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CONTRIBUTION OF AUTHORS

The contents of this thesis is the result of a joint effort between my PhD advisors Prof.
Daniela Tuninetti, Prof. Natasha Devroye and I. Our main contributions and a detailed list of
prior existing work are presented in Chapter 1. The main results of our collaboration are found
in Chapters 2, 3 and 4.

Motivated by the problem of spectrum scarcity, we consider different multi-user cognitive
interference networks and characterize their information theoretic limits of communication.
More precisely, we characterize the transmitters’ simultaneous rates and throughput at which
reliable communication is guaranteed. We make progress by finding the optimal power control
policy when a cognitive user is sharing the spectrum with a licensed transmitter.

Cooperation in millimeter wave networks is further considered and we make progress by
characterizing the coverage probability for a network with base station cooperation. The cov-

erage probabilities derived account for blockage, interference and different fading distributions.
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SUMMARY

One of the most promising technologies for next-generation spectrally efficient wireless com-
munications is cognitive radio. Cognitive radios are artificially intelligent devices that are aware
of their environment and can coexist with licensed users in the same frequency band, thus revo-
lutionizing the way spectrum is allocated and alleviating the problem of underutilized frequency
spectrum.

The cognitive radio theory is still in the early stages of development, it is thus important to
understand the fundamental limits of communication possible when certain nodes use cognitive
radio technology. In particular, we are interested characterizing the limits of communication
when cognitive transmitters have side information (messages) of other transmitters and to
understand how to optimally use the available resources (power) when a cognitive transmitter
is in a fading environment. Our main interest is characterizing the information theoretic limits
of communication for a multi-user cognitive network and the optimal resource allocation policy
for maximizing the sum-capacity in a fading environment.

To further address the problem of spectrum scarcity and to fulfill the need for increased
bandwidth, millimeter wave bands between 30 and 300 GHz have been considered for future
wireless mobile networks. Until relatively recently, it was presumed that these ultra high
frequency bands are unreliable for cellular communications since signals cannot penetrate as
far as those at lower frequency bands, thus resulting in signal outages. With the advancement

in CMOS and the ability to pack large arrays of antennas, this problem can be alleviated.
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SUMMARY (Continued)

Moreover, with the anticipated vision that mmWave networks would have a dense deployment
of base stations, interference from strong line-of-sight base stations increases too, thus further
increasing the probability of outage. Motivated by this challenge, this thesis addresses the
problem of base station cooperation in millimeter wave networks as a way to decrease signal
outage with the increase in the number of signal paths. The main emphasis is characterizing
the coverage probability for a millimeter wave downlink heterogenous network with coordinated
multipoint joint transmission.

This thesis is organized into 5 chapters: Chapter 1 presents the main contributions of our
work with a detailed list of prior related work. Chapter 2 is devoted to demonstrating the opti-
mal resource allocation (power allocation policy) for maximizing the sum-capacity of an ergodic
fading Gaussian cognitive interference channel consisting of a primary user and a cognitive user
communicating over the same frequency band. Chapter 3 contains the information theoretic
limits for a multi-user cognitive interference network consisting of one primary and an arbitrary
number of cognitive users with a “hierarchal” message knowledge structure and its relationship
with a network with only one cognitive user. Chapter 4 focuses on characterizing the coverage
probability for a downlink millimeter wave heterogenous network with base station cooperation,

while Chapter 5 includes a summary of the results.
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CHAPTER 1

INTRODUCTION

Part of this chapter has been previously published in [1], [2], [3], [4], [5], [6]. © [2014]
IEEE. Reprinted, with permission, from [1], [3]. © [2013] IEEE. Reprinted, with permission,
from [2], [4], [5]. © [2012] IEEE. Reprinted, with permission from [6].

Almost all of the prime frequency bands have already been assigned to various wireless
services, leading to the scarcity of available frequency spectrum for emerging wireless applica-
tions and products. However reports and statistics show that the wireless spectrum is in fact
underutilized. These two facts suggest that if one is able to exploit the underutilized spectrum
using advanced software radio, then this would help solve the problem of spectrum gridlock.

Cognitive radios are proposed as a potential solution to alleviate the problem of spectrum
scarcity currently faced by the increasing demand for wireless broadband. Having cognitive
radios that can dynamically access the spectrum will allow new wireless devices to intelligently
use the available licensed wireless channels and coexist with users that hold the priority access
to the spectrum.

The cognitive radios are classified according to the type of side information they acquire.
Cognitive radios can sense white spaces (time, space or frequency void) and adjust their trans-
missions to fill the sensed voids, this approach has been referred to as interweave and has the
advantage of interference avoidance. Contrary to keeping its transmission orthogonal to the

primary user’s transmissions, as is the case in the interweave paradigm, the underlay paradigm

1



allows a cognitive radio to simultaneously transmit with primary user(s), if the interference
caused at the primary receiver(s) is kept below a certain threshold commonly referred to as the
interference temperature

A cognitive radio with even a higher level of cognition would have additional information
of codebooks, messages and/or channel gains. When simultaneously transmitting with primary
license holders it is referred to as the overlay cognitive interference channel [7]. We focus on the
latter form of cognition where secondary users have a-priori non-causal message knowledge of
primary license holders. Intuitively, this idealized assumption of message knowledge allows the
cognitive radio to either cooperate in sending this message of the primary user and/or transmit
its own message using some interference mitigating method.

Our main focus of interest is characterizing the information theoretic limits of communica-
tion of overlay cognitive networks with arbitrary number of secondary / cognitive users (having
non-causal message knowledge) coexisting with a primary user in the same frequency band and
thus interfering with one another; moreover additive white Gaussian noise is included in the
channel model to account for the natural random processes that occur in nature.

The basic limit of communication for any channel is the channel capacity. The channel
capacity is the maximum rate of communication for which arbitrary small probability of error
can be achieved. In this work, we are interested in finding the highest sum of rates (sum-
capacity) that can be simultaneously achieved at the receivers with small probability of decoding
error. In many cases finding the sum-capacity of a network is not an easy problem; therefore it

is helpful to study first the asymptotic approximations of the sum-capacity for example finding



the generalized degrees of freedom. The generalized degrees of freedom is a useful metric that
approximates the interference-limited sum-capacity performance at high SNR and is a metric
we seek to derive for the multi-user cognitive interference channel.

Moreover we are interested in understanding the behavior of a cognitive transmitter in a
time-varying fading environment. The ergodic channel capacity is the capacity at which reliable
communication is possible while averaging out the time variation of the channel and is the
performance metric we seek to derive.

To further address the possibility of breaking the spectrum gridlock, millimeter wave com-
munication has been proposed for next generation cellular networks. It was presumed that these
ultra high frequency bands between 30 and 300 GHz are unreliable for cellular communication,
since signals are susceptible to blockage, absorption, diffraction and penetration resulting in
outages and thus unreliable communication. Therefore, it is expected that mmWave networks
would likely be dense to attain reliable coverage. However, a dense mmWave network further
increases the number of interfering base stations too thus counteracting its initial purpose. To
address this issue, we explore the benefits of base station cooperation in the downlink of a
mmWave heterogenous network. Using tools from stochastic geometry, we show that cooper-
ation from randomly located base stations within different tiers can decrease the probability
of outage by increasing the number of signal paths (and hence diversity) a receiver sees. For
this problem, we are interested in characterizing the coverage probability, in other words, the
probability of having the received power above a target minimum for which performance is

acceptable.



1.1 Contributions

The single antenna overlay two-user cognitive radio channel, the 2-CIFC, first introduced
in [8], models the communication in a network between a licensed user (has the exclusive
right to transmit) and a secondary user that has a-priori the primary user’s codebook as well
as its message. The cognitive transmitter is able to transmit simultaneously over the same
channel as apposed to limiting its transmissions to white spaces. With these idealized side
information assumptions, the secondary transmitter can act selfishly and pre-cancel the effect
of the primary’s interference and transmit its own independent message (dirty paper coding)
or it can act selflessly and behave as a relay (beam forming).

Ever since its introduction in [8], this two-user channel has been extensively studied. In
particular [9] and [10] determine the sum-capacity in weak interference, while [11] characterizes
the capacity under strong interference conditions. The most comprehensive results on the two-
user cognitive interference channel (2-CIFC) can be found in [12,13], where [12] gives the largest
achievable rate region and [13] gives capacity results for the Gaussian Noise channel.

We remove the assumption of constant channel gains and consider a more realistic fading
(time varying) cognitive interference channel. To the best of our knowledge, there has been no
work regarding a fading cognitive interference channel. For this time varying channel model,
we are interested in characterizing the power allocation policy that maximizes its sum-capacity.

The literature on the fundamental performance of multi-user cognitive interference chan-
nels is limited, in part due to the fact that the two-user counterpart is not yet fully under-

stood [12,13]. Several 3-user extensions of the 2-CIFC model have been studied in the lit-



erature. For the 3-user case, the 3-CIFC, the work [14] proposed different overlay cognitive
interference channel models that differ by the cognitive abilities at the transmitters. Achiev-
able rate regions have been proposed in [15]. The work in [16,17] considered the three user
cognitive interference channel with one cognitive transmitter and provided the capacity region
under strong interference conditions. To the best of our knowledge, capacity results for the
fully connected multi-user cognitive networks have not yet been reported.

In this work, we are interested in characterizing the capacity for one particular message
knowledge structure for a multi-user setting which consists of a primary user sharing the spec-
trum with arbitrary number of cognitive users with cumulative message sharing. Surprisingly,
we show - by deriving fundamental information theoretic limits - that under certain channel gain
conditions having “distributed cognition” or having a cumulative message knowledge structure
at nodes may not be worth the overhead as (approximately) the same sum-capacity can be
achieved by having only one “global cognitive” user whose role is to manage all the interference
in the network.

In the following section we list the main contributions regarding the EGCIFC and the K-user

cognitive interference channel with cumulative message sharing.

1.1.1 Contributions: Ergodic Fading Gaussian Cognitive Interference Channels

We study a time varying two user cognitive interference channel - ergodic fading Gaussian
cognitive interference channel (EGCIFC). The main contributions regarding this time varying

channel are:



1. Sum-capacity genie-aided outer bound for the EGCIFC. This genie-aided outer bound
consists of giving side-information to the cognitive receiver. The side information consists
of primary user’s message and output. We then provide a matching achievability scheme,
thus completely characterizing the sum-capacity under the assumption of perfect CSI at

all transmitters and receivers.

2. When the primary receiver experiences strong interference, the sum-capacity achieving
scheme is that of MISO channel with PerPC and perfect CSI at the transmitter and
receiver. As a result of independent interest, we thus also characterize the sum-capacity
of a MISO channel with full CSI at all terminals, and with an arbitrary number of transmit

antennas.

3. The power allocation policy that maximizes the sum-capacity for the EGCIFC is derived

which depends on the relative channel gains for a given fading state.

1.1.2 Contributions: Multi-user Cognitive Interference Channels

In the second part of this work, we are interested in the information theoretic limits of com-
munication when arbitrary number of cognitive users - with different amount of side information
(messages) of other transmitters - communicate over the same frequency band with a primary
user, thus interfering with one another. We term this network the K user cognitive interference
channel with cumulative message sharing and we are interested in understanding the minimum
message knowledge needed at the transmitters that is sufficient for optimal sum-capacity per-

formance. The assumption made for this channel is that cognitive transmitter 1 € [2 : K] has



non-causal knowledge of the messages of users with index less than i. The main contributions

for the K-user cognitive interference channel with cumulative message sharing are:

1. A novel and general outer bound region. The bound is valid for any memoryless channel
and any number of users. The bound does not contain auxiliary random variables and is

therefore computable for many channels of interest, including the Gaussian channel.

2. The sum-capacity the 3-user Linear Deterministic Approximation of the Gaussian noise
channel at high-SNR for any channel parameters is characterized. This optimal scheme
inspires a scheme for the K-user symmetric channel. This latter scheme only requires
cognition of all messages at one transmitter; all the others need only knowledge of their

own message.

3. The sum-capacity for the symmetric Gaussian noise channel with K users to within a
constant additive and multiplicative gap is derived. The additive gap is a function of
the number of users and grows as (K — 2)log,(K — 2). The proposed achievable scheme
is based on Dirty Paper Coding (DPC) and may be thought of as a Gaussian MIMO-
broadcast channel scheme where only one encoding order is possible due to the cumulative
message sharing mechanism. As opposed to other multi-user interference channel models,
a single scheme suffices for both the weak and strong interference regimes. Moreover, no
interference alignment of structured coding seems to be needed. Numerical evaluations
show that the actual gap is less than the analytical one; this is so because of necessary
crude bounding steps needed to obtain analytically tractable sum-rate expressions. The

multiplicative gap is K and is achieved by having all users beam form to the primary user.



4. The normalized generalized degrees of freedom (gDoF), defined as the pre-log of the sum-
capacity as a function of SNR, is shown to be a function of K. This is in contrast with
other channel models, like the non-cognitive case or the broadcast channel, where the
gDoF are the same for any K. Interestingly, it is shown that as the number of users grows
to infinity the gDoF of the K-user cognitive interference channel with CMS tends to the

gDoF of a broadcast channel with a K-antenna transmitter and K single-antenna receivers.

We then consider a K-user cognitive interference channel with two different message shar-
ing structures in strong interference. In addition to the cumulative message sharing
(CMS) network we consider the cognitive only message sharing (CoMS) cognitive inter-
ference channel - which consists of K—1 primary users and only one cognitive transmitter
that has all the messages of the primary users. The contributions regarding these two

channels models experiencing strong interference are:

5. A sum-rate outer bound valid for any number of users under a certain strong interference
condition, which amounts to having one receiver that can decode all transmitted signals
without loss of optimality. The bound takes the same form for both CoMS and CMS mod-
els, but over different sets of input distributions. The bound does not contain auxiliary
random variables and is therefore computable for many channels of interest, including the
Gaussian channel. The bound is not the classical compound MAC result of similar strong

interference capacity results.

6. We present coding schemes that achieve the sum-rate outer bound for both CoMS and

CMS in strong interference.



7. For the Gaussian noise channel, we explicitly characterize the set of channel gains satis-
fying the strong interference condition and compare our results with [18] (for the 2-user
case) and [16,17] (for the 3-user case). Since we only focus on sum-capacity, our outer
bound holds under more relaxed conditions than [16,17]. Moreover, our approach extends

beyond the 3-user Gaussian case to any number of users and to any memoryless channel.

8. For the Gaussian noise channel, we show that under weak channel gain conditions, it
is sufficient to have one global cognitive user in a K-user network, which knows all the
message of the network, to achieve an upper bound of a network derived initially for the

network with cumulative message sharing.

1.1.3 Contributions: Coverage for Base station Cooperation in Millimeter Wave

Heterogenous Networks with Blockage

Characterizing coverage and capacity in mmWayve cellular systems and in coordinated mul-
tipoint (CoMP) networks have been extensively studied. In [19] the authors compared the
performance, in terms of coverage and capacity, of a stochastic geometry based mmWave net-
work (without CoMP) to a microwave cellular network, at a single antenna receiver (typical
user). In [19], directionality at the transmitters, intra-cell and inter-cell interference were ac-
counted for but blockage was not included in the analysis. The authors show that coverage in
mmWave systems increases with the decrease in the half-power beam width of the radiation
pattern. In fact, having narrower beams decreases beam overlap, thus decreasing intra-cell and
inter-cell interference and increasing coverage probability. We propose to study the problem of

base station cooperation in the downlink of dense mmWave heterogenous network as a mean to
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combat blockage and decrease signal outage. Our derivations of the coverage probability, simi-
larly to [19], account for interference experienced at the typical user, but in addition blockage
is incorporated in the analysis.

In [20] (see also journal version in [21]) the authors proposed a stochastic geometry frame-
work to evaluate the performance of mmWave cellular networks (without CoMP) with blockage.
The authors incorporate blockage by modeling the probability of a communication link - being
either a line-of-sight (LOS) or non-LOS (NLOS) link - as function of the length of the commu-
nication link from the serving base station. Different pathloss laws were applied to the LOS and
NLOS links. Interestingly, it was shown in [21] that the LOS region (a region where a user does
not experience blockage) was approximated by an equivalent LOS ball whose radius is chosen
such that the average number of base stations observed in the LOS ball is the same as that
observed in the mmWave network. Numerical results in [21] suggest that higher data rates can
be achieved when compared to microwave cellular networks. One of the interesting observations
made in [20] is that mmWave networks should be dense but not too dense - since the number
of LOS interfering base stations increases when the density of base stations increases. We willl
leverage results from [21] to incorporate blockage and differentiate between having LOS links
and NLOS links from the cooperating base stations in the analysis of the problem of joint
transmission in mmWave networks.

In [22] (see also journal version in [23]) the authors used stochastic geometry for studying
microwave joint transmission CoMP where single antenna base stations transmit the same data

to single antenna users. Different performance metrics (including coverage probability) were



11

considered, to evaluate the performance at the typical user located at an arbitrary location
(general user) and receiving data from base stations with the strongest average received power.
The authors showed that in the interference-limited regime, the coverage probability for the
typical user becomes independent of the number, density and respective power levels of the tiers
present in a CoMP network since a variation in any of the listed parameters causes a change
in both desired signal power as well as a change in the interference power in such a way that
their ratio remains constant in the absence of noise.

The derivation of the coverage probability for a mmWave network with base station co-
operation in this work is similar to that in [22] for the general user, except that key factors
specific to the mmWave channel model have to incorporated, some of which are the high di-
rectional transmission at the base stations, blockage and improved fading distribution due to
beamsteering and sparse scattering.

We propose to study the benefits of base station cooperation in the downlink of a het-
erogenous mmWave cellular system as a mean to address the problem of signal outage due to
blockage. We anticipate that the probability of a user being in outage due to blockage and
interference will decrease with the increase in diversity / number of signal paths from different
cooperating base stations. Our extensive numerical examples show that this is in fact the case
for the following scenarios, Case 1) for dense mmWave networks where the number of interfering
LOS base stations increases and Case 2) when the mmWave network experiences no blockage
but beam steering is still accounted for at the base stations. We also provide examples when

cooperation does not provide substantial increase in coverage probability.
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Our numerical results account for different number of transmit antennas, different tier in-
tensities (cell radius) and different blockage parameters. We compare the derived coverage
probabilities under different scenarios. The case with and without base station cooperation is
considered in the numerical examples. Moreover, we consider the case when there is no cooper-
ation but the base station has a transmit power equal to the sum of individual transmit power
if n base stations were to jointly transmit. We also compare a mmWave network with blockage
when the typical user is subject to interference versus the case when there is no interference.
The case when the fading distribution from the cooperating base stations is Nakagami fading

is also considered and two upper bounds on the coverage probability are derived.

1.2 Motivation

Before proceeding with the chapters, we list some of the many network topologies which

can be modeled as an overlay cognitive interference channel:

1. Channels with Retransmission: Consider a network of primary and cognitive users in
which a fixed-rate, i.e., not a function of the channel gains, primary user’s message was
sent but was not decoded at the intended receiver. The primary receiver informs the
primary transmitter by sending a NACK, and a retransmission takes place. If the cogni-
tive transmitter overheard the primary’s initial transmission and was able to successfully
decode the message in the first round then, in the retransmission phase, the cognitive
transmitter would have non-causal primary message knowledge and could transmit to-

gether with the primary in the ARQ round(s) [24].
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2. Coordinated Multipoint Transmission: Consider a network in which multiple transmit-

1.3

ters (may be thought of as base-stations) are connected by high capacity back-haul links,
allowing them to perfectly exchange messages to be transmitted to the receivers (may
be thought of as mobile users). This model may include the cognitive interference chan-
nel model with asymmetric non-causal message knowledge as a special case; studying
such networks with high-capacity backhaul may reveal what type of message knowledge

structure is useful [25].

. Overlay Networks: This model is inspired by the idea of layered cognitive networks: the

first layer consists of primary users and each additional layer consists of cognitive users
that share the same spectrum. FEach additional layer is given the codebook(s) of all
previous layers. This hierarchical codebook knowledge enables them to causally learn
the lower layers’ messages and aid in their transmission. Thus studying the non-causal
message knowledge setting provides an upper bound to the more realistic case where the

messages are causally learned by the cognitive transmitter(s) [2].

Notations

Throughout Chapter 2 and Chapter 3 we adopt the following notation convention:

AT Transpose and complex-conjugate of the matrix A
A* Optimal solution for a given optimization problem
AN Vector of random variables A; with 1 € [1: N]

E [.] Expectation operator



log(.) Logarithm in base 2

I(.;.) Mutual information

e h(.) Differential entropy

P(A) Probability of event A

e N(m,0?) Additive white Gaussian Noise with mean m and variance 0.

I; Identity matrix of dimension j

e [n; :ny] Set of integers from n; to ny

Notations used in Chapter 4 are summarized in tables and are in given in Chapter 4.
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CHAPTER 2

ERGODIC FADING COGNITIVE INTERFERENCE CHANNEL

All this chapter has been previously published in [1]; while parts of it have been published

in [3]. (© [2014] IEEE. Reprinted, with permission, from [1], [3].

There are two important aspects that make wireless communication challenging. The first
is fading, that is, the time variation of the channel gains due to small scale effects, such as those
due to multi-path, and large-scale effects, such as those due to path loss and shadowing. The
second is interference between wireless users communicating over the same frequency band. In
this work, we focus on the two-user fading interference channel where one of the transmitters
is cognitive, or knows the message of the other independent transmitter. This channel model
thus experiences both fading and interference, as well as a third phenomena seen in wireless
communications: the ability of transmit nodes to cooperate. We aim to characterize the sum-
capacity / throughput of this channel so as to highlight the impact of fading, interference and
asymmetric cooperation between transmitters.

Cognitive networks are wireless networks in which certain nodes are cognitive radios, or
artificially intelligent devices, and have been the subject of intensive investigation by the wireless
communication community in the past decade. In a cognitive network, cognitive / secondary
transmitters share the spectrum with primary / licensed users. The cognitive devices exploit

side information about their environment to improve spectral management. Depending on the

15
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nature of the side information [7], cognitive users either search for unused spectrum (interweave),
or operate simultaneously with non-cognitive transmitters as long as the interference produced
is within an acceptable threshold (underlay), or relay part of the primary user’s message and
cancel interference through advanced encoding schemes (overlay). We consider the overlay
paradigm where a primary transmitter-receiver (Tx-Rx) pair share the same spectrum with a
cognitive Tx-Rx pair. According to the overlay paradigm [7], the secondary Tx is assumed to
have non-causal knowledge of the message of the primary Tx.

The channel between the Txs and the Rxs is assumed to experience ergodic fading (i.e., time
average of every sufficiently long fading realization equals the statistical average). All nodes
in the network are assumed to have perfect instantaneous knowledge of the channel fading
coefficients, or full channel state information (CSI). Although the full CSI assumption might
be impractical even in the presence of a dedicated feedback channel from the Rxs to the Txs,
the resulting model serves as the customary first step towards understanding the performance
of more realistic models. Under these assumptions, we seek to determine the sum-capacity of
the network and the corresponding optimal power allocation policy under a long-term average
transmit power constraint at the Txs. In doing so, we also seek to answer the question of

whether coding separately across fading states is optimal [26].
2.1 Prior Work
In [27] the two-user Gaussian interference channel with ergodic fading was introduced and

the optimal power allocation policy that maximizes the outer bound was investigated. In [26]

the authors also considered the same model and showed that in general joint encoding and
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decoding across fading states is necessary to achieve capacity when perfect CSI at all nodes is
assumed (note that fading is an example of the more general result that parallel interference
channels are not separable [28]). However, [26] showed that in some parameter regimes, such
as very strong or very weak interference, separate encoding and decoding across fading states
is optimal. In other words, in interference channels separability may hold for certain channel
states but not for all channel states. While interference channels are not separable in general,
it is known that multi-access [29] and broadcast [30] channels with the same CSI assumption
are separable. Since the EGCIFC has elements of both an interference channel and a broadcast
channel, it is not a priori obvious that a separable scheme is capacity achieving. A formal proof
of the optimality of separability for the EGCIFC is shown in this work.

In [31] the authors also consider a fading cognitive network under the underlay paradigm.
The primary user in this case is completely oblivious to the existence of the cognitive user.
The relationship between the achievable capacity of the secondary channel and the interference
caused at the primary receiver was quantified. Instantaneous and average interference power
constraints were both considered and the optimal power allocation policy for the secondary
user in each case was derived. In this work, we consider the overlay paradigm with long-term
average power constraints at the primary and secondary transmitters. Moreover, our primary
user is not oblivious to the existence of the secondary user.

In [32] the authors consider a cognitive radio network under the underlay paradigm where
primary and secondary users are subject to block fading. The primary user is not capable of

adapting its power allocation while the secondary user is able to do so. The authors derive the
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optimal power allocation strategies for the cognitive user to maximize its ergodic and outage
capacity. In our work both users are capable of adapting their transmit power over the different
fading states based on the channel state information, and we consider the overlay paradigm.

In [33] the authors consider the fading cognitive single input single output (SISO) MAC
channel for the underlay paradigm, where the secondary users are subject to both a transmit
power constraint and interference power constraint to primary users. It is shown that the sum-
capacity achieving power allocation policy is a water filling type of solution. The key difference
between the EGCIFC and the model in [33] is the message structure; in [33] each sender
only knows its own message and thus the transmit signals are independent; in the EGCIFC
the transmit signals are correlated due to the non-causal primary message knowledge at the
secondary transmitter. Because of this, the sum-capacity achieving power allocation policy for
the EGCIFC will not be a water filling type.

As a byproduct of our analysis and as a result of independent interest, we shall show that the
optimal power policy for the EGCIFC in some regimes requires both transmitters to beam-form
to the primary receiver; in this case the model reduces to a point-to-point multiple input single
output (MISO) channel with per-antenna power constraints (PerPC). In [34] the author finds
the capacity for the point-to-point MISO channel with PerPC with two different assumptions of
CSI. The capacity for a constant channel with CSI at both terminals and with the assumption
that Rayleigh is the fading distribution channel with CSI at the receiver only were derived. The
author compares the result with the capacity of a MISO channel with sum power constraints

(SumPC) through numerical examples. In both cases the capacity with PerPC is, as expected,
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W2—>X2

Figure 1. Ergodic Fading Gaussian Cognitive Interference Channel (EGCIFC).

less than that with SumPC. Here we characterize the sum-capacity of the EGCIFC with CSI
at the transmitters and receivers and find the optimal signaling scheme, which is thus different
from the solutions found in [34].

In [8] the authors first introduced the information theoretic study of the cognitive radio
channel (same as the cognitive interference channel) which falls into the overlay paradigm. In
that work, the channel gains were constant and achievable rate regions and outer bounds were
derived. In [9] the authors found the capacity of the cognitive interference channel in the weak
interference regime. In particular, the power split which ensures that the primary receiver rate
continues to be the same as that without interference from the cognitive user. For the state-of-
the-art on the two-user cognitive interference channel with constant channel gains (known to
all nodes) we refer the reader to [12,13]. We remove the assumption of constant channel gains

and consider the fading (time varying) cognitive interference channel.
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2.2 Channel Model

The cognitive interference channel consists of two transmit-receive pairs Tx; to Rx; and
Tx; to Rx, representing the cognitive and primary users, respectively, as shown in Figure 1.
Each transmitter Txy wishes to convey to its destination Rxy an independent message Wy,
which is uniformly distributed over the set [1 : ZNRk], where Ry is the rate in bits per channel
use, and N represents the codeword length, for k € [1: 2]. Txj is cognitive in the sense that
it has non-causal message knowledge of the primary user’s (Tx;) message W,. A rate vector
(Ry,Ry) is said to be achievable if there exists a family of codes indexed by N such that the
probability of decoding error can be made arbitrarily small [35]. The sum-capacity is defined
as the maximum achievable Ry + Rj.

In Gaussian noise and with ergodic fading, the ECIFC input-output relationship at every

time instant (time index is omitted for easier notation) is given by

Yi=hnXy +hpXa+ 2y, Z1 ~N(0,1), (2.1)

Yy =hnXo +ho Xy + 23, Zy~N(0,1), (2:2)
hir hag

where H := denotes the random channel gain matrix (with complex entries gen-
hy1 ha

erated randomly at each time instant / channel use according to a known, stationary and
ergodic random process), with [H];; = hy € C, i,j € [1 : 2] representing the fading channel
gain between Tx; and Rx;. A realization of H is indicated as h. Txj, with channel input

X; is subject to the long-term average power constraint E[|X]~\2] < ﬁj, j e [1:2]. With CSI
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at all terminals, the transmitters can perform dynamic power allocation, and transmit with
power Pj(h) > 0, j € [1: 2], at a channel use with fading state h. We seek to determine the
sum-capacity optimal power allocation for each user such that E[P;j(h)] < ﬁj, jell:2].

Thanks to cognition, the channel inputs can be correlated; the input covariance matrix in
fading state h is denoted by

Pi(h) pf(h)\/P1(h)P;(h)
Iy(h) = , (2.3)

p(h)y/P1(h)P(h) P2(h)

where the correlation coefficient must satisfy |p(h)| < 1.

2.3 Main Results

This section includes the main results for the EGCIFC. A sum-capacity outer bound is
presented as a maximization problem over three constraints: the two long-term average power
constraints at the transmitters and the constraint on the correlation coefficient. We then
prove that the outer bound with the optimal power allocation policy is achievable through a
variation of the achievability scheme of [9] proposed for the constant channel gain cognitive
interference channel in weak interference. The achievability scheme, unlike that for certain
parameter regimes of the interference channel, is separable, that is, encoding need not be done
across fading states. For a certain parameter regime (relative channel gains), the sum-capacity
achieving power allocation corresponds to the optimal power allocation scheme for a point-to-

point MISO channel with a PerPC. Thus as a topic of independent interest we characterize
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the power allocation policy and the capacity of the fading point-to-point MISO channel with

PerPC and an arbitrary number of antennas.

The sum-capacity of the EGCIFC is presented next and is shown to be the solution of a

maximization problem in the variables (P;(h), P2(h), p(h)) in (Equation 2.3).

Theorem 2.3.1. The ergodic sum-capacity of the EGCIFC is

CEGCIFC,sum = max E [1082 (1 + [h211*P1 (h) + [hoal*P2(h) + 2|p(h)|\/|h21|2P1 (h) |h22|2P2(h)>

. <1 + (1 = lp(h)]*) max{[hy1 % [ha IZ}P1(h)>]
0g )

T+ (1 —|o(0) ) hor 2P () (24)

where the maximization is over Pi(h) > 0:E[P;(h)] < P;,i € [1:2], and |p(h)| < 1.

Proof. As a generalization of the outer bound technique of [12,13] to the fading case, the

sum-capacity is upper-bounded by

N(Ry + Ry — 2en) < T(Wr YNIRN) 4+ TWa YIBN) € ToWa v, YRIRN, W) 4 10w, YY)
9 1wa, YNIBN, Wao, YN 4 T0Was YN W, BN) + T(Wa; Y RN)
D 1w YNRN, Wa, YY) T(Wh, Was YNRN)
<1005 YR, XY, YY) + 100, X35 YR )
D RO RN, XY, YY) — ROYNBN, XY, VXY + (YN RN) — RN RN, XN, X))

N
(g) i -
23 (YN XY YR (V)T — (v N XE Y XY, (i)
i=1



23

Fh(Yalh™, (Y21 — h(Ya N, X XY (V2)E )

(h)
< h(Yiilhy, Xoi, Y21) — h(Yiilhi, Xo1, Yai, X11) 4+ h(Y2i|hi) — h(Yailhi, X1, Xa1)

M=z

1

o
Il

1=
M=

I(X11; Y1l Xai, Yai, hi) + I(Xq1, Xai; Yailh)
1

-
Il

M-

j
< ) I(Xigi; Y1ilYai, Xa6i, hi) + 1(X61, X261 Yailhi),

i=1

where the different inequalities follow from: (a) Fano’s inequality (here ey — 0 as N — o0),
(b) a genie provides side information (Y;‘,Wz) to Rx; and independence of messages, (c¢) chain
rule for mutual information, (d) recombining mutual information terms, (e) data processing
inequality and definition of encoding functions, (f) definition of mutual information, (g) chain
rule for entropy, (h) conditioning reduces entropy and memoryless channel, (i) definition of
mutual information, and (j) Gaussian maximizes entropy, where X;gi, X2gi are jointly Gaussian
with the same covariance matrix as Xji, X2;. The dependence on the time index i can be
eliminated by taking the appropriate limit over N as done in [26]. We note that in (g) we can
choose the correlation coefficient among Z; and Z; since the Rxs do not cooperate and hence
the capacity region only depends on the noise marginal distributions (i.e., we can choose the
worst noise correlation as long as the marginal distributions are preserved). From the results on
the static channel [13] we know that the worst noise correlation is min {%, %} With this
worst noise correlation and with the input covariance as in (Equation 2.3), the sum-capacity

outer bound in (g) for the EGCIFC can be expressed as in (Equation 2.4).
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We now demonstrate that the derived outer bound is achievable. A variable rate coding
scheme is used: in this case at each channel use (each coordinate of the codewords XE\‘ and XTZ\J),
the optimal powers for that particular fading state are used P7(h) and P5(h) by the secondary
and primary nodes, respectively with an optimal p*(h). The cognitive transmitter assigns part
of its power to relay W, and uses the remaining power to send its own message by Dirty Paper
Coding (DPC) [36] against W,, which it knows non-causally. This is similar to the scheme
for the static channel [9] with the difference that at each channel use, the optimal parameters
Pi(h), P3(h) and p*(h) for that particular fading state that maximize (Equation 2.4) are used.
In particular, let U; and U, be independent Gaussian random variables with zero mean and

unit variance, and

e Primary user sends

X, = \/P5(h)Us, (2.5a)

e Cognitive user sends X7 = Xor + Xippc where

Xar = /lp* (R)2P} (h)el <Mtz (2.5b)

Xippe = /(1= o () 2)PF () Uy, (2.5¢)
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and where Xjppc is DPC against the ‘non-causally known state’

S — <hm /P%(h) + hyyy /|p*(h)|2P1*(h)eﬂ—4h21+4hzz)> W,. (2.5d)

e The received signals are

Vi =ty /(1= o (W) )P (h)Uy + S + Z1, (2.5)
Vo= e (\flor (PP e+ /P ) ) U+ a1 = o ()PP U 22
(2.56)

e Since Tx; used DPC we have
Ry =log (1+ i 2(1 = |o* (W)?)Pf (), (2:58)

and if Rx; treats U; as noise we have

(\/lhpIzlp*(thPT(h)+\/m))2 (2.5h)

1+ [ha1[2(1 —[p*(h)*)P}(h)

Ry=log |1+

By summing (Equation 2.5g) and (Equation 2.5h), re-arranging and taking the expectation
yields the sum-rate in (Equation 2.4) when [hi1l? > [ho1l*. When |[hy1* < [hoi/* the sum-rate
in (Equation 2.4) in maximized by |[p*(h)] = 1 and is again achievable by (Equation 2.5g)

and (Equation 2.5h). O
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Remark 1: One can think of parallel Gaussian cognitive interference channels (PGCIFC)
as an EGCIFC in which each sub-channel occurs with equal probability and so the sum-capacity
result described in this work gives also the sum-capacity for PGCIFC.

While Theorem 2.3.1 expresses the ergodic sum-capacity as an optimization problem, we
now proceed to determine the optimal power allocation policy. To do so, we first investigate
a topic of independent interest: the ergodic capacity of the point-to-point MISO channel with

PerPC, which gives the sum-capacity of the EGCIFC when |hi]? < [hy[.

2.3.1 The ergodic capacity of the point-to-point MISO channel with per-antenna

power constraints and perfect CSI at all terminals

The MISO channel with n transmit antennas with PerPC has output

Y=[H; Hy---Hu] X+ZeC, ZNN(O,]),

where each entry of the input vector X := [Xj,---,Xn]" has a separate long-term average
transmit power constraint E[[Xi|?] < Pi, for i € [1 : n]. The channel vector [H; H; - - Hy] has
complex-valued entries representing the channel gain coefficient from each transmit antenna to
the receive antenna and is generated from an ergodic process whose instantaneous realization is
known to the transmitter and the receiver. We aim to characterize the ergodic capacity of this
channel, where capacity is defined as usual [35]. In the following, we denote the instantaneous
realization of the channel vector as h :=[hy --- hy] € C™ and the power allocated on antenna

1 in fading realization h as Pi(h),i € [1:n].
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Theorem 2.3.2. The ergodic capacity of the Gaussian fading MISO channel with PerPC is

Cuntsorerrc = max E [log (14 (Y Inly/Pi)’) (26)

ie[lm]
where the mazimization in (Equation 2.6) is over Pi(h) > 0 : E[P;(h)] < Py, i € [1:n]. The
optimal power allocation policy is given by
il *
iellm] A 1} hy[?

[hil? 2 A2
D iclin] A, ) )

: (2.7)

* ] |:
P. ( ) -
(

where the Lagrange multipliers {A;, 1 € [1 : n]} solve the non-linear system of equations

E[P;(h)] = ?j» j € [1:n], and attains

B " hyf?
Cwmisoperrc = E |log Z . (2.8)

ie[lm] i

Proof. The proof is based on solving the dual problem to (Equation 2.6) and is provided in
Appendix B.

The capacity in (Equation 2.8) can be obtained by beamforming: each antenna transmits
Xi = exp{—jZhi}/Pr(h) U, U~N(0,1), i€ [1:n]

where Pf(h) is the optimal power allocation given by (Equation 2.7). By taking the average

over all fading states, the capacity can be expressed as (Equation 2.8). ]
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Remark 2: If Lagrange multipliers in (Equation 2.7) are all equal to A, then the power

allocation becomes

1 1 77 hf?
Pr(h) = |~ — — | M 2.
(b [A Hh\z] [ (29)

with ||h[|? =: 2 ciim] Ihi|>. The expression in (Equation 2.9) corresponds to the water-filling
power allocation optimal under SumPC, in which case the Lagrange multiplier would satisfy
El 2 icim Pf(h)} =E [[;\ — W} +] =2 icim ﬁj. This can happen if the power constraint on
each antenna is the same and the distribution of the fading vector does not change by permuting
its components, such as with identical and independent distributed fading.

Remark 3: In [34] the capacity of the fading MISO channel with PerPC was derived
analytically under the assumption of CSI at the receiver only — in Theorem 2.3.2 we consider
the case of CSI at both the transmitter and receiver, and obtain the capacity with PerPC in
closed-form.

Remark 4: The capacity of the fading MISO point-to-point channel with PerPC can not
be deduced from capacity results for the fading SISO MAC [37]. Although one could think of
a user in the fading SISO MAC as an antenna in the fading MISO point-to-point channel, the
analogy stops there; the reason is that in the fading SISO MAC the users send independent

inputs while in the fading MISO point-to-point channel the signals sent by the antennas can
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be correlated. As a result, the sum-capacity achieving power policy for the fading SISO MAC

is the following water-filling solution

11 hif? [y
((b) [Ai |hi|2] Y kﬁ%fk’fK{ M } (2.10)

which does not correspond to (Equation 2.7) — for example, under (Equation 2.7) either all
the antennas send with a strictly positive power or all stay silent, while under (Equation 2.10)

at most one user/antenna sends at any give time.

2.3.2 Fading Cognitive Interference Channel

The sum-capacity of the EGCIFC in (Equation 2.4) involves a maximization over the power
allocation policy of both transmitters and a correlation coefficient between the inputs over
different fading states. We now seek to solve this optimization problem, which in turn depends
on the relative strengths of the channel gains between the transmitters and receivers in the

channel. We have the following theorems that describe the optimal solution.

Theorem 2.3.3 (Strong interference at the cognitive receiver / Rx;). When |hy; 2 > [hil%,
the optimal power allocation policy for the EGCIFC in Theorem 2.3.1 corresponds to that of

point-to-point MISO with PerPC in Theorem 2.3.2.

Proof. Given that channel gain relationship |[hyi|* > |hy|? is satisfied, then it is clear that
p*(h) = 1 is optimal in (Equation 2.4). We are then left with solving for the optimal power
allocation. Setting p*(h) = 1 reduces the optimization problem in (Equation 2.4) to that

in (Equation 2.6) and hence the optimal power allocation strategy is given by Theorem 2.3.2.



30

TABLE I. OPTIMAL POWER POLICY WHEN |hy > < [hyy 2.

Channel Gain Conditions Pi(h) P3(h) p*(h)
_ Jhnl? [hao?
R1~_{7\1 §1) A2 <1 0 0 0
Ih \ Lt 1 1 7
— 11 2 1 _
Ry = > 1, Lhai2Thgy 2 <1 [)\1 \hn\z} 0 0
7\1 \1111\2
\hzﬂ 4
_ |hzz\z [higl2  |ha? T 1
Rs = { 1, \hzz\z + A A <1 0 A [haal? 0
Ihyy” Iy 1% Ihpy® oy % Ihpp”
R4 = < |hzﬂ2 A2 [ha: 2 + [haa|? 1 AT Ay hy AT Ay 1 hpoP 1
4 1= < oz T A N 7 2 z 2
Z] +722 1 2 Ihp112 | [hpyl2 1 Ihp112 | [hpyl2 1
M A2 N TTA N A
Rs = { R1iUR;UR3U R4) } numerically numerically numerically

Therefore, setting Ry = 0 turns out to be optimal for the EGCIFC in this regime, i.e., the best

use of cognitive user’s ability is to broadcast the primary’s message. O

Theorem 2.3.4 (Weak interference at the cognitive receiver / Rxz). When [hy1|* < [hii|?, the
optimal power allocation policy for the EGCIFC is summarized in Table I and is one of either
of the following policies: (1) both users refrain from transmitting, (2) cognitive transmitter
water-fills over |hy1l, (3) primary transmitter water-fills over [hal, (4) MISO with SumPC type
of power allocation, or (5) both user transmits to their intended receivers with non-zero powers

(in this case the optimal policy must be determined numerically).

Proof. The proof, based on solving the Lagrangian dual problem of (Equation 2.4), is provided
in Appendix C.
One may interpret the policies in Table I as the following. For Ry both direct link channel

gains are “weak” (smaller than the corresponding optimal Lagrange multiplier) and so the
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optimal scheme for both transmitters is to refrain from allocating power, saving the power
for better channel states. In R; the cognitive transmitter water-fills over its direct link |[hi]
while the primary user refrains from allocating any power because in this regime |hi| is “not
weak” while [hyy| is “weak”. One can interpret Rj3 similarly to R, but with the roles of the

2 2 2
users swapped. The channel gain condition in R4 implies that ‘h;\:‘ < lhﬂl + ‘h)zé‘ (given

[h

2112 lhoo|?
that N

+ =5 > 1); in this case the sum of the channel gains to the primary receiver is

“stronger” than that of the direct gain to the cognitive receiver and performing a point-to-point
MISO-type power allocation is optimal. In Rs5 both transmitters send with non-zero power; in

this case a closed-form solution for the optimal power allocation policy is not available. ]

Remark 5: The above analysis showed that a separable achievable scheme is sum-capacity
optimal. In order to characterize the whole capacity region one needs bounds on Ry and R; too;

the cut-set approach gives such bounds. Therefore the capacity region of the EGCIFC is outer

bounded by
N
1
Ri —en < N Z] I(X16i; Y1ilX261, hi)
1=
;N
Ry —en < N ; I(Yagi; X1, X2gilhi)

N
1
Ri+Ry—2Zen = D I(Yai; X1, Xagihi) + I(Xii; YidXag, Yai, hi),
i=1
where the last bound is from Theorem 2.3.1 and the single rate bounds are cut-set bounds,

similarly to [13, eq.(8)]. As for the sum-capacity, the whole region is exhausted by considering

jointly Gaussian inputs and where the region can be tighten by choosing any Y} ~ Y>. By further



32

taking the appropriate limit over N as done in [26] and by considering the input covariance as

in (Equation 2.3), the upper bound region can be expressed as

Ri <E [log (1+ 2Py (0)(1 = [p(n))) ], (2.11a)

Ry <E |log (1 121 Py () + Iho?Pa(h) + 2lp(h)]y/Ihas 2Py () |hzz|2Pz(h)>]> (2.11b)

Ri+R; <E |log <1 + [h21[*P1 () + [hp/*P2(h) +2|P(h)|\/|h21 2P;(h) |h22|2Pz(h)>]

+E [[log (1 hanPPy () (1 = lp(0))) = log (T + Ihay 21 (B)(1 = |p(h)) ) H .

(2.11c)

By considering the achievable scheme in [13, egs.(22)-(23)], which was shown to be at most
to within 1 bit per channel use per user of the capacity region outer bound for the static /
non-fading case, the outer bound in (Equation 2.11) can be shown to be achievable to within
1 bit per channel use per user as well as in the EGCIFC. We note that this achievable scheme
involves two DPC steps, one per user (while the scheme in (Equation 2.5) that only has one
DPC step) and it is only approximately optimal to within a constant gap (while the scheme
in (Equation 2.5) is exactly sum-rate optimal).

We therefore conclude that, in order to characterize the whole capacity region of the

EGCIFC to within a gap, it suffices to characterize the closure of the outer bound in (Equation 2.11),
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which can be done by solving the following family of convex optimization problems: for each

A€ 0,1]

CrGcrrc,region (A) := max{AR; + (1 — A)Rz}, (2.12)

where the maximization is over the rate pairs (Ry, R;) in (Equation 2.11). Solving the optimiza-
tion problem in (Equation 2.12) is not a trivial extension of the sum-capacity results presented
in Theorems 2.3.3 and 2.3.4 and is beyond the scope of this work. This is so because one
needs to consider which bounds are active in (Equation 2.11) in order to determine the optimal
‘corner point’ as a function of A € [0,1]; the coordinate of such a point must be plugged in
the optimization problem in (Equation 2.12) and the corresponding KKT conditions must be
worked out similarly to Appendix C. We expect that there will be parameters regimes in which

the KKT conditions must be solved numerically as for the sum-capacity.

2.4 Numerical Results

In this section we numerically evaluate Theorems 2.3.1 and 2.3.2 for the case where the
channel gains are independent Rayleigh random variables, not necessarily with the same mean

parameter.

2.4.1 The point-to-point MISO channel with PerPC

We first consider a 2 x 1 point-to-point MISO channel. The channel vector [hi, hy] at
each channel use has independent and exponentially distributed components with means y; =

E[hi[¥] = 5 and v, = E[[hy*] = 2. The transmit antennas are subject to the average power
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Figure 2. The capacity of the point-to-point MISO channel with PerPC (surface in green,
from (Equation 2.13)) is upper bounded by that of a MISO channel with SumPC (surface in
red, from (Equation 2.16)) and and lower by that of a MISO channel with constant power
allocation and dependent inputs (surface in yellow, from (Equation 2.14)) and with constant
power allocation and independent inputs (surface in blue, from (Equation 2.15)).
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constraints P; and P,. In Figure 2 four surfaces representing the capacities of different MISO
channels are plotted as functions of the average transmit antenna power constraints P and P;.
The surfaces correspond to:

1) the MISO channel with PerPC

2
Cmisoperrc = E [log (1 + (\/|h1|zp1*(h) + \/|h2|2P§(h)> )] (2.13)

where Pj(h) and P3(h) are given in (Equation 2.7) for j € [1:2];
2) the MISO channel with constant power allocation and beam-forming (where the instanta-

neous phases are known to the transmitters to allow for coherent beam-forming)

2
Cdep,cte =E llog (] + (\/|h1|2P1 + \/|h2|2P2)> >] ) (2'14)

3) the MISO channel with constant power allocation and independent signaling (instantaneous
phases are not known at the transmitter and they are independent and uniformly distributed

in [0,27] as in [34])
Cindep,cte =E |:10g (1 + |h1 |2§1 + |h2|2ﬁ2>} ) (2'15)

and 4) the MISO channel with a SumPC

Cumisosumpc = E

2
log (1 + (wm 2P3(h) + \/IthZPE(h)> )] (2.16)
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where Py (h) and P;(h) are given in (Equation 2.9) for i € [1:2].

Numerical evaluations show that the capacity of the point-to-point MISO with PerPC is
upper and lower bounded by that of the MISO with SumPC and that of constant power alloca-
tion respectively (as expected). Also as expected, dependent constant inputs in (Equation 2.14)
outperform independent constant inputs in (Equation 2.15).

Remark 6: In [34] the point-to-point MISO channel with PerPC with Rayleigh fading
with no CSI at the transmitters was compared to that with SumPC and with independent
signaling; the author noted that Cyiisoperpc = Cindep,cte because of the phase being independent
and uniformly distributed in [0,27]. Since here we assume the transmitter has CSI we have
Cumisoperpc = Cindep,cte-

Remark 7: In the case of dependent inputs and beam-forming, the channel is assumed to
have CSI at the transmitter to account for the channel gain phases and the ability to coherently
beam-form. This explains why Cuisoperpc is almost the same as Cgep,cte, Which may have

practical implications.

2.4.2 The EGCIFC Sum-Capacity

We now consider two different scenarios for the EGCIFC corresponding again to Rayleigh
fading channels with different means: Case 1) the means are chosen such that the channel
experiences strong interference with high probability, and Case 2) the means are chosen to
experience weak interference with high probability. Monte Carlo simulations were used to

evaluate the capacities.
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In Figure 3 the sum-capacity for the EGCIFC having |[h1]%, |hy1/* and |hos|* exponentially

distributed with yo = E[Jhy1[2] =1, y1 = E[[h21/*] =5 and y; = E[|h;[*] = 2 (skewed with high

probability to be in strong interference since PP [|h21 2 > Ihnlz] = Y — %) is plotted along

T vityo
with the sum-capacity of the system using the MISO with PerPC transmit strategy. The latter
is not optimal in general when the channel experiences weak interference states. The surface
representing the sum-capacity Cyrsoperpc approaches that of Crgerre (as expected since we are
skewed to be in strong interference where the scheme corresponding to a MISO channel with
PerPC is optimal).

In Figure 4 the sum-capacity for the EGCIFC having mean parameters yo =5, y1 = 1 and
Y2 = 2 is plotted (skewed with high probability to be in weak interference P [|h21 12 < |hny |2] = %)
along with the sum-capacity achieved by using the power allocation corresponding to that of a
MISO channel with PerPC. As expected, the MISO scheme with PerPC (not optimal for weak
interference) does not perform as well as in the regime where the channel is skewed to be in
strong interference with high probability.

In Figure 5 we choose the channel gains to be identically distributed with mean parameter
Yo = Y1 = v2 = 1 and plot the sum-capacity of the EGCIFC and an achievability scheme

corresponding to constant power allocation, but with the optimal correlation coefficient which

changes with each fading state, i.e. the solution of

Coum =E LJ(%?Z log <1 + [ho1 [*Py + [haa*P; + 2|p(h)|\/|h21 2P, |h22|2P2> n
(1 + (1 = lp(h)[*) max{lhy; %, |h21|2}P1) ]
+ log ‘

— 2.17
1+ (1—p(h)PP)|h 2P (2.17)
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Figure 3. The sum-capacity of the EGCIFC which is skewed to be in strong interference with
high probability (surface in red) is plotted with the sum-capacity achieved when considering a
MISO achievability with PerPC (surface in blue). The MISO power allocation is almost
sum-capacity achieving as the two surfaces almost overlap. The constant power allocation
scheme with dependent inputs (surface in yellow) is again a lower bound on the sum-capacity
of EGCIFC. Note that perfect CSI at both transmitters is needed for coherent beam-forming.

Note that (Equation 2.17) is solved for the optimal correlation coefficient numerically. It is inter-
esting to note that by optimizing the correlation coefficient only (and not the power allocation,
i.e., keeping the power constant) one can approach (a difference of around 0.23 bits/channel

use), at least for these channel conditions, the sum-capacity of the EGCIFC. This may have
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Figure 4. The sum-capacity of EGCIFC which is skewed to be in weak interference with high
probability (surface in green) is plotted with the sum-capacity achieved when considering a
MISO achievability scheme with PerPC. The power allocation as in the MISO with PerPC
(surface in green) is not optimal as in the case when the channel is skewed to be in strong

interference.

implications in practice — i.e, constant power may be good enough if one optimally finds the

correlation coeflicient.
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Figure 5. Two surfaces representing the sum-capacity of EGCIFC with the optimal power

allocation (red) and the sum-capacity while considering constant power allocation and an

optimized correlation coefficient at each fading state (blue). Although the optimal power
allocation was not utilized, the blue surface is almost capacity achieving.



CHAPTER 3

K USER COGNITIVE INTERFERENCE CHANNEL WITH

CUMULATIVE MESSAGE SHARING

All this chapter has been previously published in [2]; while parts of it has been published
in [4], [5], [6]. © [2013] IEEE. Reprinted, with permission, from [2], [4], [5]. © [2012] IEEE.

Reprinted, with permission from [6].

The K-user cognitive interference channel with cumulative message sharing is a wireless
channel consisting of one primary and K — 1 secondary/cognitive transmitters with cognitive
transmitter i € [2 : K] having non-causal knowledge of the messages of users with index less
than i. For this channel we are interested in understanding the information theoretic limits of
communication and amount of side information that is sufficient for optimal communication.
In order to accomplish this, a computable outer bound valid for any memoryless channel is
proposed. The sum-rate outer bound is evaluated first for the high-SNR linear deterministic
approximation of the Gaussian noise channel. This is shown to be both the sum-capacity for
the 3-user channel with arbitrary channel gains, and the sum-capacity for the symmetric K-user
channel. Interestingly, for the K user channel, we observe that cognition at transmitters 2 to
K —1 is not needed, and knowledge of all messages at the K-th transmitter only is sufficient to
achieve the sum-capacity. Next, the sum-capacity of the symmetric Gaussian noise channel is

characterized to within a constant additive and multiplicative gap, both of which are functions

41
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of K. As opposed to other multi-user interference channel models, a single scheme (in this case
based on dirty-paper coding) suffices for both the weak and strong interference regimes. The
generalized degrees of freedom (gDoF') are then derived and are shown, unlike interference and
broadcast channels, to be a function of K. Interestingly, it is shown that as the number of users
grows to infinity the gDoF of the K-user cognitive interference channel with cumulative message
sharing tends to the gDoF of a broadcast channel with a K-antenna transmitter and K single-
antenna receivers. Numerical evaluations show that the actual gaps between the presented

inner and outer bounds are significantly smaller than the analytically derived gaps.

3.1 Prior Work

While not much work on K > 3 channels exists, in [14, 15,17, 38, 39] different three-user
cognitive channels are considered; we note that the models differ from the one considered here
either in the number of transmitter /receivers, or in the message sharing/cognition structure in
all but [14,15]. In the more comprehensive [14], several types of 3-user cognitive interference
channels are proposed: that with “cumulative message sharing” (CMS) as considered here, that
with “primary message sharing” where the message of the single primary user is known at both
cognitive transmitters (who do not know each others’ messages), and finally “cognitive only
message sharing” (CoMS) where there are two primary users who do not know each others’
message and a single cognitive user which knows both primary messages. Achievable rate regions
are obtained which are evaluated in Gaussian noise. The CoMS mechanism yields almost the
same message structure as in the interference channel with a cognitive relay — identical if the

relay were to further have a message of its own (see [40,41] and references therein for the
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interference channel with a cognitive relay). In [38] the CoMS was first introduced where an
achievable rate region was obtained which employs a combination of superposition coding and
Gel’fand-Pinsker’s binning, which was numerically evaluated for the Gaussian noise channel.
In [39] the CoMS structure is assumed and the cognitive user is furthermore assumed not to
interfere with the primary users; an inner and an outer bound are obtained. In [16,17] capacity
under “strong interference” for the CoMS is obtained. We thus emphasize that the channel
considered here is more general than others studied as we consider K users, a fully connected
interference channel, and consider the less studied CMS sharing structure. In [25], the authors
characterized the Degrees of Freedom (DoF) of a K-user interference channel in which each
transmitter, in addition to its own message, has access to a subset of the other users’ messages,
was obtained; in particular, it was shown that the DoF=K (maximum possible) if the sum of
the number of jointly cooperating transmitters and the number of jointly decoding receivers
is greater than or equal to K+ 1. An outer bound on the DOF region and the sum DOF is

presented.

3.2 Channel Model

The general memoryless K-user cognitive interference channel with cumulative message shar-
ing (K-CIFC-CMS) consists of K source-destination pairs sharing the same physical channel,
where some transmitters have non-causal knowledge of the messages of other transmitters. Here
transmitter 1 is referred to as the primary user and is assumed to have no cognitive abilities.
Transmitter 1, i € [2 : K], is non-causally cognizant of the messages of the users with index

smaller than i. More formally, the K-CIFC-CMS channel consists of



44

Channel inputs X; € X;, i€ [1:K],

Channel outputs Y; € ), i € [1:K],

A memoryless channel with joint transition probability

P(Yla”-)YK|X1)--'aXK)7

Messages W; known to users 1,2,...,1, 1 € [1:K].

A code with non-negative rate vector (Ri,...,Rg) and blocklength N is defined by

Messages W;, i € [1: K], uniformly distributed over [1 : 2NRi] and independent of every-

thing else,

Encoding functions ng) (1 2NRi] s, x[1 2 2NRi] XiN such that X{\‘ = ng](Wh ey, W),

ie[l:X],

Decoding functions ggN) : :)/iN — [1: 2NRi] guch that \7V\i = ggN)(YiN), ie[1:K],

Probability of error PgN) '= MaXic[].K] ]P’[Wi # Wil

The capacity of the K-CIFC-CMS channel consists of all non-negative rate tuples (Ry,...,Rk)
for which there exist a sequence of codes indexed by the block length N such that PgN) — 0
as N — oo. Since the decoders cannot cooperate and the channel is used without feedback,
the capacity may be shown to depend only on the marginal noise distributions rather than
the joint noise distribution by an argument similar to that used for the broadcast channel
(BC) [42]. In this work we focus on two channel models, the Gaussian noise channel and its

linear deterministic approximation at high SNR.
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Figure 6. The Gaussian 3-CIFC-CMS.

3.2.1 The Gaussian noise channel

The single-antenna complex-valued K-CIFC-CMS with Additive White Gaussian Noise

(AWGN), shown in Figure 6 for K = 3, has input-output relationship

Y, = Z heXi + Zg, L€ [1:K], (3.1a)
ie[1:K]
where, without loss of generality, the inputs are subject to the power constraint
E[X{% <1, ie1:K], (3.1b)

and the noises are marginally proper-complex Gaussian random variables with parameters

Zo~N(0,1), Le[l:Kl. (3.1c)
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The channel gains hy;, (i,j) € [1: K]?, are constant. Without loss of generality we may assume
the direct links hy;, 1 € [1: K] to be real-valued and non-negative. The Generalized Degrees-of-
Freedom (gDoF) of the symmetric Gaussian channel is a performance metric that characterizes
the high-SNR, behavior of the sum-capacity and is defined as follows: Let SNR be a non-negative

number and parameterize

lhil> := SNR, i€ [1:K], (3.2a)

lheil? := SNR®, (£,1) € [1: K%, € #1, (3.2b)

for some non-negative o«. The gDoF is

L Cs
dle) = Mm  oe(T+ SNR)’ (3.3)

where Cy := max{Rj + ...+ Rx} and where the maximization is over all achievable rates. The

sum-capacity is said to be known to within a constant gap of b bits if one can show rates Rgn)

and Rg’m) such that

The gDoF and constant gap characterization of the symmetric sum capacity imply that

Cs = d() log(1 + SNR) + o(1),
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where o(1) indicates a quantity that is finite at all SNR.

3.2.2 Linear deterministic approximation of the Gaussian noise channel at high

SNR

The Linear Deterministic approximation of the Gaussian Noise Channel at high SNR (LDC)
was first introduced in [43] to allow focusing on the effect of signal interactions between users
rather than on the effect of additive noise. The proposed framework has been powerful in
revealing key issues for the problem of communicating over interfering networks. The insights
gained from the LDC have often translated into Gaussian capacity results to within a constant
gap for any finite SNR [13,44,45]. In light of these success stories we also start our investigation

from the LDC. The LDC has input-output relationship

Yo=Y 8™MuX;, Le(l:K], (3.5)
ie[1:K]

where m := max{ny;}, S is the binary shift matrix of dimension m, all inputs and outputs are
binary column vectors of dimension m, the summation is bit-wise over of the binary field, and
the channel gains ng for (¢,1) € [1: KJ%, are positive integers. In a symmetric LDC all direct
links have the same strength niy; = ng > 0,1 € [1 : K], and all the interfering links have the
same strength ng = ny = « ng > 0, (£,1) € [1: KJ?, € # i. Note that the subscript i (roman
font) of n; stands for “interference” and is not an index; as such it should not be confused with

index 1 (italic font).
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The channel in (Equation 3.5) can be thought of as the high SNR approximation of the

channel in (Equation 3.1) with their parameters related as ny; = [log(1+[hyl?) |, (1,j) € [1: KJ%.

3.3 Owuter Bound

In this section we derive an outer-bound region for the general memoryless K-CIFC-CMS.
We start with the case of K = 3 users to highlight the main proof techniques and ease the reader

into the extension to any number of users.

Theorem 3.3.1. The capacity region of the general memoryless 3-CIFC-CMS is contained in

the region defined by

Ry < I(Y15 X4, X2, X3), (3.6a)

Rz < I(Y2; X2, X31X1), (3.6b)

Rs < I(V3;X30X5, X2), (3.6¢)

Rz + R3 < I(Y2; Xa, X3/X1) + 1(Y3; X31X3, X2, Y2), (3.6d)

Ri + Rz + R < I(Yq; X1, X2, X3) + 1(Y2; X2, X31Xq, Y1) + 1(Y3; X5/Xq, Y1, X2, Y2), (3.6e)

Jor some input distribution Px, x, x;- The joint conditional distribution Py, vy, v,x; x,x; can be
chosen so as to tighten the different bounds as long as the conditional marginal distributions

Py, x; %X, 1 € [1:3], are preserved.
Proof. The proof is found in Appendix D. O

Remarks:
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1. The region in Th. 3.3.1 reduces to the outer bound in [12, Th. 6] by setting X3 = Y3; = ().

2. The outer bound region in (Equation 3.6) does not contain auxiliary random variables.
Moreover, every mutual information term contains all the inputs. These two facts imply
that the outer bound region in Th. 3.3.1 can be easily evaluated for many channels of
interest. For example, for the Gaussian noise channel in Section 3.2.1, the “Gaussian
maximizes entropy” principle suffices to show that jointly Gaussian inputs exhaust the

outer bound.

3. The sum-capacity bound in (Equation 3.6e) is obtained by giving S; as side information
to receiver i, 1 € [1 : K], where S§; = [Si_1, Wi,hY,-]i]] starting with S; = (. With
this “nested” side information, the mutual information terms can be expressed in terms
of entropies which may be recombined in ways that can be easily single-letterized. This
form of side information allows us to extend the result from the 3-user case to any number

of users.

4. The mutual information terms in (Equation 3.6e) have the form

I(Yi;xb---)XK|X1)Y1)--'>Xi—1)Yi—1)>] < IS K

which can be given the following interpretation: Since message W; is available at trans-
mitters i through K, inputs (Xi,...,Xg) are “informative” for receiver i, while inputs

(X1,...,Xi_1) are independent of Wj; receiver i decodes from Y; the information carried
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in (Xj,...,Xg) that could not be recovered by users with lesser index as represented by

(X1, Y1,y 000y Xz, Y1),

Th. 3.3.1 can be extended to any K as follows.

Theorem 3.3.2. The capacity region of the general memoryless K-CIFC-CMS is contained in

the region defined by

Ri < I(Y; X X211, (3.7a)
K K
>Ry <D Y5 XX g1, Yirg-n), (3.7b)
= =

for some input distribution Px, . x,. Moreover, each rate bound in may be tightened with respect
to the channel conditional distribution as long as the channel conditional marginal distributions

are preserved.

Proof. The proof is found in Appendix E. O

In the following section we shall derive achievable schemes matching the sum-capacity outer
bound in Th. 3.3.2 for the LDC in (Equation 3.5) and schemes that achieve the sum-capacity
outer bound to within a constant bounded gap regardless of the channel parameters for the

Gaussian channel in (Equation 3.1).

3.4 Sum-capacity for the Linear Deterministic K-CIFC-CMS

In Sections 3.4.1 and 3.4.2 we determine the sum-capacity of the LDC with K = 3 users and
any value of the channel gains. In Sections 3.4.4 and 3.4.5 we derive the sum-capacity for any

K but for symmetric channel gains only. The main results of this section are
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Theorem 3.4.1. The sum-capacity bound in (Equation 3.6e) is achievable for the LDC 3-

CIFC-CMS with generic channel gains.

Theorem 3.4.2. The sum-capacity bound in (Equation 3.7b) is achievable for the LDC K-
CIFC-CMS with symmetric channel gains. The capacity achieving scheme only requires cogni-

tion of all messages at one single transmitter.

The rest of the section is devoted to their proofs.

3.4.1 Sum-capacity outer bound for the 3-user case and generic channel gains

The sum-capacity outer bound in Th. 3.3.1 specialized to a deterministic 3-CIFC-CMS (i.e.,

H(YilX1, X2, X3) = 0,1 € [1:3]) gives the following sum-capacity upper-bound
Ry + Rz + R3 < max {H(Y1) +H(Y2X5, Y1) + H(Y3|X1,Y1,X2>Yz)}»

where the maximization is over all possible joint distributions Px, x, x;. For the LDC in (Equation 3.5)

with K = 3 we obtain

R1 + Rz + R3 < max{niq, ny2, N3} + f(naz, naziniz, miz) + 33 — max{niz,nasll™,  (3.8a)

where f(c, d|a, b) follows from [46, eq.(5)] and is defined as

max{c + b, a + d} — max{a,b} ifc—d#a—D,
f(c,dla,b) :=

max{a, b, c, d} — max{a, b} ifc—d=a-—"0.
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The bound in (Equation 3.8) follows by maximizing each mutual information term individually

and is as follows

H(Y7) = H(S™ ™1 X; + 8™ ™2X; + 8™ 3X;3) < max{nyy, niz, nizl
H(Y2X7,Yy) = H(S™ M22X, + S™ M3 X5|X;, S™™M2X; + S™M3X3)
< H(S™T2Xp + 8MTXES™ M2X, + STTMEXG) < f(ngg, nasiniz, s,
H(Y31X1, Y1, X2, Y2) = H(S™ 3 X5/Xq, Xp, S™ M3 X3, S™ 3 X3) < H(S™ ™33 X5|g™mmaximsnzslx )

< [n33 — max{ny3, na3}lt,

where [x]T := max{0,x}. Notice that i.i.d. Bernoulli(1/2) input bits simultaneously maximize

each of the above entropy terms.

3.4.2 Achievability of the sum-capacity outer bound for the 3-user case and generic

channel gains

In the following, depending on whether [n33 — max{n;3,n,3}]" in (Equation 3.8a) is zero or
positive, different interference scenarios are identified and transmission schemes that are capable
of achieving the sum-capacity outer bound in (Equation 3.8) are proposed. In particular:

Case 1: If the signal sent by the most cognitive transmitter is received the weakest at the

intended destination, that is, if

nz3 < max{n;z, nas}, (3.9)
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the sum-capacity in (Equation 3.8) becomes

R1 + Ry + R3 < max{ny1, nyz, niz} + f(nz2, naziniz, nis).

The condition in (Equation 3.9) corresponds to H(Y3|Xi, Y1, X2, Y2) = 0, i.e., conditioned on
(X1,X2) the signal received at the most cognitive receiver is a degraded version of the signal
received at the other two receivers. Recall that user 3 may send information to all receivers as
it knows all messages. The condition in (Equation 3.9) implies that the signal X3 may convey
more information to receivers 1 and 2 than it can to receiver 3. In this case, one might thus
suspect that R3 = 0 is optimal and that the best use of the cognitive capabilities of user 3 is to
broadcast to the receivers. We will next show that this is indeed the case.

We set R3 = 0 and we therefore convert the LCD 3-CIFC-CMS into a deterministic 2-CIFC-
CMS where user 1 is the primary user (with input X; and output Y7) and the cognitive user has
vector input [X3, X3] and output Y;. The capacity of a general deterministic 2-user cognitive

interference channel is [12, Th. 12]

Ry < H(Yy), Ry < H(Y2lXy),

Ry + Ry < H(Y7) + H(Y2X1, Y1),
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for some input distribution Py, x,x;). Hence the sum-capacity is

Ry +R, = max {H(Y1)+H(Y2|X1,Y1)}

PX]‘[X2>X3]

= max{niy, niz, 3} + f(n22, na3lniz, az),
Case 2: In the regime not covered by the condition in (Equation 3.9), that is, for
N33 > max{n;z, ny3}, (3.10)
the sum-capacity in (Equation 3.8) becomes
Ry + Rz + Rz < max{niq, iz, miz} + f(naz, nazlniz, miz) + ns3 — max{nis, nas}.

In this case, the condition in (Equation 3.10) suggests that the intended signal at receiver 3 is
sufficiently strong to be able to support a non-zero rate. The form of the sum-capacity also
suggests that a plausible strategy is to use the optimal strategy for Case 1 and “sneak in” extra
bits for user 3 in such a way that they do not appear at the other receivers. We next show that

this is optimal. The signal of transmitter 3 in two parts

X3 1= X34 + X3p,
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where X34 is intended to mimic the scheme for Case 1 (i.e., as if user 2 had input [X;, X34]) and
X3p carries the information to Y3, possibly “pre-coded” against the interference of (X1, X2, X34),

and such that X3p is not received at receivers 1 and 2. We define

Xsp = Smax{nm,nzs}vg’)

for some vector V3 defined in the following. Note that the shift caused by S™axMznas} js guch
that V3 is not received at Y and at Y. We note that V3 is “private information” for receiver 3
that is dirty paper coded against the interference caused by [Xj, X2, X34] at receiver 3; with this
receiver 3 is virtually interference-free. We then implement the optimal strategy for Case 1 with
[X7, X2, X34] and with the remaining bits in X3, we transmit to receiver 3 thereby achieving the
sum-capacity in (Equation 3.8).

3.4.3 Example of sum-capacity optimal schemes for the 3-user case and symmetric

channel gains

We now present several concrete examples of the achievability scheme presented in Sec-
tion 3.4.2. We consider ng > 0, n; = ng «, o > 0. Define the normalized sum-capacity

as

max{R; + Rz + Rz}
ng )

ds(e;3) =

Note that when ng = 0 the channel reduces to a broadcast channel from transmitter [X;, X3]

to receivers Y7 and Y (receiver 3 cannot be reached by its transmitter and hence R3 = 0 is
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Figure 7. LDC 3-CIFC-CMS in weak interference with o« = 1/2. The achievable rates are
Ri/ng = Ry/ng = 1,R3/ng = 1 — « thereby achieving the sum-capacity outer bound
in (Equation 3.8) under the condition in (Equation 3.10). Dark black bits are intended to
Rx;, gray bits are intended to Rx, and white bits are intended to Rx3.

optimal; similarly the primary user cannot reach its intended destination and cannot deliver
any information to the other destinations, hence X; = 0 is optimal); the capacity region of
a deterministic broadcast channel is known [47] and for the symmetric LDC with ng = 0 it
reduces to Ry + Ry = 2n;.

When ng > 0 the sum-capacity can be expressed as

(Mg, g &Nq &, Ng ) N
nq

ds (o 3) = max{1, o} + f 1—of*

3max{l,a} — x for o # 1,

1 for ¢« = 1.
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Figure 7 shows an example of the achievable strategy for weak interference defined as o < 1
(corresponding to Case 2 in Section 3.4.1). The case a = 1 corresponds to a channel where all
received signals are statistically equivalent and therefore its capacity region is that of a 3-user
Multiple Access Channel. The strong interference regime defined as « > 1 (corresponding to
Case 1 in Section 3.4.1) is not explicitly considered as the achievable strategy is the same as
for the weak interference regime except for the fact that the most cognitive user sends at zero
rate, as its bits would create interference at the non-intended receivers. Notice the important
role of cognition in Figure 7: the third transmitter (cognitive of all 3 messages) sends a linear
combination of the messages of users 1 and 2 in such a way that the effect of the aggregate
interference is neutralized at all receivers, i.e., leaving the receivers of 1 and 2 interference-free.
The third transmitters also sends some “private” information bits in such a way that these
bits do not appear at the other receivers. It is important also to observe that user 2, who is
cognizant of the message of user 1, does not use this message knowledge. In other words, user 2

need not be cognizant in order to achieve the sum-capacity in the symmetric case.

3.4.4 Sum-capacity outer bound for the K-user case and symmetric channel gains

For the K-user symmetric LDC the sum-capacity is upper bounded by

Kmax{1l,a}—a« for o #1,
ds (o, K) =< (3.11)

1 for x = 1.
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The proof that the sum-capacity upper bound in Th. 3.3.2 evaluates to the expression
in (Equation 3.11) is provided next. For the K-user symmetric LDC with m = ng max{1, o} the

sum-capacity is upper bounded by

M
Mx

Ry < H Yk|X1)--'an71)Y1)--->Yk71)
k=1 k=1
K—-1 K K
~ Y H (sm“dxk L smm ( 3y xi> ‘xh...,xk,l,sm*“i <Z xi>>
k=1 =kt 1 i=k

+

H(sm—“dxax], xK_1,sm—“ixK)

K—

_.

H((S™ ™ 4 8™)X, ) + H(S™ Xy S™ "X )
k=1
< (K =1 max{ng,ni} + mg —myl™

=1y (K max{1, o} — oc).

The discontinuity at o« = 1 in (Equation 3.11) is because when ng = n; all received signal
are equivalent, i.e., Y1 = ... =Yg = Zf:] Xi, and the channel reduces to a K-user MAC with
sum-capacity max H(Y7) = nq.

3.4.5 Achievability of the sum-capacity outer bound for the K-user case and symmetric

channel gains

The schemes which were shown to be optimal for the LCD 3-CIFC-CMS in Section 3.4.3

may be extended to any arbitrary number of users. Let Uj, j € [1: K], be the signal intended



99

for receiver j, that is, U; is only a function of message Wj, and composed of i.i.d. Bernoulli(1/2)

bits. Let the transmit signals be

Xj:u)', ]G[]K—]],

Ini Onix[n —y]+ Onix[n —ny]t
Xk = ! Z U | + ’

O[nd —nil T xmny O[nd —n] T x[ng—myl*

Oni X1y Oﬂi X mg—my] ™+ K
2 %= 2 Ui,
‘ i

=1 Omg—nitxn;  Img—ny+

where 0, xm indicates the all zero matrix of dimension n x m and I, the identity matrix of

dimension n. With these choices, the signal at receiver £, £ € [1: K], is

K
Y= (8™ 4 8™ )X+ 8™ | Y X;
j=1

= (S™ M 4+ S™TM)X,,  m = max{ng,n;}.

Since the matrix S™ ™ 4 8™~ ig full rank for ng # n;, receiver {, £ € [1: K], decodes U, from
(SmMa 4 8™ 1Y, = X,. Hence receiver £, { € [1: K— 1], decodes m = max{ngq, n;} bits since
X¢ = Uy, while receiver K can decodes the lower [ng —n;]™ bits of Ux from X.

Interestingly, receivers from 1 to K—1 are interference free, while receiver K decodes n; bits

of the “interference function” Z}(;ﬂ U;. Notice that cognition is only needed at one transmitter
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in all interference regimes. This implies that this sum-capacity result holds for all cognitive
channels where user 1 is cognizant of any subset (including the empty set) of the messages of
users with index less than i. We suspect that the fact that only the last user need cognition
of all the other messages is a consequence of: 1) the extreme symmetry in the channel model
(which is needed for analytical tractability), which naturally aligns the interfering signals at
all users. Thus, if the most cognitive user cancels interference at one receiver, it essentially
cancels it at all receivers by symmetry. 2) the LDA channel model in which “coherent” gains
often seen in Gaussian channels, when two users have the same message may beam form that
message to a particular receiver at higher rates, is not possible. That is, the modulo 2 addition
at a bit-wise level prohibits such coherent gains and as such it may not be useful to share
the messages with other transmitters since the last fully cognitive user is already eliminating
interference and additional gains are not possible. We note that these are heuristic rather than
rigorous statements, and we do not expect this to hold for Gaussian channels where coherent

gains are possible.

3.4.6 Sum-capacity comparison between different channel models

We compare the symmetric sum-capacity of channels with different levels of cognition. Our
base line for comparison is the K-user interference channel without any cognition, whose sum-

capacity is [48]

K
dy' (oK) = 55" (e52) (3.12)
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and where dgFC](cx;Z) is the so-called W-curve of [44] except for a discontinuity at o = 1

where dgFC)(oc;K) =1 for all K [48]. Note that, except at « = 1, the normalized sum-capacity
%dgFC)(oc;K) does not depend on K.

At the other extreme of message cognition, consider the case where all users are cognitive
of all messages. In this case the channel is equivalent to a MIMO-BC with K transmit antennas

and K single-antenna receivers. The system may zero-force the interference to obtain

d" (oK) = K max{1, o}, (3.13)

except for a discontinuity at o« = 1 where ngBC)(oc;K) = 1, since in this case all the receivers
are statistically equivalent and TDMA is optimal. Also in this case, except at « = 1, the
normalized sum-capacity %dggc)( o; K) does not depend on K.

The sum-capacity of the symmetric LDC K-CIFC-CMS is given by (Equation 3.11), which

is a function of K even after normalization by K, i.e.,

1 -
Edg:CIFC CMS)(“;K) = max{1, o — %. (3.14)

This has the interesting interpretation that CMS looses o/K with respect to dngC](oc; K)/K. In
other words, as the number of cognitive users increases the CMS sum-capacity approaches the
sum-capacity of a fully coordinated broadcast channel, which is intuitive.

Figure 8 shows the sum-capacity normalized by the number of users for different channel

models; we do not show the discontinuity at o« = 1. We note the increase in performance in all
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interference regimes when compared to that of the 2-user CIFC-CMS and the K-user interference
channel, but a loss with respect to the K-user broadcast channel (BC) with K transmit antennas

and K single antenna receivers.

3.5 Sum-Capacity for the Gaussian K-CIFC-CMS to within a constant gap

In this section we derive the sum-capacity for the symmetric Gaussian channel with an
arbitrary number of users to within a constant gap. For notational convenience we denote the
direct link gains as |[hg| and the interference link gains as h;, so that the channel in (Equation 3.1)

can be rewritten as

Yo = (Iha —hi)xHhi(ixj) +2Zy, Le1:KL.
j=1

The main results of this section are

Theorem 3.5.1. The generalized Degrees-of-Freedom of the symmetric K-user Gaussian noise
channel are

d(a) = Kmax{1, o} — «,

with a discontinuity at o« = 1 in the special case where all channel gains are the same (in modulo

and phase), in which case d(1) = 1.

Theorem 3.5.2. The sum-capacity bound for i = 1 in (Equation 3.7b) is achievable for the
symmetric Gaussian K-CIFC-CMS to within 6 bits per channel use for K = 3 and to within

(K—2)log,(K —2) 4 3.88 bits per channel use for K > 4.
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Theorem 3.5.3. The sum-capacity bound for i =1 in (Equation 3.7b) is achievable to within

a factor K by beamforming to the primary user.

3.5.1 Sum-capacity outer bound for the K-user case and symmetric channel gains

For the K-user symmetric Gaussian channel with [hg| # h; the bound for i = 1 in (Equation 3.7b)
can be further bounded as follows. We note that we may tighten the bound by choosing the

“worst noise covariance matrix”, but for simplicity, here we use independent noises.

K K K
D RS DXy X Yo Xay Vi X Yoo ) = (X0 X halXa + 1 )Xo+ 29)
k=1 u=1 i=2

K—1

_l’_

K K
I<Xu)"' y Xii; [hal Xy + hy Z X1+Zu‘Xz, hiZXi-i-Zg, tefl :u—1])

2 i=u+1 i=u

e
||

+I(XK;|hd|XK+ZK‘X¢, hiXy + Zg, Le 1 :K—u)

K K—1
< h(IhalX, Y Xt Zi) —h(Z1)+ Zj(“‘d' — X+ Zu = Zur) — h(Z4)
1= u=

n h(|hd|xK s

K—1
1
hXq+ —— Y Z ) —h(Zy).
K+ >z (Zx)
=1
Finally, by the “Gaussian maximizes entropy” principle, we obtain

K
Z Ry < log <] + (Ihdl + (K — ])Ihi|)2> (3.15a)
k=1
2
+ (K —2)log(2) + (K —2) log (1 + W) (3.15b)

lhal?
1 1T+ — . 1
+ log < + T (K= TP (3.15¢)
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For h; = |hy| all received signals are statistically equivalent, therefore the K-CIFC-CMS is

equivalent to a K-user Multiple Access Channel, whose sum-capacity is

K K
D R < IXpy.. o, XiThal D~ Xi+ Z3) < log(1 + K*[hgl).

i=1

In the limit for high SNR and with the channel parameterization as in (Equation 3.2), the

above outer bound can be further bounded

I\/]x

< log(K?) + (K—1)1og(2) + (K — 1) log (1 + max{lhal?, Ini*})

+ log 1+L
T+ (K=D[h2)°

k=1

to obtain the following gDoF outer bound

d(x) < (K—=1)max{1l, o} + [1 — o = Kmax{1, &} — «

This gDoF remains valid for « = 1 as long as h; = [hq|exp(j0) for exp(jO) # 1; when exp(j0) = 1
the K-user MAC sum-capacity gives d(a = 1) = 1. This proves the converse part of Th. 3.5.1.

3.5.2  Achievable Rate Region K-CIFC with CMS

We now present a scheme which will be used in Section 3.5.3 to show that the symmetric
outer bound derived in Section 3.5.1 is achievable to within a constant gap. Inspired by the
capacity achieving strategy for the Gaussian MIMO-BC, we introduce a scheme that uses Dirty

Paper Coding (DPC) with encoding order 1 — 2 — 3 — - -- K. We denote by Z; the covariance
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matrix corresponding to the message intended for decoder £, £ € [1 : K], as transmitted across

the K antennas/transmitters. The overall input covariance matrix is

K

K
COV[X],...,XK]:ZZg: [ Ze] §1, k e [] ZK], (3.16&)
(=1 (=1 kk

where the constraints on the diagonal elements correspond to the input power constraints.
Moreover, since message £ can only be broadcasted by transmitters with index larger than £,

we further impose

[Zg]kkzofor all 1 <k <l <K (3.16b)
The achievable rate region is then the set of non-negative rates (Ry,...,Rg) that satisfy
hiZ¢h
R <log | 1+ (= R hg = [hg)]hz’z .. .hg’K], Cell: K], (317)

hz (ZE:eH Zk) hy

for all possible Cov([Xj,...,Xx] complying with (Equation 3.16), with the convention that

ZE:K-H 2 =0.

In particular we consider the transmit signals

Xy = Uy,

X = vily + B + ogUy, j e 2:K 1],
K—-1

Xk =vkUk — Bk ) _ U]FZF) + ax Uy,
=2
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where Uy, U‘EZF) are i.i.d. N'(0,1),¢ € [1:K], and the coefficients {ot, o, B, Yjljezk) satisfy

gl <1,
il + 1B + o> < 1, j e 2: K —1],

yil? + 1Bkl (K = 2) + |oc* < 1,

in order to satisfy the power constraints. Notice the negative sign for x, which we shall use
to implement zero-forcing of the aggregate interference Z}(:_; U)FZF). Moreover, all transmitters

cooperate in beam forming U; to receiver 1. These two facts can be easily seen by observing

that for B1=... =Pk :=p
K K K
> X =) vy, vi=)
=1 B1=...=Px =1 =1

With these choices the message covariance matrices are

.
P :aaT, a:=[ag,...,oxl',

% = lyi* ejel + 1B (ej —ex)(ej —ex)T, j € 2: K],

where e; indicates a length-K vector of all zeros except for a one in position j, j € [1 : K], {

indicates the Hermitian transpose, and where f =31 =... = pBk.
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We next express the channel vectors hy for the symmetric Gaussian channel as

K
hy = (Jhq| —hi) eg + h; (Zek> , Le1:K].
k=1

By noticing that

hee] = 5[¢ —jl(Jhal — hs) + hy, €€ [1:K],
where 8[k] is the Kronecker’s delta function, the following rates are achievable

K 2
[Inal + il £ o

Ry =log (3.18a)
T+ R |
2
. [Ihal = | 1B + Ial? ;P - 1)
; = log jel2: K- 3.18
) 1+ |hi‘2 Z]E:j_u h/k|2 ) ’
Ry = log (1 + [y IyKIZ) , (3.18¢)

where we chose o7 = exp(jZh;) to allow coherent combining at receiver 1 of the different signals

carrying Uy, i.e., all users beamform to the primary receiver.

3.5.3 Additive Constant Gap Results for the symmetric Gaussian Channel

We now choose the parameters in (Equation 3.18) so as to match the outer bound given
in (Equation 3.15). Due to the presence of the term (K—1)|h;|? in the denominator of the equiv-
alent SNR for receiver K, one might be tempted to suggest that the bound in (Equation 3.15c¢)
would mean that the most cognitive user should treat all the other signals as noise. However we

recall that user K is the most cognitive user and can therefore “pre-code” the whole interference
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seen at its receiver using DPC; by doing so, receiver K would not have anything to treat as

noise besides the Gaussian noise itself. We therefore interpret the term <1 as the

1
T+(K=T)[h;2
fraction of power transmitter K dedicates to the transmission of its own signal. This amounts

to setting

1

2 _
K = e

in (Equation 3.18c). This choice guarantees that the achievable rate for user K exactly matches
the term in (Equation 3.15¢) in the upper bound.

Next we would like to match the upper bound term in (Equation 3.15b) to the achievable
rates in (Equation 3.18b) by setting

T IBE
2 1T+ |hPhyl?

v; =0, je2,K-1],

However, from the power constraint for user K, we must satisfy

T—hyl?

2
<

which imposes the following condition

K—4 2 2 2
- . - < 0.
K2+<MI+KZ>MA_O
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The above condition cannot be satisfied for K > 4; for K = 3 it requires that

1
<
1422 = [hi2 42

lysl? =

which can be satisfied by |h|* > 1. Therefore, in the following we shall assume [hj]* > 1 and

set vj =0, j € [2,K—1] and

Tkl 1 . 1
2 2 2 =z T+(K=1)n;2 K=>4
1Bl =IBI” = ,
THhl2lysl? 1432 _
2 — 2(1+2n2) K=3

which implies
5 0 K>4
lo | =

) 2 4 —
1= 1B — vkl = sigiits K =3

Finally, for j € [2: K —1]

K3 1 1
Tt s ey K> 4
2 2 K-2 K—2 1+(K—1]\h;\2 —
logl® =1—1B5]° = .
T1+hy _
2(1+2[h]%) K=3

The rates then become: for K >4 and for j € [2: K —1]

Re —log (14 M
I N oy [y T W

L (K—l)lhi\z2 gl — \ZK 1

2 K=2 14(K=T1)|hy] dl — Y - . 2

R]:log 1+‘|hd|_hl} W 210g<]+ K—2 K+1>,Slnce|hl| Z],
TH(K=1)[h]2
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2

N

‘|hd|+|h|\/K 3)(K—=2)+ W

[hy|?
THK—T)2

2
> log <1+ |Ihal + [hl (E—S)(K—z)’ )

= log
1+

,since [ > 1,

and for K=3, the rates are

lhal?

—log 1
Og( +1+2|h|2>

1
Ry = log 1+th| 22>

1+hl? —1+hif?
log( ’lhd|+|h| (\/ 2T+2/h7) +\/ 2(1+2/hf7) ))

[h;|2
T+ mame

2
hyql + |5
> log (1 + w> , since hf? > 1.

By taking the difference between the outer bound in (Equation 3.15) and the lower bounds

on the derived achievable rates we find that the gap is upper bounded by: for K > 4

hal — hal — hil* K —
GAP < (K —2)log(2) + (K —2) <log<1+“d|2{>_log<]+“ dK—2’ E+1>>

2
+ log (] + (|hd| 4 (K= ])|hi)2> log (1 N |[hal + Myl (E—.’))(K—Z)} )

< (K—2)log(2) + (K —2)log <(K+”(K—2)) log (Z(K —3)(K— 2))

2(K—1) (K—1)2

< (K—2)log (K—2) +log(2exp(2)),
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(where we used Klog,(1+1/K) < 1) and for K > 3

2
2 hyl + [y 1
GAP < log(2) + log (1 + (hal +2Ims]) > ~log (1 n w>

< 6log(2).

For [hil? < 1, we set B; = o; = 0,v; = 1 for j € [2: K] to obtain
j j j

: . [nal?
Ry = 1 T+ —— .
; @ ; Og( 1+(K—e)|hi|2>

The gap to the upper bound is at most

K—1
GAP < (K —2)log(2) + 2log(K—1) + ) log (M> ,
(=2 2

which is smaller than the gap previously obtained for [hj|> > 1. This proves Th. 3.5.2 and

implies the direct part of Th. 3.5.1.

3.5.4  Multiplicative Constant Gap for the symmetric Gaussian Channel

In order to provide a complete characterization of the sum-capacity of the symmetric Gaus-
sian channel we next consider approximating the sum-capacity to within a multiplicative gap,
which is more relevant at low SNR than an additive gaps. To this end, note that the rate of
user j is upper bounded by Cj := log(1 + (|hq| + (K — j)Mil)?),j € [1 : K] which in turn is upper

bounded by K x C;. Consider an achievability scheme in which all users beamform to user 1:
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SNRdB = 20

351
Outer bound

Inner bound

30+

251

20

R [nats per ch.use]

Figure 9. Comparison of the numerically optimized inner and outer bounds for K = 3 users at

SNR= 20dB as a function of & = lﬁgg{(w?ﬁl))s notice a smaller gap than the worst case predicted 6

bits per channel use.

this achieves the sum-rate Ry + ---Rx = C;y. This is to within a factor K of the upper bound,

proving Th. 3.5.3.

3.6  Numerical optimization of inner and outer bounds

Figure 9 shows the proposed upper and lower bounds for the symmetric channel with K =3
users at SNR= 20dB. In this case the outer and lower bounds where optimized numerically so as
to obtain a larger achievable rate and a tighter outer bound than those used for the analytical
evaluation of the gap. We notice that the gap between the bounds is much less than the
theoretical gap of 6 bits. In particular, for strong interference the bounds are extremely close to

one another, showing again that the analytically provable gap of 6 bits is a worst case scenario,
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OUT-IN : SNRdB = 50

Rout-Rin [nats per ch.use]

Figure 10. Analytical and numerical additive gaps for K = 3 users at SNR= 50dB.

which is the result of crude bounding techniques rather than a poor achievability scheme.
Figure 10 shows the additive gap for K = 3 users at SNR= 50dB; notice the gap between the
analytical upper and lower bounds (curve labeled ‘th’) converging to 6 bits for large o while the
gap between the numerically optimized upper and lower bounds (curve labeled ‘num’) going to
zero in the same regime; the largest gap is at &« = 1 where the channel matrix becomes rank
deficient; overall the gap is at most around 1 bit, 5 bits smaller than the analytically provable
gap.

3.7 K user Cognitive Interference Channel in Strong Interference

In this section we consider - in addition to the (K-CIFC-CMS) - the cognitive interference

channel with cognitive only message sharing (K-CIFC-CoMS) consisting of K —1 primary users
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Wi = X1 7 Wi Xi Y1 5 Wi

Wo » X2 O_,Yz _,Wz Wa Wi » X2 O_,Yz *Wz

Ws > Xa S Ys , Ws Ws W2 W1 » X3 Y3 o Ws

WaWsWaW1i 5 Xa O—>Y4 > Wa WaW3sW2W1 5 Xa O—>Y4 > W
(a) K-CIFC-CoMS with K = 4. (b) K-CIFC-CMS with K = 4.

and one cognitive user that has non-causal message knowledge of the all the primary users. The

two message assignments (My,..., M) can be described as follows:
1. CoMS: M; ={i}, ie[1:K—1], and Mx = [1:K],
2. CMS: M; =[1:1],1e[1:K].
The general memoryless (K-CIFC-CoMS) is formally defined by
e channel inputs X; € Aj,
e channel outputs Y; € Vi, i € [1: K],
e and a memoryless channel P(Y7,..., YIXqi, ..., Xk).

e Messages W; which are known to user K non causally.
A code with non-negative rate vector (Ri,...,Rg) and block-length N is defined by:

e messages W;, uniformly distributed over [1 : 2NRi] and independent of all other random

variables, where N € NT is the codeword length and R; € R™ is the rate expressed in bits

per channel use.
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e encoding functions X]i\’ (WMi) with My C [1 : K], fg 1 2NR) XiN such that

XN o= fNwy), ie[1:K—1],

1 1
e and decoding functions Wi(YiN), for i € [1: K. g : J/-IN — [1 : 2NRi] guch that

Wi =gV (YN), ie1:K],

The capacity region is the set of all rate tuples (R, ..., Rk) for which there exists a sequence of
codes indexed by the block-length N such that P((aN) = MaXic[].] IP[\//\/\i #W;] — 0 as N — +oo.

The CoMS and CMS channels are shown in Fig. 11(a) and Fig. 11(b), respectively, for the
case of K =4 users.

3.7.1 Outer Bound under strong interference conditions

Our first result is a sum-capacity outer bound under a set of strong interference conditions:

Theorem 3.7.1. For the K-CIFC-CoMS and the K-CIFC-CMS satisfying the following condi-

tion Vj € 2 : K]
L( X5 Vil Xp—1) < WXk; Yi—11X =11, (3.19)
the sum-capacity is upper bounded by
K
Z R) < I(X[1:K};Y1 )) (320)
j=1

for all input distributions Px, . x, that factor as

1. COMS: H]K;I] PX) PXK‘X],...,XKfl )
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2. CMS: Px,,.. Xx-
Proof. The proof can be found in the Appendix F. O
Remarks:

1. The condition in (Equation 3.19) intuitively says that for all j € [2 : K], given that the
signals (Xj,...,Xj—1) have been removed, receiver j can decode the remaining signals
(Xjy...,Xk) at a lower rate than receiver j — 1, which somehow implies that receiver j — 1
can ‘better decode’ signal X;j than the indented receiver j. Of all the receivers, receiver 1 is
the ‘most powerful’ and the sum-capacity in (Equation 3.20) can be interpreted as ‘joint

decoding’ of all transmit signals at receiver 1.

2. For K = 2 the CoMS and the CMS models coincide and the condition in (Equation 3.19)

reduces to [18, Eq. (93)], that is, I(X2; Y2|X1) < I(Xp; Y41X7) for all Px, x,.

3. In [2] we derived the following sum-capacity upper bound for CMS case without any

restriction

Ry < Z 1055 XX 155115 Yirg—11) - (3.21)
=1 =1

We notice that (Equation 3.21) and Theorem 3.7.1 coincide for channels that satisfy the

following degradedness condition

Xk — Yjo1 — Yj given Xppj_Vj € [2: K] and for all possible Px, . x- (3.22)
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For the 3-user Gaussian channel, we shall see that the condition in (Equation 3.19) is less

restrictive than (Equation 3.22).

3.7.2 Inner Bounds

3.7.2.1  Achievability scheme for K-CIFC-CMS

With CMS, message W7 is known to all users. Thus all users may cooperate in sending
message Wi to receiver 1. In order to achieve the sum-outer bound, all users beam form to

receiver 1 as in a MISO channel to achieve

for some Px, . x.. Hence, when the condition in (Equation 3.19) is satisfied for all input dis-

tributions, the sum-capacity of the K-CIFC-CMS is given by (Equation 3.20).

3.7.2.2  Achievability scheme for K-CIFC-CoMS

With CoMS, messages W7 through Wx_; are known at transmitter K. Here we propose
a simple achievable scheme where users 1 through K — 1 use independent i.i.d coding (like in
point-to-point channels) and user K superposes its own message to the codewords generated
by the other users. All destinations are required to decode all messages, where non-intended

messages are decoded non-uniquely. The achievable region is therefore the intersection of K
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multiple access channels (with the difference that Xx can be correlated to all other mutually

independent inputs) given by
Rs + Rk < min I(XS;YJ'|X3:),
je(1:K]
for all S C [1: K —1]\@ and
Ry < I(Xk; YxXpik—17)-

The achievable sum-rate is therefore obtained by S = [1 : K — 1]. To meet the sum-rate outer

bound in (Equation 3.20) we need to impose the extra condition that
I(Xpx; Y1) < IXpxkp; Y5), § € (2:K], (3.23)

for the distribution that attains the largest value in the sum-rate upper bound. Hence, when in
addition to the condition in (Equation 3.19) being satisfied for the set of input distributions with
the prescribed factorization, also the condition in (Equation 3.23) is satisfied, the sum-capacity

of K-CIFC-CoMS is given by (Equation 3.20).



80

3.7.3 The Gaussian noise case

The power-constrained complex-valued single-antenna K-user Gaussian noise channel is de-

scribed by the following input/output relationship

Y= > hyXe+Zj,jell:K], (3.24)
ke[1:K]

where the channel gains h;, € C, (i,j) € [1: K]?, are constant and known to all terminals, the
noises are without loss of generality zero mean, unit variance proper-complex Gaussian random
variables (their correlation does not matter as the receivers do not cooperate), and the inputs

are subject to power constraint E[lX 2] <1, k € [1:K].

3.7.3.1 Evaluation of the Outer bound for the Gaussian Noise Channel

In the next subsections we aim to evaluate Theorem 3.7.1 for the channel in (Equation 3.24).
To do so, we need to identify the channels for which the strong interference condition which are
given in (Equation 3.19) holds for all input distributions with the proper factorization depending
on the message sharing mechanism. Next we argue that for the power-constrained Gaussian
channel, the strong interference condition must be verified only for those input distributions that
meet the power constraint with equality for each user. The idea is that all other distributions are
suboptimal in the sense that one can find another distribution with provably better performance.
The proof is by contradiction. Assume that there is an optimal input distribution for which
user k € [1: K] uses E[[Xi|?] = Py < 1 with a user k* such that Py« < 1. Consider now a new

communication scheme in which user k* sends Xy« new = Xy + X{Q* where Xy is the signal that



81

was assumed optimal with power Py« < 1 and X{. ~ N (0,1 — Py) is independent of everything

else and has rate

: e (1 = Pier)
Ri« =log | 1+ min J >
< jelkl 1T+ (ZEEH:K} \/|hjg|Pg)2

Now, the rate of the new message is such that Xj. can be decoded by all users by treating
the signals assumed optimal as noise (no matter what their correlation structure is); after
that, X}. is removed for the received signal and the system is equivalent to the one assumed
optimal. Now, since the rate of user k* can be increased by R;. > 0 we reached a contradiction.
This shows that all users must use their full power. Therefore, for the power constrained
Gaussian channel, one can repeat the same steps of the converse by considering only those
input distributions that meet the power constraint with equality for all users. This implies that
the strong interference condition must be verified only by these distributions (rather than all
possible input distributions).

3.7.3.2 Sum-Capacity for the K-CIFC-CMS

The sum-capacity upper bound in (Equation 3.20), by the ‘Gaussian maximizes entropy’ the-

orem, yields

K
Z Ry < H}_ax log (1 + h'#f_xm)
k=1 x

1oz (14 (Y mud)), (3.25)

ke[1:K]
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since we can consider any input covariance matrix Xy. The sum-capacity in (Equation 3.25) is

valid under the condition in (Equation 3.19), which amounts to verifying

h(Y]'|X[1:j,”) < h(Yj_]|X[1:j,”) ] c [2 : K}, (3.26)

over all proper-complex Gaussian distribution that meet the power constraint with equality

[16-18]. The sum-capacity is achieved by beam forming (see Section 3.7.2.1) with

Xk = exp{—jZhi} U, k€ [1: K], U~N(0,1). (3.27)

3.7.3.3 Sum-Capacity for the K-CIFC-CoMS

Consider an input covariance matrix:
1P 5
Xy = Hlpllt <1 (3.28)

where p € CX ™1 is a vector of correlation coefficients. The sum-capacity upper bound

in (Equation 3.20), by the ‘Gaussian maximizes entropy’ theorem [49], is maximized by a
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jointly Gaussian input with covariance (Equation 3.28). We therefore obtain the following

sum-capacity upper bound, for h'# = [h11, higy ..., haxd,

Y R < max 1og(1+h§*>:xh1):10g T [+ Y Tyl

£ " Z, in eq.(Equation 3.28 .
P x in eq.(Eq ) jelKT]

(3.29)

attained by pj = Ahj; for A : llp||> = 1. This optimal choice of correlation coefficients implies
Rk = 0. The sum-capacity in (Equation 3.29) is valid under condition (Equation 3.19), which

amounts to verifying
h(Yj[Xpg—1) < h(Yj-1lXpy-17) § € 2: K], (3.30)

for all proper-complex Gaussian distributions with covariance matrix as in (Equation 3.28)

[16-18]. The sum-rate in (Equation 3.29) is achievable by (see also Section 3.7.2.2)

K—1
Xk = Tipj:lpjl o< fhagl, j € [1:K—1], (3.31b)

=1

under the condition in (Equation 3.23), that is,

hy'Zihy < hi'Sihy, Vie 2: K—1], (3.32)

hJH = [hj] y hjZ) ey h]'K] (333)
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for the choice of correlation coefficients implied by (Equation 3.31). Since Rx = 0, the condition

in (Equation 3.32) need not to hold for j = K as receiver K does not have anything to decode.

3.7.3.4 The case K=2

For the 2-user case CMS and CoMS coincide. The sum-capacity is given by (Equation 3.25),
i.e., Ry = log(14(h11|+Ih12])?) and R, = 0, under the condition in (Equation 3.26) for K =j = 2,

which is equivalent to

log(1 + [haal?) < log(1 4 |h12?) &= hyl* < [hyaf*.

The achievability condition in (Equation 3.32) does not play a role for K = 2 because R; = 0.
Remark: The strong interference condition [hy;[* < [hyz|? is equivalent to [18, eq.(87)].

However, the strong interference capacity region in [18, Theorem 5] also requires [18, eq.(88)].

This is the case since in order to determine the sum-capacity only less restrictive conditions are

needed compared to the case where the whole capacity region must be characterized.
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3.7.3.5 The case K =3 with CMS

For CMS and K = 3 we consider all jointly Gaussian inputs with covariance matrix given

by the following

Xi T p1 P2
Cov |x,| = o7 1 ps|:leil €1,i=1,2,3,
X3 |er P31

lp3 — 103> < (1= Ip1*) (1 — [p2f*).

For CMS the optimal sum-rate in (Equation 3.25) is obtained for Ry = log(1 + (|hy1] + [hy2| +
lh13])%),R2 = R3 = 0 by beam forming. The condition in (Equation 3.26) is: for j = 3, by

proceeding similarly to the case K =j = 2 discussed previously in Section 3.7.3.4, we have

lhss* < [hasl?, (3.34)

and for j = 2 we must find the channel gains that satisfy

log(1 + h}!Sh,) < log(1 + h!'Sh;)

. ha| hiz T—lpiP  p3—pi1p}
h; = yhi = S = ,

ha3 hi3 p;—pip2  1—lpal?
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which is equivalent to

=& e <. (3.35)

Remark: The condition in (Equation 3.35) corresponds to the ‘degraded channel condition
when conditioning on X;’ in (Equation 3.22). Given the message structure of CMS, there
are so many coding possibilities at the transmitters that the channel conditions under which
joint decoding of all messages at the least cognitive receiver is optimal only includes a form
of ‘degraded channel’. This suggests that for CMS and generic channel gains, other decoding
strategies are sum-capacity optimal, see for example the symmetric sum-capacity result in [2].
Notice that here we did not ask for the conditions under which joint decoding of all messages at
all receivers is optimal, i.e., when the channel reduces to compound MAC. If we were to ask for
which channel gains joint decoding of all messages at a ‘more cognitive receiver’ than receiver 1

is optimal, we would generally find different conditions than the one in (Equation 3.35).

3.7.3.6 The case K =3 with CoMS

For CoMS and K = 3 we consider all jointly Gaussian inputs with covariance matrix given

by the following

Cov x,| =0 1 ps|:leal®+lpsf <.
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For CoMS the optimal sum-rate is obtained when Rj+R, = log(1+(|hi34++/Ih11 > + [h122)?), R =

0. The condition in (Equation 3.26) for j = 3 is as (Equation 3.34), while for j =2 is

lhoal? + [hosl* + 2lhoohgs — huahis) < [haal? + [hysl? (3.36)

which includes the ‘degraded condition’ in (Equation 3.35).
The condition for achievability in (Equation 3.32) evaluated for j = 2 imposes that the

channel gains satisfy

hyy hy;

h}'Sh; < hj'Shy, hi:= |p,|,h} = |h, |,

his ho3
X3 .
P2 = /72” >
S := Cov | X, | with IParFthaa| (3.37)
_ hi,
X3 P3 Vi 22

Remark: Interestingly, the condition in (Equation 3.36) is equivalent to [18, eq.(88)].
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3.8 K user Cognitive Interference Channel in Weak Interference

The K-CIFC-CoMS consists of K —1 primary (each have an independent message) and one
cognitive (with knowledge of all messages) transmitters and K receivers (each interested in one

message only). The Gaussian channel is described by the following input-output relationship

Y= > hyXe+Zj,jell:K], (3.38)
kel1:K]

with the usual assumptions: the complex-valued channel gains are constant and known to all
terminals, the inputs are subject to power constraints E[|X;]*] < 1, i € [1 : K], the outputs are
subject to Gaussian noise Z; ~ N (0,1), 1 € [1:K].

Since the general model in (Equation 3.38) is described by K? parameters, in the following

we shall focus on the symmetric case defined by: for j € [1: K — 1],

hy; = [hql, (primary direct links), (3.39a)
hjk = he, (secondary—primary links), (3.39b)
hj = hi, k & {j, K} (primary interfering links). (3.39¢)

Note that our “symmetric setting” in (Equation 3.39) makes the primary users completely
equivalent but does not impose any restriction on the channel gains of the cognitive receiver

(i.e., hgi, 1 € [1:K]) which are kept general.
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The 3-CIFC-CoMS is shown in Fig. 11(a) and the 3-CIFC-CMS in Fig. 11(b). Notice the
different message structure at the transmitters, clearly the capacity of the 3-CIFC-CMS is an

outer bound to the capacity of the 3-CIFC-CoMS.

hasf?
< 2 a3 ‘
Ry + Ry + Ry < 2log (14 (Ihal + he))?) + log <1 ), (3.408)
2
hygl —h
Ry + Ry + Ry < log {1+ (Ihal + [hi| + [he])?) + log(2) + log (1 + Hdlz1>
hasf?
I 14— . 4
* °g< MR T (3.40b)

For the 3-user case, the condition in (Equation 3.39) means that the two primary direct
links are equal and are denoted by |[hq| (real valued without loss of generality), the interference
cross gains are equal and denoted by h;, and the “cooperative” cross channel gains from the

cognitive transmitter are equal and denoted by hc.

3.8.1 K = 3 user case

For the 3-user case, the outer bound in (Equation 3.7b) gives the sum-rate in (Equation 3.40).
Note that although the channel model imposes an input distribution that factors as Px, x, x; =
Px; Px; Px;1x,,x; » our bound has to be evaluated over all possible joint input distributions. For
the Gaussian noise channel, the outer bound in (Equation 3.7b) is exhausted by jointly Gaussian
inputs — by the “Gaussian maximizes entropy” principle — and can be further upper bounded

as in (Equation 3.40) at the top of the page, as shown in [2]. Note that in the symmetric
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case, the bound in (Equation 3.40b) is to within a constant gap from the sum-capacity of the

3-CIFC-CMS. Our main result is as follows

Theorem 3.8.1. For the 3-CIFC-CoMS, let

Case 1: |hgl* < et 20 < hel? < hal%, (3.41)

Case 2: |hgl > [hef’, 2P < [hef® < [hal. (3.42)

The sum-capacity bound in (Equation 3.40b) is achievable to within 8.4 bits when (Equation 3.41)

is satisfied, and to within 13 bits when (Equation 3.42) is satisfied.

Proof. We consider the following transmit signals

X1 = o Tize +viTip, (3.43a)
X2 = B2 Tozr +v2Top, (3.43b)
X3 = —o3Tizr — B3Tozr + 0 - T3zr + v3T3p, (3.43c)

where Tizp, Ty, are independent N(0,1) random variables for i € [1 : 3] and the coefficients

should satisfy the following conditions

loal* + l* <1, (3.43d)
B2l +val* <1, (3.43e)

sl + B3* + hysl* < 1, (3.43f)
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in order to satisfy the power constraints. With (Equation 3.43), the received signals are

Y; = (hjroq — hjzoas) Taze + hjryaTip + (hizB2 — hyjzBs) Tazr + hyjzvaTop + hyzysTsp + Z;

jell:3].

When |h33? < [hel?, the terms in (Equation 3.40) depending on hs3, which give the rate for

the cognitive user, are bounded by log (1 + ]Tj;‘jz) < log (1 + ]“J:fﬁlzlz) < log(2). This seems to
suggest that it is optimal, to within a constant gap, to have R3 = 0 when |h33? < [he|?, that is,
to have the cognitive user use all its resources to help the primary users / behave as a cognitive
relay. The symmetric capacity region of a 2-user interference channel with cognitive relay was

recently characterized to within a constant gap in [50] for almost all parameter regimes. The

power splits are chosen to be

Y1 =vY2=v3=0, (3.44a)

0(1 = [?)2 = 0(3 = [_))3 = —. (344b)
Having the interference completely neutralized, the following rates are achievable

R = log (1+ [Inal —hs[*) , (3.45a)

Ry > log (1+ [Inal — hf*) . (3.45b)
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Note that we can further lower bound R; using (Equation 3.41) by

Ry > log (1+ (Jhal — hi))*) > log (1 +(0- émw) .

We next use the condition in (Equation 3.41) to further upper bound the first expression of the

sum-capacity upper bound in (Equation 3.40b) as
1
log (1+ (Ihal + [hy| + [he])?)) < log (1 +(2+ ﬁ)zhcnz) :

Finally, by taking the difference between upper and lower bounds we get (note that Rz < log,(2))

2

1 |[hal — Ty

ap <log 1+ 2+2h2>+lo 1+
gap < g< ( ﬁ)|d| g 7

1 5. 2
“log <1 + (1= =) ) “log (1 + [Ihal — | )
(2+ 55)2
+2log(2) < log [ 42— | ~ 8.4 bits.
(1=

When [h33|? > [hel?, the outer bound in (Equation 3.40) suggests that the intended signal
at the cognitive receiver is strong enough to support Rz > 0. We focus on the regime identified
by (Equation 3.42). User i € [1: 2] splits its message into two parts: private information (to be
kept below the noise floor at the non-intended primary receiver) and zero-forced information (to
be zero-forced by the cognitive transmitter at the non-intended primary receiver). The cognitive
transmitter pre-codes against the whole interference seen at its receiver by using Dirty Paper

Coding (DPC) so that its receiver does not experience interference from the primary users.
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Next we choose the power splits so as to match the upper bound. In order to zero-force
/ neutralize the interference of a primary user at the non-intended primary receiver we set
hz10 = hazoas and hyz32 = hy33. Moreover, since the interfering Tj,’s are considered as noise
at the primary receivers we set |hiyy2| < 1, Thizysl < 1, Thoyyil < 1, |hasys) < 1. For the

symmetric channel, under the condition in (Equation 3.42) this can be accomplished by setting

1

2 2 2 2 2 3.46
_] ] °
hy1l g™ = yal” = IB2l” = sl T+ 2’ ( )

h 1
6 =PBs = 1+ 2o (3.46b)

With (Equation 3.46) and under the condition in (Equation 3.42), the variance of the overall
noise (i.e., actual noise plus the interfering signals treated as noise) is upper bounded as

[hel? + [l 1, I+ 1/2)[hf?

<1.75. 4
T+2h2 = T+ 2 =17 (3.47)

1+

With (Equation 3.47), we see that the rate of the primary users satisfy

1 2 [hgl?
(1 — yigpa)[Ihal = sl + 3535
1.75

> log [ 1 (1_%)2|h|2 3.48
> log +T al” |, (3.48)
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while for the cognitive user, who DPCs against the whole interference due to the primary users,

we have

s
Ry =log (148" ) 4
3 °g< M (349)

We next use the condition in (Equation 3.42) to further upper bound the first two expres-

sions of the sum-capacity outer bound in (Equation 3.40b) as

tog (14 (Ihal + Il + Me))?)) < log (1 +2+

1 lhal
g (14 Ind = ) < tog (114 5 24l )

)2hd|2> )

S

i
2

Finally, by taking the difference between upper and lower bounds we get (note that the terms

depending on |h33/* match exactly)

1 T ,hgl?
gap < log (1 e ﬁmwz) +log ((1 ; ﬁ)Z';'>
(- L)
—2log (1 + 1.7?”“1'2) +1og(2)
2+ 5)° (1+ 55)?

<log(2) + log

7N
=
\I‘_
[S211\
e
~~

~ 13 bits.



CHAPTER 4

COVERAGE ANALYSIS FOR BASE STATION COOPERATION IN

MILLIMETER WAVE CELLULAR NETWORKS

One of the fundamental goals for 5G is a radical increase in data rates [51]. It is an-
ticipated that higher data rates will be achieved by extreme densification of base stations,
massive multiple-input-multiple-output (MIMO), increased data rate and/or base station co-
operation [51]. However, prime microwave wireless spectrum has become severely limited, with
little unassigned bandwidth available for emerging wireless products and services. Therefore, to
fulfill the need for increased bandwidth, millimeter wave (mmWave) spectrum between 30 and
300 GHz have been considered for future 5G wireless mobile networks. Until recently, mmWave
frequency bands were presumed to be unreliable for cellular communication due to blockage,
absorption, diffraction, and penetration, resulting in outages and unreliable cellular commu-
nications [52]. However, the advances in CMOS radio-frequency circuits, along with the very
small wavelength of mmWave signals, allows for the packing of large antenna arrays at both the
transmit and receive ends, thus providing highly directional beam forming gains and acceptable
signal-to-noise ratio (SNR) [52], [53]. This directionality will also lead to reduced interference
when compared to microwave networks [52]. It is thus anticipated that mmWave spectrum
holds tremendous potential for increasing spectral efficiency in upcoming cellular systems [54].

To further address the demand for higher data rates, cooperation between macro, pico and

femto base stations has been proposed to enable a uniform broadband user experience across the

95
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network. The dynamic coordination across several base stations - known as coordinated multi-
point (CoMP) - will limit the intercell interference thus increasing throughput and enhancing
performance at cell borders [55].

We consider a stochastic geometry based model is considered as in [19-23, 56], to study
coverage in CoMP heterogenous mmWave network. To do so we need to incorporate key factors
specific to a mmWave channel model. These specific mmWave characteristics are: a realistic
mmWave channel model, highly directional channel gains and sensitivity to blockages. This is
accomplished as follows:

The base stations are assumed to have a uniform linear array and we account for the
corresponding directionality accordingly. The receivers are equipped with a uniform linear
array. Coverage probabilities are derived for the case of a single antenna receiver (typical
user). We use concepts from [19-21] to incorporate blockage, interference and different fading
distributions (Rayleigh and Nakagami) in our analysis. The joint distribution of the cooperating
base stations to the typical user in the presence of blockage is also derived.

The downlink CoMP mmWave heterogenous network model, the beamsteering at the base
stations and the decoding at the typical user are explained in Section 4.1. The coverage prob-
ability in the absence of blockage, and with Rayleigh fading is derived in Section 4.1.8. In
Section 4.2, we consider the heterogenous CoMP with Rayleigh fading mmWave network with
a blockage parameter at each tier, and the coverage probability is derived accordingly. In Sec-
tion 4.3, we derive the coverage probability for the same network model with blockage but

consider a different fading distribution on the direct links, more precisely, Nakagami fading is
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used to model the fading distribution on the direct links of the cooperating base stations while
keeping the Rayleigh fading assumption for the interfering channel gains. Each section has
numerical examples of the corresponding coverage probability. Proofs may be found in the Ap-
pendices. Table II, Table III, Table IV, Table V summarize all the notations used throughout

this chapter.

TABLE II. POISSON POINT PROCESS VARIABLES

Notation Description

K Total number of tiers

- Homogenous Poisson Point Process (PPP) indexed by k € [1: K]
Ak Intensity of the PPP @y

| 2% Available power at each base station that belongs to tier k € [1: K]
v Points on 2D plane representing location of base stations

[Vl Distance from point v to the typical user located at the origin

104 Pathloss exponent assumed equal for all tiers

O = {%,v e cDmmw,k} Normalized pathloss between each base station in @ ymw,x and the typical user

A(v) Intensity of Gy

0= Ule@k Process representing the union of non-homogenous PPP, elements are indexed in increasing order WLOG
Alv) = ZE:] A(v) Intensity of ©

v = % Normalized pathloss

Y =Y Set of normalized pathloss of the cooperating base stations

fr(vy) Joint distribution of y’
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TABLE ITI. GENERAL CHANNEL MODEL VARIABLES
Notation | Description

N, Ny Number of antennas at each base station and at the receiver
H, MIMO channel from base station at location v to typical user
hy Small scale fading

L, Number of channel clusters

Path angle at the transmitter

Path angle at the receiver

f(v) Function that returns the index to which a base station at v belongs to
Yy = ﬁf}irﬁ( Pathloss

agr(.) Uniform linear array vector representation at the transmitter (receiver)
Ay Normalized transmit (receive) antenna separation

L¢ Normalized length of the transmit antenna array

n Noise vector of i.i.d CNV(0, 0Z)

TABLE 1IV. CHANNEL VARIABLES FROM COOPERATING BASE STATIONS

Notation Description

T Set of cooperating base stations with cardinality |T]=n

vi, 1€ [1:|T]] | Points on the 2D plane corresponding to cooperating base stations location (sometimes indexed by j instead of 1)
H,, MIMO channel from the cooperating base stations

hyy, d)ﬁi7 &5 Yy, | Channel parameters of the interfering links as defined in Table III

Q‘Ni Directional cosine given by cos(¢y, )

Xy, Transmit signal from cooperating base stations

4.1 Coverage Probability with no Blockage

4.1.1 Network Model

Consider a K tier heterogenous network where each tier is an independent two-dimensional
homogenous Poisson point process (PPP). We denote the base station location process of tier
k € [1 : K] by ®pmw,k with density Ax. The mmWave base stations that belong to the same

tier k transmit with the same power Py for k € [1 : K]. We consider performance metrics as




99

TABLE V. CHANNEL VARIABLES FROM INTERFERING BASE STATIONS

Notation Description

L, i€ [1:|T¢] | Points on the 2D plane corresponding to interfering base stations locations

Hy, MIMO channel from the interfering base stations

hy,, d){i, A:[){,l,yl.l Channel parameters of the interfering links as defined in Table IIT

Qd){.‘ Directional cosine given by cos(d){i)

6{1 Angle used by interfering base station at position ; to beamsteer to a user other than typical user
th Directional cosine given by cos(efi)

Xy, Transmit signal from interfering base stations

experiences by the typical user located at the origin, and denote the set of cooperating base
stations, which jointly transmit to the typical user, by T € UE:]q)mmw,k- We assume that
|71 =n, and that these n base-stations correspond to those with the strongest received power
at the typical user receiver. In the rest of the section, we first describe the channel model and

then derive the output signal at the typical user receiver.

4.1.2 Simplified Clustered Channel Model

A clustered channel model, [53], [57], is used to model the wireless channel between the base
stations and the typical user. We assume all base stations have the same number of transmit
antennas Ny, while the receiver has N, receive antennas. The N, x Nt channel matrix H,,
between a base station located at v € R? and the typical user is the sum of L, clusters and is

expressed as

\/ N,
H, = LALLM Z\/YV hv 1ar d)vl at(d)v L) ) (4'1)

where
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® Yy = :Tf}% is the pathloss,

e f(v) is a function that returns the index k of the tier to which the base station at location
v belongs to,

e « is the pathloss exponent,

e ||v|| is the distance from the base station at location v to the user at the origin,

e h, is the complex fading channel gain.

t(r)

e The vectors ay;)(¢py ') are the normalized uniform linear array (ULA) transmit and re-

ceive array response and are given by [58, Eq. (7.21), Eq. (7.25)]

at(r)(d);[/(r)) _ [1,e7A, eT2A ... eI (Nun=NAJT (4.2)

where A = 2mtAy cos(d)im ) and Ay is the normalized transmit (receive) antenna sepa-
ration (normalized to the unit of the carrier wavelength), at a path angle cb\t,(r) of departure

(arrival) from the base station v.

In the following, for simplicity, we shall consider the case L, = 1.

4.1.3 Received Signal at the Typical User

In this section we will further divide the points v € R? into a set of points v; and i to
differentiate between the location of the cooperating and interfering base stations respectively.
The Ny x Ny desired channel matrices are denoted by H,, for i € [1:|7] =n], where n is a non-

negative constant, while the interfering channel matrices are denoted by Hy, for i € [1: |T¢[.
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Hvl

Figure 11. A typical user is served by two cooperating base stations at locations v; and v,
while being interfered by base station at location ;.
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Figure 11 shows an example of a network model, where two base stations at locations
v1 and vy, jointly transmit to the typical receiver located at the origin (indicated as Rxp) in
the presence of a single interfering base station at location l;. The MIMO channel matrices
between the cooperating base stations and the typical user are given by H,, and H,,. The
channel matrix between the interfering base station and the typical user is denoted by Hy,.
The angles, cl):‘,i and ¢y, are the cluster’s angle of departure and arrival respectively from the
base station vi, i € [1 : 2], to the typical receiver. The angle cl){1 is the angle of departure of
the cluster from the interfering base station. The base station at l; uses a beamsteering angle
01, to transmit data to some other user (not the typical user) indicated as Rxj. The received

signal at the typical user can be expressed as

ITl=n 1Tl
y=) H,Xy+) HX;+n
i=1 i=1
ITl=n IT*l

= > VNiNeyAshy, ar(d]) ad ) Xy, + Y VNeNeyALhy, a:(¢f) au(df)* Xy, +n
i=1 i=1

(4.3)

where the first sum in (Equation 4.3) is the desired signal from the mmWave cooperating base
stations, while the second sum contains the signals from the interfering base stations.
The user associates with a set of cooperating base stations 7, that provide the strongest

average received power as in [23]. Specifically,

" op
T = arg max “Vﬁ;
v "'VT\}CU]E:] (I)mmw,k i=1 Hv1||

(4.4)
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and T¢:=UK_; @ pmwi\ 7.

The path angles, ¢, i € [1:[7]], and c])ti, i€ [1:|T°|l, represent the angle of departure
of the desired and interfering paths respectively, while ¢7,, i € [1:[T]], and dl, 1€ 117,
represent the angle of arrival of the received path from the cooperating and interfering base
stations respectively. The transmit signals, X, , i € [1 : 7] and Xy, i € [1 : [T€[], represent
the signal from the cooperating and interfering base stations within 7 and 7€ respectively. n

is the noise vector of i.i.d CA'(0, 0%) components.

4.1.4 Beamsteering

The base stations in 7T jointly send the same data to the receiver. Each base station

beamsteers to the typical user, therefore the transmitted signal is

Xy, = a(dl,)s (4.5)

for i € [1 : |T| = n], where s is channel input symbol transmitted by the cooperating base

stations to the typical receiver. The signals transmitted by the interfering base stations are

X, = (0}, )st, (4.6)

for i € [1 : [T€[l, where s, is the channel input symbol transmitted by the interfering base
stations, while the angle G{i is the angle used by base station l; to beamsteer to a user other
than the typical user, and is different from d)t‘ We assume that s and s, are independent zero

mean and unit variance random variables.
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Assumption 1: We assume that the cooperating base stations have perfectly beamsteered
to the typical receiver: notice that the angles in (Equation 4.5), used by the base station to
beamsteer, are equal to the clusters’ angles of departure in the desired channel in (Equation 4.3).

Remark 1: The beamsteering used is compliant with analog beam forming and requires

no digital base band processing [53].

4.1.5 Decoding

The receiver uses a single vector w € CN*™*1 to detect the scalar transmit symbol, that is,

the processed received signal is given by

§=w'y (4.7)

W = Z a( I;]) (4'8)
=1

Remark 2: The choice of w in (Equation 4.8) is one choice of a decoder that can be
implemented readily using phase shifters in the RF domain (analog processing), in fact if one
wants to consider a near optimal performance, then the work in [53], which finds a hybrid MIMO
receiver combining algorithm and minimizes the mean-square-error between the transmitted and
received signals under a set of RF hardware constraints for the resulting point-to-point channel
should be generalized to finding a suitable algorithm for the downlink cooperative channel.

Assumption 2: We assume perfect CSI of the path angles at the decoders since these angles
vary slowly. However, we assume that the phases of the complex channel gains, h,,i € [1:[T]],

are not available at the terminals as they change very quickly on the order of a wavelength and
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thus cannot be tracked. Because of the perfect CSI assumption, the performance here should
be considered as an upper bound on the performance of the more realistic case with imperfect

CSL

4.1.6 Output Signal

The output signal at the typical user under the previously stated assumptions is given by

n
J=w'y=ws*n+ Zar(cb;j)* X
j=1
[7°¢

n |

(\/NtNr > Vrnhvar( @l ad(dy ) an(dh)s + VNN Y mhhar(¢{i)at(¢a)*at(ei)sh>
i=1 i=1

(4.9a)

n n
= VNN DY Y A Gel( Qg — Quy )Gu(Qqy — Qg s (4.9b)
j=1 i=1
n |T°

+VNNG DY Y VYL Gr(Qpp — Qp )Ge(Qgp — Qg sy +2 (4.9¢)

=1 i=1

where z := w*n ~ CN(0, Gi), and where we introduced the antenna-array-gain functions

g Ny SI(TANY) <
Gx(y) =€ Nxsin(ﬁAXy) . |Gx(y)| = ]) X € {t,T}, (4‘10)
ax(P1) ax(P2) = G (Qg, — Qq,), x €{t,T} (4.11)

with Qg := cos($p) and A, being the antenna separation.
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4.1.7 SINR Expression

Based on (Equation 4.9¢), the instantaneous SINR is then given by

n
| Z V Yvihvi C\)i |2
i=1

o _— ) (4.12a)
sk + I PIDLE|Gu(Qyy — Oy )P
n
Co i =) GrlQy — Qo) e
J'?
Dy = ]; Gr(Qgy — Qgy ). o

Assuming a single antenna receiver with N, = 1 (C,, = D;, = n and o2 = n?c?), the SINR

in (Equation 4.12a) simplifies to

n
’ Z] V ‘Y\)i I Lvi|2
1=

[7< ’
2

SINR =

(4.13)

In the following section, we will derive the coverage probability for the typical user with
SINR as in (Equation 4.13) under the assumption that all angles are independent and uniformly
distributed between [—7, +7]. We will first assume that the receiver is present in a rich scat-
tering environment (Rayleigh fading assumption), coverage probability is given in Th. 4.1.1.
The case where each tier experiences blockage is then considered and the coverage probability
is derived accordingly and is given in Th. 4.2.1. Keeping the assumption of blockage, the Nak-
agami fading distribution is then used to model the improved fading distribution on the direct

cooperating links due to beamsteering and two upper bounds on the coverage probability are
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then derived and are given in Th. 4.3.1 and Th. 4.3.2, and shown to be numerically tight when
the network experiences high blockage. Future work includes deriving the coverage probability
for all the different cases described above using (Equation 4.12a), i.e, multiple antennas at the

receivers.

4.1.8 Performance Analysis

Theorem 4.1.1. sec:performance analysis no blockage ULA analysis The coverage probability
for the typical user, with a single antenna, in a downlink mmWave heterogenous network with

K tiers, with base stations having ULA with Ny antennas, of which n jointly transmit to it is,

given by
T T PR
P(SINR > T) = LI| ——— N = |Ir(¥)dy (4.14)
, Zign Yi Zign i
0<y )< <yp<+oo
where y! = ]‘i‘:;”j forie [1:n], and the Laplace transform of the interference and the noise are
given by

o0 +2 1
Li(s) = exp(—J / [1—J2 (1 G >fy(s) de] Av) dv>, (4.15)

n

Ln(s) = e s /Ny (4.16)
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where the antenna array gain Gi(e) is given by (Equation 4.10) and the probability density

function of Vi = _O.(b{_l — _Qe{i i

( ) min{1,1—¢} 1 1 ( )
frle :J dy, 4.17
max{—1,—1—¢} 712\/1 — (e +y)? \/1 —y2 Y

and fr/(y') is the joint distribution of y' = [y},---, V4] and is given by

fr(y') = [ [A(v))e ) (4.18)

while the intensity and intensity measure are given by

Zxka va (4.19)

2
Alvy) = Z TPy (4.20)

k=1
Proof. Please refer to Appendix G for the proof. O

4.1.9 Numerical Results

In this section we numerically evaluate Th. 4.1.1. We compute the coverage probability for
the typical user in a mmWave CoMP heterogenous network and compare it to the case with
no base station cooperation. We consider a two tier network, K = 2 with parameters given
in Table VI. The noise is given by ¢?(dBm) = —174 + 101og;o(BW) + NF (dB). In Figure 12

the coverage probability in (Equation 4.14) for n = 2 and n =1 is plotted. In the absence of
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blockage, the numerical results show that the coverage probability with cooperation for the case
of Ny = 16 antennas exceeds that for the case with no cooperation by almost 11 percent. A
smaller increase is recognized for the case when Ny = 64 antennas and for the same threshold.
As expected an increase in the number of antennas at the base stations increases the coverage
probability. For example, for the same threshold T = 0 dB, the coverage probability with
cooperation and with Ny = 32 is approximately 0.92 while that for Ny = 16 is 0.8. Thus
numerical results suggest when mmWave networks do not experience blockage, a substantial

increase in coverage probability is still attained with cooperation.

TABLE VI. TIER 1 and TIER 2 PARAMETERS

Parameter Value

Intensity A1 = (150%m) T, A, = (50%7) ]

Power P; =1 W (30 dBm) and P, =0.25 W
Path Loss x=3

Antennas Ny =8,16,32,64

Noise Figure (NF) | 10 dB

Bandwidth (BW) | 1 GHz

4.2 Coverage probability with Blockage

4.2.1 Network model

In this section we again consider a K-tier heterogenous network where each tier is an inde-
pendent two-dimensional homogenous Poisson point process (PPP). The base station location

process of each tier is denoted by ®,mw,x with density Ay for k € [1: K]. Each tier is charac-
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Figure 12. Coverage probability in (Equation 4.14) for a two-tier network with parameters
in Table VI with two cooperating base stations (n = 2) and without base station cooperation
(n = 1) and for different number of antennas.

terized by a non-negative blockage constant By for k € [1: K] (determined by the density and
average size of objects within the tier) as used in [20], [21]. Consequently, after defining the pa-
rameter Py for k € [1: K], we have that the probability of the communication link being a LOS
link (no blockage on the link) within tier k is P(LOSy) = e Px", where r represents the length of
the communication link, while the probability of a link being NLOS is P(NLOSy) = 1—P(LOSy).
The LOS and NLOS links will have different pathloss exponents, o¢; and «;, respectively and

same for all k € [1 : K]. The mmWave base stations that belong to the same tier k transmit
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with the same power Py for k € [1: K]. With the assumption of blockage the following have to

be re-derived (when compared to those in Th. 4.1.1).

e The Laplace transform of the interference has to be re-derived given the fact that the

density of each tier is a function of two pathloss exponents and of the blockage parameter.

e The joint distribution of the base stations with the strongest received power at the typical

user has to be re-derived for the same reason mentioned above.

In the following section we give the coverage probability for a multi-tier mmWave network
with blockage when base stations cooperate in sending the same message to the typical receiver.
The numerical results suggest that joint transmission increases the probability of coverage due

to the increase in the number of signal path a receiver experiences.

4.2.2 Performance Analysis

Theorem 4.2.1. The coverage probability for the typical user, with a single antenna, in a
downlink mmWave heterogenous network with K tiers, and where each tier has a blockage pa-
rameter Py, with n base stations having ULA with Ny antennas, jointly transmitting to it is
given by (Equation 4.14), (Equation 4.15), (Equation 4.16) but where now the intensity A(v)

in (Equation 4.15) is given by

K 51 5
Av) =D At e @V p B (1 —e ) (4.21)
k=1
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3 3

°1 °2
where Ay = TSP, @i = BP2 b = BrP2 , Bk = AP, 81 = 2/01,8; = 2/xy and the

distribution of the distance of n closest base stations is given by (Equation 4.18) but where

27A _ / 51
Alvi) = 3 =50 (1= e PO iy 9)
k=1 Tk

27A ’ %2 I
+ T (v Pi)®2 — sz (1 — e PP E (1 4 Bk(%’lpk)zz)> (4.22)
k

Proof. Please refer to Appendix H for detailed proof. O

4.2.3 Numerical Results

In this section we numerically evaluate Th. 4.2.1. We compute the coverage probability
for the typical user in a mmWave CoMP heterogenous network in the presence of blockage.
In this example, we compare the coverage probability in Th. 4.2.1 for a one tier mmWave
network with parameters given in Table VII with and without joint transmission. The examples
provided illustrate scenarios when cooperation is beneficial (in terms of increasing the coverage
probability) and examples when the increase is not substantial. Numerical results suggest that
the former is in fact the case when the mmWave network is dense (captured by the tier radius
and consequently its intensity) - a feature expected in millimeter wave networks [51], [20]. This
can be interpreted as follows, with extreme densification, the number of LOS interfering base
stations increases and thus interference increases, a remark also noted in [20]. Therefore, the
increase in coverage with base station cooperation is substantial. In Figure 13 we consider the

example with parameters given in Table VII. A tier of radius 80 meters is considered with
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blockage parameters 3 = 0.003,0.006. The increase in coverage probability for both cases is
approximately an increase of 0.11 in probability for a threshold T = 5,10, 15,20 dB. Moreover, it
is interesting to note that a tier blockage parameter 3 = 0.006 would result in higher coverage
probability than that of B = 0.003. This can be interpreted as follows: an increase in the
blockage parameter increases the probability of blockage of the interfering LOS base stations,

resulting in higher coverage probabilities.

mmWave CoMP Coverage Probablllty W|th Blockage
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Figure 13. Coverage probability in Th. 4.2.1 for a one-tier network with parameters
in Table VII with two cooperating base stations (n = 2) and without base station cooperation
(n = 1) and for different blockage parameters.
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A tier with a larger radius of 250 meters and with tier parameters given in Table VIII and
with a blockage parameter 3 = 0.025 (high probability of blockage) is plotted in Figure 14.
The coverage probability for this one tier CoMP mmWave network with n = 2 and with
base station power available P = 1W is compared with the following cases, Case 1) a one tier
mmWave network with no base station cooperation (n = 1), with a base station transmit power
P =1 W, Case 2) a one tier mmWave network with no base station cooperation n = 1, but
with base station transmit power equal to the sum of transmit power if two base stations were
to cooperate P = 2 W. The increase in coverage probability due to cooperation in this case is
minimal and is approximately 0.05 for threshold T = —10,—5 dB. This can be interpreted as
follows: 1) a tier with dense blockages will also block interfering signals and 2) when the density
of base stations is not too dense, the n strongest base stations are not too strong to cause a
substantial increase due to the fact that distance at which these cooperating base stations are
located increases too (thus received power decreases). As seen in Figure 14, increasing the
power at the base station (but with no cooperation) provides higher coverage probability than

the case with base station cooperation.

4.3 Coverage Probability with Nakagami fading and blockage

4.3.1 Network Model

In this section we consider the same network model as in Section 4.2.1 but choose a different
fading distribution on the channel gains from the strongest cooperating base stations, similar
to [19]. In particular we consider Nakagami fading with parameter m, while keeping the same

assumption of Rayleigh fading for the interfering channel gains.
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Figure 14. Coverage probability in Th. 4.2.1 for a one-tier network with parameters
in Table VIII with two cooperating base stations (n = 2) and without base station
cooperation (n = 1).

Using the coverage probability expression for a general fading distribution [59, Eq. 2.11],
we are then able to derive an upper bound on the coverage probability for this network. We
then consider another upper bound by evaluating the network in the absence of interference.
The coverage probability is then defined as the probability that the signal-to-noise-ratio (SNR)
is greater than a certain threshold. Using complex analysis methods of integration we give a

closed form expression of the integral which reduces the time for numerical execution.
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TABLE VII. TIER PARAMETERS WITH BLOCKAGE FOR NUMERICAL EXAMPLE 1
Parameter Value
Intensity A = (80%m)~!
Power Pi=1W
Path Loss x=2,000=4
Antennas N, =16
Noise Figure | 5 dB
Blockage f = 0.006,0.003
Bandwidth 1 GHz

TABLE VIII. TIER PARAMETERS WITH BLOCKAGE FOR NUMERICAL EXAMPLE 2

Parameter Value
Intensity A = (250%7) "
Power Pi=1W
Path Loss =2, =4
Antennas Ny =16

Noise Figure | 5 dB
Blockage 3 =0.025
Bandwidth 1 GHz

4.3.2 Performance Analysis

Theorem 4.3.1. An upper bound on the coverage probability for the typical user, in a down-

link mmWave heterogenous network with blockage with K tiers, where each tier has a blockage
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parameter Py, and with n base stations having ULA with Ny antennas jointly transmitting to

it, with the assumption of Nakagami fading on the cooperating channel gains is given by

o0 EEP(—Zjns) —1

P(SINR > T) = J fr/(y')J Li(2§7T's) Ln (2T ) e ds dy’
0<y] < <yh<+oo o
(4.23)
where y{ = ﬂviH“ forie [1:n] and T = —T— while the joint distribution of vy =
t(vi) 2icn Vi
Y]y -+, Ynl is given by (Equation 4.18) and where
K 2L 2
M) =) Ay e T 4By (1 —e i ) (4.24)
k=1
and
< om 51/2 51
Alvi) = 3 =50 (1= e PO iy 3)
k=1 "k

27A ’ 22 I
+ T (v Pi)®2 — sz (1 — e PP E (1 4 Bk(%’lpk)zz)> (4.25)
k

5 L}
where Ak = ﬂ?\ké]Pi] y A = kakz ,bk = Bksz ,Bk = 7T7\k52P]6<2, 51 = 2/0(1, and 52 = 2/0(2, and

where the Laplace transform of 1 (assuming Rayleigh fading on the interfering links) is given by

0o +2 1
Li(s) = exp(—J / [1 — Jz (1 FRRTCRPSTE >fy(s) ds] A(v) dv)

n



where
K 51 5y
Av) = Z AV Te @V 2 Byt (] — g7tk 2
k=1
and where
P = —
(1+s/m)wm

Ln(s) = e st /N,

Proof. Please refer to Appendix I for detailed proof.
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(4.26)

(4.27)

(4.28)

O

Remark 3: A lower bound on the coverage probability would be given by that in Th. 4.2.1

with the Rayleigh fading assumption on the direct links.

Remark 4: For the case of no base station cooperation n = 1, the coverage probability

in (Equation 4.23) above is exact and is not an upper bound.

4.3.3 Performance Analysis in the Absence of Interference

Theorem 4.3.2. An upper bound on the coverage probability in the absence of interference for

the typical user, in a downlink mm Wave heterogenous network with blockage with K tiers, where

each tier has a blockage parameter By, and with n base stations having ULA with Ny antennas
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jointly transmitting to it, with the assumption of Nakagami fading on the cooperating channel

gains is given by

g(nmf”(z*)
(nm—1)!
0<y ] <<y <400
where z* = 2%]., Y = ﬂ:”i forie[l:n] and T = # while the joint distribution of
Vi i<n fi
v =1y, -+, vl is given by (Equation 4.18) and where
27 ’
(2) = (— )nm1 —(1— %)nm ,zm’Z% (4.30)
’ (25 2mj2) |

and where g"™ 1 (z) is the (nm — 1) derivative of the function g(z).
Proof. Please refer to Appendix I for the proof. ]

A similar remark to that made in Remark 4 can be made for the coverage probability (in
absence of interference) in (Equation 4.29), i.e., the probability of the SNR being greater than

a certain threshold is exact for the case of no base station cooperation.

4.3.4 Numerical Results

We consider a one tier network, K = 1, with two cooperating base stations n = 2 and with
tier parameters given in Table IX. The coverage probability in (Equation 4.23) for the case of
m = 1,3 (corresponding to Rayleigh, Nakagami) with and without base station cooperation are
plotted. The purpose of this numerical example is to show that for tiers with high probability of

blockage, in this case taken to be 3 = 0.025, evaluation of the coverage probability of the network



TABLE IX. TIER PARAMETERS WITH NAKAGAMI FADING

Parameter Value

Intensity A1 = (200%7) T
Power P1 =1 W (30 dBm)
Path Loss o1 =2and oy =4
Antennas Ny =16

Noise Figure | 5 dB

Bandwidth 1 GHz

Blockage 0.025
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with and with the absence of interference yields almost exact numerical results. Therefore, we

fix n = 2 and we plot the coverage probability in (Equation 4.23) and (Equation 4.29) for Case

1) m =3 and n = 2. While we use Th. 4.2.1 to plot the coverage probability for the Rayleigh

fading Case 2) m = 1 and n = 2 (exact lower bound). The two curves shown in Figure 15 for

each of the cases corresponding to the Rayleigh and Nakagami fading almost exactly overlap.
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mmWave CoMP Coverage Probability Nakagami fading
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Figure 15. Upperbounds on coverage probability in Th. 4.3.1 and Th. 4.3.2 for a one tier
network with parameters in Table IX and for n = 2. The lower bounds are plotted using from
Th. 4.2.1



CHAPTER 5

CONCLUSIONS

We have studied the EGCIFC and developed the sum-capacity of a fading cognitive inter-
ference channel. A separable scheme (i.e. power allocation depends only on the current fading
state and must not be done across states) was shown to be optimal. This is in contrast to
the classical interference where considering a separable scheme is proved to be sub-optimal.
It is known that encoding separately is optimal for a one-sided fading Gaussian interference
channel (Z-IC) in which one of the receivers experiences no interference. One can think of
the EGCIFC as a (Z-IC) since the cognitive transmitter is capable of precoding against the
interference caused by the primary transmitter given that it has non-causal knowledge of its
message. In developing the ergodic sum-capacity we have derived a new outer bound, provided
the optimal separable achievability scheme along with the optimal power allocation policy, and
developed a result of independent interest: the ergodic capacity of the MISO channel with per
antenna power constraints.

As for the K-user cognitive interference channel with cumulative message sharing; a com-
putable, general outer bound valid for any number of users and any memoryless channel is
obtained. For the linear deterministic approximation of the Gaussian channel at high SNR, we
obtained the sum-capacity for all channel gains in the case of three users, and the symmetric
sum-capacity for any K. For the Gaussian channel, we provided a unified achievability scheme

which achieves the sum-capacity to within a constant additive and multiplicative gap. In the
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linear deterministic channel, the sum-capacity was achieved by a scheme which only required
cognition at one single user.

We have also considered the problem of base station cooperation in mmWave heterogenous
networks. Using stochastic geometry, coverage probabilities were derived at the typical user,
accounting for directionality at the base stations, blockage, interference and different fading dis-
tributions (Rayleigh and Nakagami). Numerical results suggest that coverage with cooperation
rival that with no cooperation especially in dense mmWave networks. Future work includes
deriving the coverage probability at a multi-antenna typical receiver, accounting for possible
errors due to beam steering at the base stations and providing a comparison between achievable

rates with and without cooperation.
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Appendix B
PROOF OF THEOREM 2.3.2

The MISO capacity with PerPC and arbitrary number of transmit antennas i € [1 : n] is

the solution of the following optimization problem:

max<]3 ie[]:n]E [log (1 + (Z hi\/Pi(h))2>] . (B.1)

Pi(h)20E[P; (h)] -

By Lagrange duality for A; > 0,

£ =log (1 +() |hi|\/m)2> _ (Z }\iPi(h)> (B.2)

oL 0 Il . e s |

opih) T+l p O e-—;lmm, Vi (B.3)

0 [h .

(:)\/WZHGZAT’ Vi (B.4)

0= Y VP = 2y Y Bs)
— TH07 4 ) :

2 |hyf?
S1402=) > (B.6)

s /Pj(h) = N (B.7)

: o
}\.
= APj(h) = (1 - hiz) . (B.8)
X ‘
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The rate becomes

el b 53]

and the Lagrange multipliers solve the non-linear system of equations

+
1 1 Ihy[?

[hi|? hil2 A
i | i

AP =E | [1—

128

(B.9)

(B.10)
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Appendix C

PROOF OF THEOREM 2.3.4

The sum-capacity of the EGCIFC in (Equation 2.4) can be re-written as the following

optimization problem:

max A E[log (1 + [h21[*Py (h) + [ho P2 (h) +2|p(h)|¢ [h2112P; (h) hzz|2Pz(h)>
<laellh

Pi(h)>0:E([P; (h)]<Pi,lp
+logt <1 + (1= 1p(h)[*) max{|hs1[%, [ha; |2}P1(h))}]
14 (1 —|p(h)?)h21/2Py(h)

(C.1)

When the EGCIFC is in strong interference ([hy1|*> > [hy1]?), then the sum-capacity in (Equation C.1)
is maximized by |p*(h)| = 1. In this case the sum-capacity becomes the solution of the following

optimization problem:

max I
P; >0:E[P; (h)]<P;

log <1 +(X m@)z)] . (C.2)

i

This is the same problem as that of finding the optimal power allocation for a point to point
MISO with PerPC and the solution presented in Appendix B.

When the EGCIFC satisfies

lh? > [hyl?, (C.3)
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then the sum-capacity (Equation C.1) reduces to the following optimization problem:

max <t E[log <1 + [h211*P1 (h) + [ho2/*P2(h) +2|P(h)|\/|h21 2P (h) |h22|2Pz(h)>

P;(h)>0:E[P; (h)]<P;,lp
41— |P(h)|2)|hn|zp1(h)> ]
+1lo ) CA4
8 <1 = o)D)l PP () (©4)

When (Equation C.3) holds, we will determine when the following P;(h), P2(h), |p(h)| assign-

ments are optimal by substituting them back into the KKT conditions for the following La-

grangian problem:

max L=F [log <1 + [h1[*P1(h) + [hoa*P2(h) + 2|p(h)|\/|h21 P1(h) |h22|2Pz(h)>
Pi(h)>0,|p(h)|<1,ig[1:2]

1+ (1 —[p(h)[A)[hy1|*P; (h) S 5
+ log (1 = lpm)P)hay |2P1(h)> ]—7\1 (E[P1(h)] —P1) — Az (E[P2(h)] — P2)
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The KKT conditions for i € {1, 2} are then

pi(h)Pi(h) =0 (C.5a)
vi(h)p(h)| =0 (C.5b)
y2(h)(1 —[p(h)]) =0 (C.5¢)
Pi(h) >0 (C.5d)
lp(h)[ <1 (C.5¢)
lp(h)[ >0 (C.5f)
Yiy Hi, Ap > 0 (C.5g)
oL hot 2+ lp(h)l /T PlhaaP /P20

OP1(h) 14|y 2Py (h) + [hpa2P2 (k) + 2lp(h)|v/[ha1[2P1 (h) [hp22P2 (h)
(IR = har?) (1= lp(m)P)

(T4 (1 =Ip(h)[?)[hz112P1(h)) (T + (T —[p(h)[?)[hy1[2P; (h))

o Rl + lo(h)l /I oo | /320

OP2(h) 1+ [hy[2P;(h) 4 [hp2P2(h) + 2lp(h)|y/Ih21 2P (h)[h222P2 (h)

_|_

— (A1 —w(h)) =0 (C.5h)

— (A2 —uz2(h)) =0

(C.51)

oL V/Ih2112P; (h)[hp2[2P, (h)

Olp(h)l 1+ [hy1 2Py (h) + [ho2l2P2 (k) + 2|p(h)|y/Iha1 [Py ()PP, (h)

(IR = Ihai?) I ()P,

T O oI Iha PPy ) (1 -+ (1~ lp(m)R) PPy () 01 =72 =0

(C.5j)



132
Appendix C (Continued)

C.0.5 On the optimality of |p*(h)| =0 (i.e., independent inputs):

|p*(h)] = 0 is an optimal solution if (with Y2(h) = 0 and y;(h) > 0 from (Equation C.5¢)

and (Equation C.5f) the following KKT conditions (evaluated at |p*(h)| = 0) are satisfied:

From (Equation C.5h)

From (Equation C.51)

From (Equation C.5j)

Iy 2 <|h11|2 — |hz1|2>
_|_
1+ [h21?Pi(h) + [ha2P2(h) (14 [hoi[2Py(h)) (T + [hy [P (h))
=M — i (h), (C.6a)
lhaa|?
=N\ — h C.6b
T Tt PPy () 1 g PPy ) 2~ H2 (P (C.6b)
2 2 h
VIha1 PPy (h)[hpPPo(h) —y1(h) <0 (C.60)

1+ [h1?P1(h) + [hpa[?P;2(h)

Notice that from (Equation C.6¢) we have that Py(h)-P,(h) = 0, that is, the powers cannot be

simultaneously strictly positive. We now proceed by finding the optimal power allocation.

Subcase 1: Py(h) =0 and P2(h) =0

From (Equation C.5a)

From (Equation C.6a)

From (Equation C.6b)

if Pi(h) =0 — pi(h) >0 and P2(h) =0 — ua(h) >0 (C.7)

oL ) [y
3P, (h) lh22l” — (A2 — p2(h)) =0 — T 1 (C.8)
oL ) [hip[?
— JE— _— p— < .
3P, (1) il = (A —w(h)) =0— o 1 (C.9)

Conclusion 1: then Pj(h) =0 and P5(h) =0 and |p*(h)| = 0 are optimal when:

e

i l? ol hoof? lhy?

lhoal?

A

A

)

N > 0:eq. (Equation C.3) holds, A <1, N < 1}.
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This can be interpreted as follows: since both direct channel gains are weak, the optimal scheme
is to have the transmitters refrain from using any power and use power only when the channel

gains are stronger.

Subcase 2: P;(h) > 0 and P,(h) =0

From (Equation C.5a) if Py(h) >0 — wy(h) =0and P,(h) >0 — w(h) >0 (C.10)
) oL lhoi 2 [hpl? — [ho|?
From (Equation C.6a = + —A =0
(Eq ) T PP (0 PR )0+ PP )
(C.11)
1 1
S Pro(h) = — — —
ta(h) A Jhpl?
) oL lha?
From (Equation C.6b = — (A — h)) =0
2
— Pro(h) = haa 1 (C.12)

A2 —wa(h))hy 2 [hy?

Evaluating P14(h) = Pip(h) then we obtain

lhoo?
A2

hoil2  [ha 2 —
T+~ e

Conclusion 2: then Pi(h) = Pywr(hyy) = [

A ﬁ]* and P5(h) = 0 and [p*(h)| = 0 are

optimal when

lhasl?

lhi?2 [hot? [hool? . lhyq|? v
teq. : <
MM M > 0:eq. (Equation C.3) holds, A\ > 1, - ‘hi“z - |h21|§ <1
1 [ha1l
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One can interpret this region as follows: since |hyj|? is strong enough the cognitive user water-
fills over its direct link, while the primary transmitter refrains until it sees better channel gain

conditions.

Subcase 3: P;(h) =0 and P,(h) >0

From (Equation C.5a) if Py(h) =0 — uy(h) >0 and P2(h) >0 — uy(h) =0 (C.13)

oL lhyt 2
0Pi(h) 14 [hp[?Py(h)

From (Equation C.6a) + <|h11|2 - |h21|2> = A —wm(h) <N

(C.14)
. oL |h22|2 1 1
From (Equation C.6b = —-»=0-oP;(h)=———>0
(Ed ) mm) T T m) 20 = hap
2
haal” (C.15)
2

Evaluating (Equation C.14) for P5(h) gives

hil? |hal?
A12+| nl®  |hal <1
‘hZZ‘ A] A]
A2

Conclusion 3: then Pi(h) = 0 and P4(h) = Pawr(hn) = [%2 — ﬁﬁ and |p*(h)| = 0 are

optimal when

lhaq 2
hil? [hal? [haol? hal? hil? Tha?
R3 = l;\” ,|§]| ,| §2| > 0:eq. (Equation C.3) holds,| 2| > 1, M [l —| 2
1 1 2

TR TR M YR

2
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One can interpret this region as follows: since [hy|? is strong enough the primary user water-fills

over its direct link, while the cognitive transmitter refrains until it sees better channel gains.

C.0.6 On the optimality of [p*(h)| =1 (i.e., identical inputs up to affine transformation):

|p(h)] =1 is an optimal solution if y;(h) =0 and y,(h) > 0.

From (Equation C.5h)

From (Equation C.51)

From (Equation C.5j)

h
Iho12 4+ /ThaiPhaa? 4/ gf&&

5 > > > =A1 —w(h)
1+ [h2112P1(h) + [h22/2P2(h) + 24/[h2112P1 (h)[hp2[2P2 (h)
(C.16a)
hao? + /a1 PThga? /2 EE%
2 =A —w(h)
1+ [h212P1(h) + [h222P2(h) + 24/[h1[2P1 (h)[ha22P2 (h)
(C.16b)
V/[h21 2P (h)[hy2 2P, (h)
1+ [h2112Py + [h22l2P2(h) + 2+/Ihy1 2P (h)[ho, 2P (h)
> (|hn|2 — [ha |2) Pi(h) (C.16¢)

Subcase 4: Pi(h) > 0, P2(h) >0
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If both powers are strictly positive we further have that p(h) = py(h) = 0; this implies

that we need to solve

From (Equation C.16a)

V/Ih212P1(h) + /|h22[2P2(h)
+/Iha1 2Py (h = APy (h),
P ) e )+ e

Pi(h) > 0, (C.17a)
. V21 2Pi(h) + /Thy2[2P2(h)

From (Equation C.16b) \/h22[2P>(h) = APy (h)

1+ (v/n2112P1 (h) + /[hp2P; ()2 ’
P2(h) > 0, (C.17b)

2 2 2 2
From (Equation C.16¢) V/Iha1 PP1 (1) [haalPs (b) > <|h11| _ Thal >7\1P1 (h).
1+ (v/Ih212P1(h) + v/Th22[2P2(h))? A1 M

(C.17¢)

This is the same optimization problem as that in the MISO channel with PerPC. The optimal

powers in this case are given by:

lho1l? | [hoaf? 1 )
" Y Ay [ho1l
1 (h) = B N2 A2 (C18)
[hos] + [h2a] 1
M A2
lhoil? | [hoal?
+ =11 |hpl?
A A 22
P53 (h) 1 2 > > (C.19)
[ha1? + [ha2? A
M A2
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We next need to verify that, for these optimizing powers, we satisfy (Equation C.17¢); by doing

so, we conclude that if

|ha2|?
[hi? < [ho[? o (C.20)
MM |h?2\1|2_’_\h}2\2\2 )
1 2
hal? [haol?
[ho| Jr| 22| o1, (C.21)

A A2
Conclusion 4: then Py (h) = eq. (Equation C.18) and P(h) = eq. (Equation C.19) and |p*(h)| =

1 are optimal when

[ha|?

) Ihal hat P Tho? , . lhi2 hol? A
Ry : VR v > 0:eq. (Equation C.3) holds, A < A \h}z\ﬂZ |h§z|2
1 2

2 2 2 2 2
The channel gain condition in R4 implies that ‘h;\:‘ < lhi:' + ‘hfé‘ (given that lhi:' —I-lhfél >1).

In this case the sum of the channel gains to the primary receiver is stronger than that of the
direct gain to the cognitive receiver and so one would suspect that performing a MISO type of

scheme is optimal which is in fact the case.

C.0.7 On the optimality 0 < |p(h)| < 1 with Py(h) > 0 and P,(h) > 0:

When 0 < [p(h)| < 1 is optimal (with y;(h) = 0 and y2(h) = 0 from (Equation C.5e)
and (Equation C.5f)), we show that Py(h) > 0 and Pj(h) > 0 are optimal by contradiction

(whose exact values are to be find numerically).
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Suppose that P;(h) =0 and P,(h) = 0 is optimal when

Re lhil> [hot? Thool?
1 P VER D VW

> 0: eq. (Equation C.3) holds, (R1 UR; UR3 U R4 U 7'\’,5)C}

(C.22)

Substituting this assumption back in the KKT conditions, gives the region defined by Ry which
contradicts the presumption of the region.

Suppose that Pi(h) > 0 and P,(h) = 0 is optimal when (Equation C.22). Substituting this
assumption back in the KKT conditions, gives the region defined by R, which contradicts the
presumption of the region.

Suppose that P;(h) =0 and P;(h) > 0 is optimal when (Equation C.22). Substituting this
assumption back in the KKT conditions, gives the region defined by R3 which contradicts the
presumption of the region.

Suppose that P;(h) > 0 and P(h) > 0 and [p*(h)| = 1 is optimal when (Equation C.22).
Substituting this assumption back in the KKT conditions, gives the region defined by R4 which
contradicts the presumption of the region.

Conclusion 6: Thus, Pj(h) > 0 and P;(h) > 0 and 0 < [p*(h)| < 1 whose values are to be

found numerically are optimal when

hil? [hot? [hpol?
725__{|11| lho1 [ [hoal

= , , > 0: eq. (Equation C.3) holds, (R1,R2, R3, R4, R5)" ¢ .
A A A2
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Appendix D
PROOF OF THEOREM 3.3.1

By Fano’s inequality H(WiIYiN) < Nen with ey = 0as N — oo for all i € [1: 3]. The
bounds in equation (Equation 3.6a) through (Equation 3.6¢) are a simple application of the

cut-set bound. The bound in (Equation 3.6d) is obtained as follows:

(a) (b)
N(Rz + Rz — 2en) < I(YDWa) + 1Y Wa) < 1YY, Wi Wa) + TV, Y Wy, Wo W)
(c)
= 1YY, Walwa) + 1YY, YR, wisfwi, W)
(d)
= (Y2 WalWy) + 1Y Wa Wy, Wa) + TYR, Wi Wy, Wa, YY)

(e)

= TV W, WalWa) + T(YY Wi Wy, Wa, YY)

(f)

= T(YD; Wa, W3l Wi, X3 + T(Y3 Wialwy, Wa, YU X XD
N

Z H(Y2,¢/X7,¢) — H(Y2,61X7 6, Xo,65 X3,¢) + HY3X7, Xo,¢) — H(Y3,11X7,6, X265 X3,4)
1

INE
i

Iz
M =

L(Y2,65 X0ty X3,61X0 ) + 1(V3,0 X3,61X0 ¢, X2,t ),
t

1

where (a) follows from Fano’s inequality, (b) the non-negativity of mutual information, (c)
from the independence of the messages, (d) and (e) from the chain rule (note the side informa-
tion allows one to recombine different entropy terms), (f) because the inputs are deterministic
functions of the messages, (g) follows since conditioning reduces entropy, and (h) definition of

mutual information. Using similar steps (give enough messages to reconstruct the inputs, and
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give outputs to recombine terms by using the chain rule of mutual information) we obtain the

bound in (Equation 3.6e). The main steps are:

N(R; + Rz + R3 — 3en)

< I Wh) + 15 Wa) + 1Y W3)

< IOV W)+ TOVD, YR, Wi Wa) + IOV, Y, W, YR Way W)

< TV Wi, Wa, Wa) + T(YD' Wa, W3V, Wa ) + TV WalYY, Wa, Yo, W)

N
< Z LOY7 65 X1,6 Xoty X3,0) 4 L(Y2,65 Xo,t, X3, X1, Yae) + 1(Y3,6 X361 X14, Xo.ty Yigy Yoru)-
f
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PROOF OF THEOREM 3.3.2

By Fano’s inequality H(W-JYP) < Nen with ey — 0as N — oo for all 1 € [1 : K].

For (Equation 3.7a) we have

N(R; — en)
< I(YN; W)

< T(YNsWAWA, . W)

N
D (Wi, Wa, V) — (Y Wa, . Wa, YT

ﬁ
Il
4

R(Yie Wiy oy Wiig) — h(Yi Wi, ., Wi, YT

E

o+
Il
LN

h(Yi el X6 e ey Ximr,e) = ROV el Xy 000y Xkt

M =z

o+
Il
LR

I(Yi,t§ Xi,t» <oy XK,t|X1,t» ce >Xi—1,t)-

I
M=z

o+
Il
R
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For (Equation 3.7b) we have

K K K
NZR 7€N Z ])SZI(Y]N, W])---)Wi—h YiN>Wi)'--YjI\il)Wj—];Wj)
j=i j=t = =0 fori=1 =0 forj =1

=) I, YW WA, W)
I(Yk,vv|vv1, SWis, YL
TR Wi IWa, L Wig, YY)

I(Y]]:j;wka--'aWK|W1a--')Wif1> Wi)Yw']L\jw'-aka])Y]L\I—])

=0 fori=1 =0 fork =1

N
ZI Yk,t;Xk,t> .- ')XK,t|X1,t> ce >Xk—1,t)Yi,t» ce >Yk—1,t)-
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Appendix F
PROOF OF THEOREM 3.7.1

In order to obtain the sum-rate upper bound in (Equation 3.20) we first present the following
Lemma, which is an extension to any K of [18, Lemma 5] (for CMS) and [16, Lemma 1] (for

CoMS):

Lemma F.0.3. If per-letter condition in (Equation 3.19) is satisfied for all prescribed input

distributions then
N . vNjyvN N .yN [N
IXGas Y5 X)) < 1 Y521 X ), (F.1)

for all input distributions PX‘]“,...,XE7 N € N, that factor as

K—1

1 s

2. CMS PX%\],...,XE'
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We are now ready to present the proof of Theorem 3.7.1: For en >0: ey — 0as N — 400

~

(@) X b K K
N (Rj —en) < ZI W),Y]N S ZI jN|W[1:j 1) Z X]\JvY]N 1))
j=1 j=1 j=1

i=1

~

—1

X

—1

(d)
OGS YN IXF ) + TGS YR IX N ) < D TOXSYNIXE 1) + TGRS L I XD yy)
j=1

C

1M

T
N

N, YN N yN N N.yN|x N yN yN
TS YN IXE 1))+ TOX s YR Xk g) < ZI XPEYNIXN ) + TXR s YRS XD 2)
j=1

k>
M

1
N

(h)
< IXP YY) < D Iy 2oy Xice Yie) < NI %1Q) £ NI 1),

t=1

H\_a.

9)

where: (a) follows from Fano’s inequalities H(\/VjIY].I\') < Nen, Vj € [1 : K], (¢) from the
independence of messages, the definition of encoding functions (for all M; C 1:j],5€1:K])
and data processing inequality, (d), (f) and (g) from the condition in (Equation 3.19) for j = K|
j=K—1, up to j =2 and Lemma F.0.3, (h) from the chain rule of entropy and from the fact
that conditioning reduces entropy, (i) by introducing a time-sharing random variable that is

uniformly distributed Q ~ Unif[1 : NJ, and (j) by conditioning reduces entropy.
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PROOF OF THEOREM 4.1.1
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The analysis of the coverage probability for the mmWave heterogeneous network is similar

to that in [22, Appendix A] with two major differences. The first difference is the presence of

multiple antennas at the transmitter. The second difference is that the interference is a function

of i.i.d uniformly distributed random variables, assuming that the path angles are independent

and uniformly distributed over [—m, +71.

Let O = {%,v € Qymw,k} for k € [1: K]. Its density can be derived using the Mapping

theorem [60, Thm. 2.34] and is given by

2 2
Ak(V) = Ae—
I

The process @ = UE:1 Oy has a density

G.1 Distribution of closest base stations

We assume that the elements in the process @ are indexed in increasing order. Let

;™

Pr)

Pava !, ke ll:Kl

(G.1)

(G.2)
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then v’ ={y{, -+ ,vn) denotes the set of normalized pathloss of the cooperating base stations.
We first present the distribution of the two nearest base stations by following similar steps as
done in [61], then derive the distribution of n closest base stations. The distribution of the

closest two base stations (assuming two cooperating base stations) is given by

fr/(v1,v2) = fryry (valyi) fry (v1) (G.3)

where the distribution of the first closest base station from the null probability of a 2-D Poisson

point process is

fro (v]) =A(y])e A1) (G.4)

while the conditional distribution is given by

fror (V3hvi) =A(y;)e Ay HATD) (G.5)

The joint distribution for the case of n = 2 base stations is obtained by substituting (Equation G.4)
and (Equation G.5) in (Equation G.3). The result can be generalized to any number n of co-

operating base stations
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G.2 Derivation of Coverage Probability

The SINR expression at the typical user with omnidirectional reception is given by (Equation 4.13)

and is reported next for convenience

n
‘ Z VYVih\)i|2
SINR = L=

ITe )
2 2
N, Z] Yl-1|hl-l|2‘Gt(Q—¢{_ — Qg )|
i= i i
We have assumed that the cooperating base stations have normalized pathloss y{ by i <mn,
then the desired signal power at the numerator of (Equation G.7) can be re-written (after

dropping the index v; and replacing it with just i) as

n
S=IY vl = v
i=1

i<n

We have that the interfering base stations are indexed with i > n, then the power of the

interference I can be expressed (by replacing the index 1; with just i) as

IT1°
I=) Yihi PG Qg — Qg )P

i=1

=Y v G r) (G-8)

i>n
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The coverage probability for a threshold T, can be re-written as

2
P(SINR > T) = P (s > T(I+ ]f]))
t

<)

:E/
YyI Nt

P(|S v >T00+

i<n

v, 1 ]
(—T(I+§ft)>]
exp - -1
2i<n Vi
T T
L1 | = | £~ ()
(Zignyi/ 1) Zigny{ 1
T T
= EI(>£N ()
J Zignyi/ 1 Zignyi/ 1

i

0<y ) <<y <+oo

(a)
= Ey1

b
YE,

D

where (a) follows from the cumulative density function of the exponentially distributed

random variable S (due to Rayleigh fading assumption) with mean ; v~ (b) follows from
i<n

the definition of the Laplace transform of I, £i(s) = E[e™®] and the Laplace transform of the

noise, Ln(s) = E[e—s0%/ Nt]: (c) by definition of the expectation with respect to the distribution

/

of y'.

Next we evaluate the Laplace transform of the interference I, but before going into the details
of the derivation we need to find the distribution of Vi := Qg — Qg , since the interference
in (Equation G.8) is a function of the beam forming gain function which in turn is a function

of Y. The beam forming gain is given by (Equation 4.10).
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With the assumption that the interfering path angles of departure and the beamsteering
angle used by the interfering base stations are i.i.d ~ U([—m, +7t), then the directional cosine

Qd){_ and O—e{_ are random variables with the following common probability density function

= if-1<w<T
folw) =

0 otherwise.
then the distribution of Y = _Qq){. — Qe{. is the result of the convolution of the probability

density functions of Qq){_ and Qe{, and is given by

( ) min{1,1—¢;} 1 1 ( )
fy. (1) = J d G.9
T max(—1,—1—e} \ 72y/1 — (& + w)2 V1 — w? Y

Then the Laplace transform of the interference can be derived

£1(s) =E

e i>n

s Y v{‘lhﬂet(vnz]

=E

H (e_syi/] hiIZGt(Yi”z) ]
i>n
H NE: (e‘sV{‘ |h|2Gt(Yi)|2>]

i>n

(b) 1
= By,
e [H (1 +51G(Y3) Py )]

i>n

(a)
= Ervpe
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© ]

= E@[HEY<] +5|Gt(T)|2‘y{1>] (G.lO)
(i) +2 1

= Eg [E (Jz (] + sth(€)|zyi/_1>fY(£) de ) ]

(e) o8] +2 1

= exp<_J / [1 —J—z (1 sGi(e) v )fY(E) da] Alv) dv) (G.11)

where (a) follows from the i.i.d distribution of |hi]* and their independence from © and Yy;

where (b) follows from the Rayleigh fading assumption and the moment generating function
of an exponential random variable; where (c) follows from the i.i.d distribution of Y; and their
independence from ©; (d) from the taking the expectation with respect to the random variable
Yi whose distribution is given by (Equation G.9); (e) follows from the probability generating
function of poisson point process [60, Thm. 4.9] (as used in [23, Eq. (38)]) and where A(v) is
given by (Equation G.1).

Next we give an approximation of the Laplace transform of the interference for easier nu-

merical evaluations (by approximating the beam forming gain function by a piecewise linear



151
Appendix G (Continued)

function) and to compare our results with [23], the Laplace transform of the interference is then

given by

+2 1
1];[1 (Jz (1 +5|Ge(e) )2y )fY(E) de ) ]

(e) —1/Lt /Lt 1 2
~ Eg H J fy(e) de—i—J ———fr(e) ds—i—J fy(e) de
. -2 —1/L¢ 1+ SY; 1/L¢

—1
(:)E@[ 1— C‘Wi_]>
i>n T+ SYi
0o —1
(9) Cc sV
= exp ( — L/T/l = Alv) dv)

0 if otherwise.

(f) defining ¢ := fﬂ;ﬁ fy(e) de.

If ¢ =1 then the Laplace transform in step (g) simplifies to that in [23, Eq. (38)].
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PROOF OF THEOREM 4.2.1

H.1 Intensity and Intensity Measure

Let O = {%,v € Ommwi) for k € [1: K] with intensity Ax(v) given in (Equation G.1).
The pathloss o is a random variable that takes on values «; and &, with probability e P«
and 1 — e Px¥ respectively (note that we have dropped the ||.|| of v for easier notation). Then
the process @ = UE:1®k is a non-homogenous PPP with density A(v) = ZE:1 A (v). In the
following we compute the intensity and intensity measure of @y for k € [1 : K]. By using
the Mapping Theorem [60, Thm. 2.34] the intensity measure and the intensity of each tier k,
k € [1: K], are given by

3| %2

(rPyx) 2 (rPx) 2
Ax([0,7]) = L 2m\ve Pvdy + L 2mtAev(1 — e PeY)dy
- zgg" (1 Cemrmo gy mhmﬂ)) + (TP F
— zg%‘k (1 — e*fﬂk(”’k)%z 1+ fsk(rpk)?)> (H.1)
A(v) = d/\ké[\(}),v]) = Akvé‘*]e*“kv%] + B2 (1 — e*bkv%) (H.2)

8 S
with &1 = 0%], 0 = 0%2, Ax = ﬂ)\kZS]Pi] , Qg = Bksz , by = Bksz andBy = ﬂ)\kézpiz.
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The process © = UE:1®k has the following intensity measure and intensity

K
AW) =) Av) (H.3)
kK:] . . .
AV =) M) =) A Ter Y E 4 BT (1 —e ), (H.4)

k=1 k=1
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PROOF OF THEOREM 4.3.1 AND THEOREM 4.3.2

1.1 Proof of Theorem 4.3.1

Let us re-consider a different distribution on the direct links - while keeping the same
Rayleigh fading assumption on the interfering links - in particular let us consider that the
fading is Nakagami with shape parameter m and scale parameter 0 = 1. In this case we will
derive the distribution of an upper bound on the desired signal in particular the distribution of

the following

S =| ZY{_WM‘Z <Y ¥ Ihf=sf

i<n i<n i<n

But we have that

T(I+ & 2
(+M)]=P<%pzru+§)>

t

2
P(§W2TH+“)>=P hif? >
Nt ; Zﬂ/;]

T=5 Tv{‘ Sup=Y_; [hi|?

1

We have that

h; ~ Nakagami(m, 1)
lhi* ~ Gamma(1,1/m)

Z lhi]* ~ Gamma(nm, 1/m)

1
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Then the Laplace transform is

1

EsUP (S) — W

We then have from [59, Eq. 2.11] that the coverage probability is

P(SINR > T) =P <s >T/(1+ GZ))

N¢
02
= J fr/(‘Y’)P <S > T/(I + N)> dY,
0<y ] <<y p <+o0 ¢
& —2j —1
_ J fr/(y’)J L1(27T's) Ln (zmT’s)ﬁSU"(zj:;S) ds dy’
0<y ] <<y <+00 o
(L.1)
where the joint distribution of y’ is given by
n
fr(v') = [A(v{)e 0w L.2
1

Next we have from (Equation G.11) the Laplace transform of the interference Li(s) with an

intensity A(v) given by (Equation H.4) while the Laplace transform of the noise is given by

Ln(s) =FEle "N] =e °Ne, (1.3)

This concludes the proof.
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I.2  Proof of Theorem 4.3.2

The coverage probability in the absence of interference is given by (Equation 4.23) with

L1(s) =1 and is

[ LUP(_2jms) — 1
P(SNR > T) = frr(v") ol Zj:TsS) Ln(2§7T’s)ds dy' (L4a)
o<y <---u<yr’1<+oo e
1
[ [OC (],Qﬁ)nm. - 72'7'[Sﬁ
= fro(y’ m TSN ds dy! I.4b
r(v)mo Zims e ¢ ds dy (1.4Db)
0<y < <yp<+oo
OO
= fr (v") f(s) ds dy’. (L4c)
O<y{<---u<yr’l<+oo =

Q

In the following we seek to solve Q. Note that a pole of order nm exists in the integrand thus

the integral Q can be solved using contour integration and is as follows

1 d nm—1
Q = ReSZ*:sz' [f(Z)] = zh—)r?* m (dz) (Z — Z*)nmf(l). (15)

The function f(z) can be re-written in the following form

flz) = — 97 (L6)
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with
1 e (A
f(z) = (1—=FZ&)nm —2mjz T e (2™ ™ (2mjz) (I.7a)
- . - nm ) .
2mjz (z— 2%;)
1— (1 =2mjz)™™ i, T e?
g(z) = (—1 )nm ( T[]Z) 27z N (I.7b)

(2mj)mm (2mjz)

Then after substituting the functions in (Equation 1.5), we can express the integral I as

g(nm—U(Z*)
(mm—1)°

Q=

This concludes the proof.
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