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SUMMARY

This dissertation provides an affirmative answer to the well-known half century old en-
gineering question raised by Office of Naval Research: How can one solve nonlinear filtering
(NLF) problems in real time without memory, if enough computational resources are provided?
Instead of the prestigious Kalman filter (KF) and its derivatives to estimate the mean and
the covariance matrix of the states, we resort to solving the Duncan-Mortensen-Zakai (DMZ)
equation, which is satisfied by the un-normalized probability density function of the states. In
this dissertation, we develop a novel algorithm, which is applicable to the most general settings
of the NLF problems and keeps two of the most important properties of KF: real-time and
memory-less.

Briefly speaking, in our algorithm, we split the approximation of the conditional density
function into two parts: one part could be pre-computed before any on-line experiments ran
(so-called off-line computation); the other part has to be sychronized the real-time data with the
pre-computed data (so-called on- line computation). More precisely, the off-line computation
solves a forward Kolmogorov equation (FKE) with the initial conditions, which are chosen to be
a complete base functions in square-integrable function space, while the on-line part computes
the projection of the conditional density function at each time step onto the basis, and then
synchronize them with the off-line data to obtain the conditional density function at the next

time step.



SUMMARY (Continued)

First, we validate our algorithm theoretically, by estimating the convergence rate with re-
spect to the sampling frequency. Second, we tackle some difficulties in the implementation of
our algorithm and apply it to some 1-D benchmark NLF problems. Compared with the two
most widely used methods nowadays, extended Kalman filter and particle filters, our algorithm
surpasses both of them in the real-time manner with comparable accuracy. Last, when we
investigate the application of our algorithm to the high-dimensional state NLF problems, we
combine the sparse grid algorithm with the Hermite spectral method to serve as the off-line

solver of FKE. The convergence rate is investigated both theoretically and numerically.
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CHAPTER 1

INTRODUCTION

Tracing back to 1960s, two most influential mathematics papers (36), (34) have been pub-
lished in ASME’s Journal of Basic Engineering. These are so-called Kalman filter (KF) and
Kalman-Bucy filter. They addressed a significant question: How does one get accurate esti-
mate from noisy data? The applications of KF are endless, from seismology to bioengineering
to econometrics. The KF surpasses the other existing filtering in, at least, the following two

aspects:

e The KF uses each new obervation to update the state of the system without refering back

to any earlier observations. This is so-called “memory-less” or “without memory”.

e The KF makes the decisions of the state instantaneously, while the observation data keep

coming in. This property is called “real-time”.

Despite its success in many real applications, the limitations on the nonlinearity and Gaus-
sian assumption of the initial probability density of the KF pushed mathematicians and engi-
neers to seek the optimal nonlinear filtering (NLF). One direction is to adapt the KF to the
nonlinearities. The researchers developed extended Kalman filter (EKF), unscented Kalman
filter, ensemble Kalman filter, etc., which could be used to handle weak nonlinearities (say, the

almost linear ones). But for serious nonlinearities, they may completely fail.



Another direction, and also the most popular method nowadays, are the particle filters (PF),
refer to as (1), (2) and reference therein. They are developed from sequential Monte Carlo
methods. On the one hand, the PF are applicable to the nonlinear, non-Gaussian scenarios. As
the number of particles goes to infinity, the PF become asymptotically optimal. On the other
hand, they are hard to implement as a real-time application, due to its essence of Monte Carlo
simulations.

Besides the two widely used methods above, the partial differential equations (PDE) meth-
ods are introduced to the NLF in 1960s. These methods are based on the fact that the un-
normalized conditional density of the states is the solution of Duncan-Mortensen-Zakai (DMZ)
equation, refer to as (15), (41) and (60). Yet, the main drawback of the PDE methods are the
intensive computation. It is almost impossible to achieve the “real-time” performance. To over-
come this shortcoming, the splitting-up algorithm is introduced to move the heavy computation
off-line. It is like the Trotter product formula from semigroup theory. This operator-splitting
algorithm is proposed for the DMZ equation by Bensoussan, Glowinski, and Rascanu (10).
More research articles which follow this direction are (28), (42) and (31), etc. In 1990s, Lotot-
sky, Mikulevicius and Rozovskii (38) developed a new algorithm (so-called S3-algorithm) based
on the Cameron-Martin version of Wiener chaos expansion. Unfortunately, it is pointed out in
(10) that the soundness of these algorithms are verified only to the filtering with bounded drift
and observation terms (i.e., f and h in Equation 2.1). In 2008, Yau and Yau (59) developed
a novel algorithm to solve the “pathwise-robust” DMZ equation (see Equation 2.6), where the

boundedness conditions are weakened to some mild growth conditions on f and h. The two nice



properties of the KF have also been kept in this algorithm: “memory-less” and “real-time”.
But their algorithm has only been rigorously proved in theory, when the drift term, the ob-
servation term (f, h in Equation 2.1) are not explicitly time-dependent, the variance of the
noises (G in Equation 2.1) is the identity matrix, and the noises are standard Brownian motion
processes (S = Irxr, @ = Iyxm in Equation 2.1) . Let us refer to the case studied in (59) as
the “time-invariant” one in this dissertation.

The first task of this dissertation is to extend the algorithm in (59) to the most general
settings of NLF problems, in the sense that the drift term, the observation term could explicitly
depend on time, the variance of the noises S, ) are also time-dependent, and G could be a
matrix of functions of both time and the states. We shall validate our algorithm under very mild
growth conditions on f, h and G, for example Equation 3.30, Equation 4.2 and Equation 3.45,
etc. These are essentially time-dependent analogue of those in (59). First of all, this extension
is absolutely necessary. Many real applications have explicit time-dependence in their models,
say the target orientation angle estimation for target position/velocity in constant turn model,
where the angular velocities are piecewise constant functions in time, see (46). Second, this

extension is nontrivial from the mathematical point of view. A trickier analysis of the PDE is
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«, see the

required. For instance, we need to take care of the more general elliptic operator D
definition in Equation 2.7, rather than the Laplacian.
The second task in this dissertation is to implement our algorithm with 1-D state to achieve

the “real-time” and “memory-less” manner. In the implementation, we shall solve the forward

Kolmogorov equation (FKE) Equation 2.13 with the Hermite spectral method (HSM). There



are two reasons that we choose HSM: on the one hand, HSM is particularly suitable for functions
defined on the unbounded domain which decays exponentially at infinity; on the other hand,
HSM could be easily patched with the numerical solution obtained in the previous time step
while the moving-window technique is in use in the on-line experiments.

The HSM itself is also a rich research field, which could be traced back to 1970s. In (21),
Gottlieb et. al. gave the example sin x to illustrate the poor resolution of Hermite polynomials.
To resolve M wavelength of sin z, it requires nearly M? Hermite polynomials. Due to this fact,
they doubted the usefulness of Hermite polynomials as basis. The Hermite functions inherit
the same deficiency from the polynomials. Moreover, it is lack of fast Hermite transform (some
analogue of fast Fourier transform). Despite of all these drawbacks, the HSM has its inherent
strength. Many physical models need to solve a differential equation on an unbounded domain,
and the solution decays exponentially at infinity. From the computational point of view, it is
hard to describe the rate of decay at infinity numerically or to impose some artificial boundary
condition cleverly on some faraway “boundary”. Therefore the Chebyshev or Fourier spectral
methods are not so useful in this situation. As to the HSM, dealing with the behavior at infinity
is not necessary. Recent applications of the HSM can be found in (17), (19), (27), (48), (57),
ete.

To overcome the poor resolution, a scaling factor is necessary to be introduced into the
Hermite functions, refer to (6), (7). It is shown in (7) that the scaling factor should be chosen
according to the truncated modes N and the asymptotical behavior of the function f(x), as

|x| — oo. Some efforts have been made in seeking the suitable scaling factor, see (7), (55), (48),



etc. To optimize the scaling factor is still an open problem, even in the case that f(z) is given
explicitly, to say nothing of the exact solution to a differential equation, which is generally
unknown a-priori. Although some investigations about the scaling factor have been made
theoretically, as far as we know, there are no practical guidelines of choosing a suitable scaling
factor. Nearly all the scaling factors in the papers with the application of HSM are obtained
by the trial-and-error method. Thus, we believe it is necessary and useful to give a practical
strategy to pick an appropriate scaling factor and the corresponding truncated mode for at least
the most commonly used types of functions, i.e. the Gaussian type and the super-Gaussian type
functions. The strategy we shall give in section 5.2.2 only depends on the asymptotic behavior
of the function. In the scenario where the solution of some differential equation needs to be
approximated (the exact solution is unknown), we could use asymptotical analysis to obtain its
asymptotic behavior. Thus, our strategy of picking the suitable scaling factor is still applicable.

Let us draw our attention back to the implementation of our algorithm to NLF problems.
Through our study of HSM to FKE, the off-line data could be well prepared. However, when
synchronizing the off-line data with the on-line experiments, to be more specifically, updating
the initial data on-line, another difficulty arises due to the drifting of the conditional density
function. The untranslated Hermite functions with limited truncation modes could only resolve
the function well, if it is concentrated in the neighborhood of the origin. Let us call this
neighborhood as a “window”. Unfortunately, the density function will probably drift out of the
current “window”. The numerical evidence is displayed in Figure 6. To efficiently solve this

problem, we for the first time introduce the translating factor to the Hermite functions and



the moving-window technique for the on-line implementation. The translating factor helps the
moving-window technique to be implemented more neatly and easily. The idea of the moving-
window technique is to shift the windows back and forth according to the “support” of the
density function, by tuning the translating factor. Three NLF problems are solved numerically
by our algorithm and compared with either EKF or PF. It is verified numerically that our
algorithm is superior to both of them in the “real-time” manner.

The last task of this dissertation is to investigate our algorithm with high-dimensional state.
That is, we need to solve the FKE in R?, where d > 1 is the dimension of the state. Among
the existing literature, the Hermite and Laguerre spectral methods are the commonly used
approaches to solve the PDE based on orthogonal polynomials in infinite interval, referring to
(19), (57). Although the Hermite spectral method (HSM) appears to be a natural choice, it is
not as widely used as the Chebyshev and Fourier spectral methods, due to its poor resolution
(21) and the lack of fast algorithm for the transformation (8). However, it is shown in (6)
that an appropriately chosen scaling factor could greatly improve the resolution. Moreover, we
present practical guidelines of choosing the suitable scaling factors for Gaussian/super-Gaussian
functions (39).

Nevertheless, the main difficulty comes from the so-called “curse of dimensionality”. Take
the target tracking problem in 3-dim as example, there are at least six states involved in this sys-
tem (three for position, three for velocity). That is, we need to solve a linear parabolic PDE in
RS. Naively, if we implement the spectral method with tensor product formulation and assume

that N modes need to be computed in each direction, then the total amount of the computation



is N®. Even with moderately small N, it is still not within the reasonable computing capacity.
An efficient tool to reduce this effect is the sparse grids approrimations from Smolyak’s algo-
rithm (54), which is based on a hierarchy of one-dimensional quadrature. It has a potential
to obtain higher rates of convergence than many existing methods, under certain regularity
conditions. For example, the convergence rate of Monte Carlo simulations are O(N _%) with N
sample points, while the sparse grids from (54) achieves O(N " (log N)(¢=D+1) provided that
the function has bounded mixed derivatives of order r. The studies of sparse grids start from
the basis functions in the physical spaces: piecewise linear multiscale bases (13), wavelets (13),
(49). In the recent decade, the hyperbolic cross (HC) approximation in the frequency space
has also been investigated with various basis functions: Fourier series (22), (24), polynomial
approximations generated from the Chebyshev-Gauss-Lobatto points (4), Jacobi polynomials
(51).

Although the regular hyperbolic cross (RHC) approximation reduce the effect of the “curse
of dimensionality” in some degree, the convergence rate still deteriorates slowly with the dimen-
sion increasing (noting the term (log N)(@=D(+1) in the previous paragraph). To completely
break the “curse of dimensionality”, the optimized hyperbolic cross (OHC) approximation is
introduced in (24). It has been shown in (36) that the convergence rate of the OHC approxi-
mation with v € (0, 1) (see definition in Equation 6.40) with Fourier series is of O(N~") in our
notation, where the dimension enters the big-O. We shall first establish the error estimate for
the HC approximations with properly scaled Hermite functions in the weighted Korobov spaces

o3 (R?), see Equation 6.28. Next, we shall study the application of the Galerkin-type HSM



with the HC approximation to high-dimensional linear parabolic PDEs. The error estimates in
appropriate weighted Korobov spaces are investigated under various conditions (cf. conditions
(C1)-(Cé) in Chapter 6). There also exists a rich literature on the applications of sparse grids
algorithms. It has already been successfully applied to problems from the integral equations
(26), to interpolation and approximation (35), to the stochastic differential equations (50), (43),
to high dimensional integration problems from physics and finance (20), and to the solutions
to elliptic PDEs, (61), (52). As to the parabolic PDEs, they are treated with a wavelet-based
sparse grid discretization in (56). Besides the finite element approaches, they are also handled
wth finite differences on sparse grids (23) and finite volume schemes (29). Griebel and Oeltz
(25) proposed a space-time sparse grid technique, where the tensor product of one-dimensional
multilevel basis in time and a proper multilevel basis in space have been employed. To our best
knowledge, it is the first time in this paper that the Galerkin HSM with sparse grids algorithm

is applied to parabolic PDEs, and the error estimates are obtained in the appropriate spaces.



CHAPTER 2

MODEL AND ALGORITHM

The model we are considering is the signal observation model with explicit time-dependence

in the drift term, observation term and the variance of the noises:

dZCt = f($t, t)dt + G($t, t)dvt,

dyt = h(.’lﬁ‘t, t)dt + dwt,

where x; and f are m-vectors, G is an n X r matrix, and v; is an r-vector Brownian motion
process with Eldvidvy] = Q(t)dt, y; and h are m-vectors and wy is an m-vector Brownian
motion process with E[dw;dw]] = S(t)dt and S(t) > 0. We refer to x; as the state of the
system at time t with some initial state z¢ (not necessarily obeying Gaussian distribution) and
y¢ as the observation at time ¢t with yo = 0. We assume that {v;, ¢ > 0}, {w,t > 0} and zp are
independent. For the sake of convenience, let us call this system with explicit time-dependence
in f, h and G the “time-varying” case, while the one without explicit time-dependence the
“time-invariant” as those studied in (59).

Let us assume throughout the dissertation that f, h and G are smooth, say C? in space
and C! in time. However, some growth conditions on f, h and G will be specified later in the

study of “pathwise-robust” DMZ equation.
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The unnormalized density function o(z,t) of x; conditioned on the observation history

Y = {ys : 0 < s <t} satisfies the DMZ equation (for the detailed formulation, see (15), (41)

and (60))
do(z,t) = Lo(x,t)dt + o(z, t)hT (z,t)S™L(t)dy,
(2.2)
o(z,0) = oo(x),
where og(x) is the probability density of the initial state xg, and
1l & T =~ J(fi*)
L(*) - 51‘]’:1 695181:] [(GQG )ij *} - ZZ; 8:52 ’ (23)

where (GQGT),; is the (i,7)™ entry of the matrix and f; is the i*" component of f.

We won'’t solve the DMZ equation directly, due to the following two reasons. On the one
hand, the DMZ equation, i.e. Equation 2.2, is a stochastic partial differential equation due to
the term dy;. There is no easy way to derive a recursive algorithm to solve this equation. On
the other hand, in real applications, one may be more interested in constructing robust state
estimators from each observation path, instead of having certain statistical data of thousands
of repeated experiments. Here, the robustness means our state esitmator is not sensitive to
the observation path. This property is important, since in most of the real applications, the
observation arrives and is processed at discrete moments in time. The state estimator is still
expected to perform well based on the linear interpolation of the discrete observations, without

the knowledge of the real continuous observation path.
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For each “given” observation, making an invertible exponential transformation as in (47)
o(z,t) = exp [ (z,8)S ™! ()il p(x, 1), (2.4)

the DMZ equation is transformed into a deterministic partial differential equation (PDE) with

stochastic coefficients, which we will refer as the “pathwise-robust” DMZ equation

op 0

D0 est) + g 7S gl ) =exp (TS ) | = 34757 n] - exp (7S ot 0]

p(z,0) =0o0().
(2.5)

Or equivalently,

ZQ’ (2,1) = pr(ac B+ Fzt) - V(o t) + J(x, )p(z, 1)
(2.6)

p(.CE, 0) = 0'0(37),

where
R P
D, Zi;I(GQG )i G (2.7)
{Z oz, (GQGY), +i GQG") mgK —fi n : (2.8)
J(x,t) z—%(hTs—l) Y+ = Z a:;x] (GQG"),, GT ”%

,Jl

Ly r, [ K | OKOK of; OK 1 1o
+2”z_:1(GQG )ij [8%6% = (%J Z Pa. ;f S(W'57h), (2.9)
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in which

K(z,t) = hT (x,t)S™ )y, (2.10)

The existence and uniqueness of the “pathwise-robust” DMZ equation under certain con-
ditions has been investigated by Pardoux (44), (45), Fleming-Mitter (16), Baras-Blankenship-
Hopkins (3) and Yau-Yau (58), (59). The well-posedness is shown in (44), when the drift term
f € C! and the observation term h € C? are bounded. Later, in (45) Pardoux extended his re-
sult to where f, h have at most linear growth. Fleming and Mitter treated the case where f and
V f are bounded. Baras, Blankenship and Hopkins (3) obtained the well-posedness result on the
“pathwise-robust” DMZ equation with a class of unbounded coefficients only when the state is
of 1-D. In the appendices of (59), Yau and Yau obtained the existence and uniqueness results in
the weighted Sobolev space, where f and h satisfy some mild growth condition. However, there
is a gap in their proof of existence (Theorem A.4, (59)). In Chapter 3 of this dissertation, we
shall circumvent the gap by a more delicate analysis to give a time-dependent analogous well-
posedness result to the “pathwise-robust” DMZ equation under some mild growth conditions

on f, h and G.

2.1 Approximation in our algorithm

Let us assume that we know apriori the observation time sequence Py := {19 < 7 < -+ <
T, = T'}. But the observation data {y,,} at each sampling time 7, i = 0,--- ,k are unknown

until the on-line experiment runs. We call the computation “off-line”, if it can be performed
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without any on-line experimental data (or say pre-computed); otherwise, it is called “on-line”
computations. One only concerns the computational complexity of the on-line computations,
since the “real-time” property hinges on it.

Let p; be the solution of the “pathwise-robust” DMZ equation with y; = y,, , on the interval
i1 <t<mT,i=1,2,--- k,

(9 )
Pi _\T
ot (l',t)‘Fa (hTS 1) yTif1pi($at)

=exp (—hTS_lyTi_l) [L - ;hTS_lh] - [exp (hTS_lyTi_l) pi(z,t)], zeR"

P1 (‘/Ev 0) :0-0(1')7

and

pi(z,Ti—1) =pi—1(z,7i—1), fori=23,--- k.
(2.11)

That is, we freeze the observation data on the time interval 7,1 < ¢ < 7; to be y,, ,. Define

the norm of Py to be [Py| = sup;<;<j(7i — 7i—1). Intuitively, as [Py — 0, we have

k
Z X[ri—1,m] (t)pz (.’E, t) — p(ﬂf, t)

=1

in some sense, for all 0 < ¢ < T, where p(z,t) is the exact solution of Equation 2.5. That is to
say, intuitively, the denser the sampling time sequence is, the more accurate the approximate
solution should be. This is the only approximation in our algorithm. Its convergence will be

shown rigorously, and its convergence rate will be estimated, in Chapter 4.
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2.2 Design of the algorithm

Remember that our aim is to develop a practical algorithm to solve NLF problems. Even
though the convergence in our algorithm is shown rigorously, it is impractical to solve Equa-
tion 2.11 in the “real-time” manner, since the “on-line” data {y,}, i =1,--- , k, are contained
in the coeflicients of Equation 2.11. Therefore, we have to numerically solve the time-consuming
PDE on-line, every time after the new observation data coming in. Yet, the proposition below
helps to move the heavy computations off-line. This is the key ingredient of the algorithm in

(59), and in ours.
Proposition 2.1. For each 11 <t <7, 1 =1,2,--- , k, pi(x,t) satisfies Equation 2.11 if and

only if

Ui(l’, t) = €xXp [hT(xv t)S_l(t)yTifl]pi(xa t)7 (212)
satisfies the forward Kolmogorov equation (FKE)

9u;

() = (L _ ;hTS_1h> us(z, 1), (2.13)

where L is defined in Equation 2.3.

It is clear that Equation 2.13 is independent of the observation path {yﬂ.}f:o. So Equa-
tion 2.13 could be numerically solved beforehand. Let us denote the operator (L — %hTSflh)
as U(t) for short. As to the “time-varying” case, our algorithm still maintain the “real-time”
property. {U(t)}efo,r) forms a family of strong elliptic operators. Furthermore, the operator

U(t) : D(U(t)) € L*(R") — L%*(R") is the infinitesimal generator of the two-parameter semi-
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groups U(t, ), for t > 7. In particular, with the known observation time sequence {r;}%_,, we
obtain a sequence of two-parameter semigroup {U(t,7;_1)}F_, for 7,1 < ¢ < 7;. Let us take
the initial conditions of FKE Equation 2.13 at ¢ = 7; to be one member of a set of complete
orthonormal base in L*(R"), say {¢;(z)};2,. We pre-compute the solutions of Equation 2.13
at time t = 7,11, denoted as {U(7i41,7:)d1}72,. These data should be stored in preparation of
the on-line computations. The only price to pay is that the “time-varying” case requires more
storage capacity, since {U (741, 7;)¢1}72, differs from each 73, i = 1,--- , k, and all of them need
to be stored. In general, the longer the simulation time is, the more storage it requires in the
“time-varying” case. While the storage of the data is independent of the simulation time in the
“time-invariant” case. Nevertheless, it won’t affect the off-line virture of our algorithm.

The on-line computation in our algorithm consists of two parts at each time step 7;_1,

i=1,---,k, as described below.

e Project the initial condition u;(z,7,_1) € L*(R™) at t = 7;_1 onto the base {¢;(z)},,
Le., ui(x,m-1) = > ;2 Uii¢i(x). Hence, the solution to Equation 2.13 at ¢ = 7; can be

expressed as
wi(r, ) = Ur, mio)wi(, 7io1) = Y g U 7o) di()] (2.14)
1=1

where {U(7;, i—1)¢i(x)};°, have already been computed off-line.

e Update the initial condition of Equation 2.13 at 7; with the new observation y,,. Let

us specify the observation updates (the initial condition of Equation 2.13) for each time
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step. For 0 < ¢ < 711, the initial condition is uy(z,0) = oo(x). At time ¢t = 71, when the

observation y,, is available,

uz(x,m1) = exp [ (z,71)S ™ (11)yn ] p2(2,71) = exp [h" (z, 7)™ (71)ym Jua (2, 71),

in view of the fact that yg = 0, by Equation 2.12 and Equation 2.11. Here,
wi(z,m) = Yo U1y [U(1,0)¢1(z)], where {u1;};°, is computed in the previous step,
and {U(71,0)¢;(z)};2, are prepared by off-line computations. Hence, we obtain the ini-
tial condition ug(x, 71) of Equation 2.13 for the next time interval 71 < ¢ < 79. Recursively,

the initial condition of Equation 2.13 for 7,1 <t < 7; is
wi(w,7i1) =exp (B (2, 7-1) S (Tic1) (Yriy — Yri o)) - i1 (%, 7i1), (2.15)

fOI’ 7= 2, 3, s ,k, where ui_1<$,7'i_1> = Z?il ﬁl',gJ [Z/[(Ti_l,’fi_g)(ﬁl(.%')}.

The approximation of p(z,t), denoted as p(z,t), is obtained

k
ﬁ(aj?t) = ZX[Ti_l,Ti](t)pi(xvt)’ (216)
i=1

where p;(z,t) is obtained from w;(x,t) by Equation 2.12. Then o(x,t) can be recovered from

Equation 2.4.



CHAPTER 3
STUDY OF THE “PATHWISE-ROBUST” DMZ EQUATION

3.1 Notations

Let Q7 = R x [0,7]. Let H'(R™) be the Sobolev space, equipped with the norm

lu(@Iff = [ (@ +19.uP)da.
And let H%'(Q7) be the functional space of both ¢ and z, with the norm

Hv(x,t)yil—/ (W2 + Vo] + p]?)dadt.

Qr

Let H& 1(Qr) denote the subspace of HY1(Qr) consisting of functions v(z, ¢) which have com-

pact support in R" for any t.

Definition 3.1. The function u(z,t) in Hégl(QT) is called a weak solution of the initial value

problem

~ 9 ou " ou ou
Z oz <Aij($,t)8xj) + ;Bi(:c,t) o +C(a, t)u = S

ij=1

u(x,0) = uo(x)

17
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if for any function ®(z,t) € Hé;l(QT) the following relation holds:

~ ou 0P "~ ou ou
A o Bi— ke ¥ =
//@T > i 9 01 <; 5a; TCut (%) dadt = 0

ij=1
and u(z,0) = ug(x).
We assume that the following conditions hold throughout the dissertation:

Condition 1. The operator L defined in Equation 2.3 is a strong elliptic operator and it is

bounded from above on Qp. That is, there exists a constant A > 0 such that

AP <> (GRGT) 48,

,j=1

for any (z,t) € Qp, for any & = (1,82, -+ , &) € R™. And

IGQGT || = sup |GQGT|, < oo,

(mvt)eQT
where | - | is the sup-norm of the matriz.

Condition 2. The initial density function oo(x) € H'(R™) decays fast enough. To be more

specific, we require that

/ eV 50 (2)d < .
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3.2 Well-posedness of the “pathwise-robust” DMZ equation

Before we show the existence of the weak solution, we shall give a priori estimations of
up to the first order derivative of the solution to the “pathwise-robust” DMZ equation on

Qg := Bgr x [0,T], where Bg = {z € R" : || < R} is a ball of radius R.

Theorem 3.1. Let pr be the solution to the “pathwise-robust” DMZ equation on Qpg, i.e.

9pr

1
5t (z,1) :§D?UpR(3:,t) + F(x,t)Vpgr(z,t) + J(x,t)pr(x,t), x= € Bg

pr(2,0) =00 By (7)

pr(z,t) =0 for (x,t) € 0BRr x [0,T],

\

where D2, F(x,t) and J(x,t) are defined in Equation 2.7, Equation 2.8 and Equation 2.9,

respectively, and oo q is defined as

oo(z), x € Q)

00,0(%) = { smooth, x e Q\ Qe (3:2)

0, xeR"\Q,

in which Q¢ = {x € Q: dist(x,0) > €} and here Q = Br. Assume that

< 00, (3.3)

[e.e]

) cour
| caeh

for allt € [0, T]. Suppose there exists a positive function g(x) on R™ such that for allt € [0,T],

g and § = g+ log|Dy.J| satisfy
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1. |Dug + 3V(GQGT) — F|* + 207 < C, (3)
2. D2g+2D,g-Vg+2[V(GQGT) — F|-Vg+ iV¥GQGT) —divF + J < C, (4)
3. D2G+ 2Dy - V§+2[V(GQGT) — F]- Vi + $V*GQGT) — divF + J < C, (5)
4. Jgn e¥ol(z) < C and Jzn e?9D00 - Voo < C, (6)
where C' is a generic constant, which may differ from line to line, and V(%) = [Z?Zl %} " X
V2(x) = Y0 20, 0<t<T
= 2 ij=1 9z.00 - en, for 0 <t < T,
/ X ph(x,t)de < eCt/ ¥ ol (x)dz, (3.4)
Br Bgr
/ e* Dypr(z,t) - Vpr(z, t)dr < eCt/ e* Dyoo(z) - Voo(z)dr + CeCt/ ¥ ol (x)dx,
Br Br Br
(3.5)
where
Dyt = | > (GQGT),, (x, t)ﬁ : (3.6)

0x;
— J
j=1 i=1

F(x,t) and J(z,t) are defined in Equation 2.8 and Equation 2.9, respectively.

Remark 3.1. The conditions in Theorem 3.1 could be easily checked, if the drift terms h(x)

and f(x) are at most polynomial growth in r = |z| and Q = I.x,. However, in general, the

choice of such g in Theorem 3.1 is not clear.
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Proof. Let g be some positive function on R".

d

— | e = / ¢*prDypr +2 / ¢*'pr(F - pr) +2 / *Jpp ST+ I+ (3.7)

Br

Applying integration by parts to I and II in Equation 3.7 yields

I=- 2/ pre?9Dywg - Vpr — / e*Dypr - Vpr — / 62gPRV(GQGT) -Vpr
Br Br Br

< — 2/ pre*Dyg - Vpr — / e2prV(GQGT) - Vpr £ 1) + 1.
BR BR

Integrating by parts further, we have

I; :4/ ngpQRDwg -Vg + 2/ e*prDywg - Vpr
Br Br

+2 / XAV (GQGT) - Vg +2 / e¥p%D2g. (3.8)
Br B

R

Noting that the second term of the right-hand side of Equation 3.8 is —I;, we have

I} =2 / e*prDug - Vg + / ¥ pp[V(GQGT) - Vg + D). (3.9)
Br Br

The similar argument applied to Iy gives us

I = / ngpQRV(GQGT)~Vg+% / 2,2 72(GQGT). (3.10)
Br Br
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Thus,
I< /BR e ph, [DQ g+2Dyg-Vg+2V(GQGT) - Vg + %VQ(GQGT) . (3.11)
The same trick of I; applies to II in Equation 3.7, we obtain
II=— /BR eI p%[2F - Vg + divF). (3.12)

Substitute Equation 3.11 and Equation 3.12 back to Equation 3.7, one gets

d
S| s [ Dy +2Dug Vg +2VGQET) - -V
Br

+%V2(GQGT) — divF + J}

<C | €*pk,
Br

by Condition (4). Equation 3.4 follows directly from Gronwall’s inequality. To show Equa-

tion 3.5, we consider

% / e*Dypr - Vpr
Bgr
0 Opr 5/)1% / - 9 (Opr\ 9pr
— 29 e T 2g Ty .
/B e > 5(GQG Nz oz, T2/, 2@z T ) Ba,
R gg=1 R dg=1 ]

21V + V. (3.13)
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Due to Equation 3.3, IV in Equation 3.13 turns out to be

s ] () (22)] -

7,7=1

0 GQGT)

IV <= ||=( )
\Y H (GQGT) n 5

/ 9|V p?
oo J Br

i / ngprR - VPR, (3.14)
Br

T
<% | 7r(GQa™)

875(

since Dypr - Vpr > M|Vpr|%. Next, V in Equation 3.13 is

1
V=2 [ @(@D,g+ V(GQGT)  Von-+ Dipal <2Dﬁ,pR L F-Vont JpR>
B
R 1 )
=— / e {Di,pR + [Dwg + 5V(GQGT) + F] . VpR}
Bgr
2
+ [ | Dug+ 59606T - F| Vol
Br
~2 [ MDEpn-+ (2Dag + V(GAGT)) - VorlIpn
B
R 1 )
< [ er|pug+ 5viGact) - F| 19
Br 2

9 /B 20(D2 o + (2Dug + V(GQET)) - VprlIpr. (3.15)

Notice that

/ e* D2 prJpr = / €* [2(Dywg - Vpr)Jpr + JDwpr - Vpr
Bgr Br

+(Duwpr - VJ)pr + V(GQG") - VprJpr] . (3.16)
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Taking Equation 3.16 into account, V becomes

1 1 2
\% g/ % . {A { [Dwg + §V(GQGT) - F] + 1} - 2J} Dypr - Vpr +/ €*| Do J |* -
Br 1 Br

(3.17)

Combining Equation 3.14 and Equation 3.17, we have

d 2
l Duwpp -
7 BRe PR VPR
29 ) 1 9 T 1 T ?
s/ e —1in |5 (GQRG") +[Dwg+V(GQG )—F] +13+2J 3 Dupr-Vpr
Br A ot ~ 2
+/ €| Dy, J|? p%. (3.18)
Br
By Conditions (3)- (6), Equation 3.5 follows immediately. O

Theorem 3.2 (Existence). Under the conditions 1 - 2, Equation 3.3 and Condition (3) - (6) in
Theorem 8.1, the “pathwise-robust” DMZ equation on Qr with the initial value oo € H'(R™)

admits a non-negative weak solution p € H51(Qr).

Proof. Let Ry be a sequence of positive numbers such that limg_, Ry = oo. Let pg(z,t) be
the solution of the “pathwise-robust” DMZ equation on Qg,, i.e. Equation 3.1 with R = Rj,.
In view of Theorem 3.1, the sequence {p;} is a bounded set in Hé;l(QRk). Thus, there exists

a subsequence {py/} which is weakly convergent to p. Moreover, p has the weak derivative
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g—é € L?(Qg,), and ’; ’“i’ weakly tends to it. Now we claim that the weak derivative % exists.

To see this, let ®(x,t) € Hé;l(@Rk), then

) Ny s
/ ZG;GTwa ap 3 AGQGT)y; PR 10| ®
Qr Oxj Ox; — - 7
k zg 1 =1 \j=1

n Ty. . ,
QRk i

k' —o0 = 1 Jis &cj ox; = \= ax] ox;
g, B [ L
k! —o00 QR k’—>oo QR Mot QR 8t
Clearly, p(z,0) = limy 0 pir (2, 0) = op(2). u

Theorem 3.3 (Uniqueness). Assume further that for some ¢ > 0,

sup / e p?(x,t)dx < oo, (3.19)
0<t<T JRn
and
/ |V p(x,t)|*drdt < oo, (3.20)
T

where r = |x|. Suppose that there exists a finite number o > 0 such that

— —[eDur — (Fla,t) + Fa, ) < a, (3.21)

2J(x,t) o
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for all (z,t) € Qr, where A1 is the smallest eigenvalue of the matriz (GQGT),

n

S (GRGT); + Z(GQGT»-J-ZZ “nl (3.22)

j=1 7j=1

F(z,t) =

N | =

=1

F(z,t), J(z,t) and K are defined as in Equation 2.8, Equation 2.9 and Equation 2.10, respec-
tively. Then the non-negative weak solution p(x,t) of the “pathwise-robust” DMZ equation on

Qr is unique.

Proof. To show the uniqueness of the solution, we only need to show that p(z,t) = 0 on Qr if
p(x,0) = 0. Let oT < 1. For any test function i (z,t) = e ®(x,t), where r = |z|, ¢ is some

constant and ®(z,t) € HS;I(QT), p(x,t) satisfies

cr T 8@ cr
p(x, T)®(x, T)e" do — plx,t)— (z,t)e” dxdt
1 -
:/ —§eCTV<I>(x,t) - Dyp(z,t) — %e”@)(as,t)Vr - Dyp(x,t) + F(x,t) - Vp(x,t)®(x,t)e”
Qr

+ J(z, t)p(x, t)®(x, t)e” dudt. (3.23)
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where F is defined in Equation 3.22. Approximating p(x,t) by ®(z,t) in the H(Qr)-norm,

we get

/ P T)eda
- /@ e [~ Dup(e.1) - Vpla, 1) — cole, )Vr - Duple, ) + (F(a, 1) + Fa,1)) - V(e D)ol )
+2J (z,t)p*(z,t)] dudt
< / TN ) eplat) D - T, )+ (Fla )+ F(w,0) - ¥l (1)
+ 2J (x,t)p* (x, t)]dxdt.
— /@T e {2/1\1[ch7“ —(F(a,t) + B, 0)p(w, ) + yvp(x,t)y}2 dvdt
4 / e {2J(m,t) _ 41A1[CD“ —(Fa,t) + F(m,t))]2} (e, ) dadt

er —ic T — T (2 200 (x T
g/QTe {QJ(Q:,t) o [Dur = (Fla 1) + F(,1)) }p( t)dadt, (3.24)

due to the positive definiteness of (GQGT). By Equation 3.21, we have

/ e p?(z, T)dx < a/ e p? (x, t)dadt. (3.25)
" Qr

According to the mean value theorem, there exists 77 € (0,7) such that

T
/ e p?(x, t)dxdt = / / e p?(z,t)drdt = T/ e p? (z, Ty )dz. (3.26)
Qr 0 n n
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Apply Equation 3.25 and Equation 3.26 recursively, there exists T}, € (0,7") such that

/ e p?(x, T)dx < (aT)m/ e p?(x, Ty )da.

n

Since oT < 1, we conclude that p(x,t) =0 for a.e (z,t) € Qr. O

3.3 Properties of the solution

Let us first state a very useful lemma, which will be used repeatedly in this section and

Chapter 4.

Lemma 3.1. Assume that pq satisfies the “pathwise-robust” DMZ equation on Qq := Qx[0,T],

where  C R™ is some bounded domain. Then, for any test function ¥ (x) € C*(Q), we have

d 1 1
5 [ vea=5 [ Divwa+ [ (1=Duk)-Vupa+ [ vpaN+5 [ b(Dupa-v)
1 1 — 0
_2/E’QPQ(Dw¢-l/)+2/89¢PQi§::1 0z

= [ Ypalf-v), (3.27)
0

T . .
(GQE™), v; + /8 tpa (DuK )

where v = (v1,va, -+ ,Vy) 18 the exterior normal vector of €2,

d 1 1
N(z,t)=— = (W'S™ ")y — 5D?UK + 5 DuK - VK~ f- VK - 5

L ra-t
5 2(h S7'h), (3.28)

and D%, K and D,, are defined in Equation 2.7, Equation 2.10 and Equation 3.6, respectively.
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Sketch of the proof. Multiply 1(z) on both sides of Equation 2.6 and integrate over the domain

), which yields

d 1
/ Ypa :/ Y | =D2 po + F(x,t) - Vpa + J(x,t)pa| , (3.29)
dt Jq 02

where F(x,t) and J(z,t) are defined in Equation 2.8 and Equation 2.9, respectively. After
applying integration by parts to the first two terms on the right-hand side of Equation 3.29,

Equation 3.27 is obtained by written in short notations. O

3.3.1 Density function in a large ball

We show an interesting proposition, which reflects how the density function in the large ball
changes with respect to time. It will also be an important ingredient of the error estimate in

Theorem 4.1.

Proposition 3.1. For any T > 0, let pr(x,t) be a solution of the “pathwise-robust” DMZ

equation on Qg, i.e. Equation 3.1. Assume that
3
N(z,t) + 5n||GQG||  +1f = DuK| < C, (3.30)

Then
/ eVIHP pp(a,t) < eCt/ eV G0 (). (3.31)
Br n
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Proof. Letting the test function 1 in Lemma 3.1 be ¢ = ¢® | where ¢; € C>(Bg), gives

d 1
it J, <rm= / "' pr [2 (Did1 + Dutr - Von) + (f = DuK) - Vo1 + N
Br
+1/ e? (Dypr - V). (3.32)
2 JoBy

All the boundary integrals in Equation 3.27 vanish, except the first term, since prlgo = 0.
Moreover, recall that pg > 0 in Bg and vanishes on 0Bpr which implies that %LbeR <0.

Hence, on 0Bpg,

" apR or OpR Tj T
E E ) _ . Tj <
Dypr - v) (GQG" )ij B 81: v; o E (GQG" )ij . <0,

i=1 | j=1 3,j=1

by the positive definite assumption of (GQGT). Thus, Equation 3.32 can be reduced further to

d

i ¢1PR</ e”p [ (D21 + D1 - V) + (f — DuK) - Vi + N| . (3.33)
Br

Choose ¢1(z) = /14 |z|? and estimate the terms containing ¢; on the right-hand side of

Equation 3.33 one by one:

Dim:fj(GQG) W Z &

i=1 ij=1 (1+ [z )%
<|lGoaT n kP heoeT 3.34
Dusr Vo = 3 (6QG7),, 1202 < 6Qd" | ST <nllaqa,,,  (335)

ij=1
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and
x
(f = DuK) V1| <1 = Dk~ < |f — D), (3.36)
VIt
where | - | is the Euclidean norm. Substituting the estimates in Equation 3.34 - Equation 3.36

back into Equation 3.33, we get

d

3
— €¢IPR§/ e pp anGQGTH +|f—-DyK|+N| <C e pr,

Bgr

by Equation 3.30. Hence,

| eontey < [ pna0) 2 [ o0 = [ o)
Bgr Bgr n

n

for0<t<T. O

3.3.2 Concentration of the density function

The following theorem asserts that p, the solution to the “pathwise-robust” DMZ equation
in Qr, captures almost all the density in a large ball. And we give a precise estimate of the

density outside the large ball.

Theorem 3.4. Let p(x,t) be a solution of the “pathwise-robust” DMZ equation, i.e. Equa-

tion 2.6, on Qp. Assume that Equation 3.30 and

e VI [160]|GQGT | +41f — DuK[] < C (3:37)
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are satisfied for all (x,t) € Qr. Then
/| WERE Cem2VIHH / eVt oy(a), (3.38)

where C' is a generic constant, which depends on T .

Proof. Let v = p — pr. By the maximum principle, we have that v > 0 for all (z,t) € Qg.

Choose the test function 1 in Lemma 3.1 as

() = v(x)o(),

where y(z) = e%%(z), ¢1(x) = \/1+ |22 is defined in the proof of Proposition 3.1, o(x) =
e~ ?2@) — e~ ¢y is a radially symmetric function such that ¢o(2)|o, = R, Voo(x)|ap, = 0
and ¢o(x) is increasing in |z|. It follows directly that ®|sp, = V,®|ap, = 0, by the fact that
olopr = Volap, = 0. Applying Lemma 3.1, with v taking the place of po and with the test

function ®, we have

d 1
/ Py =— Dfﬂ)er/ (waK)-q>u+/ dNv
dt /g, 2 /B, Br B

R

1
T2 / (Do +2Dwy - Vo+yDye)v + / (f = DuwK) - (Vyo+7Vo)v
Br Br

—|—/ voNwv. (3.39)
Br
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Substituting y(z) = e2%1(@) and o(z) = e~ — =1 into Equation 3.39 yields

— by =—

! Ldo (D2, 4+ 1pye v — e3P Dy - e~ PV
d 2 w?1 + 5 Dwo1 -V ) o—e w1 - e G2
t /s, 2 /s, |2 2

€7 (Dudy - Vs — D2n) | v
11
+ / (f — DyK) - <e2¢1ww — 76¢2V¢2> v+ / voNv
Bpr 2 Br
1/ 1 1
= Pv 1 D; o1 + §Dw¢1 Vo | — §Dw¢1 - Voo
Br
1
2

+ eR/B v [—;qubl Vo + % (Dwés - Voo — Diy2) = (f — DyK) - Vd’?}

= / do[VI] 4 e / ~o[VIT],
Br Br

|z|2), where 9(z) = 1 — (1 — x)2. It is easy to

Let us choose ¢2(z) in o(x) to be ¢2(z) = RI(‘5s

check that ¢o(z) satisfies all the conditions we mentioned before. Direct computations yield,

for any x € B, R >> 1,

" 8x;x; "~ 4 x|?
e[ 5 tcaan, (552 + £ oo, & (- 12)
i,j=1 i=1
2
<||lcQa™||. (8% + i:) < 12n]|GQGT|| _, (3.40)
|z[? ‘o T\ Axidz; T
[Duy - Vo| = (1= 7 ;1 (GQGT),; 5| < 16n]|GQGT]| (3.41)
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and

2
(7= Duk) - Voul = (7 - Du) 7 (1= 5 )| <l - Durl. 3

It follows that

sup |VI| < 17nHGQGTHOO +5|f — DwK|+ N,
Br

sup |VII| < 16n ||GQGT|| _ + 4|f — DuwK]|.
Br
by Equation 3.34 - Equation 3.36 and Equation 3.40- Equation 3.42. Hence,

d s -
— by <C dv + e FC Py < C dv + e FC e¢1p
dt ), Br Br Br Br

<C duv + C’e_R+Ct/ e?og(z) < C dv + C’e_R+Ct/ e?oy(x),
Br Br Br n

by Equation 3.30, Equation 3.37 and Equation 3.31. By Gronwall’s inequality, we have
/ du(z, T) < Ce B / eV I+ 5 (2), (3.43)
Br n

where C' is a generic constant, which depends on 7. Recall that ®(x) = v(z)o(z) and p(x) =

e~ RI(eP/R2=1*+1] _ =R which implies that

1
/ Su(z,T) > 6_176R/ ~yu(z,T). (3.44)
Br 2 Bp



Combining Equation 3.43 and Equation 3.44, we obtain
/ yu(z,T) < C’e_IQGR/ eV 6o ().
Br n
2

This implies that

2

by Equation 3.31. Letting R — oo, yields

/ (2, T) < C [ eVIHPoy(a).

R

Consider the integration outside the large ball Bpg,

FVIHE p(x,T) < / vo(z, T) < C eVIHlP oo (2
|z|>R |z|>R

R

Therefore, we reach the conclusion that

/ p(2,T) < Ce3VIFIRP / VIl gy ().
|z|>R

/ vp(,T) < / Yor(,T) + Ce™ 16" / VIl go(2) < C(1 + e 167
Bpgr Bpgr n
2
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3.3.3 Lower bound estimate of density function

It is well-known that solving the “pathwise-robust” DMZ equation numerically is not easy
because it is easily vanishing. We are also interested in whether a lower bound for the density
function could be derived in the case where the drift term f and the observation term h are of

at most polynomial growth. The theorem below gives this lower bound:

Theorem 3.5. Let pr be the solution of the “pathwise-robust” DMZ equation on Qg, i.e.

Equation 8.1. Assume that
N(z,t) < C, (3.45)

and

1. f(z,t) and h(x,t) have at most polynomial growth in |x|, for all t € [0,T];

2. For any 0 < t < T, there exists positive integer m and positive constants C' and C"

independent of R such that the following two conditions hold:

‘$|m72

“—— [nm(m - 2) HGQGTHOO +mTr (GQGT)] —m|z|"(f — DuK) -z

@ T

+ N(z,t) > —C'; (3.46)

nHGQGTHOO <;m2\x|2m2 -m (;

m— 1> |x]m2> — %m Tr (GQGT) || 2
—m(f = DyK) - a7

S%nm(m +1)[|GQGT|_ a2 + C", (3.47)
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where Tr(x) is the trace of *.

Then for any Ry < R,

CPR(x7 T) Z

Bg,

e(C—C’)T—R{)” 1 T 2 2 "

(1-e07) /B con(@) +e T [ Coon(@),

R Br,

where ((z) = e~€@) — &R0 ¢(g) = |z|™.
In particular, the solution p of the “pathwise-robust” DMZ equation, i.e. Equation 2.5, on

Qr has the estimate

/ e 1" p(z, T) > e_C/T/ e 1" oo ().

Proof. Apply Lemma 3.1 to pp with the test function ¢ to be ¢ = e=¢(®) — ¢=¢(H0) where £(x)

is an increasing function in |z|. Then we have

d B -
dt BROQPR—/BROPR |:2DwC+(f_DU)K)'VC_:—|—CN ‘
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All the boundary integrals vanish, since |op, = prlop, = 0. Direct computations yield

d
at Brg CPR
12 n /
Ro 1,7=1

33 (@ean), [ (¢ - £2) 2] - I 6aa”) “”}

] r T T
1 1,
+/BR0ch |:2Dw£'v£_2Dw£_(f_DwK)'vf+N:|

SVII + Cpr[IX]. (3.48)
Bg,

Let &(r) = r™, where r = |z|, m is some positive integer sufficiently large. Through elementary

computations, we get

18%(r) §
K= .Zl (GRGT),; @i
1,]=

1 m— - m—
b m(m — 2)rm 4 ijzﬂ (GQGT)ij xixj +mr 2Ty (GQGT)

—mr™2(f — DyK) -z + N
> — % [nm(m —2) HGQGTHOO + mTr (GQGT)] 2 ™ 3(f —= DyK) -z + N > (',

(3.49)
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where C' is a positive constant independent of Ry, by Equation 3.46. For large enough m, we

have

n ‘ ‘GQGTHOO [;m2r2m_2 -—m <1m — 1> rm_ﬂ — %m Tr (GQGT) rm=2

|VIII| < e~ Tt /
Br 2

—m(f = DwK) - 2™ *| pr
< e H (1nm(m +1) [|GQG™ || R + C’”) / PR
2 Br

1 m
< <2nm(m +1)||GRG™ || Ry™* + c”> eCT 1 / o0.r 2 1(Ro). (3.50)
B

R

The last inequality follows from the fact that % J B P < i) Br pN < C [ B P> where Lemma 3.1

with ¢ = 1 is applied to Equation 2.6. Hence, combining Equation 3.48 - Equation 3.50, we get

d

T Cpr > —n(Ry) — C' CPR-
Br,

Br,

This implies that

Con(a,T) > eCT [ ¢oonz) + LEY (e*C’T _ 1)

Bg, Bg,

>~ / Coo,r(x)
Br,

1 T 2m—2 " elC- TRy c'r
+ (nm(’m—l— 1)[|GQGT|| B2+ C > (1 )/ oor(r). (3.51)
2 = c .



In particular, letting Rg — oo, we have

/ e " p(z, T) > e_C/T/ e 1" oo ().

40



CHAPTER 4
CONVERGENCE ANALYSIS OF OUR ALGORITHM

In Chapter 2, we described our algorithm in detail, where y; in Equation 2.11 is approxi-
mated by y,,_, on [r;_1,7;). This is the only approximation in our algorithm. In this chapter,
we shall show the convergence of our algorithm rigorously.

We first show that the solution p to the “pathwise-robust” DMZ equation, i.e. Equation 2.5,
is well approximated by pr as R — oo, for any ¢ € [0,7], where pr is the solution to the
“pathwise-robust” DMZ equation on Qg, i.e. Equation 3.1. Next, we shall show that p; r — pr
in some sense, as |Px| — 0, where p; g is the solution to Equation 2.11 on Qg, which we rewrite

below

Opi,r 9 T
o (x,t)—ka(hTS ") yri_ipir(z,t)

1
=exp (=h"S 1y, ) [L - 2hTS_1h} [exp (R"S™ Yy, ) pir(2,t)], x€Bg
pir(z,t) =0, (z,t) € 0BRr x [0,T],

p1,r(%,0) =00 r(x),

and

\ pi.r(x, Ti—1) =pi—1,r(z,Ti-1), fori=2,3,--- k.
(4.1)

41
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4.1 Reduction to the bounded domain case

Theorem 4.1. For any T > 0, let p(x,t) be a solution of the “pathwise-robust” DMZ equation
Equation 2.6 in R™ x [0,T]. Let R > 1 and pgr be the solution to Equation 3.1. Assume that

FEquation 3.30 and the bound
e VIR 14n ||GQGT||  +41f — DuK]|] < C, (4.2)

are satisfied for all (x,t) € Qr, where N, Dy, and K are defined in Equation 3.28, Equation 3.6
and Equation 2.10, respectively, and C, C are constants possibly depending onT. Letv = P—PR;

then v > 0 for all (z,t) € Qg and

/ v(z,T) < Ce 168 / eVt 5o (2), (4.3)
B "

R
2
where C' is some constant, which may depend on T.

Proof of Theorem 4.1. By the maximum principle (cf. Theorem 1, (18)), we have v = p—pr >0

for (z,t) € Qg, since v|gp, > 0 for 0 <t <T. Let us choose ¢ in Lemma 3.1 to be o(x)

o(a) = e~ — 7k,
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where ¢9 is a radial symmetric function such that ¢o2(z)|sp, = R, Vo2lap, = 0 and ¢2 is

increasing in |z|. Hence, olgp, = 0 and Vp|sp, = 0. Apply Lemma 3.1 to v, not po in

Equation 3.27, with the test function ¢ = p, we have

d 1
— Qv:/ U|:D12UQ—|—(f—DwK)-VQ+QN}
dt /s, Bn L2

= / v {;e-@ (Dwo2 - Vo — Diyén) — =% (f = DuK) - Vo + QN}
Br
= [ vo|-5Dhor+ 3Dutn- Von— (f ~ Duk) - Tor + |
bl [ VTR [T (L DY+ LDuta Vo~ (f ~ Duk) - V)|
Bgr

é/ UQX+€_R/ eV 1Tl X1,
Br Bg

Estimating X and XI as in the proof of Theorem 6.3, we have

sup|X| < 14n||GQGT||  +4|f — DyK|+ N < C,
Br

by Equation 3.30. Similarly,

sup |XI| < sup [e_V Lt|f? (14n HGQGTHOO +4|f — DwK|)] <C,
Br Br

by Equation 4.2. In the view of Proposition 3.1, one gets

d . N
— w<C [ o+efC | eVHPp< | g4 e PCTC [ VP gy (). (4.4)
dt Jpy Br Br Br i
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Multiplying both sides of Equation 4.4 by e~¢? yields

d [e—Ct/ QU] Se—R-l—éT—CtC« e\/1+|x\20.0(x)'
dt Br

Rn
Integrate from 0 to 7' and multiply e“” on both sides gives us

cT
-1 A~

/ Qv(a;,T)gHv(x,omooeCT/ ode + S RHCTE [ VIFIaP 5 (1),

BR BR C Rn

—R[—(|a:|2/R2—1)2+1]

where v(z,0) = 09 — 0g,r. Recalling that o(z) =e —e B |z| < R, we arrive

the following estimates:

/gg/ (1-e ) <CR"
BR BR

and

/BR ov(z, T) > /BR <€R[(lz|2/R21)2+1] _ €R> (2. T) > ;efﬁR/B o(a, ).

It is easy to see that |[v(z,0)|[eo [ By @ < C(n)eR™ is arbitrarily small, since € is independent of

R. Tt follows that

/ v(a:,T)gCe_lgfiR/ eVl 5o (2), (1.28)
Bpgr n

2

where C' is a generic constant, depending on 7. O
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4.2 L' convergence of Pi.R

For any 0 < 7 < T, let us denote the partition P = {0 =7 <7 <--- <7, = 7}. We shall
show py.r(z,7) = pr(z,t) in L' sense, as [P]| — 0, where py, g is the solution of Equation 4.1

(or equivalently, Equation 4.7 with = Br) and pg is the solution to Equation 3.1.

Theorem 4.2. Let € be a bounded domain in R™. Assume that Equation 3.45 is satisfied and

there exists some a € (0,1), such that
|N(z,t) — N(z,t;8)| < Clt — #°, (4.5)

for all (z,t) € Q x [0,T], t € [0,T], where N(x,t) is in Equation 3.28, and N(z,t;t) denotes
N(z,t) with the observation ys = y;. Let pa(x,t) be the solution of Equation 2.6 on Q@ x [0,T]

with 0— Dirichlet boundary condition:

9pa

1
5 (z,t) :§D12Upg(:n,t) + F(x,t) - Vpa(x,t) + J(x,t)pa(z,t)

pa(z,0) =00.0(z) (4.6)

\ pa(z,t)]an =0,

where D2, F(x,t) and J(z,t) are defined in Equation 2.7, Equation 2.8 and Equation 2.9, and
w ) q , 149 q )

00,0 45 defined in Equation 3.2. For any 0 < 7 < T, let P| = =m<n<n< <
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Tk = T} be a partition of [0, 7], where 7; = . Let p;a(x,t) be the solution to Equation 4.1 on
Q x [1i—1, 7). Equivalently, p;q is the solution on Q2 x [1,_1,7;] of the equation

)
0p;.0 1
glt (x,t) =3 2pia(z,t) + F(z,t;7i-1) - Vpia(z, t) + J(z,t;7i1)pia(r, t)

pia(z,7i—1) =pi—1.0(x, Tiz1) (4.7)

pia(x,t)aq =0,

for i = 1,2,---  k, with the convention that pio(z,0) = ooqa(x). Here, F(x,t;7-1) and

J(x,t;7-1) denote F(x,t) and J(x,t) with the observation y¢ =y, ,, respectively. Then

po(z,7) = lim pyo(z,7),
k—o0

in the L' sense in space and the following estimate holds:

c
[ 1o = ol < 2. (1.9
where C is a generic constant, depending on T and fQ 00,0. The right-hand side of Equation 4.8
tends to zero as k — oo.

For clarity, we state the technique will be used in the proof of Theorem 4.2 as a lemma

below.



47

Lemma 4.1. (Lemma 4.1, (59)) Let Q be a bounded domain in R™ and let v : Q2 x [0,T] — R be
a Cl function. Assume that v(z,t) = 0 for (z,t) € 00 x [0,T]. Let Qf = {x € Q:v(z,t) > 0}.

Then

for almost all t € [0,T].

Proof of Theorem 4.2. For convenience, we omit the subscript €2 in pg and p; o in this proof.
Let QF = {z € Q: p(z,t) — pi(z,t) > 0}. Applying Lemma 3.1, with (p — p;) taking place of

pq in Equation 3.27, and with the test function ¥ = 1, we have

d
dt/ﬂj(p—m) S/Qg_(P_Pi)N(-jt)ﬂ-/ pi NG t) — Nt mim1)], (4.9)

+
Qt

by Lemma 4.1. All the boundary integrals vanish, except |, o0F Dy (p—pi)-v, since (p—p;)] o0 =
0. Moreover, faﬂj' Dy(p — pi) - v < 0, due to the similar argument for faBR Dyp-v <0 in

Proposition 3.1. Combining Equation 3.45 and Equation 4.5, Equation 4.9 can be estimated as

d

P Qj(f’—m) SC/Qj(p_pi)‘i‘é(t_Til)a/Qp. (4.10)

To estimate fQ p, we apply Lemma 3.1 to p, with the test function ¢ = 1, to get

ilo< )
— [ p=< PNSC//%
dt Jq Q Q
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which implies that

/pSO/O'O,Q, (4.11)
Q Q

where C' is a generic constant, depending on 7T, for all 0 < ¢ < T. Thus,

d

T Qj(p_pi)SC/Qj(P_Pi)'i‘C(t_Ti—l) /QUO,Q-

a(

Multiplying e~¢*=7i-1) on both sides and integrating from 7;_; to t, we get

- o 1+a .
[ o=ty < e [ pymin + ¢S e,
Q) Q

Ti—1

where C'is a constant, which depends on 7" and [ 0g,0. Similarly, we also find for Q; = {z €

Q: p(x,t) — pi(z,t) < 0}, that

N . 1+a .
/(pz- —p)(x,1) < 7T / (1 = ) iy) + LT 17:2 T,
t Ti—1

Consequently, we have

(t _ 7‘2‘71)1+O‘
I+« ]
(t — Ti,1)1+a
1+ a ] ’

[ lo=pilta.t) ety [ [ lo=pil@n+c

SeC(t*Ti—l) |:/ ‘p — pi_1|(aj7 T’i—l) +C (412)
Q
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since p;(x,7i—1) = pi—1(x,7-1), for ¢ = 1,2,--- k. Applying Equation 4.12 recursively, we

obtain

(T — T — 1)1t
/|P—Pk|($a7'k) < Ce=mi-1) /|p—pk_1\(ac,fk_1)+0(’“kl)]
@ Q 1+a

- C - Y
SeCT/ ‘p o p0|(x, 0) + T a |:(7—k _ Tk—1)1+a€C(Tk77—k,1) + (Tk—l o Tk_2)1+aeC(7—k Tk—2)
Q

+ e + (7-1 — 7'0)1+aec~1(7-k770)

C T1+a

_ o oL cery _ C
—mm(@ E+e’ k +---+e k)

<77
= La

where C' is a constant, which depends on «, T and fQ 00,0- It is then clear that fQ lp—pr| — 0,

as k — oo. O



CHAPTER 5

IMPLEMENTATION OF OUR ALGORITHM WITH 1-D STATE

In this chapter, we shall discuss the difficulties in the implementation of our algorithm. As
discussed in Chapter 2, when we pre-compute the FKE Equation 2.13, we shall choose the

orthogonal basis function {¢,}°, to be the generalized Hermite functions Hy, 8 ().

5.1 Generalized Hermite functions and orthogonal projection

Let L?(R) be the Lebesgue space, equipped with the norm || - || = (Jpl- ]2dx)% and
the scalar product (-,-). Let H,(x) be the physical Hermite polynomials given by H,(x) =

(=1)"e** 9", n € Z and n > 0. The three-term recurrence

Ho(x) =1, Hi(x) =2z and H,41(x) =22H,(z) — 2nH,—1(z) (5.1)

will be used in our implementations. One of the well-known and useful facts of Hermite polyno-
mials is that they are mutually orthogonal with respect to the weight w(x) = e~2*. We define

our generalized Hermite functions as

HO (1) = ———H,(a(a — §))e 320, (5.2)

50
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for n € Z and n > 0, where a > 0, 8 € R are constants, namely the scaling factor and the
translating factor, respectively. It is easy to derive the following properties for the generalized

Hermite functions:

1. The {H; ’ﬁ} ° , forms an orthogonal basis of L2(R), i.e.

NG

/ HOB () B (2)dz = Y 6, (5.3)
R (0%

where 6, is the Kronecker function.

2. HY” (z) is the n'® eigenfunction of the following Strum-Liouville problem

62 2(x )281(€—a2(x—ﬁ)26m(6%(12(%‘—/3)2 ( )))+>\nu( ) 0, (54)

with the corresponding eigenvalue \,, = 2a°n.

3. By convention, Hﬁ’ﬁ =0, forn < 0. For n € Z and n > 0, the following three-term

recurrence holds:

20(z — B)HLP (x) =V2nHY' () + /2(n + D Hf (2);

or 20%(z — BYHP () =/ A HE, () + /g HEP (). (5.5)
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4. The derivative of H3"’(x) is a linear combination of H®’ (z) and H® fl( ):

n n+1
Oy HEP (1 \FH ”8 —*\/ n-i-lanl \/;aHg’ﬁ1(95)_ 5 Hﬁfl( )-

(5.6)
5. Properties 1) and 4) yield the “orthogonality” of {0, Hy 2B (2)}2:
1
\/7?04(”"’_7) = ﬁ()‘n‘i‘)\n—i-l)? if m = n;
2 4o
a T
— 5 7T(l+1)(l+2) = —[\/Al+1Al+2,
/ 0, HOP (2)0, HO (2)d — a (5.7)
Il =min{n,m}, if |n—m|=2;
0, otherwise.

\

The generalized Hermite functions form a complete orthogonal basis in L?(R). That is, any

function v € L?(R) can be written in the form

o
= i, HP (x)
n=0

where {u,}>°, are the Fourier-Hermite coefficients, given by

fiy = 7 / x)HP (2)da. (5.8)
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Let us denote the subspace spanned by the first NV + 1 generalized Hermite functions as Ry:
RN = span {Hg’ﬁ(x), e ,H]C\“,B(:L‘)} . (5.9)

We follow the convection in the asymptotic analysis that a ~ b means that there exists some
constants C,Cy > 0 such that Cia < b < Cha; a < b means that there exists some constant
C'3 > 0 such that a < C3b.

It is shown in (57) that for o > 0, 8 = 0 the difference between an arbitrary function and
its orthogonal projection onto R in some suitable function space could be precisely estimated
in terms of the scaling factor a and the truncation mode IN. Let us first introduce the function

space W&MR), for any integer r > 0,

o
We s(R) := {U € L*(R) : lullra,s < 00, [ullfap = Z/\Zﬂﬂi} ; (5.10)
k=0

where A\ is in Equation 6.3 and 4y is the Fourier-Hermite coefficient in Equation 5.8. We shall
denote the space by W (R) for short, hoping that no confusion will arise. Also, the norms will
be denoted briefly as || - ||,. The larger r is, the smaller the space W (R) is, and the smoother
the functions in W"(R) are. The index r can be viewed as the indicator of the regularity of the
functions.

Let us define the L?—orthogonal projection PK‘,"B : L2(R) — Ry, of a given v € L?(R), by

(v—PYPp, ¢) =0, VYo € Ry. (5.11)
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The superscript «, 8 will be dropped in PX‘,”B in the sequel, since no confusion should arise.

More precisely,

N
Pyv(z) =Y inHyP (),

n=0

where 0, are the Fourier-Hermite coefficients defined in Equation 5.8. The truncated error
||lu — Pyul|r, for any integer r > 0, has been essentially estimated in Theorem 2.3 in (27), for
a=1, =0, and in Theorem 2.1 in (57), for arbitrary > 0 and 8 = 0. For arbitrary a > 0

and S # 0, the estimate still holds.

Theorem 5.1. For any u € W"(R) and any integer 0 < u < r, we have

p—r

- Pyuly S o* 2N [, (5.12)

where |u|, = ||k u|| are the seminorms, if N > 1.

Proof. The proof is extremely similar to those in (27) and (57). We use induction, and first

establish it for p = 0. For any integer r > 0,

oo o0
T “ i _ N Y, Y _
|lu — Pyul|* = \af > ak= *af ST O a2 S a T IN Tl (5.13)
n=N+1 n=N+1
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Suppose that for 1 < u < r, Equation 5.12 holds for ©—1. We need to show that Equation 5.12

is also valid for p. It is clear that

lu — Pyul, < |0pu — PnOyuly—1 + |PnOyu — O PNufu—1.

(5.14)

On the one hand, due to the assumption for u — 1, we apply Equation 5.12 to J,u and

replace p and r with 4 — 1 and r — 1, respectively:

|0xu — PnOgul,—1 < A" TN r—1 S a“*r*%N%HuHr,

where the last inequality holds because of the observation, that

o

10zull2_y = > A h (@) W,
n=0
and
— o
_ B _ Haﬁ
(Ozu),, ﬁ/ﬂ{&u P (x)dx \F U0y (x)dx
vV An o VA
_ 2V Antl “/ wHYP (2)dx — Hﬁ()da:
2/ 2f
== An—Hu nﬂ
- 2 n+1 — 9 n—1-

(5.15)
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Here we used integration by parts and Equation 5.6. On the other hand, by virtue of Equa-

tion 5.6
N
PnOyu — 8, Pyu PNZun8H Z
0
"N | N
=—3 Z V n+1un n+1 Z \/>un
n=0

N
1 1
- [—2 E V >\n+1ﬂnH§f1(33) t3 E V )\n@nH:’—ﬁll

1 ) )
=SV AN+1 [UNHJC\Y/’_El(iU) + uN+1Hf§’6(fU)] :

\V)

This yields that

PO — 0uPyul2_y S A (G ()2 + et [HY ()24 (5.16)
due to the property of seminorms. Moreover, we estimate @} and |H," 8 (z)|? i _p,fork=N,N+1:
> e
i < 3 i < =l = Pyl S o Nl (5.17)
n=N

by Equation 5.13. Similarly, 43, < o " N~"|[u||?. And

a, — a, — a, 1 — 1
JHY 2y = 100 HY  (0)|P S o HY (2)| 22y = a7 Nt < a7 (5.18)
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o —

by Lemma 5.2, since (Hﬁ‘,ﬁ)k = 0N, for k € ZT. Similarly, ]Hjo\‘,fl i_l < oz_l)\‘](f:_ll. Substitut-
ing Equation 5.17 and Equation 5.18 into Equation 5.16, we get
PO — O, Pyulisy S o™ NN ul2 S 2 INE Tl (5.19)

by the fact that Ay = 2Na?. The conclusion follows immediately from Equation 5.14, Equa-

tion 5.15 and Equation 5.19. O

5.2 Hermite spectral method to 1D forward Kolmogorov equation (FKE)

The general 1D FKE is in the form

ut(z,t) = p(x, t)uge(z,t) + q(z, t)ug(z,t) + r(z, t)u(z,t), for (z,t) € R x Ry
(5.20)

u(z,0) = oo(z).

The well-posedness of 1D FKE has been investigated in (5). We state its key result here.

Lemma 5.1 (Besala, (5)). Let p(z,t), q(x,t), r(z,t) (real valued) together with py, prs, ¢z be
locally Hélder continuous in D = (tg,t1) X R. Assume that

1. p(z,t) > X >0, V(x,t) € D, for some constant \;

2. r(z,t) <0, V(z,t) € D;

8. (r — e + paa)(z,t) <0, V(2,t) € D.
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Then the Cauchy problem Equation 5.20 with the initial condition u(z,ty) = uo(x) has a fun-

damental solution I'(x,t; z, s) which satisfies
0 <T(x,t;2z,5) <c(t— s)_%
for some constant ¢ and

o o0
/ [(x,t;2,8)dz < 1; / [(x,t;z,8)dx < 1.

—0o0 —00

Moreover, if ug(z) is continuous and bounded, then

u(z,t) = /OO [(x,t; 2, t0)uo(z)dz

—0oQ0

is a bounded solution of Equation 5.20.

Through the transformation

w(z, 1) = e2 /e AlsDdsy, ( / p%(s,t)ds,t> : (5.21)

—0oQ
where

T

Gz, t) = p_%(:v,t) [q(x,t) - %p_%pm(:v,t) + ;/ p_épt(s,t)ds] , (5.22)

—00
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Equation 5.20 can be simplified to the following FKE, with the diffusion coefficient equal to 1

and without a convection term:

wi(z,t) = wea(x,t) + V(z, t)w(z,t), for R x Ry

(5.23)
w(z,0) = wo(z),
where
V(x,t) = —iqz(x,t) — %dm(m,t) + ;/m Ge(s, t)ds +r(z,t)| . (5.24)

Remark 5.1. From the computational point of view, the form in Equation 5.23 is superior to
the original form in Equation 5.20 in general, when implementing with the HSM.

(i) If both the potential V (z,t) and the initial data w(x,0) are even functions in x, so is the
solution to Equation 5.23. With the fact that the odd modes of the Fourier-Hermite coefficients
of the even functions are identically zeros, it requires half amount of computations to resolve
the even functions.

(ii) Even when V(x,t) and w(x,0) are not even, it is still wise to get rid of the convection
term, since this term will drive the states to left and right, and probably out of the current
“window”. Shifting of the windows frequently by the moving-window technique will definitely

affect the computational efficiency.
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5.2.1 Formulation and convergence analysis

Let us consider the FKE Equation 5.23 with some source term F'(z,t). Let us use u instead

of w in Equation 5.23. The weak formulation of HSM is to find uy(z,t) € Ry such that

<8tuN($> t)v (P> = <8IUN('%" t)> 9090> + <V(:U> t)uN(xa t)? 90> + <F(:C, t): 90>7
(5.25)

un(z,0) =Pyuo(z),
for all ¢ € Ry. The convergence rate is stated below:

Theorem 5.2. Assume

—(1+|2[) S V(z,t) < C,

for all (z,t) € R x (0,T), for some v > 0 and some constant C. If ug € W"(R) and u
is the solution to Equation 5.23 with source term F(xz,t), then for w € L*(0,T;W"(R)) N

L?(0,T; W™ (R)) with r > 27 and
dy—2r42 4 1 5 r 4 —-L
N > max {a -1 max{(af)™,1}127, 0" " max {(ap)*", 1} 2“/},
we have

= un|P(t) S = max {(aB), 1}N1, (5.26)

where c* depends only on T, ||ul|pe(o,rwr®)) and [[ull L2, ®))-
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Before we prove Theorem 5.2, we need some estimate on ||z"072u(x)||?, for any integers

1,72 > 0:

Lemma 5.2. For any function u € W™ 1"2(R), with some integers r1,m9 > 0, we have

[la™ 02l * < a7 " max {(aB)*", }|ull?, 1. (5.27)

Proof. For any integers r1,ry > 0,

o0 2 o411 2
oozl =| Yozt ~| LS S aie)|
n=0 n=0 k=—ro—r1

by Equation 5.5 and Equation 5.6, where for each n fixed, a, j is a product of 2(ry +r2) factors
of &?B or VAngj, with —rg —rp < j < 7o+ 171. Let n* > 0 such that a?f ~ v/ Anr+1. And

notice that A\p,4; ~ Apy1 for n 435 > 0 and anj( ) =0 for n+ j < 0. Hence, we have

* [e'S)

e O u(@)| S o7 B SN AR T N A
n=0 n=n*+1

< a2 max {(aB)?, L [ull?, 41

for any integers 1,72 > 0, by Equation 5.3. 0
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Proof of Theorem 5.2. Denote Uy = Pyu for simplicity. By Equation 5.23 with source term

F(z,t) and the definition of Uy, we obtain that

0= <at(u - UN)?@) = _<U17@x> + <V(:L‘,t)u, (10> + (F(l‘,t),g0> - <8tUNa 90>

= (0Un, @) = —(ua, pz) + (V(2, t)u, o) + (F(x, 1), 0), (5.28)
for all p € Ry. Combining the above with Equation 5.25, yields that
(Or(un = UN), @) = —(Ou(un — u), @z) + (V(z,t)(un — u), 9),
for all p € Ry. Set oy = uy — Un. Choosing the function ¢ = 295, we have

Alon||* = —2||0zon||? — 2(0:(Un — ), dron) + 2(V (x,t)on, on) + 2(V (z,t)(Un — u), on)-

(5.29)

It follows from Young’s inequality that
1
(02(Un = w), Don)| < 7 1102(Un — )| + |0z 0] *. (5.30)
The assumption V(z,t) < C for (z,t) € R x (0,7) then yields

(V(z,t)on, on) < Cllon|?, (5.31)
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for (x,t) € R x (0,7"). Moreover, we have
1 2 1 2
[(V(@,t)(Un — ), on)| < SlIV(UN =l + 5 llenll%, (5.32)

by the Cauchy-Schwartz inequality. Substituting Equation 5.30- Equation 5.32 into Equa-

tion 5.29, we obtain
1
Ollon* = (C+ 1) llon* < IV(UN = w)ll* + 5110:(Un — w)ll*. (5.33)
Notice that V' > —(1 + |x|?)?, for some v > 0. By the estimate in Lemma 5.2, we have

IV(Un = w)lP S 1L+ [2) (U = o)l S ([ + 1) (Un —u)?

o0
S max {(af), 1} Y AT a2+ ||[Uy — ul?
n=N-+1

< o™ max {(aB)", INZ 7 [[ul 2 4+ 0”2 Nl . (5.34)

~

The estimate of the second term on the right-hand side of Equation 5.34 follows from Theorem

5.1. Again by Theorem 5.1, we obtain

102(Un — )| = [Uy — ulf £ o™ INTJu]]7. (5.35)
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Substituting Equation 5.34 and Equation 5.35 into Equation 5.33, we obtain
aillon | = (C+ Dllen|* S o™ max {(ap)", LIN? 7" |ful[7,
provided that

4y—2r+2

N>>max{a -1 max {(af)",1} 1727, a” v max {(ap)", 1} 27}.

Therefore, we have
t
lon|[*(t) S @~  max {(aB)", 1}N27_T/0 e~ CEVEu|[2(s)ds.
By the triangle inequality and Theorem 5.1,

[l = un]*(t) < |lon]* + [|u — Un|]?
t
Sa TN IIUI!3+maX{(aB)4”,1}/ e~V )7 (s)ds
0

< o~ max {(aB), 1IN,

where ¢* is a constant depending on ||u| e 0,7 ®)), [|ullL20,7w7 )y and T O

5.2.2  Guidelines of the scaling factor

From Theorem 5.1, it is known for sure that any function in W"(R) could be approximated

well by the generalized Hermite functions, provided that the truncation N is large enough.
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However, in practice, “sufficiently” large N challenges the computer capacity. To improve
the resolution of Hermite functions with reasonably large N, we need the scaling factor «, as
pointed out in (7). Many efforts have been made along this direction, refer to (6), (7), (55), etc.
However, the optimal choice of o (with respect to the truncation error) is still an open problem.
In this subsection, we give a practical guideline to choose an appropriate scaling factor for the
Gaussian type and super-Gaussian type functions.

It is well known that, for smooth functions f(z) = Y7 fuHSP (x), the exponential decay of

f

the Fourier-Hermite coefficients with respect to n implies that the infinite sum is dominated

by the first N terms, that is,

N
0= 3o 0 ().
n=0

for N > 1. Thus, the suitable scaling factor is proposed to get the Fourier-Hermite coefficients
decaying as fast as possible. Once the coefficient approaching the machine error (say 107'6),
many other factors such as the roundoff error will come into play. Hence, it is wise to truncate
the series here. Therefore, we need some guidelines for choosing not only the suitable scaling
factor o but also the corresponding truncation mode N.

Suppose the function f(x) peaks in the neighborhood of the origin and behaves asymptoti-
cally as e~Plel* with some p>0and k > 2, as || = +00. Our guidelines are motivated by the

following observations:
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1. The function f decays exponentially fast, as |z| — oo, so that f, ~ ffL f(:c)Hg’ﬁ(x)dx,

provided L is large enough, due to Equation 5.8.

2. For the exact Gaussian function e*mQ, p > 0, the optimal « is naturally to be /2p
with the truncated mode N = 1. In fact, with this choice, e P*" = Hg"o(x), e P2’ ig
orthogonal to all the rest of Hy"", n > 0. That is, (e=P2*), # 0 and (e7P**) =0, n > 1.
This suggests that the closer the asymptotical behavior of f is to e_%O‘Z”EQ, the faster the

Fourier-Hermite coefficients decays, and the smaller the truncation mode N is.

3. It is natural to adopt the Gaussian-Hermite quadrature method to compute the Fourier-
Hermite coefficients by Equation 5.8. The truncation mode N has to be chosen such that
the roots of Hermite polynomial Hy41 cover the domain [—alL, L] where the integral

Equation 5.8 is contributed most from both f and HS, n=0,---, N.

We describe our guidelines for the Gaussian type and the super-Gaussian type functions
separately as follows.

Case I Gaussian type, i.e. f(z)~e P p>0,as |z| = +oo.

L e o305 oo, which yilds o~ V25

2px?

2. The integrand in Equation 5.8 is approximately e~?*". Using the machine error 106

to decide the domain of interest L, i.e. e 2L% 10716, it yields that L ~ 1/8p~11n 10;

3. Determine the truncation mode N such that the roots of Hermite polynomial Hy 11 covers

approximately (—aL,alL), where aL ~ 4+/In 10.

Case II.  Super-Gaussian type, i.e. f(z) ~ e‘pwk, as |z| = 4oo for some k > 2, p > 0.
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2
f(x)=cos(x/10)e™>, p=0

10“% -
g O O
O
o O 0 0O o o o o g
* o
@]
* @]
@]
5 | o |
é— 10 * o
@ ¢}
c @]
2 *
<§ O
e @]
3 +
10—107 N
*
O a=4 .
*  a=3.1
O o=1 *
*
-15 *
10 = L L I * * |
0 5 10 15 20 25

truncation mode N

Figure 1. The truncation error v.s. the truncation mode for f(z) = cos (%)6_5:02 is plotted,
with 6 =0 and o = 4,3.1 or 1.

1. Notice that e~ 39" > efpxk, when x > 1. Thus, we require that e~ 2077 o 10716, which

implies that aL ~ v/321n10;

2

2. We match e P ~ e 39" near x = +I yields that a =~ \/2pL§_1. Hence, L ~
(16p~1In10)%, o &~ 23 "% pk (In 10)2~ *;
3. Determine the truncation mode N such that the roots of the Hermite polynomial Hpy 1

cover approximately (—aL,aL).

To examine the feasibility of our guidelines, we explore the Gaussian type f(z) = e~ cos (15)-
According to the strategy in Case I, we choose the scaling factor a ~ /10 ~ 3.1, L = 8th10 ~
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1.9194 and N = 24. As shown in Figure 1, the truncation error with o = 3.1 decays the most
rapidly with respect to the truncation mode N, and approaches the machine error near the 20"
mode. Meanwhile, the decay of the truncation error with « = 4 and @ = 1 are much slower.
Moreover, the truncation mode N = 24 is appropriate in the sense that the next few coefficients

start to grow, due to the roundoff error.

Remark 5.2. 1) These guidelines are very practical. However, it is not the optimal scaling
factor a.. For example, if f(x) = 6759“2, then the optimal scaling factor a =1 and N = 0, while
N = 24 is chosen according to our guidelines.

2)  Although the scaling factor helps to resolve the function concentrated in the neighborhood
of the origin, it helps little if the function is peaked away from the origin. The numerical evidence

could be found in Table I. This is the exact reason why we need to introduce the translating

factor to the generalized Hermite functions when applying to the NLF problems.

5.2.3 Numerical verification of the convergence rate

To verify the convergence rate of HSM shown in Theorem 5.2, we explore a 1D FKE with
some source F'(x,t). The exact solution could be found explicitly and is served as our bench-

mark. We consider the 1D FKE

Up = Ugy — T2U + (sint + cost + Sx)e_%x2

(5.36)

u(z,0) = xeiéxz,

for (z,t) € R x [0,T]. It is easy to verify that u(z,t) = (z + sin t)e_%gg2 is the exact solution.
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Notice that the initial data, the potential and the source in Equation 5.36 are all concen-
trated around the origin. So, we set the translating factor 5 = 0. For notational convenience,
we drop [ in this example. As to the suitable scaling factor «, from our strategy in section
5.2.2, we know that it is better to let @ = 1. However, if we do so, the first two modes will give
us an extremely good approximation. Hence, the error v.s. the truncation mode won’t be seen
clearly. Due to this consideration, we pick & = 1.4 (a little bit away from 1, but not too far
away so that it won’t affect the resolution too much). The weak formulation (Equation 5.25)

yields

<atuN7 §0> = _<aazuN7 ax§0> - <xuN7 x(p> + <F(‘T7 t)a 90>7 (537)

for all ¢ € Ry. Take the test functions ¢ = H(z), n = 0,1,--- , N, in Equation 5.37. Since

uy € Ry, it can be written in the form

L at) = Ad(t) + f(t), (5.38)
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— ~

. . T
where @(t) = (ag(t),ai(t),---,an(®))T, f(t) = (fo(t),fl(t), e ,fN(t)> are column vectors
with N + 1 entries, fi(t), i=20,1,---, N, are the Fourier-Hermite coefficients of F(x,t) and A

is a penta-diagonal (N + 1) x (INV 4 1) constant matrix, where A = —A; — Ag, with

2
- SVEFDE+2), k=min{i,j}, li-jl=2,

- 1
Au(i,j) = a2<i+2>, i =7,

0, otherwise,

and
4

(k+1)(k+2)
202

) @it
A27’7.7 - (
=] D

7k:min{i7j}7 ’Z_]|:27

0, otherwise.

The L? errors v.s. the truncation mode N at time T = 0.1 is plotted in Figure 2. The
ODE Equation 5.38 is numerically solved by central difference scheme in time with the time

step dt = 107°. It indeed illustrates the spectral accuracy of HSM.

5.3 Application to nonlinear filtering problems

Recalling the brief description of our algorithm in Chapter 2, the off-line computation is to
numerically solve the FKE Equation 2.13 repeatedly on each interval [7;, 7;41]. Equation 2.13

is in the form of Equation 5.20 with

p(%t) = %QQ% Q(*Ia t) = Q(g2)x — fa r(a:,t) = —%h2/S + Q(gg + ggxx) — fas
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107 —+— =14, =0, dt=10" |

L2 error
=
o

5 10 15 20 25 30 35 40 45
truncation mode N

Figure 2. The L?-errors of the HSM to FKE Equation 5.36 v.s. the truncation mode
N =5,15,25,35 and 45 is plotted, with o = 1.4, 8 = 0 and the time step dt = 107°.

where @, S, f, g and h are in Equation 2.1.

5.3.1 Existence and uniqueness of the solution to 1D FKE

We interpret the well-posedness theorem, i.e. Lemma 5.1, for general 1D FKE in the

framework of the NLF problems.

Proposition 5.1 (Existence). Let f, g, h in Equation 2.1 be Hélder continuous functions in
D =R x (to,t1). Also, assume that gz, gzx and f, exist and are also Hélder continuous in D.

Assume further that

1. Qg%> >\ >0, for some A > 0;
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2. §>0;
8. —3h?/S — fu + Q(g% + 99zz) < C, for some constant C,

for (z,t) € D. Then there exists a bounded solution u(z,t) to Equation 5.20, if the initial

condition ug(z) is continuous and bounded.

Proof. Conditions 1)-3) in Lemma 5.1 are directly translated into conditions 1)-3) in this propo-

sition with C' < 0. For C' > 0, let v(z,t) = e~ C¢—t0)y (2, t), then v satisfies

ve(x,t) = p(a, t) v (2, t) + q(z, vy (x, t) + (r(z,t) — C)v(x, t), (5.39)

for (z,t) € D, with the initial condition v(z,ty) = uo(x). The coefficients in Equation 5.39
satisfy the conditions in Lemma 5.1. Thus, we apply Lemma 5.1 directly to Equation 5.39. The

existence of the solution to Equation 5.20 follows immediately. O

Remark 5.3. In practice, the initial data of the conditional density function has either com-
pact support or exponentially decay as |x| — +oo. So, the assumption on the initial data in

Proposition 5.1 always holds.

For simplicity, we establish the uniqueness for Equation 5.23, instead of Equation 5.20. They

can be easily transformed into each other, due to the bijective transformation Equation 5.21.

Proposition 5.2 (Uniqueness). There ezists a unique solution to Equation 5.23 in the class that

{u s im0 uuy = 0} if V(z,t) is bounded from above in D.
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Proof. Case I: Assume V(z,t) < 0 in D. Suppose there exist two distinct solutions to Equa-

tion 5.23, say u; and ue. Denote 1 := u; — ug, and then 7 satisfies
N = Naz + V (2, t)n, (5.40)

in D with the initial condition n(z, ty) = 0. Using the standard energy estimate, i.e. multiplying

Equation 5.40 with n and integrating with respect to  in R:

1
SlInlE = =llnl2+ [ Ve 0o < |l <0,

by integration by parts, and the facts that lim ;o 77 = 0 and V(z,t) < 0 in D. This yields

that

1l (2) < [Inll*(to),

for t € (to,t1). With the fact that n(x,tg) = 0, we conclude that n =0 in D, i.e. uy = us.
Case II: Assume V(z,t) < C, for some C > 0. We use the strategy in the proof of
Proposition 5.1. Let v(z,t) = e"C¢t0)y(x,t), then v satisfies Equation 5.23 with the potential

V(z,t) — C < 0in D. By case I, we conclude the uniqueness of v, and thus that of u. O

Remark 5.4. Similar conditions as in Proposition 5.1 were used to guarantee the well-posedness
of the “pathwise-robust” DMZ equation (see Chapter 3) and to establish the convergence of our

algorithm (see Chapter 4). They essentially require that h has to grow faster than f. They
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are not restrictive in the sense that most of the polynomial sensors are included. For example,
f(z) = for?, g(x) = go(1 + 2)* and h(z) = hox!, with S,Q > 0, fo,g0 and hy are constants,

. ) i1
7, k,l €N, provided | > maX{JT,ZIC - 1}.

5.3.2 Translating factor § and moving-window technique

As we mentioned before, the untranslated Hermite functions with suitable scaling factor
could resolve functions concentrated in the neighborhood of the origin accurately and effectively.
However, the states of the NLF problems could be driven to left and right during the on-line
experiments. It is not hard to imagine that the “peaking” area of the density function escapes
from the current “window”. As numerical evidence, Figure 6 is the plot of the normalized
density function of the cubic sensor.

The idea of the translating factor is that, under the circumstance that the function is peaking
far away from the “window” covered by the current Hermite functions, we translate the current
Hermite functions to the “support” of the function, by letting the translating factor 8 be near
the “peaking” area of the function.

In Table I, we list the truncation error of the Gaussian function f(z) = e~ 2(@P0)* with
various pg = —1,0,--- ,4 and different translating factors 8 = 0 or 3. The truncation errors
with different translating factor 5 is denoted as errorg, which is defined as || f — Zflvzo foHEP [|.
According to the guidelines in section 5.2.2, the scaling factor is a = 1 and the truncation
mode is N = 24. As shown in Table I, the further the function is peaking away from the origin,

the larger the error is with untranslated Hermite functions. But with appropriate translating
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Po €rrory €errors

—1[33x10713] 1.1x1073
0 [|82x107® | 7.7x10°
1 [1.6x1071 | 1.8 x 1077
2 | 1.8x107° [ 33x10713
3 [ 7.7x1076 | 82x 10"
4 [ 11x103 [ 1.6x10°13

TABLE I

TRUNCTION ERROR V.S. THE “PEAKING” P, OF THE GAUSSIAN FUNCTION
F(X) =B 2(X~-P)*,

factor, the function could be resolved very well with the same scaling factor, for example,
errorg ~ 10716 for f(z) = e 2@,

Indeed, this fact motivates the idea of a moving-window technique. The suitable width of
the window could be pre-determined if the trunction error of the density function v.s. various
“peaking” pq is investigated beforehand. To be more precise, suppose we know the asymptotic
behavior of the density function of the NLF problem from the asymptotical analysis, say ~
e_pxk, with some p > 0, k > 2. According to the guidelines in section 5.2.2, the suitable scaling
factor a and the truncation mode N with g = 0 could be chosen. With these parameters, a
table similar to Table I could be obtained, i.e. the truncation error (errorp) of the function
e~P@=r0)* v g various po. If the error tolerance is given, then the appropriate width of the

window is obtained according to the table. Let us take Table I as an example. If the asymptotic

behavior of the density function is 6_%:02, then the scaling factor & = 1 and the truncation mode
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N = 24. Suppose we set the error tolerance to be 1072, then the suitable width of the window
would be 3+ 3 = 6, from the first two columns of Table I. The window, that covers the origin,
would be [-3, 3].

Our algorithm with the moving-window technique is illustrated in the flowchart Figure 3.
It reads as follows. Without loss of generality, assume that the expectation of the initial
distribution of the state is near 0. During the experimental time, say [0,7], the state remains

inside some bounded interval [—L, L], for some L > 0. We first cover the neighborhood of

N

n—0, Where o, N can be chosen according

0 by the untranslated Hermite functions {HS’O
to the guidelines in section 5.2.2. With the given error tolerance, the suitable width of the
window could be pre-defined, denoted as L,,. If [-L, L] C [~ Ly, Ly, then no moving-window
technique is needed. Hence, the on-line experiment runs always within the left half loop in
Figure 3. Otherwise, {rBJ’}}’:m for some J > 0, need to be prepared beforehand, such that
[-L,L] C U‘J-JZO (—Lw + Bj,Bj + Ly). The off-line data corresponding to different intervals
(—=Lw + Bj, Bj + L) have to be pre-computed and stored ahead of time. During the on-line
experiment, if the expectation of the state E[x;] moves across the boundary of the current
“window” (the condition in the rhombic box in Figure 3 is satisfied), the current “window” is
shifted to the nearby window, into which E[z,] falls. That is, the right half loop in Figure 3 is
performed once.

Let us analyze the computational cost of our algorithm. Notice that only the storage

capacity of the off-line data and the number of the flops for on-line performance need to be

taken into consideration in our algorithm. Without loss of generality, let us assume, as before,
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that E[z](0) is near 0 and our state is inside [-L, L] C U}]:o (—=Lw + Bj, Bj + Ly). For simplicity

and clarity, let us first assume further that

1. The operator (L — %hTS _lh) is not explicitly time-dependent;

2. The time steps are the same, i.e. 7,41 — 7; = At.

The storage of the off-line data, on each interval (—Ly, + B, Bj + L), requires storing (N +1)2
floating point numbers. Hence, the (J + 1) intervals requires to store (J + 1)(N + 1)? floating
point numbers. As to the number of the flops in the on-line computations, if no moving-
window technique is adopted during the experiment, for each time step, it requires O((N +1)?)
flops. The number of the flops to complete the experiment during [0,7] = Uf:ol [Tiy Tit1] 18
O(k(N 4+ 1)?). Suppose the number of window shifts during [0, 7] is P, then the total number

of flops is O ((k + P)(N + 1)?).

Remark 5.5. Even if either assumption 1) or 2) is not satisfied, the real-time manner of our
algorithm won’t be affected. This is because the number of the flops in the on-line experiment
remains the same. But the off-line data will take more storage as the trade-off. To be more
specific, on each interval (—Ly, + B, Bj + Luw), it requires to store k x (N + 1) floating point
numbers, where k is the total number of time steps. Therefore, the total storage is k(J+1)(N +

1)2 floating point numbers.

5.4 Numerical simulations

In this subsection, we shall validate our algorithm by solving three NLF problems: two

“time-invariant” cases and one “time-varying” case. Our algorithm is compared with either the
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extended Kalman filter (EKF) or the particle filters (PF). The particle filters are implemented
based on the algorithm described in (1), and systematic resampling is adopted if the effective
sample size drops below 50% of the total number of particles. As we shall see, to achieve similar

accuracy our algorithm surpasses both the EKF and the PF in the real-time manner.

5.4.1 “time-invariant” case: 1D almost linear filter

The signal observation model we are considering here is

dl‘t = d’Ut

dy; = z¢(1 4 0.25 cos x¢)dt + dwy,

where =y, y; € R, v, wy are scalar Brownian motion processes with E[dvtT dv;] = 1 and
E[dw] dw;] = 1. Suppose the signal at the beginning is somewhere near the origin.

The corresponding FKE Equation 2.13 in this case is

1 1
Ut = 5 Uas — 53:2(1 + cosx)?u (5.41)

g2
Assume further that the initial distribution of xg is ug(x) = e 2 . This assumption is not

_at
crucial at all. The non-Gaussian ones, for example up(x) = e72, will give the similar results

as the Gaussian one.

»

x

It is easy to see that the asymptotic behavior of the solution to Equation 5.41 is e™ 2. With
the guidelines, we choose a =1, 8 =0 and N = 25 for the starting interval. We shall run the

experiment for the total time T" = 50. Thus, we expect the density function probably will move
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out of the starting interval. Table I suggests that the appropriate width of the window should
be 3, if the error tolerance is set to be 107°. We shall overlap the adjacent windows a little
bit to prevent frequent shifting of windows. Let us take the width of the overlaped region to
be 0.5. Therefore, as the preparation for the moving-window technique, we shall prepare the
off-line data for [-19.5, —13.5], [-14, —8|, [-8.5, —2.5], [-3, 3], [2.5,8.5], [8,14] and [13.5,19.5].
The correpsonding 3’s are —16.5, —11,—5.5,0,5.5,11 and 16.5. The barrier in the rhombic box
in the flowchart Figure 3 should be 3 (the width of the “window”).

Our algorithm is compared with the PF with 10 or 50 particles in Figure 4 for the total
experimental time T = 50. The time step is At = 0.01. All three filters show acceptable
experimental results. It is clear (between time 10 to 30) that the PF with 50 particles gives
closer estimation to our algorithm than that with 10 particles. But as to the efficiency, our
algorithm is superior to the PF, since the CPU times of PF with 10 and 50 particles are 5.00s
and 35.75s respectively, while that of our algorithm is only 2.62s. As to the storage, the size of
the binary file to keep the off-line data is only 35.5kB. During this particular on-line experiment,
the window has been shifted 13 times, which can’t be seen from the figure at all. It also seems

that the moving-window technique doesn’t affect the efficiency of our algorithm.

5.4.2 “time-invariant” case: cubic sensor in the channel

We consider cubic sensor in the channel z; € [—3, 3]:

diL‘t = dvt
(5.42)

dys = x?dt ~+ dwy,
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where 7y, 1, € R, vy, wy are scalar Brownian motion processes with E[dv] dv;] = 1, E[dw{ dw;] =
1. Assume the initial state is somewhere near 0.

The FKE Equation 2.13 is

1 1
Ut = 5y — §x6u. (5.43)

—xt/4

Furthermore, we assume the initial distribution is ug(z) = e . We set our translating factor

8 =0 and the moving-window technique won’t be used. According to the guidelines in section

ST

5.2.2, we choose the scaling factor o ~ 25 (ln%)

~ 2.4637, and the truncated mode N = 45.
In Figure 5, we compare our algorithm with the PF with 50 particles for T = 50. The
observation data come in every 0.01. Figure 5 reads that both filters work very well. The result
of our algorithm nearly overlaps with that of the particle filter, for all times. However, the
CPU time of our algorithm is 4.90s, while that of PF is 37.17s. With our algorithm, the on-line

computational time for every estimation of the state is around 0.001s, which is 10 times less

than the update time 0.01s. This indicates that our algorithm is indeed a real-time solver. The

u(z,t)
maxgcr u(z,t)’

normalized density functions, which is defined as have been plotted every other 1s

in Figure 6.
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5.4.3 “time-varying” case: the 1D almost linear sensor

The 1D almost linear “time-varying” sensor we are considering is

dxy =[1 4 0.1 cos (207t)]dvy
(5.44)

dys =x4[1 4 0.25 cos (x4)]dt + dwy,

where 2, y; € R, v, wy are scalar Brownian motion processes with E[dv{ dv;] = Eldw] dw,] = 1.

The FKE Equation 2.13 in this example is
1 1
up = 5[1 + 0.1 cos (20mt)*tuze — §x2[1 +0.25 cos (z)]%u,

with the initial data ug(z) = e~**/2 and the updated initial data

Ui(-% ,7_1,) _ ex2[1+0.25 cos (x)]dytuiil(m’ 71)7

1=1,2,--- k. In Figure 7, our algorithm tracks the state’s expectation at least as well as the
EKF'. The total simulation time is T' = 60, and the update time step is dt = 7,41 — 7 = 0.01. It
costs our algorithm only around 3.17s to complete the simulation, i.e. the on-line computational

time is less than 5 x 10™%s, which is around 20 times shorter than the updated time.
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Figure 4. Almost linear filter is investigated with our algorithm and the particle filter with 10
and 50 particles. The total experimental time is T' = 50s. And the update time is At = 0.01.
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Figure 5. Cubic sensor in the channel is experimented for T' = 50, with the time step
At = 0.01s, by both particle filter and our algorithm.
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Figure 6. The normalized density functions are plotted every other 1s for the cubic sensor in
the channel.

2
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ElX]

—=— real state
EKF

— our algorithm
1 1 1 1 1

0 10 20 30 40 50 60
t

»

x

Figure 7. 1D “time-varying” almost linear sensor, with the initial condition ug(z) = e~ 2.
Black: real state; Green: extended Kalman filter; Red: our algorithm.



CHAPTER 6

OUR ALGORITHM IN HIGHER DIMENSIONS

In the design of our algorithm, it is central to solve the FKE accurately and update rapidly
the initial data at the beginning of each interval. The main difficulty on applying our algorithm
to high-dimensional NLF' problems is the so-called “curse of dimensionality”. As mentioned in

Chapter 1, we shall resort to the HSM, combined with the sparse grids algorithms.

6.1 Hyperbolic cross (HC) approximation with generalized Hermite functions

6.1.1 Notations

Let us first clarify the notations to be used in this chapter.

o Let R(resp., N) denote all the real numbers (resp., natural numbers), and let Ng = NU{0}.

o For any d € N, we use boldface lowercase letters to denote d-dimensional multi-indices

and vectors, e.g., k = (k1,ka,...,ks) € Ng and o = (a1, a2, ..., qq) € R

o Let 1 =(1,1,...,1) € N and let e; = (0,...,1...,0) be the i*" unit vector in R%. For

any scalar s € R, we define the componentwise operations:

atk=(Ltk,...,00tky), ats:=atsl=(a;+ts,...,aq=%s),

1 1 N
={—,...,— |, ak:alfl-'-add,
(e5] Qg

85
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and

a>ks o>k, V1I<j<d, a>s&aj>s, V1< j<d

¢ The frequently used norms are denoted as

d d
k|1 = ij; koo = fél?gxdkf‘ B |mix = H kj,
7j=1 7=1

where k; = max{1, k;}.

o Given a multivariate function u(x), we denote, the k' mixed partial derivative by

Ikl

Oy=—" "
T
TR

_ ok k
= ok ... lay,

5)

In particular, we denote diu = 83lu = L)y,

1
o Let L?*(R?) be the Lebesgue space in R?, equipped with the norm || - || = ([ga| - [*dx)?

and the scalar product (-, ).

o We follow the convention in the asymptotic analysis, a ~ b means that there exists some
constants C1,Cy > 0 such that Cia < b < Csa; a < b means that there exists some

~

constant C3 > 0 such that a < Csb.

¢ We denote C' as some generic positive constant, which may vary from line to line.
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6.1.2 Generalized Hermite functions and its properties

For the convenience of analysis in this chapter, we define the generalized Hermite functions
slightly different from those in Chapter 5. Let us define the univariate generalized Hermite

functions as

N|=

Hi(0) = (g ) Halale = e 77, (6.1

for n > 0, where a > 0 is the scaling factor,5 € R is the translating factor, and {H, () }.en,
is the physical Hermite polynomials as introduction in Chapter 5. It is readily to derive the

following properties for {H%" (z) Fneny:

o The {H%’B}neNo forms an orthonormal basis of L?(R), i.e.
/ HOP ()HEP (2)dx = Spm, (6.2)
R

where 6, is the Kronecker function.

o HEP () is the n** eigenfunction of the following Strum-Liouville problem
20 @=P?g (= (@=B) g (29@=B) (1)) + Ayu(z) = 0, (6.3)

with the corresponding eigenvalue \,, = 2a°n.
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o By convention, ’Hf{’ﬁ = 0, for n < 0. For n > 0, the three-term recurrence is inherited

from the Hermite polynomials:

202 (x — BYHEP (2) = VAHE?, (@) + VA HEL, ().

o The derivative of H2*? (x) is explicitly expressed, namely

Oy /HQ’B \/77'[ -3 \/ n+1/Hn+1

o Let D, = 0, + a?(x — ). Then

DEHG P (2) = g Ho D (2), Y=k > 1,

where

2k 2k,
H)\n jfﬂ forn>k>1.

(n—k)!’
¢ The orthogonality of {D’;Hﬁﬂ(x)}neNo holds, i.e.,

[ D @) DEH @) = i
R

(6.6)

(6.7)
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For notational convenience, we extend py,  for all n, & > 0.

1, ifk=0,n>0,
Hn ke = (6.9)
0, ifk>n2>0.

Now we define the d-dimensional generalized Hermite functions by
%a,ﬂ H Ha] :5]

for a > 0, B € R% and & € R?. It verifies readily that the properties Equation 6.6 - Equation 6.8
can be extended correspondingly to multivariate generalized Hermite functions. Let ’D’; =

DIE e D’;Z, then

DEHEP = Jln s HEP (6.10)
and
g DEH P (@) DEH Y (@) da = pin kGrm, (6.11)
for a > 0, B € R%, where
d d
Hnk = H Hnj k; and  Opm = H 5njmj~ (6.12)
=1 j=1
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Here, p.. is defined in Equation 6.7 and Equation 6.9, and 0pnm, is the tensorial Kronecker
function.
The generalized Hermite functions {#H2P (w)}neNg form an orthonormal basis of L2(R?).

That is, for any function u € L?(R%) can be written in the form

=) agPHYP(x), with agP = / w(x)HEP (x)dz. (6.13)
R4

n>0

Hence, we have DEu(x) = > n>k un"B'DkH B (z). Furthermore,

1D5ull® = Y pnseltq®* = 3 pnlan??, (6.14)

n>k neNd

by Equation 6.9.

6.1.3 Multivariate orthogonal projection and approximations

In this subsection, we aim to arrive at some typical error esitmates of the form
nf ju—Un|le S N~ full,,
N

where ¢(l,7) is some positive constant depending on [ and , || - ||; is the norm of some function
space, [ indicates the regularity of the function in some sense, and Xy is an approximation

space. In the sequel, X is defined as

XK‘,"B = span{HP : n e Qn}, (6.15)
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where Qn C Ng is some index set. With different choices of 2y, we arrive at different approxi-
mations, including the full grid, regular hyperbolic cross (RHC) and optimized hyperbolic cross
(OHCQ), etc.

Let us denote the orthogonal projection operator P]'\D;”B : L2(Rd) — Xﬁ’ﬁ , i.e., for any

u € L?(RY),

((u— Pﬁ"gu),w =0, Vwve XJC\!,’B,

or, equivalently,

PYPu(e) = WSPHIP (x). (6.16)
neQy

We shall estimate how close the projected function P]'\),"B u is to u, with respect to various

index sets Qx and norms.

6.1.3.1 Appoximations on the full grid

The index set €2y corresponding to the d-dimensional full tensor grid is

Qv ={neNl: |njw <N}

And X]?;’ﬁ is defined in Equation 6.15. Let us define the Sobolev-type space as

ng(RY) = {u: Dhue L*(R?),0 < |kly <m}, VmeN,, (6.17)



equipped with the norm

[N

k 2
”u||Wg‘ﬂ(Rd) = E HDmu ‘ )
0<|k[1<m
and seminorm
1
2
d . 9
o= (S el)
Jj=1

It is clear that Wg’ﬂ(Rd) = L?(R%), and

d

‘“E/VQB(W) = Z Z Hnj,m

=1 nend

2
ﬂg:ﬁ) ,

by Equation 6.14.

Theorem 6.1. Given u € WSZB(RCI), we have for any 0 <1 < m,

_ l=m
PPl Sl N by e,

W}LB(R

for N > 1. Furthermore,

I—-m
HP](\);’ﬁU — UH S Ca,l,mN 2 ’U|W225(Rd),

Wlaﬁ(]Rd)

where Cq 1.m 15 some constant depending on o, | and m.

92

(6.18)

(6.19)

(6.20)

(6.21)
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Proof. The argument is similar to that in (51). Let Q% = {n € N¢ : |n| > N}. By

Equation 6.16, Equation 6.19 and Equation 6.20,

2

2
a’IB —_ ~ O,
‘PN u—u’wl &) —Z ,unj,l’unﬁ‘ )
.8 J=1 ney

For any 1 < 5 < d,

2 2 2
DN I DTN [ R SR D R il

neQy nEA}\}j nGA?\}j

where Ay = {n € Q5 : nj > N} and A3 = {n € Q% : n; < N}. For XII:

Pl 1k 2(1—m) prl—m, 12
XIT < mai(- {J Z Hnjm ‘ug‘n@’ S, |a|0c(> m)N m’u‘wm (Rd)"
neAy’ LHngm ) T P
el
N

In fact,

_ 2(l—
g {258)_ 2maf ™
neald Uttnym J  mealy | (nj — D(nj — 1= 1)+ (nj —m+1)

§2l*m\a]gg*m) (N —m+1)F™.

For XIIL, if n € A2’j, there exists some k # j, such that ny > N.

;1 8% o [ L™ ieme2y
XIII < max{ d } > unk,m‘uﬁ’ ‘ Slals|g] N7 ubym gy,

2,5
'nEAN] Hnym ‘oo

2,5
neAy

(6.22)

(6.23)

(6.24)

(6.25)
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since

finy | o i 1P e
nj, 1— j n;—l1)! I— l N-=D)!
neAy’ UHng,m neAy’ Qe (ng—m)! % (N¥i—m)!
:2l—m|a’2l l 2m 1 1
ol N+1(N-)(N—-1-1)---(N—-m)
1 2m
<o=maf2 | L (v -y,
« oo

Combining Equation 6.22 - Equation 6.25, we obtain the result. Furthermore, the mixed deriva-

tives of order equal to or less than m can be bounded by the seminorm |U|WmB(Rd). O

Remark 6.1. [t is clear that the convergence rate deteriorates rapidly with respect to the

cardinality of the full grid. That is,

B, < 5
HPN U uHWlaﬁ(Rd)Nca’l’mM ‘U|WO'ZB(RUZ)7

where M = card(Qy) = N<.

6.1.3.2 Regular hyperbolic cross (RHC) approximation

As we mentioned in Chapter 1, the HC approximation is an efficient tool to overcome
the “curse of dimensionality” in some degree. The index set of the RHC approximation is
Qy = {n € N¢: |n|mix < N}. It is known that the cardinality of Qy is O(N(In N)?~1), see

(24). Correspondingly, the finite dimensional subspace X]‘i‘,’ﬁ is

Xﬁ’ﬁ = span{HEP : |n|mix < N}. (6.26)
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Let the orthogonal projection operator P]'\);’B : L2(RY) — X]C\",’B be defined as before. Denote

the k—complement of Qy by

Sk ={neN{: [n|mx>Nandn >k}, VkeN. (6.27)

We define the Koborov-type space as

" (R = {u: DFue L2(RY), 0< |kl <7}, VmeNg, 6.28
a,B x 0

equipped with the norm

N[

2
lulley = | > |25l ] (6:29)
0<|k|co <r
and seminorm
1
9 2
[ulkr, ) = ||Z H’D’;u‘ (6.30)
k|oco=T

Remark 6.2. It is easy to see from the definitions that ICoaﬁ(Rd) = L2(RY) and Wilﬁ(Rd) C

Ky g(RY) € WY, 5(RY).

Theorem 6.2. Given u € ICZ”ﬁ(]Rd), for 0 <1 < m, we have

[Loo—m

Hch (Pﬁﬁu - “) H < CapmalN > |ulicm (ra);
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where Cq 1m,d s some constant depending on o, 1, m and d, for N > 1. In particular, if

a =1, then

Cl,l,m,d _ 2|l|oo—mm(2d—1)m—|l|1—(d—1)|l\oo )

Proof. From Equation 6.16 and Equation 6.14, we have

[ o oI L P o E

’I’LGQC nenﬁvym TLGQN I\QN m

=XIV 4+ XV.

For XIV:

neQg .,
Using the facts that
Hnl 4 1
n, ll1—dm
—olllh—
Pon,m H jHl(nj—lj)'“(”j—m+1)
|t —d 2(1 )d L ’ G m—1\"
—dm -m i—m j
e JLadt T I (1) (-7
Jj=1 Jj=1 Jj=1

j=1 j=1
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by Equation 6.27, and

we find that
m\ dm—|l1 d 215 =m) Ar[t]os—m mel 112
xwv < (3) [N || vl (6.33)
j=1

For XV: The index set Qf,; \ Qf,, is

i\, ={nc Ng : |n|mix > N and n > 1, 35, such that n; < m}.
Let us divide the index 1 < j < d into two parts

N={j:1j<nj<m,1<j<d}, N :={j: nj>m,1<j<d}. (6.34)

It is easy to see that neither A nor N¢ is the empty set. We denote

I:l'n:lvm = H 'LLnJJ] ( H 'LLnl:m) = l'llnvk’ (6'35)

JEN ieEN¢e
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where k is a d-dimensional index consisting of /; for j € A" and m for j € N°. Now, we estimate

XV as

2
Hnl
’ S e { - }'“'2'%3@@)7

Hn,l a3
XV < max — E Hn k )Ua’ <
{ } R neQ \% . | Bk

T neQs, \Q¢
v\ Ltk ) ol Tag

(6.36)

since |k|oc = m, where the first inequality follows from Equation 6.35. It remains to estimate

the maximum in Equation 6.36:

Hnl ol -kl 2(1;—m) 1
— =2 o
Hrn.k agf ’ (nj —1l;) -+ (nj —m+1)
1 1
_ 21— l— l; m—1
0 Lt I I () () e
jeNe jeNe jeNe J J

Observe that j € N implies that n; > m > 1 > 0. That is, n; > 1. Hence, n; = n;, for all

j=1,---,d. In view of |n|nix > N, we deduce that

H AN
; _ )
jENe HjeN nj Hje/\/m

With the same estimate as in Equation 6.32 and the fact that

olth=lklt — 9Xjenc(li=m) < ollleo—m, (6.38)
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we find that

e { Pni } < Oy g 2o (= 1m— ey (=)o pyllle—m. (6.39)
ne€Qy \2Y ., { Hnk

where Cgq 1., denotes some constant depending on «, I and m. The desired result follows

immediately from Equation 6.33, Equation 6.36 and Equation 6.39. ]

Corollary 6.1.

Hpﬁ,ﬂu _ uH < Ca,l,m,dzv%myukwm, VO<I<m,

KL 5(R)

(=)

where Cq 1m,a 15 some constant depending on a, I, m and d.

Remark 6.3. Recall that M = card(Qy) = O(N(InN)41) < CNY™E=D " for arbitrarily

small ¢ > 0. Then

___l=m
HP](\);Vﬁu — u‘ Ca,l,m,dMQ(l""e(d_l)) ’u"CZﬁ(Rd), V0 < < m,

icfw(Rd)

where Cq 1.m 4 15 some constant depending on o, I, m and d. It is clear to see that the conver-

gence rate deteriorates slightly with increasing d.
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6.1.3.3 Optimized hyperbolic cross (OHC) approximation

In order to completely break the curse of dimensionality, we consider the index set introduced

in (24)

Ay, = {neN: n|nxn|) <N}, —c0 <y <1 (6.40)

The cardinality of Qn  is O(N), for v € (0,1), where the dependence of dimension is in the

big-O, see (24). The family of spaces are defined as

XX‘,E = span{HXP : n € Q. }. (6.41)

Remark 6.4. In particular, we have X]?‘,’Oﬂ = XK‘,’B m RHC, see Equation 6.26, and X]?‘]’[_’OO =

span{HaP : |n|s < N}, i.e., the full grid.

We denote the projection operator as PK,‘E . L? (]Rd) — Xﬁ;g . In this case, the k—complement

of index set of Qy 4 is

Nk =1n € Nd: ne Qy, andn >k}, Vke Ng. (6.42)

Although (51) obtains a similar result for Jacobi polynomials as Theorem 6.3 below, we
believe that there is a gap in their error analysis of OHC, namely in Theorem 2.3 in (51). We

circumvent it here with a more delicate analysis.
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Theorem 6.3. For any u € ICZ‘[B(Rd), d>2,and 0 < |l|; <m,

[y —m . |l|1
N7z, f0<y<—
HD:lB (P]?fcfu - U) H < Coc,l,m,d,'y U‘Kmﬁ(Rd) m (643)
' * A=ylth=d=vm] ||y
N d-1-v , if — <y <1,
m

where Co 1.m,dy 18 some constant depending on o, I, m, d and ~y. In particular, if a = 1, then

_ @d=D)(ym—|ty) l
2|l|oo M, T—v , if 0 < vy < u
Chimaq =mmIth m

glth—am 3¢ M )
m

Proof. As argued in the proof of Theorem 6.2, we arrive at

2 2
D (p Hnl Z .
N,v,m

S T
Hnl - caBl?
+ max — D fonim 005
c c n,t,m n
neQle\QNmm Hn,lm neQs,  \Q5,
s 7Y,

:=XVI + XVII, (6.44)

where fiy, 1, is defined as in Equation 6.35. To estimate XVI, like in Equation 6.31, we have

Hnl

d d L\ ! 1\ L.
:2|z|1dea]2(lj—m)H( _J> ...(1_m_ ) Hnlj_m
Hnm .
) ]:1

d l
=Dy H ni =",
j=1

(6.45)
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The estimate of maxpeqg o D follows by a similar argument as in Equation 6.32, i.e.,

d
dm—|l|1 o
max Dj < (l ™, (6.46)
nes
N,y,m ]:1
Notice that for any n € Qf .,
% \ 77 _ 1
n 1=y
mix||) > N7 = = < — 6.47
el (=)< g (647
and furthermore, if n € QF
7o 1
7 mix — maL (6.48)
Moreover,
1—
07 > nfixnly > N7 = |njw > Nao, (6.49)

Let us estimate the product in the right-hand side of Equation 6.45:

—m

d

d d
li— l; 1
[In " =11/ | | 1] HmuhmmeW£. (6.50)
Jj=1 j=1

j=1
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If0<’y§%,then

m—|lly [t —ym
e {(2) ™ ()™
max Hn < max
nen?\”ym neﬂ?\]'\/m |’r’/|n'11X ‘n‘mlx
d=1)(ym—|lly) 11—m
<m 1-v NPT (6.51)

by Equation 6.50, Equation 6.47 and Equation 6.48. Otherwise, if % < v < 1, then

d ~ m -
max Hn?imﬁ max {<|n|°°) ’n’|ol<|)1—7m}SNH(”I—VW)—U—’Y)?”’ (6.52)

by Equation 6.50, Equation 6.47 and Equation 6.49. Combining Equation 6.46, Equation 6.51

and Equation 6.52, the first term on the right-hand side of Equation 6.44 has the upper bound

(d=1)(ym—]1]) 1t

=1 d 2(1;—m) o | = N|l|1im7 Hf0<y<
xvi< (5 ) [T ™ || Dy tull 1 M (6.53)
j=1 Nﬁ(”h—W’m)—(l_”/)m’ if ”lel < v < 1.

Next, we consider XVII. Define ' and N¢ as in Equation 6.34. As in Equation 6.36, we obtain

that

Un

XVII < max Ul -m 6.54
nef NWL\QNWm{“nk}| |,C ﬁ(Rd) ( )
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We then estimate the maximum similarly as in Equation 6.38:

-1 -1
Bnl -k 2(1;—m) l;—m l; m—1
—ollli—lk[1 || " |Inj] || ( _nj> ...<1_ m

Hnk jENC jENC jENC

=Dy [] n7™. (6.55)
jENC

Similar arguments as in Equation 6.32 yields

[t — k| 2(j=m),_ dm—|l
| 630
s vym JEN«
where
B lj, if je N¢
L=(l1, - ,lg) = (6.57)

0, otherwise.

Then we verify that
—m

li— _ - - )
I < (T m) (T =mbmgs<mbng. 6
jeEN<€ JEN<© JENC

where 1 is defined similarly as lin Equation 6.57. With a similar argument as in Equation 6.47,

we deduce that for any n € Q5

Al \TF
Nl”<|n|mixrn|ogs7nd1|ﬁ|mixw7:»(',1'“’) <mINL (6.59)
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[

Similarly as in Equation 6.48, we have for any n € Q% i

7200 1

(6.60)

il = 7

and

N1=7 e
> , (6.61)

N < il < N > (R

by Equation 6.60. If 0 < v < %, then

[ty —ym

. n | 1— o 1—
max H né? < max < ‘?‘OO ) ! ( |ZI‘°O > ’
neﬂ?\fﬁ,l\n?\h%m jEN© neﬂ?\f,'y,l\n?\f,'y,m |n‘mix ’n’mix

< mﬁ{[(7+1)d—(27+1)}m—(2d—3)|l|1}N\l|1—m7 (6.62)

by Equation 6.58 - Equation 6.60. Otherwise, if % <~ <1, then

~ m
lj—m EES U —ym
‘max | | n; < max — | |57
nen?\/,%l\ﬂy\fﬂym jeENC nen?\’»%l\n?\fﬁ,m ‘n‘mix

J”l*"vm] A=[ty —(d=1)m]
d—1—

< m(dfl)[m N ar (6.63)
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by Equation 6.58, Equation 6.59 and Equation 6.61. Combining Equation 6.38, Equation 6.54,

Equation 6.56, Equation 6.62 and Equation 6.63, we arrive at

XVII <2ltlee—m H a?(lj—m)mdm—\lll|u|12CZB(Rd) (6.64)
JENC '

1

e LG Dm— a3} prlth-m g < o < [
- m

[t =ym 1—)[|1]1 —(d—1
(dfl)[mf%]]v( Dty (= 1)m)

l
, if ﬁ <y <1
m
Therefore, the desired result follows immediately from Equation 6.53 and Equation 6.64. [

Corollary 6.2. For any u € ICZﬂ(]Rd), 0<l<m,and0<~y<t,

o, N I=m
[P =], gy < Catmda N ulier g

where Co 1m d 15 Some constant depending on o, l, m, d and +.

Remark 6.5. Due to the fact that M = card(2n,) = O(N) < CN, we obtain

[e2 l=m
HPNﬁu n UH < Calimdn M |U|lcgﬁ(Rd)~

WL g(R?)

where Co i m,dy 15 some constant depending on o, I, m, d and v. We see that the convergence
rate no longer deteriorates with respect to d. The effect of the dimension goes into the constant

in front.
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6.1.3.4 Dimensional adaptive approximation

The standard sparse grids are isotropic, treating all of the dimensions equally. Many prob-
lems vary rapidly in only some dimensions, remaining less variable in other dimensions. In
some situations, the highly changing dimensions can be recognized apriori. Consequently it
is advantageous to treat them accordingly. Without loss of generality, we assume the first dy
dimensions are the rapidly variable ones, and we wish to use the full grid. Meanwhile, the OHC
approximation will be used in the remaining ds := d — d; dimensions.

Let us set n := ny @ na, where ny = (ny,--- ,ng,) and ny = (ng, 41, -+ ,ng). The index

set is
Oy, Ny = {n eNE: nifoe < N1y [nfmiclna| 2 < N;—“*}, V_ooco<~y<l  (6.65)
The complement of the index set is
Ny Ny = {n IS Ng D nlee > N1oor  ng|mix|nels) > N21—7}7
and the k—complement of Qy, n, is defined similarly as in Equation 6.42:

Ql]:VlaNQfYak T {n € Q?V1,N27’y n Z k} 9 Vk S NO
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The subspace X]c\x[;ﬁ N, 18 defined accordingly, i.e.,
XNiﬁN2 = span{H "’ (@) : € Ay, Ny} (6.66)

and so is the projection operator PN Nony L 2R - X N;B Ny

Theorem 6.4. For any u € ICQ’B(R”I), for 0 <1 <m, we have

Py, u—u Slalss™ (N + Ny T " Jul a
N1,Nay Y W(llﬁ(Rd) ~ o0 1 Kas®):

Proof. Before we proceed to prove the theorem, we divide the index set Qf, y, , into two

subsets:

Iy ::{n (S QﬁVl:N%’Y : |TL1|OO > Nl},

[y :={n € Qf, Ny - [11]0o < N1 and [n2|mix|n2ls) > N21_W}'

Our proof mainly follows the proof of Theorem 6.1:

d g 9
E E Hn ;1 Uy’ ‘
J=I ey, Ny o
d

d
> iy ’ ?{"’]2 +3°% by ’agﬂf .— XVIII 4 XIX,

1 nely j=1nels

(6.67)
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by Equation 6.20. For XVIII, for any 1 < j <d,

2 2
Xvir= Y unj,l‘agﬁ‘ + ¥ unj,l’agﬁ‘ .— XVIII; + XVIII,

1, 2,5
neAN1 nEAN1

where
A}V{ ={ncTli: n; > N}, A?\r{ ={nel1: nj <N}
For XVIII;:

3 R 2 B _ _

XVII < max {“"]} > unj,m’ugﬂ‘ < 272 (N — m+ 1) %, (Rd):
nGAA}i Hnjm 1. «,B

nEAN1

(6.68)

by Equation 6.24. For XVIIIy, since n € T'j, there exists some jo € {1,---,d;} such that

nj, > Ni. Then

e capl? _ o 2 | 1
XVIIL, < max {} Z_unjo,m\uzﬁ\ <27l |

2, .
neAy] | Hnjom

by Equation 6.25. Hence, combining Equation 6.68 and Equation 6.69, we have
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For XIX, we deduce, as in Equation 6.49, that

1—y
N9 mix|P2l) > Ny 77 = |nglee > Ny 177, (6.71)

With the similar argument for XVIII, we write

2 2
XIX= Y unj,z’ﬁ%’ﬂ Y g ’ﬁ%’ﬁ‘ = XIX + XIXo,

1,5 2,5
nEAN2 nEAN2

where

1—v

1—v
1,j d—d;— 2 . . d—d;—
ANglz{’l’LEFQIn]‘>N2 17}, ANg.—{nEFQ.anNQ 17}.

Thus,

X
neAJ\}; Hnjm

XIXl < max {,Un],l} Z Honjm ‘ﬁgﬁ‘ < 2l—m|a|g<()l—m)(N2d7d1*w —m+ 1)l_m|u‘12cgﬁ(Rd)’
nEA}\,j |

(6.72)

1-y

by Equation 6.71. There exists some jo € {dy + 1,--- ,d} such that nj, > N, 77 then

2,5 )
neAy) | Hnjgm

M1 N 2
XIXy < max {} > unjo,m\uz"’]
neAi};

1 2m 1—~y l-m—2
d—d—
E (LN2 ! ’YJ - m> |u|2KgL’B(Rd); (673)

o

- I
<2"af3
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where |-| denotes the largest integer smaller or equal to -. The estimate of XIX follows imme-

diately from Equation 6.72 and Equation 6.73:
1=y o
XIX < a2 N T (6.74)

The desired result follows from Equation 6.70 and Equation 6.74. ]

6.2 Application to linear parabolic PDE

In this section, we shall study the Galerkin HSM with the HC approximation applied to

higher dimensional linear parabolic PDEs. Let us consider a linear parabolic PDE of the general

form:
owu(x,t) + Lu(z,t) =f(x,t), xR te[0,T]
(6.75)
u(z,0) =uo(z),
where
Lu=—-V-(AVu)+b-Vu+ cu, (6.76)

with A = (aij)d

fic1t RY RdXd, b= (bi)gzl : RY— RY and ¢: RY+— R. The aim of HSM is

to find uy € X, such that

<5tUN><P> - A(UN790) = <f7 @)) Ve X, (677)
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where X is some approximate space, and A(u,v) is a bilinear form given by
A, v) = / (V)T AVo + vb - Vu + cuv da. (6.78)
R4

In our context, X could be chosen as X]?,"g or X;",g in the previous section.

To guarantee the existence and regularity of the solution to Equation 6.75, we assume that

(C1) The bilinear form is continuous, i.e., there is a constant C' > 0 such that

A, )] < Cllull gy o 1ol aerys Vv € Hi (RY. (6.79)
0 0

(C2) The bilinear form is coercive, i.e., there exists some ¢ > 0 such that

Au,u) > c||u||§I01(Rd), Yu e H}(RY). (6.80)

(C3) The coefficients a;;, b; and ¢ are smooth.

Here, H¢(R?) denotes the normal Sobolev space with the functions decaying to zero at infinity.

More generally, HJ"(R?) is defined as, for any u € H™(R?), it satisfies |u| — 0, as |z| — oo and

2
2 k
[l gy = E ’ O u ’

0<|k|1<m

< 0. (6.81)

Let us first show some relationships between the Sobolev-type space I/VclY ,B(Rd) (see Equa-

tion 6.17) and the normal Sobolev space H'(R).
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Lemma 6.1. For u € chgﬂrh(Rd), for any v,k € N&, we have
k
x"Oyu

Proof. For clarity, we show it holds for d = 1 in detail. We have

()

d 1
‘ 5 <H ai”> |k + T’Iﬁlix ' Hu‘|w|k|ﬁ1+|"‘\l(Rd)'
=1

2 ° 2 00 k+r 2
‘ya;;u‘ = IS a0 P b ne P ()| = ||Y a2 S nu ML (@) . (6.82)
n=0 n=0 i=—(k+r)

by Equation 6.4 and Equation 6.5, where, for each n, n,; is a product of k + r factors of

(i@> or g with —(k+r) <i < k+ r. Notice that

)\n+i ~ )\n+j, (683)

provided that Apii, Aptj # 0, for all —(k+17) <4,j < k+r. In fact, it is equivalent to show

that A, ~ A4y, for all 0 <1 < 2(k + r). By convention, A, = 0, if n < 0. Notice that

An —L<1 and n > 1 > L Vn >1
Ay nA+l~ n+l = 14+1 7 1+2(k+r) =7
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Meanwhile lim,, oo nL—H =1, for all 0 <1 < 2(k + r). Therefore, ;"jrl ~ 1. Hence, n,; S

/Hn k+r,» by Equation 6.7 and Equation 6.83. Thus,

2

k+r
2
‘ x’”@’;u ‘ ~o Zu 76\/,“71 k+r Z Hn+z
=—(k+r)
k—+r 00 k+r
o S > S < S S >
=—(k+r) =0 Jf—(k-&—r)

(6.84)

by Equation 6.82. It is clear that the scalar product in Equation 6.84 is nonzero only if
l=n+1i—j. Also fy ktr ~ fnti—jktr, for all —=(k +1r) < 4,5 < k4 r, which can be verified

by Equation 6.7 and Equation 6.83. Therefore,

9 ) 2(k+r) 00 2(k+r)
‘ 2Ok ‘ ~a Ty gty Y ﬂ:fi SO DIV DI AZfz
n=0 I=—2(k+r) n=0 I=—2(k+r)
oo 1 2(k+r)
§a72r Z ,U/n,k+r§ Z ( 75’ A:fl >
n=0 I=—2(k+r)
. ), p 2k P
’"Zunw (k+7) 5| DI e
1=—2(k+r)
oo 2(k+r) 9
=2(k +1)a QTZM,W a ‘ + a—QTZ > Maiier gﬂ(

=0 [=—2(k+r)

2
i S a7 )l 2

o
~a TR ) D i e |G WL (®)’

n=0
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where the first inequality is followed by Equation 6.84. Until now, we have shown that Equa-

tion 6.85 holds for d = 1. For d > 2, we shall proceed similarly as for d = 1. Then

2
rak, ||° _ —2r; ~aB PN
‘ ' Ogu ‘ - HO‘% ' Z Un Z MniHp 3 (T)
i=1 neNd —(k+r)<i<k+r
2
d 2
—<4T3 ~ O a?ﬁ
~ (11 > gk Y Hy(@)
=1 neNd —(k+r)<i<(k+r)
d
2 2
—2r
<(11e) >
~ ] ai un7k+T - (un + un+l
i=1 neNd —2(k4+7)<I<2(k+7)
d 2
—2r ~
o TLa™ et vl Y 52
i=1 nENg
d
—2r
<Ha~lk+7’-‘u2 i
~ ) i | |rﬂlX H Hw‘g‘i"é‘i’"”h(Rd)
i=1
Therefore, we obtain the desired result. O

Corollary 6.3. Foru € ng,@(Rd), we have |[ul] gm(gay S ||UHWMS(R¢1)7 for all m > 0.

Proof. From the definitions of ngﬁ(Rd) and H™(R?) in Equation 6.18 and Equation 6.81,

respectively, we need to show that

2

Ak ; (6.85)

S el

|

= Hnk )ﬁ%ﬁ
Nd

nelNy
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for all 0 < |k|; < m, by Equation 6.14. The desired results follows immediately from Lemma

6.1 by letting r = 0, i.e.,

k
g u

2 k 2
’ S |Kfmix - HD:::U ‘

O]

The convergence rate of the HSM with the HC approximation under the assumptions (C1)-

(C3) is given below.

Theorem 6.5. Assume that conditions (C1)-(Cs) are satisfied, and the solution
u € L*(0,T; ICzﬁ(Rd)) N L0, T; ICZ”B(Rd)), for m > 1. Let uyn is the approzimate solu-

tion obtained by HSM, i.e., the solution to Equation 6.77. Then

llu — un|(t) S N2,

where ¢* depends on a and the norms of LQ(O,T;ICZﬁ(Rd)) and L*=(0,T; ICZ”ﬁ(]Rd)).

Proof. For notational convenience, we denote Uy = Pﬁ’ﬁ u. It is readily verified that

O(u—Un)p) =0 = (OUn,@) =(~Lu+fp), YpeXyP (6.86)
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Combining with the formulation of HSM, i.e., Equation 6.77, we have

(O(UN —un), ) =(=Lu+ f,0) + Alun, ¢) + (f,0) = Aluy — u,¢)

= — A(u—Un,p) — A(Ux —un,¢), Ve X3P
Take ¢ = 2(Uy — un) € XoP, then

||Un — UNHQ =—2A(u—Un, Uy —un) —2A(Uny —un,Un — upn)
<2C|u — Un|| gy ey [|lUn — un || g ray — 2¢/|Un — UNH%(W)

Sllu — UN||§{01(Rd)7

by Equation 6.79, Equation 6.80 and Young’s inequality. With Corollary 6.3 and Corollary 6.2

(if the OHC approximation is considered), we have

2 2 1— 2
HNUN —un|]” S |Ju— UNHW;L,B(Rd) SN m|u|lC;”ﬁ(Rd)

Eo 3
[ /0 uln g (5)ds|

1—-m
2

= [|Uyv —un|() SN
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The same estimate holds for the RHC approximation with Corollary 6.2 replaced by Corollary

6.1. Then, we have

[lu —unl[(t) <|[lu = Unl|(t) + [|Un — un|[(t)

1— 1-m

t
SN2 ulep ey (1) + N2 [/ |U|;2¢mB(Rd)(3)d5 SNz,
o, 0 a,

where ¢* depends on a, the norms of L?(0, T} IC;”ﬂ(Rd)) and L>(0,T; ICZ‘ﬂ(Rd)). O

However, the assumptions (C1) and (C2) are not easy to verify. In the sequel, we make
assumptions on the operator £ and the convergence rate of the HSM is investigated under the

conditions below. Assume that:
(C4) The operator L (c.f. Equation 6.76) is strongly elliptic and uniformly bounded, i.e.,

d
S @) > 0P, VEE R’ and Al = max laglle < o,

5J ) )

i,j=1
for € R, where 6 > 0.

(C5s) There exists some constant C' > 0, such that

for all z € RY.
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(Ce) There exist some integer indices 7,8 € Ng, such that

c(@) <1+ a® and bi(x) S1+2*, Vi=1,2,--- 4,

for all z € RY.

Theorem 6.6. Assume that conditions (C3)-(Csg) are satisfied. The solution to Equation 6.75
is u € L2(0,T; ICZLB(R‘[)), for some integer m > max{|vy|i,|6]1 + 1}. Now let un be the

approximate solution obtained by HSM, i.e., Equation 6.77, then

max{|v|1,|8]1+1}—m
2

llu = unll(t) S N

)

where ¢t depends on o, T and the norm of L*(0,T; ICZ‘ﬁ(Rd)).

Proof. Similarly as we argued in the proof of Theorem 6.5, denote Uy = P]'\);’ﬁ u for convenience,

and let ¢ = 2(Uy —uy) € Xﬁ‘,’ﬁ, then

8tHUN — uNH2 = —2A(u —Un, Uy — ’LLN) — QA(UN —un,Un — UN) = XX + XXI, (6.87)
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where A is defined in Equation 6.78. For XXI,

—%XXI _ /Rd(V(UN —un)TAY (U — un)) + /Rd(UN —un)b- V(Uy — un)

+/ c(Un —un)?
R4

— [ (VWx —un)TANOx —un)) + [ (c= 298 (Un - un)?
Rd 2

R4

>0||V(Un — un)|l* = Cl|Un — un|P?, (6.88)
by (C4) and (Cs). Meanwhile, for XX,

IXX| =2 [/Rd(V(u — UN))TA(V(UN —un)) + /Rd(UN —un)b-V(u—Uy)
+/]Rd C(’LL— UN)(UN —UN)]
L2[|Allool[V(u = UN)|| - IV(UN = un)|[ + 116 V(u = Un)|| - ||Un — un]|

|- [[Un = unl]

+le(u = Un)
SOl a) oIV (= UN)|? + 20|V (Uny — um)|P? + |6~ V(u = Un)I? + [le(u — Uy

+|lUn —un]|[. (6.89)
On the right-hand side of Equation 6.89, the third and forth terms are to be estimated. Firstly,

lle(w = UM)IP S A +2)(u— UM < [lu = Unl]* +[]2* (u — Un)II®

d
—4ry;
S llu=UnlP + (H o ) (Vi 1= UN Iy oy (6:90)
i=1 *
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by (Cs) and Lemma 6.1. Similarly, from (Cg) again, we deduce that

U

b~ V(= UN)II* < 3 [1bi(@)0s,(u = U] Eil:H #)0uu = U)|

=1

U

< 182, (1 — Un)| 2 +ZH 269, ( u—UN)H
1

d d
Sllu — Unllys RHZ(H% >|6+ez-|mix-|| ~ NI o1
i=1 \i=1
d
Sllu - Unlly: Rd+d< o; >|6+1|mix-r| UM o1y
=1
(6.91)

Combining Equation 6.87- Equation 6.89, we have

allun — UNIIP S 11V (u = U2 +11b- (= Un)I + lle(w = Un) |2 + Clluy — Un|?
SV (= UNI? + Clun = UNIP + [t = Ul By s

+Ju—Unll? +[Ju— U]l

W‘5|1+1(Rd) Wh"l Rd)

SClluy — U] + Ny,

by Equation 6.90, Equation 6.91 and Corollary 6.1 or Corollary 6.2. Hence,

t
e = U P(e) <6y = Ul [2(0) + Nttt Loy, o (s)as

S]Vmax{|'y|1,|51Jr1}m/ C(t— 8”“‘]@" Rd)( )dS
0



dim 2 3 4 )
# of indices in RHC 176 | 712 | 2485 | 7922
# of indices in OHC (y =0.5) | 136 | 440 | 1264 | 3392
TABLE 11
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THE NUMBER OF INDICES FOR N = 31 WITH DIMENSION RANGING FROM 2 TO 5.

Therefore,

[lu = un|[*(t) <[lu— UnIIP(t) + [Jlux — Un|*(t)

t
§N1‘mu|2,cgﬂ(Rd)(t)+Nmax{|7|1’|51+1}‘m/ ec(t_s)\U|2/c;ﬂﬂ(Rd)(5)d8

T
gNmax{|'y|17|5|1+1}m/0 ‘U|2;c;nﬁ(Rd)(S)dS'

The desired result is obtained.

6.3 Numerical results

6.3.1 HC approximations with Hermite functions

0

In Figure 8, we display the indices of RHC and OHC (with v = 0.5) in dimension 2 with

N = 31. It is clear to see that the indices of OHC is a subset of RHC. Furthermore, we list in

Table II the number of indices for N = 31 with dimension ranging from 2 to 5.

It is well-known that the abscissas of Hermite polynomials are non-nested, except the origin.

It will lead to a larger number of points than those nested quadratures, such as Chebyshev
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RHC OHC with y=0.5
35
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Figure 8. For d = 2, N = 31. Left: the index set {2y of RHC. Right: the index set 2y, of
OHC with v = 0.5.

polynomials. However, the number is still dramatically reduced, compared to the full grids.
We list in Table III the abscissas of RHC, OHC and full grid for N = 31 with the dimension
ranging from 2 to 4. It is clear that the abscissas in RHC/OHC are much fewer than thoses in

the full grid.

6.3.2 HSM with sparse grid

Although the HC approximation is theoretically feasible, it is not suitable for practical
implementations, due to the unclear “combining effecting” of the product rules, i.e., how to

determine the weights from different combinations of 1-D Gauss-Hermite quadratures. Thus,
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dim 2 3 4
# of abscissas in OHC (v =0.5) | 108 | 3348 | 28944
# of abscissas in RHC 298 | 6612 | 82704
# of abscissas in full grid 961 | 29791 | 923521

TABLE III

THE NUMBER OF ABSCISSAS OF RHC, OHC AND FULL GRID OF N =31 WITH THE
DIMENSION RANGING FROM 2 TO 4.

in this subsection, we use the Smolyak’s algorithm (54) to test the accuracy of high-dimensional
HSM applied to linear parabolic PDEs.

Let us recall that Smolyak’s algorithm is given by

Z(L,d) = Z (1)L_|i|1< -1 )(uil ®...®uid)’

L—d ; L~ ik
—d+1<[ili<L

where U® is an indexed family of 1D quadrature, i is the 1D level; ¢ = (i1,--- ,4q) is the level
vector, L is the max level. The sparse grid is formed by weighted combinations of those product
rules whose product level |¢|; falls between L —d + 1 and L.

In Figure 9, we display the abscissas of the Hermite functions and the index set with level

L ranging from 2 to 4 in d = 2.
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Figure 9. In d = 2, level L ranging from 2 to 4. Left: the abscissas of Hermite functions.
Right: the indices in the index set. The larger the dot is, the lower the level.

Let us test the accuracy with the following linear parabolic PDE

d
Ou = Au — Zl‘?u+f(33,t)

=1

d
u(zx,0) = (Z $z> e~z (@lted)
=1

Y

where A is the Laplacian operator, and

f(x7t):

d
cost + dsint + (d + 2) Z xz] o3 (@ad)

=1
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By direct computations, the exact solution to this PDE is

d
u(z,t) = (Z T + Sint> e 2@l tad)

=1

It is known from (39) that the best scaling factor is a = 1 in this case, since the first two Hermite
functions will resolve the exact solution perfectly only with the round-off errors (around 10716
on my computer). To make the convergence rate observable with respect to the level L, we
shall choose the scaling factor ¢ to be 1.01 x 1.

The corresponding spectral scheme (cf. Equation 6.77, Equation 6.78) is as follows:

i (6.92)

M-

(Orun(t), ) = —(Vun, Vi) —

7

un(0) = Pnuyg,

for all ¢ € X . Here, we choose Xy = X]O\‘,’B = span{?—lf{’ﬁ : Qn}, from Smolyak (54). Thus,

we can write the numerical solution as

uv(@ ) = Y anOHIP (@),

neQy
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Taking ¢(x) = HEP (z) in Equation 6.92, and due to Equation 6.5, Equation 6.4 and Equa-

tion 6.13, we arrive at the ODEs

d (6.93)

Here f, (resp. (Q9),,) is the Hermite coefficients of f (resp. ug) and the matrix A comes from
the Laplacian operator and the potential. In Figure 10, we display the nonzero entries of the
matrix A for dimension 3 and 4 with level= 4.

We use a central difference scheme to solve Equation 6.93 with 7' = 0.1, dt = 107°, a =
1.01 x 1 and @ = 0. Figure 11 shows the L?—norm of (ux — Uexact) With respect to the level in
dimensions ranging from 2 to 4. It is exactly what we expect, as in the semi-log plot the error
goes down almost along a straight line, which indicates that the convergence rate is nearly
exponential. However, when the dimension grows, the error becomes slightly larger. This

reveals that the convergence rate still slightly deteriorates with increasing dimension.
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Figure 10. The nonzero entries in the matrix A (cf. Equation 6.93) are displayed with
level= 4. Left: d = 3, Right: d = 4.
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level /dim 2 3 4
2 2.24E-03 | 7.99E-03 | n/a | &,
3 3.99E-04 | 544E-03 | 2.10E-02 | ™
4 4.75E-06 | 1.93E-03 | 1.14E-02 107}
5 2.72E-07 | 2.66E-04 | 4.11E-03 —O—d=4
10°L —k—d=3
——d=2

lo’ L L L L L
2 25 3 35 4 4.5 5
level

Figure 11. The L? error of uy with respect to the level in d = 2,3 and 4 is drawn.
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