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SUMMARY

We investigate the Schwarzian derivatives of a polynomial and its iterates, where the polyno-
mial is defined over the field of complex numbers. The escape-rate function of the polynomial play
an important role in the study of polynomial dynamics. The study of the sequence of Schwarzian
derivatives {S ¢} leads to a connection with the escape-rate function. By using the cocycle property
of the Schwarzian derivative, we show that S fn/dzn converge locally uniformly to —2(0G f)2 on the
complement of some compact subset of C, where Gy is the escape-rate function of f.

The polynomial basin of infinity admits a natural metric, which keeps a lot of polynomial dynam-
ics information; see [11] and [12]. The quadratic differential Sy»dz®/d*" determines a Riemannian
metric on the complement of f™’s critical points. As n — oo, this sequence of metric spaces has an
ultralimit, which is a complete geodesic space with non-positive curvature. And by the properties
inherited from the the dynamics of the polynomial, we can naturally embed the basin of infinity
isometrically to the ultralimit.

We also investigate rational functions with identical measure of maximal entropy. For a given ra-
tional function f: CP! — CP! with degree d = 2, there is a unique probability measure u r associated
with it, which achieves maximal entropy logd among all the f-invariant probability measures. From
the work of Beardon, Levin, Baker-Eremenko, Schmidt-Steinmetz, etc (1980s-90s), the set of polyno-
mials with identical measure of maximal entropy has been characterized. We construct examples of
non-exceptional rational functions with common measure of maximal entropy, and they won'’t share

an iterate up to precomposition by any Mobius transformation. Following from Levin-Przytycki’s

viii



SUMMARY (Continued)

result [29] (1997), we characterize the general sets of rational functions with identical measures of
maximal entropy. Finally, we sum up some known results related to the set of preperiodic points
and maximal entropy measure, and then provide some necessary and sufficient conditions for two

rational functions sharing an iterate.



CHAPTER 1

INTRODUCTION

The study of the dynamics of rational functions on the Riemann sphere started in the early 20th
century; see [17], [18], [19] and [25]. In the last three decades, it became popular partly due to the de-
velopment of the modern computer graphics. In this thesis, we focus on the study of Schwarzian
derivatives of polynomial iterates, and characterizing the set of rational functions with identical

measure of maximal entropy. The contents of this thesis are contained in the papers [41] and [42].

1.1 Schwarzian derivatives

Recall that the Schwarzian derivative of a holomorphic function f on the complex plane is de-
fined as
fu/ 3 ( fl/)Z

Sf(Z) :7_5 f’

It is well known that Sy = 0 if and only if f is a M6bius transformation. We can view the Schwarzian
derivative as a measure of the complexity of a nonconstant holomorphic function.

Let f : C — C be a complex polynomial with degree d = 2. In this thesis we examine the sequence

of Schwarzian derivatives of the iterates f” (f composed with itself zn times) of f. Specifically, we

{ an (Z) }
as" |z

and view it as a sequence of meromorphic functions or quadratic differentials on the Riemann sphere.

look at the sequence

We are interested in understanding the limit as n — oo.

1



Before we address any statement of this sequence, let’s take a look at one of the simplest exam-

ples.

Example 1. Let f(z) = z% with d = 2, then we get

n_ n_oy_ n_1y2
an(Z) :2(d 1)(d2222) 3(d"-1)

1—d2"
-2z

Since d = 2, the sequence of normalized Schwarzians converges,

Sgn . 1-d*" 1
=lim ——=-—
n—oo (2"  n—oo 22N z2 272

locally uniformly on C\{0}.

. . . . . Sen
The normalized Schwarzians as quadratic differentials {#dzz} converge to —ﬁdzz. The as-
sociated conformal metric ds = ||\df_22zl| makes C\{0} isometric to an infinite cylinder of radius \/Li The

cylinder’s closed geodesics are the horizontal trajectories of the quadratic differential — ﬁ dz?.

Local convergence. Let G be the escape-rate function of f, which is defined as

1 + n
Gp=lim —5—J /7

n—oo dan ’

where logJr |x| = max(log|x|,0). Let Precrit(f) = Upsoic € C|(f™'(c) = 0} be the union of the critical
points of f and their backward orbits. Note that its closure Precrit(f) contains the Julia set J(f) when

f is not conjugate to z¢.



Theorem 1.1.1. Let f be a polynomial with degree d = 2 and not conformally conjugate to z%. Then

the sequence of Schwarzian derivatives S ¢n satisfies

lim
n—oo dZI’l

Sp(@) __,(9Gr@)®
o ( dz )

locally uniformly on C\Precrit(f).

Remark. The choice of normalization ﬁ allows us to focus on the basin of infinity. Other normaliza-

tions might detect interesting properties of J(f). In Corollary 2.2.4, we show that { 2@2 dzz} converge

1
on the entire Fatou set, in the sense of L; = convergence.
Sometimes, people are also interested in the nonlinearity of a nonconstant holomorphic func-
an dz

tion on C. Similar with Theorem 1.1.1, we have lim,,_.o, =7z— = 0G locally uniformly on C\Precrit(f),

where Ny = f'/ f"; see Theorem 2.2.3.

Metric space convergence. Let f be a polynomial with degree d > 2. Each S¢» determines a confor-

mal geodesic metric d,, on the complement of the critical points of f”, given by ds = ‘72&’142 . From

27

this sequence of geodesic spaces, we obtain an ultralimit (X,,, d,,, a,); see Chapter I §5 [8] for more
details about the ultralimit. The limit space is a complete geodesic space.

The escape-rate function G also determines a conformal metric on the basin of infinity X, = {z €
Clf"™(z) — oo} of f, given by ds = \/§|0Gf|. Given a choice of base point a € X, \ Precrit(f), we denote
this pointed metric space by (X,, do, a); compare [11] or [12] where this metric already appeared.

When the Julia set is not connected, the ultralimit X, can be described as a “hairy" version of X,,.



frs'/f"x &S
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| ¢ f‘ i
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Flat Metric on the basin of infinity

Figure 1.1.1. Level set structure of G for a cubic polynomial and flat metric structure on the basin

of infinity

Theorem 1.1.2. Let f be a polynomial with degree d = 2 and disconnected Julia set. There exists a
natural embedding from X, (f)\ Precrit(f) to X, which extends to the metric completion (Yo, d,, a) as
an isometric embedding.

The metric space X,, is obtained by attaching a real ray to X, at each point in Precrit(f), and
attaching some non trivial space (containing infinitely many real rays) to each connected component

of X\ X,.

Remark. For J(f) disconnected, we use the tree structure on the basin of infinity to show the embed-

ding is an isometry. For J(f) connected, we also have a locally isometric embedding of X, to X,,; this



follows easily from the argument in the proof of the above theorem. But we do not expect the em-
bedding to be a global isometry. The reason we use the ultralimit to study the limiting space is that
the spaces are not compact and the metrics d,, are not uniformly proper, so more classical notions
of convergence like Gromov-Hausdorff convergence won't work. We are not quite sure whether the
ultralimit X,, depends on the ultrafilter w or not. But from the above theorem, the only things that

might depend on the ultrafilter are the spaces attached to X\ Xp.

Conjugacy classes. The study of {S¢»} has grown out of an attempt to better understand the mod-
uli space My of polynomials (the space of conformal conjugacy classes). The geometric structure
(f) X0,10Gyl) has been studied in [12] and used to classify topological conjugacy classes. We can also
use the Schwarzian derivative to classify polynomials with the same degree. We define an equiv-
alence relation on the set of polynomials with degree d = 2 as: f ~ g if Sfdz2 = A" (Sgdzz), for
A(z) = az+ b some affine transformation. From this definition, polynomials f and g are equivalent
to each other if and only if f = Bo go A with A and B affine transformations, and if and only if f
and g have the same critical set (counted with multiplicities) up to some affine transformation, i.e.
A(Crit(f)) = Crit(g) for some affine transformation A. See Lemma 2.1.2 for details. Note that affine

conjugate polynomials are equivalent in this sense.

Theorem 1.1.3. Let f and g be polynomials with the same degree d = 2. Then the following are equiv-

alent:

o f"~ g" forinfinitely many n e N*.

o fP~g"forallneN*.



o [ and g have the same Julia set up to some affine transformation (A(J(g)) = J(f) with A affine

transformation).

Polynomials f and g which satisfy the above conditions are called strongly equivalent. Each such
strong equivalence class consists of finitely many affine conjugacy classes (no more than the order of

the symmetry group of the Julia set).

Notes: the above theorem relies on the classification of polynomials with the same Julia set, and

the proof uses the main result of [6] (see §2.1.2 for other references and historical context).

1.2 Measures of maximal entropy

Let f:P! — P! be a rational function with degree d = 2. For each z, € P!, we can define a proba-

bility measure for n = 1,

1
H}’l,Zo = ﬁ Z 52’
f(Z):Zo

here the sum is taken over all the roots of f(z) = z,, counted with multiplicity. In 1965, Brolin [9]
showed that for each polynomial f, with at most two exceptions for z,, fy,;, converges to some
probability measure p¢ independent of the choice of z,. Actually, when f is a polynomial, py is
the equilibrium measure of the filled Julia set of f (the set of points with bounded orbits under the
iteration of f). In 1983, Lyubich [30] and independently Freire-Lopez-Mané [21] generated this result
to the the case of rational functions. They showed that this u( is the unique one supported on the
Julia set, achieving the maximal entropy logd among all the f-invariant probability measures; this

maximal measure is also discussed in [23].



We focus on characterizing the set of rational functions with identical measure of maximal en-
tropy. It is well known that ¢ = u» for all iterates f” of f, and commuting rational functions have
common measure of maximal entropy. For case of polynomials, having the same measure of maxi-
mal entropy is equivalent to having the same Julia set. During the 1980s and 90s, pairs of polynomials
with identical Julia set were characterized; see [37], [7], [6] and [4]. The strongest result is: given any
Julia set J of some non-exceptional polynomial, there is a polynomial p, such that the set of all poly-
nomials with Julia set J is

{oop"In=1and o€ X}, (1.2.1)

where X; is the set of complex affine maps on C preserving J. By definition, a rational function
is exceptional if it is conformally conjugate to either a power map, +Chebyshev polynomial, or a
Lattes map. From (1.2.1), if f and g are two non-exceptional polynomials with u¢ = ug, then there

exists o(z) = az + b preserving ¢ with

f"=00g" for some m,n = 2. (1.2.2)

However, unlike the polynomial case, there exist non-exceptional rational functions with the

same maximal measure but not related by the formula (1.2.2).

Theorem 1.2.1. There exist non-exceptional rational functions f and g with degrees =2 and jir = ug,
but

f"#aog"foranyo € PSL,(C) and n,m = 1. (1.2.3)



Specifically, for R, S, T being rational functions with degrees = 2 such that

e Foranyo € PSLy(C), we have R# 0o S.

e ToR=ToS.
weset f =RoT andg=SoT, then ur = g and they satisfy (1.2.3).

The existence of the triples (R, S, T) in Theorem 1.2.1 is equivalent to the existence of an irreducible
component of

Vr={(x,y): T(x) = T(y»)} cP' x P!

with bidegree (r,7), r = 2, whose normalization is of genus 0. Explicit examples for such triples

(R, S, T) are provided later in Chapter 3.

Let Rat, be the set of all rational functions with degree d = 2. The space Raty sits inside pP24-1(q),
and it is the complement of the zero locus of an irreducible homogenous polynomial (the resultant)
on P?4~1; therefore Rat, is an affine variety. For any rational function f € Raty, denote by M r the
set of all rational functions with the same maximal entropy measure as f. As we discussed before,
when f is non-exceptional and conjugate to some polynomial, M has very simple expression as in
(1.2.1) by Corollary 3.2.2. However, from Theorem 1.2.1, we do not have the conclusion of (1.2.2)
for all non-exceptional rational functions f and g with yy = ug, even we replace o by any Mobius
transformation. Levin [27], [28] showed Mf(Rat, is a finite set unless f is conjugate to the power

function z*4.



For convenience, in the rest of this thesis, generic means with the exception of at most countably
many proper Zariski closed subsets; general means with the exception of some proper Zariski closed
subset.

We will show:

Theorem 1.2.2. Let Raty be the set of all rational functions with degree d = 2. For generic rational

functions f € Raty, we have
o Mp={f,f%f3-}, whend =3,
o Mp={f,0¢0f,f%0f0f% f30p0f% -}, whend =2,
where o 5 is the unique Mobius transformation permuting the fibers of f.

The proof of Theorem 1.2.2 is mainly based on the next two theorems. The first, Theorem 1.2.3,
asserts that for general rational functions with degree d = 3, having the same measure of maximal
entropy is the same as sharing an iterate. We will say a critical value of f € Rat; is simple if its

preimage contains exactly one critical point counted with multiplicity.

Theorem 1.2.3. Let f be a rational function with degree dy = 3, and f has at least three simple critical

values. Then for any rational function g with degree dg =2 and jiy = g, we have

ff=g"

for some integersn,m=1.
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Theorem 1.2.3 only works for rational functions with degree d = 3. This is because that for degree
d =2 case, there is a special nontrivial symmetry oy € PSL(C) for each f € Raty. The symmetry o ¢
is the unique Mdbius transformation permuting the fibers of f with U?, = Id. As oy permutes the
points in the fiber of f, we have foo s = f and then oy preserves py. Hence it has pi5 o = py. For
any f € Ratp, let g =0 o f. It satisfies ug = uy and g" =g ro f" # f" for any n = 1. In other words,
f and g have the same maximal measure but they never share an iterate. In all, for any f € Rat;, we
have obvious relations: {f, f2, f3,---} =« My, and when d =2, {f,0 0 f, f2,0p0 f%, f3, 050 f3,---}
Mjy. Theorem 1.2.2 asserts that, generically, there is no other rational function in M. However, it is
still not known whether we can replace “generic" in Theorem 1.2.2 by “general", which will greatly
improve the result; at least it is clear from (1.2.1) that the statements in Theorem 1.2.2 are satisfied

for general polynomials.

Let d = 2 and n = 1 be integers. There is a regular map between affine varieties:

@a4,n:Ratg — Ratgn,

defined by ¢4 ,(f) = f". We call it the iteration map of rational functions.

The next result, Theorem 1.2.4, states that the iteration map is one-to-one for general points.

Theorem 1.2.4. Let ¢, , : Raty — Ratgn be the iteration map with d = 2 and n = 2. There is a Zariski

closed set A < Raty, which is the preimage of the singularities of the variety ¢ 4 ,(Raty), such that

@a,n:Ratz\ A — Ratgn
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is injective. Moreover, A is a proper nonempty subset of Rat,.

Finally, we characterize the condition that two non-exceptional rational functions share an iter-
ate. Let PrePer(f) = {x € p! | f*(x) = f™(x),n > m € N} be the set of preperiodic points of rational

function f and Per(f) ={x e p! |f"(x) = x, n € N*} be the set of periodic points of f.

Theorem 1.2.5. Let f and g be non-exceptional rational functions with degrees= 2. The following

statements are equivalent:

f and g share an iterate, i.e. f" = g™ for some n,meN”*.

There is some @ with degree= 2, such that fo@p =@o fandgop=@og.

* uf=ug, andJnPer(f) NPer(g) # 3.

PrePer(f) = PrePer(g) and J nPer(f) nPer(g) # @.

Per(f) =Per(g).

The proof of Theorem 1.2.5 uses the following results: for non-exceptional rational functions,
Levin-Przytycki [29] showed that two rational functions having the same maximal measure should
have the same set of preperiodic points. And conversely, Yuan and Zhang [40] showed, via arithmetic
methods, that rational functions having the same set of preperiodic points should have the same

maximal measure.

A bit more historical background and related results. As a general question, what can we conclude
from two rational functions with the same maximal measure? For any non-exceptional polynomial

, it is easy to read the symmetry group ~;, from the expression of f. After changing coordinates,
Y ymmetry group 2j, p ging
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we can assume that f is a monic and centered polynomial (f(z) = z% + az?~2

+--+). So we can write
flz)= z! g(z™) with g(0) # 0 and maximal possible n. Then, whenever f is non-exceptional, we have
Z]f ={o(z) ={z|(" = 1}. From (1.2.1), the expression of My is clear for non-exceptional polynomials
f.

For any rational function f,let g € My and o € £, itis clear thatoog and goo are both in M. So
from Levin's result that My Rat, is a finite set, Z,,, has finite elements whenever f is not conjugate
to z+%. However, for rational function f, it is still not known how to get the symmetry group Zy, or
Zj, (the subgroup of PSL,(C) preserving J¢) from the expression of f; see Levin's paper [27] [28], and

some other related results in [13] and [39]. And for rational functions, in 1997, Levin and Przytycki’s

paper [29] has the following result:

Theorem 1.2.6 (Levin-Przytycki [29]). Let f and g be two non-exceptional rational functions. The

following two are equivalent:

* Uf=HUg;
o There exist iterates F of f and G of g, integers M, N = 1, and locally defined branches of G™' o G
and F~1 o F such that

(G loG)oGM =(F loF)oFV. (1.2.4)

By analytic continuity, locally defined G™! o G and F~! o F can be extended to multi-valued func-
tions, acting by permuting the fibers of G and F. Equation (1.2.4) implies that f and g have the
same set of preperiodic points. Then as a consequence of Theorem 3 in Levin’s paper [27] and Levin-

Przytycki’s theorem Theorem 1.2.6, we have the following theorem:
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Theorem 1.2.7 (Levin-Przytycki). Let f and g be two non-exceptional rational functions with degrees=

2. Then iy = ug if and only if there are some iterates F and G of f and g such that

FoF=FoGand GoF=GoG. (1.2.5)

Although the above theorem comes directly from Theorem 3 in [27] and Theorem 1.2.6, we will
provide an easy proof later in Chapter 3 by just using Levin-Przytycki’s theorem Theorem 1.2.6.
So far as we know, (1.2.5) is the strongest algebraic relation satisfied for all non-exceptional ratio-

nal functions f and g with ur = ug.

In the writing of the paper [42], we learned of two related articles in preparation. Related to
Theorem 1.2.4, Adam Epstein has shown that the iteration map ¢, , is an immersion for all d and
n = 2; see Proposition 3.3.1. Related to Theorem 1.2.1, when T is assumed to be a polynomial, Avanzi,

Zannier, Carney, Hortsch and Zieve has provided a complete list of such examples; See [2] and [10].



CHAPTER 2

THE SCHWARZIAN DERIVATIVE AND POLYNOMIAL ITERATION

2.1 Basic properties of Schwarzian derivatives

In this section, we give useful formulas for S¢» and also basic definitions that we are going to use

later in this chapter.

2.1.1 Basic formula for the Schwarzian derivative of f”

In order to find the limit of Z’TZ for a general polynomial with degree d = 2, we need to rewrite
S¢n in terms of Sy and then evaluate the limit. To do this, we use the formula for the Schwarzian

derivative of the composition of two functions f and g. An easy calculation shows that (cocycle

property)

Sfog(2) = Sp(g(2)(g'(2))? + Sg(2) 2.1.1)

From this relation we derive the following important formula:

Sp(z) = Sp(f" @ @))P + Spini (2)
= ST @TH @)+ ST @R (@))P + Sz (2) (2.1.2)

n_l . .
= Y SroflRAf (@)1 +Ss(2)
i=1

14
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Proposition 2.1.1. Let f be a polynomial with degree d = 2. For any point z € C\Precrit(f) and any

sequence {n;}°. of N with n; ] th Sy d M ither both
q 152, i — 00 as i — oo, the sequences { —z— an Ty either bo

converge, diverge to infinity or diverge.
Moreover, if both of them converge, then

& lim 222

i—oo d2Ni

S n;j-1 (f(Z))
_ 21 f
=@ i =

Proof. From (2.1.1), we have:

Spui(2)  Spu (f@)(f(2)% +S7(2)

d2n,» d2n[

Syt (F@)(f'(2)?  Syp(2)
d2d2mi-1 + d2ni

By the assumption that z is not a critical point of f and d = 2, it is easy to see that this proposition is

satisfied since f’(z) is not equal to zero and S r(2) is finite. O

2.1.2 The Schwarzian derivative as a quadratic differential

In this subsection, we are not only considering polynomials, but also rational maps with degree

d=2.
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Meromorphic quadratic differentials. For any Riemann surface S, a meromorphic quadratic differ-
ential Q on S is a section of the second tensor power of the cotangent bundle. In local coordinate,

Q=Q (z)dz?, where Q1 (2) is a meromorphic function. And under changing of coordinate w = w(z),

Q= Qx(w)(dw)* = Q(w(2) (W' (2))*dz"

i.e., Q(w(2) (W' (2))* = Qi (2).
Consider a non constant holomorphic map f : P! — P!, This is a rational map with finite degree.

Let’s look at the Schwarzian derivative of this rational map f, and view it as quadratic differential, i.e.

Sfdz2 instead of Sr(2)

From the definition of the Schwarzian derivative, it is not hard to show Sg = 0 if and only if g is a

Mobius transformation; see [14]. From the following identity

Seg(2)dz” = S7(g(2))(dg)* + Sg(2)d 22,

for any two Mobius transformations g., g1, we have

Sglofogodz2 = Sf Ogo(dgo)z

So the Schwarzian derivative S¢d z? as a quadratic differential is well defined on P!. More generally,

for any non constant holomorphic map from some projective Riemann surface to another projective
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Riemann surface, there is an unique quadratic differential (named as Schwarzian derivative) associ-
ated to it; see [14].

Recall that in the last part of the introduction, we defined an equivalence relation of polynomials:
f ~ g if the Schwarzian derivative of f is the same as the Schwarzian derivative of g up to some
affine transformation. The Schwarzian derivative of a polynomial is determined by the locations

and multiplicities of the critical points:

Lemma 2.1.2. Let f and g be polynomials with degree d = 2. Then f ~ g if and only if they have
the same critical set (critical points are counted with multiplicity) up to some affine transformation

(A(Crit(f)) = Crit(g) with A some affine transformation).

Proof. Assume f ~ g, then Sydz* = A*(Sgdz?), which means f = Bo g o A for some affine transfor-
mations A and B. Indeed, by the cocycle property, A* (Sgdzz) = Sgc,Adz2 and then Sy,(go4)-1 =0 0n
some open subset of C. So B = fo(goA)~!is a Mébius transformation on some open subset of C. By
continuity, f = Bogo Ain C, and so B is an affine transformation. This implies that A transforms the
critical set of f to the critical set of g.

Conversely, assume that there is an affine transformation A that transforms the critical set of f
to the critical set of g. Since g ~ go A, it suffices to show that f ~ go A. Because f and go A have the
same critical set, so we can let the critical set be {ci}?:_ll. Then f = ah(z)+band go A= ch(z) +d with

a,cZ0and h(z) = fOZ ]_[?z_ll(t— c;)dt. Which means Sf=8p=Sgoa, ie. f~goA~g. O

Proof of Theorem 1.1.3. Let = be the notion of strong equivalence. Assume that the polynomial f

with degree d = 2 is not conjugate to z¢%, and there is a subsequence {ni}32, =N* such that f" ~ g".
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By Lemma 2.1.2, there are affine transformations {A; = a;z + b;} such that A;(Crit(f")) = Crit(g").
Since f is not conjugate to z%, so g is not conjugate to z¢%. Indeed, for n = 2, Crit(f™) has at least two
distinct points, however, Crit(zdn) has only one point. Set M; = Diam(Crit(f 2))> 0, M{ = Diam(Crit(gz)) >
0, M, = Diam(Precrit(f)) and Mé = Diam(Precrit(g)). Because f(C\D(0,R)) c C\D(0, R) for R suffi-
ciently large, so Precrit(f) is bounded and then M, < co. Similarly, M}, < co. Moreover, since f"*™ =
f"o f™, then Crit(f™) < Crit(f"*™). So for the diameters Diam(Crit(f")) and Diam(Crit(g")) of the

critical sets, we have

0 < M, < Diam(Crit(f™)) < M, < 0o, 0 < My < Diam(Crit(g"™)) < M}, < oo,

for any n; = 2. Consequently,

0< Mz <|a;| < My <o00,|b;| < M5 <oo

So after passing to a subsequence and without loss of generality, we can assume A; — A as i — oo,
where A is an affine transformation. Then it is easy to know A(J(f)) = J(g). Indeed, for any c €

Crit(f/) c Crit(f?), A;(c) € Crit(g’) c Precrit(g) with j < i. It indicates that A(c) € Precrit(g) and then

A(Precrit(f)) c Precrit(g). Similarly, by taking Ai‘1 instead of A;, we get A~!(Precrit(g)) c Precrit(f).
Because f is not conjugate to z%, the set of accumulating points of Precrit(f) (respt. Precrit(g)) is
J(f) (respt. J(g)), which means that A(J(f)) = J(g).

If f is conjugate to z¢%, then by the above argument, g should also be conjugate to z%. So there is

an affine map A such that A(J(f)) = J(g).
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Conversely, assume f and g have the same degree d = 2 and A(J(f)) = J(g) for some affine trans-
formation A. Since g; = Alo goA=gand A(J(g1)) = J(g) = AUJ([)), so it is enough to prove that
g1 = [ with the condition that they have the same Julia set. First, if the Julia set is a circle, then
both of them are conjugate to z%. Indeed, we can assume J( f) is the closed unit disk. Let ¢ be the
Boettcher function of f, such that ¢ o fo@~! = z9 on the basin of infinity. Since the basin of infinity
is the complement of the unit disk and ¢ is a conformal map that fixes the infinity, so ¢ should be
a rotation. Then f is conjugate to z%. So f" ~ z%" ~ g{ for any n € N*. Second, since both f" and
g1 have the same degree and the same Julia set which is not a circle, then f" = 0, 0 g{' with 0, an
affine transformation in the symmetry group of the Julia set; see [6] for details. So S¢n = Sgn for any
n € N*. And moreover, when Julia set is not a circle, the order of symmetry group of the Julia set is
finite; see Lemma 4 in [7]. Thus there are only finitely many conjugacy classes which belongs to a
strong equivalence class. O

Notes: the proof of Theorem 1.1.3 relies on the classification of polynomials with the same Julia
set. When do two polynomials have the same Julia set? Historically, commuting polynomials have
the same Julia set, as observed by by Julia in 1922 [24]. Later in 1987, Baker and Eremenko showed
when the symmetric group of the Julia set is trivial, polynomials with this Julia set commute; see [4].
In 1989, Fernandez showed there is at most one polynomial with given degree, leading coefficient
and Julia set; see [20]. Finally in 1992, Beardon showed {g|deg(f) = deg(g),J(f) = J(g)} ={oo flo €

symmetric group of J(f)}; see [6].
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2.1.3 Conformal metric of quadratic differential.

For meromorphic quadratic differential Q on S, it determines a flat metric d 2= |Ql, with singu-

larities at zeros and poles of Q.

Trajectories as a foliation. For any meromorphic quadratic differential Q on S, it determines a foli-
ation structure on S with singularities at zeros and poles of Q. A smooth curve on S is a (horizontal)
trajectory of Q, if it does not pass though any zero or pole of Q, and for any point p in the curve, the

non zero vector dz tangent to this curve satisfy:
arg(Q(p)dz*) =0

i.e Q(p)dz? is a positive real number. By a trajectory, we usually mean the trajectory that is not

properly contained in another trajectory, i.e. a maximal trajectory.

Lemma 2.1.3. Let f : P! — P! be a rational map with degree d = 2. Then Sydz* is a meromorphic
quadratic differential with poles of order two at the critical points of f. For any critical point p of f

with order k, near p

1-k2 L0 1 )
(z— p)? |z— pl

Sr(z) = 3

i.e., a neighborhood of p is an infinite cylinder with closed geodesics as trajectories of length 21/ @

1
(z—p)?

Proof. The only thing we need to show here is that the coefficient of at pis I_Tkz, and for other
details of this lemma, please refer to the §6.3 [38]. The coefficient can be verified by a direct compu-

tation. O
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1
2.1.4 L, integrability of quadratic differential.

For any Riemann surface S, we consider the space MQ(S) of meromorphic quadratic differentials
on S. For any @ € MQ(S), we say that it is LI%OC integrable, if for any point g € S, there is a local
coordinate at g, and write « as h(z)dz? in this coordinate, such that the integration f f \/m dxdy
over some neighborhood of p is finite. We say that {a,} € MQ(S) Ll%oc-converge to @ € MQ(S), if both
a and a, are LI%OC integrable, and for any point p, there is some local coordinate at g, and write @ and
ay, as h(z)dz? and hy,(z)dz? in this local coordinate, such that the integral [ [ v/|h,(z) — h(z)|dxdy
over some neighborhood of p converges to 0. Actually, the LI%OC integrable subset of M Q(S) is a vector
space.

Any meromorphic quadratic differential @ € M Q(S) with poles of order at most two is L%OC inte-

grable.

1
Lemma 2.1.4. For any rational function f with degreed =2, Sn dz? is L; . integrable.

Proof. Since for any rational map f, the Schwarzian derivative S¢d z? has poles of order at most two,
1 1
then S¢d z? is L; . integrable, and also S¢nd Z?is L; . integrable.

2.2 Local Convergence of S

In this section, our main goal is to prove Theorem 1.1.1, the local convergence of the normalized
Sgn.

2.2.1 Bounded Fatou components

. . . . Sen
In this subsection, we are trying to show that lim;,_., # = 0 on the bounded Fatou components

for any degree d > 2 polynomial f, which is not conformally conjugate to z¢.
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Theorem 2.2.1. For any z ¢ Precrit(f) in a bounded Fatou component of a polynomial f with degree

d =2, which is not conformally conjugate to z%, then we have:

Sen
lim / (Z):

n—o0o dZn

Moreover, this is a local uniform convergence.

Proof. First, assume that z is attracted to some fix point z; (attracting or parabolic fix point), and z;
is not a critical point. Then,

0<A=|f"(z)|=1

For any fixed 0 < € < 1, since we have f”(z) converges to z;, there exists N, € N and M < oo, such that
for any n > N,, we have:

If'(f"(2) < 1+eand [Sp(f"(2)| < M

By (2.1.2),

n-1 . )

1Y Spofiz)- (F) ()% +S5(2)
i=1

n- . .
Y ISrofi@)- (Y (@141, (2]

i=1

ISgn(2)]

I\ I
Lo

Since we have

ISP @ (@)2 < M- My -(1+€)*", for any n> N,
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. . ) S
where M; = |(fN°)'(2)|, by the fact that 1+¢ < d for d = 2 and € < 1, it is obvious that lim,,_., ZTE? =0

is satisfied.

Second assume z is attracted to a critical fix point z;. Without loss of generality, we can assume
z1=0,50 f = az +bz" "1 +.--,witha #0and 2 < r < d—1. By Prop. 2.1.1, we can study the Schwarzian
limit at forward iterate of z instead of the Swhwarzian limit at z. Then we can assume that z is close

to 0. Let’s conjugate f to z" near 0 by a conformal map ¢, such that ¢(0) = 0 and ¢’ (0) # 0,

(pofoq)_1 =z

By the cocycle property of Schwarzian and Example 1,

S

an (2) (p—lozrnotp(z)

St (0@ (@Y @@™) - "~ De@ ' @)
_ +2n

LT o2
+2<p(z)2 (@ (2))" + Sy (2)

. . . S¢n . . . .
Since ziscloseto0and2 <r <d-1, thenlim,_ ’;TEZ) = 0is obviously true in this case by the above

formula.

Third, assume that z is in some Siegel disc D, fixed by f. Similar with the previous case, we can

move the center of D, to 0, and conjugate f by ¢ on this Siegel disc to a rotation map, i.e.

@of=A-@ with|A|=1
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where we have ¢(0) =0 and ¢'(0) = 1. And by (2.1.1),

an (Z) = S(p—l (An) (Z)

Sp1(A"(2) - (91 (A @(2)))* + Sy (2)

Since A" (z) is in ¢’s image of some compact subset of D, for any 7, then S(pfl (A"¢(2)) is uniformly

bounded. So lim;,_.o % = 0 is obviously satisfied in this case by the above formula.

From above arguments, it is not hard to see the convergence is local uniform. For points in the
periodic bounded Fatou components and not in Precrit(f), we can use similar arguments to show
that the result of this theorem is satisfied. And for points attracted to periodic bounded Fatou com-

ponents, Prop. 2.1.1 shows that the result is satisfied too. O

2.2.2 Basin of infinity.

In this subsection, we are going to prove the local convergence of S¢» on the basin of infinity.

Consider the following escape-rate function of a polynomial f with degree d = 2:
Gr(z) = lim i10 1 (2)]
f n—oo (" 8 ’

where log™ | x| = max(log|x],0). The escape-rate function G7(z) is the Green function of the basin of

infinity. So it is harmonic on the basin of infinity. Actually, it is a subharmonic function on C. By

taking the partial derivative of G¢(z), we get g(z) = aGaf Z(Z) is a holomorphic function on the basin of

infinity; the zeros of g(z) are exactly the points in Precrit(f). Moreover, from the definition of G 1(2),
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it is a limit of harmonic functions converging locally uniformly. The derivatives of these harmonic

functions converge. Then we know that the partial derivative commutes with the limit, i.e.

4G 8- log|f"(2)
f(Z) - lim d glf |

glz) = 3z lim P (2.2.1)
_ o 1 dlog(f"@f"@) _ 1 (f"R)
= am o 3z = an )

Theorem 2.2.2. For any z, ¢ Precrit(f) in the basin of infinity of a polynomial f with degreed = 2, we

have:

. Sf" (z0)

m
n—o0o dZn

0Gf(2,)\?
0z )

=-2(g(2,))% = —2(

Moreover, this is a local uniform convergence.

Proof. Since g(z) =0 if and only if z € Precrit(f), then we have g(z,) # 0, because z, ¢ Precrit(f).

(f"(z0))

Letrn = 5o yan iz

by (2.2.1), we get

limr,=1
n—oo

Moreover, let f(z) = adzd + ad_lzd_l + -4 ap with ag # 0, and an easy calculation shows that
a2
Sr(z) = 572 h(z), and Zlg&h(z) =1,
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where h(z) is arational function. Let s, = h(f"(z,)), since lim,—.«, " (z,) = 0o, so we getlimy, o, S, =

1. Then

_ A2 ny/ 2
SrUF @D (z))? = U=z

=2(1-d*)s,r2(g(zo)%d*",

Substituting the above formula into (2.1.2), we get

Sen(zo) XIS p(F o) (f1) (20))2+S 1 (2,)
d2n - dZn

n-1. .2 72i
o SiT7d

= 2(g(20)2(1 - d?) =
Because both r;, and s, converge to 1 as n tends to oo, it follows that

. Syn(2zo) . _q2n
limy oo L =2(8(20)2(1 = dA im0 T

= ~2(g(ep))? = ~2(24%)’

The fact that this convergence is local uniform can be deduced from the fact that both r,(z) and

sn(2) converge locally uniformly.

O

Remark. Alternately, the result of Theorem 2.2.2 can be seen in the language of “Schwarzian between

conformal metrics". On the complex plane C, we define:
Q 01 2 ()] 2y _ 1 2 1 2
S(e'dz|7,e"*|dz|") = 0122 — 201z~ (0222 — 5022) dz

where o, = ‘3—‘;. Easy to know, we have

. Sfdz2 = S(f*|dz|? |dz|?), for any non constant holomorphic map f.
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. §(clp1|dz|2, cngldzlz) = §(p1|dz|2,p2|dz|2), for any positive constant numbers ¢; and c,.

o S(p1ldzl?, p3ldzl?) = S(p11dzI?, p2ldzl?) + S(p2ldzl?, psldzl?).

Then we have

l T | U L L PR 2 Tk d“’: __ l T* d3-2

(Bl dsP) + Bl ISP ) = gmSpnds + 80P, Z ™12
\L'n—>oc

| R QR - i dz we( .22 oG B, g

B, IS = S0 B = () — -2 (L) o

For more properties about the Schwarzian of conformally equivalent Riemannian metrics, please

refer to [35].

Nonlinearity. Similar with the Scharzian derivative, we can define nonlinearity Ny of a nonconstant

holomorphic function f on the complex plane.

1

Nf:?

Nonlinearity Ny = 0 if and only if f is an affine transformation. Sometimes we can view Ny as a one

form Nydz. We have the following cocycle property:
Nfogdz=g"(Nydz)+ Ngdz

Moreover, N¢dz has a pole of order one at critical point of f. Using the same argument in Theorem

1.1.1, we have
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Theorem 2.2.3. Let f be an polynomial with degree d = 2 and not conformally conjugate to z%, and
Xy be its basin of infinity. Then we have:

o limy oo L2 = 0Gy, 0n X,.

. N¢nd _
e lim,_ .o f;i—,,z = 6Gf, on C\ Precrit(f).

. nyn 2 6G 2 e ——
e lim, . (52,3(;55, = Zf) , on C \ Precrit(f).

In each case, the convergence is locally uniform.

Proof of Theorem 1.1.1. Since we have G¢ = 0 on the bounded Fatou components of f, then this

theorem is an easy consequence of Theorem 2.2.1 and Theorem 2.2.2. O

2.2.3 Global convergence on the Fatou set.

1 1
Recall the definition of L] integrability and L} = convergence of meromorphic quadratic differ-
entials on the Riemann surface in §2.1.2. For any rational function f with degree d = 2, by Lemma

1
2.1.4,Spndz*is L} _integrable.

Corollary 2.2.4. LetSgnd z? be the meromorphic quadratic differential on P! determined by the Schwarzian

derivative of f", where f is a polynomial with degree d = 2 and not conformally conjugate to z%. Then

_ Sp@) 0Gr(2)\*
r}l_{go o dz __Z(T) dz*,

1
2

on the Fatou set (including oo) of f, converging in the sense of L} .

Proof. The proof of this corollary follows easily from the arguments in the proof of Theorem 1.1.1,

together with the triangle inequality. So we omit the details here. O



29

2.3 Geometric Limit of Metric Spaces

In this section, we discuss the possible limit of metric spaces coming from Schwarzian deriva-

tives.

2.3.1 Ultrafilter and ultralimit

A non-principal ultrafilter w is a set consisting of a collection of subsets of N, satisfying

e fAcBcNand A€ w, then Bew.
o For any disjoint union N= A; U A, --- U A, there exists one and only one A; € w.

o For any finiteset AcN, A¢ w,

We can view a non-principal ultrafilter w as a finitely additive measure on N, only taking values in
{0,1}, where any finite subset of N has measure zero and N has measure 1. By Zorn’s lemma there
exists some non-principal ultrafilter, and non-principal ultrafilter on N is not unique. Hereafter, we

fix a non-principal ultrafilter w. For more details about the ultrafilter, please refer to Chapter I §5 [8].

Let Y be a compact Hausdorff space. For any sequence of points {y;}?2, < Y, there is an unique
point y, € Y such that {i|y; € U} € w for any open set U containing y,. This y, =lim,, y; is denoted
as the ultralimit of { J’i}?iy

Let {(Yy, dn, bu)};., be a sequence of pointed metric spaces. Let Y,, be the set of all the sequences
(yn) with y, € Y;, satistying:

li(f)n dn(Yn, by) < oo;
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here, the ultralimit is taken in the space of [0, +00]. Set

dp((Xn), (Yp)) = lim d (xn, yn) < oo,

with (x5) and (y,) € Y,,. Thisis a pseudo-distance on Y,. Let (Yy, d,, by) := (?w,cfw,(bn))/ ~, where
we identify points with zero d,,-distance. The point metric space (Y, d, bs,) is called the ultralimit

of {(Yn, dn, bp)}5.,; see Chapter I §5 [8].

2.3.2 The ultralimit of the Schwarzian metrics

Let f be a polynomial with degree d > 2. The Schwarzian derivative Sy» determines a metric

an
dazn

space (X, dy), where X, = C\ Crit(f") and d,, is the arc length metric ds =

|dz|. Thisis a com-
plete geodesic space with non positive curvature. Fix a point a ¢ Precrit(f) on the basin of infinity.

In this section we are considering the ultralimit (X, d,, a,,) of the pointed metric spaces (X, d,, a).

Proposition 2.3.1. (X,,d,, ay) is a complete geodesic space.

Proof. The metric space (X, d,,, a,) is complete, since the ultralimit of any sequence of pointed
metric spaces is complete; see §1 Lemma 5.53 [8]. Moreover, the geodesic property is also preserved
by passing to the ultralimit. The pointed metric space (X, dy, a,) is a geodesic space. Indeed,
{(Xp,dy, a)} are pointed geodesic spaces. For any two points x, = (x;) and y, = (y;) in Xy, there
is (z;) such that d;(x;,z;) = di(z;,y;) = %di(xi,yl-). From this fact, we know that z, = (z;) € X, and
also

1 . )
llglidi (xi,y1) = hgldi (xi,2i) = hal}ldi(zl-,yi),
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ie., dy(xy, z2y) = dy(zy, Vo) = %dw (X, Yo)- SO x4 and y, have a midpoint in X,,. Which means X, is

a geodesic space, since it is complete. O

2.3.3 The flat metric on the basin of infinity

Let X, be the basin of infinity of f and d, be the arc length metric from ds = v/2 ‘ aa%‘ |dzl; see

Figure Figure 1.1.1. The metric space (X,,d,) is not complete. If the filled Julia set K(f) of f is

disconnected, then we can complete X, as follows

Lemma 2.3.2. For polynomial f with degree d = 2 and K(f) disconnected, the metric completion
(Xo,do) of (Xo,d,) is a quotient of C, obtained by collapsing each connected component of K(f) to a

point. The completion X, is homeomorphic to R?>. Moreover, (X, d,,) is a geodesic space.

Proof. Since K(f) is disconnected, the first two conclusions of this lemma follow immediately from
the flat structure of the metric d,; compare [11]. A complete metric space is geodesic if there exists a
midpoint for any two points on this metric space. It is obvious that (X, d,) has this property. So it is

a geodesic space. O

Let E be the set of X, \ X,. The set E is totally disconnected. So we call E the ends of X,. Each
point e € E corresponds to a connected component of K(f). Let C = X, nPrecrit(f). For any end
in E, there is a sequence of annuli on X,\C such that they nest down to this end with d,-diameters
tending to zero; see the flat metric structure of X, in [11]. The following lemma follows easily from

Theorem 1.1.1.
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Lemma 2.3.3. For any piece wise smooth and compact curvey c X,\ C, thed,-length d,(y) converge
to the d,-length d,(y). Moreover, for any point p € X, \ C, there is a small neighborhood U c X, \ C of

p, such thatlim,_. d,(x,y) = dy(x, y), uniformly for x,y € U.

The following proposition is an essential ingredient in the proof of Theorem 1.1.1.

Proposition 2.3.4. Let f be a polynomial with degree d = 2 and J(f) disconnected. For any geodesic

metricd on X, with (X,, d) locally isometric to (X,, d,) under the identity map, we have d= dy,onX,.

To prove this lemma, we need the tree structure of (X,, d,); see [11]. Specifically, this is a quotient
7 : X, — T(f), defined by collapsing each connected component of the level set of G r(2) to a point.

There is a canonical map F on T(f) induced from f.

Xo—L %,
|,
T(f) —> T(f)

The space T(f) has a simplicial structure, and is equipped with a metric from G¢. The set of
vertices is V = Uy, mez F™ (F" (branch points)). The distance between two points in the same edge is
given by the difference of their G¢ values. Let S = =1 (V). Then X, \ S consists of countably many
connected components. Each of them is an annulus. So we view X, \ S as a set of annuli. The map n
is a one to one map from the annuli to the edges of T(f). For any annulus A € X, \ S, it is a cylinder

with finite height in the d,-metric.
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The height of A, denoted as H(A), is equal to the length of the edge 7 (A). Also, we define the level
of A as L(A) to be the G f value of the middle point of 7(A). The closed geodesics of A are the level
sets of G £ They have the same arc length in the d,-metric, denoted as C(A).
The map f sends annulus in X, \ S to annulus. For each annulus A € X, \ S, there is a well defined
local degree d 4, defined as the topological degree of f1]4. Moreover, let N(f) = max{G(c) |c is a critical point of f}.

We have the following properties:

C(B)=V2n 2.3.1)
BeX,\S,L(B)=L(A)

d
L(f(A)=d-L(A), H(f(A)=d-H(A), C(f(A) = 7AC(A) (2.3.2)

d 4 is equal to one plus the number of critical points (counted with multiplicity) enclosed in A.

The points enclosed in A should have Gy value less than L(A). If L(A) < N(f), then the annulus
A can not enclose the critical point(s) with Gy value equals N(f). And because f has d —1
critical points counted with multiplicity, then d4 < d — 1 when L(A) < N(f). From (2.3.1) and
(2.3.2), for any annulus A satisfying d”L(A) < N(f), we have L(f(A)) = d'L(A) < N(f), i.e.

dficay < d—1forany1=i=n. Consequently,

CA) = (%)" -C(f"(A) = (%)" V2n (2.3.3)
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o Let | f 14 | be the number of annuli in the set f ~1(A). We have | f 14 | equals to d minus the

total number of critical points (counted with multiplicity) enclosed in the annuli in f —“14).

e Let Ae X,\S. Anypoint x € X, with Gr(x) < L(A)/d is enclosed in one of the annulus B € X, \ S

with L(B) = L(A).

e Anytwo annuli A, B € X, \ S with L(A) = L(B) have the same height.

For more details about these annuli and the tree structure of the basin of infinity, please see [11].

Proof of Proposition 2.3.4. Since X, is dense in X, for both the metrics d and d,, then it suffices to

prove that d,(x, y) = d(x, y) for any two points x, y € X,.

One direction: d,(x,y) = d (x,y). From the definition of d,, for any € > 0, there is an arc y c X,
connecting x and y with d, length d,(y) < d,(x, y) +€. Since these two metrics are locally isometric

on X,, for the length d(y) of y in the d-metric, we have

dx,y) <d(y) = do(y) < dy(x,y) +€

Let € — 0, then we get d(x, y)<d,(x,7).

The other direction: d,(x,y) < J(x, ¥). Choose a geodesic g : [0,7] — YO in the J—metric, with
g(0) = x and g(r) = y. Our goal is to construct an arc y < X, from g, connecting x and y with d,
length d,(y) < r + € for any fixed € > 0.

From (2.3.3), there is some small level [ > 0 such that the set of annuli T = {A€ X,\S | L(A) = [} is

not empty and C(A) < § for any A€ T. Since all the annuli with the same level have the same height,
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so h = H(A) for A€ T is well defined. We order the elements of T as Ay, Az, -+, A, with C(A;) < C(A;j)
forany 1 <i< j<k. Let Ty = f~°(T) and decompose T; into T and T, , with T, the set of annuli
crossed by g. So the length of g in each annulus belonging to T is at least the height of this annulus.

Let | - | be the number of elements of a set. Then we have:

h -
Z |T;|'$Sd-lengthof§:r<oo
seN

Form the above formula, there is some big n, such that | T,/ | - % <h,ie, T |<d" As|f (A
is equal to d minus the total number of critical points (counted with multiplicity) enclosed in the

annuli belonging to f~!(A), and f has d — 1 critical points, then
| Tonrl = 1f 1T >d- 1Tl =d, If (Al < d"

since any two annuli with the same level won't enclose each other, i.e., they won't share a common

critical point inside. Consequently,
| Tulyd"-|T)—d"—d""' —---—d)d" - k—2d"

Combining the above formula with |T,} | < d", we have |T,, | = | T,| - | T, | > d" - (k- 3). From (2.3.2),

foranyl=<i=<k,

If" A =ad", % <C(B)any Be f7"(A))
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We order T, as By, Bz,---, Bjt,, such that §; = C(Bj) < fj+1 = C(Bj+1) forany 1 < j <|T,|-1. From

the above formula, we have

C(A;
ﬁd”-(i—1)+j2 (dnl)’ l<i<k-3 andlsjsd”,

Then we get,

2 ety C(B) =X per, C(B) —Lper; C(B)

<Ven-yk3 Zj-i_l Bar-i-1)+j

<Yl Can-xifan-Spt

=C(Ag-2) + C(Ar-1) + C(Ap)

Now, we can construct an arc y < X, from g as follows (without loss of generality, we can always

assume that both Gr(x) and Gy(y) are greater than [, and n > 1):

Choose a minimal 71 € [0, ] such that g(r) lying on the outer boundary of some annulus B! €
Tr.

n

« Choose a maximal r| € [0, r] such that g(r{) lying on the outer boundary of the annulus Bl.

e Replace the arc g([ry, r{]) c g with a shortest curve y; on the outer boundary of B! connecting
g(r1) and g(r)).
« Do the same thing as the previous three steps, we can find a minimal r, and maximal r} in

[r},r], such that g(r,) and g(r;) lying on the outer boundary of some B? € T, and r; — r, > 0.
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Replace g([r2,1,]) g with a shortest curve y» on the outer boundary of B? connecting g(r>)
and g(ry).

» Keep doing the same thing as previous step by step, we can replace sub-arcs of g by arcs y; on
the boundary of B’ € T,'. This process will stop under finite steps, since B’ # B/ for any i < j

and |T;7| < oo.
From the above construction, we get a new arc y from g. We have y c X,,. In fact, for any point p € y,

p is not enclosed by any annulus B € T,,. So we have G¢(p) > #. And

do(x,y) = do(Y) = r+do(Y1) +d0(Y2) +oee
<r+CBY+C(B?*) +---
< r+ZB€Tn+ C(B)<r+e.

Lete—»O,wegetdo(x,y)Sr=J(x,y). O

Proof of Theorem 1.1.2. First, we construct a natural map p

p: Xo\C— Xy,

as: forany p € X,\C, p(p) = pw = (pn = p) € X,. This map is well defined, since {d;,(p, a)} is uniformly
bounded by Lemma 2.3.3. Let p, g be two points in X,\C, and p,,, g, the p image of p, g in X,,. We
want to show that d,, (p,, g») < do(p, q). For any € > 0, we can choose a smooth curve on the basin of

infinity with d,-length less than d, (p, q) + €. By a small perturbation, we can assume this curve does
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not pass any point in C, and this curve is also on the basin of infinity. Since this curve is compact,
by Lemma 2.3.3, the d,-length of this curve converges to the d,-length of this curve. So for n big
enough, the d,-length of this curve is less than d,(p, q) +2¢. Then dy(py, gw) < do(p, q) + 2€. Let
€ — 0, we get dy(Pw, Gu) < do(p, q). Also, from Lemma 2.3.3, this is a locally isometric and distance

non-increasing embedding. Then we can extend the map p from X,\C to X,:

For any end e € E, let K, be the corresponding connected component of K(f) and X, = {(x;) €

Xollimg, x; € K,}. And for any c € C, let X = {(x;) € X, |lim,, x; = c}. Obviously, the set

Xp = (UaeCUEXg) Up(Xo\0),

is a disjoint union, i.e.

X3 'nX)?=@and X' np(X,\C) =@, forany a; # a € CUE

Indeed, there is a closed annulus A in X,\C with the corresponding parts of a; and a; in the two
different components of C\ A. Let & be the distance between the two boundaries of A in the d,-
metric. we have h > 0. Since any arc connecting two points in distinct components of C\ A should

across A. By Lemma 2.3.3, the d,,-distance of the two boundaries of A converge to k. So we have
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dy(X5', X5?) = h > 0. Consequently, X' N X2 = @. Similarly, any point x, € p(X,\C), we have
dy(Xy', x») >0, then X' N p(X,\C) = @.

From above, for any two distinct points &, in CUE and p,, € p(X,\C), we have d,, (p(«), Xf) >0
and d, (p(a@), pw) > 0. Moveover, since Yo is homeomorphic to R2 by Lemma 2.3.2, so p :XO — p(YO)
is a distance non-increasing homeomorphism. We want to show (p(X,), d,) is a geodesic space and
p is locally isometric at the points in C. Then by Proposition 2.3.4, we may conclude that p is an
isometric embedding.

For any x,, € X and y, ¢ XJ, with @ € C U E, we want to show any geodesic g, connecting x,,
and y,, should pass through p(a). For any closed annulus A c X,\C with the points lim (x;) and
lim,, (y;) lying in the different components of C\ A, as previous, X,, \ p(A) consists two connected
components, with distance at least the distance of the two boundaries of A in the d,-metric. And
since x, and y,, are in different components of X, \ p(4), the geodesic connecting them should
intersect p(A). Let {Ai}‘l?il be a sequence of such annuli, and they nest down to « in the sense that
lim;_.,diameter(au A;) = 0 in the d,-metric. Choose some x};, in p(A;)Ngy-. Since {A;}72, nest down
to a and the map p does not increase the distance, then we have that {xj;)} converges to p(a). As the
geodesic is compact, we know that p(a) should in the geodesic g,.

If there is a geodesic g, < X, with two end points in p(X,) such that it has some point p,, €
8u N (Xu \ p(X,)). Assume p,, belongs to X& with « € CUE. Then p,, divides g, in to two parts.
Each of these two parts should pass though p(a). Which means g, can not be the shortest curve

connecting the two end points. In all, any geodesic with two ends in p(X,) should be contained in
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p(X,). So (p(X,), d,,) is a geodesic space, since X,, is a geodesic space. Plus p|x,\c is locally isometric
and distance non-increasing embedding, we get p|, is locally isometric.

For any a € EUC, since there always exists a sequence of {¢;}72, < C converging to «, then for any
I > 0 big enough, we can always choose a sequence of points {x;}72, < X,\C, such that d;(x;, a;) = |
and lim,, x; in a’s corresponding subset of C. Then we have x,, = (x;) € X§ and d,, (xy, a,) = I.

For any c € C, to prove that X is a real ray, it suffices to prove that for any two sequence {x,} and

{yn} converging to c, with

nh—Ivlr}o [dn(xn, a) = dn(J/n’a)] =1>1,=ds(a,c)

then, we have lim,,_., d;, (x5, y») = 0. This follows easily from Lemma 2.3.7 proved below. O

2.3.4 Realrays attached to C

In this subsection, we are going to complete the proof of Theorem 1.1.2 by showing Lemma 2.3.7.
What remains is to show that the extra pieces of X,, are real rays attached to X,. The basic idea is to
show that X, has no “bulb" near the critical points of f”. For doing this, we need to use the fact that
X}, is a metric space with non-positive curvature.

Let S be a closed Riemann surface with genus g = 2 and Q be a holomorphic quadratic differential
on S. Then Q determines a flat metric ds® = |Q| with finite singularities on S at zeros of Q. At non-
singular points, it is flat, so it has curvature 0; at singular points, it’s a cone with angle k7 for 3 < k € N.
So at the singular points, it has negative curvature. Then in this metric, S is a complete arc length

metric space with non-positive curvature. For the definition and properties of the curvature, please
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refer to p. 159 [8]. Lift this metric to the universal cover S of S, we also get a metric on S with non-

positive curvature.

Lemma 2.3.5. S is a complete CAT(0) unique geodesic space, any geodesic locally is a straight line at

non singular point.

Proof. By [1], S is an unique geodesic space (any two points are connected by an unique geodesic)
with geodesic locally straight line, and S is also complete. Moreover, since it is a complete and simply
connected metric space with non positive curvature, by Cartan-Hadamard Theorem, such space is a

CAT(0) space; see p. 193 [8]. O

Fix a point ¢ € C and some very small € > 0. Let ¢, < X,\C be the closed curve at e-distance from
c in the d,-metric. For each n, choose some closed geodesic (in the d,-metric) ¢, < X, such that ¢,
is sufficiently close to c; see Lemma 2.1.3. By Lemma 2.3.3 and Lemma 2.1.3, there is some M < oo,
such that the d,-length of ¢, d,(c;) < M -€ and d,(c,) < M/d". Choose x, € ¢, and y, € cp, such
that r, = d,,(xn, yn) = du(ce, cn). We can do this is because both ¢, and ¢, are compact. Choose a
geodesic g, : [0, r,] — X, with g,(0) = x, and g, (1) = y»n. Let A, be the open annulus bounded by
¢e and c,. We have that g,((0, r,)) < A,. Otherwise it won't be the shortest curve connecting the two
boundaries of A,,.

We can construct closed Riemann surface S, with genus g = 2 from X,,. The metric space (X, d;)
has finitely many infinite cylinders (cylinder with infinite height). Each such infinite cylinder lying in
some neighborhood of a critical point (including {oo}) of f”. So cut the infinite cylinders off X, along

some of the closed geodesics inside the cylinders, such that the closed geodesic is much closer than
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cp to the critical point. Then we get X),. Double X/, and glue them together along the corresponding
boundaries to get a closed surface S,,. The metric on S, is the obvious metric induced from X,.
Consider the universal cover S, of S,, with the induced metric Jn from S;,. Topologically, S, is a unit
disk. Let A,  S,, be one of the connected components of the preimage of A,,  X},. Then A,isa strip
on S, separating S, into two connected components. Since the projection of any curve connecting
this two components should be some curve across A, c X],, the distance of these two components
is dj, (x5, yn) obtained by some lift g, of g, connecting these two components.

The boundaries dA,, of A, are two curves in the preimages of c, ¢, < X},. The preimage of g, on
A, cuts A, into quadrilaterals. All of them can be mapped into each other by some isometry of S,,.
Pick one of these quadrilateral B,, with g, c dB,,. Then B, is a copy of the lift of A,,\g,. Denote ¢,

and ¢, as the lift of ¢, and ¢, on 0B, and g, the other lift of g, on 0B,,.

Lemma 2.3.6. For any two points Z € ¢, and Z, € ¢y, there is an unique geodesic g connecting these
two points, and if we varies Z, and Z, continuously, then g varies continuously. In particular, any

point g € By, there is some geodesic 84 passing though q with two ends in ¢. and ¢,.

Proof. By Lemma 2.3.5, there is an unique geodesic g connecting Z; and Z,. Because S, is a complete
and simply connected CAT(0) metric space, by Cartan-Hadamard theorem in p. 193 [8], geodesic
varies continually with respect to the two end points.

Assume there is some point g € B,, such that any geodesic with two ends in ¢ and ¢, won't pass
though it. Choose z;(t) € ¢, and Z,(¢) € ¢, varies from the ends of g, to the ends of g. Then the
corresponding geodesics varies from g, to g9 without touching §. From this we get that, in S,\g,

8B,, is homotopic to a point. This is impossible since S, is topologically a disc. O
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Lemma2.3.7. Let q, and g, be two points ingn\(ﬁnuie), with I = Jn(ﬁl, C)andl, = Jn(ﬁg,@). Then

Jn(ﬁl, G2) < |1 — lo| + 973+ Try, where rs and r4 are Jn-lengths of ¢c and ¢,.

Proof. As in Lemma 2.3.6, we can choose geodesics & : [0,7;] — S, of length r; passing though §;,
with g;(0) € ¢ and g;(r;) € ¢, for i = 1,2. Also, we have geodesic g, : [0,7,] — S,, with 80(0) = g1(0)
and g,(r,) = g2(r2).

For 1 < i <2, there is r] such that g; = g, (r})) with 0 < r] < r;. And since [; = d,(pi, ) and
ri= d,(gi(0), p;), then [; < ri<li+rs.

First, assume that we have r, < r; < r». In the isosceles triangle with three vertices g (0), g2(r2)

and g (r,), since r| = dn(G1,8(0) = d, (80(r}), 81(0)), by CAT(0) property of S,, we have

dn (G, 8o(r})) < dn(81(0), 82(12))

< dn(§1(ro), §1(r) + dp(81(r), &2 (r2)) < (1 —10) + 14

In the isosceles triangle with three vertices g»(r»), g1 (0) and g, (r2—r1,), since ré —(ra—rp) = Jn (G2, 82 (ry—

o)) = Jn(go(ré —(r2 —10)), & (0)), by CAT(0) property of S,,, we have

A (G2, 8oy — (12 = 1)) < d(§1(0), 8o (ra — 1))

< dp(§1(0), 82(0)) + dn(§2(0), &2 (r2 — 19)) < 13+ (12 — 1)



Moreover, since r3 and r, are d,-lengths of ¢, and ¢, so we have

lri—rol<rs+riand|r—ry|<rs+r,

Consequently,

dn(G1,G2) < dn(Gr, §o(r})) + dn(Go(r)), Bo(ry — (r2 = o)) + dn (o (ry = (r2 = T5)), G2)
< ((r =10) +14) +|(ry — (r2 = 1)) = 11| + (r3 + (12— 1))
<|r—rol+1ry—r{|+2|ro =Tl +13+714
<2(rg+r)+Crs+ |l — L) +2-2(rg+ry) +r3+14

= |ll—12|+9r3+7r4,

Second, for all other cases, similarly, we can always get:

Jn(ﬁl,ﬁg) < |ll — lg| +91’3 +7r14.
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CHAPTER 3

RATIONAL FUNCTIONS WITH IDENTICAL MEASURE OF MAXIMAL ENTROPY

3.1 Graph of the multi-valued functions G ' o G

In this section, we study the geometry of the algebraic curves defined by

Ve =1(x,y) e P! x PL|G(x) = G()} c P! x P!

for rational functions G. The irreducible components of V; correspond to multi-valued functions
G~ oG, as appearing in equation (1.2.4). We prove Theorem 3.1.2, 3.1.3 and 3.1.4 allowing us to
estimate the genus of the irreducible components of V.

3.1.1 Multi-valued functions G ! o G

For a rational function G with degree d = 2, we consider the correspondence Vg = {(x,y) €
P! x PlG(x) = Gyl c P! x P! of function G. Obviously, Vi is a projective variety of bidegree (d, d),
consisting of finitely many irreducible curves. Let V,, be an irreducible component of V; with bide-
gree (r,72). Geometrically, for i = 1 and 2, r,_; is the topological degree of the coordinate projection
map 7; : V, — P. The diagonal A c P! x P! is an irreducible component of V; with bidegree (1, 1).

For any two distinct and noncritical points z;, zp with G(z;) = G(zp), there is a unique holomor-
phic germ b(z) locally defined at z;, such that b(z1) = z, and Go b = G. By analytic continuity, we can
extend this germ b(z) to a multi-valued function from the function on all of P!, denoted as G™! o G.

To be clear, throughout this chapter, G™! o G will refer to a particular multi-valued functions defined

45
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in this way. Any such multi-valued function G™! o G corresponds to an irreducible component V,, of
V. Conversely, each irreducible component V, corresponds to exactly one multi-valued function
G 1o G. We call V, the graph of its corresponding multi-valued function G~ o G. And then V;; is the
union of the graphes for all the multi-valued functions G™! o G.

Let Crit(G) c P! be the set of critical points of G and Crit(G) be the preimage of the set of critical

values of G. Let Sg = P!\ Crit(G) and Sg be the universal cover of Sg, i.e. we have the covering map

S¢— S =S¢/H, (3.1.1)

where H is a subgroup of the automorphism group of Sg, and H is isomorphic to the fundamental
group of Sg.

Fix a non-diagonal irreducible component V, of V; and its corresponding multi-valued function
G loG. Let (rq,72) be the bidegree of V, in P! x Pl. G710 G is a multi-valued function from S¢ to
S¢. Although it may not be single-valued, we can lift it to the universal cover, and get a single valued
function h, from Sg to Sg. h, is an automorphism of S¢ without fixed point, since V, is not the
diagonal. Moreover, we have h, ¢ H, otherwise G~! o G would be identity map, here H is the group in
(3.1.1). Now, we can use the index of the fundamental groups to interpret r; and r». For any ¥ € Sg,
HX € Sg = Sg/H. For any h;,hj € H, Hhoh;X = Hhoh;X if and only if Hhoh; = Hhohj, if and only
if h,-h]T1 € hngho. Since V,, is of bidegree (r}, 72), each coset HX splits into {H; X}, where H; are the
cosets of HN h;tho in H,fori=1,2,---,r. As a consequence, we can write ro = [H: HN h;th(,].

In order to find ry, we can use h;l instead of h,. Similarly, we have ry, = [H: HNn ho H h;l]. The map
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G:Sg — P!\ CV(G) is a covering map of degree d, where d is the degree of G and CV(G) is the set of
critical values of G.

S¢— Sg=8¢/H—P"\CV(G)=8S¢/H
Because G loG permutes the points in each fiber of G, we have h, € Hand [H: H] =d.

rid =[H:HnhyHh,"]
=[hy'Hho: hy ' (HN hoHhyY) Ryl
=[H:hy'Hh,n H]

= rgd

Then we have r; = r,.

Proposition 3.1.1. Let G be a rational function with degreed =2, Vg = {(x,y) € Pl x Pl G(x) = Gyl
The graph Vg is of bidegree (d,d), and any irreducible component (as a variety) of Vi is of bidegree

(r,r) with1 <r <d— 1. Moreover, the sum of bidegrees r of the irreducible components of Vg is d.

Let V,, be an irreducible component of V; with bidegree (r,r). It may contain singularities, but
we can normalize it and get a smooth curve V,, as its normalization. Then we have the following
natural projections:

~ T i
VOHVO H[FDI)

where, 7; is the coordinate projection, for i = 1,2.
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We use dj, , to denote the local degree of a holomorphic map h(z) at point x. For any (X, ) € v,
with 7((%, y)) = (x, y) € V,,, we can express the local degree of the map m; o7 at (X, y) in terms of dg, x

and dg, ;. From the local behavior of G at points x and y, it has

dG}y

_— (3.1.2)
ged(dg,x, dg,y)

dnloﬂ,(k‘,?) =

3.1.2 Genus zero components of the graph ;

Theorem 3.1.2. Let G~ o G be a multi-valued function with corresponding irreducible component

Vo € V. The following two are equivalent:

e The normalization V, of V, has genus zero.

o There exist rational functions G and F such that (G 1oG)oG=F.

Proof: Assume that there are rational functions G and F, such that (G0 G)oG = F. Then we

have a well defined map

p:[F°1—>VO

with p(z) = (G(2), F(z)). The map p can be lifted to V,’s normalization V,, and denote the lifting map
as p,

p:Pl =V,

The lifting map p is holomorphic from P! to the smooth curve V,. And by Riemann-Hurwitz formula,
there is no nonconstant holomorphic map from P! to a curve with genus greater than zero. Then the

genus of V, should be zero.
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Conversely, if the genus of the smooth curve V,, is zero. We can parameterize V, by P! using some
parametrization p,

p:Pl =V,

After projecting it down to V,, we get the following map:

p=pom:P -V,

where p(z) = (G(z), F(z)) with G and F being rational functions of degree r. From this parametriza-
tion, it is clear that

(G l'oG)oG=F.

O
Example. Let T(z) = z3 — 3z be a degree 3 polynomial. It is easy to check that the graph V7 has two
irreducible components. One of them is the diagonal of Pl x P! with bidegree (1,1) corresponding to
the identity map, and the other one V, is of bidegree (2,2). From Riemann-Hurwitz formula, it can

be computed that the genus of V,,’s normalization V, is zero. O

3.1.3 Functions G without nontrivial genus zero components of

Theorem 3.1.3. Let G be a rational function with degree dg = 3. Assume that there are at least three
simple critical values of G. Then for any irreducible component V, c Vi with bidegree (r,r = 2), its

normalization V,, has genus= 1.
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Proof. By assumption, V, c Vj is an irreducible component of Vg with bidegree (r,r = 2), corre-
sponding to some multi-valued function G loG. Let{ Y1, V2, y3} be three simple critical values of the

rational function G. Consider the sets:

-1
{xi,l)xi,Z)"'rxi,dG—l}:G (J/i),

where x; 4,1 is a critical point of G and i = 1,2, 3. Since V, has bidegree (r,r), there are atleast r — 1

noncritical points in G™!(y;), which can be assumed to be {x; 1,%; 2,--*, X; 1}, such that

(xi,j,x,-,dG_l) eV,, fOI‘j =12,---,r—1.

For each such point (x;,j, x; 4,-1) € V,, by equation (3.1.2), any point in n_l((x,-,j,xi'dc_l)) c \70 isa

critical point of the projection map ;o 7:

V0$VO LPI

So we have at least 3 * (r — 1) critical points for the map 7; oz. By Riemann-Hurwitz formula, we have

2— 2genus(l70) = 2r —# of critical points of \70
<2r-3x(r—1)

<3-r
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Since r = 2, we have

genus(V,) = (r—1)/2>0.

For degree 2 case, we have the following:

Theorem 3.1.4. Let g be a degree two rational function with two critical orbits and none of them is
preperiodic. Let G = g" for some n = 1. Assume V, is an irreducible component of Vg such that the

corresponding G~ o G is not the identity map or o - Then its normalization V, has genus= 1.

Proof. Let (r,r) be the bidegree of V,, = V. Let x1 1, X2,1 be the two critical points of f and

{Xi1, X2, Xi do-1} = G H(G(x;1)), fori = 1,2.

As the multi-valued function G™! o G does not correspond to the identity map or o > there are r

noncritical points in {x;», -+, X; 4,-1}, which can be assumed to be {x; 2, x; 3,-**, X; r+1}, such that

(xi,7,xi1) € Vo, forj=2,3,---,r+1.

For each such point (x;,j, x;,1) € V,, by equation (3.1.2), any point in n! ((xi1,, Xi,dg-1)) < V, is a criti-

cal point of the projection map m; ox:

‘70$V0 L[FDI
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So we have at least 2r critical points for the map 7, o #. By Riemann-Hurwitz formula, we have

2— 2genus(l70) = 2r —# of critical points of \70
<2r-2r

=0.

Then we have

genus(Vo) =1.

3.2 Rational functions with common measure of maximal entropy

In this section, we study the relation of two rational functions f and g with us = ug, and then
prove Theorem 1.2.3, 1.2.1 and 1.2.7. Moreover, we give examples of non-exceptional functions f

and g with u¢ = g and they do not satisfy (1.2.2).

Theorem 3.2.1. Assume f and g are rational functions with degrees= 2, satisfying

(g 'oglog=(f"of)of 3.2.1)

for some multi-valued functions g~' o g and f~' o f. Then there are some iterates F and G of f and g,
such that:

FoF=FoG, GoF=GogG.
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Proof. Choose a point ag € P! such that aq is neither in f’s critical orbits nor in g’s critical orbits. Let
ap, ai, ay,--- be a sequence of points such that g(a;) = a;—;. From equation (3.2.1), for any i = 1, after

composing each side i times with themself, we have

(g_log)ogiz(f_lof)ofi orfo(g_log)ogi:fofi. (3.2.2)

Then for each i > 1, there is function germ (g~ ' o g); of g7 o g, locally defined at ay, such that func-

tions germs

fo(g_log)iogilneara,- :fofilnearai»

which are locally defined near a;. Let b; = (g_1 o g)ilap). Since g(b;) = glap) for any i = 1, there
are only finitely many distinct b;. Choose some j > 2i; > 2 such that b; = b;. Then we have germs

(g log)=(glog j locally defined near ay. From equation (3.2.2), we have locally defined germs

i . .
folg °0g)j Oglllnearai1 = foflllnearail

fo(g_log)jogj|nearaj :fofj|nearaj

As(glog),=(glog) j» combining above two equations, it follows

. . 4 . . .
fOf”Og] l1|nearaj =fo(g Og)ilog”Og] ll'nearaj :fof]|nearaj
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Because both sides of the above equation are germs of rational functions, we have

foftrogith=fofl,

Since j = 2i; = 2, we can post compose some iterate of f to both sides of the above equation:

fj—il ogj—il — fj—il of]'—il‘

Let f, = f/~" and g, = g/~. The above equation shows (£, 'o f,) o f, = g,. Consequently, (f, o f,)o
fo=8pand fyof5=f;og;foranyiz1.

Since we have (f, ! o f,) o f, = g,, repeating the same process of the above proof, there is some
io = 1 such that gf;" ° (f” = gf;" ° gf;".

Let F = fi* and G=g'*. Then we have FoF = FoG, GoF = GoG. O

As a consequence of Theorem 3.2.2, we can easily prove Theorem 1.2.7 by just using Theorem
1.2.6.
Proof of Theorem 1.2.7. From Theorem 1.2.6, there are some iterates f, and g, of f and g and

M, N =1, such that

(85" 080 oga = (fy o fo)of) .
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Since for any multi-valued function (g, o g,), we can choose a multi-valued function (g, o g2)

which the same as (g, ! 0 g,), from above equation, we have

(8. MogNogd =(fy Nof)of).

By Theorem 3.2.1, there are iterates F and G of f and g}/, such that

FoF=FoG, GoF=GoQgG.

O
Given any non-exceptional polynomial g with degree= 2, for any rational function f with ug =
Ky, it was known that f should also be a polynomial; see [34]. As a corollary of Theorem 1.2.7, here

we give an easy proof of this result.

Corollary 3.2.2. Let g be a non-exceptional polynomial with degree d = 2. Then any rational function

f with ug = pg should be a polynomial. Consequently, there exist some m,n = 1, s..

fn=O'Ogm,

where 0 (z) = az+ b is an affine transformation preserving ug = .

Proof. From Theorem 1.2.7, there are some iterates F and G of f and g, such that

GoF=GogG.
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Exception set of a rational function # is the maximal finite set, which is invariant under h. Exception
set can only be an empty, one point or two points set. If the exception set is one point, then 4 is con-
jugate to a polynomial. Since G is a non-exceptional polynomial, its exception set is {oo}. Then {oo}
is also an invariant set of F, which means that F is a polynomial. If the exceptional set of F contains
two points, then F is conjugate to polynomial z%, which means F is an exceptional polynomial. And
because pur = ug, G is exceptional. This contradicts to the assumption. Consequently, {oo} is the
exceptional set of F. Since F is some iterate of f, they should have the same exceptional set. Then f

should be a polynomial. The last statement comes from the main theorem of [37]. O

Proof of Theorem 1.2.3. Because any exceptional rational function has at most two simple critical
values, f is non-exceptional. As ug = uy, then by Theorem 1.2.7, there are some integers m,n = 1,

such that for F = f" and G = g™,

FoF=FoG,or (F'oF)oF=FoG (3.2.3)

If F = G, f and g has a common iterate. Then the statement is satisfied. So we can assume that

F # G. Let k = 0 be the smallest integer such that f¥o F # f¥oGand f*'o F = f*10G. Since

(ftofloffoF=f oG, (3.2.4)

by Theorem 3.1.2 and 3.1.3, the corresponding irreducible component of the multi-valued function
(f 1o f) in (3.2.4) should have bidegree (1,1). It means the multi-valued function o = (f 1o flisa

Mobius transformation and foo = f.
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Under changing of coordinates, we can assume that o(z) = {z where ( is a k’s primitive root of

unit. If k = 2, then we can decompose f(z) into

1@ = f,(zh.

Since k = 2, from the above decomposition, f cannot have three simple critical values. This is a

contradiction. So we have

a(z)=(fof)z) =2z

And by (3.2.4), finally we get f¥o F = f¥o G, which is a contradiction to the assumption that f¥o F #

f¥oG.Inall,ithas F = G, i.e. f and g share an iterate. O

Remark. Theorem 1.2.3 asserts that for general f € Raty with degree d > 3, u¢ = ug implies that f and
g share an iterate. And as we discussed in the introduction, the existence of the special symmetry
o ¢ for any f € Rat, prevents the same conclusion as in Theorem 1.2.3. Precisely, for any f € Rat,
and g = oo f, we have ur = pg, but they never share an iterate. However, we can modify it a bit,
and show that for generic f € Rat, (see Theorem 3.1.4), uy = ug implies that g” = oo f" or f"; for

details see the proof of Theorem 1.2.2.

However, u¢ = ug does not always imply that f and g share an iterate. Even worse, Theorem 1.2.1
asserts that f and g may not even satisfy (1.2.2) for any Mobius transformation o.
Proof Theorem 1.2.1. Since ToR =T oS, we have fo f= fogand To fi(z) = Tog(z) forany i = 1.

Consequently,

(froflef=g.
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Then from Theorem 1.2.6, i = yg.

Assume that there exist integers n,m = 1 and o € PSL,(C) such that

fn:O.ogm

Since f and g have the same degree, we have n=m, i.e. f"=0o0g".

fZ)=RoTof" ! =RoTog" '=gog"=00S0Tog"™!

So we have R = 0 o S, which contradicts to the assumption in this theorem.

For the first statement of this theorem, see the following example. O

Example. To illustrate Theorem 1.2.1, let T(z) = z° — 3z, R(2) = az +- and S(z) = awz + ﬁ, with
w?’+w+1=0and ae C*. Forany a € C*, it easy to check that ToR = ToS and there isno o € PSL,(C)
such that R = 00 S. So from Theorem 1.2.1, we know that f = Ro T and g = So T have the same

measure of maximal entropy. And for any n,m = 1,0 € PSL,(C), we have

fﬂ#o.ogm

It is not hard to see that neither f nor g is exceptional rational function, since they are not critical
finite. There are more such 7T, R and S satisfying assumptions in Theorem 1.2.1; see [2] and [10]. O

Remark. In the above example, rational functions f,(z) = a(z® -3z) + and g4(2) = faw(2)

a(z3 3z)

come from composition of rational functions T(z) = z° —3z,R(2) = az + - and S(z) = awz + m
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Figure 3.2.1. The parameter space of f, Figure 3.2.2. Julia set of f,; with

a=0.4843 +0.07776i

And T, R, R satisfy the assumptions in Theorem 1.2.1. Figure 3.2.1 is the parameter space of f,; which
indicates that uy,, = py, for any ¢ with 6 = 1. Actually, by Theorem 1.2.1, we know that p foa = K,
for w*+w+1=0and f? = f?,. So yy,, = py, for any { with {® = 1. Since oo is a supper attracting
point and f, is not a polynomial, there is a critical point attracted to co and it is not periodic. As
exceptional functions are all post-critical finite, f;, won't be exceptional. By Theorem 1.2.1, f, and g,
has the same measure and there is no iterate of f, conjugated to an iterate of g,. However, for any
non-exceptional polynomials f and g with p = ug, there always exist iterates of f and g which are

in the same conjugacy class.
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There are more examples of such rational functions 7, R and S as in Theorem 1.2.1. For example,
let ¢, r, s be rational functions satisfying assumptions in Theorem 1.2.1. Then for any rational func-
tion h, T = hot,R =r,S = s satisfy the same assumptions. All such rational functions 7, R and S have
been classified, with the restriction that T is a polynomial. However, when T is not a polynomial, it
is still not known how to classify it. For details, please refer to [2] and [10].

3.3 Generic rational function with identical measure

In this section, we are going to prove Theorem 1.2.4, which indicates the iteration map is one-
to-one for general points. And then get to prove the main theorem, Theorem 1.2.2, which says: for
generic rational functions f € Raty, we have My = {f, f2, f3,---} or {f,0 0 f, f%, 00 f%,---}, where

My the set of rational functions with the same maximal entropy measure as f.
For d,n = 2, let x be a point in Rat;. There is an induced map between the tangent spaces of
x € Ratg and ¢4, ,(x) € Ratg ,:

Pd,n - Ty — Ttpd,n(x)'

The map ¢ ;, is singular at x € Raty if the induced map between the tangent spaces Ty and Ty, ,(x) is

not injective. The map ¢ , is nonsingular if it is not singular at any point of Rat,. For any f € Ratg,

we can express it as

h(z) agz®+ag_1z% "+ +ag
k(2) bdZd+bd_1Zd_1+-'-+b0.

f@

We can define a holomorphic map from ¢ € C to f; € Rat, in a neighborhood of 0 € C:

(ag+tag)z® + (ag_i + tag_1)z% 1+ + (ag + tay)

(bd + tﬂd)Zd + (bd—l + tﬂd_l)zd_l +---+ (bo + tﬂo) '

filz)=
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It can be checked that this parametrization map is singular at ¢ = 0 iff
(@az®+ag_129 4+ ag)k(2) — (Baz® + Ba_12% +---+ o) h(z) = 0.

Take the derivative of f; with respect to ¢,

dfi(z) B (adzd + ad_lzd_l +---+ag)k(z) — (,ded + ,Bd_lzd_l +--+ Bo)h(z)
dt =0~ (bdzd+bd_1zd‘1+---+bo)2 '

From the above expression, the map ¢ — f; is singular at 0 iff dj;gz) lt=0 = 0.

More generally, for any holomorphic map (¢t — f;) from a neighborhood of 0 € C to Ratg, we can

express it as

ag(0z%+ag_1 (2% +---+ag(t)

fi@) = bi()z% +bg_1()z4 1 +---+ by(t)’

where a;(t) and b;(t) are holomorphic. Similar to the special case we discussed above, it can be

checked that

dft(Z)
dt

ftissingularat t =0 < |t=0 = 0. (3.3.1)

When the map ¢t — f;isnonsingular at £ = 0, then % |¢=0 is a nonzero rational function with degree

atmost 2d.
The following proposition has been proved by Adam Epstein [15]. For completeness, we will give

a proof here.
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Proposition 3.3.1. The map ¢, , : Rat; — Ratg» is nonsingular. In particular, ¢, is an immersion

from Raty to Ratgn.

Proof. In order to prove that ¢ , is nonsingular, it suffices to prove that if a holomorphic map ¢ — f;
from a neighborhood of 0 € C to Rat, is nonsingular at ¢ = 0, then the map ¢ — f;" is nonsingular at
t=0.

First assume that the holomorphic map ¢ — f; is singular at ¢ = 0. Let zq € P! be a periodic point
of fp with period p = 1 and multiplier 6il—f‘z’p(zo) # 1. Then there is a holomorphic motion z; of the
periodic point zy in P! such that

Pz = 2. 3.3.2)

We claim that % lt=0 = 0, i.e. the holomorphic motion z; of the periodic point zj is singular at ¢ = 0.

Indeed, let

Vpla1,22) = fh(21),

and then v, (z, 1) = ftp (z). By taking the derivative of ¢ for both sides of the equation (3.3.2),

Wplen D) _OYp oz Wy _ dz

= = 3.3.3
dt 0z1 Ot 02z dt ( )
Since t — f; is singular at ¢ =0, the map ¢ — ftp is singular at ¢ = 0. As a consequence of (3.3.1), %

is zero at (zg,0). Then from equation (3.3.3):

dfop 0z; oy 0z; dz;
10 (zo) =L 1m0 = —L (20, 0) =L |0 = —L | 1o
P (20) kT lt=0 321 (zo )at l¢=0 ar lt=0



63

And by the assumption that f —e ~(20) #1, we have % ar 2y _0=0.

Second, we prove that ¢  ;, is nonsingular by contradiction. Assume that the map ¢ — f; is non-
singular at 7 =0, but £ — f" is singular at ¢ = 0. Then for any repelling periodic point zy € P!, fy(20) is
arepelling periodic point of fy(z). Let z; be the holomorphic motion of the periodic point zj. There-
fore, f;(z;) is the holomorphic motion of the periodic point fy(zy). Because z; and f;(z;) are in the
repelling cycle of f; and ¢t — f/* is singular at ¢ = 0. These two motions are singular at ¢ = 0. Then by

taking the derivative of 1, (z;, t) = f;(z;) with respect to ¢,

du (2ot 5 5 d
et W(O,O) |to+ﬂ<o,0) fi(z0)

dat 0z; 02 dat

lt=0

dft(zt lt=0=

Since the motions z; and f(z,) are singular at r =0, i.e. dzf #lt=0=0and =0, we can reduce

the above equation to

%(ZO,O)

As we know from the previous discussion and the assumption that the map t — f; is nonsingular at
t=0, ?;’;1 (2,0) = df +|t=0(2) is a nonzero rational function with degree at most 2d. It has finitely many

zeros. However, the set of repelling periodic points of degree= 2 rational functions is infinite. This

contradicts to the fact that 24 % Y1 (z,0) vanishes at any repelling periodic points of f. O

Proof of Theorem 1.2.4. As we know, any regular map from P??~! to P24"~1 is closed, i.e. the image

of any Zariski closed set is Zariski closed. And since the map ¢, , : Raty; — Raty» is the restriction

[FDZd"—

of a regular map from P! to !, the image ¢, ,(Rat,) is a subvariety of Ratg». And by The-

orem 5.3 in [22], the singularities Sing(¢4 ,(Raty)) of ¢4 ,(Raty) is a proper Zariski closed subset of
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¢qn(Raty). Because the map ¢, , is regular, we have that the preimage A = (p;’ln (Sing(gq4,, (Raty)))
of Sing(¢,4,,(Raty)) is a proper Zariski closed subset of Rat.

Choose a polynomial p € Raty such that the symmetry group X;, of its Julia set is trivial. From
the main theorem of [37] and Corollary 3.2.2, there is no other f € Rat; such that ¢4 ,(f) = ¢4,,(p).
And since ¢, , is a proper (preimage of any compact set is compact) regular map and ¢  , is an
immersion by Proposition 3.3.1, p is not in A.

The set A c Raty is ¢4 ,'s preimage of some Zariski closed subset of Ratg». After throwing away
the singularities of ¢4 ,(Raty), ¢4 ,(Ratg\A) is a connected smooth submanifold of Rat; ,. More-
over, since ¢4 , is a proper nonsingular map, the map ¢ ,, is a covering map with restricted to the
following sets:

@an:Ratg\A— @4 ,(Ratg\ A).

Because p ¢ A and there is no other f € Rat, such that ¢4 ,(f) = ¢4,,(p). The degree of the covering
map should be 1, i.e. ¢4, : Raty\A — ¢4 ,(Ratz\ A) is injective.

A" l+d" 244 d0

Finally, since (pd,n(zd) = (pd,n(fzd) for any { with =1, ¢4 , is notinjective in Raty.

Consequently, A is nonempty. O

Theorem 1.2.4 states that ¢ , is injective at general points f € Rat;. The next theorem indicates
that for generic rational functions f € Rat,, any rational function g sharing an iterate with f should

be some iterate of f.
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Theorem 3.3.2. For the generic rational functions f € Raty with degree d = 2, we have that any ratio-
nal function g,

nim

ff=g"=g=f and m|n.

Proof. First, for any d = 2 and n = 2, ¢4 ,(Raty) is a proper subvariety of Ratgz». Then the set of
rational functions, with degree d and coming from the iteration of lower degree rational functions,
is a proper Zariski closed subset of Rat,. Then for general f € Ratg, it is not an iterate of some lower
degree rational function.

Second, for any d = 2 and m, n = 2, consider the iteration maps:

Ratd d Ratdn — Ratdmn

given by ¢, , and @g» ;. Let Ag < Raty and Age ,, < Ratg» be preimage of the singularities of
@anmRaty) and @g4n ,,(Ratgn). The set B = Ag pm U (p;yln(Adn,m) is a Zariski closed subset of Rat,.
Choose a polynomial p € Rat, with trivial symmetry group ;. From the proof of Theorem 1.2.4, p
isnotin Ag nm, and @4 ,(p) is notin Ag» ,,. Then p € Raty\B, i.e. B is a proper Zariski closed subset

of Rat;. And from the choice of B, we know for any f € Raty\B,

=g e=g=r"

Third, let d;, d», n1, ny = 2 be integers with dln1 = d2"2 and n, is not divisible by n;. We claim that

(pdl,nl (Ratdl) SZ (pdz,ng (Ratdz)'
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Actually, from the main theorem of [37] and Corollary 3.2.2, there is a polynomial g € Rat;, such that
M, =1q, qz, q3, ---}. If there is an h € Ratg, such that h'2 = g™, then h must be in Mp. Since My =
{q, qz,qs,---}, there is some i such that qi = h. Consequently, g™ = qi*”z = h™. So n»|n;, which
contradicts to the assumption that 1, { n;. Consequently, g™ € ¢4, », (Ratg,) gZ @d, n, Ratg,). Then
¥ 11 n, (Pdz.n, (Raty,)) is a proper Zariski closed subset of Rat,, . And for any f € Ratyg, \(p;ll,n1 (@a,,n, Ratg,)),
there is no g € Ratg, such that f™ = g"2.

From the above three statements, we can remove countably many proper Zariski closed subsets

of Raty. The left rational functions f € Rat, satisfy the statement of this theorem. O

With all these preparations, we are ready to prove Theorem 1.2.2.
Proof of the Theorem 1.2.2. The first statement of Theorem 1.2.2 is just a consequence of Theorem
1.2.3and 3.3.2.

Let f € Rat, be rational function with two critical orbits and none of them is preperiodic. Let g
be any rational function with ug = u¢. Since all exceptional functions are post-critical finite and f is
not post-critical finite, f cannot be exceptional. So by Theorem 1.2.7, there are integers m,n, k= 1,

such that

gm — (f—kofk) ofn'

By Theorem 3.1.2 and 3.1.3, f %o f¥ should be o r or the identity map. So it indicates

g"=0ospof"orf".
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By Theorem 3.3.2, there is a generic subset C c Raty, such that for any f € C, f"* = g’ implies that

mlnand g = f™, and us = pg implies that fk= O'ngl or g for some k, 1> 1.

az’+bz+c
dz?+ez+r

For any f(z) = € Ratp, we can write 0 ¢ down explicitly,

(ar —cd)z— (br —ce)
(ae—bd)z+ (ar —cd)’

or(2) =

There is a free and order two automorphism p of Rat,,

p :Ratp, — Raty,

given p(f)=oyof.

Since p is an automorphism, Cp~!(C) is a generic subset of Rat,. For any f € Cp~(C) and
any g with uy = pg, wehave f”" =g rog™ or g" forsome m,n > 1. If f" = g, then m|nand g = frm,
If f"=070g™, then g™ = (oo f)". Since f € CNp~*(C), itindicates that o so f € C. So we have m|n

andg:(o-fof)n/m:afofn/m. 0

3.4 Rational functions with common iterates

In this section, we characterize the condition that two non-exceptional rational functions share

an iterate.

Theorem 1.2.3 says that: generally, having the same measure of maximal entropy is the same as
sharing an iterate. It is easy to see that two rational functions sharing an iterate should have the

same set of periodic points. Conversely, for non-exceptional rational functions, having the same set
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of periodic points also guarantees that they share an iterate. However, this is not true for exceptional

functions; see Proposition 3.4.2.

Theorem 3.4.1 (restatement of Theorem 1.2.5). Let f and g be non-exceptional rational functions

with degrees = 2. The following statements are equivalent:

1. f and g have some common iterate, i.e. f" = g™ for some n,m e N*.

2. Thereis some @ with degree =2, such that fop =@o fandgop=@og.
3. The maximal entropy measures Kr=Ug, and J nPer(f) nPer(g) # @.

4. PrePer(f) = PrePer(g) and J nPer(f) nPer(g) # @.

5. Per(f) =Per(g).

Proof Theorem 1.2.5. For (1), let ¢ = f" = g™. Since f and g are both commutable with ¢, (1)
= (2). By Ritt’s theorem, non-exceptional commutable rational functions share an iterate; see [36]
and also [16]. Since f and g are non-exceptional, fo@ = @o f and go¢ = ¢ o g implies that ¢ is
non-exceptional, and f, g, ¢ share an iterate. So (2) = (1).

By Yuan and Zhang’s Theorem 1.6 in [40], PrePer(f)=PrePer(g) implies that py = ug. Then we
have (4)=(3). Two rational functions sharing an iterate must have the same set of periodic (preperi-
odic) points and also the same measure of maximal entropy. We have (1)=(4) and (1)=(5).

From Theorem 3.5 in [40] and Theorem 1.2 in [3], it shows that two rational functions sharing
infinitely many preperiodic points guarantees they have common set of periodic points. Assume

that Per(f)=Per(g). Since Per(f) is not a finite set, PrePer(f)=PrePer(g). This shows that (5)=(4).
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It remains to show that (3)= (1). The proof is inspired by [31]. Suppose pf = ug, and J N Per(f) N
Per(g) # @. By passing to some iterates and changing of coordinates, we can assume that 0 is a fixed
point of f and g, and 0 is in their Julia set. Since 0 is in the Julia set and it is fixed by both f and g, then
R(z) = flog 1o fog(z) islocally well defined near 0. We claim that R is the identity map. Otherwise,
since R has multiplier equaling 1 at its fixed point 0. It determines attracting and repelling flowers
near 0. Suppose that there is some point x near 0 in the Julia set and also in some attracting petal of
the flowers determined by R; see Section 10 of [33]. Then there is some fundamental domain of R
for this petal, which contains some neighborhood of this point x. As ur is supported in the Julia set,
the fundamental domain won't have zero measure. Since R acts on this petal like a transformation
(in appropriate coordinate) and R preserves the measure p ¢, the u¢-measure of this petal cannot be
finite. However, we know that the total mass of u £ on P! is 1, which is a contradiction. So there is no
point in the Julia set which is in the attracting petals of the flowers of R. Replace R by R™!, similarly
we see that there is no point in the Julia set which is in the attracting petals of the flowers of R™!.
As the union of the attracting petals of R and R™! contains a small disc punctured at 0. The point 0
should be an isolated point in the Julia set of f and g. This is impossible, since a Julia set cannot have
isolated points. Therefore, R should be the identity map. Which means f and g are commutable. So

the third statement implies the first statement.

For exceptional case, we would not have this nice result.
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Proposition 3.4.2. Let f(z) = Z and g(z) = 2% with d t dg=2. Then

Per(f) = Per(g) & V prime p, pldy iff pld,.

Proof. Assume p = 2 is a prime number such that p|d; and p { dg. There are integers n > 1 and m,
with

dg=mp+1

Let z, = €™/P, we have f(z,) = 1 and g"(z,) = e?™!mP*/P = 7 S0 z, is preperiodic and not peri-
odic for f but it is periodic for g, i.e. Per(f) # Per(g).

Conversely, assume that for any prime number p, p|dy iff pldg. Let z, = e>@i'b e a periodic
point of f with period n, where a and b are coprime integers. Then we have d}la/ b= alb+ m for

some integer m.

d}la:a+mb:(d}l—l)a:mb

So b| (d]’} —1), which means that b and dy are coprime integers. Then by previous assumption, b and
dg are coprime integers. There is some integer k = 1 such that d§ = 1(mod b), i.e. d§ alb=alb+tfor
some integer t. In all we have g¥(z,) = z,. So z, is a periodic point of g. Consequently, Per(f)cPer(g).

Similarly, we have Per(g)cPer(f). In all, Per(g)=Per(f). O

Let f(z) = z%*3 and g(z) = z**3. From the above proposition, they have the same set of periodic

points. However, they do not share an iterate, which can be seen from the degrees of them.
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There is one more thing I would like to mention here. As we know, for any two rational func-
tions, if the intersection of their sets of preperiodic points has infinitely many points, then they
have identical set of preperiodic points. For any two non-exceptional rational functions f and g,
|[Per(f)MPer(g)|= oo guarantees that Per(f)=Per(g). However, for exceptional polynomials f(z) = z3
and g(z) = z°, we have | Per(f) nPer(g)| = co and Per(f) # Per(g) by Proposition 3.4.2, since it is not

hard to see that e2/2" isa periodic point for both f and g with any k = 1.
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