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To Richard J. DeJonghe, Jr.,

from him I learned that some things are worth doing,

and science is one of those things.

iii



ACKNOWLEDGMENTS

First and foremost, I would like to thank Tom Imbo. Without his incredible devotion to our
work as well as his amazing instruction in how to do scientific research, this work would not
have been possible. Also invaluable was the assistance of Kimberley Frey, both in terms of our
scholarly collaboration, as well as the friendship we have developed over our years here at UIC.
Another person without whom this work would not have been possible is Mark Mueller, both
for his generous financial contributions to our research group as well as the insightful criticisms
and heartfelt encouragement he provided. I also lack the words to properly thank Sheila Wille,
jalan atthirari anni, the love of my life, who has been more generous and understanding than I
could have hoped for during the time this work was done.

I also may never have made it through graduate school without the help and support
provided by my family and friends. Those who share my name, in particular Evelyne, Natalie,
Palma, Bill, Matt and Cyndi DeJonghe, were always there when I needed them. Also, a
number of my fellow graduate students have helped keep me sane throughout my time here at
UIC, particularly Noumanne Laanait, John McCorkindale, Adam Schuman, Mario Camuyrano,
and John Hogan, as well as Tuo Li, Joel Berger, Kopinjol Baishya, Jaesung Yoon, Francisco
Restrepo, Poopalasingam Sankar, Miroslav Mihaylov, and Ji Zhao. Finally, quite a few other
individuals have provided incalculable emotional and moral support over the years, including
Aaron Van de Merkt, Kathy Clark, Shawn Toussaint, Nick Swedberg, Geoff Robinson, Matt

and K.D. Barabas, Teresa Warren, Amy Britt, Rebecca Hite, Mary Foster, and, of course, Bert.

v



TABLE OF CONTENTS

CHAPTER PAGE
1 INTRODUCTION . ... . s 1
1.1 Basics of Classical Mathematical Logic . ... ... ... ... .. 4

1.1.1 Posets and Lattices . . . . .. .. ... ... L L 5
1.1.2 Propositional Logic . . . . ... ... ... .. ... ... ... ..., 14
1.1.3 Boolean Algebras . . ... ... ... .. ... 22
1.1.4 First-Order Logic . . . . ... ... ... . . . . 24

1.2 Basics of Quantum Logic . . ... ... ... ... ... 26

1.2.1 Orthomodular Lattices . ... ... ... ... ............ 27
1.2.2 Projection/Subspace Lattices . ... ................. 29
1.2.3 Propositional Quantum Logic . . ... ... ............. 31

1.3 Overview of Logic and Preview of Remaining Chapters . . . . 34

2 FIRST-ORDER QUANTUM LOGIC AND QUANTUM MATH-

EMATICS . . .. 40
2.1 Formal Syntax . . . ... ... .. .. .. . 41
2.1.1 The Object Language . ... ... ... . ... . ....... 41
2.2 Formal Deduction in First-Order Quantum Logic . .. ... .. 46
2.2.1 Some Formal Arguments . ... .................... 50
2.3 Semantics for First-Order Quantum Logic . . ... ... ... .. 57
2.3.1 Extended Languages and Structures . . . . ... ... ....... 58
2.3.2 Quantum Models . . ... ... ... 66
24 Soundness and Completeness of Quantum Logic . ... ... .. 67
2.4.1 Soundness . . . . ... 68
2.4.2 Completeness . ... ... ... . . 74
2.4.3 Completeness with respect to Irreducibles . . .. ... ... ... 86

3 SIMPLE DEVELOPMENTS IN FIRST-ORDER QUANTUM

LOGIC . . . 91
3.1 Relationship to Classical Predicate Logic. . . ... ... ..... 92
3.1.1 Compatibility and Distributivity . ... ... ............ 93
3.1.2 Implications of Subclassicality for our Quantum Logic . . . .. 98
3.2 Axiomatizations of Mathematical Theories. . . . ... ... ... 100
3.2.1 Classically Equivalent Axiom Systems. .. ............. 101
3.2.2 Classicality Operators . . . .. ... ... .. ... 105
3.3 General Properties of Models and Structures in Quantum Logic =~ 112
3.3.1 Conservative Structures and Models . . . . . ... ... ... ... 113
3.3.2 Models on Projection Lattices . . . . ... ....... ... .... 114



TABLE OF CONTENTS (Continued)

vi

CHAPTER PAGE
3.3.3 Construction of Models . . . ... ... ... ... .. .. ... 116
4 QUANTUM ALGEBRAIC SYSTEMS .. ... .............. 122
4.1 Equational Languages . . . .. .. ... ... ... ... ... ... 123
4.1.1 Equality and Substitution Axioms . . .. ... ........... 123
4.1.2 Constructing Models for Equational Languages. . . .. ... .. 130
4.1.3 Inherent Classicality of Certain Axiom Systems . ........ 133
4.2 Quantum Monoids and Quantum Groups . ............ 140
4.2.1 Groups Axioms with Strong Transitivity are Inherently Classical 140
4.2.2 Non-standard Model of a Group . . . ... ............. 142
4.2.3 Non-standard Model of a Monoid satisfying Strong Transitivity — 143
4.24 Non-conservative Model of a Monoid . ... ............ 145
4.3 Quantum Orthomodular Lattices and Boolean Algebras . . . . 146
4.3.1 Orthomodular Lattice Axioms with Strong Transitivity are
Inherently Classical . . ......... . ... ... . ..... 147
4.3.2 A Natural Class of Non-standard Orthomodular Lattices . . . 150
4.3.3 Non-standard Model of the usual Boolean Algebra Axioms . . 152
4.4 Quantum Linear Algebra . . . ... ... ... .. ... .. ..... 153
4.4.1 A Natural Class of Non-standard Models for the Vector Space
AXIOMS . . . o 154
4.4.2 A Natural Class of Non-standard Models of Operator Algebra
Axioms . ... 158
4.4.3 The von Neumann Equation in Quantum Mathematics. . . . . 163
5 QUANTUM SET THEORY ... ... ... ... ... .. .. . ... 170
5.1 The Zermelo-Fraenkel with Choice Axioms . ........... 173
5.1.1 Classical Zermelo Fraenkel with Choice . . . ... ... ... ... 174
5.1.2 The Classical Universe of Sets . . . . . ... ... ... ..... 180
5.1.3 Generalizing the Classical Universe . ................ 183
5.1.4 Reduced Zermelo Fraenkel with Choice . . . .. ... ... .... 185
5.2 Quantum Models of Set Theory . . ... ..... ... ....... 194
5.2.1 Universes of Quantum Sets . . . . ... ... ... .. ..... 194
5.2.2 The Quantum Sets satisfy the (reduced) Zermelo-Fraenkel with
Choice AXioms . . . ... . ... 196
5.3 Comparison to Takeuti’s Quantum Set Theory . . ... ... .. 225
6 QUANTUM ARITHMETIC. ... ..... ... ... . ........ 228
6.1 Arithmetical Basics. . . ... .. ... ... .. ... . 230
6.1.1 Successor Fragment . . ... ... ... . ... . ... ... 231
6.1.2 Full Arithmetic . .. ... .. ... .. ... .. .. ... ... ... 232
6.1.3 Classical Arithmetic . ... ... ... ... .. ... ... ...... 233
6.2 Quantum Arithmetic from Quantum Sets . ............ 235



TABLE OF CONTENTS (Continued)

CHAPTER PAGE
6.2.1 Quantum Set Theoretic Preliminaries . . . .. ... ... ... .. 235
6.2.2 The Quantum Natural Numbers . .. ... ... .......... 240
6.2.3 Quantum Models of Arithmetic . . .. ... ... ... ....... 249
6.3 Properties of Quantum Arithmetic . . .. ... ... ... ..... 255
6.3.1 Substitution . ... ... .. ... L L 256
6.3.2 Two-variable Expressions in Quantum Arithmetic . . . . .. .. 258
6.3.3 Failure of Associativity and Distributivity . ... ... ... ... 262
6.3.4 Nice Behavior of Arithmetic for Certain Numbers . . . ... .. 265
6.4 Arithmetic over Projection Lattices . .. .............. 267
6.4.1 Quantum Numbers as Observables . ... ............. 268
6.4.2 Arithmetical Addition and Multiplication as Viewed on Ob-

servables . ... .. L 272

6.4.3 Towards an Interpretation in Projection Lattices. ... ... .. 275
7 CONCLUSION . ... s 281
7.1 Summary of Major Results . . .. . ...... ... ... ... ... 281
7.2 Looking to the Future . . . . ... ... ... .. ... ... . ... 285
7.3 Final Remarks . . . ... ... .. .. . L 289
APPENDICES . . . . . .. e 290
Appendix A . .. 291
Appendix B . .. ... . 312
Appendix C . .. ... 318
GLOSSARY OF NOTATION . ... .. ... ... . 332
INDEX . . 338
CITED LITERATURE . . . .. ... .. . o . 338
VITA . 342

vil



FIGURE

1
2
3

LIST OF FIGURES

PAGE

The Hasse diagram for By = {0,1} from example 1.1. . ... ... ... 7

The Hasse diagram for D = {0,x,y,1} from example 1.2. . . . ... .. 8
The Hasse diagram for a poset in which the set {a,b} has neither a

meet Or @ JOIN. . . . . .. . ... .. 10

The Hasse diagram for MOg = {0, 1, v1, v, =01, ~v2 } of example 1.13. 28

The Hasse diagram for MO9 x By from example 4.5.. .. ... ... .. 131

viii



ABP

def.

iff

EA

NBG

OL

OML

prop.

resp.

RZFC

sec.

SP

wif

wlog

w.r.t.

ZFC

LIST OF ABBREVIATIONS

atomic bisection property

definition

if and only if

exchange axiom

von Neumann-Bernays-Godel

ortholattice

orthomodular lattice

proposition

respectively

Reduced Zermelo-Fraenkel with choice

section

superposition principle

well-formed formula

without loss of generality

with respect to

Zermelo-Fraenkel with choice

ix



SUMMARY

In this work we construct a rich first-order quantum logic which generalizes the standard
classical predicate logic used in the development of virtually all of modern mathematics, and
we use this quantum logic to build the foundations of a new quantum mathematics which has
the potential not only to provide insights into the nature of mathematical thought, but also to
provide a completely new mathematical framework in which to develop the theory of quantum
mechanics.

It is not unnatural to expect that the seemingly insurmountable difficulties that lie at the
foundations of quantum mechanics can only be resolved by literally going back and rethinking
the quantum theory from first principles (namely, the principles of logic) — if this is the case,
then a fully developed quantum mathematics, including a quantum calculus and a theory of
quantum Hilbert spaces, may be necessary to finally answer questions which have plagued
quantum theorists for generations.

While we have not pushed the development of quantum mathematics anywhere near far
enough to accomplish this goal, this work presents quite a few notable achievements. First,
with regard to the first-order quantum logic developed herein, we present not only a proof of
soundness and completeness,! but also prove a technically powerful new completeness result

which heretofore had been known to hold for classical, but not quantum, first-order logic.

! As much has been accomplished before, using a different axiomatization of quantum logic (17).



SUMMARY (Continued)

We then proceed to use our quantum logic to develop multiple areas of mathematics, includ-
ing abstract algebra, axiomatic set theory, and arithmetic. In some preliminary investigations
into quantum mathematics, Dunn (15) found that (the usual first-order axiomatization of)
Peano arithmetic is inherently a classical theory, in that the Peano axioms yield the same the-
orems using either classical or quantum logic. We prove a similar result for certain classes
of abstract algebras. Of course, if Dunn’s result were truly generic, the project of developing
quantum mathematics would be a lost cause — generically we would simply reproduce classical
mathematics. We show that this is not the case by presenting examples of quantum monoids,
groups, lattices, vector spaces, and operator algebras, all of which differ from their classical
counterparts. Moreover, we find natural classes of models of quantum lattices, vector spaces,
and operator algebras which all have a beautiful interrelationship, and we make some prelim-
inary investigations into using these models as a basis for a new mathematical formulation of
quantum mechanics.

We also develop (using the aforementioned powerful completeness result) an axiomatic quan-
tum set theory (equivalent to ZFC under classical logic) which is far more tractable than any
previous attempt at a quantum set theory. We then use this set theory to construct a quantum
version of the natural numbers, and develop an arithmetic of these numbers based upon an
alternative to Peano’s axioms (which avoids Dunn’s theorem). Surprisingly, we find that these
“quantum natural numbers” satisfy all of our arithmetical axioms if and only if the underlying
truth values form a modular lattice, giving a new arithmetical characterization of this impor-

tant lattice-theoretic property. Furthermore, these numbers have a natural interpretation in

xi



SUMMARY (Continued)

terms of quantum observables with whole number eigenvalues, and our quantum arithmetic of
these numbers yields a new sum and product for such observables with some truly remarkable
properties.

As with any decent intellectual investigation, this work raises more questions than it answers.
We conclude by mentioning some of the more interesting problems we have uncovered that still

await a solution.

xii



CHAPTER 1

INTRODUCTION

As the title suggests, the goal of this work is to redevelop mathematics from its foundations
within the framework of quantum logic. While axiomatic set theory is typically thought of as
being a foundation for all mathematics, before one can begin to develop any mathematics at
all, one needs a precise notion of the logical reasoning one will use in that development, which
is to say that one needs (at the very least) a precise way to determine when some collection
of statements entails another. Then, in order to develop any particular branch of mathematics
(such as set theory), one posits a collection of axioms and proceeds to develop the mathematical
theory by determining exactly what statements are entailed by the axioms.

To develop the foundations of mathematics, one needs a collection of axioms which is “uni-
versal”, meaning that one can use these axioms to “describe” any other branch of mathematics
completely within the original axiomatic theory. Axiomatic set theory fulfills this role effectively
for classical mathematics.!

What we accomplish in this work is, succinctly stated, to develop a mathematically precise
replacement (motivated by quantum mechanics) for the classical first-order logic usually used

to develop mathematics, and then use this logic to develop various branches of quantum mathe-

!Some would argue that category theory may be a better choice for the foundations of classical
mathematics, but this author humbly disagrees. For a short discussion, see (3).



matics, including abstract algebra, arithmetic, and, in particular, an axiomatic set theory which
we hope will start us down the path toward a suitable foundation for quantum mathematics.

Of course, everything concerning our formal quantum logic will be developed using only
classical logic and mathematics in the meta-language? — however, if we are to take the idea of
quantum mathematics seriously, we should ideally use some sort of “intuitive quantum reason-
ing” (in the meta-language) to develop and describe our formal quantum logic (which we can
then use to make statements in the object language), just as one uses “intuitive classical reason-
ing” in the development of a formal first-order classical logic. Unfortunately for us macroscopic
beings, this is no trivial task. Perhaps a good metaphor which describes the situation is that
the quantum logic we construct is a “first-order perturbation” away from classical logic toward
a “true” quantum logic.

Now, it would be natural for us to discuss the history and development of quantum math-
ematics® at this point, as to place this work in context. Unfortunately, there is not much to
say. For whatever reason, this field of research consists of large tracts of fallow intellectual
ground, with only a few small patches of cultivation. One verdant patch consists of the work of

Dunn on quantum Peano arithmetic (15), although his investigations have not seen any further

'We give a more detailed summary of the results of this work at the end of the chapter, after we have
covered some basic concepts of classical and quantum logic.

2When we formalize logic, the formal statements under investigation are said to be in the object
language, while statements about those formal statements are said to be in the meta-language.

3In our usage, areas of existing study which are commonly called “quantum groups” and “quantum
algebras” are definitely classical mathematics, as they are developed using classical logic.



significant development. Another consists of the quantum set theory of Takeuti (42), which as
been developed by a handful of other researchers (36; 37; 38; 47; 48). While certainly possessing
a rich and intriguing structure, Takeuti’s quantum set theory is far more complicated than the
one we develop — so much so that it would be hard to imagine his quantum sets forming a
practical foundation for all of quantum mathematics.! Finally, Tokuo has made some extremely
preliminary investigations into quantum set theory and quantum number theory (45; 46). Other
than these few explorations, we are in an undiscovered country.

The remainder of this introductory chapter proceeds as follows. First, in order to set the
stage for the quantum logic developed in chapters 2 and 3, we will provide a brief introduction to
classical propositional logic (section 1.1), which will allow us to introduce some important logical
notions in the simplest possible context. We will then give a brief discussion of propositional
quantum logic (section 1.2) which will help prepare us for the development of our first-order
theory. The elementary lattice theory needed to understand our approach and results is included
in these sections, while more technical lattice-theoretic results needed for proofs can be found
in appendix C. The reader possessing a basic familiarity with orthomodular lattices and formal
logic is invited to skim these sections, referring back as needed. Finally, in section 1.3, we give a
brief discussion of logic in general, and present an overview of what is to come in the remaining

chapters.

1'We will give a more detailed account of the differences between our quantum set theory and the one
developed by Takeuti in section 5.3.



Before proceeding any further, the author would like to acknowledge that all of the work
presented herein was done in collaboration Kimberly Frey and Tom Imbo. Also, we would like

to set a little notation before continuing with the main thread of our discussion.

Conventions and Notation

In the sequel, we will use := to be the equality of definition. We will also let N := {0,1,2,...}
be the natural (or whole) numbers, and use R to represent the real numbers, and C to represent
the complex numbers. Also, we will use ‘or’ inclusively, so that for two statements p and ¢, the
statement ‘p or ¢’ is true whenever either p is true, ¢ is true, or both are true.

Major results of this work are set aside in numbered theorems. Less important, but still
interesting results are set aside as propositions, and results which are of only technical interest
are set aside as lemmas. All proofs and lemmas can be skipped without loss of continuity. In
an effort to keep this work as self-contained as possible, (almost) all of the mathematics needed
herein not covered in a standard physics graduate program is contained in the appendices or
introduced when needed. Since we will be defining quite a few symbols and terms, both a

glossary of notation and an index is provided following the appendices.

1.1 Basics of Classical Mathematical Logic

Formal logic is a precise way to encode reasoning and determine the truth of certain formal

statements. For example, if we know that a given statement p is true, then from this we can



deduce that (for any other statement ¢), the statement ‘p or ¢’ is true.! While classical logical
reasoning is intuitively clear, in order to do mathematical logic, we need to have a formal
characterization of logical reasoning precise enough so that we can hope to prove statements
about said reasoning.

We begin by examining propositional logic, which is significantly simpler than first-order
logic.? Also, interesting distinctions between quantum and classical reasoning already appear
in the context of propositional logic, so it will behoove us to examine these differences in this
simpler context before exploring first-order logic. However, before we can examine propositional
logic we will first need a little lattice theory.

Since all of the material covered in this section is standard, for proofs as well as a more
thorough discussion we refer the reader to (6; 13; 31) for the relevant lattice theory and (18)
for the logic.

1.1.1 Posets and Lattices

The most primitive notion we will need is that of a poset.

Definition 1.1. Let P be a set and < a binary relation on P. < is called a partial order on P

if < satisfies (for all a,b,c € P)

Reflexivity: a < a.

'In using logic informally, the statement p might be something like ‘the sky is blue’, while ¢ might
be ‘the sky is green’. In propositional logic we are not concerned in any way with anything going on
‘inside’ propositions, while in first-order logic we will start to characterize this internal structure.

2First-order logic is frequently called predicate logic, and we will use the two terms interchangeably.



Antisymmetry: If a <b and b < a then a =b.

Transitivity: If a <b and b < ¢ then a <c.

If < is a partial order on P, we call the pair (P, <) a partially ordered set (or poset), and say P

is partially ordered by <.

Note: We will sometimes refer to the set P as a poset rather than the pair (P, <) when the
partial order is clear from context. Also, when we mention a poset without explicitly giving a
partial order, we will assume it to be denoted by the symbol ‘<’. For a,b e P, we will also

write b > a to mean a < b.

Of course, the reader is no doubt familiar with many posets — the natural numbers N and
the reals R form posets under the usual ordering, but these posets are not typical in that for
every pair of elements a, b, we have either a < b or b < a.! This is not the case in a generic poset.

Given a finite poset P, we can represent it graphically by a Hasse diagram, but we will need

the following definition before we can describe such diagrams.

Definition 1.2. Let P be a lattice, with a,b € P. b is said to cover a if for any ¢ € P with

a <c<b, we have either a =c or b =c.

To obtain a Hasse diagram for a given finite poset P, we place a dot for each element of P,

and for every a,b € P such that b covers a, we draw a line from b up to a.

1Such a poset is called a chain — see definition C.3 in the appendix.



Figure 1. The Hasse diagram for By = {0,1} from example 1.1.

Example 1.1. Let By = {0,1} with the usual partial ordering. Then the Hasse diagram for By

is given in Figure 1.

We can also construct a slightly more complicated example.

Example 1.2. Let D = {0,z,y,1} be a poset with 0 < <1 and 0 < y < 1 and no other

orderings.! Then the Hasse diagram for D is given in Figure 2.

One simple connection posets have to logic is this: given a poset P one can think of P as a
set of formal propositions,? where for p, g € P, the relation ‘p < ¢’ is interpreted as ‘p implies ¢’.
Of course the structure of a partial order will not be enough to allow us to interpret P as a set
of propositions — if we have some formal statement s, we want a formalization of the assertion
‘not s’, and similarly for two statements p and ¢, we would like formal assertions ‘p and ¢’ as

well as ‘p or ¢’. This motivates the following definitions:

1Other than the ones required in order that < be a partial order.

In the most general case, we will use posets to represent not propositions, but rather equivalence
classes of propositions under a natural equivalence to be defined in the sequel.



Figure 2. The Hasse diagram for D = {0,x,y, 1} from example 1.2.

Definition 1.3. Let P be a poset, with A € P. Then the meet of A (or greatest lower bound

of A), denoted A A, is defined to be the element z € P (if it exists) such that

(i) z<aforallac A

(ii) For any b e P such that b<a for all a € A, we have b < z.

We then also define a A b:= A{a,b}.

Definition 1.4. Let P be a poset, with A € P. Then the join of A (or least upper bound of

A), denoted V A, is defined to be the element y € P (if it exists) such that

(i)a<yforallae A

(ii) For any b € P such that a <b for all a € A, we have y <.

We then also define a v b:= {a,b}.



Note: It is easy to see that the meet and join of any subset of a given poset is unique, if it
exists, although meets and joins of such subsets do not always exist, as is shown in example
1.3 below. Also, for a given poset P, class' 2, and class function f with dom f =2l and

ran f ¢ P we define (when the relevant meets and joins exist)

A f(a):=/\f(@) and \/Q[f(a) =V ().

aed

For f:N — P we also define, and k,n e N

AfGy= A fG) and V@)= \V fG).
i=k ie{k,....,n} i=k ie{k,...,n}

Example 1.3. Consider the poset given by the Hasse diagram in Figure 3. The set {a,b} does
not have either a join or a meet. To see this, note that {a,b} does not have a join because it
does not have an upper bound, and {a,b} does not have a meet because even though it has

(two) lower bounds, neither of them is a greatest lower bound.

Since meets and joins of pairs are natural candidates to represent logical ‘and’ and ‘or’, it

will behoove us to name posets where all such meets and joins exist?.

1See appendix A for a discussion of classes. However, the reader will lose nothing by assuming all
classes are sets (and class functions are regular set functions) until we consider models of set theory in
chapter 5.

2Posets where all meets and join exist are called complete lattices. See def. C.1.
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Figure 3. The Hasse diagram for a poset in which the set {a,b} has neither a meet or a join.

Definition 1.5. Let L be a poset such that for every a,b e P both a v b and a A b exist. Then

L is called a lattice under < (or simply a lattice if the partial order is clear from the context).

Note: Both Bj of example 1.1 and D of example 1.2 are lattices. Also N and R form lattices

under their usual orderings.

Since meets and joins are unique, a lattice as defined above is an algebra! with binary

operations ‘v’ and ‘A’. Using this algebraic structure, one can completely characterize lattices:

Proposition 1.4. Let L be a set and let v and A be binary operations on L satisfying (for all
a,b,ce L)

Commutativity: avb=bva and arnb=bAa.

Associativity: (avb)ve=av (bve)and (anb)ac=an (bac).

Absorption: aVv (aAb)=a and a A (aVvb) =a.

1Specifically, a (2,2)-algebra — see appendix B.
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Further define the relation < on L by a < b iff a Ab = a. Then < is a partial order and L is a
lattice under <. Conversely, if L is a lattice under <, then the meet and join (of pairs) satisfy

the three properties above.

As mentioned before, when representing a collection of propositions as a lattice we can use
the operations v and A to represent logical ‘or’ and ‘and’, respectively. But we will need to add

more structure to form a new proposition ‘not p’ from a given p.

Definition 1.6. Let L be a lattice under <, and let — be a unary operation on L satisfying (for
all a,be L).

Double-negation: —(-a) =a

Order-reversing: If a < b, then -b < —a.

Then - is called an involution on L.

We would also like some way of representing propositions which are necessarily true (as
well as propositions that are necessarily false) in a lattice. One property of a necessarily true

statement is that everything must imply it. This motivates the following definition.

Definition 1.7. Let L be a lattice, and let a € L be such that z < a for all z € L. Then a is
called the top element of L (denoted 1). Further let b € L such that b < z for all z € L. Then b
is called the bottom element of L (denoted 0). If L has both a top and bottom element then L

is called bounded.

Note: Top and bottom elements are clearly unique, and so we can think of them algebraically

as constant functions. Every finite lattice is bounded — D from example 1.2 and B from
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example 1.1 already have their top and bottom elements labelled using our new notation. N

has a bottom element, but is not bounded, and R has neither a top nor a bottom element.

Of course, one key fact of logic is that both a statement p and its negation ‘not p’ cannot

both be true at the same time, and so we have the following definition.

Definition 1.8. Let L be a bounded lattice with involution ‘-’ such that for every a € L we
have that

an-a=0 and av-a=1.

Then L is called an ortholattice (or OL). If 0 = 1 then L is called trivial. Otherwise, L is called

non-trivial.

Note: A trivial ortholattice has only one element. When not otherwise mentioned, we will
assume that the symbol ‘=’ represents the involution of any given ortholattice. Using the
language of universal algebra from appendix B, for any ortholattice L, letting

F ={v,A,—,1,0}, we have that (L, F) is a (2,2,1,0,0)-algebra, and we will implicitly consider

ortholattices to be such algebras.

We also have the following useful statement.

Proposition 1.5. DeMorgan’s Law: Let L be an ortholattice. Then for any a,b € L we have
that both

—(man=b)=avb and —(-avVv-b)=anb. (1.1)
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Note: Using this, and the fact that 0 = =1 in any ortholattice, we can actually define
ortholattices in terms of only the operations A, = and 0, and then define the operations v and

1 in terms these. This technique will have some technical use for us later.
The most important ortholattice in the universe we have already seen as a lattice.

Example 1.6. Let By := {0,1} with the usual ordering (recall example 1.1 illustrated in Fig-
ure 1), and define - so that -0 = 1 and =1 = 0. Then By is an ortholattice. In the sequel, we

will always take Bs to be endowed with this involution.

Some comments concerning the ortholattice By are in order. If a (gifted) child were to
read the discussion up to this point, no doubt that child would tell you that By is an example
of a “universe of discourse” comnsisting of only a statement p and its negation —p — one of
these statements would be true (and correspond to ‘1’), while the other would be false (and
correspond to ‘0’). Then (by double negation) we would have that —-p is just p, which is all
very nice. Of course, if you give a child a pair of oranges, that child will tell you that those
oranges, in and of themselves, are an example of “twoness”.

Now, when I was a child, I spake as a child, I understood as a child, I thought as a child: but
when I became a mathematical physicist, I put away childish things. And as a mathematical
physicist, if I look at a pair of oranges, I see their “twoness” as a result of their 1-1 correspon-
dence with any other pair, rather than something which that pair possesses in isolation. Let us
take a moment and try to apply this more sophisticated reasoning to “truth”.

Just as one might think of “twoness” as the totality of all pairs, one can think of “truth” as

the totality of all true statements — we call this totality 1, suggestively. Then “falsity” becomes
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the totality of all false statements (which we call 0). Now, consider this “truth” (1) and “falsity”
(0) as comprising the algebra By above. It is immediately apparent (under the interpretation
of A as ‘and’, -~ as ‘not’, etc.) that the algebraic operations of By are also natural with this
reading of ‘1’ and ‘0’. To wit, if two statements p and ¢ are true, then so is pAg (1A 1=1),
while if p is true, and ¢ is false, then p A ¢ must be false (1 A0 =0), etc. Thus, if we interpret
By = {0, 1} as representing “truth” and “falsity” rather than any particular propositions, we see
that these “truth values” for classical logic carry a natural algebraic structure. We will return
to a discussion of the algebraic properties of this structure later (section 1.1.3), but first we

wish to begin an examination of logic, and the role of this ortholattice therein.

1.1.2 Propositional Logic

With the above algebraic preliminaries out of the way, we can now begin a precise treatment

1 We begin with a set A of atomic propositions. These may represent

of propositional logic.
declarative statements such as ‘cats are mammals’ or ‘cows have 10 legs’, but as far as we are
concerned we have no method with which to view their internal structure — atomic propositions
are black boxes in propositional logic. The only property? that is relevant is that they may be

either ‘true’ or ‘false’ (but never both). We also let the symbol ‘T’ represent an “essentially

true” proposition, and the symbol ‘1’ represent an “essentially false” proposition.

1Our development will gloss over a large number of details. The reader is referred to (18) for a more
thorough treatment.

2This is an informal notion which will be made precise below in the definition of a propositional truth
function.
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We can also form new propositions out of old ones. For any given proposition p, we write —p
to represent the assertion ‘p is not the case’. Also, for two propositions p and ¢ we write p A g
(read ‘p and ¢’) to mean the assertion that ‘both p and ¢ are the case’, and we write pv ¢ (read
‘p or ¢’) to mean that ‘either p or ¢ or both are the case’. Then the set of all propositions we can
construct in this way beginning from the atomic propositions form our universe of discourse

over A. To be precise:

Definition 1.9. Let A be a set. Then the propositional universe over A (denoted U(A)) is
the free (2,2,1,0,0)-algebra! with operations (v,A, -, T, 1) over the set A. Elements in A are

called atomic propositions, and elements in U(A) are called propositions.

With this definition, the propositions ‘p’ and ‘-~—p’ are considered to be different, even
though intuitively they represent the same meaning. Also, we have not yet made precise
what we mean for a proposition to be ‘true’ or ‘false’, or enforce the intuitive requirement
that whenever ‘p’ is true, ‘=p’ is false, and vice versa. We can remedy all these problems in the
following way — the basic idea is that “truth” is represented by a function from the propositions
to the “truth values” By (which we have already seen naturally encodes the notions of ‘truth’
and ‘falsity’), where this map must respect the “meaning” of the operations which represent
‘and’, ‘not’, etc. We call such a method of assigning truth values to propositions a semantics

for that logic, which we proceed to formally define.

1See appendix B for a definition of a free algebra. Intuitively speaking, the propositional universe
consists of all “polynomials” in the atomic propositions constructed using the given operations.
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Semantics for Classical Propositional Logic

Definition 1.10. Let A be a set. Then a map v : U(A) — By is called a propositional truth
function on U(A) if it is an (ortholattice) homomorphism® (considering By = {0,1} to be a

(2,2,1,0,0)-algebra as discussed above).

Note: From the above as well as the definition of U, it is clear that a propositional truth
function is entirely determined by its action on the atomic propositions, and (by the universal
property of free algebras) that any set map from the atomic propositions to the set {0,1} can

be extended uniquely to a propositional truth function.

Example 1.7. Take A = {p,q} (with p # g representing any two statements). Then we have 4

different propositional truth functions on U(A), given by

L vi(p) =ni(q) = 1.
2. va(p) =v2(q) = 0.
3. v3(p) =1, and v3(q) = 0.
4. v4(p) = 0, and vy(q) = 1.

Then we can compute the action of any of the above maps on any proposition, for example

v3(-pVv(pAgq))=-v(p) v (v(p) rv(g)) =0V (1A0)=0,

1See definition B.3, recalling that /(A) is a (2,2,1,0,0)-algebra. Basically, a homomorphism f is
just a “structure preserving map”, so that f(a Ab) = f(a) A f(b), f(T) =1, etc.
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while

va(-pVv(pAq))=-v(p)v(v(p)rv(g) =1v(0Al)=1.

The symbols ‘0" and ‘1’ above are to be interpreted as meaning ‘false’ and ‘true’ respec-
tively, and a propositional truth function tells whether any given proposition in the universe of
discourse is true or false.

There is then a natural equivalence relation on the universe of discourse with the following
interpretation: two propositions have an “equivalent meaning” when one is true iff the other is

true.

Definition 1.11. Let A be a set, and let p,q e U(A). Then p and q are said to be semantically
equivalent if, for every v which is propositional truth function on U(A), we have v(a) = v(b).

If p is semantically equivalent to T, then p is said to be a tautology.

Note: It is in this sense that for any proposition p, both p and —=p “mean the same thing” —
the two propositions p and ——-p are semantically equivalent. Also, for any proposition p, we

have that p v —p is a tautology, since v(p Vv -p) = v(p) v -v(p) = 1.

With the notions of a propositional truth function and semantical equivalence, we now have
a formal handle on “truth” in classical propositional logic. Using this we can define what it

means formally for one proposition to follow from a given collection of propositions.

Definition 1.12. Let A be a set, let p e U(A), and let ' cU(A). We say that T' semantically
entails p if, for every v which is a propositional truth function on U(A), we have that v(p) =1

whenever v(q) =1 for all geT".
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We then have the following interesting fact.

Proposition 1.8. Let A be a set, let p,qe U(A), and let ' cU(A). Then I'u{p} semantically

entails ¢ iff ' semantically entails —=p Vv (p A q).

Note: This gives us a formal proposition' which represents ‘p implies ¢’, as such we will define

p—=>q:=-pV(pArq). ‘= so defined is called the Sasaki hook.

Now that we have a formal notion of truth and entailment within classical logic, in principle
we're done. We have a fully formalized procedure for determining when a given proposition
p follows from some set of propositions I'. However, our criteria for determining when the
statement ‘p follows from I" is true is rather difficult to fulfill — we need to examine all the
possible propositional truth functions in order to make the determination,? which is rather quite

a lot of work. To remedy this situation, we introduce the notion of formal deductions.

Formal Provability in Classical Propositional Logic

Ideally, what we would like is a system of formal rules by which we can deduce when some

proposition follows from others. While the details of such formal deductive systems are not

'This differs from the wusual formal proposition chosen for this role, namely the classical material
conditional ‘=p Vv q’, which also has the desired property given in the above proposition. We choose
our conditional because the classical material conditional does not play well with quantum logic — see
Hardegree (24). However, in classical logic both propositions are semantically equivalent.

2While this can be done fairly straightforwardly in propositional logic (for example, using truth
tables), first-order logic is another story. The reader interested in more detail is referred to (18).
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overly complicated,! the particulars of any such system will not concern us, and instead we will

describe the general form of any deductive system for propositional logic.

Definition 1.13. Let A be a set. A propositional rule of deduction over A consists of a pair
(T,p), where ' cU(A) and p e U(A). A propositional deductive system over A is a pair (A, D),

where A cU(A) and D is a set of propositional rules of deduction over A.

Note: One rule of deduction commonly found in classical propositional logic would be
({p,p = q},q). The intuitive meaning of this rule is that if both the propositions p and p - ¢

are true, then also the proposition ¢ is true. This is an instance of modus ponens.

We can then use the notions above to define what it means for a proposition to be provable

from a set of axioms.

Definition 1.14. Let A be a set, let p e U(A), let T' cU(A) and let (A, D) be a propositional
deductive system. Then p is said to be formally provable from T w.r.t. (A, D) if there exists
a finite tuple? (p1,...,p,) such that p, = p, and each p; is either in A, or if there is a rule

(T, p;) € D such that T' < {py,...,pi-1}-

Soundness and Completeness

In order for formal provability to be of much use, a classical propositional deductive system

must satisfy two properties. The first is soundness: only propositions which are semantically

1See (18) for an example.

2This tuple is a formal notion which corresponds to a list whose items each consist of one step in a
proof of a given statement.
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entailed are formally provable. The second is completeness: every proposition which is seman-

tically entailed is formally provable. More precisely we have:

Definition 1.15. Let A be a set, and let (A, D) be a propositional deductive system over A.
Then (A, D) is said to be sound if for every set I' €U/ (A) and every proposition p, whenever p
is formally provable from I w.r.t. (A, D), we have that I" semantically entails p. (A, D) is said
to be complete if, whenever I'" semantically entails p, we have that p is formally provable from

I'wr.t. (A,D).

Simply put, the content of soundness and completeness together is that ‘semantic entail-
ment’ and ‘formal provability’ are entirely equivalent notions. This is certainly something we
would want from any formal deductive system. Of course, there are many sound and complete
deductive systems for classical logic, see e.g. (18).

We now state the “deduction theorem” for classical propositional logic, which demonstrates
that the conditional ‘=’ defined above behaves as nicely as possible with regard to formal

provability.

Proposition 1.9. Deduction Theorem: Let A be a set, let (A, D) be any sound and complete
propositional deductive system over A, let p,q € U(A), and let T' € U(A). Then g is formally

provable from I'u {p} w.r.t. (A,D) iff p > ¢ is formally provable from I" w.r.t. (A4, D).

This deduction theorem is more evidence that the expression ‘p - ¢’ is a good choice for a

proposition which “means” ‘p implies ¢’.
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Consistency

One more concept from mathematical logic that deserves discussion is that of consistency
of a set of propositions; intuitively a set of propositions is consistent if it contains no logical

contradictions. We make this precise in the following way.

Definition 1.16. Let A be a set, and I' ¢ U(A). Then I' is said to be inconsistent if T’

semantically entails 1. Otherwise I" is said to be consistent.

Now it is easy to see that ‘1L — p’ is always true for any proposition p. Computing (for any

propositional truth function v), we have

v(L—>p)=-v(L)v(w(L)Aav(p)=1v(0Av(p))=1.

What this shows (along with the deduction theorem) is that every proposition is provable
(within a deduction system satisfying completeness) from an inconsistent set of axioms! We

have following the nice test for consistency in propositional logic.

Proposition 1.10. Let A be a set, and T' € U(A). Then I is consistent iff there exists a

propositional truth function v such that v(v) =1 for every vy €T

Intuitively, this says that a set of propositions is consistent if it is logically possible for all

of the propositions in that set to be simultaneously true.
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1.1.3 Boolean Algebras

If we blur our eyes, and treat semantically equivalent propositions as being equal,’ then the

resulting structure forms a Boolean Algebra.

Definition 1.17. Let B be an ortholattice which satisfies (for all a,b,c € B)

Distributivity: av (bac)=(avb)A(ave)and an(bve)=(anb)v(anc).

Then B is called a Boolean algebra.

Note: Bj from example 1.1 (with the natural involution) forms a Boolean algebra.

Then we have the following proposition which makes precise the notion of “blurring our

eyes”.

Proposition 1.11. Let A be a set, and define the binary relation ~ by (for all p,q e U(A))

a~b iff a is semantically equivalent to b.

Then ~ is a congruence? on U(A), and U(A)/ ~ is a Boolean algebra.

Note: The natural quotient homomorphism maps propositions which are semantically

equivalent (in U(A)) to the same element in the quotient algebra. See section B.5 of the

!This will be made precise in proposition 1.11.

2See section B.5 in the appendix.



23

appendix for details. The quotient algebra is sometimes called the Lindenbaum-Tarski

algebra; this notion will reappear later in a different context (section 2.4.2).

When defining propositional truth functions, we had a natural motivation for taking the
Boolean algebra By = {0,1} as the truth values. Interestingly, if we had instead defined proposi-
tional truth functions more generally, so that any Boolean algebra could serve as the codomain
(i.e. as the set of truth values), then we would have arrived at the same notions of semantical
equivalence and semantic entailment — more precisely, a set of propositions I' would seman-
tically entail a proposition ¢ (by our previous definition) iff I' semantically entailed ¢ in a
semantics defined over generic Boolean truth values. Moreover, this (more general) semantics
would be complete w.r.t. the exact same deductive systems. Basically, taking the truth values
to be a generic Boolean algebra yields a logic completely equivalent to the usual classical logic
with truth values {0,1}.! One way to understand this fact is to realize that By is the only

irreducible? Boolean algebra, and that irreducibles suffice to prove a completeness theorem.?

Proposition 1.12. Let B be a Boolean algebra. Then B is irreducible iff B is isomorphic to

Bs.

1Using Boolean algebras for truth values has practical applications in axiomatic set theory — see
section 5.1.3.

2See definition 2.27 in the appendix. Basically, an ortholattice is irreducible provided it is not
(isomorphic to) a product of other ortholattices.

3We eschew a formal treatment of this claim since we give a proof within the broader context of
quantum logic — see theorem 3.
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1.1.4 First-Order Logic

The formulation of (classical) first-order logic is significantly more involved than for the
propositional logic, and so rather than giving a full development, we will confine ourselves to
some informal remarks.

As noted earlier, in propositional logic the atomic propositions are “black boxes”, with
no way to get a handle on their internal structure. In first-order logic, on the other hand,
atomic propositions are constructed from more fundamental pieces, namely variables, predicate
symbols, and function symbols. One then uses these symbols to construct atomic propositions
which (possibly) depend upon variables — for a proposition p which depends on a variable z,
we write p(z).

Then, just as in propositional logic, we can use the symbols ‘v’, ‘A’, and ‘=’, to build more
complicated propositions from the atomic propositions. We are also allowed to use two new
logical symbols to build new propositions — ‘V’ (representing ‘for all’), and ‘3’ (representing

1 Then, if we have a proposition such as p(z), (Yz)p(x) represents another

‘there exists’).
proposition in first-order logic, as does (3z)p(x).
Semantics is more complicated than in the propositional case. One needs to form models

which include an underlying set M (which represent the objects that the variables run over) as

well as a truth function which is defined similarly to the propositional case (with truth values

!Similar to the way in which we eliminate ‘v’ and ‘1’ in terms of the other symbols ‘A’, ‘=’, and ‘07,
we can replace ‘3’ with ‘=V=’. Intuitively, a given statement s holds for all x iff there does not exist an
x for which s does not hold.
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By ={0,1}), except that it is required to play well with the new symbols — in particular (for

a truth function v) we require

v((Ya)p(z)) = A\ v(p(a)) and v((Cx)p(z)) =V v(p(a)).

aeM aeM

This makes intuitive sense — (Vz)p(x) is true iff p(a) is true for every a in the model under
consideration.
Classical first-order logic then shares some important properties with classical propositional

logic:
1. Classical first-order logic has a deduction theorem.

2. There is a system of formal deductions with respect to which the classical first-order

semantics (discussed above) is both sound and complete.

3. These formal deduction systems are sound and complete with respect to a semantics

defined so the truth values may be any complete! Boolean algebra.

4. A set of axioms is consistent iff those axioms have a model.?

As we will see, the quantum logic we develop shares all of the above properties with classical

logic except for the first — there is no deduction theorem for quantum logic.

!This is a technical requirement on the truth value lattice (somewhat confusingly, this concept of
lattice completeness is completely unrelated to the concept of soundness and completeness in the logic)
that insures that certain meets and joins exist — namely, those needed to evaluate the truth values of
statements involving the symbols ‘3" and ‘V’. See definition C.1.

2In the propositional case, we think of a model as simply a propositional truth function.
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There is one bit of odd behavior in classical first-order systems when the underlying truth
values are a general Boolean algebra rather than the usual By = {0,1}. In any (non-trivial)
Boolean algebra B # B, we have some element z € B such that z # 0, z # 1, and (of course)
zV =z =1. Then, for a given proposition p(x), we can show there exists a model over a set M
such that v(p(a)) = z for some a € M, that v(p(b)) = -z for some b € M, and yet v(p(c)) # 1
for all ¢ € M. Then, the formal proposition representing the statement ‘there exists an x such

that p(x)’ is true, since

v((32)(p(2)) =V v(p(c) 2 v(p(a) v v(p(b)) = 1,

ceM

and yet there is no element of M such that p(z) is true! This is quite odd behavior that appears
as soon as we go beyond using the standard truth values {0,1} (and so will appear in our
dealings with quantum logic), but this oddness should not be thought of as being particularly

“quantum” .t

1.2 Basics of Quantum Logic

The birth of quantum logic can be traced to a paper of Birkhoff and von Neumann (5) in
which they observed that the collection of closed linear subspaces (equivalently, the projection

operators) of any complex separable Hilbert space forms an ortholattice which, while not a

n fact, as we will see in section 3.2.2, this oddness can be remedied when the truth values form an
irreducible algebra, and so this oddness is best thought of as being about the reducibility, rather than
the Booleanness, of the truth values.
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Boolean algebra, still satisfies enough algebraic properties® that it has a natural interpretation as
a collection of propositions, with the ortholattice operations v representing ‘or’, A representing
‘and’, and — representing ‘not’.

Since this original paper, the discipline of quantum logic has grown so much that it would
be impractical to attempt to summarize all the developments that have occurred since. The
interested reader is referred to the review articles (11; 20; 25; 29) and references therein.

We now proceed to define the algebraic properties satisfied by the aforementioned subspace

lattices — as we will now see, these subspace lattices are all orthomodular.

1.2.1 Orthomodular Lattices

The bible of orthomodular lattice theory is Kalmbach (31), to which the reader is referred

for a more thorough discussion. We begin with the definition of an orthomodular lattice.

Definition 1.18. Let L be an ortholattice. If all a,b € L satisfy

Orthomodularity: aAnb=an (-aV (aAb)),

then L is said to be an orthomodular lattice (or OML).

Note: Orthomodularity is a weakening of the distributivity property satisfied by Boolean
algebras, and as such, every Boolean algebra is an OML. Recalling the definition of the Sasaki

hook, note that we can rewrite orthomodularity as a Ab=a A (a - b). Think about that.

1See our discussion in section 1.2.2 for a detailed account.
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U1 U1

Figure 4. The Hasse diagram for MOs = {0, 1, v1,v2, —v1, ~v3} of example 1.13.

Example 1.13. We define MO; to be the set {0,1, v, v2, ~v1,-v2} (with obvious involution),
and with partial order given as in the Hasse diagram of Figure 4. Then MOQs is an orthomodular

lattice which is not a Boolean algebra.
There is a simple way to characterize when an OML is a Boolean algebra.

Definition 1.19. Let L be an OML, with a,b e L. We say that a commutes with b (or a and

b commute) (denoted a C' b), if we have that

a=(anb)v(an-b).

Note: Saying that “a and b commute” is well-defined, since the relation of commuting is

symmetric in an OML. See (31), p. 22. If @ and b do not commute we write a £ b.

Proposition 1.14. Let L be an orthomodular lattice. Then L is a Boolean algebra iff for every

a,be L we have a C b.
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Proof. This is a trivial corollary of proposition C.9. O

1.2.2 Projection/Subspace Lattices

First we set a little notation. For any Hilbert space H we will use the Dirac bra-ket notation

for the inner product, ‘|0)’ to represent the zero vector, and for any S ¢ H, we define

Sti={ ) e H | (Plp) =0 for all |¢) € S },

(which is always a closed subspace). Also, for any set S ¢ H, we denote the linear span of S by
span(S), and the closure of the span of S by span(S). Also recall that an orthogonal projection
operator on H is a Hermitian operator P such that P? = P. Finally, for any linear operator A

on ‘H we define ker(A) := {|) e H : Aly) =|0)}.

Proposition 1.15. Let H be a separable Hilbert space. Then the set of closed linear subspaces
(ordered under inclusion) form an orthomodular lattice with S — S* as the involution. This

OML is called the subspace lattice of H.

Note: For two closed subspaces V, W ¢ H, we have that V. AW =V n W (the meet is the
intersection), and V v W =span(V u W) (the join is the closure of the span of the union).
Also, the closed linear subspaces of a separable Hilbert space are in 1-1 correspondence with

the orthogonal projection operators' on #, and so the projection operators of H form an

! An orthogonal projection operator P corresponds to its image (i.e. with ker(P)*) under this 1-1
correspondence.
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OML (called the projection lattice) naturally isomorphic to the subspace lattice of H. Given
this correspondence, we will frequently blur the distinction between the two — no confusion

should arise. See (28).

For a given quantum system described by some Hilbert space H, the orthogonal projections
on H have a natural interpretation as (equivalence classes of) propositions concerning that
quantum system, since the measurement of such an operator always yields ‘1’ or ‘0’. One may
think of the relevant proposition for a projection operator P as being the declarative statement
‘the state of the system is in the subspace ker(P)*’.

As Birkhoff and von Neumann noted in (5), when H is a finite dimensional Hilbert space,

its corresponding projection lattice has even nicer properties.

Definition 1.20. Let L be a lattice. If every a,b, c € L satisfy

Modularity: If a <¢, then av (bac)=(avb) Ac.

then L is said to be modular.

Note: This is easily seen to be a weakening of distributivity. Also, when L is an ortholattice,

modularity implies orthomodularity (see (31)).

Proposition 1.16. Let H be a finite dimensional Hilbert space. Then the subspace lattice of

H is a modular lattice.

von Neumann was strongly attached to the property of modularity — so much so that he

developed his theory of von Neumann algebras to provide an alternative to standard quantum
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mechanics on an infinite dimensional Hilbert space. In this alternative, the underlying projec-
tion lattice is still modular.! Interestingly, modularity will make a surprise return to the stage

in chapter 6 when we construct our quantum arithmetic.

1.2.3 Propositional Quantum Logic

For purposes of this work, by quantum logic we will mean the generalization of classical
logic whereby one replaces the standard Boolean algebra Bs = {0,1} that one uses as the
truth values in classical logic with an arbitrary orthomodular lattice. The basic motivation for
this replacement is this: in the classical case, the (equivalence classes of) propositions form a
Boolean algebra, and also, the (equivalence classes of ) propositions concerning quantum systems
naturally form an orthomodular lattice (namely, the projection lattice). Since classical logic
can be developed using any Boolean algebra as a set of truth values, we assume quantum logic
can be developed using any OML for the truth values.?

We now give a brief treatment generalizing the propositional logic developed in section 1.1.2
to the quantum case, just to get the reader’s feet wet. We will formalize first-order quantum
logic in chapter 2.

In our consideration of quantum propositional logic, we utilize the same concept of ‘propo-

sition’ and ‘universe of discourse’ previously defined.

!For an introduction to the lattice-theoretic properties of von Neumann algebras, see (28).

20f course, another natural candidate would be to only use irreducible truth values, as per the usual
development of classical logic based on By = {0,1}. Just as in the classical case, these choices turn out
to be equivalent, as we show in chapter 2.
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Definition 1.21. Let A be a set. A quantum propositional truth function is a homomorphism

v:U(A) - L, where L is an orthomodular lattice.

Since an OML L has, in general, lot more structure than By = {0,1}, there are different
ways to define ‘true’. For our purposes, we will say that a proposition p is ‘true’ when v(p) = 1.}
We then keep the same notion of semantic entailment as in the classical case, but now using

quantum propositional truth functions — we will call this Q-entailment.

Definition 1.22. Let A be a set, let p € U(A), and let I' € U(A). If, for every quantum
propositional truth function v such that v(y) =1 for every v € I, we have that v(p) = 1 as well,

then we say that I' semantically Q-entails p.

Just as in the classical case, we can define a notion of semantical equivalence, and then use
this to create an algebra of equivalence classes of propositions (as for the classical case, see
proposition 1.11) — doing this would yield that the resultant algebra was an OML instead of
a Boolean algebra, as the reader might expect.

Also, we can create formal deductive systems for this propositional quantum logic and prove
that they are sound and complete with respect to the semantics given above — since we do
exactly this for first-order quantum logic in the next chapter (and since propositional logic is
a special case of first-order logic), we will not go through the details of the propositional case

now.

'In principle, rather than taking plain OMLs for the sets of truth values, one could take an OML
along with some designated set, and every element of the designated set would count as true. For a
further discussion of this approach, see (26).
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However, if we assume the completeness theorem, we can then examine the deduction the-
orem 1.9 in quantum logic. The completeness theorem means that a proposition p will be
formally provable (via our hypothetical formal deduction system for quantum logic) from a set
of propositions I' iff I' semantically Q-entails p. Hence, the deduction theorem will hold in
quantum logic iff (for any set of propositions I', and for any propositions p and ¢) we have that

the following statement holds:

T'u{p} semantically Q-entails ¢ iff T semantically Q-entails p — ¢,

recalling that p - g = —=p Vv (p A q) is the Sasaki hook. It is easy to construct a counterexample

showing that the deduction theorem does not hold in quantum logic.

Example 1.17. Let p,q be propositions. Then @ u {q} semantically Q-entails p - q. To see

this consider any quantum propositional truth function v such that v(¢g) = 1. Then we have

v(p—>q)=-v(p) v (v(p)rv(q)) =-v(p) v (v(p) A1) =-v(p) vr(q) = 1.

However, we do not have that @ semantically Q-entails ¢ - (p — ¢). To see this, define a
quantum propositional truth function vy with codomain MO; (recall example 1.13) such that

vo(p) = v1 and vo(q) = ve. Then

vo(p = q) = -v1 v (v1 Avg) = =1,
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so that

vo(q— (p—q)) =-v2 Vv (V2 A=vp) = =9 # 1.

Subclassicality of Quantum Propositional Logic

Our propositional quantum logic is easily seen to be subclassical — without going into a
formal definition, essentially a logic is subclassical if everything that can be proven in that logic
(via some formal deductive system satisfying completeness) can also be proven in classical logic.
In terms of semantics, a logic is subclassical if every semantic entailment of that logic is also a
semantic entailment of classical logic.

The subclassicality of quantum propositional logic is easy to see — if I' is a set of propo-
sitions, and I' semantically Q-entails a proposition p, then (since Bs is an OML), we trivially
have that I' semantically entails p classically. As we will see, first-order quantum logic is also
subclassical.

This concludes our discussion of propositional quantum logic. Before jumping into the first-
order case, to conclude this chapter we briefly discuss logic in general and give an overview of

the remainder of this work.

1.3 Overview of Logic and Preview of Remaining Chapters

The remainder of this work is dedicated to developing a formal first-order quantum logic,
and then using this logic to begin a development of quantum mathematics. We have not, and
will not, formally define what we mean by logic — but we will take a moment to elucidate the

notions of a ‘semantics’ and ‘formal deduction system’ for a logic.
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First, we should point out that before one can have a formal logic, one needs a formal
syntax, i.e. rules for determining precisely what constitutes the object language and what formal
statements are allowed. There is nothing “classical” or “quantum” concerning the syntax — it
is a pre-logical notion. This has been made apparent in our examination of the propositional
case, where the universe of discourse (over some set) constituted the allowed formal statements
for both the classical and quantum propositional logic discussed.

Given a syntax, the job of the logic is then to provide a precise notion of entailment by
determining what statements follow from others. For the classical propositional logic discussed
previously, we mentioned two different sorts of entailment — one defined by the semantics, and
another defined via a formal deductive system. While, in principle, these two entailments could
have been different (in which case there would be no basis for saying they both represented the
same classical logic), the content of the soundness and completeness theorems is that both of
these entailments are, in fact, the same. Hence, it is soundness and completeness which allow
us to think of a semantics and a formal deductive system as belonging to the same classical
propositional logic.

As we have mentioned, first-order classical logic and propositional quantum logic also possess
theorems of soundness and completeness, as does the first-order quantum logic we develop below,
and for this reason we speak of these logics as possessing both a semantics and a syntax. For
the first-order quantum logic, we will prove soundness and completeness in section 2.4 — given

these theorems, we will henceforth identify this quantum logic with both its semantics as well
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as with its system of formal deduction even though, strictly speaking, they provide different
formal routes to producing the same entailments.

We now proceed to summarize the remaining chapters of this work.

Summary of Chapter 2: First-Order Quantum Logic and Quantum Mathematics

In this chapter we formally define our first-order quantum logic by constructing both a
semantics as well as a formal deduction system. We then prove that this deduction system is
both sound and complete with respect to our quantum semantics. We conclude the chapter
with a more powerful completeness result — namely that our deduction system is also complete
with respect to a semantics where we restrict our truth values to be irreducible algebras. This
result is the analog of the result from classical logic that any formal deductive system is sound
and complete with respect to the standard By = {0,1} truth value semantics iff that deductive
system is complete with respect to a semantics where any Boolean algebra is allowed for the

truth values.

Summary of Chapter 3: Simple Developments in Quantum Logic

In this chapter we investigate the first-order quantum logic developed in the previous chap-
ter. First, in section 3.1 we examine the connection of our quantum logic to the traditional
classical first-order logic. As far as the semantics are concerned, just as in the propositional
case, first-order logic is a generalization of classical logic obtained by using OMLs for the truth
values rather than the usual By = {0,1} (or any other Boolean algebra), and as such is subclas-
sical (since Boolean algebras are, in particular, OMLs). One consequence of this subclassicality

is that systems of axioms which are equivalent classically may no longer be equivalent in our
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quantum logic — we investigate this property further is section 3.2. We conclude this chapter
with a general discussion concerning the construction of models for axiom systems in first-order
quantum logic, and prove some technical results which will be useful in constructing models in
the sequel.

Summary of Chapter 4: Quantum Algebraic Systems

We begin this chapter with a discussion of equational languages, i.e. languages whose only
predicate is ‘equality’. These languages form the basis for axiomatizing abstract algebras. After
proving that certain classes of axioms are inherently classical,! we then proceed to construct
models of groups and monoids which exemplify certain behaviors which are new to quantum
mathematics. We then present natural models of quantum OMLSs, vector spaces, and operator
algebras — all of which are beautifully interrelated — and make some preliminary investigations
into developing the theory of quantum mechanics based on these natural quantum mathematical
models. In particular, we examine both the Schrodinger and von Neumann equations within
this context (although still assuming a classical mathematical theory of the derivative), and
discuss how a quantum mathematical treatment of these equations may possibly yield solutions
which yield dynamical evolutions which go beyond the usual unitary dynamics.

Summary of Chapter 5: Quantum Set Theory

In this chapter we begin by reviewing classical axiomatic set theory, and discuss both the

ZFC axioms and the classical set theoretic universe. We then proceed to develop a modification

!By ‘inherently classical’, we mean that the theorems formally provable from those axioms are the
same in classical logic as in quantum logic.
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of these axioms of classical set theory, and develop a natural quantum model of these axioms.
This model has a rich enough structure that it can serve as the basis for the quantum arithmetic
we develop in the next chapter. Moreover, we find that a number of properties of projection
lattices which are not shared by all OMLs are crucial to showing that some of the axioms of
quantum set theory hold, and this suggests there may be multiple important logical features of
the projection lattices besides the fact that they are orthomodular lattices. We conclude this
chapter by comparing the set theory we develop to the (more technically unwieldy) quantum

set theory developed by Takeuti (42).

Summary of Chapter 6: Quantum Arithmetic

After recalling a theorem of Dunn (15) which states that the usual Peano axioms are inher-
ently classical, we use the quantum set theory from the previous chapter to develop “quantum
natural numbers” in a fashion analogous to the construction of the ordinary natural numbers N
within ordinary set theory. We then develop an addition and multiplication meant to satisfy an
alternative axiomatization of arithmetic (so as to avoid Dunn’s theorem) over these “quantum
natural numbers”. The development of this arithmetic yields two intriguing results.

First, we find that all of our arithmetical axioms hold on the natural models constructed iff
the underlying truth values form a modular lattice, giving an arithmetical characterization of
this important lattice-theoretic property. Second, when using projection lattices for the truth
values, the “quantum natural numbers” which model our quantum arithmetic have a natural
interpretation as bounded observables with whole number eigenvalues — and what is more,

the sum and product operations given by our quantum arithmetic have a number of intriguing
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properties when interpreted in terms of observables. First, they reduce to the usual operator
sum and product for the case of commuting observables. Second, this new sum and product
are both commutative operations, and in particular, even the multiplication is commutative
when the observables being multiplied don’t commute. And finally, every eigenvalue of the
quantum arithmetical sum (respectively product) of any two given observables A and B is
equal to the sum (respectively product) of an eigenvalue of A with an eigenvalue of B. We
conclude the chapter with a preliminary investigation into the physical relevance of this new

sum and product.

Summary of Chapter 7: Conclusion

In the final chapter we summarize the major results, as well as identify new questions raised

by our investigation of quantum mathematics.

Summary of Appendix

In appendix A we review the (classical) set theory needed for the rest of this work, in-
cluding a treatment of classes, transfinite induction, and the ordinal numbers. In appendix B
we review some basic universal algebra, such as free algebras, homomorphisms/isomorphisms,
congruences, and product algebras along with the notion of irreducibility. In appendix C we
provide a number of technical results in lattice theory which we will frequently use when proving

various statements.



CHAPTER 2

FIRST-ORDER QUANTUM LOGIC AND QUANTUM MATHEMATICS

We now jump into the promised development of a first-order quantum logic which is rich
enough to form a starting point for the construction of quantum mathematics. In this chapter
we first begin by defining the syntax for our logic (section 2.1). This discussion closely parallels
the development of syntax for classical first-order logic (see (18; 49), for example). In section
2.2 we then construct our system of formal deduction, and proceed to demonstrate a number
of formal proofs within this system, both to help build intuition for our quantum logic, as well
as to prove a number of useful technical results which we will find application for in the sequel.
In the following section (2.3) we develop a semantics for our quantum logic. This semantics is
similar to that for first-order classical logic except that it allows the truth values to consist of
orthomodular lattices, rather than the usual By = {0,1}.

After our semantics has been constructed, we then prove both soundness and completeness
of our formal deductive system relative to this semantics in section 2.4. After proving these
theorems, we then establish the promised more powerful completeness result which allows us

to focus on models with a particular property! which will be quite useful in the sequel.

!Namely that the truth value algebras of the models are irreducible OMLs. Models and truth value
algebras will be defined later in this chapter.

40
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2.1 Formal Syntax

In this section we set out to define precisely what we mean by first-order quantum math-
ematical statements, and direct the reader to pay special attention to the notion of language
defined below. The discussion will mirror the discussion of syntax for classical first-order logic
(see (18) or (49), for example) and will formalize both the object language (in which we can
make mathematical statements) and some important portions of the metalanguage (in which

we make statements about mathematical statements).

2.1.1 The Object Language

We begin by defining the basic symbols with which we will construct statements in our object
language. The most significant difference from the propositional logic discussed previously is
that the atomic propositions are no longer black boxes — instead these basic propositions
are constructed from variables, function symbols and predicate symbols. We then use logical
symbols to concatenate atomic propositions as in the propositional case, but with the added
symbols ‘¥’ and ‘3.

Syntactical Symbols

Definition 2.1. Define the set Bg := {A, -, V} to be the set of basic logical symbols.® Then
define the variables to be the set By := {v1,v9,...}. Finally, B := Bg u By will be the set of

basic symbols.

!The logical symbols mentioned in the introduction which do not appear here (v, ‘L) ete.) will

9

occur later as defined notions — this is a technical trick which will save us a bit of work later.
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These basic symbols are common to all the mathematical systems we consider. The symbols
{A, =, V} should be interpreted as logical ‘and’, ‘not’ and ‘for all’, respectively. In the sequel
we will use the letters x,y, z to stand for arbitrary variables (so they will be ‘metavariables’ —
i.e. variables in the metalanguage which stand for arbitrary elements of By ). We now define

the symbols which will vary depending on the mathematical system we are considering.!
Definition 2.2. A language is a class of symbols £ such that

1. £ is divided into two disjoint subclasses: £7 (called the class of predicate symbols) which
must be nonempty, and £ (called the class of function (or operation) symbols).
2. L and B contain no elements in common.
3. There is a class function o : £ - N, and for any s € £, a(f) is called the arity of s.
If fel” with a(f) =n, we will call f an n-ary operation,? and for P € LF with a(P) = n we
will call P an n-ary predicate.®> Any language where £ is a set is called a typical language. If £

is a proper class, then L is called a huge language.

Consider the following example of a typical language.

In contrast to the usual development of classical first-order logic, we allow our language to be a
proper class — this will be necessary for some technical reasons (namely the development of extended
languages) when we construct models of set theory. The reader unfamiliar with classes is referred to
appendix A, but little will be lost by assuming all classes are sets.

2We will call a 0-ary operation symbol a constant.

3A 0-ary predicate behaves like a proposition (as in section 1.1.2), and one essentially obtains propo-
sitional logic as a special case of first-order logic by simply taking a language which consists entirely of
0-ary predicates.
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Example 2.1. Defining the sets £%,, = {e,*} and £}, == {~}, with a(e) =0, a(*) = 2,
and «a(~) := 2, gives a language Lysop = Lﬁon u Eﬂ(m for monoids’ (with ~ representing the

predicate of equality, ‘e’ representing the identity element, and ‘*’ the multiplication).

Each different mathematical system — such as monoids, groups, lattices, etc. — will have
a language (which is not necessarily unique) associated with it.

Formal Statements

Now that we have the notion of a language defined, we need to develop a notion of formal
statements in that language.? We begin with a notion of a term, which is defined inductively
below in the standard way. Informally, a term is what is obtained by applying a function

(symbol) to variables.

Definition 2.3. Let £ be a language. A string of symbols ¢ is called an L-term if either ¢ = x
for x € By or t = f(t1,...,t4(y)) for each t; an L-term and f € L% . We denote the class® of

L-terms by T(L).

Note: For a binary operation such as ‘+’, and terms ¢, u, we will abuse notation and write
(t * u) instead of *(¢,u). Recalling example 2.1, in the language Lyson, both (e * z) and

((y * z) * e) with x,y, z € By would be Ljso,-terms, while (e » e) would not.

'For those unfamiliar, a monoid is just a set with an associative binary operation and an identity —
basically a group except that inverses are not guaranteed to exist.

20f course, different languages will have different allowed formal statements.

3The L-terms T(L) form a set if £ is a typical language.
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Now that we have the notion of a ‘term’, we can (inductively) define a ‘well formed formula’
— this is similar to a proposition from propositional logic except that it may contain ‘free’
variables. For example, rather than a statement like ‘the sky is green’, a proposition with a

free variable would be a statement such as ‘z is green’ (where z is the variable).

Definition 2.4. Let £ be a language. A string of symbols s is called a well-formed formula of

L (or L-wff) if s is of the following form

L. P(t1,...,top)y) where P € L7 and t1,...,tqp) are L-terms (such an L-wif is called

atomic)
2. =A for A an L-wif
3. (AA B) for A, B both L-wifs
4. (Vx)A for z € By and A an L-wif.

Also, for P a binary predicate, we will define t1 Pty := P(t1,t2). We denote the class! of L-wffs

by (L).

Considering Lo, from example 2.1 again, both the strings® e ~ e and (z ~ e A e~ e) would

be Lason-wils, while (Vy)(y * e) would not.

!The L-wffs 20(L) form a set if £ is typical.

2Recall e ~ e is (by definition) the same as ~ (e, e).
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We use the usual notion of free and bound variables.! For an L-wff B (L-term t, re-
spectively), we write B(x1,...,x,) (t(x1,...,2,), respectively) to indicate that the only free
variables occurring in B (¢, respectively) are xj,...,x,. Then, for any L-term ¢ and L-wff
B(z,z1,...,2,), we write B(t,x1,...,x,) to represent the formula B with all free occurrences
of = replaced by t (and similarly in other slots). Finally, we define the notion of a sentence,

which is the direct analog of a proposition from propositional logic.
Definition 2.5. An L-sentence is an L-wif with no free variables.

We now introduces some notation which will be useful in the sequel — for L-wifs A and B,

we define?

AVB = ~((=A) A (=B)), (32)B:=~(Vz)(=B), A-B:=-Av(AAB),

and then define A < B := (A - B)A(B — A). Also, for some fixed L-wff X, define | := X A-X
and T:= —1.% To reduce notational clutter, we take - to bind tighter than A and v, which bind

tighter than —, which binds tighter than 3 and V. We warn the reader that we may occasionally

'We eschew a formal definition here, but give an informal description. Any wff A is constructed (as
per the inductive definition), and so a variable & which occurs in a wff A must have been added at some
step in that construction. If, after the step where x is added, some further step adds (V) (via (4) in
def. 2.4), then = occurs bound in A. Otherwise x occurs free in A. For a formal treatment see (49).

2The symbol ‘-’ takes the same form as the Sasaki hook — see def. C.8.

3We treat ‘v’, ‘1’ etc. as defined notions here (rather than as primitive in our treatment of proposi-
tional logic in section 1.1.2) only for the technical reason that this treatment will simplify a large number
of proofs in the sequel.
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either omit or add parentheses to make things clearer — ideally this will only reduce confusion
and never further it.

As can be seen from the above, the syntax involved in first-order logic is quite a bit more
complicated than for propositional logic. As we will see later, the semantics is quite a bit
more involved as well. For this reason, we examine formal deductions in quantum logic before

proceeding to define our semantics.

2.2 Formal Deduction in First-Order Quantum Logic

Now that we have defined our object language, we have all the tools we need to construct
a formal deductive system for quantum logic. As in the propositional case, a deductive system

consists of axioms and rules of deduction. We first state the axioms for our quantum logic.

Definition 2.6. Let £ be a language. We define the quantum logical axioms for L to be the
class of instances of the axiom schema' Q1-Q6 below, which we denote by Q A(L).

(Ql) A—TAA for A any L-wif.

(Q2) (--A4) > Aand A— (--A) for A any L-wif.

(Q3) AAB—-A and AAB - B for any L-wffs A and B.

(Q4) [AA(A - B))]— B for any L-wifs A and B.

(Q5) (A A-A) - B for any L-wifs A and B

! Axiom schema are just forms for wifs, and an instance of any such schema is a wiff created by
replacing the symbols A, B with one particular £-wif each, and the symbol ¢ by a particular £-term.
For a formal treatment (when L is typical) we refer the reader to (49). Also, when L is typical, these
axioms form a set.
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(Q6) (Yz)B(z,z1,...,zn) > B(t,z1,...,2,) for any L-wif B, and z,z1,...,2, € By, and t

any L-term.

Note: In general, when presenting an axiom schema like those above, we will use the name of
that schema (for example ‘Q1’) to refer to the entire class of axioms which are instances of

that schema.

Having stated the axioms for quantum logic, we can now define the quantum rules of infer-

ence for our deductive system.

Definition 2.7. Let £ be a language. We define an L-rule to be a pair (I, A) where I is a

finite set of L-wils and A is an L-wil.

Note: We will also write ‘I' = A’ to denote the L-rule (I", A).

Definition 2.8. We then define our quantum rules of inference to be the schema

(R1) {A-B,B->(C} = A-C for any L-wifs A, B, and C.
(R2) {A—- B} = -B — -A for any L-wffs A and B.
(R3) {A-B,A-C} = A—- (BACQC) for any L-wifs A, B and C.

(R4) {A(x1,...,24) = B(z,21,...,2,)} = A(x1,...,2,) > (V2)B(z,21,...,2,) for any

L-wifs A and B, with z,x1,...,2, € By such that z does not occur free in A.

(R5) {A,A - B} = B for any L-wffs A and B.
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We denote the class! of all quantum rules of inference? for the language £ by Qr(£), and define

Q(L) = Qa(L) u Qr(L).

Note: R5 is just the standard modus ponens.

Our quantum axioms Q1-Q6 and quantum rules of inference R1-R4 appear in Dunn (15)
numbered 1-10, and he refers to this system as OM#, although his framework for treating
first-order logic is slightly different.?

Now that we have established our quantum axioms and rules of inference, we can precisely

define formal deductions within quantum logic.

Definition 2.9. Let £ be a language, and I" a class of L-wifs. An L-wff A is said to be derivable
from T (denoted T" + A) if there exists a finite sequence Aj, As,..., A, (called a formal proof
of A by T') such that A, = A and for each i < n, either A; e T'u Q4(L) or there exists a subset
o c {Ay,...A;—1} such that ) = A; by some L-rule (R1-R5). A class A of L-wffs is then

said to be derivable from T’ (denoted I' + A) if every A € A is derivable from T

L Again, when L is typical, the quantum inferences for a set rather than a proper class.
2By which we mean all instances of the rules schema.

3We have transferred his ‘relational logic’ approach into a more standard treatment of axioms and
derivability. Slight differences in how the two approaches handle deduction has forced us to add rule R5
and modify Q1 slightly.
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Note: As a notational shorthand, given a class of L-wifs I', and two L-wifs A, B, we will write
A+ Btomean 'U{A} + B and A+ B to mean {A} + B. Also, we will write - A to mean

g+ A.

The (meta-language) statement ‘A is derivable from I informally means that one can
construct a proof of A (within quantum logic) from the class of statements I". It is easy to see
that this deduction system is monotonic — i.e. for two sets of L-wffs I', T with I" ¢ I/, whenever
'+ A then also I + A (for any L-wff A).

Another important notion is that of logical equivalence.

Definition 2.10. Let £ be a language, let A and B be L-wffs A and B, and let I" be a class
of L-wffs. We say that A and B are logically equivalent with respect to I' (denoted A ~p B) if

'A< B. If ' =@, we simply say that A and B are logically equivalent (denoted A ~ B).

Note: Since our logic is monotonic, given two classes of L-wff I, T with I' c IV, if two L-wffs A

and B are logically equivalent w.r.t. I', then A and B are also logically equivalent w.r.t. I".

We present examples of derivability and logical equivalence in section 2.2.1, and we note
that logical equivalence is, indeed, an equivalence relation (see proposition 2.5). Finally, we

define a formal notion of a theorem in a given axiom system.

Definition 2.11. Let £ be a language, and I' a class of L-wffs. The quantum theorems of T’

(or simply theorems of I'), are defined to be the class of all L-wffs derivable from T'.

We conclude our discussion of formal deductions in quantum logic by defining a formal

notion of a mathematical system.
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Definition 2.12. A mathematical system (or M-system) is a pair (£,.A) where L is a language,

and A is a class of L-wis.

Note: For a given M-system, we will informally refer to the set A above as the azioms of that

M-system.

2.2.1 Some Formal Arguments

In this section we will provide some examples utilizing the formal deduction system discussed
above. Other than helping the reading build their intuition as regards formal proofs, the only
purpose of this section is to develop a number of technical results which will be useful in the
proof of various statements, most notably the completeness theorem. The reader less interested
in these technical details can skip ahead to the next section without loss of continuity.

For the remainder of this section, let £ be some fixed language.

Proposition 2.2. Let A be any L-wff. Then - A - A.

Proof. We construct the following formal proof —

s1=A—->TAA (Ql)
Sg=TAA— A (by Q3)
sg3i=A—->A (by R1 from s; and s2)

Proposition 2.3. Let A, B, and C be L-wffs. Then

[A->(B->C)]+[(AAB)->C]. (2.1)



Proof.

s1:=(AAB) > A
s2:=(AAB) > B

s3:=A > (B 0)
s4:=(AAB) > (B> C)
s5:=(AAB) > BA(B—C)
ss:=[BA(B>C)] > C

S7 = (A/\B) - C

(by Q3)

(by Q3)

(by assumption)

(by R1 from s; and s3)
(by R3 from so and sy)
(by Q4)

(by R1 from s5 and s¢)

o1

O

Typically we will be more informal in demonstrating that an £-wff is derivable. The follow-

ing proposition collects a number of formal deductions we will use in the sequel.

Proposition 2.4. Let A, B, and C be L-wffs, and let I' be any class of L-wffs. Then

1.

T

T>A+ A

+rA-BvAand+A—-AvVvEB

.AFT—- A
.{A,B}-AAB

.IfT+A-BthenT,Ar B.

FAAB< BAA

.FAAN(BAC) < (AAB)AC
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9. |——|—|A<—>A.
10 FAAL < 1.
11. FAA(AVvB) < A

12. mAAB < AAN(-AV (AAB))

Proof.

1. Let Z := (-—A) - A for some fixed L-wif A, so we have Z by Q2. Then 1L - -=Z by Q5.
R2 then gives -—Z - T. But Z - -=Z by Q2, so R1 yields Z — T. Modus ponens (R5)

then gives T.
2. From (1) above, we have T. By assumption we have T — A, and so R5 yields A.

3. First (-BA-A) > =A by Q3. This then yields ~—A - Bv A by R2. By Q2 we have

A - --A, and so R1 then gives A - B v A. The other statment follows similarly.

4. Q1 gives A - T A A. By assumption we have A, so R5 gives T A A, and so by (3) above

using R5 we have =TV (TAA) =T > A.

5. By (4) above, we have T — A and T — B. Then by R3, this gives T - (A A B), which by

(2) above gives A A B.

6. First assume I'y A. From I' we have A -» B, and we have A by assumption, so that R5

yields B.

7. We have AANB — B, as well as AAn B - A by Q3. R3 then gives AAB - BAA. In similar

fashion, we have BA A - A A B. Then (5) above yields AA B < B A A.
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11.

12.
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. We have AN(BAC) - Aand AA(BAC) - (BAC) by Q3. Then by Q3 again we have

BAC - Band BAC - C, so Rl gives AN (BAC)— B and AA(BAC) - C. Then,
using R3 we obtain AA(BAC) - (AAB) and R3 again yields AA(BAC) - (AAB)AC.

A similar argument yields the other arrow, and (5) Above gives the desired conclusion.

. Follows trivially from Q2 and (5) above.

By Q3 we have AA 1 — 1. For the other implication, we have 1 - A A 1 by Q5 (and the

definition of ‘1”), and so (5) above yields AA L < L.
By Q3 we have AA (Av B) - A. For the other implication, we have A - Av B by (3)

above. By (1) above we also have A - A, and so these two together give A > AA(AvV B)

by R3. The result then follows from (5) above.

First, we have AN B — (-wAV (AA B) by (3) above, and AA B - A by Q3, so R3 yields
AAB — AA(-Av (AA B)), establishing the one implication. For the other, we first that
by definition A v (A A B) = A - B, so what we need to show is AA (A — B) - AAB.
Now, we have AA (A - B) — B directly by Q4, and AA (A - B) - A by Q3. These two

then give - AA (A - B) > AA B by R3. Both implications then give

HAAB < AA(=AV(AAB))

by (5) above.
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We can use the results of the above proposition to show that logical equivalence is, indeed,

an equivalence relation.

Proposition 2.5. Let £ be a language, and let " be a class of L-wifs. Then (for any L-wffs

A, B, and C), we have
Reflexivity: A ~r A.
Symmetry: If A ~p B, then B ~p A.
Transitivity: If A~p B and B ~p C, then A ~p C.
Proof. Considering first reflexivity, let A be any wff. Since - A — A follows from Q1, we have

that - A «& A by proposition 2.4, and hence I' - A < A. Moving on to symmetry, consider wifs

A and B such that A ~p B, i.e.

'A< B=(A-B)A(B—-A),

so by Q3 and R5 we have ' - A - B and I' + B - A, and then using (5) in proposition 2.4
gives that I' - B <> A. Finally, we consider transitivity of ~p, so let A, B and C be wifs such
that ' A< B and I' - B « C. By the same reasoning as above we have both '+ A - B
and I' - B — C, so that Rl yields ' - A — C. Similarly, we have ' - C' > A, and so A ~p C,

again by (5) in by proposition 2.4. O

We also prove the following technical lemma which shows that bound variables are ‘dummy

variables’ — this will be useful in the proof of the completeness theorem.
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Lemma 2.6. Let £ be a language, let T' be a set of L-wffs, and let A be an L-wff such that
x € By only occurs free (i.e. there are no bound occurrences of x) in A, and let y € By such
that y does not occur free in A. Then, defining A, to be the L-wff obtained by replacing every

instance of x in A by y, we have

(Vz)A ~r (Vy)A,.

Proof. A= A(x,x1,...,x,) where x; #y for all i € {1,...,n} by assumption. Also by assump-
tion, A, = Ay(y,z1,...,2,). Then by R4 we have I' - A - (Vy)A,, and since I' - (Vo)A - A
by Q6, R1 then gives that I' = (Vz)A - (Vy)A,.

For the other implication, we have I' - (Vy)A, - A by Q6, and so R4 yields I' - (Vy)A, -

(Va)A. Hence, by (5) in proposition 2.4, we have I' - (V) A < (Vy)A,. O
We will prove one more technical result useful in the sequel.

Lemma 2.7. Let A, B,C, and D be L-wffs. Then

{A-C,B->D}+(AvB)—- (CvD).

P’I"OOf. FiI'St, -C - -A and -D - -B by R,Z, and then (—10 N —\D) - —A and (—10 N —\D) - -B
by Q3 and R1. Then (-C A-D) - (-A A-B) by R3 and then, by R2 and the definition of v,

this gives (Av B) — (C v D). O

We conclude this section with an extremely useful technical result whose proof is similar to

that for the classical first-order predicate calculus.
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Lemma 2.8. Replacement: Let (£, A) be any M-system, and let A and B be L-wifs which are
logically equivalent with respect to A. Further let C'4 and Cg be L-wifs which are identical
except that one instance of A in C4 is replaced by B in Cp. Then C4 and Cp are logically

equivalent with respect to A.

Proof. Assume that A and B are logically equivalent, so that A+ A «— B. We proceed by
induction on the construction of L-wffs, so let ¢4 and ¥ p are L-wffs such as in the hypothesis
with A + 94 < ¥p. Then Y4 — ¥p by Q3, and so -1)p - -4 by R2. Similarly we have
-4 - —p, and so (5) in proposition 2.4 gives —1p4 <> —bp. Let D be some other L-wif.
YaAD -4 and ¥4 - D by Q3, and so Y4 AD — g by Rl and the inductive hypothesis, and
then R3 gives ¢4 A D — ¢yp A D. Similarly we have g A D — 14 A D, and so (5) in proposition
2.4 gives 4 A D <> g AD. By (7) in the same proposition we have D A4 <> D A¢p. Finally,

assume all free variables in 14,1 p are listed (x,y1,...,y,). Then by Q6,

wA(‘rayla' . ~7yn) e (Vw)(wA(xaylv‘ . '7yn))7

and also ¥p — ¢4 by inductive hypothesis and Q3. R1 then gives

%Z)B(%yla- : 7yn) - (V:L')(SOA(x7y17' : 7y7l))

Q6 gives

(Vﬂf)(wB(fUayl»--- 7yn)) - wB(xaylv' . '7yn)a
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and so R1 again gives

(vx)(¢3(x>yla s 7yn)) - (Vx)(¢A($ayla s ayn))

The other arrow is derived similarly, so (5) in proposition 2.4 gives the desired conclusion. [

Note: Using induction this can be extended to any number of replacements of A by B.

2.3 Semantics for First-Order Quantum Logic

We now transition to constructing a semantics for our first-order quantum logic, that is,
we will build formal structures which can serve as models for quantum axiom systems. Since
this construction is somewhat involved, we will a give a brief preview. A structure for a given
language will have a number of moving pieces — first, there is an underlying class (which the
variables are taken to “run over”), and this class is equipped with an n-ary operation for each
n-ary operation symbol in the associated language. Next, a structure will also have an OML
which will serve as the truth values (which we will call the ‘truth value algebra’). Finally, a

1'in the language, an element

structure has a truth valuation which assigns, to each sentence
of the truth value algebra — like the propositional truth functions seen in section 1.1.2, these

truth valuations are required to play well with the logical symbols. For the reader familiar with

a development of the semantics of classical first-order logic, we note that our construction is

Tt would be a little unnatural to expect a truth valuation to assign truth values to wffs which contain
free variables — to know if ‘x is green’ is a true statement, one must know what z is.



o8

identical to the semantics used in that case except that our truth value algebra is not constrained

to be B2 ={0,1}, and is instead allowed to be any OML. (See (18) or (49), for example.)

2.3.1 Extended Languages and Structures

We begin with some technical preliminaries about extending languages, after which we

define, for any language £, the notion of an L-structure.
Extending Languages

In constructing models below, we will begin with some class® 2. It will be useful to have a
method of referring to the elements of 2 formally — to this end we need a construction which

extends the language £ we are working over by adding symbols which refer to the elements of

the class 2.

Definition 2.13. Let £ be a language, and 2 a class such that £u B and 2 have no elements

in common. Then the extension of £ by 2A (denote L) is defined by

L= LuA={s : seLorseA},

where the arity function « is extended such that a(a) = 0 for every a € 2. We then say that any

L -wif is an A-extended £ wif, and similarly £¥-sentences are called 2-extended L-sentences.

'As with all our shenanigans involving classes, we will only need proper classes in the context of
axiomatic set theory.
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Note: When the class 2 (as well as the language £) is clear from the context, we will
sometimes refer to A-extended wifs (resp. sentences) simply as extended wffs (resp. extended

sentences). It is clear from the above definition that any £-wif is also an extended L-wif.

Interpreting Function Symbols

In order to construct a model, we will also need a way to interpret the function symbols in
our language as actual functions on some underlying class 2, which leads us to the following

definition.

Definition 2.14. Let £ be a language and 2 a class. An interpretation of £LF in 2 is a class

function § with domain £7 such that F(f) is an a(f)-ary operation on A for every f e L.

Note: Typically for the action of §F on £, we will take f — f or f ~ f (using the same symbol

for the function symbol and its interpretation) rather than the more cumbersome f — F(f).

We can now define a notion of ‘evaluation’ of functions. The induction used in this definition

makes it seem more complicated than it is, as the example following the definition illustrates.

Definition 2.15. Let £ be a language, let 2 a class, and let § be an interpretation of £7 in A
(represented by f +— fforall fe L£7). Further let t(z1,...,2,) be an A-extended L-term (with
Z1,...,Tpn € By), and let aq,...,a, € 2A. Then the §-evaluation of t(x1,...,zy,) at (a1,...,a,)

(denoted (ay,...,ay)) is defined (inductively on the construction of £-terms) by

1. t(ay,...,an) =a; if t(x1,...,2,) =

2. a=aif aell.
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3. tar,...,an) = f(t1(a1,...,an), ..., im(a1,...,ay)) if, for some f ¢ £F and some terms

ti(z1, .. xn), s tm(1, .. xy), wehave t(xy, ..., xn) = f(t1(21, .o 20), oy tm(T1, o, Z0)).
If % is an §-evaluation of some term u, we call & an evaluated L-term.

Example 2.9. Consider the language L., from example 2.1, and let 2 = {a,b} with the
interpretation of the function symbols defined by é := a, and x+y = a for all z,y € 2. Consider
the terms u(z) := z and t(2) := u(z) * e. Then considering evaluations of these terms, we have
@(b) = b, and also #(b) = b*a = a. Note that the set {a,b} with this multiplication does not
form a monoid! We still have not introduced any connection between evaluation of terms and

axioms which could force any sort of monoidal behavior.!

Note that a term evaluated in 2l is always an element of 2.

Truth Valuations

While in classical logic the truth values were restricted to the set {0,1}, in first-order
quantum logic (just as in the propositional case) we generically have a much larger set of
possibilities for the truth values. Unlike propositional quantum logic, where we could use any
OML L for the truth values, for first-order quantum logic we will also require that enough meets
exist to evaluate any statement in the object language involving the symbol ‘V’. We make this

precise in the following definitions.

!The bumper-sticker phrase to remember will be (after we have all the definitions and terminology
sorted out) “Structures don’t satisfy axioms — models do”.
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Definition 2.16. Let £ be a language, 2 a class, and L an orthomodular lattice.! Further
let § be an interpretation of £ in A, let & be the class of A-extended L-sentences, and let
[-] be a class function from & to L. Then [-] is called a truth valuation w.r.t. (£,A,§, L) if it
satisfies (for every n-nary predicate P, all 2-extended L-terms t¢1,...,t, with no variables, and

all 2A-extended L-sentences B, C, and A-extended L-wifs D(z).)

L. [P(t1,...,tn)] = [P(t1,...,1,)], where for each i € {1,...,n}, {; is the evaluation of ¢; in

20 with respect to §.
2. [-B] =-[B].
3. [BAC]=[B]A[C].

4. Whenever A [D(a)] exists, [(Vz)D(z)] = A [D(a)].

aeA ae

5. /\[D(a)] exists.

ae

If [-] only satisfies (1-4) above, then [-] is called a quasi-valuation w.r.t. (L,2,§,L).

Note: We will occasionally drop the ‘w.r.t.” clauses and simply refer to the notions defined
above as ‘truth valuations’ and ‘quasi-valuations’ when the extra information is either clear or
irrelevant. Note that a truth valuation is determined by its action on (a certain subclass of)
the extended atomic sentences, which follows easily by induction on the construction of wifs

(see prop. 3.12). This is illustrated in the following example.

"'We will be using ‘=’ and ‘A’ in two different ways — first, as logical symbols in our object language,
and second, as operations in the OML L. Context should always serve to distinguish the two meanings.
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Example 2.10. Let Ly, be the language of example 2.1, let 2 be any set, let § be any
interpretation of £7, ~in 2 such that e = ¢é and let [-] be a truth valuation w.r.t. (Lazon, 2, &, L).

Then we can compute

[(Va) [(Vy)(wmynaw~e)]]= N[(Vy)(aryrame)]

acA

=/\[/\[[azb/\a%e}]]

acA ~ be

= A[A(laxblala~el)],

ael ~ be

where the first two equalities follow by properties (4) and (5) of a truth valuation, and the last

equality follows by properties (1) and (3).

By the same inductive reasoning which shows a truth valuation is determined by its action
on the extended atomic sentences, it is easy to see that any map from (a certain subclass of) the
extended atomic sentences into an orthomodular lattice gives a quasi-valuation. Showing that
the quasi-valuation is indeed a truth valuation is the tricky part, which motivates the following

definition and lemma.

Definition 2.17. Let £ be a language, let 2 a class, let § be an interpretation of £7 in 2, let
L be an OML, and let [-] be a quasi-valuation w.r.t. (£,2,§,L). If [-] also satisfies (5) from

definition 2.16, then L is said to be complete enough for [-].
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Lemma 2.11. Let L be a complete lattice, and let & be a class function with ran & ¢ L and

with any domain. Then

/\  ®&(a) exists.

aedom &

Proof. Since L is complete, it suffices to show that ran & is a set. But ran & ={be L : (a,b) €

&}, which is a set by the (classical) axiom of separation. O

The above lemma is sufficient to prove that any complete lattice is complete enough for any
quasi-valuation, so that any map defined on a certain subclass of the extended atomic sentences
into a complete OML will extend uniquely to a truth valuation. This will all be stated and

proved formally in proposition 3.12.

L-structures

We are now ready to put together interpretations, evaluations, and truth valuations to

construct the structures which will serve as models of mathematical systems.

Definition 2.18. Let £ be a language. An L-structure is a sequence 9 := (2, L, v, §) where

1. 2 is a class (called the underlying class, or underlying set if 2 is a set, of ).
2. § is an interpretation of £7 in .

3. L is a orthomodular lattice (called the truth value algebra of ).
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4. v is a truth valuation w.r.t. (£,2,§, L) such that ran v = L (v is called the truth valuation

of MM).1

Note: The requirement that v be a truth valuation forces L to be complete enough for v.
Also, as in the case of wifs and sentences, we will drop the ‘£’ and refer to an L-structure as

simply a structure if the language is clear from the context or irrelevant.

Structures are designed to be candidates for models, the only ingredient remaining is a

formal notion of what it means for a formal statement to ‘hold’ in a given structure.

Definition 2.19. Let £ be a language, let 9t := (A, L,[-],F) be an L-structure, and let

A(x1,...,2y) (With x1,...,2, € By) be an extended L-wff. Then

AN [A(ar,...,an)]

ay,...,an€A

is called the truth value of A in 9N, and if the truth value of A is 1, we say that A holds in I
(or, equivalently, is satisfied in 9t), denoted M = A. If A is a class of L-wifs which hold in 90,

we write M = A.

Note: When A is an (extended) sentence, the truth value of A is just [A]. In effect, the above

definition treats any wff with free variables as if there were really ‘for all’ statements

'We require ran v = L to avoid cases where L is non-Boolean but ran v is a Boolean algebra contained
in L. Such cases are, in some sense, classical even though L is not Boolean. See section 2.3.2 for a brief
discussion.
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preceding the wif. We will abuse notation in the sequel, and for any £-wiff A, use [A] to

denote its truth value, even if it does contain free variables.

We conclude the discussion of structures with a simple technical lemma that will be useful

when proving that certain axioms hold in models.

Lemma 2.12. Let £ be a language, let 901 be an L-structure with underlying class 2, and let
A(zx) be an extended L-wff (with z € By ). Then (Vx)A(x) holds in 9 iff A(a) holds in 91 for

every a € %2l.

Proof. First, letting [-] be the truth valuation of 9, we assume that A(a) holds in 9 for every

a €2, i.e. that for any a € 2, we have [A(a)] = 1. But then we have

[(Vz)A(2)] = /él[[A(a)]] =A1=1,

ael

so that (Vx)A(x) holds in 9.

Conversely, assume (Vz)A(z) holds in 9. Then we have

1=[(V2)A(z)] = A\ [A(a)],

ae

which means that [A(a)] =1 for all a € 2. O

The extension of the above result to an arbitrary number of variables follows as a simple

corollary.
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Corollary 2.13. Let £ be a language, let 91 be an L-structure with underlying class 2, and
let A(xy,...,z,) (With 21,...,2, € By) be an extended L-wiff. Then A(x1,...,z,) holds in 9

iff A(ai,...,a,) holds in 2 for every aq,...,a, €2

Proof. This follows trivially from lemma 2.12 by induction. O

2.3.2 Quantum Models

Now that we have a notion of what it means for a wif to be ‘satisfied’ in a given structure,

we are ready to give a formal definition of a model for an M-system in quantum logic.

Definition 2.20. Let (£,.A) be an M-system, and let 9 := (A, L, [-],§) be an L-structure.
Then we say that 9t is a model for (L, A) (or simply a model for A if £ is clear from the

context) if every L-wff in A holds in 9.

Of course, since every Boolean algebra is an OML, we can see that the semantics for first-
order classical logic is just a special case of the quantum first-order logic we have just developed.

This motivates the following definition.

Definition 2.21. Let 9t be a model of an M-system (£, A with truth value algebra L. We say

that 9 is standard if L is a Boolean algebra, otherwise we say that 91 is non-standard.

In the usual approach to classical logic, the only admissible models are ones in which the
truth value algebra is Bs = {0, 1}, the two element Boolean algebra. From this we see that our
notion of a standard model goes beyond models typically considered in classical logic. However,

as we mentioned in section 1.1.4, an L-wff s holds in all models where L is a Boolean algebra iff
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s is true in all models with L = {0,1} (this also follows from our theorem 3), and so in this sense
all standard models behave classically, which is why we will focus on non-standard models in

this document.!

2.4 Soundness and Completeness of Quantum Logic

Having defined both a semantics and a formal deductive system for first-order quantum
logic, the first things to look for are soundness and completeness.

In this section, we will first show that our quantum axioms and rules of inference are sound,
i.e. for every language L, every L-wif which is derivable from a class of wifs I' holds in every
model of I'. This intuitively says that our rules of inference will only lead to statements which
are true (provided T is true). After proving soundness, we consider completeness. A first-order
logic is complete when for any language £ and any set of L-wifs I', a L-wiff A holds in every
model of I' if it is derivable from I'.

Just as in the propositional case, completeness and soundness are converse implications. To
wit, soundness means that if I' = A, then in any model 9 of I", we have 9t = A. Completeness
means that if, for any model 9t of I', we have 0T = A, then I' = A. The significant difference from
the propositional case is that for first-order logic we must prove soundness and completeness

for any language.

'Recall the discussion of some peculiarities of models with Boolean truth values in section 1.1.3. We
discuss Boolean-valued models of set theory in section 5.1.3.
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Most of the remainder of this chapter consists of technical developments which are needed
only to prove the soundness and completeness theorems — the reader interested only in the
results is referred to theorems 1, 2, and 3 below.

2.4.1 Soundness
First, for a language £, and any given L-structure with truth value algebra L, it is the
requirement that L be an OML which forces the quantum axioms Q4(£) to hold.

Lemma 2.14. Let £ be a language, and let 9t be an L-structure. Then M = Q4 (L).

Proof. Let [-] be the truth valuation of 9. First, to show that Q1 holds by corollary 2.13, it
suffices to consider any extended L-sentence A, and show that A - (7T'A A) holds in 9. But

we have

[A~(TAd)]=[A] > (IT]A[A]) = [A] > [A] = 1,

where the final equality follows from lemma C.14, and the second to last equality follows from

the fact that [T] = 1, as can be seen by

[7]=-[1] = [X]A-[X] =0

where X is the fixed £-wif chosen to define ‘1’.
To show Q2, we need to show that both -——A - A and A - —--A hold in 9 for every

extended L-sentence A (again by corollary 2.13), i.e. we need to show that

[[ﬂ—!A - Aﬂ =1= [[ﬁﬂA - Aﬂ,
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but this follows trivially from lemma C.14 (and the fact that ‘=’ is an involution in any OML),

since

[--A] = -[-A] = ~-[A] = [A].

Moving on to Q3, we need to show that AA B> A and AA B - B both hold in 99t for all

extended L-sentences A, B. We have that

[AAB— A] = ([[A] A [[B]]) - [A],

and so by lemma C.14, we need to show [A]A[B] < [A]. But this is trivially true in any OML,
and similarly for when A is replaced by B.
To show that Q4 is satisfied, we need to demonstrate that, for every pair of extended

L-sentences A and B, we have

[(Ar(A—>B))—>B]=1,

and by lemma C.14, this is equivalent to

[An(A-B)]<[B],

but

[An (A= B)]=[A]A (-[A] v ([A]~[B])) = [BI,
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where the last equality is just the orthomodular law, and so Q4 is satisfied since the truth value
algebra of 91 is an OML.

Considering Q5, we need to show for any extended L-sentences A and B (again by corollary
2.13 and lemma C.14), that

[A] A -[A] <[BI,

but this follows trivially since [A] A =[A] = 0 < [B], again since the truth value algebra is an
OML.
Finally, let 2 be the underlying class of 9. Then, for Q6, we consider any L-wff B(x,x1,...,2,)

(with x € By ), and we need to show that (for any aq,...,a, €2)

[[(Vz)B(z,a1,...,an)] = B(a,a1,...,a,)] =1,

for any a € 2 (by corollary 2.13), and so by lemma C.14, this is equivalent to showing that

[(Vz)B(z,a1,...,a,)] <[B(a,a1,...,a,)].

for any a € 2. Computing, we have

[(Vz)B(x,a1,...,a,)] = b/él[[B(b,al,...,an)}] <[B(a,ay,...,a,)],

by definition of the meet in an OML. O
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The requirement that the truth value algebra be an OML also insures that the quantum

rules of inference produce true statements from true statements.

Lemma 2.15. . Let £ be a language, and let 9 be an L-structure. Further let A, B, and C
be L-wifs. Then

1L.IMEA->Band M= B - C, then M= A - C.

2. f ME A— B, then ME-B > -A.

3 IMEA->Band ME=A—>C, then ME A - (BAC).

4. If (for z,x1,...,x, € By) z does not occur free in A(x1,...,x,), and ME A(zq,...,2,) =

B(z,z1,...,zp), then M= A(xy,...,2n) > (Vo)B(z,21,...,20).

5. f ME A and ME A —> B, then M= B

Proof. Let 2 be the underlying class of 9, and [-] the corresponding truth valuation. Further
let x1,...,2, be all the variables which occur free in A, B and C.

Considering (1) above, assume M = A - B and M = B — C. Then we have

1= A [A(ai,...,a,) > B(a,...,an)[= N\ [B(ai,...,a,) > C(a1,...,an)],

A1s..ey an € ai,...,an €

and hence for every aq,...,a, €2, we have

1=[A(a1,...,an) = B(a1,...,an)] = [[(B(al,...,an) > C(a1,...,an)],
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so by lemma C.14, this means

[A(aq,...,a,)] <[B(a1,...,a,)] and [B(ai,...,a,)]<[C(aq,...,a,)]

for every a1, ...,a, € 2l. So by transitivity of ‘<’ as well as lemma C.14 and corollary 2.13, this
means that M= A - C.
Moving on to (2) above, now assume that 9t = A - B, which means that (by corollary 2.13

and lemma C.14)

[A(ay,...,an)] <[B(a1,...,a,)]

for every aq,...,a, €2, and since the truth value algebra is an OML, this means that (for every
ay,...,a, €2A)

-[B(ay,...,a,)] < =[A(a1,...,an)],

which yields the desired result (again by corollary 2.13 and lemma C.14).
For (3) above, assume that M = A - B and M = A - C. Using corollary 2.13 and lemma

C.14 again, we know both that for every ai,...,a, €2, we have

[A(a1,...,an)] <[B(ai,...,a,)] and [A(ai,...,a,)] <[C(a1,...,an)],

as well as that it suffices to show (for every aq,...,a, €2A)

[A(a1,...,an)] <[B(ay,...,apn)] A[C(a1,...,a,)],
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but this follows directly by lemma C.1.
Now considering (4) we can assume! (wlog) z; = z, so that A = A(x,...,2,) and B =
B(zxy,z2,...,x,) and we also have that 9 = A(xg,...,z,) — B(z,22,...,2,). Again using

corollary 2.13 and lemma C.14, we have

[A(ag,...,a,)] <[B(a1,as9,...,a,)]

for all ay,...,a, € . Meeting over all a; gives, again by lemma C.1, that

[A(asg,...,an)] < /\Ql[[B(a,ag,...,an)ﬂ =[(Vx)B(x,az,...,a,)],

which gives the desired result (by corollary 2.13 and lemma C.14).

Finally, consider (5) we assume that 9t = A and 9 = A - B, which means that

[A(ai,...,ap) =1 and A(ay,...,an) < B(ai,...,ay)

for every aj,...,a, € 2 (by corollary 2.13 and lemma C.14). But this clearly gives that

B(ay,...,ay) =1 for every ay,...,a, €2, so by corollary 2.13 we have 9 = B. O

The soundness theorem then follows directly from the above two lemmas.

IThis is a slight change in notation from the statement of the lemma which is simply a relabeling for
convenience.
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Theorem 1. Soundness of Quantum Logic: Let 9t be a model of an M-system (£, .A), and let

A be an L-wif such that A+~ A. Then 91 = A.

Proof. If A is derivable from A, then let Aq,..., A, be a formal proof of A from A. We will
prove by induction that 9 £ A; for all i € {1,...,n}. By definition of a formal proof we must
have either A; € A, so that A; holds by assumption, or A1 € Q4(L), so that A; holds by lemma
2.14.

For the inductive step, assume that A; holds for j <i (and i € {2,...,n}). Then if A; € A
or A e Q4(L), it holds by the same reasoning that A; holds. Otherwise, by definition of a
formal proof, there must be some quantum rule of inference and some subset of {Ay,..., A;_1}
from which A; is derivable. But then A; holds in 9t by lemma 2.15 (where each quantum rule

corresponds to an enumerated item in said lemma). O

2.4.2 Completeness

Our proof of completeness proceeds by means of constructing one particular model for each
set of wifs I (which we call the Lindenbaum-Tarski model of I') in which a given a given wff A
holds iff I' = A. This basic method has been used to prove completeness for a different set of
quantum axioms and rules of inference in (17). Also, we restrict ourselves to typical languages
here, although it seems likely the same procedure would work for huge languages with minimal
changes.

Note that for a typical language £, the set 20(L) of L-wffs naturally form a (2,1,0)-algebra
with operations (A, -, 1). We will take 20(L) to be endowed with this algebraic structure in the

sequel. Also recall, for a given set of L-wifs I and £L-wifs A and B, that A~r Bif '+ A < B.
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Lemma 2.16. Let £ be a typical language, let T' be a set of L-wffs, and let 20(L) be the

(2,1,0)-algebra of L-wffs. Then ~r is a congruence on F.

Proof. First, ~r is an equivalence relation by proposition 2.5.

Next, we wish to prove that ~p is a congruence for ‘1’, ‘=’ and ‘A’. Since ‘1’ is a constant
operation, any ‘~p’ is automatically a congruence for this operation. Next, consider wffs A and
B with A ~p B, sothat T+ A < B, ie. '+ (A > B)A (B - A). By Q3 and R5 we have
I'rA->Band '+ B - A, and so R2 gives ' - =B - =4 and I' + =A - —-B, which gives
I'+-A < =B by (5) in proposition 2.4.

Finally, we consider the operation ‘A’, so let Aq, Ao, B1, and By be wifs with A; ~p By
and Ag ~p By. As above, we have I' - A; > B; and I' + B; - A; for i € {1,2}. Then Q3
gives I' - A1 A As — B; as well as I' = By A By - A; for i € {1,2}, so that R3 yields both
' A AAy - By ABy and I' = By A By - Ay A Ay, whereby (5) in proposition 2.4 gives that

A]_/\AQNI‘B]_/\BQ. L]

¢

Now that we have established that for any set of wffs I' the relation ‘~p’ is a congruence,
we next show that the quotient algebra is an OML. Since this algebra will be important in the

sequel, we name it.!

Definition 2.22. Let £ be a typical language, and let I" be a set of L-wffs. Then the quotient
(2,1,0)-algebra Lp := 20(L)/ ~r is called the Lindenbaum-Tarski algebra of T'. For a given

A e2(L), we denote the equivalence class of A in Ly by [A]r.

!The notion of a Lindenbaum-Tarski algebra is an old one, originating in (44).
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Lemma 2.17. Let £ be a typical language, and let I be a set of L-wffs. Then the Lindenbaum-

Tarski algebra Lr is an orthomodular lattice (as a (2,1,0)-algebra).

Proof. By proposition B.5 and lemma 2.16, we know that Lp is a (2,1,0)-algebra, we just need
to show that it is an OML (see the introduction for definitions).

For this proof (and any L-wff A), we use [A] as shorthand notation for [A]pr. Also, since
~r is a congruence (lemma 2.16), we have that [-A] =-[A] and [AA B] =[A] A [B].

First, we need to show that for any A, B € 20(L), we have [A] A [B] = [B] A [A], which
reduces to showing that

I'tAAB < BAA,

since ~p is a congruence. But this follows directly from (7) in proposition 2.4.

Next, we need to show that, for any A, B,C € 20(L), we have

[A]A (IBIA[C]) = (TA] A [B]) A [C],

and this reduces to showing

F'FAA(BAC)< (AAB)AC.

This follows directly from (8) in proposition 2.4.
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We now show that for any A € (L), we have --[A] = [A]. Again since ~r is a congruence,
this reduces to showing that

F|——|—|A<—>A,

but this follows directly from (9) in proposition 2.4.
Next, we will show that for any A € 20(L), we have [A] A[L] = [L]. Similar to the above
cases, this reduces to showing that

F'rAAl o 1,

which follows directly from (10) in proposition 2.4.
Moving on, for A, B € 20(L), we will now show that [A] A ([A] v [B]) = [4]. Again, we

reduce this to a statement involving formal deductions:

'-AA(AVB) < A,

which follows from (11) in proposition 2.4.
Finally, for A, B € 20(L), we need to show that [A] A [B] = [A] A (-[A] v ([A] A[B])), or
equivalently that

'AAB < An(-Av (AAB)),

but this follows from (12) in proposition 2.4. O

We need some technical results before we can use the Lindenbaum-Tarski Algebra to con-

struct our desired model which we will use to prove our completeness theorem.
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Lemma 2.18. Let £ be a typical language and I" a set of £-wffs, and let A, B be L-wffs. Then

I'v A Biff [A]r <[B]r.

Proof. Assume that I' - A - B. Note that we also have I' - B —» B (by proposition 2.2).
Together, these give that I' - Av B - B, using R2, R3 and the definition of ‘v’. Also, we then
have that I' - B - Av B (from Q3, R2, Q2 and R1). These two (using (5) from proposition
2.4) give '+ B« Av B, ie. that [B]r = [A]r v [B]r, which is equivalent to [A]r < [B]r by
lemma C.1.

To establish the other implication, now assume that [A]r < [B]r, which is equivalent to
[A]r A [B]r = [A]r (by lemma C.1), and since ~p is a congruence, this is equivalent to I' +
AN B « A, from which we deduce (by Q3 and R5) that ' A - AAB. SinceI'- AAB - B

by Q3, applying R1 gives that ' - A - B. O

In order to construct an appropriate model (for a given set of L-wifs I'), we now need to
create an appropriate underlying set, as well as a truth valuation. For the underlying set,
we will use the free algebra (with operations exactly corresponding to the operation symbols
in our language) over the variables By, which then will carry a natural interpretation of the
function symbols (using the correspondence between the operations on the free algebra and the
operation symbols of the language).

We will then have a natural candidate for a truth valuation, which we will construct in a
straightforward way out of the quotient map from 20(L) to the quotient algebra 20(L)/ ~r.

We now begin to introduce this formally.
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Definition 2.23. Let £ be a typical language, let T" be the free algebra with operations
{f : felL”) (with the arity of f equal to the arity of f) on the set {# : x € By}.! Then T is

called the Lindenbaum-Tarski universe over L.

The next step in the construction of the aforementioned natural truth valuation involves a
technical definition of a map. Unfortunately, the definition is more than a little convoluted —
the whole mess is to ensure that we don’t accidentally bind variables which would otherwise
be free. A close examination of example 2.19 following the next definition will reveal how this

might happen.

Definition 2.24. Let £ be a typical language, let I' be a set of L-wffs, and let T" be the
Lindenbaum-Tarski universe over £. Let j; be the map from the set of T-extended L-terms to
the set of L-terms which is defined inductively (on the construction of terms and elements of

the free algebra) as follows.
1. ji(&) :=x for any = € By .

2. jt(f(al,...,an)) = f(Ge(tr), ..., Jt(tn)) for any f which is an n-ary operation on 7' and

any ai,...,an €7
3. ji(x) =z for any x € By.

4. Gi(f(t1, .. tn)) = fGe(t),...,j:(tn)) for any f e £7 with arity n and any extended

terms t1,...,%,.

1As a set, we need T to be a copy of the set of L-terms so that T is disjoint from £, which is in
order to comply with our earlier stipulations on the definitions of models. This is the reason everyone is
wearing hats.
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Then define the map js from the set of T-extended L-wffs to the set of L-wifs inductively
(on the construction of wifs) as follows:

1. js(P(t1,...,tn)) == P(ji(t1),...,Ji(tn)) for P an n-ary predicate and t1,...,t, extended

terms.

2. js(AAB):=js(A) A js(B) for any extended wifs A and B.

3. js(=A) = =js(A) for any extended wif A.

4. jo((Va)A) := (Va)js(A) for any extended wif A and any variable x.

For a given T-extended L-wff A, let {x1,...,2,} be a listing the set of variables occurring in
A (in the order which they occur, left-to-right), and let {y1,...,ym} be the set of basic elements
of T occurring in A, and let k be the largest number such that y; = 0}, (for [ € {1,...,m}).!
Then let A be the sentence A with each z; replaced by x;.;.2 Then j is defined to be the

map from the set of T-extended L sentences to the set of L-wifs given by (for any T-extended

L-sentence A)
J(4) = js(A).
This map j is called the Lindenbaum-Tarski embedding for I'.

Note: The complicated definition belies a simple concept, which is best illustrated in the

context of an example.

'Recall that our set of variables is By = {vy,vs,..., }.

2This convoluted replacement prevents us from accidentally binding any variables in applying js
defined above.
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Example 2.19. Using the language L7, of example 2.1, consider the T-extended L-sentence
(where z,y € By) A:= (Vz)(Z * e~z +y). With notation as in the above definition, we have
j(s) =(Vz)(x x e~ zxy) (where z stands for a variable besides x or y). Examining the action
of j on s shows that if we had not shifted the (dummy) variable = to z, then we would have

taken = and turned it into a bound variable accidentally.

With the above technical machinery, we can now construct the truth valuation we will use

for the Lindenbaum-Tarski model.

Definition 2.25. Let £ be a typical language, let I' be a set of L-wffs, and let T" be the
Lindenbaum-Tarski universe over £. Then let [-] := g o j, where ¢ : 20(L) — 20((L))/ ~r
is the quotient map, and j is Lindenbaum-Tarski embedding for I'. Then [-] is called the

Lindenbaum-Tarski truth valuation of T'.

The following lemma shows that the Lindenbaum-Tarski truth valuation is indeed a truth

valuation according to our previous definition.

Lemma 2.20. Let £ be a typical language, let I' be a set of L-wffs, let T be the Lindenbaum-
Tarski universe over £, and let [-] be the Lindenbaum-Tarski truth valuation of I" (with the

natural interpretation § of £7). Then [-] is a truth valuation w.r.t. (£,7T,§, Lr).

Proof. We use notation as defined in definition 2.24, and we use the decomposition [-] = foj
from definition 2.25. Now, by definition, [-] is a map from the T-extended L-sentences into Lr,

and so we only need to show that [-] satisfies the five conditions of definition 2.16.
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First, for any extended term u with no variables, j; (%) = j;(u) since we are using the natural
interpretation! of the function symbols. Then condition (1) is trivially satisfied, since if we have
an n-ary predicate P, and extended terms t1,...,t, with no free variables, j;(t); = j:(t); for

ie{l,...,n}, so

[Pty )] = [PGe(tr), - Ge(ta))]r = [PGe(Er)s -, 5e(En)]0 = [P(T, -, 1) ]

Conditions (2) and (3) obviously hold, since j and f are both OL homomorphisms, and
hence so is [-] = foj.
To show that conditions (4) and (5) both hold, it will suffice to show that (for any extended

wif A(x))

[(v2)A(z)] = A[A(a)],

aeT

i.e. that [(Vx)A(x)] is a greatest lower bound for the set of all [A(a)] such that a € T.

Let Z1,..., &, be the basic elements of T occurring in A(x). First, we compute

[(Va)A(2)] = g0 j(A(x)) = [(V2)is(A)]r = [(V2)js(A) (z 21,y z)]es (2:2)

1Recall that we have defined the operations in T' to correspond exactly to the set L7 so that for any
feL”, wehave f — f when evaluated, and then f — f under j;.
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where z € By satisfies z # x; for i € {1,...,n}. We then also have (letting 91, ..., Jm be the basic

elements occurring in the term a)

[A(a)] = g j(A(a)) = [s(A(a)]r = [js(A) Ge(a), a1, @a)]Irs

where the last equality follows from! lemma 2.6.

That [(Vz)A(x)] is a lower bound for [A(a)] then follows from Q6, which gives that

I'- (Vz)js(/l)(z,xl,...,a:n) »jS(A)(jt(a),ml,...,xn).

To see that [(Vx)A(x)] is the greatest lower bound for the set of all [A(a)] such that a € T,

consider some [B]r (with B an £-wff) such that [B]r <[A(a)] for all a € T, i.e.

[B]F < jS(A)(jt(a)?xl’ s 75["71)

for all @ € T. Let xy41,...,Z, be all the variables occurring in B not already included in
Z1,..., 2, s0that B = B(z1,...,2m) and also js(A)(je(a), 21, .. xn) = js(A)Ge(a), x1, . .., 2m)-

Then, by lemma 2.18, we have that

L+ B(x,...,2m) = js(A)Gia), 21, .. ., 2m)

1While A(a) is not necessarily equal to A(a), they are logically equivalent w.r.t. T, since they differ
only by a charge of bound variables (see def. 2.24).
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for all a € T. In particular, for a = §j, where y € By is some variable such that y # z; for

ie{l,...,m}. R4 then gives that

D+ B(x1,...,2m) = (V9)is(A)(y, 21, ..., Zm).

Then by lemma 2.18, this gives that

[B]F < [(Vy)js(fl)(y, Tly. .- wxm)]F
= [(vy)]S(A)(y7$1’ s 7$n)]1—‘
= [(Vz)js(/l)(z,xl, ey T

= [(va)A(2)].

where the second to last equality follows form lemma 2.6, and the final equality is equation 2.2,
which shows that [(Vx)A(x)] is indeed the greatest lower bound for the set of all [A(a)] such

that a €T O
We are now (finally) ready to define the Lindenbaum-Tarski model.

Definition 2.26. Let £ be a typical language, let " be a set of L-wfifs, let T be the Lindenbaum-
Tarski universe over £, and let [-] be the Lindenbaum-Tarski truth valuation of I" (with the
natural interpretation § of £7). Then £r := (T, Lz, [-],§) is called the Lindenbaum-Tarski

model of T'.
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By lemma 2.20 £r is indeed an L-structure! for any set of £L-wffs T'. The following lemma

shows that £r is aptly named, since it is indeed a model of T'.

Lemma 2.21. Let £ be a typical language, and let ' be a set of L-wffs. Then £r of definition

2.26 is a model of T'.

Proof. We only need to show that every wif in I' holds in £r, so let A € I'. Since ~r is a
congruence, [L]p =0 in Ly, and so 1 = =[L]p = [=L]r = [T]r. By (4) in proposition 2.4, we have
that '+ T — A, and so by lemma 2.18, we have [T]r < [A]r, so that 1 = [A]p, and hence every

A €T holds in £r. O

The following simple lemma is all that remains before we prove completeness.

Lemma 2.22. Let £ be a typical language and ' a set of £-wifs, and let A be an L-wff with

[Alr =1. Then I' - A.

Proof. If [A]r =1, then T+ A < T, so by Q3 and R5, ' T - A. By by (2) in proposition 2.4,

T—->Ar A, and hence I' + A. O

Theorem 2. Completeness of Quantum Logic: Let L be a typical language, and I" a set of
L-wifs. Further let A be an L-wif such that for any model 9 of T, we have 9t = A. Then

'~ A.

!The range of the Lindenbaum-Tarski truth valuation is clearly Lr, since any wif A can be obtained
from the Lindenbaum-Tarski embedding by replacing any x which occurs free in A by Z to obtain an
extended sentence which the embedding sends to A.
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Proof. First, assume the theorem holds for any L-sentence, then if A = A(x1,...,x,), we
have [A] = [(Vx1)--(Vax,)A], so that if A holds in every model, then so does the sentence
(Vz1)---(Va,)A, in which case I' - A by repeated uses of Q6 and R5. Hence, we can restrict
ourselves to the case where A is a sentence.

Now, let T" be the Lindenbaum-Tarski universe over £, and let A be an L-sentence. Now

since A holds in every model of I, in particular £r = A, i.e.

1=[A] =qej(A) =q(A) = [Alr

since j(A) = A for any L-sentence A (this follows trivially from the definition). Then, by lemma

2.22 we have that '~ A. O

2.4.3 Completeness with respect to Irreducibles

Now that we have a completeness theorem for quantum logic with respect to the semantics
defined above, a natural question is whether we can restrict this semantics to a natural subclass
of models — perhaps one with some “nice” properties — and still have a completeness theorem.
In fact, this is possible for the subclass of models with irreducible truth value algebras, and
these models do have one very useful property which we will exploit in section 3.2.2. We will

prove this with the aid of one technical lemma, which first requires a short definition.

Definition 2.27. Let £ be a language, and let 91 be an L-structure. If the truth value algebra

of M is irreducible (as an OML), then 91 is called irreducible.
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Lemma 2.23. Let £ be a language, let I' be a class of L-wifs, and let 9 = (A, L1 x Lo, v, )
(where Ly, Lo are both OMLs) be a model of I'. Let p; : L1 x Ly - Lj be the natural projection

map onto Lj. Then M’ := (A, L1,p; o, F) is a model of T'.

Proof. For any v €T, v(y) =1 (since M models I'), and so p; ov(y) = 1. Also, since v and p;
are both surjective, ran (pj ov) trivially generates Li. Also, (1-4) of def. 2.16 are satisfied since
v is a truth valuation and p; a continuous homomorphism (lemma C.2). It remains to show
that L; is complete enough for p; o v. So consider a wif B(z), and let (v, ) = Agea v(B(a)),
i.e. (v,p) is the greatest lower bound of the set of all v(B(a)) =: (74, 8s) Where a € A. Hence
v < v, for all @ € A, so v is a lower bound for the set of all v, = p; o v(B(a)). Also, for any
v" € Ly which is a lower bound for all the p; o v(B(a)), we have that (7/,0) is a lower bound
for all the v(B(a)) (and since v is surjective (7',0) is in the subalgebra generated by ran (v)),

and so by definition (v/,0) < (v, 3), and so 7' <, showing that

7= A piov(B(a)) = prov((Vz)(B(x))),

ae

and so L; is complete enough for v, and hence 9’ is a model for T'. O

Lemma 2.24. Let £ be a typical language, let " be a set of L-wffs, and A an L-wiff which

holds in every irreducible model of I'. Then A holds in every model of I'.

Proof. We prove the contrapositive, so let A be an £-wiff and assume that there is some model
M (with truth valuation v) of T in which v(A) # 1. By the completeness theorem (theorem

2), we must have that v(A) # 1 in the Lindenbaum-Tarski algebra of T, i.e. I' T < A. Now
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define A to be the set which consists of exactly those sets of £-wiffs ® in which (i) I' ¢ @, and
(ii) vo(A) # 1, where vg is the truth valuation of the Lindenbaum-Tarski model of ®. That A
is indeed a set follows from the fact that £ is a set (since this means the £-wifs form a set).

A, like any set, is partially ordered by inclusion, and we will use Zorn’s lemma (lemma
A.9) to prove that A contains some maximal element Q. Let C € A be linearly ordered under
inclusion, and define U := JC. Clearly U is an upper bound for C under inclusion, so it suffices
to show that U € A. Property (i) is clear, since trivially I' € U. We prove property (ii) by
contradiction, so assume vy (A) =1, i.e. U+ T < A. The formal proof of T <> A is finite by
definition, and so may only contain a finite number of wffs Ay, As,..., A, € U. Each A; € ®; for
some ®; € C. Since C is linearly ordered by inclusion, we must have that U;_; ®; = ®; for some
Jje{l,...,n}, and since {A1,..., A,} € ®;, we have that ®; - T < A, so vg,(A) =1, which is a
contradiction since ®; € A. Hence U € A, and since C was a generic chain in A, Zorn’s lemma
gives that A has a maximal element 2.

We claim that the Lindenbaum-Tarski algebra L corresponding to € is irreducible. As-
sume not, so that L ~ L1 x Ly. By the lemma 2.23, this produces two new models of 2 with
corresponding truth values L; and Ly (and truth valuations vy and vs, respectively). Since
vo(A) # 1, we must have (wlog) v1(A) # 1. Let B be some wiff such that v1(B) = 1 and
v9(B) =0 (which exists since v is surjective). Clearly, B ¢ €, since vq(B) # 1. Also, we cannot
have QU {B} + T < A, since then we would have v4(A) = 1. This means that Qu{B} € A, and

also that Q is a proper subset of QU {B}, which contradicts the maximality of Q in 4. Hence



89

L must be irreducible, and so we have constructed an irreducible model in which vo(A4) # 1,

which establishes the contrapositive. O

Together with theorem 2, this gives the following powerful result which is a strengthening of
our earlier completeness result, and will be quite useful in the sequel (see, for example, section

3.2.2).

Theorem 3. Let (£, A) be an M-system with £ a typical language, and let A be an L-wff such

that, for every model 9 of A with irreducible truth value algebra, 9t = A Then A+ A.

Proof. By lemma 2.24, A holds in every model of A, so that A+ A by theorem 2. O

We conclude our discussion of completeness by demonstrating some useful consequences

that will immediately be useful in the next chapter.

Consequences of Completeness

As a direct consequence of the completeness theorem, we have the following useful propo-
sition which will allow us to utilize the full breadth of lattice theory in order to derive facts

about (for any given typical language £) our deductive system for quantum logic Q(L).

Proposition 2.25. Let £ be a typical language, let T be a set of L-wils, and let p(z1,...,zy,)
and ¢(z1,...,2,) be any ortholattice polynomials (in the operations A, v, -, 1, and 0, with
lattice variables x1,...,xy,) such that p(z1,...,2,) = ¢(z1,...,2,) in any OML L which is a
truth value algebra for a model of I'. Then, for any L-wffs Ay,..., A,, we have that the L-wffs

p(Ay,..., Ay) and q(Aq, ..., A,) are logically equivalent w.r.t. I
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Proof. Let M be any model of T', and let [-] be the corresponding truth valuation. Then

[[p(Aly--- 7An) <« Q(Alv-" 7An)ﬂ =p(ﬂA1]"" ) [[Anﬂ) <« Q([[Alﬂa' >[[Anﬂ) =1,

where the final equality follows from lemma C.14 and the fact that the truth value algebra
of 9 is an OML in which the corresponding lattice identity holds by assumption. Since
p(Aq,...,A,) < q(Aq,...,Ay) holds in any model, by the completeness theorem (theorem
2) we have

Fl—p(Al,...,An) eq(Al,...,An),

ie. p(A,...,A,) and q(Aq,..., A,) are logically equivalent. O

Corollary 2.26. Let £ be a typical language, and let p(z1,...,z,) and ¢(x1,...,2,) be any
ortholattice polynomials (in the operations A, v, -, 1, and 0, with lattice variables x1,..., )
such that p(z1,...,2,) = q(z1,...,2,) in any OML. Then, for any L-wffs Ay,..., A, we have

that the L-wffs p(A1,...,A4,) and q(A1,...,A,) are logically equivalent.

Proof. This is just a special case of the previous proposition for I' = &. O

This concludes the construction of the essential elements of our quantum logic. The sound-
ness and completeness theorems above connect the final dots — we have established that the
formal deduction system we have developed represents the same underlying logic as the quan-
tum semantics we constructed, and so we are now justified in speaking of first-order quantum

logic. In the next chapter, we proceed to investigate some properties of this logic.



CHAPTER 3

SIMPLE DEVELOPMENTS IN FIRST-ORDER QUANTUM LOGIC

In this chapter we begin to investigate some important properties of the first-order quantum
logic developed in chapter 2. In section 3.1 we discuss the relationship between our first-order
quantum logic and the traditional classical first-order logic. While we have already seen that
the semantics of our quantum logic is a generalization of that for classical first-order logic, we
have not yet seen how this subclassicality plays out in terms of our formal deduction system.
In particular, we take the opportunity to examine how to alter our quantum axioms so that
our formal deduction system becomes classical. We then examine some basic questions that
the subclassicality of our quantum logic raises, and point out some simple consequences of this
subclassicality for establishing consistency and independence of axiom systems.

In section 3.2 we investigate some general properties of axiom systems in quantum logic. In
particular, since our logic is subclassical, axiom systems which are classically equivalent may no
longer be equivalent! in our first-order quantum logic. We examine some general approaches to
taking axiom systems commonly used in classical mathematics and modifying them to obtain
axiomatizations which are classically equivalent to the usual ones, but which are more “suitable”
for quantum logic. Specifically, we examine the status of statements involving ‘3’ in the context

of our powerful completeness result (theorem 3).

1By equivalent we mean that they have the same theorems.

91
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Finally, in section 3.3, we discuss models where the functions are constrained to behave
classically, but the truth values of the predicates are still allowed to behave in a completely
“quantum” fashion. We also discuss models which are rather natural from the quantum per-
spective — namely those whose truth value algebras are the projection lattice of a Hilbert
space. We finish this chapter by proving a number a technical results which we will find useful

for constructing models in later chapters.

3.1 Relationship to Classical Predicate Logic

As we briefly mentioned earlier, one can easily see from examining any development of
classical first-order logic (e.g. (18; 49)), that our semantics developed for first-order quantum
logic generalizes the usual classical semantics only! in that we allow our truth value algebra to
be an OML, rather than forcing it to be By = {0,1} (or, more generally, Boolean). From this
fact, it is already apparent that our first-order quantum logic is subclassical,? since models in
first-order classical logic are simply special cases of our notion of a model.

We can also obtain classical logic as a special case of quantum logic in terms of axiomatics
and formal deduction simply by restricting ourselves to certain M-systems — namely those M-

systems which (for £ the language of the M-system) prove a certain £-wff schema.® Or, what

'We also allow models to have underlying classes, rather than just underlying sets. While this aspect
of our approach differs from a usual treatment of classical logic, there is nothing particularly “quantum”
about it.

2Recall that, due to our theorems of soundness and completeness, the formal deduction system we
have developed represents the same first-order quantum logic as our quantum semantics.

3We provide two choices for such an axiom schema; there are many more that would also do the trick.
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amounts to the same thing, we can expand our axioms Q 4(£) by such a schema to arrive at an
axiomatization of classical logic. We first demonstrate how this can be accomplished, and then
proceed to examine some consequences of the subclassicality of our quantum logic, discuss the
status of the deduction theorem, and finally, make some comments concerning the existence of
non-standard models.

3.1.1 Compatibility and Distributivity

We recall that a Boolean algebra is just an OML in which every pair of elements commute®
(prop. 1.14). It is not surprising then that the following wff schema is relevant to a discussion

of classicality within quantum logic.

Definition 3.1. Let £ be a language, and let A and B be L-wffs. We define the £-wif AC B

(read A is compatible with B) by

ACB:=A< [(AAB)v(AAr-B)], (3.1)

and for a given M-system (£, A), we say that A is compatible with B w.r.t. (£, A) if A AC B.

Note: As can be seen from the definition (and (7) in proposition 2.4), AC B is logically

equivalent to AC (=B) for any wifs A and B.

As we will now see, we can formally deduce, for any wifs A and B, that AC B is logically

equivalent to BC A.

'Recall that for an OML L with a,b e L, a commutes with b if a = (bAa) v (=bAa). See def. 1.19.



94

Proposition 3.1. Let £ be a typical language, and T a set of £-wffs. Further let A and B be

L-wifs such that T - AC B. Then I' - BC A.

Proof. We use the completeness theorem, so let 9t be any model of I" with truth valuation [-],

and let a = [A] and b= [B]. Now since I' - AC B, we have that

a=(anb)Vv(an-b),

so that a C'b. Recall that commuting is a symmetric relationship in any OML, so that we have
bC a,i.e.

[Bl=b=(bra)Vv(br-a)=[(BAA)Vv(BA-4)].

By lemma C.14, this gives that [BC A] = 1, and so the desired result follows directly from the

completeness theorem. O

As such, if A is compatible with B, we will say that A and B are compatible. As mentioned
above, a Boolean algebra can be defined to be an OML in which any pair of lattice elements
commute. From this fact (along with the completeness theorem) it is easy to see that we can
derive an axiomatization of classical logic from the quantum logical axioms along with the

additional axiom schema (for any given language L)
(CL) AC B for any L-wffs A and B,

as we now demonstrate.
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Proposition 3.2. Let £ be any language, and let 21 be an L-structure. Then 9 is a model

of the axiom schema CL iff the truth value algebra for 9 is a Boolean algebra.

Proof. Let L be the truth value algebra of 9t and [-] the corresponding truth valuation. First,
we assume M is a model of CL. Then, since the range of the truth valuation is all of L (by
definition), for any a,b € L there are L-wiffs A and B such that a = [A] and b = [B], and so the

fact that 9t models CL gives

1=[ACB]=[A< (AAB)V(AA-B)]=a< (arb)V (anr-b),

and so by lemma C.14, we have that

a=(anb)Vv(an=b),

i.e. that ¢ and b commute. Then since a,b were arbitrary, by proposition 1.14 we have that L
is Boolean.
Next, assume that L is a Boolean algebra. Again by proposition 1.14 and lemma C.14, we

have that for any a,b € L, that

a< (anb)v(an=b)=1,
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and so for any wifs A and B we have that

[AC B] = ([A] < [([Al A [BD) v ([Al ~=[BD)]) = 1,

so that M = CL. O

As mentioned in the introduction (section 1.2), another way to characterize the difference
between Boolean algebras and a general OML is the presence of distributivity (def. 1.17) in
the former. Hence, by the completeness theorem we can also use distributivity to distinguish

between classical and quantum logic. For any language £, we define the following axiom schema
(DL) [AA(BvC)] < [(AAB)v(AAC)] for any L-wifs A, B and C.

Proposition 3.3. Let £ be any language, and let 21 be an L-structure. Then 9 is a model

of the axiom schema DL iff truth value algebra for 9 is a Boolean algebra.

Proof. Let L be the truth value and [-] the truth valuation of 9. First, if M is a model for
DL, then by definition for any a,b, ¢ € L, there exists wifs A, B and C such that a = [A], b= [B]

and ¢ = [C]. Then we have

an(bve) (anb)v(ance)=[Ar(BvC)< (AAB)v(AnO)]=1

since M = DL, so by lemma C.14, this gives that

an(bve)=(anb)v(anc)
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for every a,b,c € L. Hence, by definition 1.17, L is a Boolean algebra.
Next, if L is a Boolean algebra, by definition 1.17, we know that, for any a,b, c € L we have
(using lemma C.14)

1=([an(bvec)] < [(anbd) v (anc)]).

Then, for any wifs A, B and C' we have
[AA(BVO) o (AnB)v(AnC)] = ([A] A ([BIV[C]) o ([A] A [B]) v (IAT A [CD)) = 1.

so that M = DL. OJ

By the above, adding either the axiom schema DL or CL to Q4 (L) gives an axiomatization
of classical logic. In what follows, however, we will focus on the axiom schema CL, as compat-
ibility often proves to be an easier property to work with (in general) than distributivity. For
convenience we denote! Q(L£)u CL by C(£). Additionally, for an M-system (£, A) we will say
that an L-wff is classically derivable if it is derivable from A u CL.

The fact that an axiomatization of classical logic (for a given language £) can be obtained
from Q4 (L) by simply adding another axiom schema provides another avenue to see that the
first-order quantum logic we have developed is subclassical (which, of course, it had to be, given
our earlier results of soundness and completeness along with the subclassicality of our quantum

semantics).

'Recall that we take CL to represent the class of instances of the axiom schema of £L-wffs given above.
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Finally, we note that in most developments of classical mathematical logic, some different
set of axiom schema and inference rules (for any given language L£) are used (e.g. as in (18)).
By our completeness theorem of the previous chapter, C(L£) is entirely equivalent to any other

axiomatization which can be proven to be sound and complete.

3.1.2 Implications of Subclassicality for our Quantum Logic

We now discuss some simple consequences of the subclassicality of the first-order quantum

logic we have developed.

Consistency and Independence

As noted previously, since our first order quantum logic is subclassical, every classical model
of a given M-system (L£,.A) will still be a model of (£,.A) within our quantum semantics.
Equivalently, every wiff which is derivable from A will be classically derivable. This has a
couple of simple consequences.

First, recall that a set of axioms is consistent provided it cannot prove L. From this, it is
trivial to see that any mathematical system (£,.A) which is consistent in first-order classical
logic is still consistent in our first-order quantum logic. The converse does not generically hold,
however — there are M-systems which are classicaly inconsistent but which are consistent under
quantum logic! Another consequence of the subclassicality of our quantum logic is that any
set of axioms which are independent in first-order classical logic remain so in our first-order
quantum logic, where we recall that set of axioms is said to be independent if no axiom in that

set is derivable from the others.
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The Lack of a Deduction Theorem in First-Order Quantum Logic

In first-order classical logic there is a clear connection between (the meta-linguistic) notion of
derivability () and the (object language) conditional (=) in the form of a ‘deduction theorem’
which states:! for any set of L-wffs I" and £-wifs A and B, we have that I', A+ Biff ' - A - B.
Just as in the propositional case, only one direction? of this holds for our first-order quantum
logic, even when I' = @. The same example (1.17) which shows that the deduction theorem
fails in quantum propositional logic can easily be used to create a simple model showing the

deduction theorem still fails in first-order quantum logic; we leave the details to the reader.

Existence of Non-standard Models and Inherent Classicality

Of course, some axiom systems will only admit standard models, for example any M-system
(L, A) such that the axiom schema CL is contained in A. One may expect that an M-system

(£, A) where the axioms A are only “mathematical”?

would always admit non-standard models.
An example of a “mathematical axiom” would be something like (in the language Lpson of

example 2.1)

(Vo) (Vy)(z * e = ).

1See also proposition 1.9 in section 1.1.2.
Namely I' - A » B implies that I', A~ B — see (6) in prop. 2.4.

3 As opposed to ‘logical’, such as the schema CL or DL.
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¢

It is difficult to make this notion of a “mathematical” axiom precise, but hopefully the reader
can see a qualitative difference between an axiom such as the one just presented and a schema
such as CL.

Surprisingly, as first shown by Dunn in (15), this is not always the case. It turns out
that certain M-systems with only “mathematical axioms”! will admit no non-standard models.
Thus, for for such M-systems there is no difference, as far as the mathematics is concerned,
between using the first-order quantum logic we have developed or a traditional classical first-

order logic — i.e. quantum mathematics and classical mathematics are the same for such M-

systems. It will be useful to have a formal definition for this concept.

Definition 3.2. Let (£,.A) be an M-system. If A+ CL, then (£,.A) (or simply A if £ is clear

from the context or irrelevant) is said to be inherently classical.

Note: It is easy to see that A is inherently classical iff any classically derivable wif of such an

M-system is also a quantum theorem.

3.2 Axiomatizations of Mathematical Theories

Now, for any given area of mathematics, there are often alternative but classically equivalent
formulations or presentations of the axioms (as an M-system). Even fixing a language £, two

different collections of axioms may present the ‘same’ classical mathematics. We will investigate

1Such M-systems will be discussed in sections 4.1.3 and 6.1.2, and include the usual first-order ax-
iomatization of Peano arithmetic as well as certain axiomatizations of group and OMLs.
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the consequences of this phenomena (namely, that the same classical mathematics results from

different axiomatizations in the same language) for the development of quantum mathematics.

3.2.1 Classically Equivalent Axiom Systems

We begin by defining two different notions of what it means for different axiomatizations

(i.e. classes of wifs) to be equivalent, one for quantum logic, and the other for classical.

Definition 3.3. Let £ be a language, and let A and B be classes of L-wffs. If A+ B and
B+ A, then A and B are said to be logically equivalent.' If AU CL and Bu CL are logically

equivalent, then we say that A and B are classically equivalent.

Note: Of course, since quantum logic is subclassical, two different classes of wifs may be
classically equivalent, but not logically equivalent. However, logically equivalent classes of wifs

are always classically equivalent.

In providing M-systems for various branches of mathematics, we will frequently be interested
in finding an axiomatization of that mathematics which is classically equivalent to some more
commonly used set of axioms, but more “suitable” for quantum logic. As such, for some class
of wifs A frequently used in axiomatizing an area of classical mathematics, we will call any

other class of wffs A" which is classically equivalent to A a reduction of A. In the same vein, for

IThis notion of logical equivalence is easily seen to be a generalization (to classes of wffs) of the
notion of logical equivalence of wifs. See def. 2.10.



102

a single wif A, we will say that A’ is a reduction of A when A and A’ are logically equivalent
w.r.t. CL.!

Using our new terminology, one obvious question to ask is this: for a given M-system (£, .A)
and an L-structure 9, if we know that there exists some reduction A’ of A such that MM e A’,
is there any sense in which 9t has to be “close” to being a model of A? We will need a few
technical developments before we can answer this question, the first of which is the following

definition.

Definition 3.4. Let £ be a language. For L-wffs A, B, define the L-wff ¢(A, B) by

c¢(A,B):=[(AAB)Vv(AAr-B)]Vv[(-AAB) v (-AAr-B)]. (3.2)

c(A, B) is called the commutator of A and B.

It well known from orthomodular lattice theory (see the appendix, prop. C.11) that the
expression in equation 3.2, when interpreted as a ortholattice polynomial, has the property
that ¢(a,b) = 1 iff a C b for any a,b in a given OML. We then have the following useful
proposition which shows that we can utilize the commutator to characterize the classicality of

a given structure.

'While the concept of reduction is symmetric insofar as we have defined it, we will always consider
some usual classical formulation of a wif (or class of wifs) as the unreduced statement, and consider its
classically equivalent alteration to be the reduction.
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Proposition 3.4. Let £ be a language, and let 9t be an L-structure. Then M = ¢(A, B) for

every pair of 2A-extended L-wifs A and B iff L is Boolean.

Proof. Let [-] be the truth valuation of 9. First we prove the ‘only if” direction. By definition,
for any a,b e L there exists wifs A and B such that a = [A] and b= [B]. Then for any a,be€ L,

we have

C(a7b) = C([[Aﬂ’ HB]) = HC(A7B)H =1,

so that L is Boolean by propositions C.11 and 1.14.

Conversely, if L is Boolean, then for any wifs A, B, we have

[c(4, B)] = c([A],[B]) =1

by the same proposition, i.e. M E c(A, B). O

This result, along with proposition 3.2, gives that CL + ¢(A, B) for any two L-wifs A and
B, so that ¢(A, B) is a tautology of classical logic for any language £. Whether or not it is
also a tautology of our quantum logic depends upon the specific A and B — for example, in
the language Lason, taking A = (x ~»y) and B = (y ~ z) gives that ¢(A, B) is not a tautology in
quantum logic, while ¢(A, A) is a quantum tautology (for any wff A in any language).

The commutator then gives us a natural way to reduce axioms of any piece of classical
mathematics, which we will present in the form of an example, rather than as a general formu-

lation.
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Example 3.5. Consider the language L., from example 2.1. One common axiom in the

theory of monoids is

(Va)(xz *ew~x).

A natural way to reduce this axiom involving the commutator would be

((V2)("p)e(a my,zme)) > (Vo) (@ e~ ).

Since the truth value of ¢(z ~ y,z ~ e) is always 1 when the truth value algebra L is Boolean,
and since (for any a € L), 1 - a = a by lemma C.14, this is clearly a reduction of the given

axiom.

Using the above reduction strategy, we can answer the question posed earlier. For a given
M-system (L£,.A), one can ensure that there is some reduction A’ of A such that any L-
structure satisfying one (rather innocuous) condition on its truth value algebra will model A’.
In particular, the following proposition shows that such L-structures model a reduction of A

even though they are not constrained by the particular choice of wifs A in any way.

Proposition 3.6. Let (£,.A) be an M-system, and let 9t be an L-structure with truth value
algebra L such that there exists a,b € L with ¢(a,b) = 0. Then there exists a class of L-wifs A’

which is classically equivalent to A such that M= A’
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Proof. Let [-] be the truth valuation of 9. By the definition of an L-structure, we know that

there are L-sentences 1, and v, such that [¢,] = a and [¢,] = b. Then, for every A € A, define

A= [C(d}aa ¢b)] - A,

Andlet A" :={A" : Ae A}. From the previous discussion, we know that A’ is indeed classically

equivalent to A. Also, from our assumption that c¢(a,b) =0 it is trivial to see that M= A". [

Note: One can show that the assumption that ¢(a,b) = 0 for some a,b € L is satisfied is
equivalent to L having subortholattice isomorphic to MOy — in particular, many OMLs L

will satisfy this condition.

This shows that, for any given class of wifs A, some reductions of A will be absolutely trivial
to satisfy. As such, the fact that a particular structure models some reduction of A means
virtually nothing — one must pay close attention to the particular form of that reduction.

Also, the above considerations immediately show that for any class of L-wffs A which is
inherently classical, there is always a reduction of A which is not. In particular, when proving
certain branches of mathematics only admit standard models, we must always do so with
respect to a particular axiomatization — there can be no such result for a more general notion
of mathematical system which encompasses all classically equivalent axiomatizations.

3.2.2 Classicality Operators

In this section we now capitalize on the powerful completeness result proved in the previous

chapter (theorem 3). We construct two ‘operators on wifs’ (i.e. two ‘wif schema’) which, due



106

to the aforementioned completeness result, will be extremely useful in producing reductions of
axioms, especially those involving the symbol ‘3.1

First, recall that the center of an OML L consists of those elements with commute with
everything in L(def. C.6), and the center of any OML forms a Boolean subalgebra (proposition
C.9), so that the center represents the “classical” elements of the OML. Clearly, it would be
useful to have a wif schema which would inform us when a given wif ¢ only took “classical”
truth values in a given structure. The first schema we construct does precisely this, at least
when we have only a finite number of predicates — in particular this schema will have a truth
value of 1 iff the truth value of ¢ is in the center of the given model’s truth value algebra. Let
LP ={Py,...,P,}, and let £ =L UL be our language (for some function symbols £7. Then,

for any L-wif ¢ define

C®) 1= (V1) (V5h(p) ) PR (s1rmsugo) (@) > W] A -

A (vs?)"'(VSZ(Pn))[‘an(sl,...,sa(Pn))(w) - w)]a (33)

where ¢, (y) =z A (~z vy) is the Sasaki projection.

Proposition 3.7. Let £ be a language with a finite number of predicates, let 91 be an L-
structure with truth valuation [-], and let ¢ be an A-extended L-sentence. Then [C(¢)] =1

iff [¢] is in the center of the truth value algebra of 9.

'We will need the technical requirement that the languages we consider have only a finite number of
predicates.



107

Proof. Let L be the truth value algebra of 9. By definition of C(%), and since [C(¢))] =1
iff every term in the meet equals one (recalling that ‘V’ statements evaluate to meets in the

structures), we have that [C(¢)] =1 iff

@[P(a17._.7aa(13))}]([{¢ﬂ) e M)H =1

for every predicate P in L, and for every ai,...,aqpy € L. But by lemma C.14, the above

statement holds iff gp[[p(ah”_%(P))ﬂ([[w]]) <[v]. By lemma C.13, this is true iff

[P(a1,..-,aqcpy)] C [¢]

for every ai, ... ,aqpy € Land P € L. Clearly if [+] is in the center of L, the previous statement
is satisfied. Conversely, since by the definition of an L-structure the set of all [P(a1,...ap))]

generate L, by proposition C.10, [¢/] must be in the center of L. ]

Just as it is useful to have an ‘operator’ which tells us when a given sentence takes only
“classical” truth values in a given model, it will also be useful to have an ‘operator’ which
“classicizes” the truth value of any wif — more specifically, this ‘operator’ would take a given
wif ¢ and yield a new wif with truth value 1 if the truth value of ¢ were 1, and truth value
0 otherwise. As the following shows, we can construct just such an ‘operator’ for models with

irreducible truth value algebras. Define, for a given L-wff 1), (where £, L' are as above)
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T() = (Vs (Vsh ) N (Pi(s1s s Sageyy) = )

= A(YST) - (Yspp ) ) (Prl(s1, -5 Sa(p,)) = ¥). (3.4)

We will now show that, in a certain class of models, this ‘T operator’ behaves exactly as

promised. First, we prove a short technical lemma.

Lemma 3.8. Let £ be a language with a finite number of predicates, and let

M be an L-structure with truth valuation [-]. Further let ¢ be any 2-extended L£-wif such that

[] =1. Then [T(¥)] = 1.

Proof. Assuming [x] = 1, then [T(x)] = 1 trivially by lemma C.14, which gives that in any

OML L with a € L, we have (a - 1) = 1. O

Proposition 3.9. Let £ be a language with a finite number of predicates, and let
M := (A, L, [-],§) be an L-structure such that L is irreducible and which also satisfies (for all
A-extended L-wifs 1)

2. ME C(T())
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Then for any 2A-extended L-wif x,

1 if[x]=1
[T()] = (3.5)

0 if[x]=#1
Proof. First, assume [x] = 1. Then [T(x)] =1 by lemma 3.8. Next, assume [x] # 1. By (2)
above, [C(T(x))] = 1, and so by proposition 3.7, [T(x))] is in the center of L. Since L is

irreducible, the center of L is just {0,1}. Then by (1) above, [T(x)] = [x] =1, so that

[TCOI<[x]+1

by lemma C.14, and hence we must have that [T(x)] = 0. O

Since the aforementioned completeness result (theorem 3) allows us to restrict ourselves to
irreducible truth value algebras for our semantics without loss of generality, the ‘T operator’
defined above will prove to be powerful indeed. It will now behoove us to determine some

conditions under which the hypotheses (1) and (2) of the above proposition are satisfied.

Lemma 3.10. Let £ be a language with a finite number of predicates, let 9t := (A, L, [-],F)
be an L-structure, and let 1 be any A-extended L-wiff. Further assume that there exists some

ai,...,an €2 and some predicate P with arity n such that [P(ai,...,a,)] =1. Then

M = T(4) ~ 1
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Proof. Let 1) be any extended sentence. By lemma C.14, we only need to show that [T (¢)] <

[¥]. But by the definition of T (equation 3.4) and lemma C.14 we have

[T)]< A ([Pa,...an)] > [¥]) < (1 = [¥]) = [¥].

A1,e-san €A

O]

The above lemma says that (for any wff ¢) the wif T(¢) — v is “almost” a tautology —
the only requirement for T'(¢)) to hold in any given model is that there is one atomic sentence
in the model which is true. Also, we have the following lemma concerning the other hypothesis

in proposition 3.9.

Lemma 3.11. Let £ be a language with a finite number of predicates, and let 9t := (A, L, [-], F)

be an L-structure such that

1. L satisfies the relative center property,*

2. For every z € L, there is some P e £ and aq,... s Go(py €A with [P(a1,...,aqp))] = 2.

Then for any 2-extended L-sentence v, we have 9 = C(T(v)).

ISee definition C.13.
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Proof. Since L has the relative center property, by lemma C.22, we have, for any extended
sentence 1, that Az, (b — [¢]) is in the center of L. Then by (2) above and the definition of

‘T (equation 3.4) we have

ANGE=TvD = A ([P(as,... a0p)] = [¥]) = [T@)],
ek a1,..1.?(§§23)691

so that [C(T(v))] =1 by proposition 3.7. O

Finally, note that for any model with truth values By = {0,1} and truth valuation [-],
we have that [C(¢)] = 1 for any extended wff 1, and also [¢» - T(¢)] = 1. Now that we
have nice criteria for demonstrating that a given structure 9t satisfies both 9t = C(T(v)) and

M= T () — 1, we are ready to examine reductions of axioms involving the above operators.

Reduction of Statements Involving Existential Quantifiers

The ‘T operator’ defined above is extremely useful when attempting to reduce statements

from classical mathematics involving ‘3. To wit, suppose we have a statement (for some L-wff

1) such as

(Fz)¢(x)

which holds in a given model. In contrast to classical logic with the standard truth values {0,1},
we cannot conclude that there actually exists some object a in this model for which v (a) holds.

(Recall the discussion in section 1.1.4.)
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However, we can consider instead the statement

(32)T(¢p(x)).

If this statement holds in a given irreducible model' in which both C(T()) and T(¢) — v
hold, then we are guaranteed the existence of some object a in the model for which v (a) holds.
For this reason, we consider this method of reduction to be a “suitable” reduction for certain
quantified statements in quantum logic, as it will allow us to retain the full power of axioms
involving ‘3.

3.3 General Properties of Models and Structures in Quantum Logic

We have already defined two types of models, namely standard models (def. 2.21), which
are those models whose truth value algebra is Boolean, as well as irreducible models (def. 2.27),
which are those whose truth value algebra is irreducible. In this section we discuss two other
interesting classes of models.

We begin by discussing conservative models, which are “built” out of models whose truth
value algebra is By = {0, 1}. We will also discuss models whose truth value algebra is a projection
lattice of a Hilbert space — in some sense, these are the most natural models in quantum logic

since their truth value algebras are the very OMLs which inspired the semantics for our first-

! As mentioned previously, irreducibility is no serious restriction given our completeness result (theo-
rem 3).
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order quantum logic in the first place. In the final portion of this section, we prove some
technical results on general model construction which will be useful in the sequel.

3.3.1 Conservative Structures and Models

We begin with the formal definition of a conservative structure.

Definition 3.5. Let (£,.A) be an M-system, and let 9t = (2, L,v,§) be an L-structure. If
there is a model B of A with B = (2, Bo, ', §) such that for any P € £F, and any ay, . .. , Ao (PYs

we have

V(P(ala s 7aa(P))) =1 iff V,(P(ah s 7aoz(P))) =1,
then we say that 91 is conservative. If 91 is not conservative, we call 9 non-conservative.

Note: As models are examples of structures, we will also use the above terminology in regard

to models.

Essentially, the above definition states that a structure 9t (with underlying class ) is
conservative if each n-ary operation f € £7 has the same interpretation in 9t as it does in some
classical model B with the same underlying class 2, and moreover, the truth valuations of 9t
and B agree on which elements of 2l the predicates are ‘true’ on.

Clearly every standard irreducible model is conservative.!

We do not know, however, if
every standard model is conservative, but this is really just a question of classical logic which

has nothing to do with quantum logic whatsoever.

'Recall by proposition 1.12, that {0,1} is the only irreducible Boolean algebra.
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Examples of non-standard conservative models can be found in sections 4.2, 4.3, and 4.4;
examples of non-conservative models can be found in section 4.2.4 as well as chapter 6. We will
see that non-conservative models allow wild possibilities for the interpretations of the operation
symbols £7 as well as the truth valuations. However, conservative models are equally interesting
in that they (in the non-standard case) allow for new, non-classical mathematical properties to
hold while still retaining many essential properties of whatever classical model the conservative

model is based on.

3.3.2 Models on Projection Lattices

As we have seen, using the first-order quantum logic as the foundational logic with which
to build mathematics opens up new possibilities for models, as now any complete OML L (and
more besides) is a candidate for the truth value algebra of a model. Of course, there are certain
OMLs which are very natural with respect to quantum theory, namely the projection lattices
of Hilbert spaces. Now, despite the wide variation in what is considered quantum logic, there is
no doubt that the odd, non-classical behavior of subatomic systems is the ultimate motivator
for the questioning of classical logic, and the very reason one might be tempted to replace
it when developing mathematics. As such, it is clear that the projection lattices of Hilbert
spaces are the most interesting OMLs to consider as truth value algebras when doing quantum
mathematics.

This will have two interesting consequences for us. First, we expect that models built natu-
rally from projection lattices of Hilbert spaces will shed light on what constitutes a “suitable”

reduction of a given axiom systems. In the sequel, we construct a natural class of structures as
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candidates for models of (a choice of) the axioms for orthomodular lattices (section 4.3) where,
in the construction of any one of these structures, we use a given (classical) OML both as the
underlying set as well as for the truth value algebra of that structure. In doing so we find
that such structures, when based on projection lattices, satisfy a particular natural reduction
of one of the classical axioms not satisfied by these structures generally. We also develop a
natural class of models of (a choice of) operator algebra axioms (section 4.4), where we use
the bounded operators on a Hilbert space as the underlying set and the associated projection
lattice of that Hilbert space as the truth value algebra. For these natural models, we again find
that a particular classical axiom does not hold, but a reduction (similar to that for OML case)
does. It may not be surprising that certain classical properties no longer hold in these natural
quantum models, but since we expect such models to be the most “in touch” with quantum
reality, we suspect that the precise classical properties which fail to hold in these natural models
may have some deep meaning with regard to applying mathematics to describing the physical
world, and even possibly for the foundations of mathematics itself.!

Second, when developing our axiomatic quantum set theory (chapter 5), and our quantum
arithmetic (chapter 6), we find certain properties of projection lattices (which are not common
to all OMLs) playing a prominent role in forcing certain desirable mathematical axioms to hold.

This certainly suggests that our first-order quantum logic may be “too general”, and there may

IThe precise nature of this deep meaning is, however, a question beyond the pay grade of this simple
author.
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be important logical properties possessed by the projection lattices which are missing in our
more general treatment. Only time! will tell.

3.3.3 Construction of Models

In the following chapters we will be constructing explicit models of various axiom systems,
and so it will behoove us to examine conditions under which, for a fixed language £, a given
L-structure is a model of some M-system (L£,.A). Before we present any propositions, we will

make the following useful definition.

Definition 3.6. Let £ be a language, and let 91 be an L-structure with underlying class 2.
For any atomic 2A-extended L-sentence v, the evaluation of ¥ in 9 is the atomic A-extended
L-sentence obtained by replacing each L£-term in ¢ with its evaluation. If an 2-extended atomic
L-sentence y is an evaluation of some 2f-extended atomic L-sentence v in 90, then x is said to

be an M-evaluated atomic sentence.

Note: Any atomic extended sentence 1) is of the form ¢ = P(t1,...,t,) where P is an n-ary
predicate, and t1,...,t, are extended terms with no variables. To obtain the evaluation of 1,
we first evaluate each term in the usual fashion so that each t; evaluates to some a; € 2(. Then,

the evaluation of v is just P(aq,...,a,).

We begin with a proposition which states that any map from the evaluated atomic sentences

to a complete OML L always extends to a truth valuation.

!Time, as well as an awful lot of hard work and the accompanying crushed dreams and aspirations
of youth.
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Proposition 3.12. Let £ be a language, let 2 be a class, let § be an interpretation of £7 in ,
and let L be a complete OML. Define &g to be the subclass of atomic 2A-extended L-sentences

(with a the arity function on £¥) given by

&g = {P(ai,...,a4(p)) : Pel? and a, ..., aq(py €A},

and let v be a class function from &g to L. Then there exists a unique © which is a truth

valuation w.r.t. (£,2,§, L) which agrees with v on &j.

Proof. We simply define © inductively to satisfy the conditions (1-4) of definition 2.16, and then

condition (5) of that same definition holds by lemma 2.11. O

Often, we will already have some model (namely a common model from classical mathe-
matics) Mg of an M-system (£,.A), and we will then want to construct a (conservative) model

from My. The following proposition will be useful in this regard.

Proposition 3.13. Let (£,.A) be an M-system with model 9y = (A, Lo, [-]o, ), and let p be
a map from the Mp-evaluated atomic sentences to any complete OML L satisfying (for any

meN, any m-ary P e £LF, and any ay, ..., am, €2A)

[P(ai,...,am)]o=1 iff p(P(ai,...,am))=1.

Then let M := (A, L,[-],F) be the L-structure with [-] the unique extension of p to a truth

valuation (which exists by proposition 3.12), and let A be any L-wff which can be written as
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to not contain the symbol ‘=’ (using ‘v’ and ‘3’ is still allowed), and such that 9ty = A. Then

Me A.

Proof. The proof is by induction on the definition of [-] (the extension of u to all evaluated
L-wffs). First, we consider the base case of an atomic L-wif (for any P e L7, with arity m)
P(t1(y1,---sYn)y- - stm(y1,--.,Yn)) such that My = P(t1,...,ty). Then for any ay,...,a, €2,

we have

[P(ti(at,... an), ... tm(a,...,an))]o =1

because P(t1,...,tmy) holds in 9. Then, by assumption, we must have that

[P(ti(at,. . an), .. tm(ar,...,an))] =1

for every aq,...,a, € A, and hence M = P(t1,...,tn).
For the inductive step, first assume that for extended L-wffs B and C' that both 9y = B

and My = C . Then for any evaluations B of B and C of C, [B] = [C] = 1 by induction, and so

[BACI=[B]IA[C]=1,

so M = BAC (and similarly 9 = B v C). Next, assume that My = B(z,y1,...,Yn)), so that

[B(a,ai,...,an)]o =1 for all a,aq,...,a, €2A. Then we have

[(Vz)B(z,a1,...,an)] = A[B(a,a1,...,a,)] = N[B(a,ai,...,a,)]0=1

aeA ae
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where the second to last inequality is by induction. Hence, we have I = B(x,y1,...,yn). For
the final case (using ‘3’), assume that My & B(x,y1,...,yn). Then for any aq,...,a, € A we

have

[(3z)B(x,a1,...,a,)] = - /él—‘[[B(:L“,al, cean)] = \/Q[[[B(a,al, coan)]o =1,

so that M = (3z)B. O

Note: For wifs A and B, recall that A - B := -=A Vv (A A B). Since this involves the symbol ‘-,

we cannot use this proposition concerning wifs involving ‘—’.

We conclude this section with one more technical lemma which we will find useful in our

consideration of quantum set theory in chapter 5.

Lemma 3.14. Let £ be a language, and let 9% be an L-structure with truth valuation [-] and

underlying class 2. Further let a,b,aq,...a, €2 such that

[P(al)"’7am—17a7am+laaa(P))I| = [P(ala'"7am—17b7am+1aaa(P))I|

for every P € L7 and for every m € {1,...,a(P)}. Then for any A-extended L-wif o (z, x1, ..., x,)

(with x € By), we have that [¢(a,a1,...,a,)] =[¥(b,a1,...,an)].
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Proof. The proof is by induction on the construction of extended wifs. By assumption, the

result holds for the atomic wifs. Assuming the result holds for some wif ¢, we have

[-¢(a,a1,.. - an)] = =[¢(a, a1, an) ] = =[90(b; a1, - an) ] = [=0(bs a1, s an) ]

Next, assuming the result holds for ¥; and s we have

[(p1 A2)(a,ar,...,an)] =[Yi(a,a1,....an) AP(a,ar,. .. an)]
= [Y1(a,ai,...,an)] A [Y2(a, a1, ... an)]
= [r1(bar,...,an)] A [2(b, a1, ... an)]
= [¢1(b,ai,...,an) Atp1(b,ag, ... ap)]

=[(¥1 A2) (b a1, ... an) ]

Finally, assume the result holds for some ¢ (x,z1,...,2,,y). Then

[(Vy)Y(a,ar,... any)] = Nlv(a,a1,...,an,¢)]

ce

- A[v(b,ay,...,an,c)]

ce

= [(Vy)¢(ba ag,... 7amy)ﬂ'

This completes the induction.
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Now that we have established these useful technical results and characterized some simple
classes of M-systems and structures, in the following chapters we will proceed to consider

particular M-systems and construct models of these systems within the framework of our first-

order quantum logic.



CHAPTER 4

QUANTUM ALGEBRAIC SYSTEMS

In this chapter, we proceed to use the first-order quantum logic developed in the previous
chapters to do some quantum mathematics. In the first section (4.1), we will discuss equational
languages,! which are simply languages where there is only one predicate symbol (for which
we will use ‘~’), namely a binary predicate meant to represent “equality”. We will use such
languages in a formal treatment of abstract and linear algebra.

Before presenting particular examples of such quantum algebraic systems, we recall our
discussion of section 3.1.2, in which we noted that some axiom systems are inherently classical.
One inherently classical axiom system is the usual axiomatization of Peano arithmetic, as
showed by Dunn (15). In section 4.1.3, we will prove two theorems which show that certain
further classes of axiom systems (over equational languages) are inherently classical.

We then proceed to our examples of quantum algebraic systems. In section 4.2 we will
construct non-standard models of both (common choices of) the monoid and group axioms,
which will prove useful for building our quantum mathematical intuition, as well as serve to
illustrate the general types of models discussed in the previous chapter (section 3.3.3). In the
following section (4.3) we will get a little more “meta” and begin a quantum mathematical

treatment of the mathematics which underlies the quantum logic we have developed — namely

1See (8) for a treatment of equational languages in classical logic.

122
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we will construct natural (non-standard) models of (a natural reduction of) the axioms for
orthomodular lattices. In the final section (4.4), we will examine both linear algebra and
operator algebras within quantum mathematics. After constructing natural models of axiom
systems associated with both these areas of mathematics, we will show that these vector space
and operator algebra models have not only a beautiful interrelationship with one another,
but also with the models of the orthomodular lattice axioms previously discussed. We finally
discuss how these natural models may be relevant for a quantum mathematical formulation
of quantum mechanics itself — specifically, we will examine both the Schrodinger and von

Neumann equations in the context of the quantum mathematics developed.

4.1 Equational Languages

In this chapter we will only be concerned with M-systems using a language with a single
binary predicate (meant to represent equality). We begin with the formal definition of such a

language.

Definition 4.1. Let £ be a language. If £7 = {~}, where ‘~’ is a binary predicate, then L is

called an equational language.

4.1.1 Equality and Substitution Axioms

(0

Of course, ‘~’ is just a symbol. We also need the following axioms to insure that our

‘equality’ behaves as expected.

Definition 4.2. Let £ be an equational language. We define the following L-wffs (for x,y, z €

By )
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(E1) (Vz)(z~ ) (Reflexivity)

(E2) (Vo)(Vy)[(z ~y) > (y~» x)] (Symmetry)

(E3) (Vo) (Yy)(V2)[(z~y) A (g~ 2)] > (z ~ 2) (Weak Transitivity)
(B3) (Va)(vy)(v2) (@~ y) » [(y = 2) > (2~ 2)]) (Strong Transitivity).

We then define the equality axioms (denoted £) to be

& :={E1,E2,E3}.

The wifs E3 and E3’ are classically equivalent.! However, we will now show that E3’
is strictly stronger in our first-order quantum logic (see example 4.14 below for the strictly

portion of this claim).
Proposition 4.1. Let £ be an equational language. Then E3’ - E3.

Proof. Define A = (x »y), B:=(y~ 2), and C := (x » z) with z,y,z € By. By Q6 and R5

we have E3' - A -» (B — C). Then proposition 2.3 gives E3' + (A A B) - C. We will now

I This follows directly from the deduction theorem, which is discussed in section 1.1.2.
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use soundness and completeness, so consider any model 9 of E3" with truth valuation [-] and

underlying class 2. We have (by soundness)

1=[(A(z,y) A B(y,2)) = C(x, 2)]

= N\ [(A(a,b) AB(b,c)) > C(a,c)]

a,b,ce

= [(va)(Vy)(V2)[(Ar B) = C1],

and so completeness gives

E3' + (Va)(Vy)(V2)[(AAB) - C],

ie. E3' - E3. O

Since we expect our predicate symbol ‘~’ to behave like an equality, we force that an equa-

tional M-system satisfy E1-E3.

Definition 4.3. Let (£, A) be an M-system. If £ is equational, and A + &, then we call (£,.A)

an equational M-system.

In classical logic, it is customary to enforce the following substitution axioms for L, which

involve, for each f e L7, a(f) axioms (one for each ‘slot’).

Definition 4.4. Let £ be an equational language. Define the following wff (for f e £7,

me{l,...,a(f)}, and variables z,y,21,...,24(s))
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(Sub[f,m]) Substitution for f in the m'* slot:

(Vo) (Vy) (Vz1)(Vza(p)) (2~ ) =

[f(Zl,.. 5 Zm=1,Ly Zm+1,- - - 7Za(f)) N f(Zl,.. s Zm=1,Y, Zm+1,y- - - 7Za(f))])-

We also define
(Sub[f]) Substitution for f: Sub[f,1] A---ASub[f,a(f)],

as well as the substitution axioms for L to be

(Sub(L)) := {Sub[f] : feL”}.

The motivation for the substitution axioms is clear — it is intuitive to expect that whenever
the statement ‘a equals b’ is true, the statement ‘f(a) equals f(b)’ (for any unary operation
f) is true as well. Now in quantum logic, the substitution axioms given above actually force
more than the above intuitive requirement on the extended sentence a ~ b (for a,b in a given
model). The basic reason for this is that, for wffs A and B, we have that A — B holds in a
given model if (for [-] the truth valuation of that model) [A] < [B]. In the context of our
unary f above, forcing substitution requires [a ~ b] < [f(a) ~ f(b)], which is a significantly
stronger requirement than [ f(a) » f(b)] = 1 whenever [a ~ b] = 1. These considerations make it
clear that the substitution axioms (as given above) are of questionable motivation in quantum

mathematics, and suggest that a reduced version of these axioms may be more appropriate.
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As further justification for this claim, our natural non-standard models of axiom systems for
both orthomodular lattices and vector spaces do not satisfy the substitution axioms above for
all their operations (see sections 4.3 and 4.4).

One natural choice for a reduced version of substitution is the following

(where fe L7, me{1,...,a(f)}, and ‘T’ is the operator from section 3.2.2):

(RSub[f,m]) Reduced substitution for f in the m‘" slot:

(Vo) (Vy) (Vz1) - (Vza(p)) (T » ) =

[f(zlv" '7zm—1ax72m+17" . 7za(f)) ~ f(zh" '7z’m—17yvzm+17' .. 7Zoc(f))])7

where we then define the axioms RSub[ f] and RSub(L£) in the same fashion as the unreduced
case. One problem with this reduction is that the ‘T’ operator only behaves like we want it
to when the models under consideration have certain properties, so that this approach is not
entirely general. In particular it does not necessarily yield a reduction of substitution. However,

the following proposition shows that it will be a reduction under a simple criteria.

Proposition 4.2. Let (£, A) be an equational M-system such that A + T(¢) — ¢ for any
L-wif 4, let fe LT, and m e {1,...a(f)}. Then Au {Sub[f,m]} is classically equivalent to

Au{RSub[f,m]}.
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Proof. First we assume Sub[ f,m]. By assumption, A+ T(z ~y) — (z ~y) and also (using Q6

and R5 repeatedly)

Ar(zry) = [f(21, 5 2m1,7, - Za(p) # F(215 0 T 1, Yy Zap)) ]

Then R1 gives

A-T(zry) = [f(21,- 5 2m-1,7, - Za(p)) ® [(215 0 1,9, - 2a(p) ]-

so the completeness theorem gives that Au{Sub[f,m]} + RSub[f,m], and hence trivially that

Au {Sub[f,m],CL} - RSub[ f,m].

For the other direction, in the presence of CL we use completeness with respect to irreducibles.
This means we need to show that (for any truth valuation [-], truth value algebra Bs, and
underlying set A)

[a~b] <[T(a~b)] (4.1)

for any a,b e A. Since [a ~ b] € {0,1}, we consider the non-trivial case [a ~ b] = 1. But then

[T(axb)]= A ([cxd]~[axb])=1

c,deA
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using lemma C.14, showing the inequality (equation 4.1) holds, establishing the desired result.

O

For the models we consider, with one exception (our natural model for the orthomodular
lattice axioms), we will either impose the full substitution, or the reduced substitution described
above. Before moving on to some general considerations in the construction of models of
equational languages, we prove one technical (although intuitive) lemma concerning equality

which will be useful later in propositions 4.13 and 4.19.

Lemma 4.3. Let (£,.A) be an equational M-system such that A+ &, let A be an L-wff, and
let t1,...,tn+1 be L-terms such that, for each i € {1,...,n}, at least one of the following holds
1. A+ (ti N ti+1)
2. A+ (ti+1 N ti)
3. A A— (t;~tip1)

4. ArA— (ti+1 ~ ti).

Then A+ A — (t1 » tpe1)-

Proof. First, let i € {1,...,n}. Note that A, (t;+1 ~ t;) + t; » t;z1 by Q6 and R5, since A -E2.
Also, it is easy to see (by completeness and lemma C.14) that if A+ ¢; ~ t;1, that A+ A —
(ti » tiv1). Finally, if A - A - (t;+1 ~ t;), then (again since A FE2) using Q6 gives that
A+ (tis1 ~ t;) = (t; ~ tiy1), so that by R1 A+ A — (¢; ~ t;+1). Given these considerations, for

each i € {1,...,n}, we have A+ A - (t; ¥ t;11).
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We then complete the proof by induction, for which we only need show that if A+ A —
(t1 ~ t;), then A+ A— (t; »t;q) forie{l,...,n}. Now if A+ A - (¢; ~t;), we then also have

(given the above considerations), using R3, that

A-A— [(tl & ti) A (ti & ti+1)]-

Also, since A ~E3, we have by Q6 and R5 that

Ar [t t) A (timtin)] > (01~ ti),

so that R1 gives A+ A — (t1 ~ t;11), completing the induction. O

4.1.2 Constructing Models for Equational Languages

We will now provide some example OMLs which will be useful as truth value algebras of
our models. Following this, we will do a little bit of technical work which will help in proving

that the structures we construct in the remainder of this chapter are, indeed, models.

Some Simple OMLs

Example 4.4. For n € N\{0}, We define MO,, := {v; : @ = x1,£2,...,+n} U {0,1} with
involution —w; := v_;, and where for every distinct v, w € MO,\{0,1} we have v Aw = 0 and
vvw = 1. We note that MO; is, in fact, a reducible Boolean algebra (isomorphic to the product
Boolean algebra Bg x Bs), and also that MO,, is irreducible and modular for every n > 2. These

generalize MOq of example 1.13.
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Example 4.5. One simple reducible modular ortholattice is the product MOy x Bs. Rather
than write the elements in the usual product fashion, we simply label the atoms a, b, c,d,e. One

can then see the ordering (and involution) from the labeled Hasse diagram in Figure 5.

Figure 5. The Hasse diagram for MOy x By from example 4.5.

We will refer back to these OMLs as needed when constructing models below.

Proving Structures are Models

The algebraic axiom systems we consider will all contain (at least) E1-E3, and so it will
behoove us to determine simple criteria for showing that a given structure is a model for these

axioms. We begin with a simple definition.

Definition 4.5. Let A be a set, L an OML, and v : A2 - L a map satisfying
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1. v(a,b)=1 iff a=5b

2. v(a,b) =v(b,a)
Then v is called a pre-truth map.

We already know from proposition 3.12 that we can extend such a pre-truth map' to obtain
a unique truth valuation. The following lemma shows such a truth valuation will always yield
a model of E1-E2, and if the pre-truth map satisfies a simple criteria, that structure will model

E3 as well.

Lemma 4.6. Let £ be an equational language, let A be a set with interpretation § of £ on
A, let L be a complete OML, and let v: A2 - L be a pre-truth map. Then there exists a unique
truth valuation » w.r.t. (£, 4,5, L) such that o(a ~ b) = v(a,b) for all a,b € A. Furthermore,

M := (A, ran 0, 0,5§) is a model for E1 and E2. If v furthermore satisfies (for all a,b,c € A)

v(a,b) Av(b,c) <v(a,c) (4.2)

Then 9 = E3 as well.

Proof. For every atomic sentence of the form a ~ b (for a,b € A) we define o(a ~ b) :=
v(a,b). Then since L is complete, by proposition 3.13, let ¥ be the unique truth valuation

w.r.t. (£,A,F, L), so that, 9 as above is an L-structure.

!Technically, in order to use the aforementioned proposition, we need to form a map # from v such
that D(a ~b) = v(a,b) for each a,b € A, and then extend the map D.
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Then 91 is a model for E1-E2, since these sentences are satisfied by properties (1) and (2)

of definition 4.5. Also if equation 4.2 is satisfied, then it is easy to see that 91 = E3. 0

In the coming sections, we will frequently construct structures beginning from standard
models familiar from classical mathematics. The reason this procedure will be so effective in
generating models is that the axioms for algebraic systems (besides the equality and substitution

axioms) are all of the same simple form, motivating the following definition.

Definition 4.6. Let £ be an equational language, and let 1) be an L-wff given by

v =Vay)-(Va,) [t(x1, ..., 20) »u(xy, ... 20)],

where t and u are L-terms and where x1,...,%, € By. Then v is said to be algebraic.

Lemma 4.7. Let £ be an equational language, let I' be a set of algebraic £-sentences, and let
Mo := (Ag, B, [-],So) be a model® of I'. Further let L be a complete OML, let v : A%2 — L be a
pre-truth map, and let 9t be the structure given by lemma 4.6 with underlying set Ag and the

interpretation §g. Then 9 =T

Proof. This is just a special case of proposition 3.13. O

4.1.3 Inherent Classicality of Certain Axiom Systems

Recall that an M-system (L£,.A4) is said to be inherently classical if A ~CL. As mentioned

previously, Dunn’s theorem (15) states that (for the usual first-order presentation of the ax-

Note that 90 is a classical model, and so we usually write ‘a = b’ to mean ‘[a ~ b] = 1’ for a,b € A.
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ioms), the theorems of Peano arithmetic under quantum logic are exactly the same as those
under classical logic, i.e. the usual Peano arithmetic axioms have only standard models (by the
completeness theorem). In this section, we prove two similar theorems for algebraic systems
which satisfy strong transitivity and substitution, and also meet some additional simple criteria.
One surprising fact about these theorems is that they apply to M-systems with finite sets of
axioms,! showing that (at least for some M-systems commonly used in algebra) one does not
need to add wff schema to Q4(L) to obtain classicality (i.e. derive CL).

The first such theorem will show that any M-system which has cancellative terms (and
satisfies E3’) will be inherently classical — we now define what we mean for a term to be

cancellative.?

Definition 4.7. Let (£, A) be an equational M-system. Define the following two L-wfifs (for
t(x,y) an L-term)

(LC[t]) t(z,y) t(z,2) >y~ 2z

(RC[t]) t(x,2) mt(y,2) > x~y

If, for a given t(z,y), both LC[t] and RC[t] are derivable from A, we say that ¢ is cancellative

in (L, A).3

1See, for example, propositions 4.13 and 4.19. This contrasts with the case of Peano arithmetic —
see proposition 6.1 in section 6.1.2 for details.

2 Although we only consider terms with two free variables for simplicity, we could easily generalize
our notion of cancellativity to terms with an arbitrary number of free variables.

$We may omit the M-system (£,.A) when no confusion will arise.
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In order to obtain our theorems of inherent classicality, we will need a number of technical
lemmas. The reader interested only in the results and not their proof may skip over these

lemmas and their proofs without loss of continuity.

Lemma 4.8. Let (£,.A) be an M-system such that Sub(L) is derivable from A. Then, for any

L-term t(ylv s 7yn)7

(yimz1) A A(Yn ™ 2n) > Y1y Yn) # (21, .., 2n) (4.3)

is derivable from .A.

Proof. Since every operation in £ satisfies Sub(£), the statement follows by a simple induction

on the construction of L£-terms. O

This allows us to define substitution for terms as well as functions.

Definition 4.8. Let (£,.A) be an equational M-system, and let ¢(y1,...,y,) be an L-term such

that the £-wif
(y1mz1) A A(Yn ™ 2n) > Y1y Yn) # (21, .., 2n)
is derivable from A. Then we will say that ¢ satisfies substitution in (£, A).!

Lemma 4.9. Let (£, A) be an equational M-system and let A and B be £-wffs. Then A+ AC B

iff A An(-Av B)) - B.

1And, as the reader has probably become accustomed to, we will frequently omit the extra baggage
(£, A) when the M-system is clear from the context.
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Proof. First we assume A~ ACB. Then A+ A — [~(~Av B) v (A A B)] by Q3, R1, and

replacement (using prop. 2.4). Then
Ar[AA(=AvB)] > [(-AvB)A(~(-Av B)Vv(AAB))]

by Q3 and R3. Then, since A- AAB — B by Q3, and A+ B - (-AVv B) A B by Q3, R2, Q1
and R3, we have

Ar[AA(=AvB)]->[(-AvB)A(-Av B) - B)]

by R1 and lemma 2.7. R1 and Q4 then give the desired conclusion.

Next, assume A+ AA (-Av B)) - B. By Q4, R2, and Q2 we have
Ar-A - ((A/\ﬁB) V[-(AA=B)A(Av(AA ﬁB))])

and then by Q3, Q2, and R1 this gives A+ A - (AA-B) Vv [(-AV B) A A]. Our assumption
also gives A - AA(-Av B) - (AAB) by Q3 and R3, so then by R1, Q3 and R3 we have
A+ A (AA-B)v (AAB), so that AC B (the other implication is trivial in any OML, and
so follows for wffs by corollary 2.26). Statement (5) in proposition 2.4 then gives the desired

conclusion. 0

As stated in the beginning of this section, the proof of our theorems of inherently classicality

both require E3’. The following lemma is the reason.
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Lemma 4.10. Let (£, A) be an equational M-system such that A + E3’, and let ¢,u,v be
L-terms. Then

Ar (t~u)C (twv).

Proof. Let A :=(t»u), B:=(t~v) and C := (u~v). From E3', and Q3, along with E2 and
replacement, we have A+ (BAC) —» (B - A), and so then by R1 and lemma 2.7, we have
Ar(B—C)— (B - A). Also by E3’ and E2, we have A+ A - (B - (), and hence by R1 we
have A+ A - (B - A), and then by R2 and Q2 we have A+ BA(-Bv-A) - -A, which gives

A+ BC -A by lemma 4.9. Recalling the note following def. 3.1, this gives A+ AC B. O
We need only one more technical lemma to prove our theorems.

Lemma 4.11. Let (£,.A) be an equational M-system such that

A (t~u)C (v~ w)

for all £L-terms ¢,u,v,w. Then the axiom schema CL is derivable from A.

Proof. The hypothesis of this lemma is that all atomic £-wffs are compatible. Hence, for any
atomic extended sentences A and B, and any model 9t with truth valuation [-] and truth value
algebra L, we have [A] C [B], i.e. the corresponding truth values commute in L. Proposition
C.10 along with the fact that such truth values generate L then give that L is Boolean. Since

I was a generic model, the result follows from the completeness theorem. O



138

We are now ready to prove our main theorems. The first says that any M-system which
(a) satisfies strong transitivity, and (b) has some cancellative term satisfying substitution is

inherently classical. For an example see proposition 4.13.

Theorem 4. Let (£,.A) be an M-system such that A + E3’, and also let there exist an £-term

t(z,y) which is cancellative and which satisfies substitution. Then CL is derivable from .A.

Proof. By lemma 4.11, it suffices to prove that any two atomic L-wifs uq ~ v1 and ug » vy are

compatible. Then by lemma 4.8 and since t(x,y) is cancellative, it follows that

Aruy v vy o t(ug,vy) #t(vy,v2) and A ug » v < t(v1,u2) » t(vy,v2).

Further using modus ponens (R5) we have that u; ~ v; is logically equivalent to ¢(ui,ve) =
t(v1,v9) and ug ~ vy is logically equivalent to t(v1,ug) » t(vi,v2) (with respect to A).

Then, by lemma 4.10, we have that

A+ [t(ul,vg) N t(’l)l,vg)] é[t(vl,l@) N t(vl,vg)].

and then, using replacement (lemma 2.8), this gives that A - (uy ~ v1) C (ug ~ vg). Since this

holds for arbitrary £-terms w1, uo, v, ve, the conclusion is established. ]

Our second theorem in this vein states that any M-system which (a) satisfies strong tran-
sitivity, and (b) has an appropriate constant term is also inherently classical. For an example,

see proposition 4.19.
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Theorem 5. Let (£, A) be an equational M-system such that A + E3’, and also such that
there exists an L-term u with no variables and an L-term ¢(z,y) such that

Arzry o t(x,y)~u.

Then CL is derivable from A.
Proof. As in the previous theorem, it suffices to show that any two atomic L£-wifs are compatible
with respect to A. Let uy » v and ug » v9 be arbitrary atomic £-wifs. By lemma 4.10,

A+ t(up,v) »u c t(ug,v2) » u.

But by assumption and R5, we have that u; ~ vy is logically equivalent to ¢(uq,v1) » u (w.r.t. A)

and wug » vy is logically equivalent to t(ug,v2) ~» u (w.r.t. A). Hence replacement yields that

Al—ulmvl C U9 R V.

O]

From the two theorems just proven, we see that strong transitivity of equality seems to be
a very classical property. Of course, algebraic systems with cancellative terms are extremely
common and occur whenever there is a group structure (such as the additive structure in

arithmetic, on vector spaces, or on operators), and the orthomodular lattice axioms are amongst
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those for which an appropriate constant term (namely 1) exists. Hence, for any such algebraic
system, if one wishes to find any non-standard models, one cannot impose strong transitivity.

4.2 Quantum Monoids and Quantum Groups

We now investigate certain axiomatizations of monoids and group, as well as non-standard
models of these axiomatizations. We begin by showing that the usual group axioms are strong
enough to prove that groups have cancellative terms in quantum logic, so that by theorem 4
above, the usual group axioms (along with strong transitivity) are inherently classical. We then
move on to considering examples, the first of which is a non-standard (conservative) model of
a group which satisfies only weak transitivity (not strong), vindicating our claim that E3’ is
strictly stronger than E3 in quantum logic. We then present a non-standard (conservative)
model of a monoid which does satisfy E3’ — this shows that we cannot prove an analog of the
above theorems which would show that strong transitivity and substitution by themselves are
inherently classical. Our final example of the section is a non-conservative model of a monoid,
showing that non-conservative models do, indeed, exist.

4.2.1 Groups Axioms with Strong Transitivity are Inherently Classical

We define Lg := {e, *, -‘1} where the symbol ‘e’ represents the identity element, so a(e) := 0,
and ‘-1’ represents the operation of taking an element to its inverse, so a(-™!) := 1, and finally
‘+’ represents the multiplication, so that «(x*) := 2. We then let the group axioms Ag be &

along with the wffs G1-G5 (with x,y, z € By).

(G1) (Vo)(Vy)(V2) [(z*xy) x 2~z * (y x 2)]

(G2) (Vz)(exxz~zx)and (Vx)(x*ewx)
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(G3) (Vz)(z*zlw~e)and (Va)(z ™t *zw~e)
(G4) (Yo)(Vy)(zry o™t my™)

(G5) (Ya)(¥y)(Y2)(@my »axznyx2) A (Ya)(Yy) (Y2)(@my » 222 n 2+ )

Note that (G4) and (G5) are just substitution for -~! and *, respectively.

Obviously, groups under classical logic have cancellative terms — namely (for group mul-
tiplication ‘+’ and group elements a,b,c) we have that a * ¢ = b * ¢ implies a = b. This follows
simply by multiplying on the right with ¢™!. We now show that the usual group axioms still

have this property under quantum logic.
Proposition 4.12. Let z,y,z € By. Then Ag+ (z*z~y*z) > (x ~y).

Proof. We wish to find an appropriate chain of equalities to use lemma 4.3. We will represent
‘+’ by simple concatenation to make this proof a little easier to read. First, G2 yields x ~ ze (by
Q6 and R5), then G3 gives e ~ 227! (again using Q6 and R5), and so this along with G5 (using
R5) gives we ~ x(22z71). Then, by G1 (using Q6 and R5) we have z(z27!) ~ (22)27. Now, G5
(by Q6 and R5) gives (zz ~yz) - ((z2)z71 » (y2)2z™). We then have the ‘reverse chain’ using
‘4 instead of ‘x’. Specifically, G1 (using Q6 and R5) gives y(zz7!) ~ (yz)z™!, and recalling
e~ zz~!, we have that G5 (using R5) gives ye ~ y(z2z71), finally G2 yields y ~ ye (by Q6 and

R5). This establishes the necessary chain, so that lemma 4.3 yields the desired results. O

This proposition then gives that the group axioms Ag along with strong transitivity are

inherently classical.

Proposition 4.13. In the language L, the set Ag U {E3'} is inherently classical.
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Proof. The above proposition shows that t(z,y) := x * y is a cancellative term. Also, t(z,y)

satisfies substitution by G5. Hence, the result follows by theorem 4. O

We now study a model of the group axioms Ag which does not satisfy strong transitivity.

4.2.2 Non-standard Model of a Group

Example 4.14. For Zy xZy = {00,01,10, 11}, we define the interpretation F¢g of EJG: by e — 00,
1 -, and * — + where the operations ‘+’ and ‘~’ are given their usual meaning in Zs x Zs,

and we write ij as shorthand for (7,5). Then! v : (Zy x Z)? - MOy is defined to be the unique

pre-truth map satisfying

(00,01) = v(10,11) = vy, (00,10) = v(01,11) = vy, 1(00,11) = v(01,10) = vs.

Then let [-] be the unique truth valuation w.r.t. (Lg,Zs2 x Za,§c, MO3s) given by lemma 4.6, so
that by the same lemma the Lg-structure My = (Zg x Zo, MOs, [-], F) is easily seen to model
E. Since My is built from the Klein four-group, G1-G3 holds in Mg by lemma 4.7. It remains
to check substitution for -7! (G4) and * (G5), which can be done straightforwardly by brute

force computation. Hence My = Aq.

LFor the definition of MO3 see example 4.4.
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Given our theorem for the inherent classicality of algebras with cancellative operations
satisfying strong transitivity (theorem 4), E3’ cannot hold in the model Mg . To see that it

fails, consider the extended Lg-wif

(01~10) - [(10~11) - (01 » 11)].

We see that [01 ~ 10] = »(01,10) = v3 while

[(10~11) - (01 » 11)] = vy Vv (v1 Awg) = =y,

and vs £ —v; in MOs, so we have that v3 - —v; # 1 by lemma C.14, which shows that axiom
E3’ does not hold in M. In order to find a non-standard model which satisfies E3’ we will

need to consider an axiom system with no cancellative terms.

4.2.3 Non-standard Model of a Monoid satisfying Strong Transitivity

We define Lyson = {€,*} (recall example 2.1) with a(e) := 0 and a(*) := 2, and let the

monoid axioms Az, be € along with the following set of axioms (with x,y, z € By).

(M1) (Vo) (Vy)(Vz) [(zxy) xznz = (y* 2)]
(M2) (Vz)(exxzw~z)and (Vo)(z *ewx)

(M3) (Y2)(Yy)(V2) (@ my >z %z my s+ 2) A (Y2) (Yy) (V2) (@ y > 252 m 2+ )

Note that these are just the group axioms Ag which do not contain the symbol ¢ -7 .
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Example 4.15. We define an entire class of conservative models for Apso,. Let n e {1,2,...}
and define 7 := {1,2,...,n}. Then define the interpretation Fps by e — 1, and with ‘x’ inter-

preted by i * j := max(i,7) for i,j € n. Then let v be defined by (for all i,j € n)

vy if {i,5} ={1,2}

v(i,j) =3 vy if {i,j} = {n,n-1}

di; otherwise

where ¢;; is the Kronecker delta. Clearly v is a pre-truth map, which gives a unique truth
valuation (for m > 3) [-] by lemma 4.6. Then (for n > 3) define the Ljpsopn-structure n :=
(7, MO2, [-], §ar)-

It is straightforward to verify (using lemma 4.7) that n is indeed a model for Ay;,, whenever

n > 3. Also, it is easy to see that strong transitivity is satisfied in this model if

v(a,b) < -v(a,c) v (v(a,c) Av(b,c)) (4.4)

holds in MOy for all a,b,c € n. The reader will find it straightforward to check that, for n >4,
the inequality in equation 4.4 is indeed satisfied, so that E3’ holds in n for all n > 4.

This class of examples demonstrates that without cancellativity, one may find non-standard
models which satisfy E3’, so that strong transitivity and substitution by themselves cannot be

sufficient to guarantee that an M-system has no non-standard models.
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4.2.4 Non-conservative Model of a Monoid

We define the language £, = {*} with a(-) := 2, and then define a set A}, of alternate

monoid axioms. Let A’ . be the following axiom (with z,y € By)

(M2) (32)((V)[(z-y = y) A (y-2 = y)])

along with the axioms £ as well as M1 and M3 from the previous section. In this presentation
of the monoid axioms, we have incorporated the identity element by a ‘there exists’ statement,
rather than treating it as a constant (0-ary) operation. In the presence of the schema CL, these
two presentations of the monoid axioms have exactly the same models; however without this
schema we will exhibit a model of A),, . that has an underlying set with a binary operation

which can never be a model of Ay, and as such, this model is non-conservative.

Example 4.16. Let A = {a,b,c}, define v : A2 - MO to be the unique pre-truth map satisfying
v(a,b) = vy, v(a,c) =ve, and v(b, c) = 0, and define an interpretation of ‘*’ on A by the following

multiplication table.

Then consider the L, -structure My = (A, MO2,[-],F),), where [-] is the unique truth

valuation given by lemma 4.6 from v. This lemma gives that E1-E2 hold in 99%,;, and since
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(A, *) forms a semi-group, lemma 4.7 gives us immediately that M1 holds in 9ty,. That the
remainder of A), . does indeed hold in M1y, is straightforward, but mildly tedious, to check.
However, by inspection of the above multiplication table, one can see that there is no

(classical) identity element, which immediately shows that this cannot be a conservative model.

The example above also provides a nice illustration of the odd behavior of formal statements
involving ‘3’ when the truth values are not the classical {0,1}. (Recall the discussion of section

1.1.4.)

4.3 Quantum Orthomodular Lattices and Boolean Algebras

In this section, we look at treating axiomatizations of orthomodular lattices within the
framework of quantum mathematics.! First, we prove that a commonly used axiom system for
orthomodular lattices is inherently classical under the additional assumption of strong tran-
sitivity, using theorem 5. We then present a natural class of structures in which all of these
orthomodular lattice axioms hold except for one of the substitution axioms, and we discuss two
possible reductions for substitution. We then consider the theory of Boolean algebras within
quantum mathematics — one may expect that any of the usual axiomatizations of these alge-

braic systems, so closely tied to classical logic, would only allow for standard models, even when

LOf course, this is a necessary first step in conducting a “second-order perturbation” of logic away
from classical toward the quantum — we would eventually like to give a quantum treatment of the
semantics for the first-order quantum logic presented in this work where, when constructing models in
this new semantics, we would use the quantum OMLs we now begin to study as the underlying truth
value algebra, instead of the classical OMLs which now underlie our semantics.
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only requiring weak transitivity. We show that this is not the case by presenting a non-standard
model of one such axiomatization of Boolean algebras.

4.3.1 Orthomodular Lattice Axioms with Strong Transitivity are Inherently Classical

As we have mentioned, this discussion will be a little ‘meta’ compared to the previous
algebraic structures considered. We begin by discussing an M-system (Lo, Aoarr) associated
with orthomodular lattices. We define the language! Loy, := {0, -, A}, where a(0) = 0, (=) := 1,
and a(A) := 2. Also, we denote the set of axioms OL1-OL8 and OM below along with £ by
Aonr (where x,y,z € By, and 1:= -0 as well as t vu = =(=t A-u), t > u:= -tV (t Au), for any

terms ¢, u)?

(OL1) (Ya)(Yy)[(zry) ~ (yra)]

(OL2) (Ya)(Vy)(V2)([(z ry) Azl [z A (yn2)])
(OL3) (VYz)(Vy)(z ~ [z A (zVvy)])

(OL4) (Vx)[z » -(-x)]

(0L5) (va)([(2 A 0) ~ 0] A[(zv0) ~2])

"We have now triple-loaded the symbols ‘A’ and ‘=’ with meaning — they refer to three distinct
things, (1) logical connectives which combine wifs, (2) operations in the truth value algebra for any
given model, and now (3) operation symbols in our language Lor. We trust that this will not cause
any confusion since context will always distinguish the desired meaning — the axiom OL5 is about as
confusing as this triple meaning will get.

2While we will use the defined notions of ‘v’ and ‘1’ as function symbols, we will reserve ‘-’ and ‘<’
to only be used as logical symbols and operations in the truth value algebra — they will not be used as
defined function symbols.
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(OL6) (Vz)[(xv-x)=~1]

(OL7) (Vz)(Vy)(z ~y >~z ~ —y)

(OL8) (Va)(Vy)(Vz)[z~my > (znz)~ (yAz)]

(OM) (Yz)(Yy)([z Ayl ~ [z A (2 v (2 Ay)])
Note that OLT7 above is just substitution for -, that OLS8 is just substitution for A (in the
presence of OL1), and that removing OM from Ao/, yields an axiomatization of ortholattices.
Since the natural Lor-structures will not actually model all the above axioms (in particular,
OLS fails), we will define Ag,,; to be £ along with OM and OL1-OL7. Before presenting

these natural structures, we will prove that Apysr, along with strong transitivity is inherently

classical. We will need a couple lemmas to establish this fact.
Lemma 4.17. Let u be any Lor-term. Then Aoy +u~ (uAw).

Proof. By Q6 and R5 we have [(u/\O) ~ O] A [(qu) ~ u], so Q3 and R5 yield (uv0) ~ u. The

OL8 (using Q6 and R5) gives

[(uv0)~u] - [un(uv0)~unul,

so that R5 then gives u A (u v 0) » u Au. Of course, OL3 gives (using Q6 and R5) that
uA (uv0)~u. Then, using lemma 4.3 (with A = T) yields that T - u ~ (v Aw), and so (2) in

prop. 2.4 yields the desired result. O

!The commutativity of ‘A’ (OL1) saves us from needing to have substitution for both slots as an
axiom.
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Lemma 4.18. Let 2,y € By, and let t(x,y) :== [~z VvV (x Ay)] A[-y V (2 Ay)]. Then

Aomr = (z~y) < (1~ i(2,y)).

Proof. By (5) in proposition 2.4, it suffices to prove both (z ~ y) - [1 ~ t(x,y)] as well as
[1~t(z,y)] > (x »y). First we will prove (z ~y) - (1 ~ t(z,y)): repeated uses of OL7-OL8
(using R1) give (z ~» y) - [t(z,x) ~ t(z,y)]. Also, lemma 4.17 gives that [-zV (zAz)] ~ t(z,z).
That same lemma also gives that  ~ (z Ax), so that OL7-OLS8 along with OL1 yield (-zvz) »
-z V (z Az) (with multiple uses of R5). Now OL6 gives z v -z ~ 1, so that lemma 4.3 gives the
desired (z »y) - (1~ t(x,y)).

We will now prove [1~t(z,y)] - (z ~y): OLS8 yields (using Q6 and R5)

[1~t(z,y)] > [Lrx~t(z,y) Az

Now, one can proceed to use OL1,0L2, and OM, along with OL5 and OL2 and finally OL3 to
construct a chain which allows use of lemma 4.3 to establish that [1 ~ t(z,y)] = [z~ (z AY)].
Similarly, using OL8 with ‘y’ and following the same procedure yields [1 ~ t(z,y)] - [y »

(z Ay)], which gives using the aforementioned lemma, the desired result. O

This lemma then yields the desired proposition.

Proposition 4.19. The set Aoy U {E3’} is inherently classical.

Proof. A+ (z »y) < (1 ~t(x,y)) by lemma 4.18. Then take u := 1 and ¢(z,y) = < y in

theorem 5. n
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4.3.2 A Natural Class of Non-standard Orthomodular Lattices

Example 4.20. We now describe a class of models for the M-system (Lo, Ag,,.)-" Let L be

a complete orthomodular lattice (with operations 0,-,A), and define v : L? - L to be

v(a,b):=(anb)Vv(-an-b)=a<b,

where we use the symbol ‘<’ from the definition C.8.2 v is manifestly a pre-truth map. Also,
ran v = L since v(a,1) = a for any a € L by lemma C.14. Let [-] be the unique truth valuation
extending v by lemma 4.6. Then define the Lop-structure My, := (L,L,[-],§) (with § the
interpretation sending each symbol to the operation of the same symbol®). By lemma C.14 we
know that a <> b (for any a,b elements of an OML) satisfies the requisite condition in lemma
4.6, so that My = £. By lemma 4.7, 91, satisfies OL1-OL6, and OM. That 9t £ OL7 follows
directly from lemma C.14.

However, this class of models for (Lor,Ag,;) does not, in general, satisfy either strong

transitivity or substitution for ‘A’ (OL8). To see that this is so, consider the model My, using

! As mentioned previously, these structures do not generically model OLS8, and hence they cannot
model the full OML axioms Aoz

2Lemma C.14 demonstrates the above equality.

3This is possible due to our aforementioned “triple-loading” of the symbols ‘A’, and ‘=’ with meaning,
so that these function symbols in £7 are interpreted as the meet and join in L.
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the orthomodular lattice L = MOg x By (see example 4.5 from earlier). First, examining strong

transitivity, we easily compute that v(a,c) = (a <> ¢) = b, v(c,e) =d and v(a,e) = ¢, so that

[a~c]=v(a,c)=bt-d=(v(c,e) >v(ae))=[cre—era],

which shows that axiom E3’ is not satisfied (using lemma C.14) in 7. Using the same model

we see that

[[ﬁam_.c]:(ﬁaeﬁc):b}{ﬁe:(()ee):([[—.a/\e}]<—>[[ﬁcAe}]):[[ﬁa/\em—'cAeﬂ,

showing that OLS8 does not generically hold in 9iy,.

As per our discussion in section 4.1.1, we could replace OL8 with the reduced substitution
RSub[A]. Now, if we restrict ourselves to OMLSs L that are irreducible and satisfy the relative
center property, it is easy (using lemma 3.11 and proposition 3.9) to see that this reduced
substitution holds in any such 917 (as defined in example 4.20). Moreover, these examples
satisfy the axiom schema T(v)) — 1,! so that by proposition 4.2 these examples model the set

of axioms Ag),,; U {RSub[A]} which is classically equivalent to the usual axioms Aoz

!The wif T(z)) — 1 is a tautology in any equational M-system by E1 and lemma 3.10.
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There is the potential to do somewhat better, and obtain a reduction of Agpysr, which holds
in a broader class of these natural models. It is relatively straightforward to see that if a,b,c€ L
all commute, then

[arb] <[arnc~bnac],

in these models, so that OLS8 holds in the context of commuting elements. Unfortunately, we
have not been able to use this fact to find a reduction of OL8 which holds in all our natural
models defined above.

The fact that unreduced substitution for the operation A (OL8) does not generically hold for
the above natural and intuitive models of the axioms Ag),,; suggests that the usual statement
of substitution in classical mathematics is not the most “suitable” reduction for use in quantum
mathematics. That is, the usual statement of substitution for A — as intuitive as it is — is
a classical statement of that property, and not what a hypothetical subatomic philosopher of

mathematics would consider the “appropriate” notion of substitution.

4.3.3 Non-standard Model of the usual Boolean Algebra Axioms

In what follows, we discuss an M-system (Lpa,Apa) associated with Boolean algebras.
Now, the usual axiomatization of Boolean algebras use the same language as OMLs, namely

Lor.' We let Aga denote the set of axioms Aoy, along with BA below?

1One can also axiomatize Boolean algebras as a special class of rings — see (21) for details.

2The axioms so defined are not classically independent, for example OM can be derived from the
other axioms contained in Apg4. Also, note that here we define Boolean algebras as being OMLs with
all their elements commuting, rather than by distributivity as in section 1.1.3.
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(BA) (Vz)(Vy)[z~ (zry) v (zA-y)].

Since Aoyt € Apa, by proposition 4.19 we cannot enforce strong transitivity if we expect
to find a non-standard model of the Boolean algebra axioms. However, if we do not enforce
strong transitivity and only consider Ap4, then there do exist non-standard models, as the

following example shows.

Example 4.21. Let B := {1,0,a,-a} be the free Boolean algebra on one generator (i.e. the
Boolean diamond), and recall MOs := {1, 0, v1, va, =v1, ~v2}. Let § be the natural interpretation
of the function symbols on B, and define v to be the unique pre-truth map on B satisfying
v(i,—i) =0 for all i € B as well as v(a,0) = v(-a,1) = v1 and v(a,1) = v(-a,0) = vy. Then let
[-] be the truth valuation given by lemma 4.6, so that the structure Mp := (B,MOq9, [-],§) is a
model of Ap4 by lemma' 4.6 and lemma 4.7, as well as a straightforward confirmation of OL7

and OLR.

From this we see that the axioms Apg4, though closely tied with classical logic, still admit
non-standard models in our first-order quantum logic.

4.4 Quantum Linear Algebra

It is fitting that the final piece of mathematics we develop with quantum logic is the very
area of mathematics responsible for its inception (5), namely linear algebra. Of course, since
linear algebra is the branch of mathematics used in formulating the quantum theory, there is

reason to hope that applying quantum logic to mathematics may be uniquely powerful in this

!That the hypotheses of these lemmas are satisfied by v is easy to verify.
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context. In this section, we examine both linear algebra as well as the algebra of operators
on Hilbert spaces. In order to keep the discussion simple, we will not attempt a quantum
mathematical treatment of the topological aspects of these spaces, but rather focus on their
algebraic structure.

For both vector spaces and operator algebras, we will see that a natural class of conser-
vative models present themselves. Moreover, the vector space models are related to those of
operator algebras in a very natural way. For the case of vector spaces, these natural models
satisfy substitution for all their operations. This is not the case, however, for the operation
of multiplication in the operator algebras. Furthermore, we show that the operator algebra
models yield precisely the OML models discussed above (see example 4.20) when they are re-
stricted to the lattice of projection operators. Finally, we discuss how the Schrodinger and von
Neumann equations may be modified within the framework of quantum linear algebra to allow
the possibility of evolutions beyond what is allowed in standard quantum mechanics formulated

on classical linear algebra.

4.4.1 A Natural Class of Non-standard Models for the Vector Space Axioms

Since complex Hilbert spaces are those relevant for quantum mechanics, we restrict our

attention to vector spaces over the complex numbers C. We define the language

553 :={|0), -, +}u{X : XeC},
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with a(]0)) =0, a(-) =1, a(+) = 2, and a()\) =1 for all A € C. For any term ¢, we denote
A(t) := At for any A € C. We then define the following vector space axioms (for z,y, z € By)

(VS1) (Va)(¥y) (V=) + (y+2) = (@ +y) + 2]

(VS2) (Va)(x+10)~x)

(VS3) (Vx)[z+ (—z) ~|0)]

(VS4) (Vx)(Yy)(z+y~y+x)

(VS5) (Va)[(A+p)x ~ Az + py for each A\, ueC

(VS6) (Vx)(Yy)[M(z+y) = Az + \y] for each A\ e C

(VS7) (Va)(lz ~ x)

(VS8) (Va)[(Au)x ~ A(ux)] for each A\, e C

(VS9) (Va)(Vy)(V2)[z vy > (z+zmy+2)| A (Vo) (Vy) (Vo) [z my > (2 + 2~ 2 +y)]

(VS10) (Vz)(Vy)(xz ~y - Az ~ Ay) for each \ € C.
Note that VS9 and VS10 are just substitution for addition and scalar multiplication, respec-
tively. We then let Ay g refer to the set! of axioms VS1-VS10 along with &£.

For any Hilbert space H we will form a conservative model of the above axioms naturally

utilizing the linear structure of the space. We will retain the notational conventions established

in section 1.2.2, and also, for any [¢) € H, we define [1))* := {|i)) }*.

!Unlike our other axiom systems considered so far, this set is infinite since (some of) the axioms
consist of one instance for each A, € C.
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Example 4.22. Let H be a Hilbert space, and let Ly be the lattice! of closed linear subspaces
of H (with operations 0,-*,n), and define the interpretation §# of the function symbols in the
usual way. We define v : H2 — Ly by v(j9),|9)) = () - |¢))*, so that v is manifestly a

pre-truth map. We wish to show that

(o) = 1)) n () = 1x)) " < (lw) = 1x)) " (4.5)

To see that this containment is satisfied, suppose that |n) € (|¢) - |gb))l N [|@) —|x)]*; this gives
that (n]v) — (n|¢) = 0 and (n|®) — (n|x) = 0, from which it follows that (n|) = (n|x). However,
this shows that |n) € (|1) - |X))l, and since |n) was generic, equation 4.5 holds. Then, we let
My, := (H, Ly, [-], Fx) be the Ly g-structure existing by virtue of lemma 4.6 which also gives
that (since we have established equation equation 4.5) My = €. Lemma 4.7 then gives that
VS1-VS8 hold in Miy.

Furthermore, it is easy to see that

[0} ~ [6)] = ker(|e)) = [6))" = ker(Alyh) = Aj@))" = [Al¢)) » Al¢)]  for all AeC,

as well as that

[} = 1)1 = [lv) + [x) = @) + )] for all [x) € H.

IThis lattice is complete and orthomodular in general, and is actually a modular ortholattice in the
finite dimensional case — see section 1.2.2.
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So that not only do VS9 and VS10 hold in 9%y, but also, letting t(z,y) = x + y, we see that
My, satisfies LC[¢] and RC[¢]. Hence, since this model My, is clearly non-standard, we cannot

have strong transitivity holding in this model by theorem 4.

Now that we have a class of non-standard models for the mathematics underlying quantum
mechanics, it’s natural to examine the Schrodinger equation (using the usual classical notion of
a derivative) in this light. We write the Schrédinger equation as (where H is the Hamiltonian

operator, which we take to be bounded for simplicity and we set h = 1)
P = H) (4.6)
at' ' '

Now, the most straightforward way to utilize the Schodinger equation within the realm of
quantum mathematics is simple to take the wif in equation 4.6 as an axiom. However, if we take
this approach, it is easy to see that the usual unitary quantum dynamics is completely retained,
and no new dynamics is allowed. This is because for any evolving state |1(t)), equation 4.6

holds iff

. d L
[ (D) = H(0))] = # = [0,

since [-] is a truth valuation and H is the top element of Lz, which is to say that we must have

.d
i () - Hlp (1)) = [0),
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which means that the Schrédinger equation must be classically satisfied. Hence, attempting to
do quantum mechanics on these non-standard models of the vector space axioms leads to the
exact same dynamical evolution that we know and love from the use of classical linear algebra!

However, we have seen that sometimes the usual formulation of any given axiom in classical
mathematics (for example, substitution) is not necessarily the most “suitable” form of that ax-
iom in the quantum mathematical context, and perhaps some reduction of that axiom is more
“appropriate”. The most wild hope would be that one could find a reduction of the Schrédinger
equation (or, more generally, the von Neumann equation) which would, under quantum mathe-
matics, yield not only the unitary evolutions, but also the measurement evolutions as solutions
to that reduced equation. We will next examine operator algebras so that we can begin such
an attempt at reducing the von Neumann equation.

4.4.2 A Natural Class of Non-standard Models of Operator Algebra Axioms

There are a variety of operator algebra languages and axioms (for example, those of B*-
algebras, C*-algebras, von Neumann algebras, etc.) — as in the previous section, we are only
interested in algebraic properties, and so we will use only algebraic axioms and ignore any
topological considerations. The (equational) language we utilize is just Loa = Lyg U {x,-}
where {*,-'} are function symbols with a(%) = 2 (representing the operator product) and
a(-1) = 1 (representing the adjoint). We then define the following axioms (with x,y, z € By, and

where A denotes the complex conjugate of A for any \ € C)

(OA1) (Va)(Vy)(V2)[z * (y = 2) ~ (z * y) * 2]

(OA2) (Ya)(Vy)(Y2)([z* (y+2)» (zxy) + (zx2)]A[(z+y) * 2w (2% 2) + (y* 2)])
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(0A3) (Vz)(Yy)([M(z *y) » (A\x) * y] A [N *y) ~ 2 * (Ay)]) for each A e C
(0A4) (Va)[(a)! ~ 2]

(OA5) (Yz)[(Mx)t ~ Az' for each A e C

(0A6) (Va)(Vy)([(z+y) wal +y A [(z-y) ~yl 2l

(OATL) (Va)(Yy)(V2)[(zvy) > (x5 2nyx2)]

(OATR) (Ya)(Vy)(V2)[(zny) = (zxzmzxy)]

Where we have broken up substitution for the multiplication ‘+’ into a ‘left’ and ‘right’ substi-
tution (OA7L and OATR respectively) since only OA7L will be satisfied by our natural models
constructed shortly hereafter. Let Ay, consist of VS1-VS10 along with the above axioms
OA1-OA6, OATL and &£. The full operator algebra axioms are then Ao, = Ag, U {OATR}.

We use the bounded linear operators on any Hilbert space to construct a model for Ap4.
As in the previous section, let Ly be the lattice of closed linear subspaces of any Hilbert space
‘H, and let B(H) denote the set of bounded linear operators on H.

As before, we search for a natural choice for a pre-truth map — two obvious candidate maps

0,7 : B(H)? — Ly present themselves:
1. 0(A,B) :=ker(A- B)

2. 7(A, B) = ker(A" - BY),

While ¢ may seem to be the more natural choice at first, it will be enlightening at this point

to connect back to the models discussed in the previous section on vector spaces.
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In classical mathematics, for A, B € B(H), the equation A ~ B simply means A[y) ~ Bli)
(with ‘~’ equality in the vector space) for all |¢)) € H. Now for a Hilbert space H, consider the

non-standard model My defined in the previous section. Then

[(VIo) (A~ Blv)] = A v(A), BlY)) = [ ((A-B)lw))*
)eH j)eH

={|0) € H | {$I(A= B)J) = 0 for all [¢) e H }
={l0) e | (A-B)'|¢) =0 } = ker(A - BY)

=7(A, B). (4.7)

Given the naturalness of 7 with regards to our previous vector space models, this will be the
choice of pre-truth map we use to construct our non-standard operator algebra model. Of
course, o would also give a natural Lpa-structure with properties similar to the one we now

construct.

Example 4.23. Let H be a Hilbert space, Ly the closed lattice of subspaces of H, and B(#H) the
bounded linear operators on H. Let §p(3) be the usual interpretation of the function symbols
in Lo as operations in B(H) (where we interpret ‘*’ as operator multiplication, which we
represent by simple concatenation, i.e. A * B is interpreted as AB), and let 7 be the pre-truth

map given by (for A, B € B(H))

7(A, B) :=ker(A' - BT)
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as defined above. It is easy to see that ran 7= Ly;. We also have (for any A, B,C € B(H))

7(A,B) AT(B,C) = ker(Al - BY) nker(B' - CT)
={|¢) e H : A'|y)=B'|y) and Bjyp) = CTep)}
c{lp)eH : Alp)=CTly)}

=ker(AT-C") = 7(4,C).

Using this pre-truth map, we define By = (B(H), Ly, [-],38,,) to be the Lo 4 structure given by
lemma 4.6, so that By = £. Lemma 4.7 then gives that VS1-VS8 and OA1-OA6 are satisfied in
B4;. Similar considerations to example 4.22 show that VS9 and VS10 are satisfied. Considering

OATL, we have that (for A, B,C € B(H))

[A~ B] =ker(A" - BT) cker (CT(A" - BT)) = ker ((AC)" - (BO)') = [AC ~ BC],

so that OATL holds in 9ty. To see that OATR generically fails, consider the Pauli matrices o1,

o2 and o3 as well as the zero operator 0. We easily see that

[oa ~ 0] = ker(o2) ¢ ker (01) = ker (0203) = [o903 ~ 003].

Here we are in a better position to reduce OATR, since the reduction RSub[*, 2] discussed
in section 4.1.1 will do the trick. This can be easily seen from lemma 3.11 and propositions 4.2

and 3.9, since the projection lattice of a Hilbert space is irreducible and satisfies the relative
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center property (lemma C.21 and proposition C.24). From this we see that B4 is a model of a
natural reduction of the axioms Ao, namely Ag, , U {RSub[x,2]}.

Now, as discussed in section 1.2.2, the lattice of closed subspaces of H can naturally be
identified with the lattice of projection operators, and so we can use By to construct a Loy,

structure in the following natural way.

Example 4.24. Let § be the natural interpretation (- — -+, A = n), and define the truth

valuation [-]" by (for any V,W ¢ H closed linear subspaces)

[V~ W] =7(Pv, Pw),

where Py, Py are the projection operators onto V, W respectively, and extend to the remaining
wifs by proposition 3.12. Then define the Lop-structure £4 := (Ly, Ly, []', F)-

We will now see that the structure £4 is precisely the structure 9, of example 4.20.1
Clearly, the only thing we need to check is that the truth valuations of the two models are
the same. Now, for VW e Ly with associated (Hermitian) projectors Py and Py, we have

[V~ W] =ker(Py - Py). Now |¢) € ker(Py — Py ) iff Py|¢p) = Py i), First, assume

W)y e[VaW]=(VnnW)v(VinW?h),

'Recall that 907, has truth valuation satisfying [V ~ W] = (V nW) v (V*nW*') where ‘P v Q’ is
the closed linear span of P and Q.
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so that 1) = [@) + |x) with [¢)) € (V nW) and |x) € (V- nW*'). Then

Pyly) = Pvlg) + Py|x) =16) = Pwlé) + Pwlx) = Pw(¢), (4.8)

and so we have [V ~ W] c [V ~ W]'. Now consider [¢p) € [V » W]', so that Py|¢) = Py ) €
V nW. Then, for I the identity operator in B(H), since Py. = I — Py and Py = I — Py, we

have Py.|y)) = Pyip) € (VEn W) and

[¥) = Py} + Pyalip) e (Vo W) v (VEnW?) = [V~ W], (4.9)

so [V~ W] c[V ~W]. Hence, we have both inclusions, which gives that [V ~ W] = [V ~ W]’
for all V,W € Ly, showing that the model £3 just described is indeed the structure 9y, .

Of course, in this case, My, is a model of the natural reduction of the OML axioms, namely

A5, U {RSub[A]}.

We cannot help but believe that, for any given Hilbert space H, the natural interplay between
the model of the (reduced) OML axioms 9y, , the model of the vector space axioms My, and
the model By of the (reduced) operator algebra axioms hints at a profound significance of these
models with respect to quantum theory.

4.4.3 The von Neumann Equation in Quantum Mathematics

One can express quantum states as time-evolving density operators, and the analog of
the Schrodinger equation is, of course, the von Neumann equation %p = —i[H,p]. A similar

argument to the one given above for the Schrodinger equation tells us that if we take
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(vVN) 4p~—i[H, p]

as an axiom of quantum mechanics, we again have only the standard unitary dynamics of
quantum mechanics.

Now, however, we will go a little farther than we did in analyzing the Schrodinger equation
and attempt a simple reduction of the von Neumann equation. First, define

d
Bp:=— | H
p dtpﬂ[ P,

where we note that since our operator algebra models B satisfy substitution for ‘+’, the Lo a-
wifs Bp ~ 0 and % p ~ —i[H, p] have the exact same truth value in these models. It seems fairly
natural to attempt a reduction utilizing the commutator (as discussed in section 3.2.1). Since
the only other operator in sight (other than B and p and the fixed H) is 0, a natural reduction

to consider is
(VN') ¢(Bp=~0,p~0)— Bp.

Since (using that p' = p and (Bp)! = Bp)) we have (using the truth valuation [-] in our
natural model By) [p ~ 0] = ker(p) and [Bp ~ 0] = ker(Bp), there is no reason to suspect
a priori that we have only standard unitary dynamics for all states p. Surprisingly, as the
following proposition show, (vN') allows for exactly the same dynamical evolutions as (vN) in

our natural models By.
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Before establishing the proposition, we prove the following useful lemmas. We define 0 :=
{|0)}, so that 0 is the subspace consisting of only the zero vector. Also recall that ‘v’ is

interpreted as the closure of the linear span in Ly.

Lemma 4.25. In the model By, for any two operators p, A € B(H), the following two state-

ments are equivalent

1. [e(p~0,A~0)] <[A=~0]

2. ker(p) nker(A)* =0 = ker(p)* nker(A)*

Proof. First define V' := ker(p) and W := ker(A). Statement (1) above is then ¢(V,W) ¢ W

(with ¢ interpreted in the lattice Ly;) — explicitly, statement (1) is simply

VaW)v(VaWH)vViaW)v(VinWh)cw. (4.10)

Now statement (2) above is simply that Vn W' = 0 = V1 nW*. Of course, (equation 4.10)

implies (2) because W n W+ = 0, and the converse implication is evident as well. ]
We will also need the following simple lemmas involving only (classical) linear algebra.

Lemma 4.26. Let A, p e B(H) be such that p # 0, ker(p)* nker(A)* = 0 and also let A satisfy,

in the direct sum decomposition H = ker(p)* @ ker(p),

A= . (4.11)
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Then A = 0.

Proof. The condition ker(p)* nker(A)* = 0 is equivalent to ker(p) v ker(A) = . Then, for
any [¢) € H, we have that [¢)) = |¢) + |x), where |¢) € ker(p) and |x) € ker(A). Of course,
Ix) = |n) + |w), with |n) € ker(p)* and |w) € ker(p). Then, using matrix notation for the direct

sum decomposition as above, we have

n)
[¥) = , (4.12)

|#) + |w)

and in particular as [¢)) ranges over H, we must have 7 ranging over all of ker p.

Now Alp) = Alp) + Alx) = Al¢), and this means

X Y ) Xin) +Y (I¢) + |w))
Aly) = =
Yt oo |6) + |w) Yn)
Vo)
= Alg) = ) (4.13)
10)

And so we must have YT|n) = |0), and since |) was generic, this means that YT =0 =Y. But
then this immediately gives ker(p) < ker(A), and so ker(p) vker(A) = H means that ker(A) = H,

ie. A=0. O
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Lemma 4.27. Assume p(t) is a time-dependent density operator (with ¢ the time parameter)
on H. Then for each time ¢, in the direct sum decomposition H = ker(p(t))* @ker(p(t)), Bp(t)

must be of the form

Bp(t) = . (4.14)

for some linear transformations X,Y.

Proof. Let N = dim# (which may be infinite). Consider a time-dependent orthonormal basis

{Ji (1))} for H in which p(t) is diagonal for all ¢, so that

N
p(t) = ;ai(t)wz'(t))(wz‘(tﬂ- (4.15)

Then Y, a;(t) = 1 with a4 () > 0 for all 4 since p(t) is a density operator. Using equation 4.15,

we compute

(67 N 7 ?
) > 4D, ) o) a1 HO N ). @0
from which we can then obtain the matrix elements for %p, namely
(%) =205+ oty 012D 1 a5 1), (4.17)
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Let fjr = (¢ (t)|dw§t(t) ), and note that f;j, + fx; = 0. (This follows easily from %(wj(t)wk(t)) =

(%)jk - daét(t) Gk + (ak = ;) fik. (4.18)

where the f;.’s and «;’s all depend on t. Now, (i[H, p]);r = i(ai — o) Hjj, and so for all ¢ we

have

doy; ()
dt

[(Bp(t) ]k = Ojk + (o — ) (fjr +iH ). (4.19)

Then, we see that for any fixed vector |@) € ker p(t) we can expand |¢) = 2N, Bils(t)) where
Bi = 0 for all i such that a; # 0. Using this, for any fixed ¢ one may compute (¢|Bp(t)|x) for

any |¢),|x) € ker p(t) and verify the conclusion of the above lemma. O

With the aid of the previous lemmas, we are now ready to show that our reduced von

Neumann equation is equivalent to the usual von Neumann equation,

Proposition 4.28. Let p(t) be a time dependent density matrix. Then in the model By, p

satisfies (vN) iff it satisfies (vN').

Proof. Since (vN') is clearly weaker than (vN), only one direction is non-trivial, and so assume
p(t) is a time-dependent density operator on H satisfying (vN’). Fix ¢t. By lemma 4.25, because
(vN') is satisfied, we must have that 0 = ker(p(t))* nker(Bp(t))*. Then by lemma 4.27 and

lemma 4.26, we must have that Bp(t) =0 for any ¢, i.e. that (vN) is satisfied. O
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While one may find this result somewhat discouraging for the prospect of using a reduction
of the von Neumann equation in order to arrive at a generalized notion of evolution in a
quantum mechanics based on quantum linear algebra, we actually consider these preliminary
results to be rather promising. Ultimately, we want any generalized evolutions to not be too
general, ideally they would contain only unitary and measurement evolutions — and certainly
we would not want to obtain evolutions that would take density operators to other non-density
operators which did not represent states at alll What the above proposition suggests is that
even reduced versions of the von Neumann equation “want” to take states to states, and this
gives us reason to have hope that the project of obtaining measurement evolutions from the
(appropriate reduction of the) von Neumann equation by developing quantum mechanics with
quantum mathematics may very well succeed.

This, however, is a project we will leave for the future.



CHAPTER 5

QUANTUM SET THEORY

Classical axiomatic set theory, using either the Zermelo-Fraenkel axioms with choice (ZFC),
or the von Neumann-Bernays-Godel axioms (NBG), can be used to provide a foundation for
virtually all of classical mathematics.! Ideally, we would like to find a foundation for quantum
mathematics, and the most natural hope is that we could accomplish this with a quantum set
theory. As may be expected, developing a quantum set theory which is up to the task is by no
means a trivial exercise. One renowned logician of the 20" century, Gaisi Takeuti, has made
some impressive first strides? in this direction (42), but unfortunately the technical machinery

he develops is a bit unwieldy — in his own words

“A development of mathematics with quantum logic is not impossible. However I

now feel that it is not very worthwhile because of its extreme difficulty.” (43)

Given such an ominous admonition, what else can we say but challenge accepted!

'For a nice, but not too technical discussion, see Chapter XI in MacLane (32).

2See also (37; 38; 47; 48) for further developments of Takeuti’s work.

170
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In this chapter, we will present a reduction of the classical ZFC axioms.! This version differs
from Takeuti’s reduction (42) in that the form of our reduced axioms is much simpler,? and
this simplicity allows us to construct models of these axioms based on the projection lattices
of (separable complex) Hilbert spaces which are more amenable to mathematical investigation
than Takeuti’s quantum sets.

Before moving on to the ZFC axioms, we make a few general comments on axiomatic set
theory, and also discuss the goals of a quantum axiomatic set theory. In section 5.1, we review

3 as well as the classical set theoretic universe, before

the classical statement of the ZFC axioms,
proceeding to give our reduced version of the axioms. In section 5.2, we proceed to construct

models of the reduced axioms presented.* In section 5.3 we give a qualitative comparison of

our quantum set theory to that constructed by Takeuti.

Axiomatic Set Theory

Classical axiomatic set theory, in contrast to naive set theory (see appendix A), is the

development of set theory by means of (classical) predicate logic from a list of axioms, typically

1See section 5.1 for a standard presentation of the ZFC axioms, and section 5.1.4 for our reduced
version.

20f course this is a subjective statement. We provide a more detailed explanation of this assertion
in section 5.3.

3For those interested in classical NBG set theory we recommend Chapter 4 of Mendelson’s book (35).

4The models we construct for our quantum set theory (as well as Takeuti’s models) are dependent
upon the existence of a model of classical set theory — such models are discussed in further detail in
section 5.1.2.
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either ZFC or NBG.! Perhaps the largest difference between axiomatic set theory as usually
developed and in naive set theory is that axiomatic set theory (typically) everything under
consideration is either a set or a class, and there are no “primitive” elements.? This is a little
easier to understand after one has seen a model of such an axiomatic set theory, so we postpone
a full discussion of this matter until section 5.1.2.

At this point, it is worth mentioning that it is not known if the ZFC axioms (or any other
axioms axiomatizing set theory for that matter) are consistent within classical logic® — this is
essentially a consequence of Godel’s second incompleteness theorem along with the fact that
set theory provides the foundation for all of mathematics. This will not concern us, however,
and we make no claim that quantum logic can resolve this problem. In fact, we will utilize the
full power of classical ZFC in constructing our “quantum set theory” within quantum logic.

4 as well as

As for any axiomatic theory, one can then proceed to make formal deductions,
construct models of the axioms.® In our development of quantum set theory, we will focus

primarily on the construction of a model of (a reduction of) the ZFC axioms. Before moving on

'We will only concern ourselves with the ZFC axioms.

2 Although see (39) for a development of axiomatic set theory where this is not the case.

3See (18) for an introductory discussion.

4For example, we could provide formal deductions for the various propositions stated in appendix A.

°In section 5.1.2 we provide a “model” of classical set theory.
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to a discussion the usual ZFC axioms, we will now set some modest goals we wish to accomplish

in developing quantum set theory.

Goals of Quantum Axiomatic Set Theory

Just as the major goal of classical set theory is to provide a foundation for all of classical
mathematics, the main goal of a quantum set theory is to provide a foundation for quantum
mathematics. However, since quantum mathematics has not been developed in any detail, it
would be difficult to apply this criteria. Hence, we put forth two modest goals which, we believe,
are a respectable minimal criteria that any attempt at quantum set theory should satisfy.

First, since quantum logic is subclassical (and therefore includes all of classical logic and
mathematics as a special case), quantum set theory must be a generalization of classical set
theory. Specifically, the models of quantum set theory with the standard {0,1} truth values
should be exactly the models of classical set theory.

Second, quantum set theory should at least be powerful enough to develop a “quantum
version” of the natural numbers suitable for constructing a “quantum arithmetic”, and of
course, these must reduce to classical arithmetic over the usual natural numbers N when the
truth values are the standard By = {0,1}.

The quantum set theory we develop fulfills both of these criteria.

5.1 The Zermelo-Fraenkel with Choice Axioms

In this section, we first present and briefly discuss the classical ZFC axioms — those inter-

ested in a more detailed discussion are invited to read Enderton’s magnificent book Elements
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of Set Theory (19). We then present our reduced version of these axioms, and proceed to prove
that our reduced axioms are indeed classically equivalent to the usual ZFC axioms.
Throughout our discussion of set theory, we work with the language Lse := {€}, where € is

a binary predicate. It will be useful to establish some notational shorthand. We define

(x=y):=u)(uex > uecy), (5.1)
as well as
(x+y):=-(r=y) and xé¢y:==(rey), (5.2)
and
xCy:=Vu)(uex > uey). (5.3)

5.1.1 Classical Zermelo Fraenkel with Choice

In order to state the ZFC axioms concisely, we need to establish a little more notation.
Since in this section we restrict ourselves to classical logic, for a given wif ¢)(x), if the statement
(3z)9(x) holds in a given model, then there exists some set A in that model such that ¥ (A)

holds.! Hence, a statement in set theory of the form

(Fz)(Vu)(u ez < ¢(u))

!This is because the truth value algebra of such a model is Bs.
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which holds in a given model yields a set A in that model whose elements are precisely those
u which satisfy 1(u), and any set B in this model which also satisfies this property will satisfy
the formal statement ‘A = B’. (given the definition of equality above, equation 5.1). Hence
we can use a symbol to refer to that set in any given model,! and we do this for the following

cases:2

Empty Set: We define @ (using ZFC3) to be the set satisfying (for any choice of set x)

(Vu)(ueF > uex Au+u).
Pairs and Singletons: For any two sets z and y, we define {x,y} to be the set satisfying
(Vu)(ue{z,y} < u=xvu=y), and define {z} := {z,2}. These exist by ZFC2 below.
Intersection: For any two sets x and y, we define (using ZFC3) zny to be the set satisfying

(Vu)(uexny < uexAuey).

Union: For any set x, we define Uz to be the set which satisfies the statement
(Vu)(ue Uz < (3z)(ue zAnzex)). This set exists by ZFC4 below. Then for any two

sets z and y we define x Uy := U{z,y}.

Power Set: For any set z, we define (using ZFC5) P(x) to be the set satisfying

(Vu)(ueP(z) < ucx).

1Strictly speaking, when writing £s.¢-sentences, we should not be referring to objects in models at
all, but we follow the common practice. We will shortly note an alternative way of stating the axioms
that does not involve defining symbols which refer to sets in models.

2The reader will note that the defined symbols are only used in axioms which are numbered higher
than the axiom which allows for the definition — this ensures that we avoid any circular reasoning.
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Set Builder Notation: For any sets x and y and any wif ¢, we define {u ez : ¥ (u,y)} to be
that set containing exactly those elements of u for which ¢ (u,y) is true. This set exists

by ZFC3 below.

If we were not using the above defined symbols, our axioms would be considerably length-
ened, since we would need to include in each axiom which utilizes a defined symbol an additional
clause that would substitute for said symbol. For example, the axiom of regularity (ZFC8) below

would read as follows without the use of @:

(V)[(Vu)(ugz)) > (Vo)(z# 2> (Fy)(yezrynz=2))],

rather than the significantly simpler

(Ve)(z+2—> (Fy)(yexrynz =2)).

Our other axioms could be similarly rewritten without the use of the symbols defined above.
This procedure would yield an equivalent formulation of the axioms, since ZFC1 suffices to
prove all of the equality and substitution axioms in classical logic.'

We are now ready to state the Zermelo-Fraenkel axioms for set theory.

f one is working beyond the context of irreducible truth value algebras (i.e. beyond By since we are
considering classical ZFC here), one must think of the defined symbols as a shorthand for abbreviating
the axioms (as is done for ZFC8 above), since in this case statements involving ‘3’ do not necessarily
give a corresponding set in any given model. See section 3.2.2.
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ZFC1 Extensionality: (Vz)(Vy)[z =y > (V2)(x ez & y € 2)].
ZFC2 Pairing: (Vz)(Vy)(Fz)(Vu)(u ez > u=xVvu=y).

ZFC3 Separation Schema: For ¢ any wif,

(Vz)(Vy)(F2)(Vu)(u e z > uexA(u,y)).

ZFC4 Union: (Yx)(Jy)(Vu)(uey < (Iz)(uez Az ex)).
ZFC5 Power Set: (Vx)(Jy)(Vu)(uey < ucz).
ZFC6 Infinity: (3z)(@exn (Vy)(yexz »>yu{y}ex)).

Z¥CT7 Replacement Schema: For i any wif,

[(Vz) (Vi) (Vo) (d(z,y) A (x,2) >y = 2)]

~ (Vz)(32)(Vu)[u ez & (Fy)(y e 2 A Y (y, u)).

ZFC8 Regularity: (Vz)[z+@ - (y)(yexrynz =9)].

ZFC9 Choice:

(Vz)([(Va:)(Vy)(xezax;tQ)A(xeszezAx¢y—>xﬁy:®)]

> (Is)(Vt)[t e z > (Fu)(snt = {u})]).
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For those unfamiliar with axiomatic set theory, we will give a brief description of the above
axioms. First, we should point out that we are working with equality ‘=" as a defined predicate,
rather than a part of our language Ls¢;. If we had taken the equality symbol ‘=" as part of our

language, we would instead have

(Vo) (Vy)lz =y > (Vu)(uer < uey)]

as our extensionality axiom. In this case, extensionality would simply say that sets are deter-
mined by their members, and we would further require equality to satisfy substitution axioms
(see section 4.1.1). Since we have defined equality to satisfy the above requirement, our exten-
sionality axiom instead provides a basis upon which to prove that equality so defined satisfies
substitution. Since this fact will be useful in the sequel, we mark it off as a proposition (5.1)
at the end of this section.

As for the axiom schema of separation, this is a weakening of the (perhaps more intuitive)

axiom schema of abstraction which states that for any wif v,

(32)(Vu)[(u € 2) < P(u)],

i.e. there exists a set z such that u is a member of z iff ¥ (u) is true. This axiom was used

in the original naive formulation of set theory, however this axiom leads to Russel’s paradox?,

1See appendix A.
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and so is replaced in ZFC by the weaker axiom of separation, which is basically the axiom of
abstraction restricted to some given set.

The axioms of pairing, union, power set, and infinity are straightforward. Pairing states
that, given any two sets, one can form a new set whose members are exactly the two original
sets. Union states that given a collection of sets, one can obtain a new set whose members
are exactly the members of the original collection. Power set says that for any set, the set of
all subsets of that set forms a set itself. And infinity states that an infinite set exists (and, in
particular, there is at least one set).

The replacement schema and regularity are more of interest for set theory in itself as opposed
to set theory as a framework for mathematics. Replacement was not included in Zermelo’s orig-
inal axioms, and was added by Fraenkel in 1922. It has important proof-theoretic consequences
and is necessary for the construction of the higher cardinals (see (22)). Regularity prevents
some counter-intuitive behavior such as sets being elements of themselves (see proposition 5.2).

Finally, the axiom of choice is one of the most well-known axioms in all of mathematics, and
is certainly the most controversial axiom in ZFC. This axiom states that for any collection of
sets, one can form a new set with exactly one element from each set in the original collection.
For a brief discussion of the axiom of choice, see appendix A.4, and for a lengthy and in-depth
investigation of this axiom, see (27).

Two Simple Facts of Classical ZFC

The first proposition below we prove in quantum logic since the proof is the same as for

classical logic.
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Proposition 5.1. In the language Lse;, ZFC1 implies that equality (‘=") as defined in equa-

tion 5.1 above satisfies the substitution property, i.e. we have both

ZFCl+ (Vz)(Vy)[z =y > (V2)(x ez > y € 2)]

F(Ve)(Vy)[z=y— (V2)(zex < zey)]

Proof. The second statement follows from the definition of ‘=" using Q3 and R5, and the first

is simply a restatement of axiom ZFC1. O

Proposition 5.2. In the language L, the sentence (Vx)(x ¢ ) is classically derivable from

the ZFC axioms.

Proof. We know that {x} # @ since x € {x}. Then by ZFC8, we have that there is some y € {x}
such that y n {z} = @. But by definition of the singleton, we know that y € {x} means that
y =z, and hence z n{z} = @, so that for any z € z, we know that z ¢ {z}, i.e. that z # x. Hence

T é¢x. O]

These two propositions will be useful in the sequel.

5.1.2 The Classical Universe of Sets

Now that we have seen the ZFC axioms, we will explore the prototypical “model” of these

1

axioms,” namely the classical universe of sets. However, before diving in to the classical universe,

L As we will see, this “model” actually uses a fair amount of (classical) set theory in its construction,
and so is not useful in proving the consistency of ZFC, as per section 1.1.4.
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we will first discuss the most naive approach to constructing an “intuitive” model of the ZFC
axioms of set theory. This approach defines a “set” to be any conceivable collection — anything
one can imagine goes. The collection of all cows would be a set, as would the collection of all
collections, and the collection of all collections which are not members of themselves. Ah! Here
we are in trouble, since we have just run face first into Russel’s paradox.! If we want a candidate
for a model of ZFC, we need to do better than this.

One safe way is to proceed constructively.? We begin with one set, say the empty set @, and
define Vj = @ and then proceed inductively, at each stage taking the power set of the previous
stage. Explicitly, Vj,1 = P(V;) for every ¢ € N. But clearly this is not quite going to work, since
at each stage all of our sets will be finite, and we need (by ZFC6) infinite sets! Hence, in order
to construct a set theoretic universe we will use transfinite induction, where instead of running

over all the natural numbers, we run over all the ordinals.?

1See the appendix A.

2For the reader encountering unfamiliar notions, knowledge of the elementary set theory covered in
appendix A suffices for the discussion here.

3The reader unfamiliar with ordinal numbers and transfinite induction is referred to section A.3 of
the appendix.
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Explicitly, let Ord be the class of ordinal numbers. Define

Vo =0
Vg+1 = P(Vg)
Vz:=JV, if §is a limit ordinal.
e
U:= |J Vs where the union is understood to give rise to a proper class. (5.4)
BeOrd

That V3 is indeed defined for every 3 € Ord follows by the principle of transfinite induction
(see theorem A.5), along with the fact (see def. A.23) that every ordinal is either @, a successor
ordinal, or a limit ordinal, as well as (see proposition A.8) that every ordinal is well-ordered by
the membership relation. We then define the truth value of the atomic sentences by whether
or not a given set is “actually” an element of another set via the above construction.

Of course, here we have done nothing but rob Peter to pay Paul. The entire apparatus of
transfinite recursion is built on set theory, and so we cannot hope to prove the existence of the
model above described without first assuming the consistency of the axioms of set theory. Only
if we take the (classical) consistency of ZFC on faith can we proceed with our development of
quantum set theory.

Finally, we should comment on one major difference between the classical universe of sets
constructed above, and the more intuitive notion of “all possible collections”. In the classical
universe, everything in sight is a set — including every element of every set. This is certainly

a more elegant, if less intuitive, approach, allowing us to dispense with tracking whether any
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particular object in our model is a set or not, but runs counter to the way set theory is naively
used in developing mathematics — for example, when doing arithmetic one considers sets of
numbers (such as the prime numbers, the even numbers, etc.), but unless one is a set theorist,
one does not typically think of the numbers themselves as being sets. Of course, when building
branches of mathematics from set theory, such as arithmetic, treating particular objects of
study (such as numbers) as not being sets simply amounts to ignoring their internal structure
as sets, and so in treating everything as a set one loses nothing. In chapter 6 we develop basic
arithmetic from set theory, and if one is uncomfortable working in a mathematical world where
everything is a set, that discussion should suffice to convince oneself that nothing untoward is

being done.

5.1.3 Generalizing the Classical Universe

This section is only intended to provide some background for those who wish to obtain
a slightly better idea of Takeuti’s set theory, and may be omitted without loss of continuity.
Also, as in Takeuti, we treat ‘=" as a binary predicate rather than a defined notion. For a more
detailed account, see either (2) or (34).

Recall proposition A.4, which states that for any given set A, there is an isomorphism
between the power set P(A) and the set of maps B3 from A to the standard truth value algebra
By = {0,1}. Since B is a Boolean algebra, it is natural to generalize the classical universe of

sets by taking some Boolean algebra B, and replacing P(V3) with BV2 in equation 5.4 to obtain
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a Boolean-valued model of set theory, i.e. a model of set theory with Boolean truth values. That

is, for B any complete Boolean algebra, we define!

‘/'O(B) = @
(B) ._ pvi?
Vil =B

Vi) = L%V,Y(B) if 8 is a limit ordinal.
ve

p(B) = U VB(B) where the union is understood to give rise to a proper class. (5.5)
BeOrd

Then, for any complete Boolean algebra B, (5 will serve as the underlying class of a model
of the ZFC axioms. Below, we define a truth valuation [H](B ) for these models by specifying the
valuation on the evaluated atomic sentences, and then extending this valuation to all wifs (as
per proposition 3.12). First, for any f € 0B define the (classical) set D(f) to be the domain

of f. Then we further define by transfinite induction (for any f,g € (B ))

[Fegl® =\ (9(r)ALf=y]DP) (5.6)
heD(g)

[F=9]P = A (f(R)>[heg)®)n A (9G)~[icf]P). (5.7)
heD(f) jeD(9)

1Our construction of Boolean-valued sets follows Bell (2).
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Boolean-valued models such as these are useful as a different window on the method of
forcing developed by Cohen. Forcing has been useful in constructing independence proofs
in axiomatic set theory, for example of the continuum hypothesis.! See (12) for a detailed
treatment of the use of forcing in independence proofs, and (2; 34) for the connection between

Boolean-valued models and independence proofs.

5.1.4 Reduced Zermelo Fraenkel with Choice

Just as in the statement of the standard ZFC axioms, it will behoove us to make a few
definitions before defining our reduced versions of these axioms. Just as we referred to any
element of the underlying class of a model of ZFC as a ‘set’, we will refer to any element of the
underlying class of a model of the reduced ZFC axioms below as a ‘quantum set’.?

First, we continue to use the definitions of ‘=’,‘#’, ‘¢’and ‘S’ from the previous section

(equation 5.1, equation 5.2, equation 5.3, respectively), and we further define

(xzy):=(V2)(x ez yez). (5.8)

!The most basic version of the continuum hypothesis states that there is no set whose cardinality is
strictly larger than the natural numbers and strictly smaller than the real numbers.

2We actually refer to the objects in a slightly more general class of £.;-structures as ‘quantum sets’
— see def. 5.2 below.
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Further, for a given variable y, we will abuse notation slightly, defining

(zey”):=32)(zzynrzez)

(y" €2):=(yez) (5.9)

which will allow us to think of -* (by ¢ -* ’, we mean the “assignment” f +— f* as per the note
following def. A.15) as if it were a unary function symbol.
Next, we recall the discussion of section 3.2.2, where we introduced, for any given wif v,

the formula schema C(1)) and T(%)). Specifically, for the language Lse¢, these become

C(¢) = (V8) (Vi) (wset (¥) = ¢) (5.10)

and

T(v) = (Vs)(VE)(s €t > ), (5.11)

where we recall that ¢;(y) =z Vv (-z Ay) is the Sasaki projection.
In the aforementioned discussion, we noted that by reducing a statement of the form
“(3z)1p(z)’ into the statement ‘(3z)T(1(x))’, we could still guarantee the existence! of some

object a satisfying ¥ (a) in any model for which the reduced statement holds, even when the

'Due to the axiom RZFC12 below.
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truth values are non-standard.! Given this fact, we will define the symbols for the notions of
(quantum) power set, union, etc.? in a fashion similar to the classical case for use in the axioms

below. We define:?

Empty Set: We define (using RZFC3) @ to be the quantum set satisfying (for any choice of x)

(Vu)(ueFu+unuex)

Singletons: For any set x, we define {x} to be the quantum set satisfying
(Vu)(u e {x} < u* =x*). This exists by axiom RZFC2.
Intersection: For any two sets x and y, we define x Ny to be the quantum set satisfying

(Vu)(uexny < uexAu* €y), which exists by RZFC3.

Pairwise Union: For any two sets x and y, we define x Uy to be the quantum set which satisfies

(VYu)(u € z < uexvuey), which exists by RZFC10.

Set Union: For any set x, we define Jx to be the quantum set which satisfies the statement

(Vu)(ue Uz < (32)(ue zAzex)), This set exists by axiom RZFC4.

'Recall that, as per the discussion in section 3.2.2, this requires also that the truth value algebra
be irreducible. By our completeness theorem 3 we can restrict our attention to models with irreducible
truth values insofar as we wish to determine what wifs are derivable in our axiomatic set theory.

20f course, just as for classical ZFC, when using reducible truth values we could simply think of these
symbols as a shorthand for abbreviating the axioms, keeping in mind that the symbol would no longer
refer to any particular set in a given model. See section 5.1.1.

3Since the notation is so standard, and because we will virtually always be working with the reduced
ZFC axioms, we use the same notation as for the corresponding notions in the case of classical ZFC.
No confusion should arise — the only place both notions are used near each other is in the proof of
proposition 5.4, where we make explicit note of which is being used.
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Power Set: For any set z, we define P(x) to be the quantum set satisfying
(Vu)(u e P(z) <> u* cx), which exists by RZFC5.
Set Builder Notation: For any sets « and y and any wif ¢, we define {u ez : ¢ (u*,y)} to be

that quantum set satisfying (Vu)(u € z < u € x A (u*,y)), which exists by RZFC3.

With the above symbols and operations defined, we are ready to state our reduced version

of the ZFC axioms (which collectively we refer to as RZFC).

(RZFC1) Extensionality: (Vz)(Vy)[T(x=y) - (V2)(zr ez yez)]
(RZFC2) Singleton: (Va)(32)T((Vu)(uez < u* =z*))

(RZFC3) Separation Schema: For 1) any wif,

(Vx)(Vy)(EIz)T[(Vu)(u €z UETA w(u*,y))]

(RZFC4) Union: (Vx)(EIy)T[(Vu)(u ey« (Iz)(ueznze x))]
(RZFC5) Power Set: (Vz)(3y)T[(Vu)(uey < u* cx)].
(RZFC6) Infinity: (EIx)T(Q exA(Vy)(yex>yu{y}e a:))

(RZFCT7) Replacement Schema: For ¢ any wif,

[(Vz) (Vi) (Vo) (U(z,y) A (z,2) >y = 2)]

= (V2)(32)T[(Yu)[u ez < (3y)(y ez Av(y,u"))]]-



189

(RZFCS8) Regularity: (Vz)(x +@ - (Jy)(yexrynax =3))

(RZFC9) Choice:

(Vz)([(Vm)(Vy)(xezax;tQ)A(xeszezAx¢y—>xﬁy:®)]

- (3)T[(VO)[t ez~ (Fu)(snt={u})]])

(RZFC10) Pairwise Union: (Vz)(Vy)(32)T[(Vu)(uez < uexvuey)]
(RZFC11) *-classicality: (Vz)[(Vu) C(uex) - x =z*]
(RZFC12) T-normality: For ¢ any wif, C(T(¢)) A [T(¢) - ¢]

For technical reasons that will become apparent in the sequel, we have replaced the classical
pairing axiom with the singleton and pairwise union axiom. The astute reader will be wondering
if, using the notation defined above, that U({z} u{y}) =z uy. As we will see in section 5.2,
this is not generically the case.

Before showing that the RZFC axioms are a reduction of the ZFC axioms, we will first

demonstrate that our defined notion of equality (‘=’) has the properties we would expect.
Proposition 5.3. In the language L., we have that
1. - (Vz)(z =x)

2. - (Vo) (Vy)(z =y >y =)
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3. - (Vo)(Vy)(V2)(z=yAry=z—->x=2)
4. - (Vz)(Vy)[z =y > (V2)(z ez = 2z €y)]

5. RZFC1+ (Vx)(Vy)[T(z=y) > (Vz)(zr ez = y € 2)]

Proof. Number (4) above is already established in proposition 5.1, and (5) follows trivially,
since the statement to be proved is RZFC1. To utilize the full power of orthomodular lattice
theory, we will prove the remaining items above using the completeness theorem, so that we
only need to examine each of the above sentences in an arbitrary Lge-structure — to this end
let M be an Lg-structure with truth valuation [-] and underlying class 2.1

First, considering (1), for any a € 2, we have

[a=a]=[(Vu)(uea<uea)]= A\ ([uea] < [uea])=1,

ael

where the last equality is by lemma C.14. Then (1) holds by lemma 2.12 (and the completeness
theorem).
Considering (2), for any a,b € 2(, we have

[a=b]= A ([ceal < [ccb])=[b=al,

ce

"'We urge the reader to pay careful attention to the ‘=’ which is a defined notion in L and the ‘=’
which represents equality in the truth value algebra of the model.
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where the final equality holds by lemma C.14, so that we have
[a=b—>b=a]=([a=b]~>[b=a])=1

by the same lemma, and so (2) holds by lemma 2.12 and completeness as well.

Moving on to (3), for any a, b, c € 2, we have

([a=b]ab=c])=[ A ([deal < [deb]) a A ([e€b] < [ecc])]

et e
Al ea o e o)
<A ([[fea}]e[[fecﬂ):[[azcﬂa

feU

where the second line is obtained by definition of the greatest lower bound, and the inequality

follows from lemma C.14. Then (3) holds by lemma 2.12 and completeness. O

Note: Note that (1-3) above are just the equality axioms of definition 4.2. Also (4-5) above
are simply substitution axioms (with (5) reduced) for the predicate ‘€’ (see section 4.1.1).

Compare with proposition 5.1 concerning equality in (unreduced) ZFC.

We will now demonstrate that the RZFC axioms are, indeed, a reduction of the ZFC axioms

from the previous section.

Proposition 5.4. The RZFC axioms (RZFC1-RZFC12) presented above are a reduction of

the ZFC axioms (ZFC1-ZFC9) presented in section 5.1.1.
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Proof. We need to show that the classical and reduced ZFC axioms are equivalent in the
presence of the schema CL (i.e. using classical logic). RZFC12 is a tautology of classical logic
(so is automatically implied by ZFC). RZFCS is unchanged from the classical axiomatization (so
the reduced versions imply the classical versions and vice versa). RZFC1, RZFC3-RZFC7 and
RZFC9 now include the ‘T operator’, but this is simply the identity (up to logical equivalence)
in classical logic,! and so we can ignore this operator for the purposes of proving equivalence.

Axioms RZFC3, RZFC5, and RZFC7 also replace some instances of x,y,... with %, y*, .. ..
Clearly, if RZFC11 holds in a model with the standard {0,1} truth values, then, since C(%)) is
satisfied in any such model, we have x = z*, and hence the classical versions of these axioms
are logically equivalent to the reduced ones by the substitution property of ‘=’ (see proposition
5.1). Hence, the RZFC axioms automatically implies the classical axioms ZFC1, ZFC3, ZFC5,
and ZFC7 — moreover, if we demonstrate that RZFC11 is implied by the classical ZFC axioms,
we obtain the reduced axioms RZFC3, RZFC5, and RZFCT7 for free. Hence we only need to
show that (in classical logic) ZFC2 follows from the RZFC axioms, as well as that the reduced
axioms RZFC2, RZFC10 and RZFC11 follow from the classical ZFC axioms (and CL).

The reduced axioms RZFC2 and RZFC10 follow trivially from the classical pairing and

union, since we have the classical {z} as well as the classical union x Uy. Now, we show that

IFor proving the ZFC axioms are derivable from the RZFC axioms, the ‘T operator’ is the ‘identity
operator’ by RZFC12. For proving the RZFC axioms from ZFC, we always have @ € {@} in ZFC, so
that ‘T’ is the ‘identity operator’ by lemma 3.10.
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the ZFC axioms of section 5.1.1 imply RZFC11 (x*-classicality). By definition of ‘=’, ‘u € x*’,

and ‘=’, we have

(x=2") (Vu)(uex > uez™)
o (Vu)luex < (Iz)(z=xAuEz)]

o (Vu)[uex < (32)((Vs)(zesxes)Auez)]. (5.12)

Hence, we only need show the double implication in the final line. If u € z, then taking z = «,
we see that the RHS of the implication in the bottom line holds. Conversely, if the RHS of
said implication holds, then by the (classical) pairing axiom, there is some z with! z € {z} and
u € 2z, 8o since z = x this implies v € x. This establishes the double implication, so we see that
x =z* so that RZFC11 holds.

Next, we assume the RZFC axioms, and wish to show that ZFC2 follows. But for arbitrary
sets z,y we have the singleton sets? {x}, {y} by RZFC2, and hence we have the set {x} U {y}
by axiom RZFC10, which shows that ZFC2 is indeed implied by the RZFC axioms combined

with CL. =

"Here {x} is the singleton existing by virtue of the classical axioms.

2Here {x} and {y} are the singletons existing by virtue of the reduced axioms.
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The above proposition shows that we have attained our first goal of quantum set theory,
namely that when we restrict ourselves to the standard By = {0,1} truth values, we recapture

exactly classical ZFC set theory.

5.2 Quantum Models of Set Theory

In this section we construct models of the reduced ZFC axioms presented in section 5.1.4.
As we will see explicitly, this construction relies on a number of properties of projection lattices

which are not general properties of orthomodular lattices.

5.2.1 Universes of Quantum Sets

Given a complete orthomodular lattice L, we will now define an associated universe of
quantum sets. We utilize the definition of the classical universe U from section 5.1.2, as well as

the notion of a class function from appendix A.

Definition 5.1. Let L be an orthomodular lattice, let £ be a class, and let f € L®. Then the

support of f (denoted sup f) is given by

sup f:={keR: f(k)+0}. (5.13)

Let L be an OML. For any A € 2, and for any f: A - L\{0}, we can naturally identify
f with the class function f from U into L given by f(B)=f(A)if Be Aand 0if B ¢ A,

so that sup f = A. Similarly, for any class function f € LY such that sup f is a set, we can
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naturally think of f as a map f :sup f — L\{0} by taking the restriction. Given this natural

correspondence, we will identify such objects in the sequel.!

Definition 5.2. Let L be a complete orthomodular lattice, and 2 the classical universe of sets.

The L-valued universe (of sets), which we denote @, is the proper class

Q= {feL® : supfis a (classical) set } (5.14)

where the “set” builder notation is understood in the sense of classes,? and where each f € @y,
is called a L-valued set, or quantum set,® if L is clear from the context. We then define the

truth valuation [-] (for L-valued sets f,g) by

[feg]:=g(supf),

and extend this to all wifs (as per proposition 3.12). Then the Lge-structure (@, L, [-], @) is

denoted Qj,, and called the L-valued set structure.

!This is done solely because it will serve to greatly streamline our presentation and keep our focus
away from notational headaches, essentially because it allows us to not have to constantly keep track of
the domain of any given function.

ZAs mentioned above, we identify a given class function f € L™ such that sup f is a set with the set
function f :sup f - L\{0}, so that we can form the class of all such f.

3We will use this terminology even though the models we construct satisfy the RZFC axioms only
for OMLSs with certain properties; the reason for this is that these L-valued sets still satisfy almost all
of the RZFC axioms, and are, in any case, a straightforward generalization of the sets of the classical
universe.
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Of course, when L = By, this reproduces the classical universe (as per the discussion in
section 5.1.3). Before proceeding any further, we should point out that there is an odd property
of the models just constructed which suggests they may not suffice as a final and authoritative
model of quantum set theory. The problem is essentially that, for a given quantum set f, and
for any two other quantum sets g and h with the same support, we have that g € f < he f
holds in any model Q; defined above, so that our quantum sets don’t “separate points”. One
could think of our quantum sets as being somehow a subclass of all “true” quantum sets (yet
to be discovered) satisfying a certain “symmetry condition”, namely that the elements of our
quantum sets are invariant under any permutation of quantum sets which leaves the support of
every quantum set fixed. Under this interpretation, it’s worth speculating that this symmetry
is what makes it possible for our quantum sets to satisfy such a nice reduction of the ZFC
axioms but yet still be rich enough to provide an interesting model of set theory which goes

well beyond the classical universe.

5.2.2 The Quantum Sets satisfy the (reduced) Zermelo-Fraenkel with Choice Axioms

In this section we shall show that for L a projection lattice of a separable complex Hilbert
space, the model Qj, of definition 5.2 is a model! for the RZFC axioms. However, many of the
axioms hold for any complete orthomodular lattice L, and others hold more generally than in

projection lattices. For each axiom, we will state the largest class of OMLs for which we know

1'We reiterate that this requires the assumption that the classical universe is indeed a well-defined
notion.
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it holds. That the projection lattices then model all the axioms will be a corollary of these
results. Along the way we will prove some lemmas and make some definitions which are set
aside since they are computationally useful. The reader not interested in the technical details
of proving that our quantum sets satisfy the RZFC axioms can skip ahead directly to theorem

6 and its corollary 5.17.

Definition 5.3. Let L be a complete orthomodular lattice, and let A, B € 2. Then define the

L-valued set 64 : YU — L by

1 fA=B
d4(B) = (5.15)
0 if A+ B,
and define the L-valued set x4 : 0 — L by
1 ifBeA
\a(B) = (5.16)
0 if B¢ A,

Note: For any set A in the classical universe, we have that supds = {A}, and that sup x4 = A.

Lemma 5.5. Let L be a complete orthomodular lattice, let Qr, be as in definition 5.2, and let
f,g be L-valued sets. Then

1 if sup f =supg
[f=g]= (5.17)

0 if sup f #supyg
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and

1 if supgesupf
[gef*]= (5.18)

0 if supgé¢supf

and also

[f=9"1=1f=9] (5.19)

Proof. First, using the definition of f = g, we have

[f=9]=[(V2)(f ez gez)]
= N\ ([feh] < [gen])

hE@L

= A (h(sup f) < h(supg)),
he@;,

and so we immediately see that if sup f = supg, then h(sup f) = h(supg), so that (h(sup f) <
h(supg)) = 1 for any h € @ by lemma C.14, and so [f = g] = 1. On the other hand, if

sup f # sup g, we have (from definition 5.3) that

[[f = gﬂ < (5supf(supf) D 5supf(supg)) = (1 - 0) =0,

which establishes equation 5.17.

Next, using the definition of g € f*, we have

[gef1=1(32)(z=frgex)]= \ ([h=flrlgeh]),

hé@L
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but from equation 5.17, we have that [h = f] is non-zero only when sup h = sup f, and so only

these h’s contribute to the join. Hence, we have

[gef 1=V (Lah(supg)) > xsups(supg),

hE@L
sup h=sup f

so by definition 5.3, we see that if supg € sup f then [g € f*] = 1. On the other hand, if
sup g ¢ sup f, then for any h with sup h = sup f, we must have h(supg) =0, and so [g e f*] =0,
which establishes equation 5.18.

Finally, by definition of ‘=’; and equation 5.18, we have

[f=g"]=1(Va)(ze [ > weg’]

= N\ [hef]e[heg’].
he@,

Now if sup f = supg, by equation 5.18, we have that ([h e f*] <> [h e g*]) =1 for any h € @y,
so that [f* = ¢g*] = 1. If, on the other hand, sup f # sup g, then there exists some classical set A
such that A e sup f but A ¢ sup g (or vice versa). Either way, for this A, we have (by definition

5.3, equation 5.18, and lemma C.14) that

(Ixaef ]+ lxacg™]) =0,

and so [f* =¢*] = 0. Hence, by equation 5.17, this establishes equation 5.19. O
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Lemma 5.6. Let L be a complete orthomodular lattice, let Qf, be as in definition 5.2, let ¢ (x)

be an (extended) Lge-wif, and let f be an L-valued set. Then

[(f)1 = [ (Xsup £)]-

Proof. We prove this as a consequence of lemma 3.14, so we only need show that both
[f*egl=[xsups €yl and [ge f*] =[g € Xsups] for any two quantum sets f and g. First, for

any quantum set g, we have

[f*egl=[fegl=g(supf)=g(supXsups) = [Xsups € 9]

by the definition of the expression f* € g and xgyps. For the other case, we have that

[[9 € f*}] = Xsupf(sng) = [[g € Xsupfﬂ by lemma 5.5. 0

Proposition 5.7. Let L be a complete orthomodular lattice. Then Qj, satisfies RZFC2-RZFC5

as well as RZFC10.

Proof. For RZFC2, we need

Qr k (Vo) T((32)(Vu)(u e z & u” = 2*),

i.e. (using lemma 3.8) it suffices to show that for any quantum set f, there exists some other

quantum set g such that

[(Vu)(uegou™ = f)]=1.
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Taking g = dgyp s, We see that

[(vu)(UE5supf9U*=f*)]= /\ ([[5supf(suph)ﬂ(_)[[h*zf*ﬂ)zla

hG@L

where the last equality follows from equation 5.15 in definition 5.3 as well as equation 5.19 and
equation 5.17 from lemma 5.5.

To show the RZFC3 holds, we need (for any wif ¢) that

QrE (Vm)(Vy)(Hz)T[(Vu)(u €2 UETA w(u*,y))],

and so (again using lemma 3.8) it suffices to show for any quantum sets f, g that there exists

some quantum set h such that

[(Vu)(ueh o ue fap(u,g))] =1,

i.e. that, for any j € @y, that h(supj) = f(supj) A [¥(5*,9)]. But we can simply define, for

any A €, that

h(A) = f(A) A [(xa,9)]-

By the (classical) schema of separation, suph is indeed a set (contained in sup f). The result

the follows immediately from lemma 5.6.
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Considering RZFC4, we must show
QrE (Y2)(Ay)T[(Vu)(uey < (Iz)(uez Az ex))],

and so it is sufficient to find, given an arbitrary quantum sets f, another quantum set g such

that

A ([hegle \V (Iheilnliefl))=1.

he@;, je@y,

Equivalently, we need to satisfy, for every h € @y, that

g(suph) =/ (j(suph) A f(supj)).

je@y

But clearly to satisfy the previous equation we can simply define, for any A €,

g(A) ="\ (j(A) A f(supj)),

je@y,

and since g(A) # 0 implies that A € supj € sup f for some j € @y, we have that sup g is indeed
a set, so that RZFC4 is satisfied.

Moving on to RZFC5, we need to show

Qr = (Vo) (3y)T[(Vu)(uey < u* c )],
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and so it suffices to demonstrate for any quantum set f, that there is another quantum set g

such that

[(Vu)(ueg<+u*cf)]=1.

Define g by (for all A € J)

g(A) =[xac f],

and so if A € sup g, then since

[xacfl= A (xa(suph)— f(suph)) = A\ f(B)

he@, BeA

(using lemma C.14), we must have A Csup f, so that sup g € P(sup f), which shows that sup g

is a set. Then we have

[(Vvu)(uegeuc = A ([iegl <[5 cf)
je@yp

= N (g(sum)e[[xsupjgf]])ﬂ,

je@y,

where we have used the definition of g and lemmas 5.6 and C.14 to obtain the final equality.

Considering now RZFC10, we must show that

Qr e (Vz)(Vy)(32)T[(Vu)(ue z > uexvuey)],
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and so it suffices to show that for quantum sets f, g that there exists some quantum set h such
that

[(Vu)(ueh<ue fvueg)]=1.

Define h by (for any A € 0)

h(A) = f(A) v g(A),

and since clearly sup h = sup f Usup g, we see that sup h is indeed a set. Then we have

[(Vu)(uezouervuey)]= A (liehl< (lieflviegl))

je@

= A (h(sups) < (f(sups) v g(sups))) =1

je@y,
by the definition of A and lemma C.14. O

Since the other RZFC axioms use symbols defined under the assumption of RZFC1 and
RZFC12, we must prove these axioms before continuing, which we only know to be true for

certain OMLs, namely those satisfying the relative center property (see def. C.13).

Proposition 5.8. Let L be a complete irreducible orthomodular lattice satisfying the relative

center property. Then Qj satisfies RZFC1 and RZFC12.

Proof. First we consider RZFC12. Since L has the relative center property, we have that

[C(T(¥))] =1by lemma 3.11 (the other hypothesis of that lemma is obviously true by definition
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of Qr). Also (using that [@ € {@}] = 1, for instance), we have that T([¢]) — [¢] = 1 by lemma

3.10. Hence

QL= C(T(¥) A[T(¥) = ¥].

Next, considering RZFC1, we must show

9Lk (Vo)(Vy)[T(x=y) >z =y],

i.e. we must show (by lemma C.14) for any quantum sets f, g that

[T(f=9)]<[f=9]

By the above, Q; £ RZFC12, so that [T(f = ¢)] € {0,1} by proposition 3.9. The state-
ment trivially holds whenever [f = ¢g] # 1 (since then [T(f = g)] = 0 by the aforementioned
proposition), so consider the case where [f = g] = 1. By the definition of ‘=’ this means that
f(A) = g(A) for all A €U, and in particular sup f = supg. A simple computation then yields
[f=g] =1, so that RZFC1 indeed holds in Q.

This follows trivially from equation 5.19 in lemma 5.5.

O

Now that we have proven the above axioms, so that we know the defined symbols do

represent unique quantum sets, we can establish the following.
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Lemma 5.9. Let L be a complete irreducible orthomodular lattice satisfying the relative center

property, and let @y, be as in definition 5.2. Then, for f,g any quantum sets, and any A € 0

1. 3(A)=0

[\

- ASHA) = Osup £ (A)

w

- (fng)(A) = f(A) rg(A)

=

- (fug)(A) = f(4A) vg(4)

ot

. f(supf)=0

1 if A=sup f

(@)

- (ful{fh(4) = f(A) if Aesupf

0 otherwise.

7. P(f)A) = A\ f(B)

BeA

-UfA) =V f(B)
Besup f
AeB

Proof. For number (1), the empty set is defined to satisfy f e @ < (f # f), but

Qo

[f=f1= N ([hefl=[hef])=1,
he@y,

so [fea]=a(supf) =0 for all fe@p, hence F(A) =0 for all A €.
Numbers (2-4) above follow directly from the proof of proposition 5.7 and the fact that any

quantum set f is determined by the truth values (for every g € @) [g € f].
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For number (5), we note that by the classical axiom of regularity no set may be a member
of itself (proposition 5.2), and so (5) follows from the fact that sup f ¢ sup f.
For number (6) we note that the cases are mutually exclusive by (5). We then use (4) and

(2) to compute

Fu{r}(A) = F(A) v{f}(A) = f(A) V bsup r(A),

which gives the above result.
For number (7) and (8), since the sets which are given by RZFC4 and RZFC5 are unique,

from the proof of proposition 5.2, we know that

P(f)(A) =[xacfl= A (xa(suph) > f(suph)) = A\ f(B),

he@y, BeA

as well as that

Ur) =V (M) Afeuwpi))=V (xp(A)Af(B)= \ [(B).
je@y BeY quséugf

Note: From this can immediately see that at least one intuitive property of the classical

universe is preserved by our quantum sets, namely that for any quantum set f, we have that

[f¢f]=1Dby (5) above.

We will now deliver on a promise to show that there are quantum sets f and g such that

U({fYu{g}) = fug.
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Example 5.10. From the above we know that for any A € U that (fug)(A) = f(A) v g(A).

However

U{fru{g})(A) = Vo {fule)®B)

Besup({f}u{g})
AeB

= \/ (5supf(B) VéSUPQ(B))

Be{sup f,supg}
AeB
1 if Aesup fusupg

0 otherwise.

where we have used that

({f3u{g})(A) = bsup £ (A) V Ssup g (A),

so that sup({f} u{g}) = {sup f,supg}. Hence, we clearly have U ({f} u {g}) + fug for any

quantum sets f, g such that there is some A € ¥ with f(A4) v g(A) # 1.

There is an another possible approach to reducing the ZFC axioms in which some of the
remaining axioms can be satisfied for more general OMLs — we discuss this in more detail at

the end of this section.
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Lemma 5.11. Let L be a complete OML, let Qf, be as in definition 5.2, and let w be the first

infinite ordinal. Also, for any f € @, define (for any A € Q)

1 if A=sup f
7 (A) =1 7(A) if Aesupf (5.20)
0 otherwise,

and define gy € @, by gz(A) =0 for every A € 0. Further, for any quantum sets f, g assume!

that fng is the quantum set in @7 which satisfies (3) in lemma 5.9.

Then we have

L. [9z € xu] A /\ [(hexw—=h"exu)]=1
h€@L

2. If L + {0,1}, then

A ([U”tggﬂ—> \/ [[[jeh]A[jmhzg@]])=1

hE@L jE@L

3. If L #{0,1}, then for any quantum set f and any extended Lgei-wif 1(s,t) (with s,t € By)

[(Va)(z e f—z+g5) > (3s)(VE) (e f—>u(s,t))] =1

f f ng is defined as a consequence of the RZFC axioms (such as whenever L satisfies the relative
center property), then the assumption is not necessary. Otherwise we can simply take this assumption
as the definition of f ng for purposes of this lemma.
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Proof. First we consider (1). Note that @ € w and for any € w, we have f+1=5U {5} € w.
Also, for any quantum set h, we have that suph* = sup hu{sup h}. Then, using that sup g4 = @,

we compute

[92 € xwl A A [(hexw = hT exw)] = xw(@) A A [Xw(suph) = Xu(suph™)]

he@L h€®L

=1n N xw(4) > xo(Au{A})] =1,
Ael

which establishes (1).

Considering (2), for any quantum sets j and h we have (using lemma C.14)

[h#g5] == A (h(supk) = gg(supk)) = \/ ~(h(A) = 0) = \/ h(A),
ke@y, Aey Aesy

as well as

[inh=gs]= A ([j(supk)Ah(supk)] < ga(supk)) = A (-j(B) v -h(B)).
ke@, BeYy

Using these then yields

A ([h#go1> V [[Gehlnlinh=gs]])

hE@L j€®L

= A ([VA] = V [aswpi)n A (=i(B) v -h(B))]).

he@; = AU je@p Bey
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By lemma C.14, it suffices to show that for any quantum set h, we have

V h(A) <\ [h(supj) a A (=5(B) v -h(B))],

Al je@y, Bey

and hence it is sufficient to show that, for any A €Y, that

A< Vo [aswpir A (<i(B)v-n(B))]. (5.21)
Sljls?jA Besup hnsup j

Now we proceed by cases. First, the case h(A) =0 is trivial, 0 is the bottom element of L (this
is always the case if L is trivial). Next, if A = @, then the inequality (equation 5.21) is satisfied

since any quantum set j such that supj = @ also satisfies sup j nsup h = &, so that

\V [h(supj)/\ N 4(ﬂj(B)vﬁh(B))]:h(®)'
sﬁ;‘?i‘@ Besup hnsup j

For the third case, assume A # @ and also that h(A) # 0 and h(A) # 1. Then define a quantum
set jo by jo(B) := =h(A) for every B e suphnA, jo(B) := 1 for every B € A\suph, and jo(B) :=0
otherwise. Then supjo = A since h(A) # 1. Then the inequality (equation 5.21) is satisfied,

since we have

A (RB)V-RB) = A (WA -h(B)) > h(A).

Besup hnsup jo Besup hnA
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For the final case, we consider A # @, and h(A) = 1. Since L # {0,1} (and L non-trivial), there
exists some a € L with a ¢ {0,1}. Define j1(B) := a, and j3(B) = —a for all B € suphn A,
and j1(B) := jo(B) :=1 for all B € A\suph, and j;(B) := j2(B) = 0 otherwise, so that sup j; =

sup jo = A. Then the inequality (equation 5.21) is satisfied, since

A (aB)v-hB)= A (-avh(B)),

Besup hnsup j1 Besup hnA

and

N (wj2(B)v-h(B))= A (avh(B)),

Besup hnsup j2 Besup hnA
so that
\V [h(supj)/\ A\ (ﬂj(B)vﬂh(B))]

je@y, Besup hnsup j
sup j=A

>[ A (mavh(B))]v][ A (avh(B))]>-ava=1

Besup hnA Besup hnA

which establishes (2).

Finally, we consider (3) above. First, by lemma C.14, it suffices to show

[(Va)(@e f—x#gg)] <[(Fs)(VE)(E e f—1(s,1))]. (5.22)
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Computing the LHS of the inequality (equation 5.22) yields

[(Va)(zef>z#gs)]= N\ ([hef]-[h#gs])
he@y,

= A (fsuph) = [ \/ -h(4)])

he@, Ay

=A A (B = [V -h(A)).
BeU pe@, AeB
sup h=B

Then considering the RHS of inequality (equation 5.22) we have

[Es)(v)(te f—>u(s,t)]= V [ A (7€ f]- [v(hD)])]

he@; je@y

=V [ A (<G v (Fsupi) A Te(h)D))]
he@; ~ je@p

> /\ =f(supj) = A -f(B),

je@, BeU

and so it suffices to show that, for any B €0, that

A (f(B)=[V -h(4)]) <-f(B). (5.23)
he@, AeB
sup h=B
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If f(B) =0, then ~f(B) =1, and so the inequality (equation 5.23) is automatically satisfied. If

f(B) #0, define ho(A) := f(B) if Ae B, and ho(A) =0 otherwise, so sup hy = B. Then

N (FB) =V -r(A)]) <(f(B) >V -ho(4)])
he@y, AeB AeB
sup h=B

= (f(B) > ~f(B)) = ~f(B)

by lemma C.14, and so (3) is established.

From this technical lemma, we obtain as a direct corollary

Proposition 5.12. Let L be a complete irreducible OML which satisfies the relative center

property and let Qf be as in definition 5.2. Then Qp, satisfies RZFC6, RZFCS8, and RZFC9.

Proof. First, we see that Qp = RZFC6 iff

[Ax)T(exn(Vy)(yer>yu{ytex))]=1,

but

[B2)(@exn (W) (yez->yu{ytea)]= \V T(lgociln A [(hej—h e)))
je@L he@;,

>[gzexw]l A N [(hexw—h exw)]
hG@L

=1
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where in the first equality we have used that g4 = @ (as quantum sets) as well as that b’ = hu{h}
(by lemma 5.9), and the final equality follows immediately from (1) in lemma 5.11.

Now, if L = {0, 1}, then our model is just the classical universe, and so RZFC8 and RZFC9
follow by proposition 5.4, and so we need only consider the case in which L # {0,1}. Also, the
axioms trivially hold if L is trivial, so we assume L non-trivial as well.

To show that Qp E RZFCS8, we need to show
[((Va)(z#2 > (Fy)(yexrynz=2))]=1,

and so we compute (using that gy = @)

[(Va)(z 2> Py)(yerrnyne=2))]

= A ([h#gel > V [liehlnlinh=g5]]) =1

hEQBL j€®L

where the last equality follows from (2) in lemma 5.11.

Finally, we see that Q; £ RZFC9 iff

[[(Vz)([(\fx)(\fy)(xez»mqt@)/\(xez/\yezn\xiy—mnﬂy:@)]

> (3s)T[(Vt)[t ez > Bu)(snt={u})]])] =1,
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so it suffices to show (by lemmas C.14 and 3.8, and since @ = g4), for any quantum set f, that

[(Vz)(Vy)(ref—aztgg)n(vefryefrzty—any=gg)]

<[(3)(¥D)[t e f > (Fu)(snt={uD)]]. (5.24)

However, trivially we have that

[(Ve)(Vy)(zefoazgp)n(zefryefrery—>any=02)]

<[(V2)(Vy)(z e f —x # gg)]. (5.25)

Define the wff ¢(s,t) := (Ju)(snt = {u}), and then by lemma 5.11, we have

[(Vo)(z e f—>z2g5) > (3s)(VO)(Ee f~v(s,1))] =1,

which by lemma C.14 is true iff

[(Va) (e f—z2gg)] <[(3s)(VE)(Ee f—1(s,1))]. (5.26)

Combining the inequalities (equation 5.25) and (equation 5.26) yields the inequality (equa-

tion 5.24), which establishes RZFC9. O

Note: Only in the “classical case” (L ={0,1}) do we need to use that the classical axiom of

regularity (resp. choice) holds in order to establish the reduced regularity (resp. choice)
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axiom. When L # {0,1}, the proof given actually doesn’t use the fact that the classical

universe satisfies the regularity (resp. choice) axiom at all.

The remaining two reduced ZFC axioms are slightly more subtle, and we will need different

criteria than the relative center property to prove them.

Lemma 5.13. Let L be a complete OML, and let Oy, be as in definition 5.2, and let G be
the group of continuous (ortholattice) automorphisms of L. Further let ¢(x1,...,z,) be an

Lser-wit and let f, f1,..., fn be quantum sets. Then for any u € G we have

1. #(0) =0 and p(1)=1.
2. suppo f=supf
3. Qp={pog : ge@Qr}

4. M([W(fl;;fn)ﬂ) = [¢(M°f1,---7uofn)]-

Proof. First, since p is an ortholattice automorphism on L, we have that ;(0) =0 and p(1) =1
by definition.

Next, since p(0) = 0 by (1), we know that for any A € U, po f(A) =0 iff f(A) =0, and
hence sup o f =sup f.

For (3), note that if g is a quantum set, then so is o g. Also, this trivially means that

ptogisa quantum set. Then g = po (u!og), establishing the desired equality.
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We then prove (4) above by induction on the construction of evaluated wifs. For the base

case, we see that (for any quantum sets g, h)

(g e h]) = p(h(supg)) = poh(suppog) = [pogepohl,

where we have used (2) above. For the inductive steps, consider evaluated wifs ¥/(g1,...,9m)

and £(g1,. .., 9m) with quantum sets g1, ..., gp, for which (4) holds. Then we have

w([= (g1, gm)]) = ~u([¥ (g1, gm)]) = [=(rogr,.... 1o gm)],

as well as

w([e (91, g)IATECg1s - 9m)) = [W(ogr, ..o gm) (o gr,... 110 gm)]

=[(WAax)(mogr,...,mogm)l,

and finally

M([[(Vx)¢($a92a,gm)ﬂ): /\ M([w(hag%ugm)ﬂ)

hE@L

= N [¥(poh,uoga,... . 1nogm)]
]’LE@L

= A [W(hpoge,...,pro9m)]
hE@L

= [(Va)(x, moga, ... o gm)],
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where the second to last equality follows by (3) above. O

Lemma 5.14. Let L be a complete OML which is rotatable, and let Q; be as in definition

5.2. Then for any A, B €U, and any Lg-wif ¢(z,y), we have [¢(xa,x5)] €{0,1}.

Proof. Since 0 and 1 are the only fixed points of the group of continuous automorphisms on
L (denote this group G), it suffices to show that [¢(xa,x5)] is a fixed point of G. Define

a:=[¥(xa,xB)], so by lemma 5.13 we have

p(a) = p([¥(xa, xB)]) = [¥(po xa,moxn)] = [¥(xa,x5)] = a,

where we have used the following fact: for any Y € 0 and u € G, we have poxy = xy. To see this,
note that for any Y, Z € 20, we have that yy(Z) € {0, 1} by definition, and so puoxy(Z) = xy(Z)

for any Z €0 by lemma 5.13. Hence po xy = xy.. O

Proposition 5.15. Let L be a complete OML which is rotatable, and let Qr, be as in definition

5.2. Then Qj satisfies RZFCT.

Proof. We need to show

QL H[(Vo) (Vi) (V2) (W (,y) A (2, 2) — y = 2)]

- (Vx)(Elz)T[(Vu)[u ez (Ay)(yexn w(y*,u*))].
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It suffices to assume that

[(V2)(Vy)(V2) (U (z,y) Ap(x,2) >y =2)] #0,

and then prove that, for any quantum set f, there is some other quantum set g such that

[(Vu)(ueg < Qyyefrv(y,u)])]=1,

i.e. that for any quantum set h

g(suph) = \/ (f(supj) A (5", h")]).

je@y,

But this will be automatically be satisfied (by lemma 5.6) if we define, for any A €0,

9(A) =\ (fB) A [¥(xs:xa)]) = V (F(supj) A [¢(xsupj» xa)]),

BeU je@L

and so we only need show that sup g is a set.
Now, we see immediately that, for any A € ¥, that g(A) # 0 iff there is some B € U such
that f(B) A [¥(xB,xa)] # 0. But by lemma 5.14, [¢(xB,x4)] € {0,1}, and so in order for

g(A) # 0 there must exist some B € ¥ such that B esup f and [¢ (x5, x4)] = 1.
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We will show that, for any given A, the class of all sets B satisfying both B € sup f as well
as [v(xB,xa)] = 1 is indeed a set using the classical replacement axiom with regard to the
statement W(B, A) which states' that ‘[¢(xB,xa)] =1".

To show that W satisfies the hypothesis of classical replacement, we assume that, for
generic X,Y,Z € 90, that U(X,Y) and ¥(X, Z) are true, i.e. that both [¢¥(xx,xy)] =1 and

[v¥(xx,xz)] =1. Now recall our assumption that

[(V2)(Vy)(V2) (¢ (2, y) A(x,2) >y =2)] %0,

which implies that,

[ Oxexs xy) ] A [v(xx, xz)] = [Y = Z] #0,

but since ¥(X,Y) and ¥(X, Z) are true, this means (using lemma C.14 that

(1> [xy =xz]) =[xy = xz] #0,

but clearly [xy = xz] € {0,1}, and so we must have [xy = xz] = 1, so that xy = xz as quantum

sets, which means that Y = Z as classical sets.

'We are being rather informal here, since we have not used a formal language when using the classical
set theory by which we defined our model Qj,. However, it would be simple (although tedious) to write
every statement in dealing with the construction of @y formally, in which case we would arrive at the
statement ‘[¥(xB,xa)] =1’ as a formal wff in classical set theory, and it is this formal wif to which
U(B, A) refers.
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Hence ¥(X,Y") satisfies the hypothesis of classical replacement, and so for any Z € ¥, there
exists some S € ¥ such that for any T € U, T € S iff there exists some U € Y such that U € Z
and W(U,T). Taking Z = sup f, we have that T € S iff there exists a U € ¥ with U € sup f and
[¢¥(xv,xr)] =1, which is to say that T € S iff T € supg, so that supg = S, which is indeed a
classical set.

O]

Proposition 5.16. Let L be a complete atomic OML which satisfies the exchange axiom (EA),

and let Qy, be as in definition 5.2. Then Q;, satisfies RZFC11.

Proof. If L ={0,1}, then RZFC11 holds by proposition 5.4, so we can assume that L # {0,1},

and in particular the height of L is greater than or equal to 3. We need to show

Qk (Vz)[(Vu) C(uez) > x=2"].

By lemma C.14, it suffices to show, for any quantum set f, that

N [Che HI<[f=["] (5.27)

hE@L
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Now, by definition of ‘C’, we have

N ICheNT= N N (eyer(lhef]) > [hef])

hed@, he@; j ke@p,

= N\ [ (2a(f(4)) = £(4))]

Ae0 ael

= A [ A (ea(£(A) = F(A)],

Aesup f aeL

where for the last equality we have used that ¢,(0) = 0 by lemma C.13, while we also have

[f=f1= Nlhefohef = N f(A).

he@y, Aesup f

by lemma 5.5. Since for f = @ this gives [f = f*] = 1, in order to establish ZFC11 it will suffice

to show, for any b€ L with b # 0, that

[ A puld) 1] <t

ael

But this follows directly from lemma C.20, and so RZFC11 is established. O
Putting together everything above establishes

Theorem 6. Let L be a complete, irreducible, atomic, rotatable OML which satisfies EA and

the relative center property. Then Qp is a model of RZFC.

Proof. This simply collects the results of propositions 5.7, 5.8, 5.12, 5.16, and 5.15. O
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Corollary 5.17. Let L be the projection lattice of a separable complex Hilbert space H. Then

Q7 is a model of RZFC1-12.

Proof. This follows immediately from the previous theorem along with propositions C.23 and

C.24 as well as lemma C.21. OJ

An Alternate Approach to Reducing ZFC

As we mentioned in the previous section, some of the ZFC axioms can be made to hold more
generally than in the context of projection lattices of Hilbert space, however we would need to
change our reduction of these axioms. The strategy for achieving this more general reduction
is to eliminate the ‘T operator’ from our RZFC formulas, and introduce new function symbols
for the empty set, singleton, etc., since statements involving ‘3’ would no longer guarantee the
existence of any particular set. By making this change, we can satisfy all of the modified RZFC
axioms! (with the exception of RZFC3 and RZFCT), but one technical hurdle remains.

This hurdle involves the axioms of separation (RZFC3) and replacement (RZFC11). For
separation, we need to add a function symbol for every wff 1 in order to utilize set-builder
notation in all its generality. However, every time we add another function symbol to our
language, we then have more wifs in our language, which requires the addition of yet more
function symbols, and it is not clear that this process would ever stabilize giving us a well-

defined language.

'We also would need a replacement for RZFC1, a natural candidate which is easily shown to do the
jobis (Vz)(Vy)[z* =y* = (V2)(x e z >y € 2)].
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For the axiom of replacement, the situation is even worse. In this case, we need to add a
function symbol not for every wif 1, but only for v satisfying the hypothesis of the implication
in the axiom. Since in general the truth value of a given wff v» may be hard to determine, this
leaves us in a position where in order to even know what symbols are in our language, we need
to solve a rather difficult problem.

These technical hurdles are the reason for the approach we have taken to reducing the ZFC
axioms. However, if the above hurdles were resolved, then we may be able to say that Q is
a model of quantum set theory for a much broader class of complete OMLs L than what has

been proven above.

5.3 Comparison to Takeuti’s Quantum Set Theory

Takeuti’s reduction of ZFC, along with his model of these reduced axioms, is presented in
(42). Unfortunately, due to slight differences in his framework, as well as the many technical
details involved in his reduction of the ZFC axioms, we will not be able to give a full description
of the quantum set theory he develops, and will content ourselves with giving a qualitative
description of the main differences between our construction in the previous section and his

quantum set theory.
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First, Takeuti’s reduction of the ZFC axioms is more drastic in a number of ways. Most
obviously, he expands his language by introducing not only a new unary function,' similar to
our -*, but also new predicates? (related to the commutation of certain truth values).?

Also, most of his reduced axioms take the form ¥ (z1,z9,...) = x(x1,22,...) (for x some
ZFC axiom, and v a wif), where for many “quantum sets” f,g,... in Takeuti’s quantum model
we frequently have [¢(f,g,...)] = 0. Hence, for many tuples of Takeuti’s quantum sets, his
reduced axioms do not actually force the relevant ZFC axiom to hold! This is in marked
difference to our quantum sets, in which we place no particular constraints on which tuples of
quantum sets a given axiom holds.*

The model Takeuti constructs to satisfy his reduced axioms is also markedly different than
the models constructed in the previous section in other ways as well. Speaking intuitively,
Takeuti’s model gives a much “bigger” quantum set theory. As seen above, in our models

a quantum set is just a map from some set in the classical universe of sets U into a given

projection lattice L. Takeuti’s construction of the quantum sets, on the other hand, proceeds

)

'For those referring to his paper, the symbol he uses is *
x would yield .

, i.e. applying this function to a variable

2Again for those referring to his original paper, the symbols for these predicates are v and 1. Note
that Takeuti uses the symbol v to represent multiple predicates of different arity.

776.*7

3Note that unlike our C and T operators as well as our “function which are merely notational
shorthand, these predicates and this function symbol must be added by hand to the language Lg¢; in
Takeuti’s framework.

4That is, no constraints beyond the conditions on L which are needed to make Q;, a model of RZFC.
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via transfinite recursion starting with the set of all maps from the empty set into L, but then at
each successive ordinal allows maps from any quantum set already constructed into L. Since his
sets contain all of the usual “classical sets” as a subclass, we see that our class of quantum sets
@, forms a “small” subclass of Takeuti’s sets,! although the truth valuations of our quantum
set structures are entirely different from and dramatically simpler than Takeuti’s.

Finally, for the cognoscente,? we note that Takeuti’s models are a straightforward general-
ization of the construction of Boolean-valued models of set theory, where one takes the fixed
complete Boolean algebra B which serves as the truth values for a particular Boolean-valued
model, and replaces this B with a particular complete orthomodular lattice — namely, the pro-
jection lattice of a (complex separable) Hilbert space. It is perhaps not surprising that Takeuti’s
quantum sets are beset from the beginning with technical difficulties — as mentioned before,
the Boolean-valued models which form the starting point for Takeuti’s generalization are used
to prove independence results in set theory, i.e. they are built to behave unintuitively compared
to the classical universe! That our quantum sets are an attempt to generalize directly from the
intuitive classical universe is perhaps another reason accounting for the technical simplicity of
our models compared to Takeuti’s.

We will now proceed to the next chapter, where we use our quantum sets to construct

“quantum natural numbers” which will form the basis for a “quantum arithmetic”.

IThis is to say the underlying class of our models Q; form a subclass of the underlying class of
Takeuti’s universe.

2And also for those patient readers who trudged their way through section 5.1.3.



CHAPTER 6

QUANTUM ARITHMETIC

In this chapter we use the quantum set theory developed in chapter 5 to construct a quantum
version of the natural numbers (similar to the construction of the usual natural numbers as finite
ordinals), and then use these quantum natural numbers to build a natural quantum model of
(one particular) axiomatization! of arithmetic.

In section 6.1, we begin by presenting the basics of axiomatic arithmetic. We first discuss the
successor fragment, which is essentially an axiomatic treatment of counting, and then present
an axiomatization of arithmetic (including addition and multiplication). We also briefly discuss
the connection of our axioms to first-order Peano arithmetic, and present Dunn’s theorem on
the inherent classicality of the Peano axioms. We finish the section by showing how one uses
classical set theory to construct the usual natural numbers N.

In the following section (6.2), we proceed with the construction of our quantum model of
arithmetic. We first discuss the concept of a ‘successor’ in the framework of quantum logic,
and then proceed to construct a (classical) set of ‘quantum natural numbers’ (for any given
complete OML L). We then define a sum and product on these numbers which we use to

construct an L 4-structure (for the language £4 of arithmetic), and show that this structure

!By Dunn’s theorem (15), any model of the usual Peano axioms would be be a standard model with
a Boolean truth value algebra, as mentioned in 4.1.3.

228
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satisfies the axioms of the successor fragment (for any such L). However, these structures satisfy
the full arithmetic axioms if and only if L is modular. This gives our promised arithmetical
characterization of the lattice-theoretic property of modularity.

We next investigate (in section 6.3) some of the simple properties of the quantum models of
arithmetic we have developed. We first show that while the usual substitution axioms do not
hold in our models, our natural reduction of substitution presented in chapter 4 does. We then
show that any two-variable identity from the usual arithmetic on N is still an identity in the
framework of quantum arithmetic, but that once one considers expressions in more than two
variables this is not the case. In particular, we show that both associativity and distribution of
multiplication over addition no longer hold in our quantum arithmetic.

In the final section (6.4), we restrict ourselves to a particular case of the ‘quantum natural
numbers’ we have constructed — namely those which are built from our L -structures Oy,
where L is the projection lattice of a complex separable Hilbert space H. We find that the
quantum natural numbers in this context correspond precisely to the (bounded) quantum ob-
servables on H with whole number eigenvalues, and as such our arithmetical sum and product
give a “new” sum and product of these observables. While this new sum and product reduce
to the standard sum and product on commuting observables, this is no longer the case when
one considers non-commuting observables. We demonstrate some remarkable properties of this
new sum and product, including the fact that any given eigenvalue of the new sum of two

observables A and B is equal to the sum of some eigenvalue of A with some eigenvalue of B,
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and similarly for the product. We conclude by showing that our new sum and product are the

unique binary operations on observables satisfying some physically motivated criteria.

6.1 Arithmetical Basics

The theory of arithmetic (at least as far as the usual first-order treatment is concerned)
is represented by an equational M-system (see chapter 4).1 Also, like other equational M-
systems we have considered, (many presentations of) the arithmetic axioms contain £ (i.e. the
equality axioms E1-E3) as well as substitution axioms. We present the prototypical first-
order arithmetical axioms in this section, namely those of Peano arithmetic. As mentioned
previously (section 4.1.3), these axioms are inherently classical. As such, we develop an alternate
axiomatization which encodes many of the usual properties of arithmetic.

Arithmetic, as we consider it, is taken to have four operations — the first is a constant
representing ‘zero’, and another is a unary ‘successor operation’, which takes a single number
and yields the “next number”. The other two operations represent addition and multiplication.
One can also consider the theory containing only the successor and zero operations (known as
the successor fragment) in isolation from the full arithmetical theory. It is this fragment we

first consider.

"'We use the symbol ‘=’ for the equality in this chapter instead of the symbol ‘~’ used in chapter 4.
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6.1.1 Successor Fragment

First we define our equational language! Lg by specifying the function symbols Eg- :={0,},
with a(0) =0 and a(-") = 1. Of course, ‘0’ represents the number ‘zero’ and * ' ’ represents the
‘successor’ operation. We then define the following wifs (where we define ¢ # u := =(¢ = u) for

terms ¢ and u):

(S1) (Va)(a' #0)

(S2) (Va)(z#a'), (Va)(z #a"), ...
(83) (Va)(Vy)(z =y —>a'=y')

(54) (Va)(Vy)(a'=y' >z =y)

(85) (Va)[(z #0) ~ [(By)(z =y)].

Note that S2 above represents an infinite set of axioms, and that S3 is simply substitution
for the successor operation. We then define the successor axioms Ag to be S1-S5 above along
with the equality axioms £. The axioms listed above are classically equivalent to the usual

axiomatization of the successor fragment of first-order Peano arithmetic? — see (18) for details.

1Since the equality predicate for this theory will be the equality defined in the previous chapter
for sets (equation 5.1) suitably restricted, we will use the usual symbol ‘=’ to denote this predicate as
opposed to the symbol ‘~’ that was used in chapter 4.

2The induction schema from the standard Peano successor axioms has been replaced by S5 and the
infinite sequence of axioms S2.
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6.1.2 Full Arithmetic

Having established the language and axioms for the successor theory, we can now consider
the full arithmetic. We define the language £4 := LU {+, x} with arity a(+) = 2 and a(x) = 2.
We then define the following wifs.

(A1) (Vz)(z+0=1x)
(A2) (Va)(Vy)lz +y = (z +y)']
(A3) (Vz)(xx1=x)
(Ad) (Va)(Vy)(z xy' = (z xy) + ).
We then take our arithmetical axioms A4 to be A1-A4 above along with Ag. For purposes of

discussion, we also define the induction schema (which is used in first-order Peano arithmetic):

(Ind) ($(0) A (Va)[(x) > ¥ (a")]) > (Yy)v(y) for any La-wif $(2) (with 2 € By).

This will allow us to define the Peano axioms! to be Ap4 := A4 U Ind. The axioms A,4 are
not classically equivalent to Ap4, and in fact are strictly weaker (in both classical as well as
quantum logic). This will not be a great concern to us — they are already stronger than one
simple theory of arithmetic,? and as we will see, they have an extremely natural non-standard

model which justifies their use.

'We have a few extra axioms over the usual treatment, but as these are all theorems of the usual
Peano axioms this will not bother us.

2That is, Robinson arithmetic.
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With the above definitions, we are now in a position to state the theorem of Dunn which

has elicited so much commentary from us. (For a proof, see (15).)

Proposition 6.1. Dunn’s Theorem: In the language L4, the set Ap4 is inherently classical.

From this theorem we see that any non-standard L s-structures cannot satisfy Apa.

6.1.3 Classical Arithmetic

The original inspiration for axiomatic arithmetic is just the ordinary arithmetic we all
learned in grade school based on the natural numbers N. This arithmetic on N forms what we
will call the usual model of the M-system (L 4,.44), where the function symbols are interpreted
in the obvious way. Now, as mentioned in the previous chapter, we can “build” this arithmetic
within the framework of (classical) axiomatic set theory. Since we will perform a similar con-
struction in quantum axiomatic set theory to obtain the quantum natural numbers, it will be
useful to now briefly discuss the typical method by which the natural numbers are constructed

in classical set theory.

The Natural Numbers from Classical Set Theory

The reader familiar with ordinal numbers (see section A.3 in the appendix) already knows
where we are headed — namely, the finite ordinals represent the natural numbers, and the
successor operation is interpreted in the ordinal numbers by n — nu {n} (for any ordinal n).
For the reader unfamiliar with ordinal numbers, we will now discuss the relevant details. First,

we need a few notions in classical set theory.
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Definition 6.1. Let A be a set. Then Au{A} (denoted A’) is called the classical successor to
A. A set S is called inductive if both @ € S, and also A € S implies that A’ € S for any set A.

A set S is called transitive if, for any sets A and B with A€ B and B € S, we also have A € S.

If we think of & as being a natural choice to represent ‘zero’, then the classical successor as

defined above gives a natural way to construct all the remaining natural numbers. To wit, we

define

0:=9

1:=0"=¢"= {2} ={0}

2:=1"={o}' = {2,{2}} ={0,1}

3:=2"={2,{0}} = {0.{2},{0.{2}}} = {0,1,2} (6.1)
and so on, namely for n >3 take n:=nu{n}={0,1,...,n-1}.

We then denote the collection of all such natural numbers by w. Clearly, w is an inductive
set. Moreover, it is not hard to see that w is characterized by the property that it is contained
in every inductive set — i.e. w is the smallest inductive set. We can immediately see that every
natural number as defined above is a transitive set, as is w itself. Indeed, for any set A (in
classical set theory), there is a (slightly complicated) method of characterizing the elements of
w in terms of the property of being a transitive set, but these details won’t concern us (23).
Both the properties just discussed (namely that of being a transitive set and an inductive set)

will prove useful in the construction of our natural quantum model of arithmetic.
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Now, the above considerations show that the natural numbers w (as defined above) are
identical to the usual natural numbers N as far as the successor fragment of arithmetic is
concerned. As such, we will identify N and w, and treat n and n as being the “same” object
(for any n € N). Now, in principle we could describe the usual addition and multiplication on
N in terms of the sets in w, but this turns out to be a little complicated and doesn’t do much
to help build one’s intuition. Also, we will construct our addition and multiplication of our
‘quantum natural numbers’ directly, without interpreting these operations on sets. Hence we

will now leave our discussion of classical sets and arithmetic, and move on to the quantum case.

6.2 Quantum Arithmetic from Quantum Sets

We begin by generalizing the notion of the classical successor, as well as the notions of
transitive and inductive sets. We then form, for any given complete OML L, the (classical)
set of quantum natural numbers, and define a natural interpretation of the successor on these
quantum natural numbers, as well as addition and multiplication operators. We then proceed
to show that the structures we have created do, indeed, always model Ag, and also that these

structures model A4 iff L is modular.

6.2.1 Quantum Set Theoretic Preliminaries

In the previous section, we defined the classical successor of a set A to be the set AU{A}. In
this way, starting from @&, we constructed the natural numbers. The intuitive idea here is that
to a set A we add a single new “last” element — namely A itself. Once we move to quantum

sets, this is not necessarily the most natural way to define a successor.



236

As we stated, the successor function is supposed to represent “counting”. Also, we men-
tioned that we could think of numbers as transitive sets. Now, if we use the classical successor
in quantum set theory, it is easy to see that this operation will not generically preserve the
transitivity of sets. For example, take any quantum set f with sup f = {@}, and [@ € f] # 1.1

Then using the classical successor on this quantum set gives

[e " Inlf e fu{fil=1 but [gefu{fil=[oecf]*1,

showing that transitivity is ruined! A little thought shows that the way to preserve transitivity
would be to create a new set from the original by adding the empty set to the “beginning”,
and then “pushing the other sets in f down the line” (preserving truth values).? This idea

motivates the following definition, which is (admittedly) a little unwieldy.?

Definition 6.2. In the language L. define (for x € By )*

S(f)=P(folUr) and ¢(z,y):=C)(z=2"0v{z*}rzey)va=0

1Such a set must trivially be transitive because no set is in @.

20f course, while the empty set is at the “beginning” of the natural numbers (thought of as sets), this
is not the case for sets more generically. However, since our only use for the successor is the construction
of a quantum version of such numbers, this will not concern us.

3If we did keep the classical definition for the successor f’ of any quantum set f — that is, if we took
f'=fu{f} — we would obtain the exact same quantum natural numbers, even though the successor
fragment axioms would not be satisfied.

4We use the notation established in sections 5.1.4 and 5.2.2.
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and the define the successor to x, denoted z’, by

' ={ueS(x):Y(u*,x)}.

Note: This set exists by the separation axiom (RZFC3). Now, while a generic L does not give
a Qp which satisfies the RZFC axioms, in this case it is still possible to define a successor for
the ‘quantum sets’ in @, for any complete OML L. For such an L and f € @y, define f' by

equation 6.2 in the following proposition.

The following proposition shows the (quantum) successor behaves as in our intuitive de-
scription, and also agrees with the classical successor in the model Qp, when we restrict this

quantum successor to the natural numbers (elements of w).!

Proposition 6.2. Let L be any OML. In the L -structure Qp, the successor f’ of a quantum

set f €@y is given by (for A € Y)?

1 it A=9
f(A) = f(B) if A=Bu{B} for some BeJ (6.2)
0 otherwise.

Tt does not, in general (i.e. for an arbitrary classical set), reduce to the classical successor function
in this model. As the successor is designed for the purposes of constructing the natural numbers, this
fact won’t cause us any concern.

2As per the above note, we take this as the definition when Qj does not model the RZFC axioms,
so in this case there is nothing to prove.
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Proof. We use lemmas 5.9 and 5.6 frequently without comment in this proof. First, we compute

(for any A € Q)

Uf*(A) = [[XA € Uf*ﬂ = (UXsupf)(A) = \/ Xsupf(B)
AeBel

1 if there exists a B €0 with Ae Besup f

0 otherwise.
The aforementioned lemmas then also yield that ( ffuuf *)(A) =1 if either (i) A esup f, or
(ii) there exists a B € U such that A€ B esup f. We then easily see that P(f* uU f*)(@) =1,
and also for any B €sup f that P(f* U Uf*)(B u{B}) =1, since, for any C' € B, we have that
C e Besup f, and also B € sup f, so that (f* UUf*)(C’) =1 for all C € Bu{B}. From this we

see that, if g € @y such that supg = Bu {B} for some B €0, then

[2e5(N=5()(@)=1 and [geS(H)]=S()(BU{B})=1

Then we consider

[v(2", H1=13E2) (2" =z"u{"trze fllv]e =] 22" =2] 21,

which shows that f/(@) =[@e f']=[2S(f)]Arlv(z*, f)] =1



239

Next, let g € @1 be a quantum set with supg = Bu {B} for some B €. Then

[v(g" NI =132)(g" = 2" v{"trze f)] vy = 2]

=[9" =xpu{xstlnlxs e f]=f(B),

where we have used lemma 5.14, showing that for any A with A= Bu{B}, we have that

f'(A)=f'(supg) =[g e f']=[g e S(NIA[¥(g". )] = £(B).

Finally, we assume that A # @, and A + Bu{B} for any B € 0. We will show that f'(A4) =0
by contradiction, so assume not, and let h € @7 be any quantum set with suph = A. Then we

have

0% f'(A)=[hef <" Nl

so that [¢(h*, f)] # 0. Hence, we have either (a) [h* = @] # 0or (b) [(Iz)(R* =z" u{z*} Az ey)]
# 0. First considering case (a), we have [h* = @] = [xa = &] so that if [A* = &] # 0 we must
have A = @ which is a contradiction. Next considering case (b), we note that (for any quantum
set g € @Qr) [h* = ¢g* u{g*}] takes on only the values 0 and 1 (by lemma 5.14), so hence if
[(3z)(h* =z u{z*} Az ey)] # 0, there must be some quantum set g with A =supgu {supg}
which is also a contradiction. These two contradictions show that we must have f'(A) =0 if

A+ @ and A+ Bu{B}, completing the proof. O
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Transitive and Inductive Quantum Sets

Now that we know how to compute the successor in our natural model of quantum set
theory, we can generalize the notions of transitive and inductive sets to these models (in fact,

even to structures Qy, with L any complete OML).

Definition 6.3. Let L be a complete OML, let f be an L-valued set, and let [-] be the truth
valuation of Qy. Then f is said to be inductive if [@ € f] =1 and [(Va)(z e f >z’ € f)] =1

f is said to be a transitive set if

[(V2) (V) ([(y € /) A (@ e y)] = (e £))] = 1.

In the framework of classical set theory, the property of being inductive was sufficient to
define the natural numbers in terms of sets. In our quantum set theory, however, we will also

need the property of being a transitive set to get a handle on the quantum natural numbers.

6.2.2 The Quantum Natural Numbers

The first step in constructing a model of the arithmetical axioms A4 is to form a candidate
(classical) set to use as the underlying set for an £ 4-structure. We will obtain such a set for any
complete OML L (which we will call wy). As any particular wy, will be the analog of the set N

in the usual model of arithmetic, we will call elements of these sets quantum natural numbers.
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We define a little notation to make the definition of a quantum natural number easier to

parse. Let 7(z) be given by (for z,y, z € By)!
vr(z) = (V2)[[(Bez) n (Vy)(yez >y ez)] > aez],
(meaning “z is an element of every inductive set”), and let 17 (x) be defined by
vr(@) = (¥9)(v2)([(y e 2) A (2 €y)] > (2 €))

(meaning “z is a transitive set”). Then we can then define our quantum natural numbers.

Definition 6.4. Let L be a complete OML, and let Q; be the structure of def. 5.2. Then

€ @y is said to be a quantum natural number (or simply quantum number)? if
f q ply ¢

[or(f) nvr(f)] =1

We then define the (classical) set wy == {f €@ : [¢r(f) Avr(f)] =1}.

!Technically speaking, the y’ which occurs in the definition of 17 is only defined when Qy = RZFC.
For the case of more generic L, to keep everything truly kosher we would need to go through the tedious
process of adding a unary function symbol to Ls.; and then interpreting this function symbol as the
successor we have defined. We will leave the details to those readers who have nothing better to do with
their time.

2Not to be confused with the quantum numbers describing a quantum state!
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Note: Intuitively speaking, we take the quantum natural numbers to be those quantum sets f
for which the statements ‘ f is a member of every inductive set’ and ‘ f is a transitive set’ are

both true.

The following proposition shows that we can give a nice characterization of the quantum

natural numbers.

Proposition 6.3. L be a complete OML, let Q7 be the structure of def. 5.2, and let f € @,
be a quantum set. Then (recalling that w is the set of natural numbers thought of as classical

sets)

L [6r(f)] =1 iff sup f ew,

2. [vr(f)]=1iff f(A) < f(B) whenever B € A (for any A, B €0).

Proof. We we first will prove (1) above. First we compute

[Vr(H]=1(V)[[(@ez) A (Vy)(yez >y ez)] > ez]]

= A ([n@)n A (h(supg) > h(supg))] = h(sup ),
he@p, 9e@p,

so by lemma C.14, we see that [¢7(f)] =1 iff for all h € @7, we have that

h@)n N (h(supg) - h(supg')) < h(sup f). (6.3)

QE‘@L

First we assume that [¢7(f)] = 1. Now if supg ¢ w, then x,(supg) =0, so xw(supg) —

Xw(supg’) = 1 by lemma C.14. On the other hand, if supg € w, then supg’ € w as well, as can
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be seen from prop. 6.2. This means that x,(supg’) = 1 and so, x,(supg) = xw(supg’) =1
again by lemma C.14. Then we take h = x,, in equation equation 6.3, which gives (since @ € w

so that x,(2) =1)

Xw(@) A A (Xw(supg) = xw(supg’)) = 1 < xw(sup f),

9€®L

so that sup f € w.
Next, we assume that sup f € w. We will show that equation 6.3 is satisfied (for any h € @)
for any sup f € w by induction on w. The base case 0 = @& € w is trivial, so assume that, for

new,

h(@) A g [h(supg) = h(supg")] < h(n).

Then we trivially have, for any n € w and h € @p, that

h(@) A A [h(supg) = h(supg’)] < h(sup x») = h(supx,,) = h(n) - h(n+1).

gE@L

The previous two inequalities then give

h(2) A % [h(supg) = h(supg')] < h(n) A[h(n) > h(n+1)] =h(n) Ah(n+1) < h(n+1)

where the equality holds by orthomodularity, which completes the induction.
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Next, we will demonstrate (2). First, note that [¢7(f)] = 1 iff for any g € @ and B € U

(using lemma C.14) we have

f(supg) A g(B) < f(B). (6.4)

First, assume [¢7p(f)] = 1. Then for any A € U and B € A, equation 6.4 yields that (taking
g =x4) f(A) < f(B). Next, assume f(A) < f(B) for any B € A € Y. For any B € ¥ and
ge@p, if g(B) A f(supg) # 0, then B e supg € sup f, so that f(supg) < f(B) by assumption,

which yields that equation 6.4 is satisfied. O

By the above proposition, the fact that a quantum natural number f satisfies [¢;(f)] =1
forces sup f to be an (ordinary) natural number,! and the requirement that [¢7(f)] = 1 forces
(for each 7, j € w) that f(j) < f(i) whenever i < j, so that the f(i)’s form a decreasing sequence
of elements in the truth value algebra L associated with the model. Moreover, these criteria
characterize the quantum natural numbers for any given L. Of course, when L = Bs one
recovers the ordinary natural numbers, with the number natural number ‘n’ corresponding to
that f ewp, with f(i) =1 iff i < n.

Notational Conventions for Quantum Natural Numbers

We will now present some conventions for dealing with quantum natural numbers that we
will utilize extensively throughout the remainder of this chapter. First, we will frequently denote

a quantum natural number by an upper case Latin letter A, B,C,.... Then, for n € w\{0} and

'Hence, also that sup f is a transitive set.
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Acwp,! we define A, := A(n-1) to reduce notational clutter, and Ag = 1 for technical reasons.

It is also easy to see in this notation that

1 ifn=0
(A,)n =

A, ifn>1,

and we will frequently leave off parentheses, writing A/, for (A"),.
Finally, we will frequently identify A € wy with its associated decreasing sequence, which

we will present as (where n > sup A)

(A(0),A(1),...,A(n-1)) = (A1,..., 4p).

In this notation, the successor of A € wy produces a new tuple by simply adding a ‘1’ to the

left side of the above tuple, so that

(A1, Ay) = (1, A1, .., Ay).

Also, by our definition the representation is only unique up to trailing zeroes. As an example,
we have (for any a € L)

(1,a,a,0,0) = (1,a,a,0) = (1,a,a).

!Note that we can think of A as a map from w to L, since supA € w.
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As mentioned earlier (section 6.1.3), we will identify N and w in the sequel.

Addition and Multiplication of Quantum Numbers

In this section we define an interpretation of the addition ‘+” and multiplication ‘x’ symbols
on quantum natural numbers. We then proceed to prove some technical results concerning the

properties of these operations which we will use in proving that the axioms A4 hold.

Definition 6.5. Let L be a complete OML, and let A, B € wy. Then we define A + B and

A x B by (for n € N, where the indices k and j are understood to run only over elements of N)

(A+B)n:=V (AxaBj) and (AxB)y:= '\ (AxrBj). (6.5)

k+j>n k-j>n

Of course, we need to show that A + B and A x B so defined are actually quantum natural
numbers. This is done in proposition 6.7, the proof of which will require a number of technical

lemmas which we will present after the following simple definition.

Definition 6.6. Let L be a complete OML, and let A € wy, be a quantum natural number.
Then a € N is called an eigenvalue of A if Ay # Aq+1. The set of all the eigenvalues of A is called

the spectrum of A, which we denote o(A).

As may be expected, this notion is a generalization of the linear algebraic notion of an
eigenvalue. The connection will become clear in section 6.4.1 — in particular see proposition

6.20.



247

Lemma 6.4. Let L be a complete OML, and let A, B € wy, be quantum natural numbers. Then

(A-i-B)n=\/Ak/\Bn_k= \/ Ak/\Bj.
k=0 k+j>n
kea(A)
jea(B)

Proof. By definition we trivially have

\/Ak/\Bn_kS \/ Ak/\BJ=(A+B)n
k=0 k+j>n

Consider Ay A Bj with k+j >n, and k <n. It follows that j > n -k, and since the B;’s form
a decreasing sequence, we have that B; < B,,_j, and so also Ay A B; < A A B,,_j,, and so we also
see that every non-zero term in the join on the RHS of the above inequality is also in the join
on the LHS, establishing the other inequality, giving equality.

The second equality is easy to see, for any [ € N, let [4 be the smallest eigenvalue of A
greater than or equal to [, and similarly let [p be the smallest eigenvalue of B greater than or
equal to [. It is easy to see that Ay = Ay, and B; = B;, for any j,k € N. The result follows

trivially from this fact. O

Lemma 6.5. Let L be a complete OML, and let A, B € wy, be quantum natural numbers. Then

(A XB)n= \/ASAB[E] = \/ Ak/\Bj.
5=0 ° k-j>n
kea(A)
jeo(B)

where [%] denotes the smallest integer greater than .
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Proof. By definition we trivially have

k-j>n

If n = 0 the result is trivial, so consider n # 0, and also consider A, A B; with k-j >n and
k <n. It follows that j > 7, so that j > [#]. We then have that Az A Bz > Ai A Bj since the
B;’s form a decreasing sequence. We then see that every term in the join on the RHS of the
above inequality is less than some term in the join on the LHS, yielding the other inequality,

which means the two expressions are equal.

The second equality follows trivially by the same considerations in the previous lemma. [J

Lemma 6.6. Let L be a complete OML, and let A, B € w;, be quantum natural numbers, and

let n e N. Then (A + B)ns1 < (A+ B)y, and (A x B)py1 < (A x B)y,.

Proof. By definition we have

(A+B)n:=V (AaB;j) and (A+B)ui= V (4pnBj),

k+j>n k-j>n+1

and so the result follows trivially (since k+j > n + 1 implies k + 7 > n). For the multiplication

we similarly have

(A X B)n = \/ (Ak /\Bj) and (A x B)n+1 = \/ (Ak /\Bj),

kj=n kj>n+1

and so the inequality holds for the similar reasons. O
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Proposition 6.7. Let L be a complete OML, and let A,B € wy. Then A + B € wy, and

A>.<B€LL)L.

Proof. This follows trivially from lemmas 6.6 and proposition 6.3. O

6.2.3 Quantum Models of Arithmetic

We now have all our pieces in play to construct the L£4-structures which will model our
arithmetical axioms A 4. First, we will use the truth valuation from our quantum set theory to

construct a truth valuation for the quantum natural numbers in the obvious way.

Definition 6.7. Let L be a complete OML, let QO be the structure of def. 5.2 with truth
valuation [-]g, and let wy be the quantum natural numbers. Define v to be the map from
the atomic evaluated wr-extended L4-sentences into L given by v(A = B) := [A = B]g for
all A,B € wr. Then the truth valuation [-] obtained by extending v to all £4-wffs (given by

proposition 3.12) is called the set-inspired truth valuation w.r.t. L.

Note: We can easily see from this definition that (for A, B € wy, and N := max(sup A, sup B))

We can now define the structures which will serve as models for both Ag and Ajy4.

Definition 6.8. Let L be a complete OML, let §;, be the interpretation of £4 in wy, obtained

by the following assignments: let 0 — @, interpret the symbol - as the successor of definition
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6.2, and interpret + and x as in definition 6.5. Further let [-] be the set-inspired truth valuation

w.r.t. L. Then we define the quantum L-number structure (denoted Mr,) by

N = (wr, L, [-],8L)-

We begin by showing that (for L any complete OML) 917, (thought of as an Lg structure!)
is a model for the successor axioms Ag. We will then proceed to prove a number of technical
results which will ultimately allow us to show that 9, & Ay iff L is modular. We actually find
that most of the arithmetical axioms hold in 91, even if L is not modular — we will make this

apparent in the upcoming lemmas.
Theorem 7. Let L be a complete OML. Then 91, = Ag.

Proof. The equality axioms E1-E3 follow directly from proposition 5.3 due to the definition of

the truth valuation in 917, (def. 6.8).

Examining S1, we see that we need to show, for any A € wy, that [A’ = 0] = 0. But we have

[A"=0]=A\A4;<0<A] <0=0

i>1

by proposition 6.2 and lemma C.14, so that S1 holds in 91;..
Next we consider S2. For any A € wy, and n € {1,2,...}, we let A represent the successor

operation applied n times to A. Then, in order to establish S2, we need to show (for any A and

'Namely, by simply forgetting about the multiplication and the addition.
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n as above) that [A(™ = A] = 0. It is easy to see that A — AL ifm o> n, and 1 otherwise.

Using this gives

[AT) = AT = A(AP & A) = A\ A n A\ (Ain < A7)

€N <n >n

= An N /\(Az_n - Az)

>n

= An A Al A /\(Az - Ai+n)-

i>1

where we have used that the A;’s form a decreasing sequence, and lemma C.14. By induction
on j (for any n > 1), we will show that Ay A A\(A; > Ajsn) < A;j for any j > 1. The base case
i>1

j =1 1is trivial, so assume the result holds for some given j. Then

AT AN(Ai = Ain) = A A N(Ai = Aiin) <A A (A > Ajin) = Ajun < Aji,

i>1 1>1

where the first equality follows from our inductive assumption, we have used orthomodularity
to obtain the last equality, and we have also used that the A;’s form a decreasing sequence.
Since there is some j such that A; = 0, this gives that [[A(”) = A] =0 as required.

We next consider S3 and S4 simultaneously, since they will both be satisfied if we can show

(for any A, B ewy) that [A=B] =[A"= B']. Computing gives

[A"=B"]= /1\\](142 < Bj) = {\1(142'—1 < Bj1)= /g(Az‘ < B;) =[A=DB],

so that both these axioms hold in 91y,.
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Finally, we consider S5. To establish that this axiom holds in 9y, it suffices to show (for

any A €wp), that

[A=0]<[(An)(A=y)]= V [A=B,

BEUJL

by lemma C.14. Also by that lemma, we have [A # 0] = = /\ -4; = A;. Now, defining Cj =1

i>1

and C; = A;_1 for ¢ > 1, we have that C] = A; for i # 1, so

V [A=B']2[A4=C"]= N(Ai < C]) = A1 1= A4,

Bewy, ieN

establishing S5. O

Now that we have established that (for L any complete OML) our quantum L-number

structure models the successor axioms, we will show that these structures also model A1-A3.
Lemma 6.8. Let L be a complete OML. Then 917, =A1-A3.

Proof. We begin by considering Al. To show that this axiom holds in 9%y, we need to show

that [A +0=A] = 1. But (recalling that 0, = 1 iff b= 0, and 0 otherwise)

(A+O)n: \/ (Aa/\ob): \/Aa:Ana

a+b>n a>n

showing that Al holds in ;..
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Next we consider A2, for which it suffices to show that (for any A, B € wy, and n € N) that

(A+ B'),=(A+ B)!,. We compute (for n > 1, since the n = 0 case is trivial)

(A+B)n=\ (Ae+B)=Anv \ (At Bpy)=Anv \/ (Aa+By)

a+b>n a+b>n a+b+1>n
b+0
=V (4o + By) =(A+ B),,
a+b>n-1

showing that A2 indeed holds.
Finally, we consider A3. For any A € wy, and n > 1, a simple computation yields (using that
1y =1 for b< 1, and 0 otherwise)

(Akl)n: \/(Aa/\lb): \/Aa:Ana

ab>n a>n

so that A3 does indeed hold. O
Lemma 6.9. Let L be a complete OML. Then 9y =A4 iff L is modular.

Proof. First, we assume that L is modular, and let A, B € wy. Since the image of A and B
are each chains in L, by Jénsson’s theorem C.7, we can use distributivity in all the following
expressions (recalling that all of our joins are finite), and we do so. First we compute (for n > 1,

since the n =0 case is trivial)

(AxBYn=\ (AaAB) =\ (AanBo1)= \/ (AahBy).

ab>n ab>n a(b+1)2n
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Then we also have

(A% B)+Aln= V(A% B)inA1= V([ V (AxaB)] A 4Ay)

j2xn ig>n - k+l>1

=V ( \ (Aj/\Ak/\Bl))= \/ ( \ (Amaxu,k)ABz))-

j2n - k+1>1 igen - k+l>1

It is then easy to see that (A x B’), < [(A x B) + A],, since for a generic A, A B, with
a(b+1)>n, take k=1, j=a and [ = b, along with i =b+ 1 and j = a so that A, A By occurs
in the join defining [(A x B) + A],. Similarly, we see that any term Ay, xy A By in the join
defining [(A x B) + A],, also occurs as a term in the join defining (A x B’),, since we can take
a =max(j,k) and b =1[. The two inequalities show that in fact these two expressions are equal
for each n > 1, so that A4 is satisfied.

Next, we assume that L is not modular, so by proposition C.5 L has a sublattice isomorphic
(as a lattice) to the lattice N5 of example C.4. Using the same labeling of elements in that

example, define A, B € wy, by
A:=(t,y,x) and B:=(t, z,z2).
As mentioned earlier, B’ = (1,t, z,2), and it is easy to compute

A x B=(t,t,t,b,b) andso [(Ax B)+ Als=v.
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Meanwhile another computation yields

(A x B,)5 =Xx.

Then, by lemma C.14, A4 cannot be satisfied. O

We then have (as a trivial corollary of the previous results) the following promised theorem

characterizing modularity in terms of models of arithmetic.

Theorem 8. Let L be a complete OML. Then 9y, = A4 iff L is modular.

Proof. This simply combines the results of lemmas 6.8 and 6.9 as well as theorem 7. O

6.3 Properties of Quantum Arithmetic

In this section we investigate some of the properties of the models 917, of arithmetic developed
above (where L is a complete modular ortholattice). First, we examine the substitution axioms,
and provide examples showing that they are not satisfied in general. We also discuss reductions
of these axioms. Next we examine expressions which are polynomials in two variables, and
show that amongst this class of expressions, all identities which hold in the usual arithmetic of
the natural numbers also hold in our models 91y

Moving beyond this class of examples, we consider associativity and the distributivity of
multiplication over addition, and show that generically neither of these are satisfied. We do,

however, provide a simple criteria for showing that distributivity and associativity do hold.
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6.3.1 Substitution

The following examples (6.10 and 6.11) show that we do not generically have substitution
for addition and multiplication in our models 91y, even if L is the projection lattice of a Hilbert

space. For the first example, we consider our multiplication x.

Example 6.10. In order to see that substitution for x does not hold generally, let H be
a complex two dimensional Hilbert space and let L be the associated projection lattice (see

section 1.2.2). Take

A=(I1,I,I,P,P,P), B=(I[,1,I,I,P,P), and C=(I,1,1,1,Q,Q),

where P+ @Q and P,Q # I,0. Now, we easily compute (using lemma C.14)

[A=B]=A(A; < B;)=(P<I)A(P< P)=P.
1eN

Then, an explicit calculation gives that

AxC=(I,1,...1,P,P,...P),

where there are 181’s and 6P’s; also, we obtain B x C' = (I,I,...I), where there are 241’s.
Finally, we have that [A x C' = B x C'] = 0 since Aje; (A x C);A(B x C); has at least one term

that is P < @ = 0. Note that P < @ =0 follows from the fact that P - Q =-PVv(PAQ) =-P
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and Q - P =-QVv (PAQ) =-Q, so that P < Q = =P A=Q = 0 since we consider a two-
dimensional example and we take P+ @ and P,Q + I,0.
And so, since P £ 0, we see that [A = B] £ [A x C = B x C], which shows that substitution

for x does not hold even generically in our models.

We now consider substitution for the operation +.

Example 6.11. In order to see that substitution for x does not hold generally, again take H
to be a complex two dimensional Hilbert space, and let L be the associated projection lattice.
Take

A=(I,I,I), B=(Q,Q,Q), and C=(I,PP),

where P + @ and P,Q # I,0. Now, note that [A = B] = Q. That this is what A = B valuates to
follows from the fact that in A;c; A; <> B;, the only contributions come from I < @ = @ (since

all other terms are 0 <> 0 = 1); thus, we have that [A = B] = Q. An explicit calculation gives

A+C=(1,1,I,P,P) and B+C=(1,1,1,Q,Q),

from which we see that

[AXxC=BxC]=NAxC)n(BxC)

iel

= DAIoDAToDAI QA (P-Q)A(P<0)=QA0AP =0,
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where we have used the fact that P < Q = 0. As such, we see that [A + C = B+ C] =0, and
so, since @ £ 0, we see that [A = B] £ [A + C = B + C]. This shows that substitution for +

does not hold in general.

Since substitution for + and x does not hold in general, it is natural to try the reduced
versions of substitution discussed in section 4.1.1. Demonstrating the reduced axioms RSub[+]

and RSub[x] for a particular 91, amounts to showing (for all f,g,h € wr)

[T(f=9)>(9+h=g+h)]=1 and [T(f=g)~>(fxh=gxh)]=1,

since our operations are clearly commutative (recalling the definition of the ‘T operator’ —
def. 3.2.2)

The above statements can easily be verified in 917, (for L modular) using proposition 3.9,
since by lemma C.21 we have My = C(T(¢)) A [T(¢) — ] for any wif ¢ (from lemmas 3.10
and 3.11). Hence, we can add the reduced substitution axioms to A4 along with the axiom
T(v) — 1, to arrive at a presentation of the arithmetic axioms which are classically equivalent
to A4 U {Sub[x],Sub[+]} (by proposition 4.2).

6.3.2 Two-variable Expressions in Quantum Arithmetic

We will now show that all two-variable identities of standard arithmetic are satisfied in
our quantum arithmetic. (The reader will recall that the informal notion of a “polynomial” is
represented in formal logic by the notion of a ‘term’.) This will follow simply from the following

proposition.
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Proposition 6.12. Let L be a complete modular ortholattice, and let p(z,y) be an £ 4-term.

Then for any A, B € wy,, we have that (for any n € N)

p(A,B)n=\/ (4;ABy), (6.6)
p(j,k)2n

where p(A, B) is the evaluation of p in My, and p(j, k) represents p evaluated in N (the usual

model of arithmetic).!

Proof. For notational ease we make everyone take their hats off, and use the same symbol
to represent a term and its evaluation. We then prove this proposition by induction on the
construction of extended L4-terms. Since there is only one constant symbol in this language,
there are two base cases. For the case of the constant 0, we recall that 0 is interpreted as @,
i.e. the map which sends every n € w to 0 in L. Hence, by definition 0y = 1 and 0,, = 0 for all

n > 1. We see by inspection that this agrees with

On = \/(An/\Bk)

0>n

1Recall that the evaluation p( A, B) is simply the quantum number obtained by taking the polynomial
expression p(z,y), plugging in the quantum numbers A for x and B for y, and then computing.
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from the fact that Ag = By = 1 and the join over an empty set is the bottom element. The other

base case for a term is p(z,y) = x, and we easily see that for this p,

V' (4~ By) =\ (AjnBy) =\ (4;) = A, = (A, B).

p(i.k)=n j2n j2n

We now consider the inductive steps. The first operation to consider is the successor.
Assume that f(z,y) is a term satisfying equation 6.6. We need to show that [f(x,y)]" also
satisfies this equation. It is easy to see that for any quantum natural number C', we have that
(C")p = Cpq for all n > 1 (and, of course, (C")p = 1. From this, we compute (for n > 1 — the

n =0 case is trivial).

[f(AB)Tn=[f(AB)na= V (A4ABy)= V (4;7B)

f(Gk)2n-1 fGk) 2n

for all n > 1 (since the successor is just ‘+1’ in N).
For the next inductive step, we consider the sum and product simultaneously — to this end,

let * € {+,x} and assume that equation 6.6 holds for the two terms f(x,y) and g(x,y). First,
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using lemma C.7, we see that the set of all A;’s and B;’s generate a distributive sublattice of

L. Hence, we can use this (lattice) distributivity with abandon.!

[F(AB)+g(AB)= V ([ V (AanB)IA[ V (AcABo)])

kxl>n ~ f(a,b)>k g(c,d)=l

=V V  (AaAByAAcnBy)]
kExlzn = f(a,b)zk
g(e,d)=l

= \/ [ \/ (Amax(a,c) A Bmax(b,d)):la
kxl>n = f(a,b)>k
g(c,d)=l

where we have used that the A;’s and Bj’s form a decreasing sequence. Now, first note that we

have

\/ [ \/ (Amax(a,c) A Bmax(b,d)):l 2 \/ (Ar A BS)7
kelon © f(a,b)2k F(rs)xg(r,s)2n
g(c,d)2l

as we can see that (for any r and s satisfying f(r,s) * g(r,s) > n) the term A, A B is in
the join on the LHS of the above expression by taking ¢ = ¢ = r and b = d = s along with
k= f(r,s) and | = g(r,s). To get the other inequality, note that for any k,l,a,b,c,d € N such
that k1 >n, f(a,b) > k and g(c,d) > [, we can take r = max(a,c) and s = max(b,d). Then

f(r,s) > f(a,b) and g(r,s) > g(c,d) (due to the monotonicity of polynomials in arithmetic on

L Although we appear to have infinite joins, since both A and B are quantum natural numbers, in
fact the joins only run over a finite number of terms.
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natural numbers), and this means that f(r,s) * g(r,s) > k *[ >n, so that any term in the LHS

of the above expression is also in the right, yielding that in fact we have

[f(A7 B) * g(Av B)]n = \/ [ \/ (Amax(a,c) A Bmax(b7d)):| = \/ (Ar A BS)
kxl>n = f(a,b)>k f(r,s)*g(r,s)=n
g(c,d)=l
which completes the induction. ]

From this we can easily see that any two-variable identity in the addition of the usual
natural number (e.g. [(z +y)x] +3 = (22 + 1) + (xy +2)) is trivially satisfied in our quantum
arithmetic, since for two two-variable polynomials such that p(z,y) = ¢(x,y) in the ordinary

natural numbers we have (for any n € N, retaining the notation of the previous proposition)

[ﬁ(Aa B)]n = \/ (Aa A Bb) = \/ (Aa A Bb) = [Q(A7 B)]n

p(a,b)>n q(a,b)>n

6.3.3 Failure of Associativity and Distributivity

We now provide examples showing that our addition and multiplication are generically

non-associative. First we consider +.

Example 6.13. In order to see that associativity of + does not hold in general, let L be the
projection lattice of a complex two dimensional Hilbert space and let Ay = P, By = Q, and
C) = R for distinct one-dimensional projectors P, @, R, and then A, = B,, = C, =0 for all n > 2.
We have that

A+B=(PvQ,PAQ) and B+C=(QVR,QAR),
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while

(A+B)+C=(PVvQVR,(PAQ)V(RA(PVQ)),PAQAR).

We compute

(AiB)iC=(,R).

On the other hand, we have that

A+(B+C)=(PVQVR,(QAR)V(PA(QVR)),PAQAR),

and so

A+ (B+C)=(I,P).

Thus, we see that

A+(B+C)#(A+B)+C,

and as such, + is not an associative operation.

Now, we provide an example showing x is not associative in general.

Example 6.14. In order to see that associativity of x does not hold in general, let L be the
projection lattice of a complex two dimensional Hilbert space, and let A = (I, P), B = (1,Q),

and C' = R, where P, Q, R are distinct one-dimensional projectors. We have that

AxB=(I,PvQ,PAQ,PAQ)=(I,I),



264

while
BxC=R.
Now,
(AxB)xC=(R,R),
while

A% (BxC)=R.

Thus, we see that

Ax (B%C)#(AxB)xC,

and as such, x is not an associative operation in general.

We now show that multiplication does not generically distribute over addition in our quan-

tum arithmetic.

Example 6.15. Let L be the projection lattice of a complex two dimensional Hilbert space,

and further let

A: (I7I7P7P)7 B:(I7IJQ7Q7Q7Q)7 a’nd C:(I7R7R7R)7

where P+ Q, P+ R and @ #+ R; also P,Q, R+ I,0. We have that

(B+C)= (17[71317171762)7
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and an explicit calculation shows that A x (B + C) is given by 141’s and 10P’s. Now, we also

have that

('A >< B) = (I’I’I7I7I7I7I7I7Q7Q’Q?Q)7

and

(AxC)=(,1,1,I,R,R, R, R).

From these, one can then show that (A x B) + (A x C') is given by 16I’s. Thus, we see that

Ax(B+C)#(AxB)+(AxC),

showing that multiplication does not generically distribute over multiplication.

6.3.4 Nice Behavior of Arithmetic for Certain Numbers

We now prove that multiplication distributes over addition for quantum numbers A, B,C
when their images are contained in a distributive sublattice (which does not need to be a
subortholattice).! More generally, one can also demonstrate a generalization of proposition
6.12, showing that all polynomial identities in N still hold for any set of quantum natural
numbers whose images all live in a distributive sublattice — the proof is almost identical to the

previous proposition, the notation is just a little unwieldy.

1 J6nsson’s theorem gives a nice characterization of how chains (recall that the images of our quantum
numbers form chains) in modular lattices generate distributive sublattices — see proposition C.6.
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Proposition 6.16. Let L be a modular ortholattice, let A, B,C' € wy be quantum natural
numbers, and furthermore assume that the images of A, B,C (considered as maps from w to

L) generate a distributive sublattice. Then
Ax(B+C)=(AxB)+(Ax(C).
Proof. First we compute

jk>n jk>n l+m>k

=V (V aBACw), (6.7)

jk>n \ l+mzk

where we have used distributivity to obtain the final equality. Then, we also have

[(A%B)+(A%O)]n= V [(AxB)an(AxCpl= V (V (AcrBa)n V (4 A Cp))

a+b>n a+b>n " cdza ef>b

\V ( \/(AC/\Bd/\Ae/\Cf))

a+b>n  cd>a

ef>b
= \/ ( \/ (Amax(c,e) A Bg A Cf)) (68)
a+b>n gzjicz;lj;

First consider a generic element A; A By A Cy, in the final join in equation 6.7. Taking c =e = j,
d =1, and f =m, along with a = jl and b = jm, we easily see that a +b = j(l +m) > jk > n, so
that this term occurs in the join of equation 6.8. Similarly, for a generic Ayax(c,e) A Ba A Cy

occurring in the join in equation 6.8, if we take j = max(c,e), [ =d, m = f, and also k =d + f,
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then we see that jk =j(d+ f) > cd+ef >a+b>n, so that this term also occurs in the join of

equation 6.7. Hence, these joins are over the exact same sets, and so must be equal.

O

The above results show that modularity is important not only for satisfying the axiom A4,
but also for ensuring that our arithmetic is sufficiently “well-behaved”. We now move on to

consider the most most interesting quantum number structures.

6.4 Arithmetic over Projection Lattices

For the remainder of the section, we let P(H) denote the projection lattice associated to
any given Hilbert space . Recalling the discussion of section 1.2.2, as well as propositions 1.16
and C.24, a projection lattice P(#H) over a complex separable Hilbert space H is a complete
OML, and is modular iff H is finite dimensional. We will see that the quantum numbers wp(y)
are in 1-1 correspondence with the bounded observables (i.e. bounded Hermitian operators)?
on H with (only) whole number eigenvalues on ‘H — as such we identify a quantum natural
number with its corresponding observable.?

Using this identification, the arithmetical addition and multiplication have some have some

intriguing properties which we state for the sum (+) — the corresponding statements also

hold for the product (x). First, for quantum natural numbers A and B which commute (as

1As is customary, we blur the distinction between an observable and its corresponding Hermitian
operator.

2This correspondence will be made precise shortly.
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observables), we have that A + B is simply the usual (linear algebraic) operator sum. In fact,
something stronger is true regardless of whether A and B commute — for any simultaneous
eigenstate |1)) of A and B (with eigenvalues a and b respectively), we have that [¢) is an
eigenstate of A + B with eigenvalue a + b (just as for the usual linear algebraic sum). Finally,
very much unlike the usual sum from linear algebra, every eigenvalue of A + B is equal to the
sum of some eigenvalue of A with some eigenvalue of B. And, as mentioned before, the product
(x) has similar properties.

Finally, we conclude this section with a uniqueness theorem which may hopefully be useful in

determining the appropriate physical interpretation of this new sum and product of observables.

6.4.1 Quantum Numbers as Observables

For any separable! Hilbert space H, consider a quantum natural number A € wp(p)- As
described above, A is an order reversing map from w to P(?) that is eventually 0 (see section
6.2.2). As per the discussion of that section, for n = sup A, we have that A;,..., A, are a
sequence of decreasing non-zero projection operators in H, and A,4+1 = 0. There is then an
obvious bounded observable with (only) whole number eigenvalues which we construct from A,

namely

Keep in mind that such quantum natural numbers will not model the arithmetical axioms A4 unless
the Hilbert space is finite dimensional.
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As such, we will identify A with this observable. Moreover, it is straightforward to see that any
bounded observable with only whole number eigenvalues corresponds to some quantum natural
number in this fashion (in particular, all the observables with only whole number eigenvalues

when #H is finite dimensional).

Example 6.17. Consider an operator A on a three dimensional Hilbert space H with orthonor-
mal basis {|11), [t)2), [14)}, such that Al;) = ijyp) for i € {1,2,4}, so that A corresponds to the

matrix (in this basis)

100
A=l o 2 0
00 4

Letting I be the identity operator, P = |1hs){¢4], and Q = |1h4) (14| + [1)2) (12|, we have that A

corresponds to the quantum natural number

A= (Ianpvp)a

ie. Ay =1, Ay =Q, and A3 = Ay = P, as the reader will easily verify.

Before examining our arithmetical sum (+) and product (x) interpreted as a new sum and
product on quantum observables, we will prove a few technical lemmas, as well as a proposi-
tion showing that the definition of ‘eigenvalue’ of a quantum natural number agrees with the

standard notion of an eigenvalue of an observable.
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Lemma 6.18. Let H be a complex separable Hilbert space, and let A € wpy) be a quantum
natural number. Then the spectral decomposition of the observable corresponding to A is given
by

sup A

A= 3 k(A - Apq).
k=1

Proof. Spectral decompositions are unique, so we merely need show that the above equality

holds. For this, we simply compute

sup A sup A sup A+1 sup A
Zk(Ak_Ak 1)— ZkAk_ Z (k 1)Ak—A1+ ZAk—
k=2
where we have used that A; =0 for all [ > sup A. O

Lemma 6.19. Let H be a complex separable Hilbert space, and let A € wp(z,) be a quan-
tum natural number. Then a € N is an eigenvalue of the observable corresponding to A with

eigenvector [¢) iff

Aa|¢) = |l¢> and Aa+1|w> = |0>,
recalling that |0) is the zero vector.

Proof. First assume that A,[¢) = |[¢) and Ag41|tp) =10). Then

sup A sup A

ARY= 3 A= S AW+ Y Al) = TIv) = al)

i=a+1 =1
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where we have used that the A;’s are a decreasing sequence of projection operators, showing
that [¢)) is an eigenvector of A with eigenvalue a.

Next, assume that [¢)) is an eigenvector of A with eigenvalue a. Using the spectral decom-
position of A from lemma 6.18, we see that |¢)) is an eigenvector of A;_1 — A; for all i € N, and
since (with I the identity operator) A; = I — Z}zl(Aj_l - Aj), [¥) is an eigenvector of each of

the A;’s, with decreasing sequence of eigenvalues a; (each of which is 0 or 1). Then, since

sup A sup A
alp) = Alp) = > Ail) = Y. aily)
i=1 i=1
we immediately see that a; =1 for all ¢ <a, and a; =0 for all ¢ > a. O

The above lemma makes it easy to see that our notion of an eigenvalue of a quantum natural
number (see def. 6.6) is a generalization of the notion of an eigenvalue of an observable. We

make this precise in the following proposition.

Proposition 6.20. Let H be a complex separable Hilbert space, and let A € wpy) be a
quantum natural number with corresponding observable A. Then a is an eigenvalue of A (as
a quantum natural number, def. 6.6) iff a is an eigenvalue of A (by the usual linear algebraic

definition of eigenvalue).

Proof. By the lemma 6.19, it is obvious that if a is an eigenvalue of A (according to the linear
algebra definition), it is an eigenvalue of A by our definition (6.6). Conversely, if a is an
eigenvalue of A by definition 6.6, then A, — A,4+1 is not the zero operator, so that (by lemma

6.18), a is an eigenvalue of A according to the linear algebra definition. O
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Having established these properties of our interpretation of quantum natural numbers as
quantum mechanical observables, we can begin to investigate our arithmetical sum and product

in this context.

6.4.2 Arithmetical Addition and Multiplication as Viewed on Observables

As mentioned above, one interesting feature of these arithmetical operations when inter-
preted as a new sum and product on quantum mechanical observables is that x and + correspond
to ordinary multiplication and addition, respectively, when we restrict ourselves to commuting
observables. This is a simple corollary of the more powerful result mentioned earlier, namely
that this new sum and product “respect eigenvectors”, which we prove after a simple technical

lemma.

Lemma 6.21. Let H be a complex separable Hilbert space, let 1)) € H, and let P and @ be

projection operators on H such that Ply) = Q) = [1)). Then (P A Q)|y) = |v).

Proof. We use the correspondence of the projection lattice with the subspace lattice. By as-
sumption we have 1)) € ker(P)* and ker Q*, so that |1} € ker(P)* nker(Q)* which is the meet
of these subspaces — again using the correspondence this gives [¢) € ker(P A Q)* which is the

desired result. O

Proposition 6.22. Let H be a complex separable Hilbert space, and let A, B € wpy be

quantum natural numbers. Further let o)) € H satisfy Aly)) = altp) and Bl) = bjtp). Then

(A+B)[¢) = (a+b)[)) and (A x B)[¢p) = ablyh).
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Proof. Let f(x,y) be either z +y or zy, and f(A,B) either A + B or A x B, respectively. By

lemma 6.19, it suffices to show that

(A B)janl) =) and  [f(A B)]sap)le) =10).

Now

V) = V  (ArB)lw)y= V(A AB)W),
f(k,1)=f(a,b) f(k1)=f(a,b)

k<a, I<b

[F (A, B)]f(an)

where the final equality holds by definition of the meet. Now, if kK <a and [ <b, but k+(>a+b,

then we must have k = a and b =1 (and similarly if kI > ab). Hence we have that

[F(A, B)] famlt) = Aa A Bplt)) = 1)

by lemma 6.21. Similarly, we have that

[F (A B) ] fapyalt) = V (Ax A By ),
f(k,D)2f(a,b)+1
k<a, I<b

but in this case k <a, [ <band f(k,l) > f(a,b)+1 is impossible to satisfy! A careful reading of
the definition shows that the join over an empty set is the bottom element, yielding the desired

result. O

We then have the following promised corollary showing that our sum and product reduce

to the ordinary (linear algebraic) sum and product on commuting observables.
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Corollary 6.23. Let H be a complex finite dimensional Hilbert space, and let A, B € wp(y)

be quantum natural numbers such that AB = BA. Then A+ B=A+B, and Ax B= AB.!

Proof. Let n be the dimension of H. AB = BA implies that there exists an orthonormal basis
for H consisting of common eigenvectors of A and B — let {|¢);) : ¢=1,...,n} be a such a

basis where Ay;) = a;[t;) and Bli;) = bi|1);). By proposition 6.22, we have that

(A+ B)i) = (a; +bi)lhi) and (A x B)hi) = a;bilt)i),

showing that A + B and A x B agree with A+ B and AB, respectively, on a basis. Hence they

must be the same linear operators. O

Of course, the results above can be appropriately extended to arbitrary polynomials involv-
ing x and + by induction. We now demonstrate a property of this new sum and product which
is even more intriguing than those demonstrated above — namely that for any observables A
and B (not necessarily commuting), every eigenvalue of A + B is of the form a + b, where a and
b are eigenvalues of A and B respectively. Similarly, every eigenvalue of A x B is of the form

ab with a and b eigenvalues of A and B, respectively.?

'We take the symbol ‘+’ to denote ordinary addition of linear operators, and concatenation to repre-
sent operator multiplication.

2 As the reader will note from the statement of the proposition, this result applies beyond the context
of projection lattices, and in fact holds for our generalization of the notion of ‘eigenvalue’ to any quantum
natural number.
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Proposition 6.24. Let L be a complete OML, and let A, B € wy, be quantum natural numbers.

Then

1. If ceo(A + B), then c=a+b with a € 0(A) and b € o(B).

2. If ce 0(A x B), then ¢ =ab with a € 0(A) and b e o(B).

Proof. Let f(A, B) be either A+ B or A x B, and let f(k,j) be k+j or kj, respectively. Then

if ¢ is an eigenvalue of f(A, B), we have that (by lemmas 6.4 and 6.5)

\/ Ak/\Bji \/ Ak/\Bj.

f(k,g)=c f(k,j)=zc+1
keo(A) keo(A)
jeo(B) jeo(B)

Of course, every Ay A B; occurring in the join on the RHS of the above expression is also in
the LHS, so the only way the two expressions are not equal is if there is some k, j € N such that
(i) ke o(A), (i), j € 0(B), and (iii) f(k,j) > c but f(k,j) # ¢+ 1. Of course, (iii) is obviously
equivalent to f(k,j) = ¢, yielding the desired result.

O]

As with the previous result, this proposition can be extended by induction to any polynomial
in the symbols ‘+” and ‘x’.

6.4.3 Towards an Interpretation in Projection Lattices

We have shown above that our new arithmetical sum (+) and product (x) on observables

with whole number eigenvalues satisfy some remarkable properties. It would be even more
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remarkable if they were the unique sum and product satisfying these properties. Unfortunately,
as of yet we do not know if this is the case.

However, we can find some criteria to put on candidates for a new sum/product which single
out our new arithmetical operations. While these criteria do include one item which is of a
technical mathematical nature, they are otherwise physically motivated.

Our first criteria is that the candidate sum (respectively, product) must ‘respect eigenvec-
tors’. By this, we mean that for two operators A and B and a common eigenvector |¢)) with
eigenvalues a and b respectively, the candidate sum (resp. product) of A and B must have |¢)
as an eigenvector with eigenvalue the sum (resp. product) of a and b. We have proved that +
and x satisfy this criteria in proposition 6.22.

To state the second criteria, we need to discuss our interpretation of quantum natural
numbers as observables with whole number eigenvalues. We recall that any such observable A

sup A
is simply a sum of decreasing projection operators A= Y A; (so i < j implies A4; < A;). Such
i=1
observables have a natural interpretation as a “sequence of filters”. Of course, all the projectors
A; in the sequence commute, so we can think of a measurement of A as a measurement of all
the A;’s successively, starting with Aq, then measuring A, and so on up through Ag,p, 4. Since
these projectors are decreasing, once one measures a ‘0’ outcome from one of these projectors,
all the remaining projectors must also yield a ‘0’. Our second criteria is that the candidate sum
(resp. product) operator respect this “filter interpretation” of the observables. More precisely,

we require of our candidate sum (resp. product) that if 1)) is both an eigenstate of the n' filter

of A with eigenvalue 1, and an eigenstate of the m'" filter of B with eigenvalue 1, then |¢») must
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be an eigenstate of the (n +m)'™ filter in the case of the sum, and an eigenstate of the (nm)™
filter in the case of the product, with eigenvalue 1 in both cases. Of course, we should show

that our arithmetical sum and product satisfy this second criteria.

Proposition 6.25. Let H be a separable Hilbert space, let A, B € wp(3) be quantum natural

numbers, and let 1)) € H be such that A,|y) = Bp|v) = [). Then (A + B)pim|t) = |¢0) and

Proof. Since A,|) = Bn|Y) = [¢), we have (A, A By,)[Y) = [¢) by lemma 6.21. Since clearly

n+m >n+m and nm > nm, the result then follows trivially from the definition of + and x. [J
We now state and prove our uniqueness results for x and + in the following two propositions.

Proposition 6.26. Let H be a complex finite dimensional Hilbert space, and let * : w% - wr,

be a map satisfying (for every A, B € wr).

1. For every n € N, (A B),, is a lattice polynomial! in the A;’s and B;’s which is independent
of A and B.

2. For 1) € H such that A,|¢) = By|w) = [¢) with n,m € N, we have that (A * B)um|t) = [¢).

3. If [¢) is a simultaneous eigenstate of A and B with eigenvalues a and b, respectively, then

[¢) is an eigenstate of A » B with eigenvalue ab.

Then A * B =A x B for every A, B € wy,.

!That is, a polynomial in A and v, but not —.
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Proof. We first show that

(A% B),>(AxB), forallneN. (6.9)

First, recall that (A x B),, = \/ (4; A By), and so it suffices to show that (A * B),, > A; A By,
jk2n

for all j,k € N with jk > n. In order to show this, we need to show that for any |¢) € H with

Aj A Bilp) = i), we have (A + B),|tp) = [¢). But since A; > Aj A By, (and similarly for By, we

have that A;|v) = Bily) = [¢b), and so the desired inequality (equation 6.9 follows directly by

assumption (2) above (and the fact that A * B € wy, so that the (A * B);’s form a decreasing

sequence).

Now, using assumption (1) and lemma C.3 (and recalling that the A;’s and B;’s form

decreasing sequences), we have that (for any n € N)

(A*B)n=\ (Aq A By,) (6.10)
i,jeN

for some set of a;’s and b;’s in N (and also note that wlog we can assume the join is actually
finite).

We will finally show the desired equality by contradiction — to this end assume that there
are some A, B € wy, and n € N for which the inequality in equation 6.9 is strict. If this is so, we
immediately see that there must be a,b € N with ab < n that appear in the join in equation 6.10,
and since we are assuming, by (1), that the lattice polynomials defining A% B are independent of

A and B, this must be true for that n regardless of the particular A and B under consideration.
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In particular, we can consider an A and B such that there is a [¢)) € H such that A,|y) =
Bylt) = [tb) and also Ags1|t)) = Bpi1|tp) = 10), ie. |¢) is an eigenvector of A with eigenvalue a
and an eigenvector of B with eigenvalue b. Hence, by assumption (3), we must have that i)
is an eigenvector of A * B with eigenvalue ab, i.e. (A * B)g|w) = [¢)) while (A * B)gpe1]th) = |0).
But since ab < n, we have ab+1 < n, so we must have (A * B),[¢) =|0) as well. However, since
Ay A By < (A B),, by lemma 6.21, we must have (A * B),|¢) = |¢) which is a contradiction,

completing the proof. O

Proposition 6.27. Let H be a complex finite dimensional Hilbert space, and let = : w% - wr,

be a map satisfying (for every A, B € wr,).

1. For every n e N, (Ax B), is a lattice polynomial in the A;’s and B;’s which is independent
of A and B.

2. For |p) € H such that A,|y) = By|v) = [¢) with n,m € N, we have that (A* B)pm|t0) = [¥).

3. If ) is a simultaneous eigenstate of A and B with eigenvalues a and b, respectively, then

|¢) is an eigenstate of A » B with eigenvalue a + b.
Then A* B=A+ B for every A, B € wy,.

Proof. The proof of this proposition is almost identical to the proof of proposition 6.26, except

that all the multiplications are switched to additions. O

From the above propositions, we see that our new arithmetical sum and product of ob-

servables are the unique operations satisfying the physically motivated criteria spoken of earlier
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(conditions (2) and (3) in the above propositions), along with a technical mathematical require-
ment (condition (1)). Hopefully, we will be able to go beyond the above results and come up
with entirely physical criteria that single out our new sum and product operations on observ-
ables. Such criteria would be helpful in arriving at an interpretation of this new arithmetical
sum and product, opening the door to possible applications of these operations in quantum

computation and quantum information. As of yet, this is still a work in progress.



CHAPTER 7

CONCLUSION

We have taken quite a journey. Starting from the simple premise that the reasoning we use
to develop mathematics should be based on the natural logical structure encoded in the state-
ments one can make concerning the measurement of quantum observables, we have managed
to construct a rich and powerful first-order quantum logic, and using this formal logic, we have
discovered a plethora of new and intriguing quantum mathematical structures.

In this final chapter, we summarize the major results of our investigation of quantum logic
and quantum mathematics (section 7.1). Following this summary, we then discuss some of the
myriad open problems and new questions our investigation has unearthed in section 7.2. We

then conclude this work with a few brief comments in section 7.3.

7.1 Summary of Major Results

The first task accomplished was the construction of a first-order quantum logic powerful
enough to develop quantum mathematics. This was done in terms of both a formal deduction
system as well as a semantics, which we proved were both sound and complete with respect to
one another. We also proved a more powerful completeness result, namely that our first-order
quantum logic is sound and complete with respect to a restricted semantics where one only

allows models with irreducible truth value algebras.

281
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We then saw that this more powerful completeness result allowed us to use statements with
‘3’ in the usual way — namely to guarantee the existence of certain objects in any given model
satisfying certain formal sentences. Prior to this work, there was no known way to accomplish
this task in first-order quantum logic.

After demonstrating these fundamental results concerning first-order quantum logic in and of
itself, we proceeded to investigate quantum mathematics by first examining languages where the
sole predicate represented ‘equality’. After discussing two different formal sentences asserting
that this equality predicate is transitive (a weak and a strong version), we proceeded to show
that a number of algebraic axiom systems were inherently classical! when these axioms included
the strong transitivity of equality, suggesting the “classicalness” of this property.

We then presented a number of illustrative algebraic systems in quantum logic, including
quantum versions of monoids, groups, orthomodular lattices, vector spaces, and operator al-
gebras. Of course, (classical) orthomodular lattices, as well as Hilbert spaces and the set of
bounded operators on a Hilbert space, all have natural associated orthomodular lattices.? Using
this association, we constructed natural models of (a choice of) the OML axioms, the vector

space axioms, and the operator algebra axioms. What is more, we found that these three natu-

'Recall that an axiom system is inherently classical if all the theorems that can be proved from that
system are the same under either classical and quantum logic.

%In the case of an OML L, the associated OML is just L. For a Hilbert space H, or for the bounded
linear operators on H, the associated OML is the projection lattice of H.
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ral classes of quantum mathematical structures all have a beautiful interplay and compatibility
with one another.

To conclude our examination of algebraic systems in quantum mathematics, we made some
brief preliminary investigations into interpreting the Schrédinger and von Neumann equations
in the framework of our aforementioned natural models. While we noted that in principle
such an interpretation could yield not only unitary but also measurement evolutions from these
equations, we fell short of achieving this practically, and instead only managed to show that a
simple formal statement classically equivalent to the von Neumann equation yielded only the
usual unitary dynamics in our natural models of operator algebras. However, since it would
easily have been possible for a quantum mathematical treatment of the von Neumann equation
to allow evolutions which did not even take states to states (but rather to linear operators not
representing states at all), we considered this to be a not entirely unpromising result.!

We then began an investigation of axiomatic set theory in the framework of quantum math-
ematics. After presenting a natural reduction of the usual ZFC axioms, we demonstrated an
intuitive quantum model of these axioms which combines a rich and powerful structure general-
izing the notion of ordinary sets with a mathematical elegance making it possible to investigate
quantum set theory to a degree not easily achievable with the quantum set theory developed

previously by Takeuti.

1'We have examined various other reductions of the von Neumann equation which do allow for some
measurement evolutions, but this is very much a work in progress.
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We then used the quantum set theory we developed to construct a quantum version of the
natural numbers (in fact, one for every complete OML L) in a fashion analogous to the con-
struction of the usual natural numbers in the context of classical set theory, and then presented
a natural addition and multiplication on these quantum natural numbers. We discovered that
these quantum natural numbers satisfied an axiomatization of the successor fragment of Peano
arithmetic for any such L. As noted previously, there can be no non-standard model of the
usual axioms of full Peano arithmetic (by a theorem of Dunn), and as such we examined our
quantum natural numbers in the context of a weaker axiomatization of arithmetic still stronger
than a commonly studied axiomatization — namely that of Robinson arithmetic. Surprisingly,
we found that the quantum natural numbers we constructed satisfied these arithmetical ax-
ioms if and only if the L used in their construction was modular, yielding an arithmetical
characterization of this important lattice-theoretic property.

We then considered our quantum natural numbers for a particular case of utmost interest
for us — namely those for which the OML L used in their construction was the projection
lattice of a complex separable Hilbert space H. For this case, we found that the quantum
natural numbers are entirely equivalent to the set of usual quantum mechanical observables on
‘H which are bounded and possess only whole number eigenvalues. In particular, when H is
finite dimensional (so that the projection lattice is modular, whereby the associated quantum
natural numbers satisfy the arithmetical axioms), the quantum natural numbers are in 1-1
correspondence with all the observables which have solely whole number eigenvalues. In this

context, we can interpret our arithmetical sum and product as a “new” sum and product on
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such quantum observables, and we find that this new sum and product have some remarkable
properties.

Like the usual operator sum and product from (classical) linear algebra, our new arithmetical
sum and product “respect eigenvectors”, which is to say that for two observables A and B with
a common eigenvector 1) (having eigenvalues a and b, respectively), the arithmetical sum of A
and B also has [1)) as an eigenvector with eigenvalue equal to the sum of a and b (and similarly
for the product). However, in complete contrast to the operator sum and product, our new
sum and product also “respect eigenvalues”, in that when A and B do not commute, the new
sum (resp. product) of A and B has eigenvalues which are each the sum (resp. product) of an
eigenvalue of A with an eigenvalue of B. Since eigenvalues represent the possible outcomes of
the measurement of observables, this strongly suggests that our new sum and product have
an extremely natural physical interpretation related to measurement. We have made some
preliminary investigations into this interpretation, but so far a natural and purely physical

elucidation of this arithmetical sum and product has eluded us.

7.2 Looking to the Future

This work has left us with a number of fascinating open questions, the first of which are
related to the first-order logic we have formulated. Just as we have proved a more powerful
completeness result allowing the restriction of our semantics to irreducible models, we would
like to know if there are other subclasses of models for which an analogous completeness result
holds. In the classical case, we have completeness with respect to the single Boolean algebra Bs,

and this algebra has other interesting properties beyond irreducibility, such as being subdirectly
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irreducible! and being complete as a lattice. We would like to know if our first-order quantum
logic is complete with respect to models whose truth value algebras are either all subdirectly
irreducible or all complete. Also, we have treated reduction of axioms in a bit of an ad hoc
fashion, trying to find “suitable” reductions as needed. It would be incredibly useful to have
a general “theory” of reduction which, in some way, “explains” why certain reductions are
the “correct” reductions for our first-order quantum logic. Finally, as mentioned before, our
approach to quantum logic can be thought of as a “first-order perturbation” away from classical
logic toward a “true” quantum logic, and so the natural next step would be to create a “second-
order perturbation”. The most obvious way to do this would be to use quantum set theory in the
formal construction of L-structures (for any language £),2 and this is definitely an important
future area to investigate.

Moving beyond questions concerning only the form and properties of the logic we have
developed, we would also like a better understanding of the properties of specific mathematical
systems. For example, we would like to know which M-systems are inherently classical — ideally,
this understanding would tie in with the aforementioned desired theory of reduction, and help to
explain why certain sets of wifs are more “suitable” for use as axioms in quantum mathematics.
Also, at a more concrete level, there are vast new vistas of mathematical possibilities opened up

for investigation which include not only the reinvestigation of every system of axioms heretofore

1For a statement of this important universal algebraic property, see Burris (9).

2Recall that, even for our quantum set theory, all of our models are built with classical underlying
sets (or classes).
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considered in classical mathematics (such as groups, rings, fields, topological spaces, manifolds,
category theory, etc.), but also (since quantum logic is subclassical) there is the possibility of
investigating systems of axioms which are classically inconsistent.

Of course, one of the most intriguing areas to investigate in this general context is a quantum
mathematical treatment of the theory of quantum mechanics itself. Without a doubt, (and
as mentioned earlier) one of the most interesting questions raised is whether one can obtain
exactly the unitary and measurement evolutions as solutions to some reduced version of the
von Neumann equation as interpreted in quantum linear algebra.

Extending our investigations into set theory may be extremely helpful in addressing virtually
all of the problems just posed. Of course, the ultimate goal is to show that some quantum set
theory is indeed rich enough to provide a foundation for all of quantum mathematics, and for
this we will almost certainly need to develop a yet richer non-standard model of quantum set
theory than the one presented here. Interpreting our sets as a “symmetric subclass” of these
“true” quantum sets' will hopefully prove a useful starting point in the development of this
richer quantum set theory. Of course, the quantum set theory we have developed is already quite
powerful, and it will no doubt prove highly worthwhile to investigate how much of quantum
mathematics can be founded on these simple non-standard models — one natural place to start

this investigation is with a study of “quantum ordinals” as well as “quantum cardinalities”

ISee the discussion in section 5.2.
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in our quantum set theory. Also, another interesting question in regards to these models is
whether one can find a “better” reduced version of the ZFC axioms which they satisfy.

One area of quantum mathematics that we have already shown can be developed within
our quantum set theory is quantum arithmetic. Given the intriguing developments which have
occurred in our preliminary investigation of this arithmetic, it is of paramount importance to
pursue this further. One fascinating question is whether one can obtain a recursively enumer-
able! axiomatization of our natural models of quantum arithmetic which is strong enough to
prove every first-order arithmetical statement which holds in these models.?

Also of paramount importance is to go beyond the quantum natural numbers to “quantum
real numbers”. Although the work is still in progress, we have managed such a generalization,
and one immediate goal of this work is to be able to construct this generalization using our
quantum set theory. Once the “quantum real numbers” can be thoroughly understood, this
opens up the possibility of developing a “quantum calculus”, which brings up the most wildly
optimistic hope we will dare to utter. This hope is that if one begins with (a proper choice
of) the usual equations of classical physics, and then interprets these equations as “quantum
differential equations” over the “quantum real numbers”, the development of this theory within

quantum mathematics would yield ezxactly either quantum mechanics or quantum field the-

!Essentially, an axiomatization is recursively enumerable if an iPhone (given an infinite amount of
time) could write it down.

20f course, the content of Godel’s (first) incompleteness theorem is that one cannot do this for the
ordinary natural numbers in classical logic.
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ory (depending on the exact classical equations used). If this hope turned out to be true,
it would yield a brave new interpretation of why the physical world behaves in a “quantum”
fashion. Namely, we would see that the basic equations of classical physics are indeed true,
but the physics heretofore deduced from these equations (i.e. the entire content of classical
physical theory) doesn’t describe the world at a fundamental level because we have derived the
wrong consequences of these classical equations by using the wrong logic to reason about the
mathematics describing the physical world. While, as we have said, hoping for such develop-
ments would be wildly optimistic, if this project were achieved it would be nothing short of

revolutionary.

7.3 Final Remarks

As the preliminary investigations of this work have revealed, quantum logic opens up the
doors to a brave new world of mathematical inquiry. It is beyond doubt that this new quan-
tum mathematics contains astounding and marvelous mathematical vistas which are as of yet
unexplored. What is more, this exploration of quantum mathematics has the potential to both
revolutionize the foundations of quantum mechanics as well as provide new insights into the
nature of logic and thought itself. This work has documented but a few miniscule steps into
the unimagined vastness of intellectual investigation that quantum mathematics promises, and

we look forward with delight to what wonders may yet be uncovered in this fascinating field.
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Appendix A

ELEMENTARY SET THEORY

In this appendix we provide enough elementary (classical) set theory to obviate the need
for outside references. We proceed from the perspective of naive set theory, but the interested

reader is referred to (19) to see this material developed axiomatically.

Al Basic Notions

There are three primitive notions in naive set theory, that of object, set, and being an
element of.! Everything in the universe of discourse is an object, but only certain objects are
sets. ‘Being an element of’ is a binary relation between an object and a set, and for a given
object a and set A we write a € A to mean that a is an element of A, and a ¢ A to mean that
a is not an element of A. Note that since sets are (special cases of) objects, we can form sets
of sets, and sets of sets of sets, and so on. We will also use the primitive logical notion of being
identically equal to.?2 Two objects a and b are identically equal if they are the same object, in
which case we write a = b. From these primitive notions we will proceed to develop all of the

set theory needed for this document.

In contrast to ZFC which has no distinct notion of object, or, equivalently, in which the only objects
are sets. However, for a development of axiomatic set theory in which not all objects are sets, see (39).

2This differs from our treatment axiomatic set theory in chapter 5 in which we treat equality as a
defined notion.
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First, sets are determined entirely by their members, so that two sets are identically equal

if and only if they have the same members. This is known as the property of extensionality.
Proposition A.1. Let A and B be sets. Then A = B if for every object a, a € A iff a € B.
We can then define the notion of subset.

Definition A.1. Let A and B be sets. Then A is a subset of B (denoted A< B, or B2 A) if,

for every object a € A, we have that a € B.

Note: For any set A, we have A ¢ A. Also, by extensionality, for any two sets A and B, we

have that A = B if and only if both A< B and B ¢ A.

Using extensionality, we can define sets by precisely specifying their members.
Definition A.2. Let A, B be sets. Define

Empty Set: The set containing no elements (denoted @).

A union B: The set whose elements are exactly those objects a which belong to either A or

B (denote Au B).

Finite lists: Given any finite list of objects aq, ..., a,, we can form the set whose elements are

exactly those objects in this list. Denote this set by {a1,...,a,}.

A intersect B: The set whose elements are exactly those objects a such that a belongs to both

A and B (denoted An B).

The power set of A: The set whose elements are exactly the subsets of A (including @ and A

itself). Denote this set by P(A).
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Set builder notation: For any set A, and any property! P, we can form the set whose elements
are exactly those elements a € A such that a satisfies P, which we denote {a € A :

a satisfies P}.

Note: First, for any set A, we have that @& € A, since every element of & is an element of A
vacuously. Also, for any two sets A and B we have An B c Ac Au B. Third, note that when
we use set builder notation, we must begin with some set A (rather than just taking the
collection of all objects satisfying some property P) in order to avoid Russel’s paradox.?
However, we will occasionally use set-builder notation without this restriction, but doing so

will (in general) only result in a class,® not necessarily a set.

Set builder notation allows us a large amount of flexibility in construction sets. For example

consider the following:

Definition A.3. Let A and B be sets. We define A subtract B (denoted A\B) by

A\B:={a€cA:a¢ B}.

! As discussed here, the notion of a ‘property’ is a little nebulous, although the intuitive notion should
suffice. In the framework of predicate logic we could replace this with a more precise treatment —
instead of a ‘property P’, we would utilize a wif ¢)(z) (where x is a free variable), and we would then
replace the phrase ‘a satisfies P’, with the formal assertion ‘¢)(a)’.

2We take the property P to be the property of not being an element of oneself. Then if we consider
the set S of all sets which are not members of themselves (i.e. S := {z : ¥(z)}, where ¢¥(x) = z ¢ z).
If S¢S, then S € S by definition of ¥(z), but if S € S, then by the definition of ¥(z), we haveS ¢ S.
Either possibility leads to a contradiction, and so S cannot be a set.

3See section A.2.5.
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Finally, we will also consider intersections and unions of arbitrary (not necessarily finite)
collections of sets. They are defined as follows — let A be a set all of whose elements are sets.

Then we define the sets!

(NA:={a : aeAfor every Ae A}

JA:={a : aeAforevery Ae A} (A.1)

We will sometimes use the alternate notation

UA=U4a NA=NA

AeA AeA

A.2 Relations and Maps

A.2.1 Relations on Sets

In order to define what we mean by a relation on a set, we first need a notion of ordered
pair. The basic idea is that, for two objects a and b, we want a new object (a,b) such that
(a,b) = (c,d) if and only if a = b and ¢ = d. While we could simply introduce such a thing as a
primitive notion, it is instructive to see how we can use the basic notions above to build ordered

pairs from scratch.

IThe reader may be worried that, as per the discussion following def. A.2, that these intersections
and unions may not actually be sets. This is not the case — the interested reader is referred to Enderton
(19).
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Definition A.4. Let a and b be objects. Define

(av b) = {{a}> {a7 b}}a

and then any such (a,b) is called an ordered pair. Then, for any objects aq,...,a, define
inductively

(ala sy an) = (((11, ceey anfl)a an)a
and call (ai,...,a,) an ordered n-tuple (or simply a tuple).

It is straightforward to see that ordered pairs so defined have the desired property — we
include the proof since it is instructive to see such things worked out in gory detail at least

once.

Proposition A.2. Let a,b,c,d be objects. Then (a,b) = (¢,d) if and only if a = ¢ and b = d.

Proof. First, assume that a = ¢ and b = d. Then {a,b} = {¢,d} by extensionality. Hence, also by

extensionality, we have that

(a,0) = {{a}, {a,b}} = {{a}, {¢,d}} = {{c}, {c,d}} = (¢, d).

For the converse, assume (a,b) = (¢,d). Then {a} € (¢,d), so either a = ¢ or {a} = {¢,d}. If
a = ¢, then by extensionality we must have {a,b} = {¢,d}, but this means that we must have
b = d, again by extensionality. If, on the other hand, we have {a} = {c¢,d} then we must also

have a = ¢ = d, and since we must also have {a,b} = {c}, this means that a =b=c=d. O
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Now that we have ordered pairs at our disposal, we can construct sets of ordered pairs.
Begin with any two objects a,b and two sets A, B such that ¢« € A and b € B. Note that
{a} e P(A) c P(AuB). Also, {a,b} € AuB, so {a,b} € P(Au B). Hence (a,b) ¢ P(Au B),

i.e. (a,b) € P(P(Au B)). This leads us to the definition

Definition A.5. Let A and B be sets, and define the product of A and B (denote A x B) by
Ax B:={(a,b) e P(P(AuB)):a€c A and be B}.

Let Ayq,..., A, be a finite list of sets. Then define the product of the A;’s (denote Ay x---x Ay,
n

or H A;) inductively by
i=1

HAz = (Al Xoeee X An—l) X An
i=1

If Ay = = A, we define A" := A} x - x A,,, and also define A = {&}.

We are now in a position to define relations on sets. Let us first consider an example of a
binary relation, namely the relation ‘strictly less than’ (<) on the integers Z. It is customary
to think of the statement n < m as specifying something intrinsic about the pair of integers n
and m, namely that m —n is positive. However, we could just as easily think of the relation <
extrinsically — < simply subdivides pairs of integers (i.e. elements of Z x Z) into two sets, those
pairs (n,m) for which n < m is true, and those for which n < m is false. In fact, keeping track
of both of these sets is redundant — for each pair (n,m) € Z x Z, we know that n < m is true or
false but not both. Hence, we may think of the relation < as being defined by the set of pairs

(n,m) for which n <m is true. This motivates the general definition of relations on sets.
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Definition A.6. Let n € {1,2,3,...}, and let Ay,... A, be sets. Then an n-ary relation between
Aq,...,and A,. is a subset R ¢ Ay x--x A,. If Ay =---=A,, = A, then we say that R is an
n-ary relation on A. If n =1 we call R unary, and if n = 2 we call the relation binary. For R a

binary relation we define aRb := (a,b) € R.

Note: Unary relations are essentially just predicates, for example if we define P € Z by
P:={neZ:z>0} then P is just the predicate of positivity. For the example discussed above,

we would define < := {(n,m) € ZxZ:m —n € P}, which would be a binary relation on Z.

A.2.2 Equivalence Relations and Partitions

Some of the most important relations are equivalence relations.

Definition A.7. Let A be a set, and ~ be a binary relation on A. Then ~ is called an equivalence

relation on A if ~ satisfies the following three properties.

Reflexivity: a ~a for all a e A
Symmetry: If a ~ b, then b~ a for all a,be A

Transitivity: If a ~b and b ~ ¢, then a ~ ¢ for all a,b,ce A

If ~ is an equivalence relation, then for any a € A, the set {be A : b~ a} is called the equivalence

class of a modulo ~, and we denote this equivalence class [a]..

There is a natural relationship between equivalence relations and partitions.

Definition A.8. Let A be a set. Then a set A € P(A) is called a partition of A if both
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1. XnY =g forall XY €A,
2. UA=A.
The natural relationship is given in the following proposition (see Enderton (19) for a proof).

Proposition A.3. Let A be a set, let A be a partition of A, and let = be an equivalence

relation on A. Define the binary relation ~ on A by (for all a,be A)

a ~b iff there exists some X € A with both a,be X,

and define

X:={XeP(A) : X =[a]= for some a € A.}.

Then ~ is an equivalence relation, X is a partition of A, and ~ = = iff A=X%.

A.2.3 Maps Between Sets

Now that we have defined relations, we can define maps between sets. The usual way of
thinking of a map f from some set A to another B, is that it is a rule such that for every a € A,
we assign some object f(a) which must be in B. We can make this all very explicit in terms of

relations, without the need of any additional machinery.

Definition A.9. Let A and B be sets. A binary relation f between A and B is said to be a
map (or equivalently a function) from A to B (denoted f: A — B) if for every a € A, there is

a unique b € B such that (a,b) € f. For a given a, we denote this unique b by f(a). If fis a
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function from A to B, we say that A is the domain of f (denoted dom f), and define the range
of f (denote ran f) to be the set {be B : b= f(a) for some a € A}.

Ex: Consider the function on the integers which assigns to any number its square, i.e. n — n?.

The relation f which corresponds to this function is {(n,n?) € ZxZ : neZ}.

Note: By the above definition, the codomain is not a well-defined notion for any given map.
For example, the set f defined above may have codomain of Z, or only the non-negative
integers depending on context, and in general f: A — B implies that f: A — ran f (but not
conversely). This will not be relevant for us, but is worth mentioning since it can be a point
of confusion for those more accustomed to thinking of functions from a category-theoretic

perspective.

Every function defines a number of sets which it will be useful to designate.

Definition A.10. Let A, B, and C, be sets, and f: A > B, and g: B - C. Further let Agc A

and By € B.

1. The image of Ay under f (denoted f(Ap)) is defined by

f(Ag)={beB : b= f(a) for some a € Ap}.

2. The preimage of By under f (denoted f~1(By)) is defined by

f_l(Bo) ={aeA : f(a)e B}
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3. The composition of f with g (denoted g o f) is the set

gof:={(a,c) e AxC : (a,b)e fand (b,c) € g for some be B}.

4. The restriction of f to Ay (denoted f|a4,) is given by

flag ={(a,b) e f : aeAp}.

Note: The image of A under f is just the range of f, i.e. f(A) =ran f. Also, the composition

go f is clearly a function from A to C, and the restriction f|4, is a map from Ay to B.

Given two sets A and B, it will be useful to consider the set of all maps between them.

Definition A.11. Let A and B be sets. Define

BA:={feAxB : fisamap from A to B}. (A.2)

A.2.4 Isomorphisms of Sets

Having functions at our disposal, we can now define a notion of isomorphism of sets.

Definition A.12. Let A and B be sets, and f : A - B. If for any a,b € A, we have that
f(a) = f(b) implies that a = b, we say that f is I-1, or equivalently that f is injective. If, for any

b € B there exists some a € A such that f(a) = b, then we say f is onto, or equivalently surjective.
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If f is both injective and surjective, we say that f is an set isomorphism, or equivalently that

f is bijective, and we then say that A and B are isomorphic as sets, or in 1-1 correspondence.

Note: Finite sets are isomorphic iff they contain the same number of elements.

At this point we would like to claim that ‘being isomorphic’ is an equivalence relation, but
we face a technical hurdle, namely that the collection of all sets is not a set, and equivalence
relations are defined on sets. If not for this, we could take equivalence classes of sets under the
relation of being isomorphic, and use this to define a notion of number (cardinality) generalizing
the finite numbers. As it stands, we will have to take another approach.

Before moving on, we would like to note an interesting isomorphism between the subsets of

a given set A and the maps from A into the standard truth values {0,1}.
Proposition A.4. Let A be a set, and define 2:= {0,1}. Then P(A) is isomorphic to 24.

Proof. Define f:24 - P(A) by, for every t: A - 2,

f@@):={aecA : t(a)=1}.

f so defined is clearly a map from 24 to P(A). This map is 1-1, since if f(t) = f(s) for any
two t,s: A — 2, then for any a € A either t(a) =1 or t(a) =0. If t(a) = 1, then a € f(t) = f(s)
so s(a) =1=1t(a), and if t(a) = 0 then a ¢ f(t) = f(s) so that s(a) # 1, and so s(a) =0 = t(a).

Hence s(a) =t(a) for every a € A, and so s = t, showing that f is 1-1.
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To see that f is onto, consider X ¢ P(A). Define u: A - 2 by (for every a € A)

1 ifaeX
u(a) :=
0 ifa¢X.

Clearly u € 24, and also f(u) = X, so that f is onto. Hence, f is an isomorphism, establishing

that P(A) is isomorphic to 24. O

Note: An intuitive way to understand this isomorphism is to think of a subset of A as being

those elements a such that the statement ‘a € A’ is true.

A.2.5 Classes of Sets and Class Functions

We have already noted that the collection of all sets satisfying some given property may not
be a set. However, for some given property P, we would like to be able to refer to the collection

of all sets satisfying this property as something, and this motivates the definition of a class.

Definition A.13. A class is any collection of objects. If a class K is not a set, we say that |

is a proper class.

Ex: The collection of all sets is a proper class, while the collection of all sets contained in a

given set A is a class, but not a proper class (indeed, this class is just P(A), the power set of

A).

For a given property P, we then use the following notation (similar to set-builder) to des-
ignate classes. Namely,

{a : a satsifies property P} (A.3)
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is defined to be the class of all objects satisfying property P. We then abuse the ‘€’ notation,
and so for a given class & and object a, we write ‘a € 8 to mean that ‘the object a is in the

class 8. Also, for two given class £ and R, we define

RKiURy:={a : ae Ry oracKh},

and write K1 C Ry iff for every a € R1, we also have a € Rs.

Definition A.14. If, for two given classes £y and R, every object a € Ry also satisfies a € R,

then we say that R is a subclass of R (denoted &g € R).

This motivates the definition of a class function. Recall that a function is a subset of a
product set satisfying the “function property”, namely if A is the domain of a function f, then
for every a € A such that both (a,b) € f and (a,c) € f, we have b = c¢. This leads us to define a

class function.

Definition A.15. Let § be a class such that every element of § is an ordered pair, and for any
objects a,b and ¢ such that (a,b) € § and (a,c) € §, we have b = ¢. Then § is said to be a class
function, and we define F(a) to be the unique object b such that (a,b) € §. We also say that,

for classes £ and R, a class function § € £% if for all (a,b) € §, we have a € §F and b e L.

Note: If a class function is a set, then it is a (regular set) function, so that functions are a
special case of class functions. Also, we will take this opportunity to define a convention for
dealing with class functions. Rather than using the usual ‘F(a)’ for the image of an object

under a given class function §, sometimes we may instead use some expression such as a*. In



304
Appendix A (Continued)

such a case, we will use the symbol ‘ -’ to indicate where the symbol representing the object(s)
should go. For example, for a — a* we would use ‘ - ’ to represent the associated class

function, and for (a,b) — ¢.(b) we would use @.(-) to represent the associated class function.

We will also define the domain and range of a class function § so that the concepts agree
with those already defined when § is a set. We will actually need the following definitions for

any class when constructing the ordinals.

Definition A.16. Let § be a class. Then define the domain of § (denoted dom §) by

dom § :={a : for some object b, (a,b) € F},

and define the range of § (denoted ran §) by

ran § := {b : for some object a, (a,b) € F},

and for any subclass £ € dom §, we define

F(R):={b : ac K and (a,b) € F}.

Also, we will write §: 2 - B to mean that dom § =2 and ran § ¢ ‘B.

Finally, we will need the following notion in discussions of model theory.
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Definition A.17. Let & be a class, and n € {1,2,...}. Define

8= {(k1, .. k) ¢ k... Ky € B

and R := {@}. Then an n-ary operation on £ is a class function § such that for any pair

(a,b) € F, we have that both a € K" and b € K.

A.3 Ordinal Numbers and Transfinite Induction

In this section we define the ordinal numbers, and in order to do this we will need to discuss
proofs by transfinite induction and definitions by transfinite recursion — these are also used in
the construction of the classical universe of sets as well as our models of quantum set theory. We
finish with a brief discussion of cardinalities of sets. This section follows Chapter 7 in Enderton

(19) closely, and the reader is referred there for details and proofs.

A.3.1 Transfinite Induction and Recursion

We begin with the basic notions of a strict linear ordering,' a well-ordering, and a segment.

Definition A.18. Let A be a set, and let < be a binary relation on A. < is called a strict linear

ordering on A if both

1. Transitivity: For every a,b,ce A with a <b and b < ¢ we have a < c.

'We could develop the theory in this section using chains rather than strict linear orderings, but we
follow Enderton (19) for ease of reference.
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2. Trichotomy: For every a,b € A, exactly one of the following

holds.

Definition A.19. Let A be a set and < a strict linear ordering on A. We say that < is a
well-ordering if every nonempty subset X € A has a least element under <. The pair (A, <) is

then called a well-ordered structure.

Ex: The quintessential example of a well-ordered set is the natural numbers N with the usual

strict ordering.

Definition A.20. Let A be a set with a € A, and < a strict linear ordering. Define the segment

of A before a (denoted seg a) by

sega:={beA : b<a}.

With these definitions we proceed with the principle of transfinite induction.

Proposition A.5. Let A be a set and < a well-ordering on A. Further let B € A, and assume

that seg a € B implies that a € B for every a € A. Then B = A.

Note: This principle reduces to the standard principle of induction when we take A =N and <

the standard ordering.
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The above theorem allows us to do proofs by transfinite induction on any well-ordered set.
Suppose we wish to prove that (for some well-ordered set A) every a € A satisfies some property
P. If we can show that whenever every element of seg a satisfies property P then a does as
well, the above theorem shows us that all of A satisfies P (just by taking B to be the set of
elements satisfying P).

We are now ready to discuss definition by transfinite recursion,! which we will need to define

the ordinals.

Proposition A.6. Let (A,<) be a well-ordered structure, and let § be a class function such
that for every set x there exists an object y with (x,y) € §. Then there exists a unique function

f with domain A such that

(f|seg ayf(a)) €§

for all a € A.

The connection of the above theorem to definitions by recursion is perhaps best illustrated
by an example. Take the natural numbers? N with < the standard ordering. Let { ({(n,n) :
n<m},m) : meN}cFand also (@,0) € § (and fill out § so that it satisfies the hypothesis

of the above theorem). Then the unique function f with domain N given by proposition A.6

!The theorem below requires the axiom of replacement (see section 5.1) to prove.

2At this point we do not consider the natural numbers to be sets — rather they are objects which
are not sets. In particular 0 # @ here.
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is just the identity. To see this, since seg 0 = @&, we have f(0) = 0, but then f(1) = 1 since

fseg 1 =1{(0,0)}, and ({(0,0)},1) € §, etc.

A.3.2 Ordinal Numbers

We can now use definition by transfinite recursion to define the ordinal numbers.

Definition A.21. Let (A, <) be a well-ordered structure, and take 8 := {(z,ran x) : z is a set}.

Then let f be the unique function with domain A given by proposition A.6 such that

f(a):ranﬂseg a:f(sega):{f(x) : x<a}.

Then ran f is called the e-image of (A,<). If, for a given set «, there exists a well-ordered
structure (A, <) such that « is the e-image of (A, <), then « is called the ordinal number of

(A, <), or just an ordinal number. We denote the class of all ordinals by Ord.

Note: Ord is a proper class — this fact is known as the Burali-Forti theorem.

Example A.7. Take A = {0,1,2} with the usual (strict linear) ordering. Then we compute

the function f to be

f0)={f(z) : <0} =2
f) ={f(z) : =<1} ={f(0)} = {2}
F2)={f(@) : <2} ={f(0),f(1)} = {2, {2}}.

Hence the ordinal number of (A4, <) is just ranf = {@,{@}}.
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From the above example we can see the beginning of a pattern. In fact this allows us to

consider the natural numbers as a special case of the ordinal numbers.

Definition A.22. Let n e N:={0,1,...}, with < the standard ordering on N. Then define the
n™ ordinal (denoted n) to be the ordinal number of ({m € N:m <n},<). We define the first

infinite ordinal w to be the ordinal number of (N, <).

Note: Hence we have 0 =g, 1= {2}, 2 ={2,{a}}, etc.

In order to construct the classical universe of sets we will need the following definition and

theorem.

Definition A.23. Let a be an ordinal number. Define a+1 := au{a}. If there is some ordinal
number S such that a = 8+ 1 then « is said to be a successor ordinal. If there is no such S,

and a # @, then « is said to be a limit ordinal.

Proposition A.8. Let a be an ordinal number, and A a set of ordinal numbers. Define

€ai={(A,B)eaxa : AeB}. Then

—_

. (o, €q) is a well-ordered structure.
2. J=aor Jea.
3. a+11is an ordinal number.

4. UA is an ordinal number.
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A.4 The Axiom of Choice and Zorn’s Lemma

We finish this appendix on set theory with a discussion of the Axiom of Choice and Zorn’s

lemma. The Axiom of Choice, in plain English,! goes as follows.

For any set A consisting of disjoint, non-empty sets, there is a set B such that

every b € B is a member of exactly one set A € A.

This axiom of set theory is certainly intuitive, and can in fact be proven from the other
axioms if we restrict A above to be a finite collection, essentially by making a choice of an
element from each A € A and forming B from those chosen elements. The Axiom of Choice
then allows us follow this procedure for for arbitrary infinite collections as well.

While the statement of the Axiom of Choice is rather intuitive, certain other statement
which are equivalent? are certainly less so. For example, it has been shown that the statement
‘every vector space has a basis’ is equivalent to the Axiom of Choice (7). Zorn’s lemma is

another statement which is classically equivalent to the Axiom of Choice.

Lemma A.9. Zorn’s Lemma: Let A be a set partially ordered under <, such that for every
chain C' € A, there exists some a € A such that a is an upper bound for C. Then A has a

maximal element under <.

ISee section 5.1 for a formal treatment.

2At least in the presence of the other axioms of set theory under classical logic.
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Zorn’s lemma makes frequent appearance in classical mathematics, where it is used to prove
that every vector space has a basis, that every ring has a maximal ideal, etc. (See Aluffi (1) for

example). We use it in the proof of theorem 3.
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UNIVERSAL ALGEBRA

We will need only a few rudiments of universal algebra, for a thorough introduction to the
subject see (9) (although we do not follow his notation precisely). Universal algebra can be
developed in terms of a (classical) equational logic, but as we need the results of this section
before we discuss equational logic in the main text of this document, we develop what we need

only in terms of set theory.

B.1 Algebras and Homomorphisms

Definition B.1. Let A and F be nonempty sets such that F', and every f € F' is a map from
A™ to A for some n € N. Then the pair (A4, F') (as well as just the set A) is said to be an algebra
with operations F. If f: A™ - A, then f is said to be an n-ary operation on A, and f is said
to be of arity n. The type of (A, F) is the map « : F - N assigning to each f € F its arity.
If F is finite, (A, F') is said to have a finite number of operations. If F' has m elements, with
m € N, then (A, F) is said to be a (n1,n2,...,ny)-algebra, where nq,...,n,, are the arities of

the elements of F' in non-increasing order.

Example B.1. For any group G with identity ‘e’, multiplication ‘+’, and inverse operation - !,

we can make a few different algebras out of G. First, (G, {e,*,-7'}) is a (2,1,0)-algebra (with
a(e) =0, a(*) =2, and a(-1) = 1). Or we could forget some of the structure, and take (G, {*})

as a (2)-algebra, and so on.
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An example more relevant for this document is that of a lattice.

Example B.2. Let L be a lattice with meet ‘A’ and join ‘v’. Then L forms a (2,2)-algebra

(L An V).
Ortholattices form another relevant example.

‘=", top element ‘1’ and

Example B.3. Let L be an OL with meet ‘A’, join ‘V’, involution
bottom element ‘0’. Then L forms a (2,2,1,0,0)-algebra (L,{A,v,=,1,0}) , or just a (2,1,0)-

algebra (L, {A,—,0}).

We now need to define what it means for two algebras to be of the same type — essentially

this will mean that they have the ‘same’ functions.

Definition B.2. Let (A, F1) be an algebra of type o and (Ag, F») an algebra of type 8. If
there exists an isomorphism (of sets) ¢: F} — Fy such that fo¢ =« then A; and Ag are said to

be of the same type, and the isomorphism ¢ is called a type identification.
We can then define structure-preserving maps between algebras of the same type.

Definition B.3. Let (A, F}) (with type a) and (A, Fy) be algebras of the same type with
type identifier «. Then a Fi-homomorphism from Ay to Ag w.r.t. ¢ is a map h: A1 - Ay such

that

L(f)(h(ar), ..., haggpy) = h(f(a1, ... an)))-

for every f € F1 and ay,...,aqy) € A1
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Note: Usually the type identifier will be implicit, as the algebras under considerations will use
the same symbols to denote identified operations. We will then refer to h as simply a

homomorphism.

Definition B.4. Let (A1, F1) and (A, Fy) be algebras of the same type, and let h: A; - As
be a homomorphism. If h is also a set isomorphism, then it is called an algebra isomorphism.
If there exists an algebra isomorphism from (Aj, F}) to (Asz, F3), then (Aj, F1) and (As, F»)

are said to be isomorphic.

B.2  Subalgebras

Definition B.5. Let (A, F') be an algebra of type a, let B ¢ A. We say that B is a subalgebra

of (A, F) if, for every f € ' and by, ...,by(s) € B we have that f(b1,...,bs)) € B.

Note: When B is a subalgebra of (A, F'), we will frequently say that B is a subalgebra of A.

Proposition B.4. Let (A, F') be an algebra, let I be an index set, and let B; be a subalgebra

of (A, F) for each i € I. Then (] B; is a subalgebra of A.
iel

Definition B.6. Let (A, F') be an algebra, and let Ag ¢ A. The subalgebra generated by Ay is
defined to be

({B<A : Apc B and B is a subalgebra of A}.

B.3 Products and Irreducibility

We will only need products of two algebras for this work.
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Definition B.7. Let (Aj, F}) and (Ag, F») be algebras of the same type with type identifier ¢.

For each f € Fy, define the a( f)-ary operation fon Ay x Ay by (for every a; € A and ag € Ay)

f(al,az) = (f(a),e(f)(a)),

and let F:= {f : feF}. Then the product of (A1, Fy) and (As, F») is the algebra given by

(A1 x Ag, F).
Note: If A is the product of A; and As, then clearly A is of the same type as Ay and As.

We then have the following definition.

Definition B.8. Let (A, F') be an algebra. If there exists two algebras (Ay, F1) and (As, F5)
both of the same type as (A, F), and (A, F) is isomorphic to the product of (A1, Fy) and

(A2, Fy), then (A, F) is said to be reducible. Otherwise, (A, F') is said to be irreducible.

B.4 Free Algebras

We now consider free algebras.

Definition B.9. Let F' be a set with a map a: F' = N, and let A be a nonempty set. Then the
free algebra with operations F' on A (denote F(A)) is the unique algebra (up to isomorphism)
with operations F' of type « such that for any algebra (B, F’) (also of type «) and every set
map f: A — B, there exists a unique homomorphism f : F(A) — B such that f(a) = f(a) for

every a € A. Also, for any a € A, a is called a basic element of F(A).

That the above algebra always exists and is well-defined is proved in Burris (9).
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B.5 Congruences on Algebras and Quotients

Just as one can take a partition of a set, and form a new set (the set of equivalence classes),
for a given algebra (A, F'), it is possible to take a partition of A (with the right properties),

and form an algebra on the equivalence classes of A of the same type.

Definition B.10. Let (A, F') be an algebra of type «, let f € F, and let ‘~’ be an equivalence
relation on A. Then ‘~" is called a congruence w.r.t. f if, for any ai,...,aq(p),b1,...,bo(p) € A

such that a; ~b; for i € {1,...,a(f)}, we have

flai,...;an) ~ f(b1,...,bp).

If ‘~” is a congruence w.r.t. every f € I, then ‘~’ is simply called a congruence on A.
We then can define the following quotient algebra.

Proposition B.5. Let (A, F') be an algebra of type «, and let ‘~’ be a congruence on A. Then
for each f e F, define! f: (A/~)*() - (A) ~) by f([a].) = [f(a)].. Let F:={f : feF}and
define 3 : F - N by B(f) := a(f). Then

1. (A/ ~,F) is an algebra of type 3.

2. (A, F) and (A/ ~,F) are of the same type, with type identifier f ~ f.

3. The map given by a — [a]. (for every a € A) is a surjective algebra homomorphism.

!That this is a well-defined notion requires proof — again the reader is referred to Burris (9).
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This proposition motivates the following definition.

Definition B.11. Let (A, F') be an algebra of type «, and let ‘~” be a congruence on A. Then

the algebra (A/ ~, F) from proposition B.5 is called the quotient algebra of A by ‘~’.
Just as quotients give rise to homomorphisms, homomorphisms give rise to quotients.

Proposition B.6. Let (A, F}) and (A, F») be algebras of the same type, and h: A; > A a

homomorphism. Then the binary relation ‘~’ on A; given by

a~b iff h(a)=nh(b)

is a congruence on A.
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LATTICE THEORY

This appendix contains a hodge-podge of concepts and results from lattice theory that we
will use in various proofs in the main text. The reader interested in a nice introduction to
lattices is referred to (13).

C.1 Lattices and Posets

We begin by discussing complete lattices and continuous homomorphisms.

Definition C.1. Let L be a lattice. L is said to be complete if for every A < L, both A A and

V A exist.
Lemma C.1. Let L be a lattice, with a,b,c € L. Then

1. Ifa<band a<c,thena<bnaec.

2. If L is complete, with B ¢ L, and a < b for every be B, then a < /\ b=/ B.
beB

3.a<biffanb=aiff avb=>0.

Definition C.2. Let L; and Lo lattice, with h: L1 - Lo a lattice homomorphism. h is called

continuous if, for every A, B € L1 we have that

OV A) =\ h(4) and k(A B) = Ah(B)

whenever \V A and A B exist.
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Lemma C.2. For lattices L1 and Lo, the natural projection map p; : Ly x Ly - Ly is a

continuous homomorphism.

Proof. That the projection map is homomorphism is a straightforward fact of universal algebra
(see (9)). In order to show that the homomorphism is continuous, we consider only meets —
the argument works similarly for joins. To that end, consider A € Ly x Lo. First, since we
know that A A < a for all a € A, we also know that p;(AA) < pi(a) for all a € A. Next, if
we assume that there is a z € L; such that z < ¢ for all g € p;(A), then (since projections are
surjective) we have p;(b) < pi(a) for some b € Ly x Ly with z = p;(b) and all @ € A. But then
we clearly have (p1(0),0) < (p1(a),p2(a)) = a for all a € A, so that (p1(b),0) < A A, and hence

2 =p1(b) <p1(A A), showing that p1(AA) = Ap1(A). ]

The following lemma shows that any element of a distributive lattice can be put in disjunctive

normal form.

Lemma C.3. Let L be a distributive lattice, and let A ¢ L be a finite set which generates L

as a lattice (via A and V). Then for any y € L, there exists g1,...,gn € A such that

Yy=aVvazV...Van,

where a; = Gig NGig N oo NGy,
Proof. This is a simple induction on the generation of L by elements of A. O

We finish this section by discussing chains and the concept of height.
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Definition C.3. Let P be a set partially ordered under <. P is called a chain if for every
a,b e P, either a < b or b <a. If P is finite, the length of P (denoted I(P)) is the number of

elements of P.

Note: Another convention common in the literature is that the length is defined to be the

number of elements minus 1.

Definition C.4. Let P be any poset partially ordered under <. The height of P (denote Ht P

is defined to be the supremum of the set

{l(C) : Cc P and C is a finite chain under <}

if the supremum exists, otherwise Ht P is defined to be co. If the height of P is finite, then P

is said to be of finite height.

C.1.1 Modular Lattices

We present a few results having to do specifically with modular lattices, but begin by

presenting a lattice which is not modular.

Example C.4. Let N5 = {b,t,z,y, 2} with the smallest partial order on L satisfyingb < x <y <,

and b< z <t

For a proof of the following proposition see Davey (13).

Proposition C.5. Let L be a lattice. Then L is modular iff it does not contain a sublattice

isomorphic to Ns.
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For a proof of the following see (30).

Proposition C.6. Jonsson’s theorem: Let L be a modular lattice with partial order <, and

let C1,...,Cy be nonempty subsets of L which are chains under < (suitably restricted). Then

the sublattice of L generated by CJ C; is distributive iff for any x1,...,x, with x; € C;, the
i=1

sublattice generated by {x1,...,z,} is distributive.

Lemma C.7. Let L be a modular lattice with partial order <, and let C'; and Cs be chains

under < (suitably restricted). Then C; u Cy generate a distributive sublattice.

Proof. Let x1 € C1 and x5 € C5. Then one can easily see that the sublattice generated by

{x1, 22} = {w1, 22,21 Ao, 21 V x2} which is easily seen to be distributive. O

C.2 Orthomodular Lattices

We first consider some useful facts concerning ortholattices more generally before considering
orthomodular lattices in particular.

C.2.1 Ortholattices

We will need the following basic fact about ortholattices.

Lemma C.8. Let L be a non-trivial ortholattice. Then

1. Ht L>2

2. Ht L=2iff L = Bs.

Proof. Since L is non-trivial, we have that 0 # 1, and since 0 < 1 we have that Ht L > 2,

establishing (1) above.
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If L #+ Bg, then there is some a € L with a ¢ {0,1}, and hence 0 < a and a < 1, so that
{0,a,1} is a chain with three elements so if L # {0,1}, then Ht L > 3. For the other implication,

if Ht L > 3, then there is some chain C ¢ L with at least 3 elements, so that L + {0,1}. O

The following definition will also prove useful.

Definition C.5. Let L be an ortholattice, and let a,b € L. If a < =b, then we say that a is

orthogonal to b (write a 1 b).

Note: Orthogonality is easily seen to be symmetric and irreflexive. Also, for any a,b € L with

a L b, we have a Ab=0.

C.2.2 Commuting Elements and the Center of an Orthomodular Lattice

The following subset of on OML will frequently prove of interest.

Definition C.6. Let L be an OML. Then the center of L is defined to be the set

{ceL : ¢cCaforalaclL},

and is denote Z(L).

The following are both proved in Kalmbach (31), p. 24.

Proposition C.9. Let L be an OML. Then Z(L) is a subalgebra of L which is a Boolean

algebra. If L is also complete, then so is Z(L).

Proposition C.10. Let L be an OML with a € L. Then the set of elements of L which

commute with a form a subalgebra closed under infinite meets and joins (whenever they exist).
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We will use the following in our discussion of reducing axioms.

Definition C.7. Let L be an OML. We define, for any a,b € L, the commutator of a and b

(denoted c(a,b) to be)

c(a,b) =[(anb)v(an=-b)]Vv[(-arb)V (-an=-b)]

The following are proved in Kalmbach (31), p. 25-26.
Proposition C.11. Let L be an OML, with a,b € L. Then c(a,b) =1 iff a C b.

Proposition C.12. Foulis-Holland Theorem: Let L be an orthomodular lattice, with a,b,d €
L such that @ C d and b C d. Then the (ortholattice) subalgebra generated by {a,b,d} is

distributive.

C.2.3 The Sasaki Projection and the Sasaki Hook

We will need the following operations when dealing with OMLs frequently.

Definition C.8. Let L be an orthomodular lattice, and let a,b € L. We define the Sasaki Hook

(denoted ‘- — -’) to be the binary operation on L given by

a—>b==-av(anb) (C.1)

and the Sasaki projection (denoted ‘p.(+)’) to be the binary operation defined by

©va(b) =aVv (-aAb). (C.2)
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Finally, define

a<b:=(a—->0b)A(b-a).

Note: For any a,b € L, the Sasaki hook and projection are related by a — b = @, (=b).

Lemma C.13. Let L be an orthomodular lattice, and ¢ the Sasaki projection. Then for any

a,be L,
1.aCb iff ¢a(b)<d
2. 9a(0)=0
Proof.
1. This is 12.(iii) in Kalmbach (31), p. 156.
2. 9(0)=an(-av0)=an-a=0.
O

Lemma C.14. Let L be an orthomodular lattice and ‘-’ the Sasaki hook (of def. C.8), and
let a,b,ce L.

l.aeb=b<a

2.a—-b=1iff a<d

3. 1=a=a

4. a<>b=1iffa=b

5. a<1=a
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6. a<>0=a->0=-a
7. a —> a = -"a
8. a<wb=(anb)v(-an-b)=-a<+ -b.

9. (aeob)ar(boc)<aec
Proof.

1. Follows trivially from the definition.

2. If a > b=-aVv (anb)=1 then meeting both sides with a yields (using orthomodularity)
that

a=an(-av(anb))=anb,

i.e. that a <b. Conversely, if a <b, then anb=asoa—->b=-ava=1.
3.1-a==-1v(lra)=0va=a
4. a<b=1iffa>b=b—->a=1, by (2) this is true iff a <b and b< a, i.e. iff a = .
5. Trivially by (2) and (3) above.
6. By (2) above 0 »a=1,s0a<>0=a—->0=-aV (aA0)=-a.
7. a—-a=-aV(aAn-a)=-aVv0=-a.

8. We can easily use the Foulis-Holland theorem to compute this. It is easy to see that

aAbC -aand anb C =b, so we simply undistribute

a<b=[-av(anb)]a[-bv(bra)]=(-an=-b)Vv(bra).



326
Appendix C (Continued)

9. This can be found in (14) (where he has aAb:= =[a <> b]). See p. 437.

C.2.4 Atoms and the Exchange Property

Definition C.9. Let L be a lattice with bottom element 0, and let a € L. a is called an atom
if @ covers 0. L is called atomic if for every x € L with x # 0, there exists an atom p € L such

that = > p. L is called atomistic if every a € L satisfies

a=\{peL : p<a, and p is an atom}.

The following two propositions are proved in Kalmbach (31), p. 140.

Proposition C.15. Let L be an atomic OML. Then L is atomistic.

Proposition C.16. Let L be an OML. Then the following three conditions are equivalent.

1. If (for any a,b e L) a covers a A b, then a v b covers b.
2. If (for any a € L and atom p € L) p £ a, then p Vv a covers a.
3. If (for any a € L and atoms p,q € L) the conditions p<gva and pAaa=0 imply ¢ <pVa.

The following are all important properties possessed by the projection lattices.

Definition C.10. Let L be an atomic OML. If L satisfies any of the three equivalent conditions

of proposition C.16, then L is said to satisfy the ezchange aziom (EA).



327
Appendix C (Continued)

Definition C.11. Let L be an atomic OML. If, for every pair of atoms p, q € L such that p 1 ¢,
we have that there exists an atom r € L such that r <pv ¢ and also r £ p and r & ¢, then L is

said to satisfy the atomic bisection property (or ABP).

Definition C.12. Let L be an atomic OML. If L satisfies ABP and also, for every triple of
distinct atoms p, q,r € L we have that p < gvr imply both ¢ <pvr and r < pvgq, then L is said

to satisfy the superposition principle (or SP).
The following lemma is theorem 14.8.9 in (4).

Lemma C.17. Let L be an atomic OML satisfying the exchange axiom. Then L is irreducible

iff L satisfies SP.

Lemma C.18. L atomic OML, with a,s € L, s an atom, and s and a commute. Then s < a or

sla.

Proof. To see this, note that we have

sCa<s=(srna)Vv(sA-a),

and also s € Q(L) implies that sAxz =s or sAz =0, and if sAa =0, then s A -a = s (or vice

versa) — thus, s <a or sla. O
The following is proved in Kalmbach, p. 143.

Lemma C.19. Let L be an atomic OML satisfying EA, and let a,b € L with a L b, and let

p € L be an atom with p<avbbut p¢b. Then (pvb)Aaisan atom.
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We will need the following when proving the RZFC axioms hold in certain OMLs.

Lemma C.20. Let L be a complete, atomic, irreducible OML satisfying EA. Then for any

y € L with y ¢ {0,1}, we have

N (e2(y) = y) =0.

zel

Proof. If L = By the above holds vacuously. Otherwise, since L # {0,1} in this case, we must
have that L is height greater than 2 (lemma C.8). Then since L is an atomic, irreducible, OML
such that EA holds and the height of L is greater than 2, both superposition (SP) and the
atomic bisection property (ABP) hold (lemma C.17). Let (L) denote the set of all atoms of
L. Since L is an atomic OML, L is atomistic (proposition C.15), so for any y € L, we have that

both

y=V\V »p and -y=V q

Py q<-y
pe2(L) geQ(L)

and each of the joins above are non-empty (since y ¢ {0,1}) so

l=yv-y=[ \V plv[ V d= V (@vo.

p<y qs-y P<Y,qs—y
peQ(L) qeQ(L) p,qeQ(L)

Now, for each p,q € Q(L) with p <y, ¢ < -y, we have plq (since p < y < —¢q), and so since
L satisfies ABP, we choose some 7,, € (L) which is such that 7,, < p Vv ¢ and 7,, does not
commute with either p or ¢, and furthermore, by SP, we have that pv g =qVv 1y, = pV 1y,
We further claim that r,, does not commute with y. By lemma C.18, r,; commutes with y iff

either 7,y <y or 1y < —y. But if rpy <y, then 7 vp=pvg<y, sothat ¢ <y A -y =0 which
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is a contradiction since ¢ € Q(L). A similar contradiction results if r,, < -y, and so rp, cannot
commute with y.

Now, 7,4 € Q(L) implies that —ry, is a coatom, and 7,, < p v ¢ implies that p v g€=rp, (by
transitivity of < since rpq # 0). Then, —rp A (pV ¢) is an atom by EA.

But then, by lemma C.19 (using that p ¢ rp, since both p,7,, € Q(L), and also rpgL-7p,) we
see that z,q 1= =1pg A (D V Tpq) is an atom. Since zpq < 74, clearly 2, # rpq, and then by SP we

have

qu\/rpq :pVqu =pVvyg.

Additionally, we must have that z,, does not commute with y, by the same argument that r,,

does not commute with y. Hence, we have that

1=V (va)= V (pvad< Vo
PY,qs-y P<y,qs-y reQ(L)
P,qeQlr P,qeQlr r 2y

and taking the negation yields,

0= A\ -r (C.3)
reQ(L)
r &y

But for r any atom that doesn’t commute with y, we have

or(y)=ra(-rvy)=ral=r,
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since y £ —r and —r is a coatom, so that

er(y) >y=-rv(ray)=-rv0=-r

Plugging this back into equation C.3 yields

0= A -r= A (@ =9)2 A (p2(4) > )
reQ(L) reQ(L) zel
r &y r &y vy

The following property will be useful in many ways.

Definition C.13. Let L be an orthomodular lattice. L is said to satisfy the relative cen-
ter property if for any a € L, the center of any interval [0,a] is exactly the set {a A D

b is in the center of L}.
Lemma C.21. The following OMLs satisfy the relative center property.

1. Any complete modular ortholattice.
2. Projection lattices of any Hilbert space.
3. Projection lattices of any von Neumann algebra.

Proof. For (1) and (3) see Theorem 14 in Kalmbach (31), pages 110-111. (2) is a special case

of (3). O
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Lemma C.22. Let L be a complete orthomodular lattice which satisfies the relative center

property, and let a € L. Then /\ b— a is in the center of L.
beL

Proof. Note that an element is in the center of L iff its negation is, and

~A\b=a=\-(=bv(bra)) =\ ¢(-a),

belL belL beL

(with ¢p(a) the Sasaki projection), and so it suffices to show that \/ ¢p(a) is in the center of
belL

L if L satisfies the relative center property. But this then follows directly from Theorem 14 in

Kalmbach (31) (page 110) and Theorem 7 (page 108) along with proposition 10 in Chevalier

(10) (specifically the equivalence of (b) and (d)). O

Definition C.14. Let L be a complete OML, and let G be the group of continuous ortholattice
automorphisms on L. L is said to be rotatable if the only fixed points of L under the action of

G are 0 and 1.
Proposition C.23. The projection lattice of a separable complex Hilbert space is rotatable.

Proof. 1t is easily verified that for any unitary transformation U, the map which takes any
projection operator P to UTPU induces an automorphism on the projection lattice. Of course,

the only projectors fixed by all such automorphisms are I and 0. 0

All of the following facts are established in Kalmbach (31).

Proposition C.24. The projection lattice of a separable complex Hilbert space is an atomic,

irreducible complete OML satisfying the exchange axiom.
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class of all a which satisfy property P

empty set

sum and product on quantum natural numbers
{a€A : a¢ B} for sets A, B

arity function for a language or algebra

set of basic symbols for formal syntax

set of basic logical symbols {A, -, V}

set of variables {vy,v2,...}

class of maps from 2 to B for classes 2, B

the complex numbers

composition of functions f,g

the natural numbers {0,1,2,...}

quantum L-number structure for complete OML L
class of ordinal numbers

L-valued set structure for a complete OML L

the class of all quantum sets for a complete OML L
the real numbers

spectrum of a quantum natural number A

first infinite ordinal / natural numbers as sets
L-valued quantum natural numbers for complete OML L
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C operator, 106
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classical universe of sets, 181
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Corinthians 13:11, 13
cover, 6

deduction theorem
in classical propositional logic, 20
in first-order quantum logic, 99
in propositional quantum logic, 33
DeMorgan’s Law, 12
derivable, 48
DL, 96



domain
of a class function, 304
of a function, 298
Dunn’s theorem, 133, 233

EA, 326
eigenvalue, 246, 270
element
basic, 315
in naive set theory, 291
empty set
in naive set theory, 292
in RZFC, 187
in ZFC, 175
equality axioms, 123
equational
language, 123
M-system, 125
equivalence relation, 297
evaluation
of an atomic extended sentence, 116
of terms, 59
exchange axiom, 326
extended language, 58
extensionality
in naive set theory, 291
in RZFC, 188
in ZFC, 176

finite type, 312
formal proof, 48
formally provable, 19
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non-standard model of, 143
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propositional universe, 15
propositions, 15

atomic, 14

quantum logical axioms, 46
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quantum number structure, 249
quantum propositional truth function, 31
quantum rule of inference, 47

quantum set, 195

quantum theorem, 49

quasi-valuation, 60

quotient algebra, 317
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of a function, 298
reducible, 315

regularity
in RZFC, 189
in ZFC, 177

relation, 297
relative center property, 330
replacement, 56
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in ZFC, 177
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of a map, 299
rule (of inference), 47
rule of deduction

propositional, 19
Russel’s Paradox, 293
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Sasaki hook, 323

Sasaki projection, 323
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Schrédinger equation, 157
segment, 306

semantic entailment, 17
semantic Q-entailment, 32
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sentence, 45
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in RZFC, 188
in ZFC, 177
set

in naive set theory, 291
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in ZFC, 175
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in RZFC, 187, 188
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soundness
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of first-order quantum logic, 73
SP, 327
spectral decomposition, 269
standard model, 66
strict linear ordering, 305
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structure, 63
subalgebra, 314
subclass, 303
subset
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substitution axioms, 125
reduced, 127
substitution for terms, 135
subtract operation on sets, 293
successor
classical, 233
quantum, 236
successor fragment axioms, 231
successor ordinal, 309
superposition principle, 327
support, 194
surjective, 300

T-normality, 189
T operator, 107
term, 43
theorem, 49
top element, 11
transfinite induction, 306
transfinite recursion, 307
transitive set
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quantum, 240
transitivity (strong and weak), 123
truth valuation, 60
truth value algebra, 63
tuple, 294
type, 312
same, 313
type identification, 313
typical language, 42

underlying class (set), 63
union
in naive set theory, 294
in RZFC, 187, 188
in ZFC, 175, 177
pairwise, 189
universal algebra, 312
universe of discourse, 15

variable, 41

bound, 44

free, 44
vector space

axioms, 155

non-standard model of, 156
von Neumann equation, 163

VS1-VS10, 155

weak transitivity (of equality), 123
well-ordering, 306

wit, 44

wif schema, 46

ZFC axioms, 176
Zorn’s Lemma, 310

337



338

CITED LITERATURE

. Aluffi, P.: Algebra: Chapter 0. Providence, American Mathematical Society, 2009.

. Bell, J.L.: Boolean-Valued Models and Independence Proofs in Set Theory. Oxford, Claren-
don Press, 1977.

. Bell, J.L.: Category Theory and the Foundations of Mathematics.
The British Journal for the Philosophy of Science 32:349-358, 1981.

. Beltrametti, E.G. and Cassinelli, G.: The Logic of Quantum Mechanics. Reading, Addison-
Wesley, 1981.

. Birkhoff, G. and von Neumann, J.: The Logic of Quantum Mechanics.
Annals of Mathematics 37:823-843, 1936.

. Birkhoff, G.: Lattice Theory. New York, American Mathematical Society, 1967.

. Blass, A.: Existence of bases implies the axiom of choice.
Contemporary Mathematics 31:31-33, 1984.

. Burris, S.: Logic for Mathematicians and Computer Science. Upper Saddle River, Prentice
Hall, 1998.

. Burris, S. and Sankappanavar, H.P.: A Course in Universal Algebra.
http://www.math.uwaterloo.ca/~snburris/htdocs/ualg.html, 2012.

10. Chevalier, G.: Around the Relative Center Property in Orthomodular Lattices.

Proceedings of the American Mathematical Society 112:935-948, 1991.

11. Coecke, B., Moore, D.J. and Wilce, A.: Operational quantum logic: An overview. In:

Current Research in Operational Quantum Logic: Algebras, Categories, Languages,
eds. B. Coecke, D.J. Moore and A. Wilce, pp. 1-36, Dordrecht, Kluwer Academic
Publishers, 2000.



http://www.math.uwaterloo.ca/~snburris/htdocs/ualg.html

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

339

Cohen, P.: Set Theory and the Continuum Hypothesis. 1966. Reprint. Mineola, Dover
Publications, 2008.

Davey, B.A. and Priestly, H.A.: Introduction to Lattices and Order. Cambridge, Cam-
bridge University Press, 2002.

Dorfer, G.,Dvurecenskij, A. and Langer, H.: Symmetric Difference in Orthomodular Lat-
tices. Mathematica Slovaca 46:435-444, 1996.

Dunn, J.M.: Quantum Mathematics. In:
Proceedings of the 1980 Biennial Meeting of the Philosophy of Science Association,
eds. P. D. Asquith and R. Giere, pp. 512-531, 1980.

Dunn, J.M.: The Impossibility of Certain Higher-Order Non-Classical Logics with Exten-
sionality. Philosophical Analysis 39:261-279, 1988.

Dishkant, H.: The First-Order Predicate Calculus Based on the Logic of Quantum Me-
chanics. Reports on Mathematical Logic 3:9-18, 1974.

Enderton, H.: A Mathematical Introduction to Logic. San Diego, Academic Press, 2001.

Enderton, H.: Elements of Set Theory. New York, Academic Press, 1977.

Foulis, D.: A Half-Century of Quantum Logic — What Have we Learned? In:
Quantum Structures and the Nature of Reality, eds. D. Aerts and J. Pykacz, pp. 1-36,
Brussels, VUB University Press, 1999.

Givant, S. and Halmos, P.: Introduction to Boolean Algebras. New York, Springer, 2009.

Jech, T.: Set Theory. Berlin Heidelberg, Springer-Verlag, 1997.

Halmos, P.: Naive Set Theory. Princeton, D. Van Nostrand Company, 1960.

Hardegree, G.: The conditional in quantum logic, Synthese 29:63-80, 1974.

Hardegree, G. and Frazer,P.: Charting the Labyrinth of Quantum Logics: A Progress Re-
port. In: Current Issues in Quantum Logic, eds. E. Beltrametti and B. C. van Frassen,
pp- 53-76, New York, Plenum, 1981.




26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

340

Hardegree, G.: Some problems and methods in formal quantum logic. In:
Current Issues in Quantum Logic, eds. E. Beltrametti and B. C. van Frassen, pp. 209-
225, New York, Plenum, 1981.

Herrlich, H.: Axiom of Choice. Berlin Heidelberg Springer-Verlag, 2006.

Holland, S.: The  Current Interest in  Orthomodular  Lattices. In:
The Logico-Algebraic Approach to Quantum Mechanics, ed. C.A. Hooker, pp. 437-
496, Dordrecht, D. Reidel, 1975.

Holdsworth, D. and Hooker, C.A.: A Critical Survey of Quantum Logic. Scientia 117:127-
246, 1982.

Jénsson, B.: Distributive Sublattices of a Modular Lattice.
Proceedings of the American Mathematical Society 6:682-688, 1955.

Kalmbach, G.: Orthomodular lattices. London, Academic Press, 1983.

MacLane, S,: Mathematics: Form and Function. New York, Springer-Verlag, 1985.

Maeda, F. and Maeda, S.: Theory of Symmetric Lattices, Berlin Heidelberg, Springer-
Verlag, 1970.

Manin, Y.: A Course in Mathematical Logic for Mathematicians. New York, Springer-
Verlag, 2010.

Mendleson, E.: Introduction to Mathematical Logic, London, Chapman and Hall, 2009.

Nishimura, H. Empirical Set Theory. International Journal of Theoretical Physics 32:1293-
1321, 1993.

Ozawa, M.: Transfer principle in quantum set theory. Journal of Symbolic Logic 72:625-
648, 2007.

Ozawa, M.: Orthomodular-valued models for quantum set theory. arXiv:0908.0367 [quant-
ph], 2009.

Suppes, P.: Axiomatic Set Theory. Toronto, Dover, 1972.




40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

341

Takeuti, G.: Two Applications of Logic to Mathematics. Princeton, Princeton University
Press, 1978.

Takeuti, G.: Logic and Set Theory. In: Modern Logic — A Survey. e, E. Agazzi, pp. 161-
171, Dordrecht, D. Reidel, 1980.

Takeuti, G.: Quantum Set Theory. In: Current Issues in Quantum Logic, eds. E. Beltram-
etti and B. C. van Frassen, pp. 303-322, New York, Plenum, 1981.

Takeuti, G.: Quantum Logic and Quantization, In:
Proc. Int. Symp. on Foundations of Quantum Mechanics, eds. S. Kamefuchi et. al.,
pp- 256-260 Tokyo, Phys. Soc. Japan, 1983.

Tarski, A.: Pojecie prawdy w jezykach nauk dedukcyjnych. Warsaw, Nakladem To-
warzystwa Naukowego Warszawskiego, 1933.

Tokuo, K.: Typed Quantum Logic. International Journal of Theoretical Physics 42:27-38,
2003.

Tokuo, K.: Quantum Number Theory. International Journal of Theoretical Physics
42:2461-2481, 2004.

Titani, S. and Kozawa, H.: Quantum Set Theory.
International Journal of Theoretical Physics 42:2575-2602, 2003.

Titani, S.: A completeness theorem of quantum set theory. In:
Handbook of Quantum Logic and Quantum Structures: Quantum Logic eds. K. En-
gesser, D. M. Gabbay, and D. Lehmann, pp.661702, Amsterdam, Elsevier Science
Ltd., 2009.

van den Dries, L.: Mathematical Logic Lecture Notes,
http://www.math.uiuc.edu/~vddries/410notes/main.dvi, 2010.


http://www.math.uiuc.edu/~vddries/410notes/main.dvi

342

VITA

Richard J. DeJonghe II1

Contact Information
Department of Physics
University of Illinois at Chicago Voice: (773) 617-4915

845 W. Taylor St. M/C 273 Faz: (312) 996-9016
Chicago IL, 60607 USA E-mail: rdejon2Quic.edu
Education

University of Illinois at Chicago,

e Ph.D., Physics Physics (expected graduation date: August 2013)
— Advisor: Professor Tom Imbo

e M.S., Pure Mathematics, expected graduation date: August 2013

e B.S., Physics, June 2006

University of North Carolina at Chapel Hill,
e B.A., Political Science, December 2002

Awards

University of Illinois at Chicago
e Dean’s Scholar Award, 2009

University of Illinois at Chicago, Physics Department
e James Kouvel Fellowship, 2012
e Outstanding Teaching Assistant Award, 2007 and 2008
e Siva Sivananthan Fellowship, 2006

Academic Experience
University of Illinois at Chicago, Chicago, IL. USA
Graduate Student August 2006 to present

e Conducted research in quantum logic, relativistic quantum computation, and higher
dimensional gauge theories.


http://www.ece.osu.edu/
http://www.uic.edu/
mailto:rdejon2@uic.edu
http://www.uic.edu/
http://physicsweb.phy.uic.edu/
http://http://physicsweb.phy.uic.edu/people/faculty/display.php?PersonID=12
http://www.math.uic.edu
http://physicsweb.phy.uic.edu/
http://unc.edu/
http://ttp://www.ece.osu.edu/
http://www.uic.edu/
http://http://grad.uic.edu/cms/?pid=1000091
http://physicsweb.phy.uic.edu
http://physicsweb.phy.uic.edu/graduate/scholarships.php
http://www.uic.edu

343

Instructor August 2006 to present

e Taught introductory physics discussions and laboratory sections, both mechanics and
electromagnetism as well as both calculus and non-calculus based (Phys 106, 108, 141,
142).

e Taught an introductory physics workshop (Phys 104).

e Taught laboratory sections for both Astronomy (Phys 112) and The Natural Sciences
(Phys 121).

Grader August 2010 to May 2012

e Graded homework for graduate quantum mechanics (Phys 511, 512).
e Graded homework for graduate mathematical physics (Phys 515).

Undergraduate Researcher September 2004 to August 2006

e Fermilab, Batavia IL. Participated in the Run IIb Trigger Upgrade (2004).

e Laboratory for X-Ray Microimaging and Bioinformatics, Chicago IL. Contributed to
construction and programming of experimental setup and modelled high-intensity laser
pulses using Mathematica (2005-2006).

Publications

R. DeJonghe, K. Frey, and T. Imbo, Bott Periodicity and Realizations of Chiral Symmetry
in Arbitrary Dimensions. Phys. Lett. B 718:603-609, 2012.

R. DeJonghe, K. Frey, and T. Imbo, Discontinuous Quantum Evolutions in the Presence of
Closed Timelike Curves. Phys. Rev. D 81:087501, 2010.

A. Borisov, X. Song, P. Zhang, J. McCorkindale, S. Khan, R. DeJonghe, S. Poopalasingam,
J. Zhao, K. Boyer and C. Rhodes, Single-pulse characteristics of the Xe(L) amplifier on the
Xe35+ (3d—2p) transition array at A ~2.86 A. J. Phys. B: At. Mol. Opt. Phys. 39:1313-L321,
2006.

K. Boyer, A. Borisov, X. Song, P. Zhang, J. McCorkindale, S. Khan, R. DeJonghe, and
C. Rhodes, Xe(L) Coherent X-Ray Source at 2.9 A for Biological Nanoimaging. AIP Conf. Proc
827:457-466, 2006.

A. Stone, M. Camuyrano, R. DeJonghe, Redressing the BLS Trigger Cables for the Run IIb
L1 Calorimeter Trigger Upgrade, D@ Note 4651, 2006.


http://arxiv.org/abs/1207.6547
http://arxiv.org/abs/1207.6547
http://prd.aps.org/abstract/PRD/v81/i8/e087501
http://prd.aps.org/abstract/PRD/v81/i8/e087501
http://iopscience.iop.org/0953-4075/39/17/L01/
http://iopscience.iop.org/0953-4075/39/17/L01/
http://connection.ebscohost.com/c/articles/20385858/xe-l-coherent-x-ray-source-at-2-9-biological-nanoimaging
http://www-d0.fnal.gov/cgi-bin/d0note?4651
http://www-d0.fnal.gov/cgi-bin/d0note?4651

344

Presentations

Discontinuous Quantum Evolutions in the Presence of Time Machines, Physics Fest at UIC,
March 13, 2009.

Professional Memberships

American Physical Society

Alpha Chi Sigma Professional Chemistry Fraternity
Service

Co-founder /director of UIC Physics Student Colloquium Series, 2008-2011
Graduate Student Council Representative, 2008-2009
Historian for Alpha Chi Sigma, 2001-2002



	to1 Introduction
	 Basics of Classical Mathematical Logic
	 Posets and Lattices
	 Propositional Logic
	 Boolean Algebras
	 First-Order Logic

	 Basics of Quantum Logic
	 Orthomodular Lattices
	 Projection/Subspace Lattices
	 Propositional Quantum Logic

	 Overview of Logic and Preview of Remaining Chapters

	to2 First-Order Quantum Logic and Quantum Mathematics
	 Formal Syntax
	 The Object Language

	 Formal Deduction in First-Order Quantum Logic
	 Some Formal Arguments

	 Semantics for First-Order Quantum Logic
	 Extended Languages and Structures
	 Quantum Models

	 Soundness and Completeness of Quantum Logic
	 Soundness
	 Completeness
	 Completeness with respect to Irreducibles


	to3 Simple Developments in First-Order Quantum Logic
	 Relationship to Classical Predicate Logic
	 Compatibility and Distributivity
	 Implications of Subclassicality for our Quantum Logic

	 Axiomatizations of Mathematical Theories
	 Classically Equivalent Axiom Systems
	 Classicality Operators

	 General Properties of Models and Structures in Quantum Logic
	 Conservative Structures and Models
	 Models on Projection Lattices
	 Construction of Models


	to4 Quantum Algebraic Systems
	 Equational Languages
	 Equality and Substitution Axioms
	 Constructing Models for Equational Languages
	 Inherent Classicality of Certain Axiom Systems

	 Quantum Monoids and Quantum Groups
	 Groups Axioms with Strong Transitivity are Inherently Classical
	 Non-standard Model of a Group
	 Non-standard Model of a Monoid satisfying Strong Transitivity
	 Non-conservative Model of a Monoid

	 Quantum Orthomodular Lattices and Boolean Algebras
	 Orthomodular Lattice Axioms with Strong Transitivity are Inherently Classical
	 A Natural Class of Non-standard Orthomodular Lattices
	 Non-standard Model of the usual Boolean Algebra Axioms

	 Quantum Linear Algebra
	 A Natural Class of Non-standard Models for the Vector Space Axioms
	 A Natural Class of Non-standard Models of Operator Algebra Axioms
	 The von Neumann Equation in Quantum Mathematics


	to5 Quantum Set Theory
	 The Zermelo-Fraenkel with Choice Axioms
	 Classical Zermelo Fraenkel with Choice
	 The Classical Universe of Sets
	 Generalizing the Classical Universe
	 Reduced Zermelo Fraenkel with Choice

	 Quantum Models of Set Theory
	 Universes of Quantum Sets
	 The Quantum Sets satisfy the (reduced) Zermelo-Fraenkel with Choice Axioms

	 Comparison to Takeuti's Quantum Set Theory

	to6 Quantum Arithmetic
	 Arithmetical Basics
	 Successor Fragment
	 Full Arithmetic
	 Classical Arithmetic

	 Quantum Arithmetic from Quantum Sets
	 Quantum Set Theoretic Preliminaries
	 The Quantum Natural Numbers
	 Quantum Models of Arithmetic

	 Properties of Quantum Arithmetic
	 Substitution
	 Two-variable Expressions in Quantum Arithmetic
	 Failure of Associativity and Distributivity
	 Nice Behavior of Arithmetic for Certain Numbers

	 Arithmetic over Projection Lattices
	 Quantum Numbers as Observables 
	 Arithmetical Addition and Multiplication as Viewed on Observables
	 Towards an Interpretation in Projection Lattices


	to7 Conclusion
	 Summary of Major Results
	 Looking to the Future
	 Final Remarks

	to APPENDICES
	to      Appendix A
	to      Appendix B
	to      Appendix C
	to GLOSSARY OF NOTATION
	to INDEX
	to CITED LITERATURE
	to VITA

