?2" — 02
N ¢ ( )
1/2
+ Hcos? ¢ |:F22U12 — v — Fo?(2 — 2')? sin? go}] , (4.3.157)

and, the rates at which energy and momentum flow from the boundary to the horizon along

the string become

1
-II; = mFU[l”SiHQP—FHZ,COSQp],
1 / 2/ 1 N 2
I, = mH[Fgc +v°(2" — 2') sin go}coscp,
1
I, = ﬁ[Fz’+H1)2(:c’—z’)cochp} sin (4.3.158)
U

where ’ denotes differentiation with respect to u. Note that
—thﬂxvcoserHszinp:fI-ﬁ. (4.3.159)

Moreover, from the equation of motion 9,IIy; = 0 (which is valid only when the end of the
string or the heavy quark is nonaccelerating), we find that 1T, is a constant independent of u or
the mass of the quark M = % (l — u%) (218)) where w is the radial location at which the end of

u

the string is attached to, say, a D7 brane. And, u, is the radius of the worldsheet horizon with
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ue. = up, for v = 0, and constrained by u < wu, which is determined by requiring the time-time
component of the worldsheet metric to always be negative or zero. Therefore, we are free to fix
M to any value as long as it satisfies the bound VIVB > M > /AT which is the result of the
geometrical bound uy < u < up, on the gravity side, and the physical requirement that the
mass of the heavy quark M must be much larger than the temperature 7" of the plasma, i.e.,
M > VAT or u < uy, so that the heavy quark can be considered a legitimate external probe
of the plasma.

In addition, we should note that, since requiring the time-time component of the worldsheet
metric at T'= 0 and B = 0 (for the pure AdS5 bulk metric) to always be negative or zero would
result in the constraint 1 — v2? > 0, we could conclude that the u = u, or M = 0 limit must
be accompanied by the v = 1 limit. So, in the vacuum at 7' = 0, the bound on M becomes
VB > M > 0, hence we are free to set the mass of the quark M = 0, if we would like to, as
long as we also set its velocity v = 1.

In order to find the background solution of the string, we invert the relations (Equa-|

tion 4.3.158) to find

o=+ Ne ooy 1Y ik (4.3.160)
FVOVN.N, - D’ FVEYN.N, - D’ o
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where

N, = —II,(FSec. p— Hv?cosp)+1II, Hv’sinp, (4.3.161)
N, = —I,(Fcscp—v?sinp) + v*cosp, (4.3.162)
F Sec.
D = % [Hzﬂxu4 — Hv? cospsinp}
X {F — 02 (H cos® p + sin? p)] . (4.3.163)

Since, F' (H) is monotonically decreasing (increasing) from the boundary to the horizon, the

last factor in square brackets in (Equation 4.3.163|) is positive at the boundary and negative at

the horizon. Therefore, there exists a critical value u. in between such that

F.—v* (Hgcos’p+sin®p) =0, (4.3.164)

where H. = H(u.), and F. = F(u.). Note that at v = u., D =0, and

N.N,|, = —v*(H.IIL, cosp — I, sinp)? , (4.3.165)

Uc

is negative unless the momenta are related through

II, tanp

I, H'

(4.3.166)

in which case it vanishes.
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Then, requiring the first square bracket in (Equation 4.3.163) also vanishes at u = u., and

using (Equation 4.3.166)), we find

VCOSP vsinp
) I, =

= (4.3.167)

Therefore, the drag force or the rate of momentum loss of a heavy quark, defined as ﬁdrag =

%f = (—II,, —1IL,) is (after reinstating the factor R?/2ma/ = v/\/67)

VA v

)
67 uz

Firag = (Hccosp,sinp), (4.3.168)

which is exactly Eq. 3.22 in (230), up to an overall minus sign, once we exchange the z and z

components of the drag force.

Solving (Equation 4.3.164)) for u., we find

2

1 1 —v2sin’p
2 e
U, = B <4W123T2 e coszp)’ (4.3.169)

which can be used in (Equation 4.3.168]), to find

= \B dr>T? + v2 cos?
Fdrag = - f Y cos p, Sinp 5 3 2 P . (4.3.170)
67 1—v*sin“p

Note that (Equation 4.3.170)), exactly reduces to Eq. 3.113 and Eq. 3.95 of (206), by the

current author, Li, and Yee, when p = 0 (which corresponds to a heavy quark moving in the
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z-direction or perpendicular to the magnetic field) and p = 7/2 (which corresponds to a heavy

quark moving in the z-direction or parallel to the magnetic field), respectively.

In the vacuum at 7" = 0, the rate of momentum loss Z—f (]Equation 4.3.170[) reduces to

> 2 a2
w_ VABu (cosp,sinp(ll)wSp)) , (4.3.171)

dt 6 —v2sin’p

which for v =1 (and M = 0) becomes

i _ V2B
dt 6w

(cosp,sinp) . (4.3.172)

Therefore, the rate of energy loss % =1II; = ‘fl—’f - ¥, for a massless quark moving at the speed

of light v = 1 in N=4 SYM vacuum at T = 0, is

dE VB

= __ Y 4.3.173
dt 61 ( )

Similarly, for T'# 0 but B> T? and v? = v2 =1— 4”?2, the drag force (]Equation 4.3.17()[)

reduces to

VAB

dp _ _VBv. 7, . (4.3.174)
6

dt 61

Firag = (cosp,sinp) = —

Therefore, the rate of energy loss % =1II; = ﬁdrag - U, for a heavy quark of mass M moving at

near the speed of light v2 =v2 =1 — % ~ 1 in N'=4 SYM plasma at T < /B, becomes

dE VB VB
—_— = i~ - 4.3.1
dt 67 * 6m (4.3.175)
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In summary, we have found that a massless quark moving at the speed of light v = 1, in

arbitrary direction, through a strongly coupled and magnetized N=4 SYM vacuum at T = 0

loses its energy at a rate linearly dependent on B ([Equation 4.3.173)

E
dE _ VA,

—__Y25 4.3.176
dt 61 ( )

We have also found that a heavy quark moving at near the speed of light v ~ 1, in arbitrary

direction, through a strongly coupled and magnetized N'=4 SYM plasma at T # 0 loses its

energy at a rate linearly dependent on B (Equation 4.3.175))

dE VA
—~ _Y2R. 4.3.1
dt 6m b (4:3.177)

We should also note that the results found in this article for N'= 4 SYM (Equation 4.3.176))

and (Equation 4.3.177) are also the results one would find for adjoint QCD with four flavors

and at IR fixed point A = A*.

From the phenomenological point of view the results (Equation 4.3.176)) and (Equation 4.3.177))

are also very interesting since knowing the rate of energy loss in the presence of a strong mag-
netic field B is crucial for a complete understanding and numerical simulations of the energy
loss mechanisms of the hard probes of the quark-gluon plasma (QGP) produced in heavy ion

collisions.



CHAPTER 5

THERMALIZATION OF MAGNETIZED QUARK-GLUON PLASMA

(Previously published as Kiminad A. Mamo and Ho-Ung Yee, “Thermalization of Quark-
Gluon Plasma in Magnetic Field at Strong Coupling,” Phys. Rev. D 92, no. 10, 105005 (2015))

In this chapter, we study the effect of external magnetic field on the thermalization of QGP
at strong coupling regime using the AdS/CFT correspondence. Magnetic field can potentially
be important in the thermalization of QGP in heavy-ion collisions, since the thermalization
occurs at an early stage of heavy-ion collisions when the magnetic field is strong, before it dies
out with time.

In our study, the QGP that undergoes thermalization is modeled by falling of a thin spatial
mass shell to the bottom of AdS space, forming a black-hole at the end of thermalization (231)).
See Refs. (232} [233; 234; 235} |236; 237) for other approaches. We treat the magnetic field as
external, and use known solutions of AdS geometries with magnetic field at zero and finite
temperatures. In a thin-shell approximation, we join two static solutions, one with zero tem-
perature and the other with finite temperature, across the falling shell via the Israel junction
condition (238). At each time, the location of the shell in the energy coordinate (holographic
coordinate) divides the AdS space into two regions: one with the geometry of zero temperature
that is not yet thermalized, and the other with finite temperature that is thermalized. As the
shell falls down towards infrared, eventually forming a black-hole, the AdS space becomes filled

with the geometry with finite temperature, representing dynamical thermalization. The proper

198
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time (or Eddington-Finkelstein time) by which the shell forms a black-hole can be a reasonable
definition of thermalization time in the model (125).

Magnetic AdS geometries with zero and finite temperatures

For joining of two static solutions across a thin falling shell to work, each static solution one
uses for the two different regions that the shell divides the space-time into, must be isotropic
and homogeneous: this requirement is seen in the Israel junction condition in the subsequent
analysis. The underlying reason for this requirement can be understood by the Einstein-Maxwell
equations with a source (the shell) viewed as an initial value problem. The shell (which is
assumed to be neutral) starting from rest at initial time and moving along its trajectory would
normally source metric perturbations inside its future light cone while it falls down by its own
gravity. There is no a priori reason to expect that the resulting geometry in the future will
simply be given by joining of two static geometries across the falling shell: one instead expects
gravitational waves emanating from the shell. In the presence of isotropy and homogeneity
however, a powerful uniqueness theorem of Einstein-Maxwell theory dictates that a (neutral)
homogeneous and isotropic solution in a connected region with no sources is completely fixed
by its conserved energy density, and must take a form of static black-hole with that conserved
energy density. The two regions bounded by the shell have constant energy densities differing
by the energy density of the shell, and since these energies are conserved, the geometries in
each region are fixed by the uniqueness theorem to be those static geometries with conserved
energy densities. This is the physical reason why the falling shell ansatz works: simply put, no

gravitational radiation is possible in isotropic and homogeneous collapse (239)).
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We look for AdS geometries with magnetic field which possess isotropy and homogeneity.
In dimension D = 5 (corresponding to 4-dimensional QGP) a single magnetic field necessarily
breaks isotropy. To overcome this difficulty, we consider N/ = 4 super-Yang-Mills gauge theory
with global SO(6) g R-symmetry that allows three orthogonal magnetic fields from each U(1)3 C
SO(6)r of equal magnitude. Although our model for the magnetic field from R-symmetry of
N = 4 super Yang-Mills theory has differences from QCD, such as the charge content of the
matter fields, we expect that the universal feature we observe in this model could indicate the
similar trend in real QCD in strong coupling regime.

The corresponding theory in AdS is the gauged U(1)? supergravity which is a particular
Einstein-Maxwell-Scalar theory. It admits an exact solution with three orthogonal magnetic
fields of equal magnitude that ensures isotropy and homogeneity of the energy-momentum

tensor (240)). The action is given by

2 3

1 1
> 00 = 7 DX (FY)? 4 =L FL AL, (5.0)

167G5)L = (R—-V) —
orGs)L = (R=V) =5 3 > T

| =

where F, = 0,A; — 0, A}, and

1 1 2
X =e UV Xy = IR Xy = o (5.0.2)
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We will set L = 1 in the following.The field equations derived from the Lagrangian (Equa-|

tion 7.4.26|) admit an exact magnetically charged AdSs black hole solution (240])

d? f(2) (dZ)?
2 _ 2
d85 = f(z)z2 22 dt + 22 5

Fi=€"B, ¢;=0, (5.0.3)

where a = 1,2,3 labels three U(1) R-symmetries and i,j = 1,2,3 are spatial indices. The
function f(z) is

1
f(z)=1- mzt + §3224 log (mz4) , (5.0.4)

with zg = m-1 being the location of the black hole horizon solving f(zx) = 0. The parameters
(m, B) are related to the temperature 7' by

f'(zz) _ 8m — B?

T — _ - .
47 8rm3/4

(5.0.5)

Note that at m = %BQ, the temperature of the black hole (Equation 5.0.5) goes to zero, and

hence the extremal zero temperature solution in the presence of magnetic fields is given by

1 1 1
fo(z)=1-— ngzA + gBsz4 log (§B224) . (5.0.6)

We map this to the field theory vacuum in the presence of magnetic field. We must have

m > %BQ for thermodynamic stability.
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In 4-dimensional AdS space (corresponding to a field theory in 3-dimensions), one can realize
isotropy and homogeneity with a single magnetic field Fio = B. The exact black hole solution

with magnetic field in the Einstein-Maxwell theory is known (241)

dz* f(z) (di)?
2 _ 2
d84 = f(z)z2 — 7dt + 22 5 (507)
where
f(z) =1—mz3+ B?:*. (5.0.8)

The location of the black hole horizon is given by f(zx) = 0, and the temperature T is

f'(zu) 3 — 322}1{
A7 47?21?{1 '

T = (5.0.9)

When m = mg = S?%B?’/ 2 the temperature of the black hole solution (Equation 5.0.9) becomes

zero, and hence the extremal zero temperature solution is given by the blackening factor,

4
fo(z) =1— 3@33/223 + B4, (5.0.10)

The metric (Equation 5.0.7) with m = 0, that is f(z) = 1 4+ B2z%, is a solution of the

Einstein-Maxwell equation without black-hole horizon. The reason why it can not be the
solution for zero temperature is its violation of causality: the speed of light in the bulk AdS

with respect to the field theory coordinates (¢,Z) at position z is ¢(z) = f(z), which has to be
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less than 1 to respect causality of the field theory (242). This means that this geometry should
be excluded in a meaningful AdS/CFT correspondence.

Holographic thermalization with magnetic field

The thin shell initially starting from rest at a position z; = 1/7Q; collapses from the UV
region of small z to the IR region of large z under its own gravity, eventually passing through
its black-hole horizon by which we have thermalization. The geometry is constructed by joining

a black hole solution with finite temperature (Equation 5.0.4)) above the shell in the UV region

with the zero temperature solution (Equation 5.0.6) below the shell, across the trajectory of

the shell in (¢, z) coordinates that is determined by Israel junction conditions.
The metric induced on the 4-dimensional world-volume ¥ of the shell can be written in a

conformal form

dst = ————57 (5.0.11)

where z(7) is the position of the shell in z coordinate at a conformal time 7. Continuity
of the metric across the shell requires identifying & on ¥ with Z in the background. The
trajectory of the shell with respect to (ty,z) coordinates in the upper (UV) region of space-

time parameterized by the conformal time 7, that is (ty7(7), 2(7)), determines the induced metric

on Y. Comparing time component of that with (Equation 7.5.32)) gives

F )i - Dy (5.0.12)
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where - = %. This relates tyy and 7, given a trajectory z(7). Similarly, the same trajectory

with respect to the IR coordinates (t1(7),z(7)) should satisfy the condition

fo(e(r) 2(r) — ) 1, (5.0.13)

that gives a relation between ¢, and 7 once the trajectory z(7) is found. Finally the Israel
junction condition is

[Kij — i K] = —87G5Sij , (5.0.14)

where [A] = A, — Ay, S;; is the energy-momentum tensor on the shell, and ~;; is the induced
metric on the shell with respect to the shell coordinate ¢ = (7,Z). The KZ/ L are extrinsic

curvatures evaluated on the shell from the upper and lower regions respectively,

_ 0x® Ozl N < D%z P 81‘7)

i = gt pgr Vel T T

W + Bvaifiaifj (5.0.15)

with the unit normal vectors ”Z /R to the surface ¥ pointing to the direction of increasing z.

They are given by

2z 0
w = (7)ot 0 52
2z . 0
ny = <f0(z) % + (zfo(z)t) 5 (5.0.16)
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where all quantities are evaluated on the shell. The non-vanishing components of K g/ L are
KU - _lw(1u+28) f
TT 2 \2(f+2%) =z2)7
tvf
U U ..
Kq,j = _zTéija 1,7=1,2,3,
Lt (fo(fE+28)  fo
KTT — T\ a7 | 2N o )
2 \2(fo+22) =
tLf
L LJO .o
where ' = d%. Assuming energy-momentum tensor on the shell of a conformal form,
1
with the pressure p(z) to be determined, the junction condition becomes
fotz — flu = 8nGsp(z),
) zf()(%—i-fé) ) zf(%—i—fé)
i i NE ) 4 8rGap(z). (5.0.19)

(fo+2%) (f +2%)

Removing p(z) from the above equations and using

vﬁ;f AR VY fjj 2 (5.0.20)
0

tr =
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B (fm?) | zu () | m (Jm ) [ C Jm )
0 0.209 525.5 263.7
2.06 0.209 527.6 262.6
5.16 0.208 538.7 260.2
25.81 0.187 810.6 272.1
51.61 0.162 1469.1 331.0
TABLE I

(AdSs) Parameters of our numerical solutions for RHIC with a late-time temperature 7" = 300
MeV and several exemplar values of B = 0; 0.08 GeV?; 0.2 GeV?; 1 GeV?; 2 GeV?2.

from (Equation 5.0.12)) and (Equation 5.0.13|), the resulting equation for Z is integrable to give

2
i = \/(054 . fo(zgc;{(z)> (). 502)

with a constant of motion C' > 0. This reproduces the one in Ref. (125). We choose to

express the falling trajectory in terms of the boundary time ¢;; which can be identified with the

field theory (QCD) time on the boundary. Using the relation (Equation 5.0.12), the solution

(Equation 5.0.21)) translates to

cst | hE-fE))?
%= _ e (5 st ) I : (5.0.22)

M TN (G D) (fo(a) - 1)

which we solve numerically. More precisely, the thermalization time is defined as the Eddington-

Finkelstein time when the mass shell passes through its black-hole horizon (125]).
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Following (125)), we set our initial condition of the falling mass shell in terms of the saturation

scale (D5, which governs the initial gluon distribution, as
2ty =0)=2z=——, Z2(ty=0)=0. (5.0.23)

We measure z in units of fm. For RHIC, we take Q, = 0.87 GeV = 4.42 fm~!, and for LHC
we have Qs = 1.23 GeV = 6.24 fm~!. In Table we show parameters of our numerical
solutions after fixing the final thermalization temperature to be T = 300 MeV for RHIC for
several exemplar values of magnetic field. In we show the time history of falling mass
shell in the field theory (QCD) time ¢y for a few exemplar values of magnetic field B with a fixed
final temperature. The plots clearly indicate that the presence of magnetic field speeds up the
thermalization of the plasma: the stronger the magnetic field, the shorter the thermalization
time. More precisely, the thermalization time is defined as the Eddington-Finkelstein time when
the mass shell passes through its black-hole horizon (125). However, it is qualitatively similar
to the time in Schwarz coordinate ¢;; we show when the mass shell falls close to the horizon.
Instead of fixing final temperature, we also study the case where the energy density measured
from zero temperature but finite B state is fixed while we vary magnetic field, that is we fix
Ae = ¢(T, B) — (T = 0, B), which can be interpreted as the energy density thrown by colliding

nuclei into the background magnetic field. Explicitly, we have

N2 /3 3 B2
Ae=—C (= ~B2%(1 —)l-1 .0.24
T un2 <2m+ 16 (Og <8m> >) ’ (5.0.24)
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O.‘O O.‘2 Ov‘4 OTG O.‘8 1.‘0 0.‘0 0.‘2 0.‘4 0.‘6 0.‘8 1.‘0
QCD time (fm) QCD time (fm)

(a) (b)

Figure 26. (AdSs) Thermalization history of falling mass shell for RHIC (left) and LHC
(right). The late-time temperature is fixed to be T' = 300 (400) MeV for RHIC (LHC), and
the magnetic fields are
B =0(0) (solid blue); 0.08 (0.3) (orange); 0.2(0.52) (green); 1(1.32) (red); 2(2.64) (violet)
GeV? for RHIC (LHC). Thermalization time is when the curve reaches its plateau at the
horizon.

which determines the parameter m in the geometry, given a fixed Ae and varying B. In
Figure 27 we show the resulting time trajectories of energy shell with Ae chosen to be the
energy density of T = 300 MeV, B = 0 state. Our observation of faster thermalization with
magnetic field seems robust.

To examine whether our conclusion depends on the number of dimensions the field theory re-
sides in, we study the thermalization of plasma in magnetic field in one less dimension. In AdSy

(corresponding to 3-dimensional field theory), the analysis is the same with (Equation 5.0.8]) in



209

0.‘0 O.‘Z 014 0.‘6 O.‘B 1.‘0
QCD time (fm)
Figure 27. (AdS5) Thermalization history of falling mass shell for fixed energy density, and

varying magnetic field B = 0 (solid blue); 0.08 (orange); 0.2 (green); 1 (red); 2 (violet)
GeV? for RHIC.

the place of (Equation 5.0.4]), and (Equation 5.0.10)) in the place of (Equation 5.0.6[), but with

the energy-momentum tensor on the shell taking a 3-dimensional conformal form,

1
Sij = 3p(2)uiv; +vijp(z),  wi = <z,0,0> : (5.0.25)
We arrive at
3 | fo2)—f(2)\?
L ) <T+ s z) R (5.0.26)
dtU o O23 fo(2)—f(2) 2 ) .U.
(% + 2EHDY — (fo(2) - £(2)

which can be solved numerically given the constant C' which, as before, should be determined
from initial conditions. In we show the time history of falling mass shell trajectory
in field theory time ¢y for a few exemplar values of magnetic field B for 3-dimensional gauge
theory with a fixed final temperature. Again, the plots clearly demonstrate that the presence

of magnetic field hastens the thermalization.
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0 % 2 3 4 5
QCD time (fm)
Figure 28. (AdS;) Thermalization history of falling mass shell in AdSy for a late-time

temperature of 7' = 300, and the magnetic fields are
B =0 (solid blue); 0.08 (orange); 0.2 (green) GeV?2.

In summary, in the framework of AdS/CFT correspondence, we have studied the thermal-
ization of strongly coupled gauge theory plasma in the presence of magnetic field, utilizing
simplified picture of thermalization as falling of a thin homogeneous energy-shell towards the
black-hole horizon. Our results in various dimensions have revealed that magnetic field univer-
sally hastens thermalization in strong coupling regime. At weak coupling, a strong magnetic
field causes the dimensional reduction of the system into 1-dimensional one with lowest Landau
levels, and one may study the effects of magnetic field to thermalization at weak coupling in this
context. It would be interesting to see how weak coupling result compares with our conclusion

in this work at strong coupling.



CHAPTER 6

CONFINEMENT-DECONFINEMENT PHASE TRANSITION IN

EXTERNAL MAGNETIC FIELD

(Previously published as Kiminad A. Mamo and Ho-Ung Yee, “Inverse magnetic catalysis
in holographic models of QCD,” JHEP 1505, 121 (2015))

Recently, the study of the QCD phase diagram for magnetic field B has attracted consid-
erable attention (243; 244:; 245; |246; [247; 248} 249; 250; 251} [252; [253}; 1254} 2585 255; 2565 [257;
259; 12605 195)), see (67)) for a review. The main motivation for studying the QCD phase diagram
under external magnetic field B stems from the fact that strong magnetic field B is produced
in heavy ion collisions experiments at RHIC eB ~ 0.01 GeV? and LHC eB ~ 0.25 GeV? (54),
due to the charged spectator particles, which has interesting effects on the quark-gluon plasma
created during these heavy ion collision experiments (1525 |153; 261} 262; 263; 103), see (67) for
a review. A strong magnetic field eB ~ 4 GeV? is also produced during the electroweak phase
transition of the early Universe (264), and relatively weaker magnetic field eB ~ 1 MeV? is
produced in the interior of dense neutron stars (265).

Another motivation comes from the fact that the study of the QCD phase diagram with
magnetic field B is amenable to numerical simulations of QCD on the lattice, without facing
the sign problem of lattice QCD that exist in the case of non-zero baryon chemical potential
up, creating an opportunity to compare the holographic and low energy effective models of

QCD directly with QCD itself.
211
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Regarding the study of the QCD phase diagram for magnetic field B, most of the models
for QCD (243; 244; 245; 246; 247; 248; 249; 2505 251; [252)), including the holographic ones
(253; |254; |258; 255} 256} 257)), have studied chiral-symmetry-restoration transition and have
predicted that the critical temperature T, of the transition increases with increasing magnetic
field B at zero chemical potential g = 0. This enhancing effect of the magnetic field B on
the critical temperature T, has been termed magnetic catalysis. However, recent lattice QCD
result (195)) has indicated the opposite effect, that is, the critical temperature T, decreases with
increasing magnetic field B, for B < 1 GeV? and zero chemical potential g = 0. This inhibiting
effect of the magnetic field B on the critical temperature 7; has been termed inverse magnetic
catalysis.

Even though, the recent lattice QCD result (195) has also indicated that the confinement-
deconfinement and chiral symmetry breaking phase transitions occur at the same critical tem-
perature T.(B) at least for B < 1 GeV?2, most holographic calculations so far (253; [254; [258;
255; 12565 1257 [259) have been concerned only with T¢.(B) of the chiral symmetry breaking phase
transition.

However, recently, reference (260), inspired by the recent lattice QCD result (195), has a
priori assumed confinement and chiral symmetry breaking transitions to occur at the same
critical temperature T, in Sakai-Sugimoto model, and has argued that, in this case, T..(B) must
be a decreasing function of B, consistent with the recent lattice QCD result (195]), but has not

provided a direct computation of T.(B).
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In this thesis, we give a direct computation of the critical temperature T.(B) of the confinement-

deconfinement phase transition in hard-wall AdS/QCD, and holographic duals of flavored and
unflavored N = 4 SYM on R? x S! where S! is a circle of length [ in one of the spatial direc-
tions. (Note that, at finite temperature T, R? is really S! x R? where S} is the thermal circle
with length %) Also, note that, since the fermions of both the flavored and unflavored N = 4
SYM on R3 x S! obey antiperiodic boundary conditions around the circle S!, they acquire a
tree-level mass m ~ % The scalars are periodic around the circle, hence they acquire masses
only at the quantum level through their couplings to the fermions (53)). The gluons, however,
do not acquire masses, therefore, at low-energy, both flavored and unflavored N' =4 SYM on
R3 x ST reduce to pure 3D Yang-Mills theory.

It is well known that both flavored and unflavored N' = 4 super-Yang Mills theories (SYM)
on flat spacetime R* are not confining gauge theories. However, they can be made confining
in the large-N. limit by placing them on a compact space with length [, and the confinement-
deconfinement phase transition occurs at critical temperature T, = % (266; 269; 267)), see
(53;|363)) for a review. In our case, the compact space is R? x S1, that is, we compactify one of
the spatial dimensions into a circle of length I.

The confinement-deconfinement phase transition both in flavored and unflavored N' = 4
SYM on R? x S is holographically modeled by a phase transition between a black hole solution
with radius of horizon r = rp, and AdSs-soliton solution which smoothly ends at r = ro.
However, to study the confinement-deconfinement phase transition in QCD on R* at strong

coupling, we use the hard-wall AdS/QCD model where the confinement-deconfinement phase
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transition, of QCD on R*, is holographically modeled by a phase transition between a black hole
solution with radius of horizon r = rp, and thermal-AdSs solution with hard-wall IR cut-off
r=ryp.

We derive the corresponding thermal-AdSs solution which is the holographic dual to the
confined phase of QCD on R?* by starting from a black hole solution, which corresponds to the
deconfined phase of strongly coupled QCD on R?, by setting the mass of the black hole to zero
(277). And, we derive the corresponding AdSs-soliton solution, which is the holographic dual
to the confined phase of flavored and unflavored N' = 4 SYM on R? x S!, by "double Wick
rotating” a black hole solution (53;|363)).

In this thesis, we use two black hole solutions in the presence of constant magnetic field B.
First, we use the black hole solution in the presence of constant magnetic field B < T2 found in
(93)) to study the confinement-deconfinement phase transition in strongly coupled QCD on R*
and unflavored N' = 4 SYM on R? x S'. Then, we use the black hole solution in the presence of
constant magnetic field B, including the backreaction of N; flavor or D7-branes for Ny < N,
found in (272) to study the confinement-deconfinement phase transition in flavored N' = 4 SYM
on R? x St

The effect of magnetic field B on different observables has also been studied in (213; 210;
273} 212; 274) using the backreacted black hole solution of (93|) without flavor D7-branes.

Depending on the specific holographic models to QCD, various length and energy scales
appear throughout this paper. Some of the relevant length and energy scales are: the radius

of the AdSs spacetime L which we set to L = 1, the radius of the black hole horizon 7},
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which is related to the Hawking temperature Ty of the black hole (which is dual to the field
theory temperature T' = Ty ), the radial position of the canonical singularity of the AdSs-
soliton rg = 7T.(B = 0) = 7 x 0.175 GeV = 0.55 GeV for flavored and unflavored N' = 4
SYM on R? x S, the radial position of the hard-wall r¢ = % = 0.323 GeV in the thermal-
AdSj5 solution for the hard-wall AdS/QCD, and an external magnetic field B in the range of
0 — 0.35 GeV? for the hard-wall AdS/QCD model and 0 — 4.2 GeV? for the flavored N = 4

SYM on R3 x St.

6.1 Einstein-Maxwell Theory in 5D

In this section, we review elements of Einstein-Maxwell theory in 5D which will, subse-
quently, be used to study confinement-deconfinement phase transitions in hard-wall AdS/QCD
and holographic dual of unflavored A/ =4 SYM on R? x S1.

The action of five-dimensional Einstein-Maxwell theory with a negative cosmological con-
stant is (93)

S = Spuik + Sbndy (6.1.1)

where the bulk action Sy is

1
167TG5

Shulk =

12
/d5x\/g<RFMNFMN+L2> : (6.1.2)

and the boundary action Sp,q, is

1 3 L T y
Sindy = 5 /d‘*mﬁ(K — 243 <ln Z) ja FW>

(6.1.3)

=T
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In the boundary action Spyq, (Equation 6.1.3), the first term is the Gibbons-Hawking surface

term, and the other terms are the counter terms needed to cancel the UV(ry — o0o) divergences
in the bulk action in accordance with the holographic renormalization procedure (11). Note
that the counter terms are entirely constructed from the induced metric +,,, on the boundary

surface at r = ry, that is,

’Y},LV(TA) = diag (gtt(rA)ygxx(TA)ygyy(TA), gzz(TA)) . (614)

And, K is the trace, with respect to 7,,, of the extrinsic curvature of the boundary given by

K = (0rvu0)/(24/9rr)- Using the matrix formula 9, (det M) = det Mtr(M 9, M) (363), we
: v V9O |
can write K = y* K, = QT‘ﬁ (93; 363)).

In addition to the Bianchi identity, the field equations are (93)

4 1
Ryn = —739uN = gFPQFPQgMN +2FypFy (6.1.5)

From now on we set the AdS radius to unity, that is, L = 1.
Turning on a constant bulk magnetic field, in the z-direction, B, = F,, = 0, A, —0,A; = B,

where the bulk gauge potential A,(x,r) = %B(méz — yd;;),which solves Maxwell’s equation
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(Equation 6.1.6)), and contracting Einstein’s field equation (Equation 6.1.5)), one can find the

Ricci scalar R = ¢V Ry/n to be
2 2 _xx Yy
R = -20+ gB gt g¥v. (6.1.7)

So, the on-shell Euclidean action Sg (which can be found from the Lorentzian action (Equa-]
tion 6.1.1) by analytic continuation in the imaginary time direction, i.e., tg = it) takes the
form

SE = Sk + Stpay » (6.1.8)

where the on-shell Euclidean bulk action Sﬁlk is

B r
SE = VP’/ th/ Adr\/§(4+232gmgyy> (6.1.9)
u 87TG5 0 ! 3 ’

and, the on-shell Euclidean boundary action SbEndy is

V- B
E - _ 3 2 xx
Stndy = BrTTen /0 th\f’y<K — 34+ B g™ g% lnrA> ; (6.1.10)

and, rp is the UV cut-off while 7’ is the radius of the horizon r’ = r;, for a black hole solution,
and IR cut-off ¥/ = r¢ for a thermal-AdSs or AdSs-soliton solutions. From now on we set
V3 = 815 = 1. Also, note that the on-shell Euclidean action Sg is related to the free energy
F by Sg = pBF.

Background solutions with B < T2
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Here, we review the black hole solution in the presence of constant magnetic field B < T2
found in (93)) which corresponds to the deconfined phase of strongly coupled QCD on R* (flat
spacetime) and unflavored A" = 4 SYM on R3 x S'. Then, starting from the black hole solution,
by setting the mass of the black hole to zero (277), we derive the corresponding thermal-AdSs
solution which is the holographic dual to the confined phase of strongly coupled QCD on flat
spacetime RY. And, by ”double Wick rotating” the black hole solution (53} [363), we derive
the corresponding AdSs-soliton solution which is the holographic dual to the confined phase of
unflavored and strongly coupled N' =4 SYM on R3 x S!.

Black hole

For B < T? and electric charge density p, the perturbative black hole solution in powers of
B, up to an integration constant ag is given in Eq. 6.1 and 6.16 of Ref. (93). Here, we set the
electric charge density p = 0 and fix the integration constant as = —% so that the perturbative
solution in powers of B matches the near boundary solution which is also given in Eq. 4.4,
4.5 and 6.16 of (93)). Therefore, the black hole solution in Eq. 6.1 and 6.16 of Ref. (93)), for

vanishing electric charge density p = 0 and a3 = —%, takes the form

dsp, = 1r°(=f(r)dt* + q(r)dz* + h(r) (dz* + dy®)) + fzg; : (6.1.11)
- % 2 21nr 4
firy = 1—7’4 3B +O(B%)

q(r) = 1- gB2 v, o(BY),

hir) = +§B2lm+0(34)
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and, the Hawking temperature T" becomes

1 T M 2 1 Inry,
T =2 —U(r) = 1+ _Zp2(— _—*h O(B%) 6.1.12
I5; (rn) 27 ( + r;’; 3 (27“% r;ll >> C ( )

where M is the mass of the black hole, U(r) = r2f(r), the radius of the horizon ry, is defined by
requiring f(r = rp) = 0, T is the Hawking temperature of the black hole, and 3 is the length

of the thermal circle which acquired a fixed value as a function of 7, in order to avoid the

canonical singularity at the horizon r = r;. One can also check that (Equation 6.1.11)) indeed

satisfies the Einstein field equation (Equation 6.1.5)) or its contracted version (Equation 6.1.7)).

Thermal-AdS5

The thermal-AdS5 solution can be found from a black hole solution by setting the mass

of the black hole M to zero, see (277) for the electrically charged black hole case. Therefore,

from the black hole solution for B < T? (Equation 6.1.11]), we can determine the thermal-AdS

solution for B < A? R~ 73 by setting the mass of the black hole M = 0,

dr?

dsfhermal = r? (—fo(r)dt2 + q(r)dz2 + h(r) (d:c2 + dyz)) + W ,

(6.1.13)

Inr
fo(r) = 1-— §B2 or +O(BY) ,

gr) = 1- gBQW +O(BY

h(r) = 1+ g1321” +0O(BY) .

AdS5-soliton
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The AdSs-soliton solution (268;[269)) can be determined from the black hole solution (Equa-
tion 6.1.11) by "double Wick rotation” t =iz’ and z = it (53;363). Therefore, for B < A%, ~

r% the AdSs-soliton solution is,

2
dS3otiton = 77 (fs(r)dz" = q(r)dt? + h(r) (da? + dy?)) + fc(l:w : (6.1.14)
M 2 ,lnr
s = 1-—-B*— B*
£s(r) rd 37 4 +0(B7) ,
|
g(r) = 1- §B2 ~T L oBY
M) = 142527 4 opY)
r) = -B*—
3 ’
1 Ulrg) o M 2 _,(lnrg 1 4
T = =—\|1+—F+3B|—(F — 31 O(B*).
l 47 27 * rd + 3 S 2rd +0(B%)

where [ is the length of the circle in the compactified 2’ direction which is arbitrary for the
black hole solution but in order to avoid the canonical singularity at » = ro (where ¢ is defined

by requiring fs(r = r9) = 0), it acquires a finite value which is given in terms of ry for the

AdSs-soliton solution (Equation 6.1.14)).

On-shell Euclidean actions with B < T2

Here, we determine the on-shell Euclidean actions (free energies) for the black hole, thermal-
AdSs5, and AdSs-soliton solutions. And, we compute the difference between the on-shell Eu-
clidean actions of the deconfining geometry (which is the black hole geometry for both hard-wall

AdS/QCD and holographic dual of unflavored A" = 4 SYM on R? x S!) and the confining ge-
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ometry (which is the thermal-AdSs geometry for hard-wall AdS/QCD, and the AdSs-soliton
geometry for holographic dual of unflavored A” =4 SYM on R? x S1).

Black hole

The on-shell Euclidean action Sg = Sp, (Equation 6.1.8) for the black hole solution with

B < T? (Equation 6.1.11)) is

Seh = Sbuik + Stndys (6.1.15)

where the on-shell Euclidean bulk action of the black hole S, ;. for B < T 2 is

B TA 2
Stk = / th/ d?"\/§<4 + gBQg”gyy), (6.1.16)
0 Th
and the on-shell Euclidean boundary action of the black hole Sy,q, for B < T2 is

/grr ar \/7),

B
O
bndy ; EVY N

— 34 B2 g% In ’I”A>. (6.1.17)

The bulk action Sy, (Equation 6.1.16) (after using the black hole metric for B < T? (Equa-

tion 6.1.11)), using the fact that h(r)\/q(r) = 1 + O(B*), evaluating the integrals, and simpli-

fying) become

2 2
Shulk = —,8(7"% — i - gBQ Inry + §B2 lnrh) + O(B%Y), (6.1.18)
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which diverges when 75 — 0o, and the boundary action Sp,q, (Equation 6.1.17) becomes

2 1 1
Sndy = —B(rx + 532 nry — oM - 532) +O(BY, (6.1.19)

where we ignored terms which goes to zero in the ry — oo limit. Also note that (Equa-

tion 6.1.19) diverges when rp — oo, but the sum of Sy, (Equation 6.1.18)) and Sp,q, (Equa-|

tion 6.1.19)) is finite. Hence, the black hole on-shell Euclidean action Sy, (Equation 6.1.15))

is

1 2 1
Sph, = Shuik + Sbndy =-0 (T% — §M + §B2 Inry, — 332> + O(B4) . (6.1.20)

Thermal-AdSs5

The on-shell Euclidean action Sg = Siherma (Equation 6.1.8) for the thermal- AdS5 solution

with B < A3, ~ 72 (Equation 6.1.13) is

Sthermal = Stbulk+Stbndya (6121)

where the on-shell Euclidean bulk action Sppi of the thermal-AdSs for B <« A% R~ 7’8 is

B’ TA 2
Stoulk = / dtp / dr\/§<4+§B2gmgyy), (6.1.22)
0 0
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and the on-shell Euclidean boundary action Sip,qy of the thermal-AdSs for B < T2 is

IO,/
val

5/
Stondy = —/ thﬁ( — 34 B%g*T g% lnrA>. (6.1.23)
0

The thermal-AdS; bulk action Sy (Equation 6.1.22) (after using the thermal-AdSs metric

for B < T? (Equation 6.1.13), using the fact that h(r)y/q(r) = 1 + O(B*), evaluating the

integrals, and simplifying) becomes

2 2
Stoun = —0' (ré —ri = 3By + 2B In m) +0O(BY), (6.1.24)

which diverges when 7y — 0o, and the thermal-AdS5 boundary action Sinqy (Equation 6.1.23))

becomes

2 1
Stmay = —B'(rx + 532 Inry — gBQ) +O(BY), (6.1.25)

which diverges as well when 7y — co. But, the sum of Sy (Equation 6.1.24) and Sippqy (Equa-

tion 6.1.25) is finite. Hence, the thermal on-shell Euclidean action Sipermar (Equation 6.1.21))

becomes

2 1
Sthermal = _5(7"§ + §B2 Inrg — §B2) + O(B4) (6126)

where we used 3 = 8v/f = [ at the boundary ry — oo.
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Therefore, ASg (which is the difference between the AdS5 black hole (Equation 6.1.20)) and

thermal-AdSs (Equation 6.1.26) on-shell Euclidean actions) becomes

1 2
ASE‘ = Sbh - Sthermal = _ﬁ (T% - Té - §M + §B2 ln(:h)) + 0(34) : (6127)
0

AdSs-soliton

Since, black hole (Equation 6.1.11)) and AdSs-soliton (Equation 6.1.14) are equivalent Eu-

clidean geometries, their on-shell Euclidean actions take similar form. In fact, the on-shell
Euclidean action of AdSs-soliton can be found by merely replacing r, by r¢ in the on-shell

Euclidean action for the black hole (363). Therefore, the difference between the on-shell actions

Spp, of the black hole (Equation 6.1.20)) and Sseiton 0f AdSs-soliton geometries is simply

2
ASE = Sbh - Ssoliton = _B <7QIZ~1L - T‘é + §B2 In :h> + 0(34) : (6128)
0

6.2 Hard-Wall AdS/QCD

For hard-wall AdS/QCD(93),we determine the critical temperature T.(B) of the confinement-
deconfinement phase transition by first determining the critical radius of the horizon 7, = 7p.
from the condition that the difference between the Euclidean actions for the black hole and

thermal-AdSs solutions vanish at rj, = rpe, i.e., ASg(ry, = rpe) = 0. For B < T?, requiring
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Figure 29. Critical temperature T,(B) of the hard-wall AdS/QCD with
ro = 2726’5 = 0.323 GeV Note: B = /3B is the physical magnetic field at the boundary.

ASE(rp.) =0 in (Equation 6.1.27)), we find the constraint equation for the critical radius of the

horizon 7y, to be

2
e+ 5 B2 (™) — 2+ O(B*) = 0, (6.2.29)
To

which can be solved numerically for 74.(B, 7). Note that, we have fixed M = 2r# in (Equa

tion 6.1.27), so that (Equation 6.2.29)) reduces to the constraint equation found in (278} [279)

at B = 0, which is rﬁc = 27“3. Once we find the solution for r,. from the constraint equation

(Equation 6.2.29)), we can use (Equation 6.1.12)) to find T, = T'(rj, = rpe, M = 2r3). The plot

of the numerical solution for T.(B,rg) for B < T? is given in [Figure 29| and the numerical

plot clearly shows that T.(B) decreases with increasing B < T2 in agreement with the inverse

magnetic catalysis recently found in lattice QCD for B <1 GeV? (195).
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6.3 Unflavored N=4 SYM Plasma on Compact Space

For the holographic dual of unflavored A' = 4 SYM on R? x S! ,we study the confinement-
deconfinement phase transition by using the same Einstein-Maxwell action in 5D as we used
for the hard-wall AdS/QCD, and the analysis will be similar to the hard-wall AdS/QCD case
but, for the unflavored A” = 4 SYM on R3 x S! case, we compactify the black hole solution

in the z direction into a circle of length [, and compare its free energy with the free energy of

AdSj5-soliton solution (Equation 6.1.14)) instead of the thermal-AdS5 solution (Equation 6.1.13])

that we used for the hard-wall AdS/QCD.

It is easy to see from (Equation 6.1.28|) that the critical radius of the horizon r;, = rp. at

which ASg(rn, = rhe) = 0 is given by rp = rp. = 19. Therefore, using (Equation 6.1.12)), the

critical temperature T, = T'(r, = rp. = ro) becomes,

M 2 1 Inrg 1
T.= —(1+— —=B?— - —~° OBYH == . 6.3.30
= (5 (o)) oo (6:3:30

o
T

Fixing M = r§ so that we reproduce the correct B = 0 result T.(B = 0) = and fixing rg

from the value of T, at B = 0, which we denote as T, we can write (Equation 6.3.30) in terms

ofToz%Oas
0 B\? 4
T.=70(1- (4] | +oBY (6.3.31)

where we defined the critical magnetic field B, = % and L is the radius of the AdS

spacetime. From (Equation 6.3.31)), it is easy to see that T, is a decreasing function with

increasing B < T2 in qualitative agreement with the recent lattice QCD result (195).
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6.4 Flavored N=4 SYM Plasma on Compact Space

Previously, we have studied the confinement-deconfinement phase transition in the holo-
graphic dual of unflavored N’ = 4 SYM on R? x S! using the backreacted black hole and
AdSs-soliton geometries, from which, we can infer a simple prescription of finding 7, in any
backreacted black hole and AdS5-soliton based models.

The prescription is, first find the backreacted metric and the Hawking temperature T'(r},)
of the black hole, then the critical temperature T is simply given by T, = T'(r;, = ro) where rq
can be fixed by the value of T? = T.(B = 0).

Therefore, using this prescription, we can determine T.(N¢, B) of the holographic dual of
flavored ' = 4 SYM on R? x S'. To this end we will use the backreacted metric of D3/D7
model given in (272)) where the authors have also found the Hawking temperature T(%—i, B)

including the backreaction of Ny D7-branes and magnetic field Bto be, see Eq. 3.1 of (272)),

_Th An Ny [0 B2 2
=" <1+ s (1 214 75 | ) + oo, (6.4.32)

Since the on-shell Euclidean action of the black hole solution (including the backreaction of

Ny D7-branes and magnetic field B) has also been given in Eq. 3.14 of (272), in order to find the
corresponding Fuclidean action of the AdSs-soliton, all we need to do is replace 71, by rg in Eq.

3.14 of (272)). Hence, the difference between the two on-shell Euclidean actions vanishes at the

critical radius of the horizon rp, = rp. = ro. And, using ry = 7. = 19 in (Equation 6.4.32)), the




228

critical temperature T, = T'(r,, = . = o) of the confinement-deconfinement phase transition

in flavored N’ =4 SYM on R3 x S! becomes

70 Ah Nf B2 )
Te=711 57 G TRy N¢/Ne)?), 4.
™ < +647T2NC< \/TO + O((N7/Ne)?) (6.4.33)

which can be written in terms of 7)) = T.(N; = 0,B = 0) = = as

A N 1 B2
T, =1° (1 + 6T7};2Ff <1 21+ 7T4(T0)4>> + O((Ny/N)?), (6.4.34)

Cc

where )y is the value of the 't Hooft coupling fixed at the horizon rp, that is, A\, = 47Tgse¢h N,

where g; is the string coupling constant and ¢(r) is the dilaton scalar field.

Note that, for B = 0, (Equation 6.4.34]) reduces to

A N
T, =19 <1 - 647’“;2 Nf> + O((Ns/Ne)?), (6.4.35)

which is in a qualitative agreement with the hard-wall AdS/QCD (1281)), functional renormal-
ization group study of QCD (1282)), and lattice QCD (283)) results which show that T, decreases

with increasing number of flavors Ny at zero magnetic field B = 0 and chemical potential 1 = 0.

We have plotted (Equation 6.4.34) in [Figure 30| which clearly shows that 7.(B) decreases

with increasing B < T2 in agreement with the inverse magnetic catalysis recently found in

lattice QCD for B <1 GeV? (195).
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Figure 30. Critical temperature T.(B) of flavored N' =4 SYM on R? x S' (Equation 6.4.34))
using TO = 0.175 GeV and \j, = 23 x %—;




CHAPTER 7

N=4 SUPER YANG-MILLS GAUGE THEORY ON THE COULOMB

BRANCH

Despite the success of the AdS/CFT correspondence, as it was demonstrated in the previous
chapters, in understanding the strongly coupled regime of gauge theories such as N' = 4 super
Yang-Mills (SYM), we still lack an exact string theory dual to QCD even though there are
various works which explored different non-conformal deformations of N'= 4 SYM both on the
top-down (where both the details of the deformation of N'=4 SYM and its string theory dual
are known) (297 298; 299; 266 [300; |301}; |266; 347; 348; 13045 [305; |306; 3075 308), and bottom-up
approaches (where the details of the deformation of N =4 SYM and its string theory dual are
unknown) (2755 289; |290; 291} 292; 344; [345; 1346} 296)).

In this chapter, we will present a new top-down approach which is based on the string theory
dual to N' =4 SYM on the Coulomb branch (¢SYM). And, in the following, we will first give
a brief introduction to N'= 4 ¢SYM and its supergravity dual.

In NV =4 ¢SYM at zero temperature, a scale is introduced dynamically through the Higgs
mechanism where the scalar particles ®; (i=1...6) of ' = 4 SYM acquire a non-zero vacuum
expectation value (VEV) that breaks the conformal symmetry, and the gauge symmetry SU (N,)
to its subgroup U(1)Me~! without breaking the supersymmetry, and without resulting in a
running of the coupling constant (347). At finite temperature, the mechanism is the same

except the fact that supersymmetry will be broken as well.

230
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The string theory dual for N'= 4 ¢SYM at zero temperature is well known. Among various
Type IIB supergravity background solutions that are dual to the strongly coupled N' = 4 ¢SYM
at zero temperature (347} 348;|304; |305), in this thesis, we will study a Type IIB supergravity
background solution that describes non-extremal rotating black 3-branes (with mass parameter
m and single rotational parameter rg) which, in the extremal limit, i.e., ro > mt/4, is dual
to N =4 SYM on the Coulomb branch at zero temperature that arises from N, D3-branes
distributed uniformly in the angular direction, inside a 3-sphere of radius 7o (348]).

So far the studies of the non-extremal rotating black 3-brane supergravity backgrounds
has been limited to the grand canonical ensemble (which is described by fixed temperature T'
and angular velocity © or chemical potential p), and canonical ensemble (which is described
by fixed temperature 7' and angular momentum density J or charge density < J° > = p), see
(1349; [354; [350; [351}; [352; [314; 1355} [356}; [357; 1353} 1319)). The two ensembles have different physics,
for example, in planar rotating black 3-branes, Hawking-Page phase transition does not exist
in the grand canonical ensemble even though it does exist in the canonical ensemble (352;|353)).

In this thesis, we will introduce a new ensemble which is described by a fixed temperature

T and an energy scale A which is directly related to the rotation parameter rg of the rotating

black 3-brane background through A = 8, where R is the radius of the AdSs space. From
the field theory side the energy scale A is related to the expectation value of dimension 4

operator O = Tr®; ®;,®;,®;,, that is, < O >~ lim, 00 /—99""Orh ~ A% of the massless

metric fluctuation h = g"h,, = 1 — g"g,,, where g,, is the metric component of pure
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AdSs x S° space while g, is our 10-dimensional metric (Equation 7.2.14)) (347). We will see

that the energy scale A in N' =4 ¢SYM plays similar role as Agcp in QCD.

7.1 Thermodynamics and a Second-Order Phase Transition

The rotating black 3-brane solution of the 5-dimensional Einstein-Maxwell-scalar action
found from the U(1)? consistent truncation of Type IIB supergravity on S° (358} 1359), see also

(240; 1322} 1360), is given by

2 H-2/3
dsé) = ﬁHl/?’( — fat* + da® + dy* + d22> + dr?, (7.1.1)
R?
where
ri H(rp) r2
—1_ H=1-2 7.1.2
f-1-To, i3 (112)
1 1
Y1 = %IDH, Y2 = EIDH,
Al ET.}% H(rh)
t

"R? r2H(r)

1
ri = 5(7"8—1—\/7“3—1—4771), (7.1.3)

2
K = :—8, m is the mass parameter, and A? = A} = 0. Note that our metric (Equation 7.1.1
h

is equivalent to the metric used in (356) after analytically continuing ro — —i,/q. We should
also note that having an imaginary gauge potential, in our ensemble, is not a problem, since all

physical quantities in the 5-dimensional spacetime are given in terms of (9, A})?2.
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The Hawking temperature 7" of the black hole (rotating black 3-brane) solution

fion 7.1.1) is given by

T 1—%,%
=2 7.1.4
A /K/—H/Z ( )

2
where Ty = 7&?2, A= %, and kK = :—0 = %)3 We have plotted % in [Figure 31 We can also

invert (Equation 7.1.4)) to find

(7.1.5)

Note that in (Equation 7.1.5) ” —” corresponds to large black hole branch and ” +” corresponds

to small black hole branch.

The entropy density s(7',A), for our ensemble where 7" and A are held fixed, is given by

Ay 1
s(T,A) = 1GsVs T%\/gxx(rh)gyy(rh)gzz(rh)
2 nT23
_ ”NTcTo(l_,ﬁ)w’ (7.1.6)

where G5 = mR3/2N?2, and V3 is the three-dimensional volume. And, the corresponding free
energy density f(T,A) of our ensemble can be determined by integrating the entropy density

s(T, A) as (344} 296))

Th dT/
N - L
Thmin d h
T2 N2Ty 35 9. 2
= _T(l_ﬂ_iﬁ — K log(;—2)), (7.1.7)
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Figure 31. Hawking temperature (Equation 7.1.4)).

where we choose Tpmin = \/gro, and set the integration constant f(7,un,A) = 0. Note that
it is possible to find the free energy f by simply integrating the entropy density s because the

source h = g"hy, to < O > ~ A% is normalized to vanish at the boundary. We have plotted

the free energy density f(7,A) (Equation 7.1.7) in |[Figure 32|

The other thermodynamic quantities can be determined from the free energy density f (T, A)

Equation 7.1.7) as: pressure p = — f, energy density € = p + T's, specific heat Cp = T(%)A,

and speed of sound ¢2 = % = CLA We have plotted the thermodynamics quantities in [Figure 34

[Figure 35| [Figure 36| |[Figure 37| To compare our results with pure Yang-Mills theory on the

lattice and improved holographic QCD see Fig.5-9 in (296]).
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Equation 7.1.7

large and small black holes.

7.2 Cornell Potential and Glueball Mass Spectrum

The Nambu-Goto (NG) action is

1
Sng = /deaﬁ(hab) =5 /deU\/—det hab
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for the

(7.2.8)
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Figure 33. The free energy density (Afs% of N =4 SYM plasma on 3-sphere of radius R

phe're)4N02

(Equation 7.3.16) for the large and small black holes.

where the background induced metric on the string hqy = g, 0,2#(7,0)0x" (7,0). Using the

embedding (7,0) = (t(7,0),0,0,z(7,0),r = o), the background induced metric hq,(z") becomes

("=d/do)

where we used

hTT(:I",) = Gt
1
it~ i)
2 ;
1 + Jzx gtt
(x/)Q _C2g7‘7“ 1

T 2.0 (1+ gfg;) '

(7.2.9)

(7.2.10)
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Figure 34. The energy density =7, entropy density %ﬁ, and pressure % of N =4 cSYM

plasma for the large and small black holes.

which is the solution of the NG equation of motion, and the integration constant C' is related

3 _ oL __ C
to the conjugate momenta I1 = S = " Fnal

Cornell Potential

Considering a string configuration where a heavy quark is attached to each ends of the
string, we can extract the potential energy V(L), of the two quarks separated by length L,

from the on-shell Nambu-Goto action Syqg as

(7.2.11)
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Figure 36. The specific heat Cy of N' =4 ¢SYM plasma for the large and small black holes.



239

0.2

0.0

— c? (Large BH)

c2 (Small BH)

Figure 37. The speed of sound ¢ of N' = 4 ¢SYM plasma for the large and small black holes.

where

2ma

ngzf%Wmmmpwmm@

-/mm “det hoy(0) (7.2.12)

Th

and r,, is related to L through the boundary condition % = f;: 2’/ dr, and we also fix the integra-

tion constant C' by demanding 2’ |,—,,— oo which is satisfied only when C? = — g4 (71) gz (T ).

Note that we have a factor of 2 in (Equation 7.2.11]) because our gauge covers only half of the

full string configuration which accounts to only half of the full potential energy between the
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quarks, see (363]) for discussion on how to compute V(L) in the x(r) gauge instead of the widely
used r(x) gauge of (335).

For r > ry,, after approximating hye (') & heo(0) = grp,

1
- dr+/—det hqy(0)

o Sy,

2VA1  wV/AA? - 5A A
= L+ = 2.1

V(L)

12

o0 2 . 2 R2
where we used £ = [/ dr = LI with o = Goa(rm) [fare o Tl g1 s and we have
2 Tm 3 Trm Jaax Jxa T ’

set r, = rg and f = 1 in the extremal limit.

Uplifting the 5D metric to 10D

The 5-dimensional metric (Equation 7.1.1f) can be uplifted to the full 10-dimensional metric

as (347; [348; [355)

2 ~ Y21
ds?y = %HW( ~ A 1 de? 4+ dy? sz) + deﬂ
R2

+ R*(HY?d9* + HH/?sin® 0d¢? + H /2 cos® 0dQ3)

+ 2A'HAY2?R%sin? 0dtdg (7.2.14)

where

™~

. < H
H =sin?0 + Hcos?#, and f=1— T—Z ~(rh) , (7.2.15)
™ H(r)

f and H are the same as in (Equation 7.1.1)). Our 10-dimensional metric (Equation 7.2.14)) is

equivalent to Eq.2.21 of (355) after analytically continuing the rotation parameter rog — —iry,
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1/4

and re-writing (]Equation 7.2.14[) in terms of p = m Note that the g;5 component of

(Equation 7.2.14)) is imaginary and one could make it real by analytically continuing ¢t — —it as

in (351} 348). However, since we are also interested in real-time dynamics, such as computation

of transport coefficients (360), we refrain from analytically continuing ¢t — —it, and we treat our

10-dimensional metric (]Equation 7.2.14[) as a complex saddle point. Also note that g;4 = Al=0

in the extremal limit 7, = ro, hence does not affect the computation of V(L) and mass of the
glueballs.

In (348), the heavy quark-antiquark potential energy V(L) was computed for the 10-

dimensional background metric (Equation 7.2.14)) after analytically continuing ¢ — —it and

in the extremal limit where 7, = 79 or f = f = 1 case. The authors have shown that, for

¢ = 5, V(L) smoothly interpolates between a Coulombic potential V(L) = —%% for

small L and a confining potential V(L) = #L for large L. See curve (b) in Fig.5 of (348).

Their numerical result agrees qualitatively with our analytic result (Equation 7.2.13)) on the

5-dimensional metric (Equation 7.1.1]).

Glueball Mass Spectrum

It can easily be shown that bulk fluctuations in the 5-dimensional metric (Equation 7.1.1)),

at least in the near boundary limit where the metric is essentially AdSs space with IR cut-off

70

at r = ro, have mass-gap and quantized mass spectrum proportional to A = 5.

In (348]), it was shown that a scalar bulk fluctuation in a 10-dimensional metric (Equa-|
tion 7.2.14]), after analytically continuing ¢ — —it, indeed has mass gap proportional to A and

a quantized mass spectrum Mg = 4m2A%n(n + 1), see Eq.54 in (348). Since, a scalar bulk fluc-
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tuation in (Equation 7.2.14) has the same 5-dimensional bulk equation of motion as in (348)

which is the Jacobi equation, we can use this result to calculate the mass spectrum of glueballs
in /=4 ¢SYM.

The transverse gravitational tensor fluctuation hy (¢, z,7) in the 10-dimensional metric
, which is a source to dimension 4 stress-energy tensor operator T, also has the same
5-dimensional bulk equation of motion as the scalar field which is the Jacobi equation. There-
fore, we can infer that the operator T which corresponds to spin-2 glueballs of JP¢ = 2++
(336) has mass spectrum given by M2 = 4n2A?n(n + 1) for n = 1,2, ....

The real and imaginary parts of the bulk fluctuation of a massless complex scalar field

® = e % + iy, in the 10-dimensional metric (Equation 7.2.14), are sources to the dimension

4 scalar operators Oy = Tr F2 and Oy = Tr F A F, respectively (337), and its 5-dimensional
bulk equation of motion is the Jacobi equation. Therefore, @4 and O4 which correspond to the
scalar glueballs of JP¢ = 0F* and JP¢ = 0=, respectively, have a degenerate mass spectrum
given by M? = 47?A%n(n + 1) for n = 1,2, ...

7.3 Hadronization

The EoS plotted in [Figure 32| and [Figure 34] has interesting physical interpretation, that is,

a localized large black hole shrinks and cools down until its temperature reaches the critical
temperature T, at which p(7.) = 0, and the large black hole smoothly turns in to a localized
small black hole (a second-order phase transition). Since, the small black hole has negative
specific heat and is unstable even classically, it starts Hawking radiating hadrons and eventually

its energy and entropy vanishes and turn in to thermal AdS or gas of hadrons.
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We would like to stress that in the small black hole phase, i.e., the hadronization phase
where the entropy decreases due to bound-state formation, the plasma ”fire ball” is reheating
and thereby again reducing its free energy below that of the thermal AdS or hadron gas phase.
The temperature evolution of the small black hole may also be compared to the temperature
evolution during hadronization in experimental high-energy collisions.

Since, this entire process (the production of plasma in a hadron-hadron collision, and its
subsequent decay via hadronization) is unitary, there is no information loss. Therefore, the
small black hole information paradox (323} 324) is resolved in AdS/CFT correspondence.

As a comparison to N' = 4 ¢SYM, let us look at what happens for N' =4 SYM on sphere

based on its free energy density fsphere plotted in Fig. [Figure 33| and given by (266), see also

(363),
Fon T2 N2T}
fsphere = s%ere = - 8C 0 (1 — fisphere)v (7.3.16)
R2 gphe're : T ]-J"%Nsphere .
where Kgphere = i I and the Hawking temperature Nopnere = Vo A localized

large black hole with spherical horizon shrinks and cools down until its temperature reaches the
critical temperature T;. at which pgphere(T::) = 0 and abruptly changes to thermal AdS (a first-
order phase transition also known as Hawking-Page transition (326; 266)). Since, this entire
process is unitary, there is no information loss in A/ = 4 SYM on sphere and its holographic
dual, see (142; 327)).

Sufficiently small black hole with spherical horizon in AdSs x S° suffers a Gregory and
Laflamme (GL) instability (328) for r, < R where R is the radius of the compact extra

dimensions S° (329; 330; 1331). The presence of GL instability in sufficiently small black hole
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with spherical horizon is expected since in the r, < R limit the small black hole resembles an
unstable 10-dimensional Schwarzschild black hole where the extra dimensions are 5-dimensional

flat space R® (329).

However, small black hole with planar horizon in (Equation 7.2.14)) does not suffer a GL

instability because in the R < rp, < Tpmin = \/gro limit the small black hole resembles a stable
10-dimensional Schwarzschild black hole where the extra dimensions are 5-dimensional compact
space with radius R < ry < Thmin = \/gro, i.e., the GL instability is stabilized due to the
compactification of the extra dimensions (328).

Finally, we propose the following formula to compute the number of thermal hadrons emitted
per unit volume in the local rest frame from N =4 ¢SYM plasma in its hadronizing phase (or

small black hole with temperature

(27T>3drhadron _ 1 dPHawking (7317)

Bk o0) &Pk

where (332)

(2 )3dFHawking _ U(“vk)

= T (7.3.18)

is the Hawking radiation rate of the black hole with temperature T, and o(w, k) is the cross-

section for a hadron (bulk fluctuation) of energy w and momentum k coming in from infinity
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to be absorbed by N’ =4 ¢SYM plasma in its hadronizing phase (or the small black hole). The

absorbtion cross-section o(w, k) is given by

1
o(w, k) = —G%G%m G (w, k), (7.3.19)

where G (w, k) is the retarded two-point function of an operator O corresponding to the hadron,
(20)

GR(w,k) = —i/d%e—ikwe(txw(t,x),0(0,0)]), (7.3.20)

which can be computed using the dictionary of AdS/CFT correspondence in real-time (333; 6).

For example, for spin-2 glueballs © = T,/ is the energy-momentum tensor operator with a

T

source transverse metric bulk fluctuation (graviton) h,;.

In the hydrodynamic limit w < T, (Equation 7.3.17)) reduces to the Cooper-Frye formula

in the local rest frame (Bose or Fermi distribution), see Eq.A1 of (334),

thadron 1
27)3 ~
Cm) =Pk S wmrE1

(7.3.21)

where w? = M? + |k|?, M, is the mass of the hadron, and k is its momentum.
We would like to emphasize that in the presence of local thermal equilibrium with tem-
perature distribution 7'(¢,x) for the black hole, the 3-dimensional volume integral of (Equa-|

tion 7.3.21)), i.e.,

dr 1
3 hadron 3
Cm) =B~ e 14 (7.3.22)
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should be carried out over a freeze-out or isothermal hypersurface defined by the constraint
equation T'(t,x) = Ty where T§ > Tyyi, = 1., and can be used to eliminate the explicit time
t dependence from the integrand, i.e., ¢ = ty(x). Therefore, the hadron emission rate at this

freez-out or isothermal hypersurface is given by

thadron 1 3
2m)3 ~ d*x. 3.2
(2m)" — By ol 210 (7.3.23)

Note that the same argument applies in the boosted frame which justifies the application

of similar constraint equation 7(t,x) = T in the hydrodynamic models that use Cooper-Frye

formula (Equation 7.3.23) in the boosted frame, see for example (338).

Note that, in (339) Castorina, Kharzeev, and Satz have conjectured that a QCD counter-

part of Hawking radiation by black holes provides a common mechanism for thermal hadron

+

production in high energy interactions, from e™e annihilation to heavy ion collisions. Our result

(Equation 7.3.17)) is the AdS/CFT version of their conjecture.

We have shown that the large black hole branch of the non-extremal rotating black 3-brane
background solution has pure Yang-Mills-like equation of state: the pressure
p vanishes at critical temperature T, = Thin = V2A, see the trace anomaly € — 3p
have a maxima around 7. and vanishes at very high temperature, see and the speed
of sound cg approaches its conformal limit 1/3 from below. In order to compare our results

with pure Yang-Mills theory on the lattice and improved holographic QCD see Fig.5-9 in (296).
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In summary, we have computed the heavy quark-antiquark potential energy V(L) of N =4

c¢SYM at 7' = 0 and have shown that it is given by Cornell potential, see (Equation 7.2.13). We

have also shown that the mass spectrums of the scalar and spin-2 glueballs of N' =4 ¢SYM at
T = 0 are degenerate and given by M2 = 472A%n(n + 1) forn =1,2, ...

We have found a second-order phase transition from the large black hole branch with positive
specific heat to the small black hole branch with negative specific heat. From the gravity side,
the reason why we have this second-order phase transition is due to the fact that, as can be seen
from the free energy depicted in the small black hole branch has lower (or negative)
free energy compared to the thermal AdS space or extremal black hole.

We have conjectured that the small black hole is dual to N' = 4 ¢SYM plasma in its

hadronizing phase, and we have proposed a formula (Equation 7.3.17)) that relates the Hawking

radiation rate with the thermal hadron emission rate, and in the hydrodynamic limit w < T
reduces to Cooper-Frye formula in the local rest frame. See (340]) for analogous phenomena

where unstable plasma-balls decay by thermally radiating hadrons.

7.4 Transport Coefficients

The transverse metric fluctuation hgy(t, z,r) decouples from other fluctuations, hence the

shear viscosity for a general background metric g, is given by (51)

1
167TG5

\/gxx (Th)gyy (Th)gzz (Th) Jza (’fh) — % Gaz (Th) . (7.4.24)

’)7 = =
Gyy(rn) 4T Gyy(rn)



248

Since, for our background metric (Equation 7.1.1) g,» = gyy, the shear viscosity n of N' = 4
c¢SYM is simply

n__-~ (7.4.25)

Bulk viscosity ¢ can be computed by closely following (345). To this end, we first replace
p1 — %@1 followed by ¢ — @@1, to bring the Einstein-Maxwell-scalar part of our action

(Equation 6.1.1)) in the same form as the action used in (345), i.e.,

L . 1, .
(167G') — = (R -V (1)) — 3 (0p1)% + ..., (7.4.26)
where
7(3)) = —— (v (1+ KL= R) (5o _ 1)?) +2¢7 V™) (7.4.27)
©¥1 R2 2}{3 . REN

In the 7 = ¢;(r) gauge, the bulk viscosity ¢ up to a constant is (345)

¢ 1 V()

X ; Y
s Am V()2

(7.4.28)

where ’ denotes the derivative with respect to 7 = @1(r). Note that, in the gauge 7 = @1(r) =

%ln H(r), the horizon of the black hole is located at 7 = 7, = % InH(ry) = 2 1n(1 — k)

where & is still given by (Equation 7.1.5)). We have plotted % in [Figure 38

S
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Figure 38. The bulk viscosity to entropy density ratio g of N'=4 SYM plasma on the
Coulomb branch for both large and small black holes (Equation 7.4.28)).

The conductivity oy of a U(1) flavor charge can simply be computed using the general

formula (6; [210))

N.NT)

(- K6 (7.4.29)

of = glg\/gm(Th)gyy(Th)gzz(rh)gm(rh) =

where we used g2 = 4”3\5 and a bulk U(1) flavor action of the form S; = —é [ dPx\/—gF?
€ 5
which can be derived from the low-energy limit of the Dirac-Born-Infeld action of probe Ny

D7-branes (364). Note that there is no mixing between the gravitational and flavor gauge field

fluctuations. We have plotted o in
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The conductivity or of a single R-charge can be computed by directly computing the two-
point retarded correlation functions G*¥ of the spatial component of the R-current J#, in the
presence background A} which results in mixing between the gravitational and gauge field

fluctuations, and using Kubo formula, i.e.,

1 N2Ty (2 — k)?
o = lim —~Tm G= (w, k = 0) = Nel0 (2 ZK)°

7.4.30
w—0 W 21 J1—r’ ( )

where in the last line we used G** = % which is nothing but Eq.4.34 of (356)) after

replacing kK — —k, and G** — %Gm to compensate for the different normalisation we have for

the gauge fields. We have plotted og in

7.5 Hard Probes

The Nambu-Goto (NG) action is

2ma

1
Sna = /deo*E(hab) =— /dea\/—det hap s (7.5.31)

where the background induced metric on the string hgp is given by

hay = guuaal'u(ﬂ U)abwy(Ta 0) . (7532)
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Figure 39. The conductivity #ij of a U(1) flavor charge (]Equation 7.4.29[), and 77k of a

single R-charge (Equation 7.4.30|) of flavored and unflavored N' =4 SYM plasma, respectively,
on the Coulomb branch for both large and small black holes.

Using the embedding (7,0) = (t(7,0),0,0,z(7,0),r = o), the background induced metric

hav(2,2") (Equation 7.5.32)) becomes (- = d/dr,’ = d/do)

hap(i, 2") = g1t0atOpt + Guw0awOpx + GrrOarOpr . (7.5.33)
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Using a particular Ansatz of the form ¢(7,0) = 7 + K(o) and z = v7 + F(0), which repre-

sents a “trailing string” configuration moving with velocity v, the background induced metric

(Equation 7.5.33)) becomes (206)

hTT(U’ l’,) = g+ UQsz 5
hoo(0,2") = gi(K')? + guu(2)? + grr

hTU(U7x/) = QttK/‘FngU/U' (7534)

Finding the equation of motion from the action, we have

!/ K/
By <g“g\7f2€T”b )> ~0. (7.5.35)

Requiring h,,(v,2") = 0 to fix this gauge freedom, we have an additional constraint K’ =

—ZZT::J:’ v, which can be used to diagonalize (Equation 7.5.34) as (206)

her(v,2') = Qtt(l + UQgﬂ) )
it
9z

hoo(v,2') = (1 + UQE)gm(x'f + Grr - (7.5.36)

Solving the equation of motion, in this gauge, for 2, we find

_CQQM 1

2 2 :
29xx C
gﬂ?ﬂ?gtt (1 T E) (1 + gttgaca:)

(:L'/)2 —

(7.5.37)
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where the integration constant C' is related to the conjugate momenta II = % = - 27%,. Since
the factor 1 + /UQ% in (Equation 7.5.37)), for v # 0, vanishes when —% = v2, requiring

02
gttgit

(2")? to be positive across r = rs, the other factor 1 + has to vanish at r = r, as well,

which will fix the integration constant C? = —g4;(7s) gz (rs) for v # 0.

So, the induced metric (Equation 7.5.36)) for v # 0 becomes

it (rs) Gz )
gtt  YGzx (Ts)

N 1
hoa(v7x> - g'r"'r<1 _ ggm(Ts)gtt(Ts) . (7538)

Jrx gt

hTT(v’x/) = gtt(l_

which can be interpreted as a metric of a 2-dimensional black hole with a line element dsé)

given by

- 1
dsly) = herd7® + hoodo® = —gu(—f(r))dr* + 50 do?, (7.5.39)

where f(r) =1— %gzﬁjs), pr)=g"(1- %). The radius of the horizon r; of the

2-dimensional black hole is found by solving the algebraic equation —% = v2. And, the

Hawking temperature of the 2-dimensional black hole denoted as Ty is

1

T, = E\/ gt () ()P (rs) (7.5.40)

The drag force is given by (217; |218)), see also (206)),

C 1
— = —iﬂ'\/XTOQ’}/UQ(KL,’y) , (7.5.41)

Fdrag = - 2o



08~
06"
04
02+

0.0~

Figure 40. The drag forces
the Coulomb branch for both
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% Equation 7.5.41

glarge and small black holes,

1
3.0

, and %(10) of N =4 SYM plasma on

drag
normalized by the drag force

—%\f)\szvv of the conformal N’ =4 SYM plasma.

where Q(k,7y) = %(1 +4/1+ 4721;—2"“), and we have used r2 = yr2Q(x,v) which solves the

algebraic equation —

gtt(rs)

gzz(rs)

= v2. We have plotted Firqg in

Figure 40

The velocity dependent transverse momentum diffusion constant per unit time s (v) is

given by (206)

and the longitudinal momentum diffusion constant per unit time xll(v) is (365)

I{/ ‘

T
HL('U) = @gzx(rs)a (7.5.42)
T, 1 !
() = Lo L GuGaa) | (7.5.43)

e Jxx (gtt/gm)/
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Figure 41. The transverse and longitudinal momentum diffusion constants 'ZO ((3))
. I . .
Fquation 7.5.42) and Zoggg Equation 7.5.43)), respectively, of N' =4 SYM plasma on the
Coulomb branch Tor both large and small black holes, normalized by the momentum diffusion

constant kg = kg (0) = Iig (0) = VArT? of the conformal N = 4 SYM plasma.

We have plotted x+(0) and xl(0) in [Figure 411 Note from [Figure 41| that s (v) # &ll(v) even

at v =0 in N =4 ¢SYM plasma, even though they are equal to each other at v =0 in N =4

SYM plasma. Also note that, as can be seen in |[Figure 41} the difference between x*(v) and

rl(v) gets enhanced with increasing 7" and v.
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Figure 42. The jet quenching parameter q% (lEquation 7.5.45[) and entropy density % of N =4

SYM plasma on the Coulomb branch for both Targe and small black holes, normalized by the

. . A 3/4 .
jet quenching parameter §o = %((;/S)AT 3 and entropy density sg = %w2N3T3 of the

conformal N’ =4 SYM plasma.
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In (367) the drag force was studied using the 10-dimensiomnal metric (Equation 7.2.14)),

and it was shown that the drag force Fiy,.4(10y is (shown below after re-writing it in terms of &,

and making the analytic continuation rg — —irg which is equivalent to replacing Kk — —k)

Firag(10) = f\f AMTEVT — kv (7.5.44)

Note that (Equation 7.5.44) is equivalent to the 7 — oo limit of (Equation 7.5.41)), and it has

similar /1 — k£ dependence as the entropy density (Equation 7.1.6) indicating that the drag

force (Equation 7.5.44) could be the measure of the color degrees of freedom of the plasma

(187)). We have plotted (Equation 7.5.44)) in [Figure 40}

And, in (355), it was shown that the jet quenching parameter ¢, studied using the 10-

dimensiomnal metric (Equation 7.2.14]), is (shown below after re-writing it in terms of «, and

making the analytic continuation ro — —irg which is equivalent to replacing k — —k)
2
_ KO/ (2n%)%(2n/)1/2 (7.5.45)
n

where K(n) is the complete elliptic integral of the first kind, n? = =%, n/ = v/1 —n2, and

do = ?FF(;’/Q 4) VAT? (343;1187). In Mathematica, the complete elliptic integral of the first kind

is implemented using EllipticK[n?] = K(n). We have plotted § in [Figure 42

Note that, for the small black hole branch, we have

Fdrag(lO)

FO

] T
~ L5 a(x, 7) , (7.5.46)
drag 40
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where a(A, %) = 1 — k is our a-function defined in Eq. 6.29 and 6.38 of (187), similar to the
c-function of a two dimensional conformal field theory, which measures the number of degrees
of freedom of a theory at an energy scale T" and decreases monotonically with renormalization

drag(10)
0

group flow. Note that k ~ % since Ty ~ T. For the small black hole branch, it is easy

drag

to see from Fig. and Fig. that a(\, %) decreases monotonically with the
energy scale % Therefore, the a-function a(A, %) measures the color degrees of freedom of the
small black hole branch (N = 4 ¢SYM in its hadronizing phase) which is decreasing due to
Hawking radiation or thermal hadron emission.

In summary, we have studied the transport coefficients of the non-extremal rotating black

3-brane dual to strongly coupled N’ = 4 ¢SYM plasma, such as bulk viscosity to entropy density

ratio % (]Equation 7.4.28[), and conductivity o quuation 7.4.29[) (]Equation 7.4.30[), see |Figure 38

and respectively. We have found that the bulk viscosity of the large black hole has
a maxima around 7., and its conductivity ¢ asymptotes to its conformal value starting from
below it. For the small black hole (which is dual to N' = 4 ¢SYM plasma in its hadronizing
phase), the bulk viscosity increases with temperature while the conductivity decreases.

We have also computed the transport coefficients of the hard probes of the N' = 4 ¢cSYM
plasma. We have shown that the drag force Fij.q4, momentum diffusion coefficient x, and jet
quenching parameter § increase with temperature for the large black hole but decrease with

temperature for the small black hole (N = 4 ¢SYM plasma in its hadronizing phase), see

[Figure 40| [Figure 41| and [Figure 42|
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We would also like to point out that a recent hydrodynamic simulation (366) indicates that
a drag force that decreases with temperature near T, could explain the so called 'heavy quark
puzzle’, which is consistent with our finding that the drag force decreases with temperature

when the plasma is in its hadronizing phase.
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