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SUMMARY

This thesis is a combination of two papers, (20) and (21), with the same names and almost
same contents as Chapter 1 and Chapter 2, respectively. Non-essential changes are made for
consistency.

In Chapter 1 we determine the integral cohomology ring H*(BPU,;Z) through degree 10,
where PU, is the projective unitary group of degree n, and BPU,, is its classifying space. Serre
spectral sequences of various fiber sequences play an important role.

Chapter 2 concerns the topological period-index problem, an analog of the period-index
problems in algebra and algebraic-geometry, which have been around since 1930’s. In particular,
a period-index conjecture of Colliot-Théléene was proposed in 1999 ((15)), of which most of
the interesting part remains open. In this chapter we use classical tools in homotopy theory,
including Postnikov tower, Serre spectral sequence, and Eilenberg-Moore spectral sequence to
extend a theorem by Antieau and Williams, shedding light on the correct form of the topological

version of the period-index conjecture.

viii



CHAPTER 0

INTRODUCTION

In this introductory chapter we explain relevant concepts and the necessary background
knowledge, and outline the structure of this thesis.

Chapter 1 concerns the integral cohomology ring H*(BPU,;Z), where PU, is the projective
unitary group of degree n and BPU,, is its classifying space. An easy computation shows that
the rational cohomology ring of B PU,, is canonically isomorphic to that of BSU,,, the classifying
space of the special unitary group of degree n. However the torsion subgroup of H*(BPU,;Z)
remains surprisingly elusive. In (1), Antieau and Williams calculated H*(BPU,;Z) through
dimension 5. The cohomology of BPU,, is also considered by Kameko and Yagita ((23), (24)),
as well as Kono and Mimura ((25)). In all the cases that they considered, n is either a prime p
or of the form 4k 4 2 for some integer k, and the cohomology theories considered reveal little
about the integral cohomology. In Chapter 1 we compute the ring H*(BPU,,; Z) through degree

10. The main theorem of this chapter is the following:

Theorem 0.0.1. For an integer n > 1, the graded ring H*(BPU,;Z), in degrees < 10, is

isomorphic to the following graded ring:

Zlea, -+ ,€j,, T1,Y3,0,Y2,15 21, 2]/ In-



Here e; is of degree 2i, j, = min{5,n}; the degrees of x1,y30,y2,1 are 3,8, 10, respectively; and

the degrees of 21,22 are 9,10, respectively. I, is the ideal generated by

nry, e(n)zd, es(n)yso, ea(n)ya1, ez(n)z, ez(n)z,

S(n)esz1, (8(n) —1)(y21 —e2l), ezxy,

where

2, if n =4l + 2 for some integer [,
o(n) =

1, otherwise.

and

ep(n) = ged(p, n).

Chapter 2 is a succession of (1) and (2), in which Antieau and Williams initiated the study of
the topological period-index problem. Given a topological space X, let Br(X) be the topological
Brauer group defined in (2), whose underlying set is the Azumaya algebras modulo the Brauer
equivalence: Ay and A; are called Brauer equivalent if there are vector bundles €y and €1 such
that

Ao ® g = A1 ®Ey.

The multiplication is given by taking tensor product.



Azumaya algebras over X of degree r are classified by the collection of PU,-torsors over X,
i.e., the cohomology set H'(X; PU,), where PU, is the projective unitary group of degree r.

Consider the short exact sequences of Lie groups

1—-8'" - U, - PU. —1 (0.0.1)
and
0-Z—-CZ 5t 51 (0.0.2)

where the arrow S' — U, is the inclusion of scalars. Then the composition of Bockstein

homomorphisms

HY(X;PU,) - H*(X;S") — H*(X;7Z) (0.0.3)

associates an Azumaya algebra A to a class a € H3(X;Z). The exactness of the sequences

above implies that

1. a € H3(X;Z)tor, the subgroup of torsion elements of H3(X;Z), and

2. the class « only depends on the Brauer equivalence class of A.

Therefore, we established a function H3(X;Z)ior — Br(X). It is not hard to show ((19)) that
this function is in fact an inclusion of subgroup. For this reason, H3(X;Z)o; is also called the
cohomological Brauer group of X, and is sometimes denoted by Br'(X).

Serre showed ((19)) that when X is a finite CW complex, the inclusion is also surjective.

Hence, for any a € H3(X;Z)or, there is some r such that a PU,-torsor over X is associated to



a via the homomorphism (Equation 1.6.2). Let per(a) denote the order of o as an element of
the group H?(X;Z), then Serre also showed ((19)) that per(a)|r, for all 7 such that there is a
PU,-torsor over X associated to « in the way described above. Let ind(«) denote the greatest

common divisor of all such r, then in particular we have

per(a)|ind(a). (0.0.4)

Furthermore, Antieau and Williams showed ((2)) the following

Proposition 0.0.2. The integers per(«) and ind(«) have the same set of prime divisors when

X is a finite CW complex.

Therefore, for a sufficiently large integer e we have

ind(a)| per(a)©. (0.0.5)

The topological period-index problem can be stated as follows:

For a given class C of finite CW complexes, find the sharp lower bound of e such that
Equation 0.0.5 holds for all finite CW complex X in C and all elements in Br(X).

The topological period-index problem is motivated by its analog in algebraic geometry,
where the topological Brauer group of a CW complex is replaced by the usual Brauer group of

a scheme, and where the period and index are defined similarly. We have the following



Conjecture 0.0.3 (Colliot-Thélene). Let k be either a Cy-field or the function field of a d-
dimensional variety over an algebraically closed field. Let a € Br(k), and suppose that per(«a)

is prime to the characteristic of k. Then

ind(a)| per(a)?L.

The conjecture has been proved in a few low dimensional cases, which are summarized in
(2). Very little is know in high dimensions.
There is an obvious topological analog of Conjecture 0.0.3, which is proposed by Antieau

and Williams in (1) and referred to as “straw man”, or the topological period-index conjecture:

Conjecture 0.0.4 (Antieau-Williams). If X is a 2d-dimensional finite CW complex, and a €
Br(X), then

ind(«)| per(a)?=L.

Notice that, if X is a complex algebraic variety of dimension d, then its underlying topo-
logical space has a 2d-dimensional cell decomposition, hence the 2d in the conjecture.

Antieau and Williams disproved Conjecture 0.0.4 in (1). To state their results in consistency
with this thesis, we denote by €,(n) the greatest common divisor of p and n. Typically p will

be a prime number. The notations in the following theorem are altered accordingly.

Theorem 0.0.5 (Antieau-Williams,(1)). Let n be a positive integer. There exists a connected
finite CW complex X of dimension 6 equipped with a class o € Br(X) for which per(a) = n

and ind(a) = ez(n)n?.



Furthermore, they established an upper bound of the index of an element of the Brauer

group in terms of its period:

Theorem 0.0.6 (Antieau-Williams, (3)). Let X be a finite 2d-dimensional CW complez, and

let oo € Br'(X) have period p* - --p,F. Then,

k
ind(a) |md—1 Hp?pi ((d_l)!),

)
i=1

where vy, s the p;-adic evaluation.
Furthermore, they made the following
Conjecture 0.0.7. The upper bound established in Theorem 0.0.6 is sharp.

In this thesis, we show that the topological period-index conjecture fails again for 8-

dimensional CW complexes. The main result is the following

Theorem 0.0.8. Let X be a topological space of homotopy type of an 8-dimensional CW-

complex, and let o € H3(X;Z)or be a topological Brauer class of period n. Then

ind(a)|ez(n)ez(n)n. (0.0.6)



In addition, if X is the 8-th skeleton of K(Z/n,2), and « is the restriction of the fundamental

class B, € H3(K(Z/n,2),Z), then

ind(a) = ea(n)es(n)n3, 4+tn,

e3(n)n?|ind(a), 4/n.

In particular, the sharp lower bound of e such that ind(«)|n® for all X and « is 4.

The theorem implies that Conjecture 0.0.7 is true for 8-complexes. In particular, it shows
that the topological version of the period-index conjecture fails in degree 8, as it does in degree

6.



CHAPTER 1

ON THE COHOMOLOGY OF THE CLASSIFYING SPACES OF

PROJECTIVE UNITARY GROUPS

1.1 Introduction to Chapter 1

Let U, be the unitary group of order n, and consider the unit circle group S! of complex
numbers as the normal subgroup of scalars of U,. The quotient group, denoted hereafter
by PU,, is called the projective unitary group of order n. Its classifying space BPU,, is
a topological space determined by PU, up to homotopy type, with a canonical base point,
characterised by the fact that for a well behaved topological space X with a base point, the
set of pointed homotopy classes of maps, [X, BPU,], has a natural one-to-one correspondence
with the isomorphism classes of PU,, bundles, also known as topological Azumaya algebras of
degree n, over X.

The space BPU,, is related to a number of interesting questions. For example, in the study
of the topological period-index problem we need to consider classes of Azumaya algebras of
various degrees, which are in some sense related to a certain torsion class in H3(X;Z). For
more details see (1). The cohomology of BPU,, is a useful tool to detect non-trivial elements
in the Chow ring of BGL,, which has been drawing attention in recent years. More on that
can be found in (32). Furthermore, the accessibility and non-triviality of the cohomology of

B PU,, make it possible to shed light on the understanding of cohomology of classifying space of



exceptional Lie groups. The author owes this idea to M. Kameko. More about it can be found
in (23).

The integral cohomology H*(BPU,;Z), was known for k = 0,...,5, of which section 3 of
(1) is a good reference. More results on H*¥(BPU,;Z/p) and their applications are discussed
in, for example, (32). In this chapter we consider a version of the Leray-Serre spectral sequence
converging to H*(BPU,;Z), of which many differentials can be found fairly easily. We use this
spectral sequence to compute H*¥(BPU,;Z) for k < 10, the ring structure of H*(BPU,;Z)
in this range, and some cohomological operations. The torsion free components can be easily
described in terms of Chern classes, via the quotient map P : BU,, — BPU,, which are
discussed in details in Remark 1.6.2. For readers’ convenience we restate Theorem 0.0.1 as

follows:

Theorem 0.0.1. For an integer n > 1, the graded ring H*(BPU,;Z), in degrees < 10, is

isomorphic to the following graded ring:

Z[e27 e 7ejn7m17y3,07y2,17 21, 22]/In'

Here e; is of degree 2i, j, = min{5,n}; the degrees of x1,y30,y2,1 are 3,8,10, respectively; and

the degrees of z1, zo are 9,10, respectively. I, is the ideal generated by

nry, e(n)al, e3(n)yso, ea(n)y21, es(n)z, e3(n)ze,

5(n)esz1, (6(n) —1)(y21 — e22), eza1,



where

and

10

2, if n =4l + 2 for some integer I,

1, otherwrse.

ep(n) = ged(p, ).

For easier reference, especially in the proof, we break down the statement above into the following

assertions:

1.

H¥(BPU,;Z) =0 for k=1,2. H*(BPU,;Z) = Z/n is generated by x1 of order n. x? is

of order 2 if n is even and is 0 otherwise.

H*(BPU,;Z) = Z is generated by ea, such that P*(ez) = 2ncz — (n—1)c? when n is even

and P*(e2) = ney — "5t} when n is odd.

H3(BPU,:Z) = 0.

. Let n > 2. If n is even, HS(BPU,;Z) = 7Z ® 7./2 is generated by e3 of order infinity

and 22 of order 2. If n is odd, HS(BPU,;Z) = Z is generated by e3, and x3 = 0. In the
exceptional case n = 2, the assertion holds with the absence of es and its corresponding
direct summand 7Z.

Ifn =4l+2, H(BPU,;Z) = Z/2 is generated by eawy. Otherwise H'(BPU,;Z) = 0
and in particular esx; = 0.

Letn > 4. If 3|n, H3(BPU,;Z) = Z & Z O 73 generated by eq and €3 of order infinity

and yso of order 3. Otherwise H (BPU,;Z) = 7 ® Z is generated by €3 and ey. In the
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exceptional cases n = 2,3, this assertion holds as well, with e4 and its corresponding direct

summand Z absent.
7. H*(BPU,;Z) = Z/es(n) DZ/e3(n) is generated by x3 of order ex(n) and z1 of order e3(n).
8. esx1 = 0.
9. Ifn >5, H(BPU,;Z) 2 ZO&LDL/ez(n) DL/ es(n) is generated by eses, es of order infin-
ity, y2,1 of order ea(n) and zy of order e3(n). In the exceptional cases n < 5, the assertion

holds, with the absence of monomials involving e; for i > n and their corresponding direct

summands 7.
10. 6233% =1y21 when n =4l + 2, and ezm% = 0 otherwise.

Theorem 0.0.1 provides enough information for the study of the topological period-index
problem, for CW-complexes of dimension less than or equal to 8, which is the subject of Chapter
2. For those of dimension 6, the problem was solved by B. Antieau and B. Williams in (1).

As can be easily read from Theorem 0.0.1, in degrees < 5, where the computation is done
degree-wise in (1), there is no non-trivial cup product, whereas in degree 6, non-trivial cup
products begin to occur. Another way to verify this fact is through the (11), section 4.

In the case n = 4l + 2, The Z/2-module structure of H*(BPU,;Z/2) was studied by A.
Kono and M. Mimura in their paper (25). We compare their results with Theorem 0.0.1 and
show that they agree, as they ought to.

Consider the short exact sequence of Lie groups as follows

1— St— U, - PU, — 1.
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Applying the classifying space functor B to it, we obtain the following fiber sequence

BS! — BU,, — BPU,,.

Notice that BS! is a model for the Eilenberg-Mac Lane space K(Z,2), which is homotopy

equivalent to 2K (Z,3). This fiber sequence can be shifted to the following one:

BU,, — BPU,, — K(Z,3). (1.1.1)

Let YE;™ be the integral cohomological Serre Spectral Sequences induced by (1.1). This is
the main object of interest in this chapter.

We compare UEY™ with two other Serre spectral sequences KEY* and TEP*, which are
induced by the well known fiber sequence K(Z,2) — « — K(Z,3), and BT" — BPT" —
K(Z,3), respectively. Here * is a contractible space; 7™ and PT™ are the maximal tori of U,
and PU, respectively.

Section 2 contains an outline and a summary of main results of exp. 2 to exp. 11 of (14),
which completely determined the homology, and consequently the cohomology of Eilenberg-Mac
Lane spaces of Abelian groups of integral and mod p coefficients for any prime p. This is the
cornerstone of the study of the differentials of the Serre spectral sequences considered in this
chapter.

In Section 3, we follow (14), or Section 2, to construct an analog of the first fiber sequence

mentioned above in the category of chain complexes of Abelian groups. In particular, we obtain
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algebraic models for K(Z,3), denoted by A(3), and a spectral sequence E;™ such that E;’t =
H*(A(3); HY(K(Z,2);Z)). In Section 4, we apply an argument on homology suspension to prove
that this spectral sequence is isomorphic to X E}*, the Serre spectral sequence associated to
K(Z,2) - « — K(Z,3), after Ea-page.

In Section 5 we compare UEI’*, TE»* with KEP* to give all the differentials of TE** and
consequently a considerable amount of the differentials of Y E}*, which enable one to compute
HF¥(BPU,;7), at least in the range relevant to Theorem 0.0.1.

In Section 6 we make some remarks on the Theorem 0.0.1, in particular compare it with the
result of A. Kono and M. Mimura, and consider the Z/2-algebra structure of H*(BPU,;Z/2).
We also consider the p-local cohomology of BPU,,.

In the last three sections we apply the apparatus set up in Section 5 to prove Theorem 0.0.1.

1.2 Preliminary on Multiplicative Constructions

This section is a condensed and slightly verified version of exp. 2-11 of (14). The author
makes no claim of originality to materials in this section. As in the introduction, all DGA’s
involved are graded-commutative and augmented over the base ring R, which is either Z or Z/p
for some prime p. These conditions are slightly stronger then that in Cartan’s original work,

but do no harm to our application and make considerable simplification.

Definition 1.2.1. A multiplicative construction is a triple (A, N, M) of DGA’s over a base ring

R such that

1. As a graded A-module, M = A®pr N.

2. The DGA structure of N is given by N = R ® 4 M where A acts on R by augmentation.
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An acyclic multiplicative construction is one such that M is acyclic.

Remark 1.2.2. A (resp. N) is a sub-DGA of M viaa+— a® 1 (resp. n— 1 ®n). We will use

this fact implicitly.

Example 1.2.3. Let A be a DGA, and n be its augmentation. The bar construction of A is
a multiplicative construction (A, B(A), B(A)) where the DGA’s B(A) and B(A) are defined as

follows:

B(A)=> Ao A B(A) =) A®"
k>0 E>0

By convention A" = R. For simplicity the element a ® a; ® - - - ® ay, of B(A) is denoted
by

alax|- - - |ag]

and

L-[ar] - lag] = [a1] - - - |ag].

2. The degree is defined by

deg(alar|---|ay]) = k + deg(a) + deg(ar) + - - - + deg(k)

and the length of afa;|- - |ax] is defined to be deg([ai|- - |ag]). We define a bi-degree on

B(A) by saying that aai]---|ag] has bi-degree (s,t) if deg(a) = s, deg([ai] - |ax]) = t.
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The degree of alai|- - - |ag] is obviously s+¢. Let Fp be the filtration induced by the first

entry s of this bi-degree.

3. A chain map s : B(A) — B(A) of degree one is defined as follows:

s(ala]---|ag]) = [ala1| - - - [ax]s(1) = 0

4. The differential of B(A) is defined by induction on k as follows:

d([a]) = a1 —[d(a)] = n(a) -1

d(la1] -+ |ag]) = ailas| - - |ag] — sd(a1[az|- - - [ax]), k > 2

and the differential of B(A) is induced by the above.

5. B(A) has a product structure induced by that of A, sometimes called the shuffle product,

which makes B(A4) a DGA with respect to the differential defined above.

It is obvious and proved in Exp.3 of (14) that s is a chain homotopy between the identity of B(A)
and the augmentation 7. We can iterate this procedure to construct inductively B"*1(A4) =
B(B"(A) and @nﬂ(A) = B(B"(A)) In the case A = R[II|(concentrated in degree 0) where I

is an Abelian group, (22) implies H,(B" (R[I])) = H,(K(II,n)).
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Remark 1.2.4. By (22) H.(B"(R[M])) = H.(K(II,n); R). Later we will define a filtration on
B(B"(R[II]) such that its associated (cohomological) spectral sequence coincides with the one

associated to the Serre Spectral sequence associated to the fiber sequence

K(II,n—1) =% — K(II,n)

We proceed to introduce the operations on an acyclic multiplicative construction (A, N, M)
with base ring R, following section 6 to 12 of (14). Let da,dn,dys be the differentials of A, N
and M respectively. Furthermore, we assume that there are augmentations €4, ey, €ps from
A, N, M respectively, to the base ring R. The subscripts will be omitted whenever there is no

risk of ambiguity.

Definition 1.2.5. Assume that the homomorphism A — M : a — a ® 1 is injective. Let
a € Hy(A) be represented by a € Kerda. Since M is acyclic, there is some x € M such that
dy(z) = a. Passing to N, we obtain an element 2 =1® x € A®r M = N. 7 is easily verified
to be a cycle in N. The homology class {Z} € Hjy1(N) is therefore called the suspension of
the homology class « € Hy(A), denoted by o(«). It is easy to verify that [Z] is independent
of the choice of a or z and ¢ : Hi(A) — Hy11(N) is a well defined homomorphism of graded

Abelian groups of degree 1.

Example 1.2.6. Let (4, N, M) = (A, B(A), B(A)), then the suspension can be realized by the
homomorphism A — B(A),a — [a]. Notice that the presence of the bracket lifts the degree by

1.
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Remark 1.2.7. This example gives an alternative description of the homology suspension which
is a homomorphism Hy(2X) — Hy41(X) for a topological space X, which will be discussed in

section 4.

Definition 1.2.8. Let A, N, M have characteristic a prime number p. Define the following

R-submodule of degree 2q of A by

pAog ={a € Ayylda(a) = 0,a” = (e(a))?, or equivalently (a — €(a))? = 0}.

Take x € Mag1 such that dps(z) = a—e(a). Then we have dys((a—e(a))P1z) = (a—e(a))? = 0.
Now take y € Mapqt2 such that d(y) = (a — €(a))?~'z. Passing to N we define the transpotence

¥(a) =y € Hopgi2(N).

Notice that ¢ : pAs; — Hopg+2(N) is not necessarily a homomorphism, even of Abelian

groups, and does not necessarily pass to homology. However we have the following

Proposition 1.2.9. (H. Cartan, Proposition 5, exp. 6, (14)) All notations are as in definition

1.2.8. Suppose that

1. a? =0, for all a € Ayy, and

2. b-da(bP~') is in the image of d, for all b € Aoggi1.
Then 1) passes to homology to define a map ¢ : Hoy(A) — Hapgi2(N).

This ¢ is is again not necessarily additive. But in the case that interests us, we have the

following
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Proposition 1.2.10. (H. Cartan, Theorem 3, exp. 6, (14)) Let A be a commutative DGA
concentrated in degree 0, over a base ring R of characteristic p, a prime number. Then ¥ :

»A — Hy(B(A)) is additive when p is odd. For all n > 1 and ¢ > 1, the transpotence

—n-+1

@ : Hog(B"(A)) = Hapgi2(B" (A)) induced by 1 is well defined, and if p is odd, it is additive

with kernel containing all the decomposable elements of Hay (B (A)).

Definition 1.2.11. For A a graded commutative, a divided power operation on A is a collection

of maps v, : A — A for all integers k > 0, such that for any x,y € A they satisfy the following:

1. v(a) = 1,7(a) = a,degyi(a) = kdega.
2. we(@)m(z) = )y (@).

3. (Leibniz 1ule) 7@ +9) = Ypp s % (2)% (1),

0, deg(z), deg(y) are odd, k > 2,
Yr(y) =

2y (y), deg(x), deg(y) are even,deg(y) > 2.
When the characteristic of R is 2, we have in addition, for k > 2,

0,deg(x), deg(y) > 0,
Yi(zy) =

2y, (y), deg(z) = 0.

5. v(m(z)) = (211:11) (311:11) . (klljll)'ykl(x). If in addition, A is a DGA with differential d,

then we require
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6. d(vk(x)) = yk—1(x)d(z) for k > 1.

A graded commutative algebra with a divided power operation is called a divided power algebra.
A map of divided power algebras is a homomorphism of graded algebras compatible with the

divided power operation.

Remark 1.2.12. We do not require A to have a differential, since we often wish to define a

divided power operator on homology of a DGA, rather than the DGA itself.

Example 1.2.13. The prototype of a divided power algebra is Pgr(y), which, as a graded R-
algebra, is generated by element 7 (y) for all £ > 1 modulo the relations imposed by definition
1.2.11. Here y is of degree 2q for any positive integer q. By (4) of definition 1.2.11, we have
Evi(y) = y*. In fact, when R is torsion free, Pr(y) is isomorphic to the polynomial algebra
RJy] adjoining all %]T = Yk(y).

On the other hand, if R = Z/p where p is a prime number, then (4) of definition 1.2.11
implies that y? = ply,(y) = 0. Furthermore, for k = ko + kip + kop® + -+ + k.p", where
0<k <p—1,0=0,1,---,r, we have v (y) = [o<icy Vo: (0 (¥)) = Y () /Kil. In fact, as a

graded Z/p algebra

Pyp(y) = Q) Z/plpe () (1.2.1)
k>0

A detailed discussion on divided power algebras over Z/p, including the proofs of the state-

ments above, can be found in section 7, exp. 7 of (14).

Example 1.2.14.
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1. Let M be a free graded R-module generated by elements in odd degrees. Then we can
form the free exterior F(M) over a given set of generators and take the trivial divided
power operations such that g is the constant map on to 1 € R, y; is the identity, and v

is zero for all k£ > 1.

2. Let M be a free graded R-module generated by a set {e;} of elements. If R has character-
istic other than 2, we require e; to have even degree. Then we can form the the universal
symmetric algebra S(M) which has the underlying graded R-module },- M ®7 with
M®% = R in degree 0, and with a structure of DGA such that for any divided power
algebra A, an R-linear map M — A can be extended uniquely to a map of divided power

algebra S(M) — A.

The product on S(M) is shuffle product similar to that of the reduced bar construction.
In particular ef = kle; ®- - -®e; with k copies of e;’s on the righthand side of the equation.
There is a power operation {7}, on S(M) determined by vx(e;) = ¢; ® --- ® e; with k

copies of e; and the axioms in Definition 1.2.11.

3. Let A be a DGA and a € A. Then [a] € B(A), and the shuffle product [a]* = Kk![a] - - - |a]
with k& copies of a on the righthand side of the equation. We can define a divided power
operation on B(A) similar to that of S(M), by requiring vx([a]) = [a| - - - |a] with k copies

of a in the bracket. For more details see section 4, exp. 8 of (14).

Example 1.2.15. Let A and A’ be DGA’s with divided power operations. Then (3) and (4) of

Definition 1.2.11 gives a unique way to extend the divided power operations to A ® A’, a DGA
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with differential determined by those of A and A’ via the Leibniz rule. For details see Theorem
2, exp. 7 of (14).

Based on Example 1.2.14 and Example 1.2.15 we have the following
Theorem 1.2.16 (H. Cartan, Theorem 2, exp. 8, (14)). Let A be a graded commutative algebra
with a divided power operation as in Definition 1.2.11 and M a free graded module. Then there

is a divided power algebra U(M) such that any homomorphism of graded R-modules f : M — A

is can be extended uniquely to a map of divided power algebras U (M) — A.

The three operations, the suspension, the transpose, and the divided power operation, as
described above, are enough to describe the homology of K (II,n) with coefficients in Z or Z/p,
at least when II is a finitely generated Abelian group. We start with the definitions of words

and their heights and degrees. From now on we fix a prime number p.
Definition 1.2.17. We give parallel definitions in the cases when p is odd and p = 2.

1. By a word we mean a sequence consists of the three symbols o, ¢, and ~y, when p is odd,
or 0,72 when p = 2, where repetition is allowed. The height of a word « is the total
number of o and ¢, in o, counting repetition. We take the degree of the empty word to

be 0 and inductively define the degree of the words oa, ¢,a and ~y,a as follows:

deg(oa) = deg(a) + 2,
deg(ppa) = 2pdeg(a) + 2, (1.2.2)

deg(ypa) = pdeg(av).

\
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2. When p is odd, an admissible word, is a word « such that (i) « is non-empty and starts
and ends with o or ¢, and (ii) for every ¢, and =, appeared in «, there are even number
of copies of ¢ on its righthand side. An admissible word is of type 1 if it ends with o, and

type 2 if it ends with ¢,.

3. When p = 2, an admissible word, is a word « that starts and ends with o. « is of type 2

if it ends with 20, and of type 1 otherwise.
The words consisting of o, ¢, and ~, are also called p-words.

A word can be regarded as the compose of the sequence of operations o, ¢, and ,, in the
obvious manner. Let Z[II] be the group ring of a finitely generated Abelian group II, viewed
as a DGA concentrated in degree 0 and with a trivial differential. Then H,(Z[II]) = Z[II]. The
alert reader will find that, an admissible word « is a well defined compose of operations on
Z[11], with image in Hgeg(q) (B (Z[1)) = Hgeg(a) (K (I1,n)), where n is the height of a. In fact

all homology classes are generated this way, as we will see soon.

Definition 1.2.18. Let II be a finitely generated Abelian group, and let ,II be the subgroup
of IT of elements of order infinity or a power of p. We write II/(pIl) = [, II; and ,IT = [[, IT}
as the decomposition of IT1/(pIl) and ,II into direct products of cyclic groups of order infinity
or a power of p.

Fix a positive integer n. Let M be the free graded R-module generated by a; of degree

deg(a) for every admissible word a of type 1 with height n and IIj, and o’ of degree deg(a’)
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for every admissible word o/ with height n of type 2. Let U(M()) be as in Theorem 1.2.16.

Notice in particular that U(M©)) = 7 /p[I1].

In the following theorem we do not distinguish a word and the compose of operations that

it represents.

Theorem 1.2.19 (H. Cartan, Théoreme fondamental, exp. 9, (14)). With the notations as
above, let wi,wj be generators of 11, 11 respectively. Take R = Z/p, where p is an odd prime
number. Let f : M™ — H,(K(I1,n);Z/p) be the homomorphism of Z/p-modules taking o
(resp. o) to a(w;) (resp. a(w])). Its unique extension to UM™Y, £ given by Theorem

1.2.16, is an isomorphism of divided power algebras.

We will give a sketch of proof of Theorem 1.2.19 since the idea is relevant to our application.

To do so we need the following theorems.

Theorem 1.2.20 (H. Cartan, Theorem 2, exp.2, (14)). Let f : A — A’ be a morphism of DGA’s
over R. Let M (resp. M') be an acyclic chain complex over R with a graded A (resp.A’)-module
structure. Let I (resp. I') be the kernel of the augmentation of A (resp. A’). Then there is a
morphism of chain complexes g : M/IM — M'/I'M' compatible with f in the obvious sense.
The induced morphism H.(g) is independent of the choice of g. Moreover, if f is a weak

equivalence, then so is g.

Theorem 1.2.21 (H. Cartan, Theorem 5, exp.4, (14)). Let (A, N, M) and (A’, N', M'") be two
multiplicative constructions. Let N’ be a R-subalgebra of M containing N such that d : N’k+1 —

Ker(dy) is a degree-wise isomorphism of R-modules for all k > 0. Here dy = 1. In particular,
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M’ is acyclic. Let f: A — A’ be a map of DGA’s. Then there is a unique map g : M — M’ of

DGA’s restricting to f, such that g(N) C N'.

Sketch of proof of Theorem 1.2.19. By Kiinneth formula it suffice to consider the case that II is
a cyclic group with a generator w. We proceed to show that there is a multiplicative construction
(UM™), U(M™+D) L) with L acyclic.

One can easily show that an admissible word « of height n + 1 is of the form

1. oo/ where o is of height n and odd degree, or

2. oypra’ or @py,ka’ where k> 0 and o is of height n and even degree.

The base case where n = 0 is easy. Let L = U(M ™) ®z/p U(M®+D) as a graded Z/p-algebra,
and consider U(M ™) and U(M™+1) as its subalgebras in the obvious manner.

In the first case as above, let z = o/ (w) € U(M ™). Then the free exterior algebra Fy, /p(T)
is a subalgebra of U(M™. Let y = a(w) = oo/ (w) € U(M™+D), and we have the subalgebra
Pyp(y) of U(M®™+D). Define the differentials of z and y in L by dr(z) = 0 and dz(y) = z
together with the axioms in Definition 1.2.11. Then the Ez,(r) ® Pyz/,(y) is acyclic.

In the second case, let z = o/ (w) € U(M ™),y = oypr(w) and 2z = ¢py,r(w) for all k > 0.
Define their differentials in L by dr(z) = 0,d(yx) = x and dp(2x) = 2P~ 'y. Then one can

show that

Pyp(z) @ Q) Bz () © Q) Prypl2r)

k>0 k>0

is acyclic.
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By Theorem 1.2.20 and Theorem 1.2.21 one can inductively prove the statement, the base

case where n = 1 being standard homological algebra. O

Remark 1.2.22. This argument fails for p = 2, in which case ¢ is not additive.

For a free graded R-module M, recall the graded R-algebra S(M) introduced in Example
1.2.14, (2). We take M(™ as in Definition 1.2.18. and f(™ as in Theorem 1.2.19. Notice that
the constructions apply to p = 2. The analog of Theorem 1.2.19 in the case where p = 2 is the

following;:

Theorem 1.2.23 (H. Cartan, Théoréme fondamental, exp. 9, (14)). £ : M™ — H,(K(II,n); Z/2)
extends to f : S(M™) — H,(K(I1,n); Z/2) which is an isomorphism of divided power alge-

bras.

The proof is similar to that of Theorem 1.2.19.

We proceed to consider integral homology of K(II,n). Recall the transpotence v de-
fined in Definition 1.2.8. For an arbitrary integer I, we have a similar operation ; : ;I —
Hy(K(11,1); Z/1) where (II is the subgroup of II of I-torsion elements. 1; satisfies the following

condition.

Proposition 1.2.24. Let §; : Ho(K(11,1);Z/1) — H1(K(I1,1); Z) be the Bockstein homomor-

phism and o : IT — H(K(II,1);Z) be the suspension. Then o = §;7/;.

For details see section 1, exp. 11 of (14). In the case of integral cohomology, we extend the

definition of an admissible p-word as follows.
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Definition 1.2.25. A p-word is a sequence consists of the symbols o, ¢, ¥p, and 9, for some
positive integer A. An admissible p-word is a word satisfying (2) of Definition 1.2.17 except
that it can end with 1,x. 1, is of height 1 and degree 2. The degree of a p-word is therefore

given as in (1) of 1.2.17. Notice we do not make the exception when p = 2.

In what follows we abuse notations to let words denote elements of a DGA rather then
homology classes, as we did earlier. Let II = [], Il be the decomposition of II into cyclic
groups of order infinity or a power of a prime, and let wy be a generator of II. Also we recall
the the decompositions II/(pll) = [, II; and pII =[], II] as well as the generators {w;}, {w}}
as in Definition 1.2.18 and Theorem 1.2.19. We let E(a; k) or P(;k) denote exterior algebras
or divided power algebras over Z generated by a single element a of degree k, suppressing the
ring of coefficients, and consider them as graded Z-algebras. We fix a positive integer n, and

construct a collection of DGA’s.

1. For each wy, of order infinity, take the DGA E(o"™(wy);n) with trivial differential when n

is odd, or P(0"(wg);n) when n is even. We denote this DGA by A(n)o.

2. For each wy of order p* for some prime p and positive integer A, If n is odd take
E(o™(wy);n) @ P(a™ () (wy);n+ 1), or P(o™(wi),n) @ E(e™ (0 )(wg),n+1). In

either case we define differential

A" ) (k) = (~1)" 0" (k) (0" () = 0

when n is even.
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3. Let o/ be an admissible p-word of height n — I — 1 and degree ¢q. Consider the pair of
p-words olppa’ and o!tly,a’. If n is odd, for each w! take E(c!*1v,a/(w));pg+1+1) ®
P(alppa(wh);pg + 1+ 2). If n is even, for each w] take P(c!*lvy,a/(wh);pg+1+1) ®

E(olppa (wh), pg + 1+ 2). In both cases we take differential

d(o'ppa’ (wf)) = (=1)""'p(o" e’ (wf)), d(o™ e (w))) = 0.

4. Let o/, olp,a’ and ot1y,a/ be as above. If n is odd, for each wf take E(Jl“'ypa’(w;-’);pq—i—
[+1) ®P(chppa’(w;”);pq+ [ +2). If n is even, for each w/ take P(o oy, (w wy),pq+1+

1) ® E(clppa (w %7);pg + 1 +2). In both cases we take differential

d(o'ppa’ (w))) = (—=1)""'p(o" pd/ (w])), (o™ rpd/ (w])) = 0.

We take all the DGA’s constructed in (2), (3), (4) and denote their tensor product by A(n),.

Finally we take A(n) = A(n)o ®z @Q A(n),. It is easily seem that there is a homomorphism of

divided power algebra f : H.(A(n)) — H.(K(II,n); Z) taking the class represented by the word
2

a(k) (vesp. a(i),a(j) to the homology class given by the operations a(wy), (vesp. a(wj, a(w?).

The following theorem from (14) is stated in a more modern form than the original.

Theorem 1.2.26 (H. Cartan, Theorem 1, exp. 11, (14)). f : H.(A(n)) — H.(K(Il,n);Z) is
an epimorphism. For any prime p, the restriction f : Hi.(A(n)o ® A(n),) — H.(K(II,n); Z) is

a p-local isomorphism.
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Remark 1.2.27. The kernel of f is not always trivial. Indeed, when n = 2 and II = Z/2 with a
generator wy, we take xj, = paYortho(wi) for k > 1, yp = oYoutho(w1) for k > 0, and z = o (wy).

Consider the DGA over Z

A= Q) Pap; 2" +2) @ Q) E(yr: 257 + 1) ® P(2:2)
k>1 k>0

with d(xr) = —2yk, d(yx) = 0 for k > 1, d(yg) = —2z and d(z) = 0. In particular we have

d(yoy2(2)) = —2272(2) = —673(2),

which implies that the homology class v3(z) is of order 6, but by Theorem 1.2.19, H.(K(Z/2,2); Z)
has only 2-primary elements. Hence 2y32z # 0 is in the kernel of f since it is a 3-torsion. How-

ever, as we see in the next section, when IT = Z we do have A(3) = H.(K(Z,n);Z).

1.3 A Chain Complex Model for K(Z,3)

The previous section provides a method to calculate the integral homology of K(II,n)
for any positive integer n and II a finitely generated Abelian group, in particular K(Z,3).
However, for the purpose of this chapter we need information on the level of chain com-
plex which is not necessarily revealed by homology. Therefore we proceed to construct an
acyclic multiplicative construction (A(2), A(3), M (3)) from which there is an isomorphism to

(B*(z[10), B’ (z[11]), B3(Z[1])), where II = Z. In particular, we have

H,(A(3);Z) = H,(K(I1,3);: Z), H*(A(3); Z) = H,(K(II,3): Z).
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Throughout the rest of this section, we write Er(z; k), Pr(y;1), E(x; k), Pr(y; 1) for exterior
algebras and divided power algebras with coefficients in a ring R, or Z, and with one generator
in a specified degree. Other than this, no attempt is made to keep notations in
consistency with those in Section 2. All tensor products are with respect to the base ring
Z unless otherwise specified.

By Theorem 1.2.26 we see that we should take A(2) = P(u,2) where u corresponds to the

operation o2, and A(3) to be the following

AB) =) [X) Plape; 20" +2) @ R) E(bp; 20° + 1)) ® E(b1;3)

p k>0 k>1

where app = ©pyr02(w), byr = oy ro?(w), and by = o®(w) for a generator w of Z, and p

ranges over all prime numbers. The differential is defined by

d(ap k) = pbpr+1,d(bpr) = 0,d(b1) = 0.

Notice that A(2) is torsion free, and that for each p, @~ P(ap; 2pk+1+2)®®k21 E(byk; 20"+
1) has no p/-torsion for any prime p’ # p. Therefore the epimorphism in Theorem 1.2.26 is an
isomorphism, for n = 2, 3.

We proceed to take M (3) = A(2) ®z A(3) as a graded algebra, and define its differential d
in such a way that it makes M (3) acyclic, and when pass to A(3) = Z ® 42y M(3), it induces
d, the differential of A(3). We will use the sketch of proof of Theorem 1.2.19 as our guide.

Then we define a filtration on M (3) and in Section 4 we prove that the spectral sequence
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induced by this differential is the Serre spectral sequence associated to the fiber sequence

K(Z,2) = % — K(Z,3).

n

r:DlTp

‘A

Lemma 1.3.1 (Lucas’ Theorem). Let p be a prime number, k =Y o kp", andl =

such that 0 < k., 1, < p—1 are integers, and k, # 0. Then

Here (;) =0 fori<j.
Proof. For an independent variable w we have

n n

A+w)r=JJa+w)k* = [+ ) mod p.
r=0 r=0

The result is verified by comparing the coefficient of w' on both sides of the equation above. [

As will be made clear in Section 4, for a prime p and an integer k > 0, ’ka+1<u) as an
element of the Es page of the Serre spectral sequence mentioned above, is in the image of
the transgression, i.e., differentials with domain in the bottom row and image in the leftmost
column. We write y,i+1(u) = wP" T pE I = P J[(pF T — 1)1pF L) The following lemma
says, that in the Serre spectral sequence uPtH JI(PF! — 1)!p? is killed by the differential of

bp,iYpk+1_pi (u) successively as i ranges over 1,2,k + 1.
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(pFti-1)!

Lemma 1.3.2. For a prime p and 1 < i < k+ 1 the greatest common divisor of W) and
pzi!l is (p' — 1)!. In particular there are integers {)\?’kﬂ, ,uf’kﬂ}fzo such that
1 )\p,kH; i Mp,kJrl;
(PEHt=Dlpt 7t (pEFE =Dttt T (pRr = ph)lptl
Proof. We have
A : (P -t T
— = — - = D] Y = A t—1)!
pl_l pz_l [(p ) ] p[(p ) ]7 (pk+1 _pl)' pz _ 1 [(p ) ]

So
k+1 1)[

(p )

T =)

i Pi!
(p - 1)“ng{pz_17

On the other hand, p**' — 1= (p—1)(1+p+---+p*),p" = (p—-1)(1+p+---+p"1). By

k+1_1 1 i—1
P = (? =1 mod p,
p—1 p—1

Lemma 1.3.1, we have

in particular

Hence
p'! (kar1 — 1! i |
piil’ (karl_pl)'H(p _1)a

ged{

and the proof is completed. O

Definition 1.3.3. We define M(3) as follows:
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1. Let M (3); be the kth level of

A(2) ®z A(3). (1.3.1)
2. By Definition 1.2.11 it is enough to define the differential of M (3) by the following:

d(u) =0; d(b) =w; d(bpr) = Ypr(u);
k

d(ap) = (Pbprs1 — A’S’k“bwpwfl(w) - Z Af’kﬂbpﬂpkﬂfpi (u)
i=1

where {A? okt k¥ » C Z are defined as follows.

3. Fix a set of integers {APF"! PFFIE Cag in 1.3.2. Define

(a)
APAFL — \PRHL L NPREL g — ),
(b)
AR A R = e
()

APFEE = APRFL — oL i —

1.3.2 ensures that d is indeed a differential.
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4. We define a bi-degree on M(3) as follows. Let B ® C be a monomial in M (3) such that

B e A(3); C € A(2).

Then the bi-degree of B ® C'is (s,t) = (deg(B), deg(C)). Clearly the total degree agree

with the usual degrees, and s induces a filtration Fx on M (3).

Remark 1.3.4. Here is a word about the unfortunate coefficients appeared in (2) and (3) as
above. To obtain the correct spectral sequence with respect to the filtration F g, we have to take
d(ap,k) = pbp k+1mod F?kHHM(S). To ensure d? = 0, the differential of the remaining terms
in F?HIHM(S) has to be —d(pbp ri1) = u?" "' /[(pFT — 1)Ip*]. The coefficients APFFL ,ui’kﬂ

are designed so that u?" " /(P —=1)1p?] is killed by successive terms as i ranges over 1,2, - - - , k.

The following result plays a central role in this section.
Theorem 1.3.5. M (3) is acyclic.
The following lemma is from (14), which were used in the proof of Theorem 1.2.19.

Lemma 1.3.6. For any integer q and a prime number p the following DGA over Z/p is acyclic:

Py(a;2pq + 2) @ Ep(b;2¢ + 1) ® Z/p|c; 2q] /

with differential given by
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Proof. In fact, a chain homotopy can be defined on linear generators as follows:

c—b; P royi(a) = y(a), 1>1

and all the other linear generators are sent to 0. O
Lemma 1.3.6 immediately generalize to the following

Lemma 1.3.7. Let M(3)[p] be the DGA

Q) Plapi; 20" +2) @ Q) E(bps: 20" + 1) @ E(b133) @ P(u;2) © Z/p
k>0 k>1

with differential d[p] defined as follows:
dlpl(u) = 0; d[pl(b1) = u; d[p](bpx) = Vpr(u);

dlp](apr)) = =AML by iy (u) if k> 0,

d[p)((apo)) = =A% bryp-1(u).
Then M (3)[p] is acyclic.

Proof.

M (3)[p) = @ Plaps; 20" +2) © E(by: 20" + 1) ® Zlyr (w)]/ (v (w)?) @ Z/p,
k>0
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where b, o = b;. It is a tensor product of DGA’s of the form in Lemma 1.3.6 indexed by k, and

the result follows. O

Proof of Theorem 1.3.5. We proceed to show that M (3) ® Z/p is acyclic for all primes p. Since
M(3) is a degree-wise finitely generated free Abelian group, this, together with the Kiinneth
formula porves the theorem.

Let (E;”t[p], dg ) be the spectral sequence associated to the filtration Fx on M(3) ® Z/p.

Then obviously EY,[p] = E},[p] and d} , is as follows:

*,%

d(u) = 0; d(b1) = 0; d(b, ) = 0;

PYi—1(ay k)by k1, P #p
d(W(ap’,k)) =

0, ifp'=p

for any prime p’. Therefore we have

E2 [ = Q) Pylaps: 20" +2) @ Q) Ep(byr; 20" + 1) @ Ep(b133) @ Py(u; 2)

k20 k21 (1.3.2)

= X [Po(apr; 20" +2) @ Ep(byr; 20" + 1) © Z/plype (w)] /7 ()]
k>0
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where b, 9 = b;. We proceed to consider all the higher differentials on Ef*[p] Notice that all
the non-trivial differentials on Pp(ay, x; 2pF T +2) @ E,(byx; 2pF +1) ® Z]p[ype (w)]/vpr (u)P are

the following:

&
d2(pk+1_pk)+1(ap,k) = A}]; +1bp’]€’)/pk (u);
do(prt1_pry41(Op ) = Ypr (0);

do(ph+1_pky41 (Ypr (u)) = 0.

k:+1_1
pi-1

By definition Aﬁ’kﬂ = Mﬁ’kﬂ. By Lemma 1.3.2, p)\f’k+1 + ,u,f’kH (* ) = 1, which shows
that Az’kH = ,u,z’kﬂ is invertible mod p.

Notice that exact same statement of the definition of the filtration Fx in (4) of Definition
1.3.3 can be applied to define a filtration on M (3)[p]. A direct comparison shows that this

filtration induces a spectral sequence which is identical to Ef* [p] after the Fs-page. The

theorem then follows from Lemma 1.3.7. OJ

Remark 1.3.8. The construction of M (3) and the proof of Theorem 1.3.5 are inspired by exp.9

and exp.11 of (14).

Several corollaries can be deduced almost immediately.

Corollary 1.3.9. Let II = Z with a generator w. There is a morphism of DGA’s g : M(3) —
B3(Z[I]) that restricts to the weak equivalence fy : A(2) — B (Z[I]) and f3 : A(3) — B (Z[II)).
Moreover, g preserves the filtrations Fx and Fp, where the filtration Fp is defined in (2) of

Example 1.2.3. In particular, when passing to homology H.(f3)(byx) = oypo?(w).



Proof. Notice that as a graded divided power algebra over Z, A(2) = P(u;2) = H,.(A(2)) =

H.(B*(Z[M]). Let [z] € B*(Z[II] represent a generator of Hy(B(Z[I]). Then let fo(v4(w)) =

[]---|z] with k copies of z. It follows from (3) of Example 1.2.14 that f : A(2) — @2(Z[H]
is a weak equivalence. The rest follows immediately from 1.2.20 and 1.2.21. In particular the
statement about the filtrations follows from the fact that the restriction of g on A(7) is f; for

i = 2,3. Therefore g preserves bi-degrees. The last statement about homology follows from

Theorem 1.2.26. O
Corollary 1.3.10. Let ]_:7:7* be the spectral sequence associated to the filtration Fx on M (3).

Then all the higher differentials are identified by

ds(by) = u;
d2p’“+1(bp,k) = Tpk (w), k>1
dy(vi(u)) =0, forall ri

together with the Leibniz rule.

Proof. By Lemma 1.3.9, H,(A(3)) is generated as an Z-algebra by b, for all p and k. Thus
Ei’:’* is generated as a Z-algebra by by and ~;(u). Hence the Leibniz rule applies to give all

differentials. ]

Figure 1 indicates several non-trivial differentials of this spectral sequence.



x3
7]2 Z]3
X2
7]2 Z]3
7]2 73
5 -

Figure 1. Some non-trivial differentials of Ejf’*
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We proceed to study the dual complex of M (3), namely W (3)! = Hom(M (3);,Z). It is a
cochain complex with a Z-module structure dual to M (3). W (3) has the following Z-algebra

structure:

W(3) = Q) [X) Zlypr; 20" + 2] @ Q) E(wpr; 20" + 1)] @ Zlw1; 3] @ Z[v; 2]/ (27 — y2,0),
P k>0 K1

where y,, ., Tp k, 1, v are the dual of ay x, by i, b1, u, respectively.

Remark 1.3.11. Tt is well known and was brought to the author’s attention by B. Antieau that
W (3) cannot be an anti-commutative DGA. We can verify this by checking that the differential
d* does not satisfy the Leibniz rule. We slightly abuse the notations to let d denote the
differential of both M (3) and W (3). Consider v2, the dual of y2(u). More precisely, the pairing

(v?,€) is characterized by

e - k, &= kya(u)

0, otherwise.

To find d(v?), notice that M(3)s is generated as an Abelian group by b1 and bju, on which
the differential acts as d(be,1) = Y2(u) and d(bju) = u? = 27y2(u). Since b; and u are elements
in terms of the coproduct on M (3), the dual of byu is x1v. Thus, the relation (v2 d(—)) =
(d(v?),—) implies d(v?) = 2vx1 + w21 # 2vr1, which disproves the Leibniz formula. However

the Leibniz formula is well known to hold for cohomological Serre Spectral sequences in general.
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Consider the spectral sequence E** associated to the dual filtration of F on W (3), denoted

by F. Dualization immediately gives d;”" and therefore E; *. In particular, we have

di(Tprt1) = pYps;  di(ypr) = di(z1) = di(v) =0, k>0.

Again, these together with the Leibniz rule determine d;. Hence, E’; " is generated as a graded
commutative Z-algebra by v, x1,y, %,k > 0 modulo the relations py,; = 0. Dualizing 1.3.10

immediately gives us a good understanding of the higher differentials.

Corollary 1.3.12. The higher differentials of EX* satisfy

dg(v) =T
dr(vi(u)) =0, forall i

dzpk+171(pkx11)lp67l) = Ulpeili(pk_‘—lil)yp,k? k> engd(lvp) =1

~3,2(lp°—1)

and the Leibniz rule. Here E2;),c Y1, s generated by pFotP =1y,

Figure 2 shows a low dimensional picture.

Remark 1.3.13. Corollary 1.3.12 does not exhaust the higher differentials of E5™*. For example,

2

it can be shown that y27w2 is a 4-cocycle such that ds (y2711)2) is non-trivial, whereas v* is not

a 4-cocycle.

At this point the Z-module structure of H*(K(Z, 3);Z) becomes manageable. In low degrees

we can even obtain the ring structure:



t
6
X3
72 73
4
X2
7/2 Z./3
) / /
Z7)]2 7/3
S S
6

Figure 2. Some non-trivial differentials of E5™.
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Corollary 1.3.14. In degree less then 15, H*(K(Z,3);Z) is isomorphic to the following ring:

H*(K(Z,3)) = E(x1;3) © Q) Z/plyps; 20" + 2]/ (2] — y20)
k>0;p

where p runs over all prime numbers.

The corollary fails in higher degrees. For example, in degree 15, we have the dual of by 203 3,

which is not a product of any y, 1’s. The author owes the following remark to A. Bousfield.

Remark 1.3.15. The ring structure of H*(K(Z,3);Z) can be understood in the following way.
It follows from the previous computation that H*(K(Z,3);Z) contains no element of order p?,
where p is a prime number, and it is a torsion group in degree greater then 3. Therefore,
for each prime p the p-primary component of H*(K(Z,3);Z) above degree 3 is image of the

Bockstein homomorphism from H*(K(Z,3);Z/p), a well understood Z/p-algebra.
The following technical result will prove useful in section 4.
Corollary 1.3.16. When s > 3, E5" is isomorphic to the direct sum D r>2 BS', where BS' =

Crteral  Fs—ri—ral ~ . .
Im{ds "t st L B3I In particular, BS' contains no nonzero element of Imd*;*
2 2 p 3 r

if 7/ < r. Notice that there are only finitely many nonzero components of the direct sum.

Proof. The first statement is as indicated in Figure 2, which also proves the second statement

in the case s = 3. O

This corollary, in plain words, asserts that in EX*, a subgroup generated by a monomial in

v, 1 and some ¥, ; is hit exactly once by the differential, which kills this subgroup.
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It is hardly a surprise to say that the spectral sequence E** is the same as KE} * the one
induced by the fiber sequence K(Z,2) — x — K(Z,3). But we cannot make the identification

just yet. This is the subject of the next section.

1.4 The Spectral Sequence and Homology Suspension

In this section we study the homology suspension to prove the following
Theorem 1.4.1. KEP* and EX* are isomorphic starting at Es-pages.

The reader interested only in the calculation of H*(BPU,;Z) can safely skip the rest of
this section. Let X and 2 be the pointed suspension and loopspace functor, respectively. For
a pointed topological space X, there is a canonical map XQX — X since ¥ and () are a pair
of adjoint functors. The induced map o : Hx(QX; R) = Hy1(XQX; R) — Hp11(X; R) for any
natural number k£ and ring R is called the homology suspension. If X is an Abelian H-space,
then we follow (27) and consider the classifying space B(X) of X (denoted by B*(X) in (27)),
with a canonical map X — QB(X), and we also use the term homology suspension to refer to

the following homomorphism:

Hi(X;R) = Hp (X R) = Hyq (SOB(X); R) = Hj 1 (B(X); R) (1.4.1)

where the last homomorphism is induced by the evaluation map XQB(X) — B(X), (s,w) —
w(1 — s) where w is a loop in B(X). The rest of the homomorphisms above are the obvious

ones from the context.
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By the discussion in Section 2 of (27), if X is an Abelian H-space with a CW-complex
structure, then so is B(X). Furthermore, By the proof of Theorem 2.3 of (27) The CW-complex
of B(X) contains ¥ X as a sub-complex, and by first and second paragraph of Section 5 of (27),

the homology suspension defined by Theorem Equation 1.4.1 is identical to the following

Hy(X: R) = Hyr (SX; R) = Hy 1 (B(X); R) (1.4.2)

where the last arrow Hy.1(XX;R) — Hpi1(B(X); R) is induced by the composition of the
following

YX =YX, (s,x2)— (1-s,2),

and the inclusion ¥.X — B(X).
Take X = K (II,n—1) for a finitely generated Abelian group II, and take the cell-decomposition
of X such that the corresponding cellular chain complex is @nil(Z[H]). By Theorem 2.3 of

(27) there is a quasi-isomorphism

B (2[10)) - C.(B(X): Z),

where C,(B(X)) is the cellular chain complex of B(X) ~ K(II,n), such that when passing

to homology, the homology suspension Equation 1.4.2 is compatible with the suspension o :

—n—+1

Hy,(B"(Z)[0]) = Hy11(B"" (Z)[I]). Therefore we have proved the following
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Proposition 1.4.2. Let = € Hy(B" (Z)[I]; R), then o(z) as in Definition 1.2.5 is the homology

suspension of x in the sense of the formula Equation 1.4.1.

We turn to the study of Serre spectral sequences. Let X — EX — BX be a fiber sequence
where X is a connected Abelian H-space, £ X is contractible, and BX is the classifying space
of X. Consider the corresponding homological Serre spectral sequence with coefficients in R,
E} ., with Eg,t >~ H (BX;Hy(X;R)). a € H(BX;R) E;’O is calledtransgressive if it is an
r—1cycle, or in other workds, a € Ef . Therefore d*(a) € Ef ;. The differential dg , is called
a transgression. The following proposition follows from the section named the transgression of

Chapter 8, (28). For more details see (29).

Proposition 1.4.3. In the Serre spectral sequence above, o € Eio is transgressive if and only
if it is the image of the homology suspension. Moreover, d*(«) as an element in a quotient of

H,_1(X; R), contains the pre-image of a via the homology suspension.

It is clear from Theorem 1.2.26 that H,.(K(Z,3);Z)) is generated as a Z-DGA by o3(w)
and a'ypkUQ(w) for all primes p and positive integers k, where w is a generator of Il = Z. By
Proposition 1.4.3 and the Leibniz rule, they determine all the differentials of integral homological
Serre spectral sequence associated to K(Z,2) — x — K(Z,3). On the other hand, it is easy to
check that this spectral sequence is identical to the one induced by the filtration F on the chain
complex M (3). Therefore, the filtration F is the one associated to the Serre spectral sequence.

Hence Theorem 1.4.1 is proved.

Remark 1.4.4. The alert reader may wonder why we do not apply the cohomological version of

Proposition 1.4.3 directly to prove Theorem 1.4.1 and therefore avoid all the trouble in Section
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3. It is because the “dual” differentials of the transgressions in the cohomological Serre spectral
sequences are not transgressions anymore, and the author, unfortunately, did not find a way to

handle them in the same way as the transgressions are.

1.5 The Higher Differentials of VE}"*

In this section we identify some higher differentials of the spectral sequence Y E5* which
make it possible to prove Theorem 0.0.1. To do so, we compare it with X E}"*, via the following

commutative diagram:

BS! — K(Z,2) —— x —— K

(Z
v |2 | |
(Z

)

BI™ —— BPT" —— K (1.5.1)

)

3)
3)
v lep le/ H
BU, —— BPU, —— K(Z,3)
Here ¢ : S — T™ is the diagonal, and ) and 1’ are the inclusions of the maximal tori. Then

for any compact Lie group G and its maximal torus 7', H*(BG;Q) is the sub-Q-algebra of

H*(BT;Q) stable under the action of the Weyl group. In our case, we have
H*(BPU,; Q) = Q{v: — v, 1V = H*BPT"Q)V, (1.5.2)

where W is the Weyl group, acting on {v;} by permutation. (See (18).)
Let v be the multiplicative generator of H*(BS'; Z), v* be the ith copy of v in H*(B(S')"; Z)
H*((BT";Z), and ¢, € H*(BU,;Z) be the kth universal Chern class. Moreover let o €

H*(BT™;Z) be the kth elementary polynomial in vy, - ,v,. In this case we have the splitting
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principal, which asserts that the above argument applies to integral cohomology ((30)). More

precisely, it says that B* is the inclusion taking c; to o, or in other words,

By (Y k) = [J(1 +viw)
k=0

i=1
where w is a polynomial generator.
We consider the morphisms of spectral sequences induced by ® and W. Our first result is

the following

Proposition 1.5.1. The differential 7d}*, is partially determined as follows:

Tdr? (0l2) = (Bp) ™™ (dp* (v'E)), (1.5.3)

where = € TES’*, a quotient group of H*(K(Z,3);Z), and p; : T™ — S is the projection of

the ith diagonal entry. In plain words, Td:’%(va) is simply Td:’%(vtE) with v replaced by v;.

The proof is straightforward since the Serre spectral sequence is functorial.

ng’* with domain in the leftmost column.

We proceed to study the differentials

Proposition 1.5.2. 1. The differential ng’2t is given by the “formal divergence”

V= f:(a/(%i) : H'(BT") — H'*(BT™),
=1

in such a way that Td;’* = V(—)-z1. This remains true when the ground ring Z is replaced

by Z/m for any integer m.
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2. The spectral sequence degenerates at TEZ’*, or in other words, Ker(dg’*) = Zv —
. T 1-0,% T 0,% 0.%
Un, -+ ,Un—1 — Vp). In particular, * B’ =" Ey " = Kerd;".

Proof. (1) is an immediate consequence of the Leibniz rule, chain rule, and Proposition 1.5.1.
Given a polynomial 6(vy, - ,v,), we change variables to rewrite it as (v — vy, - -+ , Un_1 —
Un, Up). Equation 1.5.2 then tells us that H*(BPU,; Q) is the free commutative ring generated

by {t; — tn ?:_11. The equations

d3(9(7)1, T 7“”))

n
9 -
= E O(v1 — vn, -+, Vp—1 — Up, Up)
— ov;
1=

= 75(1)1 — Up,*** ,Up—-1— 'Unavn)

ovy,

then imply that ds(6(vy,- - ,v,)) = 0 if and only if 5(1}1 — Upy** ,Up—1 — Up, Uy) is independent

of vy, which proves (2). O
Corollary 1.5.3. Yds(cy) = (n — k + 1)cg_121.
Proof.

doy,
8’Ui

Udg(ck) = ng(O'k) = Z = (Tl —k+ 1)ck_1x1.
i=1

Next we study 7dy™ in general.
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Proposition 1.5.4. Let 0(vy,--- ,v,) € H/(BT") be an element in TES’Zt. As in the proof of

Propositionl.5.2 we apply the change of variable (v; — vy, ..., Up—1 — Upn, v,) and rewrite 6 as

such that 0; € KerV, i =0,--- ,t. If O(vq,--- ,v,) € H**(BT"™) represent an element in TES’%,
¢ being an element of H*(K(Z,3)) for some s. If 8¢ € TE™ for r > 3, then there are m; € Z

and 0) € KerV, i = 0,--- ,t such that m;vi¢ € TE)"™ for all i and that

t

_ gl

0= E m;v,,0;
i=0

Therefore

t t
Tdr(af) = Tdr(z mz%@i) = ZTd,«(mivfl)Hg
=0 i=0

Proof. In this proof everything in sight is localized at a prime number p.

Case 1: s is even. Then

t
Tds(06) = V(0)ar& = ai(vfl)ﬁixlf =0.
i=0 "

Comparing the exponents of v, of each term, we have §; = 0 unless p|i, in which case v/ ¢ is in

the image of some 7d,., by 1.3.12.
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Case 2: s is odd. It suffice to consider the special case of ¢ = 1, from which the general
one can be obtained from the Leibniz rule. Since everything is localized at p, v!, = 0 unless

plt + 1. O

Consider a map x : T™ — PT" x S! defined as follows:

A1

0

0

A2

An

o

A1

0

0

A2

An

)

where the matrix in the square bracket denotes its class in PT". Then x is a homeomorphism,

its inverse being the following:

A0
(| o
A z L

A2

Passing to classifying spaces, we have Bx : BT™ ~ BPT™ x BS™.

Proposition 1.5.5. Let 0(vy,--- ,v,) € HY(BT™) be an element in TEy*. As in the proof of

1.5.2 we apply the change of variable (v1 — vy, ..., Un—1 — Un, v,) and rewrite 0 as
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such that 6; € KerV,i=0,--- ,t. Then

Br™ )" (0) => 0 @},

Consider the fiber sequence BPT™ — BPT™ — % and let " E}™* be its cohomological Serre

Spectral sequence. We take the product of fiber sequences
(BPT" — BPT" — %) x (BS' — % — K(Z,3))

or equivalently

BPT" x BS' - BPT" — K(Z,3).

Then we have the following morphism between fiber sequences:

BT" — BPT" —— K(Z,3)

[ H

BPT" x BS' —— BPT" —— K(Z,3)

with the unspecified maps being the obvious ones. This diagram is easily seen to be commutative

by the discussion above.

Proposition 1.5.6. Let "E}* be the cohomological Serre Spectral sequence associated to
BPT" — BPIT"™ — % Then the commutative diagram above induces an isomorphism of

spectral sequences T gt o PE:’* & KE:* for r > 2.
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Proof. By Proposition 1.5.5 the commutative diagram above induces an isomorphism of Fj

pages, and the statement follows from Theorem 3.4 in (26). O

Remark 1.5.7. PE" is stabilized as KerV = H* (BPT™) concentrating in the Oth column. Let
O(v1,--- ,v,) € H*(BT™) represent an element in TEy>'| ¢ be an element of H*(K(Z,3)) for
some s. If 6¢ € TEi’*, then 1.5.5 and 1.5.6 tell as that there are m; € Z and 6, € KerV,

i=0,---,tsuch that m;v’ ¢ € TE:’* for all 7 and that

t
_ ol
0= E m;v,,0;
i=0

Comparing this with 1.5.5 we have 0; = m;0.. The differential Tdi’* is hence determined by

t

t
Td(06) =Td, (> mai0i8) = Tdy(miv}, )0
=0

1=0

where Tdr(mivj«f) is determined as in 1.5.1. This is how we determine the differentials in

practice. This idea is explained more concretely in 1.5.9.

Finally we are at the place to state our main theorem of this section, of which the proof is

already clear.

Theorem 1.5.8. 1.5.1, 1.5.2 and 1.5.6 determine all of the differentials of TEy™. Restricted

to symmetric polynomials in vi, -+ ,vn, they determine all of the differentials VdS """ of

s—r/ t—r'+1
r! =

YEY™ such that for any v’ <r, Td 0.
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With enough patience or perhaps a computer program one can apply this apparatus to
calculate H*(BPU,;Z) for many k and n up to group extension. The interested readers are

invited to take the following example as an exercise.
Example 1.5.9. Let n = 3. Show that Yd3(2c321) = 0 but 2c3z; is not a permanent cocycle.

Proof. In T E** we have

2010903 = 2(v1 — v2)(va — v3) + 2[(v1 — v3) + (va — v3)]v3 + 203,

the first two terms on the right side being easily checked to be permanent cocycles. It remains
to check

Td3(2vg':l}1) = Gv§y271 =0

since 2y 1 = 0. This verifies the first statement. For the second one, we have

Tds(2v3z1) =0

since vg has order 4 in TEZ’* but y3 1 is of order 3. However

Tdr(2v3x1) = ya2 # 0,

hence the second statement. O
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We end this section by several useful corollaries. Let V, £ be the same as earlier, and let

p=plcr, - ,cn) € H(BU,).
Corollary 1.5.10. Yd3(p¢) = Ydsz(p)€ = V(p)x1&.

This is immediate from the Leibniz rule and 1.5.2. One can certainly use 1.5.6 to study

Uds, but one will find 1.5.10 much more convenient.

Corollary 1.5.11. If p¢ € UEf,’rfl, or in other words, the image of p& of Ud, lies in bottom

row, then

Vdo(p€) = dr(B(y - 9)*()€),

where ¢ and v are as in Equation 1.5.1. In particular,

Yd, (cx€) = (Z) Kd,(v*¢).

Proof. Consider the commutative diagram Equation 1.5.1 at the beginning of this section. The
result is immediate upon passing to the diagram of Serre spectral sequences: ¥ - ® induces
cr — (Z) v* on the leftmost column and the identity on the rightmost one, the latter implying

that the induced morphism of spectral sequences is the identity on H*(K(Z, 3)) when restricted

to the bottom rows of the Fy pages. O
The following two corollaries are immediate from 1.5.6.

Corollary 1.5.12. Let Z,) be the p-local ring for a prime number p. If (Kd;f’t/ ® Zp) = 0 for

all t/ < t, then so is (Udf«’t ® Zp). In particular, if Kd;ﬁ’t/ =0 for all ¢/ < t, then so is Ugst,
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Corollary 1.5.13. For any s > 3 and any r, ¢, if 7d}' =0 (resp. Kbt — 0), then so is T st
(resp. Kdp' = 0).

In the next section we will apply the apparatus developed in this section to compute
H*(BPU,;7) in interesting cases.

1.6 Some Remarks on the Integral Cohomology of BPU,

In this section we make some remarks on the main theorem, including a comparison of the
main theorem with the computation by A. Kono and M. Mimura, in their paper (25). It turns
out that one can use the apparatus developed in Section 5 almost exclusively throughout, but

H*(BPU,;Z) has some nice general properties that simplify the calculation considerably.

Lemma 1.6.1. Let P : BSU, — BPU, be the map induced by the obvious quotient map

SuU,, — PU,.

1. P induces an isomorphism H*(BPU,;Q) = g (BSU,; Q). In particular, P* : H*(BPU,;7Z) =N
H*(BSUy;Z) is a monomorphism modulo torsion, such that Im(P*) has the same rank

as H*(BPU,;Z) in each dimension.

2. Let m be an integer such that ged{m,n} = 1, then H*(BPU,;Z) has no non-trivial m-

torsion.

Proof. Let SU, be the special unitary group of degree n. The short exact sequence of Lie
groups

1 Z/n — SU, & PU, — 1
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induces a fiber sequence

K(Z/n,1) = BSU,, — BPU,.

We shift it to obtain another fiber sequence

BSU, — BPU, — K(Z/n,2),

and consider the cohomological Serre spectral sequence with coefficients in Q and Z/m. The first
and second statement follows respectively from the vanishing of H*(K (Z/n; Q) and H*(K (Z/n;Z/m) =

0, for all k& > 0. ]

Remark 1.6.2. The map P factors as BSU,, — BU, £> BPU,,, where P is induced by the
quotient map U, — PU,. By (1) of Lemma 1.6.1, P* : H*(BPU,;Z) — H*(BU,;Z) is a
monomorphism modulo torsions. Furthermore, (1) of Lemma 1.6.1 shows that the torsion free
component of H¥(BPU,,;Z) is 0 if k is odd, and is a finitely generated free Abelian group of
the same rank as the Abelian group of homogenous polynomials in Z[ca, cs3, -, c,] of degree
k/2, if k is even. Therefore the group structure of the torsion free component of H*(BPU,;Z)
is determined, though it is not at all obvious what the generators of P*(H*(BPU,;Z)) are, in
terms of the universal Chern classes. The calculation of the torsion free components is hence-
forth omitted unless we need some particular generators. An alternative method to calculate

the torsion free component is via representation theory. Examples can be found in (6).
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We proceed to compare the main theorem with the result of Kono and Mimura. In the case
that n = 4l + 2 for some integer I, we apply the Kiinneth formula to obtain H*(BPU,;Z/2)

from H*(BPU,;Z). When | > 0, we have the following:

HYBPUy 2;7/2) =0,
H*(BPUy9;2/2) = 7)2, for k =2,3,4,5,7,
H*¥(BPUy,2;2/2) =7)237)2 ® L2, for k = 6,8,

HY(BPUy 9;7)2) = 7./]2 ® 7)2.
This is in accordance with the result by A. Kono and M. Mimura:

Theorem 1.6.3 (A. Kono and M. Mimura, Theorem 4.12, (25)). As a Z/2-module

H*(BPU(4Z + 2)? Z/Q) = Z/Q[a% as, xgm-ﬁ-S’ y(I)]/R

where x5, s = {bimia}s (for some bayia not relevant to our business), 1 < m < 21, and
I runs over all sequences satisfying 1 < r <2l and 1 < iy < -+ < i, < 2l. y(I) has degree
(>°r_1(4i;4+4))—2. (The degree of a generator is equal to its subscript.) The ideal R is generated

=1

by asy(I),y(I)* + 3271 @i s+ - 40~ Tsipts and y(Dy(J) + 32, fiy(L), (for fi € Z/2).

The notations in the theorem above are slightly adjusted from the original, for consistency.
The explanations in the parentheses are added by the author. In view of this theorem, the

generator(s) of each H*¥(BPUy,2;7/2) where 1 < k < 9 are given in the following table:
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TABLE I

GENERATORS OF HX(BPUy.5;7/2), FOR L > 0.

k 213 |4 5 6 7 8 9

2 3 2 2 4 2 3 3
generator(s) | az | az | a3 | agas | as,a3,y(1) | azas | a2y(1),as3,azas | asas, a;

As the reader can easily see, this agrees with the result obtain earlier by Theorem 0.0.1 and
Kiinneth formula. In the exceptional case of I = 0, the element y(1) does not exist, accounting
for the absence of Chern classes cs, ¢4, which would contribute a direct sum component Z/2

when k = 6 and 8, respectively.

Remark 1.6.4. In the statement of Theorem 1.6.3,whether “As a Z/2-module” can be strength-
ened to “As a Z/2-algebra” is an open question. However, we have a positive answer in degree

<9.

Let Sq¢' be ith Steenrod operation. Let 8 : H*(—;Z/2) — H**(—;Z) be the Bockstein
homomorphism induced by short exact sequence 0 — Z %7 - 7./2 — 0. Recall that Sq' is

the following composition

Sq¢t - H(—2/2) — H*" (= Z) — H*Y(—;7/2), (1.6.1)

where the second arrow is the mod 2 reduction.
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Lemma 1.6.5. In H*(BPU (4l + 2);Z/2), we have:

1. Sql(CLQ) = as.

2. The mod 2 reduction of reduction of es (resp. e3) is a3 (resp. y(1)).

Proof. The short exact sequence 0 — Z N/ Z/2 — 0 induces an exact sequence

0= HX(BPUy 2 7/2) 2 HYBPUy,2:Z) % H3(BPUy. ;7). (1.6.2)

Notice that there is a unique 2-torsion (2] + 1)z; in H3(BPUy2;7), and the exactness of
(Equation 1.6.2) implies that 8(a2) = (21 + 1)x1. Since H3(BPUy2;7Z/2) is generated by a
single element ag, ag is the mod 2 reduction of x;. Therefore, by (Equation 1.6.1) we have
Sq'(az) = (21 + 1)a3z = a3. Hence we proved (1).

By Corollary 1.5.3, “d3(cy) = (41 + 2)z; = 0 mod 2, which means that ¢; is a permanent
cocycle in the mod 2 version of “E.". Hence as is represented by ¢;. Then (2) of Theorem 0.0.1
implies that a3 is the mod 2 reduction of (41 +1)c? —2(4l+2)cy € HA(BPUy,2; 7). Hence a3 is
the mod 2 reduction of es. Notice that y(1) is the only non-zero element in HS(BPUy2;7/2)
that annihilates az. Comparing this with (8) of Theorem 0.0.1, we see that y(1) is the mod 2

reduction of es. ]

The rest of the ring structure of H*(BPUy12;7/2) in degrees < 9 follows from Lemma

Equation 1.6.2 and the Leibniz rule of the Bockstein homomorphism. For example, asas # 0

since B(agaz) = Baz)az + azf(az) = a3 # 0.
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In the statement of Theorem 0.0.1, we see that for some k£ and n, some components of
H*(BPU,;7Z) are generated by elements in the image of the homomorphism H*(K(Z,3);Z) —
H*(BPU,;7Z), which is induced by the map BPU,, — K(Z,3) as in the fiber sequence Equa-

tion 1.1.1. In view of this we have the following

Corollary 1.6.6. 1. When n is even, the 2-torsion subgroup of H*(BPU,,; Z) for k = 6,9, 10
are generated by the cohomology operations y2 0, y2,0%1, and y21 respectively, applied to

a generator of H3(BPU,;Z).

2. When 3|n, and k = 8, the 3-torsion subgroup of H¥(BPU,;Z) is generated by the coho-

mology operation ys3 applied to a generator of H3(BPU,;Z).

Proof. In the statement of Theorem 0.0.1, we see that for the k’s and n’s in the lemma, the
corresponding torsion subgroups of H¥(BPU,;Z) are generated by the images of elements
Y2.0,Y2,021, Y21 and ys3 o respectively, under the homomorphism H¥(K(Z,3);7) — H*(BPU,;7Z),
which is induced by the map BPU,, — K(Z, 3) as in the fiber sequence Equation 1.1.1, and the

proof is completed. O
We proceed to study the p-local components of H*(BPU,,;Z), for any prime number p.

Lemma 1.6.7. Ift+1 < p, then

3,2t

0,2t+2
VES? @ Ly 2 VES™ [I(Vdy™ ) @ Zyy
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Proof. In view of 1.5.12, we consider the differentials out of K Ef’%/ for » > 3, which are
K 3,2t K 20,2t +2¢ ’ . ’
subgroups of * E5”" /Imdz (" E3 )= Z/(t'+1). Since t +1 < p, ged(t’ +1,p) = 1 for all

t' < t, and the images of & d>?" therefore always have order relatively prime to p, for ¢ <t¢. In

other words, Kdi”t, ® Zp) = 0. Hence by 1.5.12, Ugd? Zpy = 0, and the result follows. [

Theorem 1.6.8. If3 < k < 2p+ 1 then H*(BPUy,; Z) ® Zy)

KerUdg’k @ Ly, Kk 1is even,

>~

H*3(BU,)/VH*Y(BU,) ® Z,, k is odd.
(p)

Proof. Recall that for s < 2p + 2, H*(K(Z,3)) contains no element of order p. Thus, for

3 <k <2p+1, we have

HY(BPUZ) ©Z) = VES 2,

The case that k is even follows immediately. The other case is an immediate corollary of

1.6.7. O

We break the proof of Theorem 0.0.1 into several sections. The readers could refer to Figure
Figure 3 for the spectral sequence VE.".

1.7 H¥BPU,;Z) for 1 <k <6

For 1 < r < 5 the results are given in (1). The interested readers can compare it to our

computation.
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Figure 3. Some non-trivial differentials of Y E;"*. A node with coordinate (s,t) is unmarked if

VES' =0.
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Proof of (1) to (4) of Theorem 0.0.1. First notice UE;’t =0 for s = 1,2,4,5,7 or t odd. By
Proposition 1.5.6, Yds(c1) = Tds(}";v;) = nxy. This immediately proves (1) of Theorem

0.0.1. See Figure 3 for a picture in low dimensions. By Corollary 1.5.3 we have

Yds(ca) = (n — ey, Vds(cd) = 2neyzy, Vds(crop) = na?. (1.7.1)

So UE2’4 = Ung =~ H4(BPU,;Z) is easily verified as Z. Interested readers can refer to Lemma
3.2 of (1) to identify H*(BPU,;Z) as a subgroup of H*(BU,,;Z), or compute it directly. Either
way, we proved (2) of Theorem 0.0.1.

Notice Ung = Z, by Remark 1.6.2.

1. If n is even, by (Equation 1.7.1), Udg’4 is a surjection and therefore Udg’Q = (0. Hence
HBPU,:Z) 2 VE)” =0, and HSBPU,;Z) = Za VEY 2 UE2S g UES? =~ UR20 g

UEg’O =7 ® Z/2, with UEg’O generated by 2.

2. If n is odd, again by (Equation 1.7.1), the image of Udg’4 is 2cyx1 which happens to
be KerUdg’Q. By Proposition 1.5.6 Udg’Q(clxl) = na:% = nya,0 since n is odd and y29
is of order 2, which implies that UEi’O = 0. Hence H>(BPU,;Z) = UEi’Z = 0, and

HYBPU,;Z) ~VEY ¢ VES® = 7.

In both cases we take e3 € HS(BPU,;Z) generating Ung. Therefore, (3) and (4) of Theorem
0.0.1 follows. Notice that e3 is determined by this argument modulo torsion. In fact, there is
a unique choice of es that fits the statement of Theorem 0.0.1. This choice will be specified in

Section 9, where we discuss the cup products in H?(BPU,;Z). O
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1.8 H¥BPU,;7Z) for k=17,8

Proof of (5) of Theorem 0.0.1. Notice that the only bi-degree (s, t) such that s+t = 7 and UE‘;’t
is nontrivial is (3,4). Therefore H' (BPU,,; Z) = UEif. We consider the p-local cohomology of

H'(BPU,; Z)(p) for each prime p separately. We consider the following relevant differentials:

0,6 0,6 3,4

e3> (n—2)cawy, creg = [neg + (n—1)cdlzy, ¢ 3nciz.

2. When localized at 2, The only nontrivial differential from UE::)’4 is

3,4 3,4 6,2
Vay,” - VEy" - VE,”,

2
ciz1 = 2nciy2p =0, ez = (n—1)c1yap.

3. When localized at 3, The only nontrivial differential from UE::)’4 is

3,4 3,4 8,0
Va" :VE" - VE.,

2 2 n(n —1)
C1Z1 = N"Y3 0, Cox1 > T?/zz,o

In what follows we compute the localization H'(BPU,;Z) ) for each prime p separately.

(»

The spectral sequence is tacitly assumed to be localized at the specified prime p in each case.
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Case 1. p = 2. In this case UEif = KerUdgA/ImUdg’G. By (2) of Lemma 1.6.1 we only need
to consider the case that n is even,
in which, assuming n > 2 we have Z-basis {c},cico,c3} and {c2x1,2com1} of UEg’G and

KerUdgA, respectively. The corresponding matrix for Udg’ﬁ is

3n n—1 0
(1.8.1)
n—2
0 5 7
We apply invertible row and column operations to it and obtain
1 00
1 0 3n n—1 0 0 n—1 0
3n =
-2 10 )
/2 —2 nl 3 a2 )
= 0 3 e L U
0 01
) ) (1.8.2)
with the row operation corresponding to the change of basis
-1
1 0
|:C%a?1 2co11 :| . = c%xl—k%@:m 20wy | - (1.8.3)
_n/2 1
n—1
By (Equation 1.8.2) and (Equation 1.8.3), ImUalg’6 is generated by cizi + :ﬁcle and

gcd{%Q,”Tﬁ} 200m1 = ged{2, %52} - 2comy. Where ged{2, %52} = 2 if n = 41 + 2 for some
integer | and 1 otherwise. Hence UEiA = UEif is isomorphic to Z and is generated by 2cox;

if n =41+ 2, and is 0 otherwise.
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In the exceptional case n = 2, (Equation 1.8.1) is reduced to

6 1
01
and (Equation 1.8.2) is reduced to
1 0 6 1 1 0 01
= : (1.8.4)
n/2 3n
—n2 0 1 — B 6 0

which yields the same argument as above.

The above discussion shows that H7(BPU,; Z) () = Z/2 is generated by 2coxy if n =41+ 2
for some integer [, and is 0 if 4|n.

By (2) of Theorem 0.0.1, we know that for n even, H*(BPU,;Z) = Z is generated by
ez, which is detected by 2ncy — (n — 1) € UE2’04. Furthermore, when n = 4l + 2, in

HT(BPUy; Z) () = Z/2 we have

2cox1 = 3(4l + 2)cory = 3ncxy
=[(n — 1) + neglzy — [(n — 1)c2 — 2neg)ay (1.8.5)

=[2nce — (n — 1)c%]a:1 € UEZA,

since by (Equation 1.8.4) and (Equation 1.8.3), [(n — 1)} + nco]r is in the image of Udg’6.
Therefore, (Equation 1.8.5) shows that 2coz1 = [2nce — (n— 1)c?]2; yields a non-trivial product

in UEzf that detects eax;.
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Case 2. p = 3. In this case UEif = KerUd?’ll/ImUdg’6 and by (2) of Lemma 1.6.1 we
only care about the case that 3|n. Notice that UdgA = 0 since its target is a 2-torsion group
and we are working 3-locally. A direct computation shows that KelrUdg’4 = UE§’4 has a basis

{cx1, cox1}. Again taking the basis {c},cica,c3} for UEg’G, we obtain the matrix

n n-—1 0
(1.8.6)
0 n n—2
for Udg’G. We apply an invertible column operation to it and obtain
1 0 0
3n n—1 0 3n n—1 0
0 1 0| = . (1.8.7)
0 n n—2 0 0 n—2
0 —%5 1

Therefore Udg’G is surjective, and H'(BPU,; Z)(5y = 0 when 3|n.
U 13,4 U 1234 U 40,6 . 9
Case 3. p > 3. If n > 2, then YE_ = YEy /Im"d;" . We take the basis {cjz1,coz1}
for UE§’4 and the matrix for Udg’ﬁ is again Equation 1.8.1. Since p > 3, either 3n or n — 2 is
invertible, so it is easy to show that Udg’G is surjective. So H7(BPUn;Z)(p) =0 when n > 2.
In the exceptional case n = 2, the same assertion follows easily from (2) of Lemma 1.6.1.

Summarizing the three cases above, (5) of Theorem 0.0.1 follows. O]
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Proof of (6) Theorem 0.0.1. It suffice to consider the torsion component. Therefore the relevant
entries in VE, ™ are U Ei’“ and UES’Z. The relevant differentials are Y d§’4 and Ud§’4, as given in

(2) and (3) in the proof for k = 7, together with the following one:
6,2 6,2 9,0
Ud3 : UE3 — UE3 . ClY2,0 > NT1Y20 = nx? (1.8.8)

Again we consider H8(BPU,,;Z) ) for each prime p separately. Remember that in each of the
following cases we assume that U E.™ is localized at the specified prime p.

Case 1. p = 2. In this case the torsion component of H8(BPUn;Z)(2) is isomorphic to
Ung = KerUdg’Q/ImUdgA. And by (2) of Lemma 1.6.1 we consider only the case that n is
even. By (Equation 1.8.8), KerUdg’2 = Z{c1y2,0}. By the differentials given in (2) in the proof
for (5) of Theorem 0.0.1, ImUdg’4 = Z{c1y2,0}. Therefore the torsion of H8(BPUn;Z)(2) is 0
when n is even.

Case 2. p = 3. In this case the torsion component of H8(BPUn;Z)(3) is isomorphic to
UES’O/ImUdgA, where UEg’O = 7./3 is generated by a single element y3 . By the differentials
given in (3) of the proof for k =7, ImUdg’4 = 0 when 3|n. Therefore the torsion component of
H8(BPU,; Z)(3) is isomorphic to Z/3 and generated by ys .

For p > 3 there is no p-torsion in the relevant range of Y E.". Hence (6) of Theorem 0.0.1

follows. [



69

1.9 H¥BPU,;7Z) for k =9,10

The study of H°(BPU,;Z) requires extra work when n is even, since the differential Ud8’8
cannot be determined by Theorem 1.5.8. Indeed, the differential ng,z : TE§’2 — TEg’O is not
trivial when n is even. We consider the exceptional isomorphism of Lie groups PUs; = SOs.

The following result is due to E. Brown. For more general cases see (13).

Proposition 1.9.1. H*(BPUy;Z) = H*(BSO3;Z) = Zles| ®z Z/2[x1], where es is of degree
4, and we abuse the notation z; to let it denote the image of x; € H3(K(Z,3);Z) under the

homomorphism induced by the second arrow of the fiber sequence BUs — BPUy; — K (Z, 3).

Recall that in Theorem 0.0.1 we let e denote the generator of H*(BPU,;Z) = Z for all

n > 1. Part (1) of the following lemma is due to A. Bousfield.

Lemma 1.9.2. Forn > 0 even, let A : BUy — BU, denote the inclusion of block diagonal
matrices, and A’ : BPUy — BPU,, be its induced homomorphism on quotients. Then we have
the following assertions.

1. (A"*(x1) = 21. In particular, x3 € HY(BPU,;Z) is non-zero.

2. (A")*(e2) = (2)?%e2. In particular, whenn = 4l1+2 for some integerl, ex3 € H'O(BPU,;Z)

1§ MON-zero.

Proof. Consider the following commutative diagram:

BS! BU» BPU,

b

BS! —— BU, —— BPU,
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which induces another commutative diagram as follows:

BU, —— BPU, —— K(Z,3)

lA lA’ |= (1.9.1)

BU, — BPU, — K(Z,3)

This diagram induces a homomorphism of Serre spectral sequences, such that its restriction
on the bottom row of the F pages is the identity. In particular it takes x; to itself. Moreover, it
follows from Proposition 1.9.1 that (A")*(23) = 23 € H?(BPUs; Z) is non-zero, which completes
the proof of (1).

It is well known that the Uy,-bundle over BUs induced by A is the Whitney sum of 5 copies

of the universal Us-bundle, of which the total Chern class is

2
=14+ Ecl + (202 + <n£ )C%) + (terms of higher degrees).

B

(I1+c1+c2) 5 5

Therefore we have

A*: H*(BU,;Z) — H*(BUy; Z),

n/2 n n(n — 2)
9 >C% = 502 + TC%

(1.9.2)
c '—>Ec c »—>ﬁc +
1 5 €l 2 5 €2

In particular,

A*((n = 1)e = 2ney) = (n = 1)(5)% —2n[Fes + ”(”8_2%%] = (3)%(} — 4e2).
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Notice that when n = 2, P*(ez) = ¢ — 4cz, and the equation above implies (A")*(e2) = (%)2%e.

When n = 41+2, we have (A")*(e22?) = (21+1)%e22? = ex2? € H'9(BPUs; Z) which is non-zero

by Proposition 1.9.1, and (2) follows. O

Proof of (7), (8) of Theorem 0.0.1. The relevant entries in VE5™ are UEg’G and UEg’O. We
study the localization of UE:’* at each prime p separately.
Case 1. p = 2. Again we only consider the case that n is even. When n > 2, with
. 3 U 13,6 9 U 26,4 . .
respect to the basis {cjz1, cicoxy, caxi} for Y EY and {ciy2,0, cay2,0} for ¥ Ey', the differential

Udg’6 : UE%’G — UESA is represented by the following matrix:

(1.9.3)

Since yo,0 is of order 2, and that n is even, (Equation 1.9.3) implies that KerUdg’6 has a basis

{c3x1,2¢c1c0m1, c3z1}. Taking {y2,1} as a basis for UE;O’O, Ud?’G is represented by the matrix

n3  n?(n—1) n(n—1)(n—2) . (194)
2 2 12

. . 3,6 3,6
A closer inspect shows that all three entries are even. Therefore Kerd;” = KerVd,~ =
3 . . . 4 9 ) . U 0.8 U ;0,8
{ciz1,2c10021, 321}, With this basis and {c], cica, c1c3,¢5, ¢4} as a basis for Y Ey", Ydy™ -

UEg’S — KerUd§’6 C UEi’ﬁ is represented by the following matrix:
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0 n n=2 p_—1 0 (1.9.5)

~ ‘

1 0 0 00

n n—1 0 0 0 0 1 0 00

0 n 22 np-1 0 0 0 1 0 0

0 0 =n 0 n-3 0 —% —goqy 10
- - (1.9.6)

0 0 0 01

Therefore Udg’g : UEg’B — KerUal?’6 is onto. So UEif =0.
In the exceptional case n = 2, we have c3,c4 = 0, and (Equation 1.9.4), (Equation 1.9.5),

are respectively reduced to

8§ 1 0
]

0 21
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0,8 08 3,6 . . .
Consequently, Vds" : YE," — KerVd;" is onto as well. It remains to consider
U 98 U 08 U950 ~ U950 3

Since UEg’O =~ 7,/2 is generated by x5, Udg’s is either surjective or 0, depending on whether z3
is 0 or not. By Lemma 1.9.2, 23 # 0 when n is even. Therefore Ud8’8 = 0.

Summarising all above, when n is even, H9(BPUn;Z)(2) = 7Z/2 is generated by x3. We
proceed to study the cup products in H?(BPU,; Z)(z). Since UEif =0, r1e3 = 73 or wyez = 0.
This merely depends on a choice of es: if the former case is true, then we simply replace e3g by
e3 + 22 to obtain the latter case. Therefore the 2-local case of (8) of Theorem 0.0.1 follows.

Case 2. p = 3. The only non-trivial target of differentials with domain UE3’6 is UES’Q. By
Theorem 1.5.8, Vd>® : VEY® — UES? is trivial, since Td> is so. Hence VE>® = VES® /ImUdy®.
When n > 3, We take basis {cf, cca, cic3,c3, ¢4} for UEg’S and {c}z1, cicomy, cgz} for UE;’(S.

8

Then the matrix representing Udg is the following:

0 2n n-2 2n-1 0 |- (1.9.7)
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We only consider the case 3|n, in which we apply an invertible column operation to Equa-

tion 1.9.7 and obtain

1 0 0 00

n n—-1 0 0 0 0 1 0 00

0 2n n—2 2(n—-1) O 0 O 1 0 0

0 0 n 0 n—3 0 =% oy 10
- - (1.9.8)

0 0 0 01

which shows that for n > 3 we have HQ(BPUn;Z)(3) = UEif = UE3’6/ImUdg’8 = 7Z/3, and
that it is generated by csx1. We denote this cohomology by 2.
In the exceptional case n = 3, the vanishing of ¢4 makes the matrices (Equation 1.9.7) and

(Equation 1.9.8) reduce to

dn n-—1 0 0 4n n—1 0 0

0 2n n-2 2n-1) and 0 0 0 2mn-1)|;
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respectively, from which the same assertion follows easily. Next, we consider the product

esx1. The matrix (Equation 1.9.3) shows that for n > 2, Ung is generated by ¢} — %clcg +

%03. On the other hand UEif = 7./3 is generated by c3z1, as we just proved. Therefore,

3 — sn cLe + LC:@]M _ 3
n—1 (n—1)(n—2) (n—1)(n—2)

3,6
03]561 =0€ UEOO R

which proves the 3-local case of (8) of Theorem 0.0.1.
Case 3. p > 3. (Equation 1.9.5) clearly represents a surjection, even when the 3rd and 5th
columns, corresponding to the image of cic3 and ¢4, are removed. This completes the proof of

(7) and (8) of Theorem 0.0.1. O

Proof of (9), (10) of Theorem 0.0.1. Case 1. p = 2. In this case the relevant entries are UEg’4
and UE;O’O. First suppose that n > 2. Fix a basis {c?ya, c2ya,0} for UESA and {c1z1y20} =

{c123} for UEg’2, and UdgA : UE’gA — UEg’2 is represented by the matrix

[ m n—1 } : (1.9.9)

which shows that KerUdg’4 is generated by {c%ygo}. On the other hand, by (Equation 1.9.3),

ImUdg’6 is also generated by {c3y20}. Therefore

6,4
oo

1%

VS 2 Upd > KerVdy" /TmV d° = 0. (1.9.10)
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By (Equation 1.9.4) Ud?’ﬁ = 0. Hence

10,0
oo

= Up 2 Uy’ =V ~ 79, (1.9.11)

UE

is generated by x1y20. In the exceptional case n = 2, c3 = 0 and all the arguments above hold
as well, since all the differentials of c3x; are 0 anyway.

Therefore, the torsion component of H'°(BPU,;Z) (2) is isomorphic to 7./2, generated by
y2,1 When n is even.

Case 2. p = 3. We take 3|n. In this case the only relevant entry is UEg’Q. By Theorem 1.5.8
no non-trivial differential lands in this entry, since it is the case in TE.”. On the other hand
UEg’Z is generated by c1y3,, such that Ud3(01y370) =nx1y30 = 0 € UEél’o = 7. /3. Therefore
the torsion component of H*(BPU,,; Z) 3y = Z/3, generated by {z1y30} when 3[n. We denote
this class by 2.

Case 3. p > 3. There is no (s,t) such that s +¢ = 10 and that UE;’t is p-locally non-trivial,
except for UES’” which accounts for the well understood torsion free component.

(9) of Theorem 0.0.1 follows from the discussion above.

We proceed to study cup products in H'°(BPU,;Z). Recall that when n is even, H*(BPU,,; Z) =
Z is generated by an element ey such that P*(e) = 2ncy — (n — 1)c? € H*(BU,;Z). By (Equa-
tion 1.9.10), ex2? € UE?,’O4 is a coboundary. Therefore, either ex? = 0, or ex? = y2,0. By Lemma
1.9.2, the former is not true. Therefore we have the latter, and we proved (10) of Theorem

0.0.1. 0



CHAPTER 2

THE TOPOLOGICAL PERIOD-INDEX PROBLEM OVER

8-COMPLEXES

2.1 Introduction to Chapter 2

The goal of this chapter is to prove Theorem 0.0.8 given in the introduction. Recall the

following theorem from the introduction:

Theorem 0.0.8. Let X be a topological space of homotopy type of an 8-dimensional CW-

complex, and let o« € H3(X;Z)tor be a topological Brauver class of period n. Then

ind(a)|ez(n)es(n)n. (2.1.1)

In addition, if X is the 8-th skeleton of K(Z/n,2), and « is the restriction of the fundamental

class 3, € H3(K(Z/n,2),7), then

ind(a) = e3(n)n, 41n,

e3(n)n3|ind(a), 4[n.

In particular, the sharp lower bound of e such that ind(«)|n® for all X and o is 4.

We decompose Theorem 0.0.8 into two sub-theorems as follows, since the proof of the second

sub-theorem requires special attention.

7
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Theorem 2.1.0.1. Let X be a topological space of homotopy type of an 8-dimensional CW-

complex, and let a € H3(X;Z)ior be a topological Brauer class of period n. Then

ind(a)|ez(n)ez(n)n’. (2.1.2)

In addition, if X is the 8-th skeleton of K(Z/n,2), and « is the restriction of the fundamental

class 3, € H3(K(Z/n,2),Z), then

ind(a) = e3(n)n, n odd,

e3(n)n3|ind(a), n even.

Theorem 2.1.0.2. Let n = 2[ for some odd integer [ and let X and a be as above. Then

ind(a) 1 e3(n)n?.

Part of the proof relies on twisted complex K-theory, which shows (Equation 2.1.1) for any
8-dimensional CW complex X and any a € Br(X). Details are discussed in Section 2. We
prove the second paragraph of the theorem with classical obstruction theory, which is outlined
as follows.

Let m,n be integers. Then Z/n is a closed normal subgroup of SU,,, in the sense of the

following monomorphism of Lie groups:

Z/n— SUpp : t — e%Ht/"Imn,
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where I, is the identity matrix of degree . We define the quotient group to be P(n,mn). In

particular, P(n,n) is the projective unitary group PU,, and we have the following short exact

sequence of Lie groups:

1 = Z/n — P(n,mn) % PU,, — 1.

The homotopy groups of P(n,mn) in low degrees relative to mn are well known:

mi(P(n,mn)) =

,

\

Z/n, ifi=1,

Z, if 1 <n <2mn, and n is odd,

(2.1.3)
0,

if 1 <n < 2mn, and n is even,

Z/(mn)!, if i =2mn.

This follows since P(n, mn) has SU,,, as a simply connected n-cover, whose homotopy groups

in low dimensions follows from Bott periodicity ((8)). Consider its classifying space BP(n, mn),

and we have a map BP(n,mn) — K(Z/n,2) which is the projection of BP(n,mn) onto

the first non-trivial stage of its Postnikov tower.

H?(BP(n,mn);Z/n).

This map also classifies the generator of

Given a connected CW-complex X such that H*(X;Z) = 0, and a € Br/(X) of period

n, there is a unique class o/ € H?(X;Z/n) such that B(a’) = «, where B is the Bockstein
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homomorphism. Then ' is classified by a map X — K(Z/n,2). Therefore we have a lifting

problem as shown by the following diagram:

e l (2.1.4)
X 29 K(Z/2,n)

It can be shown, as we do in later sections, that « is classified by a PU,,,-torsor over X if and
only if the lifting problem above has a solution. If X is a finite CW complex, then it suffices to
study maps from X into successive stages of the Posnikov tower of BP(n, mn), which occupies
most of this paper.

Theorem 1.5.8, in addition to Theorem 0.0.5 of Antieau and Williams, provides evidence

for the following

Conjecture 2.1.1 (Antieau-Williams, (6)). Let X be a finite 2d-dimensional CW-complex,

and let a € Br(X) have period m = pi' - - - p;*. Then,
£ (d=1)1)
ind(a) — md—l prpz —1)! :
i=1

where vy, is the p;-adic evaluation.

In (6), Antieau and Williams proved ind(a) = m4 [, ;" ({(@=Dh,

In Section 2 we recapture the cohomology of Eilenberg-Mac Lane spaces necessary for our
purpose; in Section 3 we introduce the twisted K-theory and the associated Atiyah-Hirzebruch

spectral sequence; Sections 4, 5, and 6 are devoted to the study of the classifying spaces
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BP(n,mn), in particular their Postnikov towers, which is the technical core of this paper.

In section 7 an Eilenberg-Moore spectral sequence is introduced to prove Theorem 2.1.0.2

2.2  Preliminary on the Cohomology of Eilenberg-Mac Lane Spaces

As mentioned in the introduction, the objects of interest are various stages of the Postnikov
tower of the space BP(n, mn). It follows from (Equation 2.1.3) that the relevant Eilenberg-Mac
Lane spaces are of the forms K(Z/n,2) and K(Z,n). All the assertions made in this section
are essentially consequences of (14).

Consider the Eilenberg-Mac Lane space K(Z,n) for n > 3. By (14), the integral cohomology

ring H*(K(Z,n);Z) in degree < n + 3 is isomorphic to the following graded ring:

Ztn, ]/ (2T'n), (2.2.1)

where 1, of degree n, is the so-called fundamental class, and I';;, of degree n+3, is a class of order
2. We denote by z,,, T, the mod 2 reduction of ¢, and T, in H*(K(Z,n);Z/2), respectively.
Either by (14) or by the Kiinneth Theorem, there is a class I}, € H""2(K(Z,n);Z/2) such
that B(I'})) =TI, where B denotes the Bockstein homomorphism. Moreover, we consider the

Steenrod square Sq” and write Sq” for the following composition:

mod 2
—

H*(—;2) 1 (—72/2) 25 g (= 2/2),

where the first arrow denotes the mod 2 reduction.
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Lemma 2.2.1. Ifn > 3, then I, = Sq?(z,,). In terms of cohomology operations, this means
) n

I, =BoSq?: H(—Z) — H" (= 7).

Then the Adem relation Sq> = Sq' Sq? implies T, = Si(f’(cn)

Proof. First we consider the case n = 3. The path fibration K(Z,2) — * — K(Z,3) in-

duces a cohomological Serre spectral sequence 2 E;™ with coefficients in Z/2, such that 3p30
g 2

H3(K(Z,3);7,)2) = 7,/2 is generated by i3; 3Ey? = H2(K(Z,2);Z/2) = 7,/2 is generated by
lo; SESY = H5(K(Z,3);2)2) = 7./2 is generated by T'; and 3ES* ~ HY(K(Z,2);Z/2) = 7/2

is generated by 73. The vanishing of the E,, page in positive total degrees implies
g Y t2 g

dQ(ZQ) =13, (2.2.2)

and

dy(i3) = T%. (2.2.3)

Notice that 72 = Sq?(72). Moreover, by Corollary 6.9 of (26), Steenrod squares commute with
transgressions in Serre spectral sequences. The following equation then follows from (Equa-

tion 2.2.2) and (Equation 2.2.3):

5 = da(53) = da(Sq’(i2)) = Sa® da((22)) = Sa*(za). (2.2.4)
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~

Figure 4. Low dimensional trasgressions in the mod 2 cohomological Serre spectral sequence

induced by K(Z,n —1) = « — K(Z,n).

This proves lemma in the case n = 3. We verify the general case by induction on n. Consider
the path fibration K(Z,n — 1) — * — K(Z,n). Again, by the vanishing of the E., page in
positive total degrees, we have d,(7,—1) = 7, and dp12(I",_;) =T7,. See Figure Figure 4 for an
indication of the relevant differentials. Since all the differentials in sight are transgressions, the

induction is complete. ]

We proceed to consider K(Z/n,2), for any positive integer n. By (14), the integral coho-

mology of K(Z/n,2) in degree < 8 is isomorphic to the following graded commutative ring:

Z[Br, Qn, R, pul [ (1B, €2(n) B, €2(n)nQn, e3(n) 1R, e3(n) pn), (2.2.5)
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where deg(f8,) = 3,deg(Qrn) = 5,deg(Ry,) = 7, and deg(p,) = 8. In other words, there is
exactly one generator in each of the degrees 3,5, 6,7, which are, respectively, B, Qn, 82, Ry, of

order

n, ea(n)n, e2(n), es(n)n,

and 2 generators in degree 8, 3,Q, and p,, of order ez2(n) and e3(n), respectively. Notice that
when n is odd, the generators ea(n)32 and (3,Q,, are trivial. When n is coprime to 3, p, = 0.
Consider the canonical inclusion g, p, : Z/n — Z/mn, which induces a map g,(fl)n : K(Z/n,i) —
K(Z/mn,1) for any integer i > 0.
For any prime number p such that p|r, a straight forward computation of homology of

groups shows that we have the isomorphism

(9« : Ha(K(Z/n, 1); Z/p) = Hy(K(Z/mn,1); Z/p) = L p. (2.2.6)

See, for example, Section 6.2 of (33). On the other hand, recall “la transpotence”

wp : HQq(K(Z/Tvi)§Z/p) — Hqu+2(K(Z/T7i + 1);Z/p)

defined in Section 6 of (14), which, by the example on page 6-08, (14), is Z/p-linear when p is

odd. We adopt the notations in Section 11 of (14). Let A, be the group ring of Z/r generated by
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a single element u,. Then, it is an easy consequence of Section 9 of (14) that Ho(K(Z/r,1);Z/p)

is generated by 1, (u,). It then follows from (Equation 2.2.6) that we have

(gg,)n)* (Vp(un)) = pp(Unm)-

For some p € (Z/p)*. When p is odd, since v, is functorial and Z/p-linear, we have

(gg,)n)*((wp)Q(un)) = M(w’p)Q(unm)v (2.2.7)

an equation of elements of Hg(K(Z/mn,2);Z/p). When p = 3, the discussion above leads to

the following

Lemma 2.2.2. The induced homomorphism H®(gmn) is a 3-local isomorphism if 3|n and 0

otherwise.

Proof. When 3 { n, we have H8(K(Z/n,2);Z) = 0, and there is nothing to prove. When 3|n,

by the universal coefficient theorem, it suffices to show that

(92)s : H7(K(Z/n,2); Z) — H7(K(Z/mn,2); L)

m,n

is an isomorphism. It follows from Section 11 of (14) that

H:(K(Z]r,2);7Z) = 7Z]3
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is generated by the Bockstein of (13)2(u,), when 3|r. The lemma then follows from (Equa-

tion 2.2.7). 0

Consider the short exact sequence

0—=2Z/n—7Z/mn—Z/m—0

which induces the following fiber sequence of spaces:

K(Z/m,1) - K(Z/n,2) — K(Z/mn,?2).

We denote the induced cohomological Serre spectral sequence in integral coefficients by 7 E;™.

Lemma 2.2.3. Let " E}™ be as above. If ex(n)n|m, then

(K (2, 2):2) = P = U2
e2(n)
and if e3(n)n|m, then
H(K(Z/n,2);2) = HE>" = Z3((:))HE§’4/Im H ol
3

Remark 2.2.4. In particular, we have

H5(K(Z/n,2);Z) = Z/es(n)n,
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and

H(K(Z/n,2);Z) = Z]e3z(n)n.
Proof. Consider the Fy-page
gt = 1 (K (Z/mn, 2); HY(K (Z/m, 1); 2)) =

H*(K(Z/mn,2);Z), if t = 0.

H*(K(Z/mn,2);Z/m), if t > 0 and ¢ is even,

0, if ¢t is odd.

This follows from the fact that, as a ring,

H*(K(Z/m,2);Z) = Z[v]/(mv), (2.2.8)

where v is of degree 2. For obvious degree reasons, we have

Hdg,z : HEgQ > 7./m — HEg,O > 7, /mn, v = 1B, (2.2.9)

i.e., the canonical inclusion Z/m — Z/mn. Since the spectral sequence is multiplicative, it

follows from (Equation 2.2.9) that

Hdgﬂ . HEgﬂ ~ 7Z/m — HEg»O > 7./2,0Bmn > 1B, (2.2.10)
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which is surjective if n is odd, and 0 if n is even. By Leibniz rule, we have

HOA  HES 7/ 5 HEY? 2 7,/m 02 — 200 Bmn. (2.2.11)

It follows from obvious degree reasons that 7 E3* = Ker dg’Q /Im dg’4. Therefore, by (Equa-

tion 2.2.10), (Equation 2.2.11) and e3(n)n|m, we have

MBS = (0Bl o) = 2OV [yt < e, (2212

which is isomorphic to H®(K(Z/n,2);7Z), and the first equation follows.
We proceed to prove the second equation in the lemma. By Leibniz rule and (Equa-

tion 2.2.9), we have
dg’6(v3) = 3nv%Bmn, and d§’4(v2ﬁmn) =282, =0
since 20,,, = 0, from which it follows that
Hpdd Z HEp3 1 dS = HEY! 130 By = 7)es(m)n. (2.2.13)
For degree reasons the only potentially nontrivial differential into or out of # Ei”4 is

3,4 8,0
Hd?)’4HE4 _)HE4 ,
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where the codomain Ei’o is a quotient group of H8(K(Z/mn,2);Z) in which p,, is nontrivial.

It follows from Lemma 2.2.2 that

= 0,if 3|n,
Hg2a (2.2.14)

onto pmn, otherwise.

Hence, when e3(n)n|m, we have

T3 _ Kep gt = Mmpsa 3% = Z/es(n)n, (2.2.15)
e3(n)
which is isomorphic to H' (K (Z/n,2);Z), and the desired equation follows. O

The cohomology of K(Z/n,2) with coefficients in Z/2 is of particular interest to us. In
fact, we have a beautiful description of the cohomology ring H*(K(Z/2,q);Z/2) for any q > 0.
We denote the fundamental class of HY(K(Z/2,q);Z/2) by b. Recall that a finite sequence of
positive integers I = (41,12, -+ ,i,) is called admissible if iy, > 2igyq, for Kk =1,--- ;7 — 1. The
excess of [ is defined as

€(I)Z’i1—’i2—"‘—ir.

The following well-known theorem can be found, for example, in (28), in a slightly different

form.
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Theorem 2.2.5 (Theorem 4, Chapter 9, (28)). When n is even, the ring H*(K(Z/n,q);Z/2)

1s the polynomial ring with generators

Sa’(b) = Sq™ Sq™ -+~ 8q" (b)

where I runs through admissible sequences of excess e(I) < q, with the exception, in the case

4ln, and i, = 1, Sq’(b) is replaced by

Sq' Sq* -+ - Sq'r 1 (B),

where b' is the mod 2 reduction of the generator of HI*Y(K(Z/n,q);Z), and Sq*(b) = 0.
In the special case of ¢ = 2, we have

Corollary 2.2.6. When n is even, we have the isomorphism

H*(K(Z/n,2);7,)2) = 7./2[bs, bs, bs]

where by = b is the fundamental class, Sq1 by = 0 when 4|n and Sq1 by = b3 otherwise, and

b5 = Sq2 b3.

We conclude this section with the following.

Proposition 2.2.7. The mod 2 reduction of Ry € H" (K (Z/2,2);Z) is bbs € H'(K(Z/2,2);Z/2).

In particular, it is nontrivial.
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Proof. Tt is well known ((28), for example) that Sq' is the composition of the Bockstein homo-
morphism followed by the mod 2 reduction. It follows from (Equation 2.2.5) that H®(K(Z/2,2); Z)

is a 2-torsion group, from which it follows that the mod 2 reduction

H8(K(Z/2,2);Z) — H¥(K(Z/2,2);7/2)

is injective. Therefore, it suffices to show Sql(bgbg) = 0, which implies the Bockstein homomor-

phism sends b%bg to 0. Indeed, by Cartan’s formula, we have

Sq' (b3b3)
=Sq* (b2)babs + b2 Sq' (ba)bs + b3 Sq’ (b3)
=28q! (ba)bobs + b3 Sqt Sqt (bo)

=0,

where the last equation follows from the Adem relation Sq' Sq' = 0. O

2.3 Twisted K-Theory and Atiyah-Hirzebruch Spectral Sequence

For a connected topological space X and a class a € Br'(X) = H3(X;Z)tor, Donovan-
Karoubi ((17)) and Atiyah-Segal ((9))defined the twisted complex K-theory of X with respect

to a, which we denote by KU(X),, following the convention in (2).
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Similar to the usual, untwisted complex K-Theory, there is a twisted version of the Atiyah-

Hirzebruch spectral sequence, EX™, such that

H*(X;7Z), iftis even,

0, if¢is odd,

and converges to KU (X), when X is a finite CW complex. For more details, see (9) and (10).

The spectral sequence is closely related to the index of «, as shown in the following

Theorem 2.3.1. Let X be a finite CW complex and let o € Br(X). Consider EY*, the
twisted Atiyah-Hirzebruch spectral sequence with respect to o with differentials 2t with bi-
degree (r,—r + 1). In particular, ES’O = 7Z, and any E?’O with v > 2 is a subgroup of Z. and
therefore generated by a positive integer. The subgroup Eg,o (resp. EY) is generated by per(a)

(resp. ind(v)).

Moreover, we have a rank map KU®(X), — Z (See Section 2.5 of (2)) of which the image
is generated by ind(«). Theorem 2.3.1 is an immediate consequence of Proposition 2.21 and

Lemma 2.23 of (2). It has the following consequence:

Corollary 2.3.2. Let X be a connected 8-dimensional CW-complex, and let o € Br/(X) =

H3(X; Z)tor be such that per(a) = n. Then ind(a)|ez(n)ez(n)n?.

Proof. First we fix a CW-complex structure on the Eilenberg-Mac Lane space K(Z/n,2) and
take X to be skg(K(Z/n,2)), the 8th skeleton of K(Z/n,2). Then the corresponding twisted

Atiyah-Hirzebruch spectral sequence is shown in Figure Figure 5, where one readily sees that
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the only differentials out of E®Y with non-trivial codomains are Jg’o, d%o and dg’o, whose
codomains are, respectively, subquotients of E’g’*? ~ H3(K(Z/n); Z), E’g’% ~ H5(K(Z/n); 7)
and Eg’_6 =~ H'(K(Z/n);Z). As discussed in Section 1, the three groups above are all cyclic,
of order n, ez(n)n, and e3(n)n respectively, from which the desired result follows for X =
sks(K(Z/n,2)).

For a general X and a, choose o/ € H?(X;Z/n) such that B(a') = a, where B is the
Bockstein homomorphism. then o is classified by a cell map f : X — K(Z/n,2) such that
f*(Bn) = a, where B, is the canonical generator of H2(K(Z/n,2);Z) as discussed in Section
2. The corollary then follows from the functoriality of the twisted Atiyah-Hirzebruch spectral

sequence. The idea of the proof is indicated in Figure Figure 5. O

2.4 The Space BP(n,mn) and Its Low Dimensional Postnikov Decomposition

Let m,n be integers. Recall that in Section 1 we defined a Lie group P(n, mn) which fits

in the following exact sequence:

1 — Z/m — P(n,mn) % PUp, — 1.

Applying the classifying space functor, we obtain a fiber sequence

BZ/m — BP(n,mn) 2% BPUpy,. (2.4.1)



94

Z/n Z/ea(n)n |Z/es(n)n

Figure 5. The twisted Atiyah-Hirzebruch spectral sequence associated to the 8th skeleton of

K(Z/n,2).

The space BP(n, mn) plays an important role in the study of topological period-index problem.
As we mentioned in the introduction, w1 (P(n,mn)) = Z/n, and consequently BP(n, mn) is a
simply connected space with mo(BP(n,mn)) = Z/n. Therefore we have a projection onto the
2nd stage of Postnikov Tower BP(n,mn) — K(Z/n,2). In particular, P(n,n) = PU,, and we

have the following commutative diagram

BP(n,mn) —— BPUp,

l l (2.4.2)

K(Z/n,2) —— K(Z/mn,?2)
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where the vertical arrows are the projections to the 2nd stages of the respective Postnikov

towers.

Proposition 2.4.1. The bottom arrow in the diagram Equation 2.4.2 is induced by the canon-

ical inclusion Z/n — Z/mn.

In fact, this follows from the fact that By induces a morphism on the 2nd homotopy groups
which is the inclusion described above.

Delooping the first term of the fiber sequence Equation 2.4.1, we obtain another fiber se-
quence

BP(n,mn) =% BPUpm 2 K(Z/m,2), (2.4.3)

which leads to the following

Proposition 2.4.2. The second arrow 7 in the fiber sequence (Equation 2.4.3) fits in the

following commutative diagram:

BP(n,mn) —— BPUp,

K(Z/n,2) —— K(Z/mn,2) —— K(Z/m,?2)
in which the square is diagram (Equation 2.4.2) and the bottom row is a fiber sequence induced

by delooping twice the canonical short exact sequence

0—Z/n—Z/mn— Z/m — 0.
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Let X be a finite CW complex and let o € Br(X) = H3(X;Z)ior be of order n. Recall
the lifting problem (Equation 2.1.4) discussed in the introduction, as shown by the following

diagram.

T l (2.4.4)

We have the following

Proposition 2.4.3. Let X, a be as above. Furthermore, suppose that H2(X;Z) = 0. Then «
is classified by an Azumaya algebra of degree mn if and only if the lifting in diagram (Equa-

tion 2.4.4) exists.

Proof. The “if” part follows easily by post-composing a lift X — BP(n, mn) with Bt. To prove
the “only if” part, suppose that « is classified by a map f : X — BPU,y,. Since H*(X;Z) = 0,
there is a unique o/ € H?(X;Z) such that B(a/) = «, where B is the Bockstein homomorphism.
Moreover, let o be the image of o/ under the canonical map K(Z/n,2) — K(Z/mn,2), then
o’ is the unique class in H?(X;Z/mn) such that B(a”) = a. The uniqueness of o’ indicates

that the map f above fits in the following commutative diagram

BP(n,mn) —— BPU,,,, —— K(Z/m,2)

% l l: (2.4.5)

X = K(Z/n,2) —— K(Z/mn,2) —— K(Z/m,2)

where the square in the middle is the one in Proposition Equation 2.4.2, and both the top and

bottom rows of the 3 by 2 rectangular diagram are fiber sequences. The bottom row being
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a contractible map, a simple diagram chasing shows that the lifting indicated by the dashed

arrow exists. O]

We denote integral cohomological Serre spectral sequence associated to (Equation 2.4.1) by

(EY",dy™), of which the Ey page is

H¥(BPUp; Z), if t = 0;
S,t ~ S . ~
E3" = H*(BPUpn; H'(BZ/m)) = § g9(BPU,: Z/m), if t > 0 is even; (2.4.6)

0, if¢is odd.

This follows from the fact that, as a ring,

H*(BZ/m) = Z[]/(mw), (2.4.7)

where v is of degree 2. As for the cohomology of BPU,,,, we have the following

Theorem 2.4.4 ((20), Theorem 1.1). For an integer n > 1, the graded ring H*(BPU,;Z), in

degrees < 10, is isomorphic to the following graded ring:

Zlea, - ,€j,,x1,Y3,0,Y2,1, 21, 22}/ In-
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Here e; is of degree 2i, j, = min{5,n}; the degrees of x1,y30,y2,1 are 3,8, 10, respectively; and

the degrees of 21,22 are 9,10, respectively. I, is the ideal generated by

nry, ex(n)zd, es(n)yso, ea(n)ya1, es(n)z, ez(n)zo,

S(n)esz1, (8(n) —1)(y21 —e2l), esxy,

where

2, if n =4l + 2 for some integer [,
o(n) =

1, otherwise.

The degreewise cohomology groups with coefficients in an arbitrary ring follow immediately
from the theorem above, together with the Kiinneth theorem. We will simply refer to Theorem
0.0.1 for them.

Consider the quotient map SU,,,, — P(n, mn), which is a simply connected cover with Deck

transformation group Z/n. Therefore, we have

HY(BP(n,mn;Z)) = H*(BP(n,mn);Z) = 0,

H3(BP(n,mn);Z) & Hy(BP(n,mn); Z) = 1a(BP(n,mn)) = w1 (P(n,mn)) = Z/n,
(2.4.8)

which leads to the following

Lemma 2.4.5. In the spectral sequence (Ey™, dy"), the differential dg’z is a monomorphism.

By choosing the generator of Eg’z = Z/m correctly, dg’2 can be taken as the canonical inclusion
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Z/m — Z/mn. In particular, H3(BP(n,mn);Z) is generated by x, the image of 1 under the

homomorphism H3(BPU,,; Z) — H3*(BP(n,mn);Z) induced by the quotient map

Lemma 2.4.5 has the following consequence:

Proposition 2.4.6. Let m,n be positive integers. Then ez(n)n|m if and only if
H5(BP(n,mn);Z) = Z/ey(n)n.

Proof. See Figure Figure 6 for the spectral sequence discussed here. Notice ES’O = 0 from

Theorem 0.0.1. Then for obvious degree reasons the only nontrivial entry of the Fs-page of

total degree 5 is ES = Z/m, from which it follows that

H5(BP(n,mn);Z) = E32.

The proposition then follows from the same computation as in the proof of the first statement
O

of Lemma 2.2.3, only with f,,, replaced by x;.

Remark 2.4.7. Indeed, we have the commutative diagram

K(Z/m,1) —— BP(n,mn) ——— BPU,,
K(Z/m,1) —— K(Z/n,2) —— K(Z/mn,?2)

which induces a morphism of Serre spectral sequences taking the generator @, of H>(K (Z/n,2); Z)

to the generator of H?>(BP(n, mn);Z) when ex(n)n|m.
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6
N3
Z/m
A /
Z]m
N 2n
Z/m Z]2
2
Z/m
XN Xn
Z/mny, |0 Z&L)2

Figure 6. The E3-page of the spectral sequence F;™.

In the proof of Proposition 2.4.6, we observe that when n is odd and m is even, the differ-
entials dg’2 and dg,z annihilate the 2-torsion elements in Eg’o >~ H*(BP(n,mn);Z). This is a
special case of a more general argument. By the definition of P(n,mn), we have the following
fiber sequence

BSU,m — BP(n,mn) — K(Z/n,2).

We consider the associated cohomological Serre spectral sequence with integral coefficients, of

which the Fs-page has no p-torsion for any prime p not dividing n, from which we deduce

Lemma 2.4.8. For a prime p, H*(BP(n,mn);Z) has no nontrivial p-torsion if p{ n.
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Lemma 2.4.8 has the following immediate

Corollary 2.4.9. Let p be a prime such that p|m and p { n. Then all p-torsion element of E; 0

vanish in the FE..-page.

Recall from Theorem 0.0.1 that the torsion subgroup of E28’0 ~ H¥(BPU,;Z) is Z/3 if 3|r

and 0 otherwise.

Corollary 2.4.10. If 3|m and 3t n, then the differential

34 3,4 8,0 _ 18,0
d:" B — B = Ey

is a surjection onto its subgroup Z/3.

Proof. Tt follows for degree reasons that d§’4 is the only possibly nontrivial differential towards
E30 . . . 8,0 _ 18,0 34
«, and in particular, it follows that E;” = E5". The fact that d;” is onto Z/3 follows from

Corollary 2.4.9. O

We proceed to consider the Postnikov tower of BP(n,mn). Recall the low-dimensional

homotopy groups of BP(n, mn):

mi(BP(n,mn) = Z, 2<1i<2mn, ieven, (2.4.9)

0, 0<i<2mn, 1t odd.
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We denote the ith stage of the Postnikov tower of a simply connected topological space X by
X1i], and the ith k-invariant by x;. Then we have part of the Postnikov system of BP(n, mn)

as follows:
K(Z,4) —— BP(n,mn)[4] = BP(n,mn)[5]

l (2.4.10)
BP(n,mn)[3] = K(Z/n,2) —2— K(Z,5)

In general we have BP(n, mn)[2i] = BP(n,mn)[2i + 1] for all n > 0 even and i < n, since in

such cases we have mo;+1(BP(n,mn)) = 0. By (Equation 2.2.5) and Proposition 2.4.6, we have
H®(BP(n,mn);Z) = H*(K(Z/n,2);Z) = Z/es(n)n = H(K(Z/n,2) x K(Z,4);7)

if and only if ex(n)n|m, which implies the following

Proposition 2.4.11. Let m,n be positive integers. Then ez(n)n|m if and only if in the Post-

nikov tower of BP(n, mn), we have k3 = 0. or equivalently, we have
BP(n,mn)[5] = BP(n,mn)[4] ~ K(Z/n,2) x K(Z,4).

Remark 2.4.12. This is essentially the main result of (1).

The integral cohomology groups of BP(n, mn) in degree < 5 are immediate from the propo-

sition above. In particular, we have
Corollary 2.4.13. As in Proposition 2.4.11, we assume that ex(n)n|m.

1. HY(BP(n,mn);Z) = Z. We denote its generator by €.
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2. Recall the map By : BP(n, mn) — BPU,,, induced by the quotient map . The induced

homomorphism

(Bo)* : HY(BPUn; Z) = 7 — HY(BP(n,mn); Z) = 7

is the multiplication by ex(n)mn.

Proof. The statement (1) follows immediately from Proposition 2.4.11. To prove (2), consider
the spectral sequence E;™ as in (Equation 2.4.6). Notice ES’O ~ H’(BPUyn;Z) = 0, from
which it follows that

E2? = E3? =~ H2(BPUpyp; Z/m) = Z/m. (2.4.11)

For the same reason we have Eoy & Kerdg’4. By the Leibniz rule we have d3(v?) = 2vdsz(v) =
2nwvx1, which implies that E%! is the subgroup of Eg’4 of ea(n)n-torsion elements, i.e.,

E% = Kerdy! = E)* = Z/ey(n)n. (2.4.12)

The equations (Equation 2.4.11) and (Equation 2.4.12), together with (1) of the corollary imply

(2). O

We proceed to make a similar assertion on H®(BP(n,mn);Z). To do so we need the

following
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Lemma 2.4.14. When ex(n)n|m, the Abelian group H' (BP(n, mn); Z) is isomorphic to Z/e3(n)nx
Z/n x 7./2 modulo a cyclic subgroup. In particular, H'(BP(n,mn);Z) is not a cyclic group

when n is even.

Proof. 1t follows from 2.4.11 that

HY(BP(n,mn)[5];Z) = H(K(Z/n,2) x K(Z,4);7) = Z/e3(n)n x Z/n x /2.

Therefore

HY(BP(n,mn);Z) = H (BP(n,mn)[6];Z) = Z/es(n)n x Z/n x Z./2/(xs),

and the result follows. O
Corollary 2.4.15. Suppose ez(n)n|m.
1. We have
Z®7Z/2, if n is even,
HS(BP(n,mn);Z) =

Z, if n is odd.

2. When n is even, the subgroup Z/2 of H%(BP(n,mn);Z) is generated by (z})?, where

z} = By*(z1). Furthermore, By induces a homomorphism

HO(BPUpn; Z) /(1) = Z = H°(BP(n,mn); Z)/ (By(21)) = Z
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which is the multiplication by

313

e3(™)nm?,if n is even, or m,n are both odd,

33

e3(™)nm?/2,if n is odd, and 4|m,

e3(2)nm?/4,if n is odd, and m = 2(20 + 1) for some integer [.

Proof. Consider the 6th stage of the Postnikov tower of BP(n, mn) as described by the following

diagram:

K(Z,6) > BP(n, mn)[6]

|

BP(n,mn)[5] = K(Z/n,2) x K(Z,4) —= K(Z,7)

from which it follows that

7 ®7Z/2, if n is even,
HSBP(n,mn);Z) 2 Z & HY(K(Z/n,2) x K(Z,4);7) =

Z, if n is odd.

from which (1) follows.

. kK .
Consider the spectral sequence F,". When n is even, we have

ES? = HY(BPU,yn; Z) = 7. & 7.2,
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of which the 2-torsion subgroup is generated by #?. By Lemma 2.4.5, the image of dg’z is

generated by nz? = 0, since n is even. Therefore we have
dy* = 0. (2.4.13)

For obvious degree reasons there is no other nontrivial differential hitting the entry (6,0). Hence
the first half of (2) follows.

To prove the second half of (2), it suffice to show that E3! such that s +¢ = 6,¢ > 0 are
all finite, of which the product of the cardinality is equal to the number given in each case. On
the Fo-page, the nontrivial entries E;’t such that s+t =6,t > 1 are E;l’z = 7/m, E§’4 = 7/m
and Eg’ﬁ = 7Z/m.

For Eg’G, we have

dg’ﬁ : Eg’ﬁ =7Z/m — E§’4 =7/m

the multiplication by 3n, by the Leibniz rule. Hence we have
Eo,ﬁ - K 0,6 ~ m
1 = Kerd;” = Z/e;;(z)n. (2.4.14)

We argue case by case, as follows.
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Case 1: n is even, or m,n are both odd. In this case, either 4|mn, or mn is odd. Then it

follows from Theorem 0.0.1 that

EyY >~ H'(BPU,y; Z) = 0.

. N g 4,2
Then for degree reasons there is no nontrivial differential into or out of F,“. Hence we have

EY? > E3? =~ 7/m. (2.4.15)

Next we consider the entry E**. For degree reasons the only possibly nontrivial differential
into or out of it is d§’4, of which the codomain, according to the Kiinneth’s theorem and Theorem

0.0.1, is

0, if n is odd, and consequentely so is m,
E>? = HY(BPU,pp; Z/m) =

Z/2, if n is even.

We proceed to show d§’4 = 0 in both cases. When n is odd this is obvious. When n is even,
it follows from Lemma 2.4.14 that E32 # 0, for otherwise H®(BP(m,n); Z) would be cyclic, a
contradiction. Therefore, EX? = Eg’z > 7./2, from which it follows that d§’4 = (0. Hence, we
have

EX > B2t >~ 7/m. (2.4.16)
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Again for degree reasons, the only potentially nontrivial differential out of EE’G is into Eji”Q ~

Z/2. 1t follows from Lemma 2.4.14 that this differential is 0. Therefore we have
B = B0 = 7/es (D, (2.4.17)
n

Case 1 now follow from (Equation 2.4.15), (Equation 2.4.16) and (Equation 2.4.17).
Case 2: n is odd, and 4|m. In this case it again follows from Theorem 0.0.1 that

H"(BP,n;Z) = 0. Then for the same reason as in Case 1 we have
EY2 >~ 2~ 7/m. (2.4.18)
Consider Ef 4 The only potentially nontrivial differential into or out of Ef 4 g
Ayt B3t = 7/m — ES* =172,

where Eg,z > HP(BPun;Z/m) = Z/2 follows from Kiinneth’s theorem. Since n is odd, it
follows from Corollary 2.4.9 that EX =0. However, for degree reasons there is no nontrivial
differential into or out of E2* except for possibly d§’4. (Notice that ES’O has no 2-torsion, by

Theorem 0.0.1.) Therefore, d§’4 is surjective and it follows that

E24 = Z/%. (2.4.19)
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For degree reasons there is no nontrivial entry of total degree 7 on the E4-page. Hence it
follows that

n

Case 2 then follows from (Equation 2.4.18), (Equation 2.4.19) and (Equation 2.4.20).
Case 3: nis odd, and m = 2(2]+1) for some integer [. In this case it follows from Theorem
0.0.1 that

E? =~ HY(BPU,yn; Z) = 7)2,

and moreover, the differential
dy? : B3® = 7Z/m — E3° = 7,/2

is onto, since, due to Theorem 0.0.1, H"(BPU,,; Z) is generated by the cup product esx1. For

degree reasons there is no other nontrivial differentials into or out of E§’2. Hence we have
m
E4? =~ Z/? (2.4.21)
For E%* and E2S the same arguments as in Case 2 applies and we have

L2 Z/% (2.4.22)
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and

E0S ~ Z/eg(%)n. (2.4.23)

Therefore, Case 3 follows. O

The study of the next non-trivial stage of the Postnikov tower requires some auxiliary results
on the cohomology of the classifying spaces of some Lie groups, which is the topic of the next

section.

2.5 The Cohomology of Classifying Spaces of Some Lie Groups

Recall the integral cohomological Serre spectral sequence associated to the fiber sequence
BU, — BPU, — K(Z,3), which we denote by Y E;’*, and the formula for the differential Yds3

described in Corollary 1.5.3

UEgvt o~ UE;’t =~ HS(K(Z, 3),Ht(BUT,Z))

Let ¢ € H*(BU,;Z) be the kth Chern class, and z; be the generator of H3(K(Z,3);Z).

In low dimensions, for example, UE§’4 and UEg’ﬁ, Uds is the only non-trivial differential out
of them. Therefore, the kernel of Udg’* gives the image of the homomorphism H*(BPU,;Z) —
H*(BU,;Z) induced by the quotient map BU, — BPU,. A straightforward calculation gives

the following



111

Lemma 2.5.1. The image of the homomorphism H*(BPU,;Z) — H*(BU,;Z) in degree 4 and

6 are generated respectively by

and

e3(r)
e2(r)e2( i ay)

(T—DW—Q)ﬂ

[r%cs —r(r —2)eico + 3 ol

By pre-composing the quotient map with the inclusion SU, — U,., we obtain another quo-
tient map SU, — PU,. Applying the classifying space functor and taking integral cohomology,

we obtain the homomorphism

H*(BPU,;Z) — H*(BSU,;Z).

Recall that the inclusion SU, — U, induces a homomorphism

H*(BU;Z) = Zley, -+ yen) = H (BSU Z) =2 Zlca, - -, ¢

which annihilates ¢; and takes ¢; to itself, for ¢ > 1. Therefore, Lemma 2.5.1 immediately

implies the following

Lemma 2.5.2. The image of the homomorphism

H*(BPU,;Z) — H*(BSU,;7)
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in degree 4 and 6 are generated respectively by ea(r)rce and

We conclude this section with the following

Proposition 2.5.3. Let n and m be such that ez(n)n|m. Consider the quotient map SUp,, —

P(n,mn). The induced homomorphism

HE(BP(n,mn);Z) — HY(BSUppn; Z) = Zc3)

has image generated by

ez(mn)
— s _nc3.
e3(m/n)ez(n)
Proof. Notice that the quotient map SU,,, — PU,y,, can be factorized as SU,,,, — P(n,mn) —

PU,,y, and the proposition follows from Lemma 2.5.2 and Corollary 2.4.15, once we notice the

following equation:

W, n is even(hence so is m), or m,n are odd,
e3(mn)m?n? ) |
eg(mn)@(%) “am) 0 N8 odd, and 4|m,
%7 n is odd, and m = 2(2] + 1) for some .



113

2.6 Proof of Theorem 2.1.0.1

We proceed to consider H'(BP(n,mn);Z). Considered the fiber sequence

BSU,, — BP(n,mn) — K(Z/n,2)

and the associated integral cohomological Serre spectral sequence “E." with

SEY' = HS(K(Z/n,2); H'(BSUpn: 7).

We have the following

Lemma 2.6.1. Suppose that ea(n)n|m. Recall that H3(K(Z/n,2);Z)) = Z/n is generated by
an element By, and that H (K (Z/n,2);Z)) = Z/es(n)n is generated by R,. In the spectral

sequence SET, we have Sdg’6(03) = 2¢o 8, with kernel generated by

and

P - St

All the other differentials out of SEg’G are trivial.

)

In particular Sdg 0 s the only non-trivial differential out of SES’ﬁ when ez(n)n|m.
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Proof. See Figure Figure 7 for the differentials of the spectral sequence * E:* discussed here. For
degree reason the only potentially non-trivial differential out of © Eg’4 is © dg’4. By Proposition
2.4.6 we have

SEYY > 7 Jes(n)n = SES”,
from which it follows that © dg’4 = 0. The statement about dg’ﬁ follows from an easy comparison
of the cohomological Serre spectral sequences between the fiber sequences
BSU,, — BP(n,mn) — K(Z/n,2)
and
BU,., — BPU,,, — K(Z,3),

the Es-page of the latter of which is well understood in Chapter 1. Therefore, the statement

about d(;’G follows from Proposition 2.5.3. O

For future convenience we introduce the following notation:

calm/m)es(n)

Im.m) = ez(mn)

(2.6.1)

Lemma 2.6.1 has the following immediate consequence:

Corollary 2.6.2. Assume that n is odd, and n|m. Then we have

H"(BP(n,mn);Z) = Z/I(m,n),
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Figure 7. Low dimensional differentials of the spectral sequence ¥ E}*, when e3(n)n|m. The

dashed arrows represent trivial differentials.

which is generated by R, (zY). Here a7 generates H?(BP(n,mn);Z/n). Moreover, B(z}) = }

where B is the Bockstein homomorphism.

The general case is more complicated. Recall Lemma 2.4.14, which says that H' (BP(n, mn); Z)

is not a cyclic group when n is even. With a little more work we can impose a strong restriction

on the k-invariant xs.

Remark 2.6.3. Since we have the homotopy equivalence

BP(n,mn)[4] = BP(n,mn)[5] ~ K(Z/n,2) x K(Z,4),
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the cohomology rings H*(BP(n,mn);Z) and H*(K(Z/n,2) x K(Z,4);Z) are isomorphic in
degree < 6. In view of this, in what follows we do not explicitly distinguish the elements

2}, R (2Y), e with B, Ry, ta.

Lemma 2.6.4. Assume ez(n)n|m. Then we have

Ks = MRy X1+ XfBn Xy +1xTy

where A1 € Z/es(n)n, Ao € Z/n. Furthermore, the subgroups of Z/n generated by 2X2 contains
2.

In particular, if n is odd, then, up to a scalar multiple, we have

Ky = MR, X1+ 08, Xy +1xTy

Proof. Suppose

ks = ARy X 1+ Aoy X 1g + Ag X [y,

where \; € Z/es(n)n,\a € Z/n,\3 € Z/2. Lemma 2.6.1 implies that H'(BP(n,mn);Z)
is generated by R, x 1 and f3,, X t4, since they generate ESA and SE;’O, the only non-trivial
entries on the Fs-page with total degree 7. In particular, the class 1 xI'y is a linear combination

of them, from which it follows that A3 = 1.
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Let {ks5) be the subgroup of H'(BP(n, mn);Z) generated by k5. Lemma 2.6.1 implies that
20, X t4 is in the subgroup generated by R, x 1, since SEg’f, generated by 3, X t4, has order

2. Hence, there is some scalar A € Z/e3(n)n such that

2Bn X ta + ARy, X 1 € (K5). (2.6.2)

Let (B, x t4, Ry, x 1) be the subgroup of H"(BP(n, mn);Z) generated by 3, x t4 and R, x 1.

Then (Equation 2.6.2) implies

2ﬂn X L4 —i—ARn x1e </€5> N <ﬂn X L4,Rn X 1> = <2H5>,

where the identification of subgroups follows from the fact

2k5 € (k5) N (Bp X L4, Ry X 1)

and that 2 is a prime number.

From the above, it follows that 23,, X ¢4 + AR, X 1 is a multiple of

2K5 = 2()\1Rn X 14+ AgfBn X tg + A3 X F4) = 2()\1Rn X 14+ Aof, X L4),

which implies that the ideal of Z/n generated by 22 contains 2, and the lemma follows. O

We make the following important observation:
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Lemma 2.6.5. Let X be the 8-skeleton of K(Z/n,2), with a Brauer class
o € H3(X;Z)ior = Br(X)

the restriction of the fundamental class B, € H*(K(Z/n,2);Z). If a is classified by a PU,p;,-

torsor, then ea(n)es(n)n|m.

Proof. For the obvious reason we do not distinguish cohomology classes of X and K(Z/n,2)
in degree < 7. It follows from Proposition 2.4.11 that ez(n)n|m. It remains to prove that
es(n)n|m. Assume e3(n)n t m for a contradiction. Since we already have ez(n)n|m, it follows
that 3|n and 31 . Hence we have

I(m,n) =n. (2.6.3)

Since H%(X;7Z) = 0, there is a unique element o/ € H?(X;Z/n) such that B(a/) = a,
where B is the Bockstein homomorphism. Therefore, the lifting problem shown by the following

diagram
BP(n,mn)[5] = K(Z,4) x K(Z/n,2) —— K(Z,7)

ff/,/”/% l

X = BP(n,mn)[3] = K(Z/n,2)
has a unique solution f5 since H*(X;Z) = 0, and for the same reason, the composition ks - f5

is MR, € H'(X;Z), for some \; € Z/e3(n)n, according to Lemma 2.6.4. On the other hand,



119

it follows from Lemma 2.6.1 and (Equation 2.6.3) that in H”(BP(n, mn);Z) we have nR,, = 0,

whereas R,, is of degree 3n in H'(BP(n,mn)[5]; Z). Therefore, we have
0 # nR, € (k5) € H (BP(n,mn)[5]; Z).
This implies that nR,, is a multiple of A\{ R, and in particular, k5 - f5 = A1 R, # 0. Hence f5

does not lift to BP(n, mn)[6], a contradiction. O

We proceed to study the next non-trivial stage of the Postnikov tower of BP(n, mn), namely

BP(n,mn)[6]. Recall from Lemma 2.4.14 that when n is even, we have

H'(BP(n,mn);Z) = H (BP(n,mn)[6]; Z)
~H(K(Z,4) x K(Z/n,2);7)/(ks) = Z/e3(n)n ® Z/n ® Z)2/ (k5),
where the components Z/es(n)n, Z/n and Z/2 are generated by R, x 1, 5, X 14 and 1 x T'y.

Lemma 2.6.6. Suppose es(n)n|m. Then we have Esy = Z/es(n)n. Moreover, as a direct sum

component of H'(BP(n,mn);Z), E3Y s generated by R,,.
Proof. Consider the following commutative diagram

K(Z/m,1) —— BP(n,mn) ——— BPU,

l: l l (2.6.4)

K(Z/m,1) —— K(Z/n,2) —— K(Z/mn,2)
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It follows from the proof of Lemma 2.2.3 that the morphism of spectral sequences induced by

(Equation 2.6.4) restricts to an isomorphism

Hpdt =~ gt

We proceed to show that it restricts to an isomorphism

Ap3a o g3, (2.6.5)

For degree reasons, dg’6 is the only non-trivial differential reaching the entry B3 By the

Leibniz rule, we have

E3*Y ) ImdY® = (Z/m)/3n = Z/e3(m)n,

where the last equation follows from the fact that e3(n)n|m. On the other hand, it follows from

Leibniz rule that d§’4(v2x1) = 2nvx1 = 0. Therefore we have d§’4 =0 and

EX = B2 2 Z/e3(m)n.

For degree reasons, the only potentially nontrivial differential into or out of Ei’4 is

3.4 3,4 8,0
ds” By — B
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It then follows from (Equation 2.2.14) in the proof of Lemma 2.2.3 that d§’4 = 0 when 3|n. On

the other hand, it follows from Corollary 2.4.10 that

dg’4 : E§’4 = Z/es(m)n — ES’O ~ H3(BPUpnn; Z)

is onto the subgroup of ES 0 of order 3 when 3 n and 3|m. Therefore, (Equation 2.6.5) holds,

and the desired assertion follows from Lemma 2.2.3. O

The next lemma concerns 3, X t4, which, as an element of H'(BP(n,mn);Z), is identified

with eh2!. Recall that ES™* = Z/m is generated by v2.

Lemma 2.6.7. The group E%t ~ Z/ea(m)n is the subgroup of Eg’4 generated by v2. As a

m
ea(m)n
quotient of H*(BP(n, mn);Z), E% is generated by the element represented by €, the generator

of H*(BP(n,mn);Z). Moreover, suppose that ez(n)esz(n)n|m. Then we can choose v, up to an

m 2
e2(m)n v

. . . . 4 . .
invertible scalar coefficient, so that in EX' there is a relation el =

Proof. The fact that EX' 2 Z/es(m)n and that it is generated by %1)2 follows from Lemma

2.4.5 and the Leibniz rule. The rest follows from Corollary 2.4.13. O

Theorem 2.6.8. Suppose that ea(n)es(n)n|m. Then

: Z/es(n)n, n odd,
H'(BP(n,mn);Z) = (2.6.6)

7)2® Z/es(n)n, n even.

Furthermore,



122

1. if n is odd, then, up to an invertible scalar,

= 63(n)m)\Rn X1+ B xty+1xTy
es(m)n

K5

2. if n is even, then, up to an invertible scalar,

es(n)m

5 = €9 (m)63 (m)

AR, X 14+ Ao Xty +1xT'4 mod 2 — torsion.
n

where X\ € Z/e3(n)n is invertible and Ao is as in Lemma 2.6.4.

Proof. The first case of (Equation 2.6.6) is just Corollary 2.6.2. For the other case, it follows

from Lemma 2.6.6 and Corollary 2.6.2 that we have a short exact sequence

0 — Z/e3s(n)n — H' (BP(n,mn);Z) — 7./2 — 0.

By Lemma 2.4.14, the group H'(BP(n,mn);Z) is not cyclic. Therefore we have

H'(BP(n,mn);Z) = 7)2 ® Z/e3(n)n,

for n even.
To prove (1) and (2) we need to find the coefficient A\; as in Lemma 2.6.4. This is accom-
plished by studying the element ebz| € H (BP(n,mn);Z). In particular, we locate it in the

k%
spectral sequence ..
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It follows from Lemma 2.6.7 that in E§’4 we have the relation ehz) = —™—v27;. On the
e2(m)n

other hand, it follows from Lemma 2.6.6 that E=2" is generated by 6633 ((7:)) v2x1 which is identified

with AR, for some invertible element A € Z/es(n)n. Hence, in Es.* we have the relation

ehx = M)\Rn 2.6.7
2= m)es(myn (26.7)
Since we have
ng, n odd,

H"(BP(n,mn);Z) =
EX o EY ~EX ©7/2, n even,

The desired statement (1),(2) then follows immediately from (Equation 2.6.7). O

Proof of Theorem 2.1.0.1. Let X be an 8-complex and a € Br(X). The first paragraph of the
theorem, that ind(a)|ez(n)e3(n)n?® follows immediately from Corollary 2.3.2.

We proceed to prove the second paragraph. Let X, a and o/ be as in Lemma 2.6.5. Consider
o/ as a map X — K(Z/n,2). Then it follows from Proposition 2.4.11, that o’ has a lift to

BP(n,mn)[4] if and only if e2(n)n|m, in which case

BP(n,mn)[4] ~ K(Z/n,2) x K(Z,4)
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and we have a unique lift f5 as in the following diagram

BP(n,mn)[5] = K(Z,4) x K(Z/n,2) —— K(Z,7)
fo =T l (2.6.8)

X =Y, BP(n,mn)[3] = K(Z/n,2)

as discussed in Lemma 2.6.5. Therefore, a lift of o), to BP(n, mn)[5] exists if and only if
ks fs=0€ H(X;Z) =2 H (K(Z/n,2); 7).
On the other hand, the projection
BP(n,mn)[4] ~ K(Z/n,2) x K(Z,4) — K(Z/n,?2)

splits, from which it follows that the homomorphism H*(f5) is a quotient homomorphism
sending exactly all classes in H*(K(Z,4);Z) to 0. Recall from Proposition 2.4.11 and Lemma
2.6.5 that we only need to consider m and n such that ea(n)es(n)n|m. Therefore, it follows

from Theorem 2.6.8 that

asmmyp  nodd,

y ez(m)n
K5 * f5 = f5 (/15) = ’ (2.6.9)
_em _\p mod 2—torsion, n even.
e2(m)ez(m)n
When n is odd, k5 - f5 = 0 if and only if 63(7L)TL|E§EZL))TZ, i.e., eg(m)n®lmn. Since n|m, we

have e3(n)|e3(m), hence e3(n)n3|mn, for all m,n such that the lift of o/ to BP(n, mn)[6] exists,
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which, according to Proposition 2.4.3, is true if and only if a can be classified by a PU,y,,-torsor.
Therefore, e3(n)n?|ind(c). Then it follows that e3(n)n® = ind(«a), as desired.
When n is even, the same argument can be made with the indeterminacy of 2-torsions:

K5« f5 = M)\Rn =0 mod 2—torsions,
ea(m)es(m)n

where A € Z/e3(n)n is invertible. In other words, we have ca(mn)__es(nm

2 ‘62(771)63(771)77,7 i'e'7 63(m)n3|mn-

Since n|m, we have e3(n)n3|mn for all m,n such that « is classified by a PU,,,-torsor. Hence

e3(n)n3|ind(a). O

2.7 Proof of Theorem 2.1.0.2

It follows from Proposition 2.4.11 that BP(n, mn)[5] ~ K(Z/n,2)x K ((Z,4) when e3(n)n|m.
As will be shown later, the essential case of this section is n = 2, which we treat first. Consider
the diagonal inclusion

Ao : SUQ — SUQm.

Passing to the quotient spaces of the respective Z/2 actions given by the scaler multiplication

of e™V~1 we have another inclusion

Al : PU2 — P(2,2m).
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Passing to classifying spaces, we have

BA, : BPU, < BP(2,2m)

Lemma 2.7.1. BA; induces an isomorphism on H3(—;Z).

Proof. By the Hurewicz theorem, it suffices to show that A; : PUy — P(2,2m) induces an
isomorphism of fundamental groups, which follows from the fact that the Z/2 actions on their

respective simply connected covers SUs and SUs,, commute with the diagonal inclusion. ]

Recall the well-known exceptional isomorphism PUs; 22 SOs, from which it follows

BPU, =~ BSOs,

and in particular,

H*(BPUy; Z,/2) = H*(BSO3; Z/2) = 7./2[ws, ws),

where wo, w3 are the Stiefel-Whitney classes of the universal SOs-bundle over BSOs.

Lemma 2.7.2. In the setting above, we have

Sq' (w9) = ws.

Proof. The first nontrivial stage of the Postnikov tower of BSO3 is K(Z/2,2) ~ BSOs[2],

and wy is the Postnikov map. It follows from w3(BSO3) = 0 that we have K(Z/2,2) =~
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BSO03]3], from which it follows that wy induces an isomorphism over mod 2 cohomology groups

in dimensions less than 4. The lemma then follows from Corollary 2.2.6. 0

Recall that we denote the generator of H3(BP(n,mn);Z) by ;. Also recall the element
Ro(z}) € H'(BP(2,2m);Z), or Ry for short. Let overhead bars indicate the mod 2 reduction

of integral cohomology classes. We have the following

Corollary 2.7.3. In mod 2 cohomology we have (BA1)*(Rs) = wiws. In particular (BA;)*(Rz)

is nontrivial.

Proof. Tt follows from Lemma 2.7.1 and Lemma 2.7.2 that (BA1)*(Z}) = w3 and (BA;)*(2f) =
we, where z/ is the generator of H2(BP(2,2m);Z/2). The rest follows from Proposition 2.2.7.

O
Recall from Proposition 2.4.13 that H*(BP(2,2m);Z) is generated by €.

Lemma 2.7.4. Let 4m, and (BA1)* be the homomorphism induced by BA, between integral

cohomology groups. Then

m

—€2,

(B (eh) = 5

where ey and € are the generators of H*(BPUsy;Z) and H*(BP(2,2m);Z), respectively.

Proof. Consider the following composition

BPU, 224 BP(2,2m) — BPUsp,
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where the second arrow is induced by the quotient homomorphism. By Theorem 0.0.1 and
Proposition 2.4.13, H*(—;Z) of all 3 spaces involved are isomorphic to Z. It follows from
Lemma 1.9.2 that H*(—;Z) of the composition is multiplication by m?, and from Proposition
2.4.13 that H*(—;Z) of the second arrow is multiplication by 4m. Therefore H*(BA;Z) is
multiplication by

2 g —
m*/4m 7
O

Corollary 2.7.5. Let m = 4 and €, be the mod 2 reduction of e,. Then in the mod 2
cohomology, we have

(BAL)*(85) = w3.

Proof. Notice that

H*(BPU,;7/2) = H*(BSOs;7/2)

is generated by w2. Therefore w? is the mod 2 reduction of e. The rest follows from Lemma

2.7.4. O
The author owes the following lemma to A. Bousfield.

Lemma 2.7.6. Let 4|m, and recall the definition of €, from Corollary 2.7.5. We have

Sq’(e5) # 0.
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Proof. Consider the following fiber sequence:

BP(2,2m) — BPUsy, — K(Z/m,?2),

and denote its associate Serre spectral sequence in Z/2 coefficients by 2E;”". Recall that
H?*(BP(2,2m);Z/2) is generated by z, and H*(BP(2,2m);Z/2) by «}. Also recall from

Corollary 2.2.6 which asserts

H*(K(Z/n,2);7,)2) = 7./2[bs, bs, bs]

where bs = Sq*(b3) and Sq'(b2) = 0. For obvious degree reasons, the differential

2492 : 2Ey? = HX(BP(2,2m); Z/2) — 2E3° = H3BP(2,2m); Z/2), 2/} + b (2.7.1)

is an isomorphism. Therefore, the element xf is transgressive and we have

240° 2B = H¥(BP(2,2m); 2/2) — 2E,° =~ H3(BP(2,2m); Z/2),
71 = Sq' (#1) = Sq' (b3) = 0,

from which it follows that

2053 (by @ 7)) = 0. (2.7.2)
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It follows from Proposition 2.4.11 that

HY(BP(2,2m);7/2) = 7/2 ® 7)2,

- PR 02 . . .
and moreover, it is generated by (z7)? and &,. Since 2 € 2E3” is transgressive, so is (z])? =

Sq?(x). Furthermore, we have

*d5"((@1)%) = S” (Cd5 " (a)) = Sa?(ba) = bs. (2.7.3)

For obvious degree reasons, this is the only nontrivial differential reaching 250, Hence, we
have

S0 ~7/2. (2.7.4)

On the other hand, it follows from (Equation 2.7.2) that by ® 7} €2 Eg’g is a permanent
cocycle, whereas

H°(BPUym; Z)2) = 7./2,

a consequence of Theorem 0.0.1. Therefore, it follows from (Equation 2.7.4) that by ® T} is a

coboundary. For degree reasons and (Equation 2.7.3), we have

2094 (eh) = by ® ). (2.7.5)
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We recall a theorem regarding Steenrod operations in spectral sequences, proved independently

by Araki ((7)) and Véazquez ((31)). We quote this theorem from (26) as follows:

Theorem 2.7.7 (Theorem 6.15, (26)). On the mod p cohomology spectral sequence associated

to a fibration F — E — B, there are operations

D N e e R Y )
for p odd

(2s—=b)(

pPs: E® 5 gt pil)’pb,2§r§oo,

FSq : EFY — BRI < < o,
forp=2

BSq’ E&Y - E?H*b’zb,Q <r < oo,

that converge to the action of A, on H*(E;Z/p), commute with the differentials in the spectral
sequence, satisfy analogues of Cartan’s formula and the Adem relations and reduce to the Ap-
action on H*(F;Z/p) and H*(B;Z/p). when r =2 and a =0 or b =0 (that is, on E3° and

Eg*) Here A, denotes the mod p Steenrod algebra.

Furthermore, these operations satisfy a list of axioms similar to those characterizing Steen-

rod operations. In particular, we have

8¢ =0: E** — E**T i < 0ori>b. (2.7.6)

For the complete list of the axioms, see, for example, (7).



132

It follows from (Equation 2.7.5) that

2dyT(Sa*(&))) =r SqP(ba @ 7)) = by ® (7})% # 0.

In particular, Sq®(&}) # 0. O
In order to reduce the proof of Theorem 2.1.0.2 to the case that n = 2, we need the following

Theorem 2.7.8 (Theorem 1.3, (3)). Let (X,0x) be a connected locally ringed topos, and let
a = aj + -+ o be the prime decomposition of a Brauer class o € Bry,,(X) so that each

per(a;) = p;* for distinct primes p1,--- ,py. Then

ind(a) = ind(ay) - - - ind ().

Proof of Theorem 2.1.0.2. Suppose n = 2] where [ is an odd number. Write o = a1 + g, where
a1 and ay are of order 2 and [ respectively. It follows from Theorem 2.1.0.1 that ind az|es(1)I3.
By Theorem 2.7.8, it suffices to show that ind oy 1 23. Hence, it suffices to prove the theorem
for n = 2.

Recall that any n

Ks = MRy X 14+ X X tg +1 x Ty,



133

In the case n = 2, this means that A1 and Ay are either 0 or 1. Therefore, it suffices to determine
A1 and Az in the mod 2 cohomology group. It follows from Corollary 2.7.3 and Corollary 2.7.5

that in H'(BPUy;Z/2), we have

0 =(BA)*(\ Ry + )&, + Sq*(&h))
=(BA)*(A1Ry) + wiws + Sq* (w3)
:Alw%wg + )\wgwg + [SqQ(wg)wg + wa Sq(w2)]

:()\1 + )\g)w%wg

which implies A1 + Ao = 0. On the other hand, it follows from Lemma 2.7.6 that A\; and Ag

cannot be both 0. So we have

Therefore, when m = 4, we have

Ky = Ro X 14 8o X144+ 1xTy.
Hence, the obstruction class for lifting Sy to BP(2,8)[5] is Rz # 0, and the desired result
follows. =

We conclude this paper with the following immediate corollary of Theorem 2.1.0.2:

Corollary 2.7.9. Let X = sk(K(Z/n,2)). Then in the twisted Atiyah-Hirzebruch spectral

sequence (EP*, di™), the differential dg,o is an epimorphism if 4 { n.
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Proof. Theorem 0.0.5 implies that d‘g,o is an epimorphism for all n, thus has kernel generated

by €a(n)n. The corollary then follows from Theorem 1.5.8 and Theorem 2.3.1. O
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