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Previous analytical and experimental investigations have shown that the wheel/rail contact forces 

have a significant effect on the nonlinear dynamics, ride comfort, and stability of railroad vehicle 

systems. The wheel/rail contact force can be partitioned into two main components; the normal 

and tangential components. While the direction of the normal contact force is well defined, 

different directions for the tangential contact forces have been proposed in the literature. In some 

of the wheel/rail creep theories used in railroad vehicle simulations, the direction of the 

tangential creep forces is assumed to be the wheel rolling direction (RD). When Hertz theory is 

used, an assumption is made that the rolling direction is the direction of one of the axes of the 

contact ellipse. In principle, the rolling direction depends on the wheel motion, while the 

direction of the axes of the contact ellipse (CE) is determined using the principal directions 

which depend only on the geometry of the wheel and rail surfaces and do not depend on the 

motion of the wheel. The RD and CE directions can also be different from the direction of the 

rail longitudinal tangent (LT) at the contact point. In this investigation, the differences between 

the contact frames that are based on the RD, LT, and CE directions, that enter into the calculation 

of the wheel/rail creep forces and moments, are discussed. The choice of the frame, in which the 

contact forces are defined, can be determined using one longitudinal vector and the normal to the 

rail at the contact point. While the normal vector is uniquely defined, different choices can be 

made for the longitudinal vector including the RD, LT, and CE directions. In the case of pure 

rolling or when the slipping is small, the RD direction can be defined using the cross product of 

the angular velocity vector and the vector that defines the location of the contact point. 

Therefore, this direction does not depend explicitly on the geometry of the wheel and rail 
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surfaces at the contact point. The LT direction is defined as the direction of the longitudinal 

tangent obtained by differentiation of the rail surface equation with respect to the rail 

longitudinal parameter (arc length). Such a tangent does not depend explicitly on the direction of 

the wheel angular velocity nor does it depend on the wheel geometry. The CE direction is 

defined using the direction of the axes of the contact ellipse used in Hertz theory. In the Hertzian 

contact theory, the contact ellipse axes are determined using the principal directions associated 

with the principal curvatures. Therefore, the CE direction differs from the RD and LT directions 

in the sense that it is function of the geometry of the wheel and rail surfaces. In order to better 

understand the role of geometry in the formulation of the creep forces, the relationship between 

the principal curvatures of the rail surface and the curvatures of the rail profile and the rail space 

curve is discussed in this investigation. Numerical examples are presented in order to examine 

the differences in the results obtained using the RD, LT and CE contact frames. 

The effect of the tangential forces becomes more significant in the case of multiple 

contact points between the wheel and the rail. It is important to predict accurately these forces in 

order to evaluate their effect on the dynamic behavior of the railroad vehicle systems. These 

contact forces can be determined using parameters such as the wheel/rail geometry, dimensions, 

material properties, contact area, and relative velocities, etc. However, in order to correctly 

determine these contact forces, including the normal forces, it is important to determine first all 

possible wheel/rail contact points. Nonetheless, most existing wheel/rail contact formulations can 

be used to predict only one or two points of contact between the wheel and rail. There are, 

however, important scenarios in which there are more than two wheel/rail contact points. The 
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lack of accurate three-dimensional multiple point wheel/rail contact formulation represents a 

serious limitation when derailments and accidents are investigated. In this thesis, a new 

multipoint contact search algorithm that can be applied to general three-dimensional wheel/rail 

contact problems is developed. The algorithm is capable of finding any number of wheel/rail 

contact points. Furthermore, the algorithm can be used with both constraint and elastic contact 

approaches. The results obtained using the constraint and elastic contact approaches will be 

compared in the case of multipoint wheel/rail contact. The main steps used in the proposed 

search algorithm to find all possible contact points are summarized. 

Longitudinal train forces resulting from coupler and braking forces are other types of 

forces that must be considered in derailment and accident investigations. These forces also have 

a significant effect on the wheel/rail contact forces. Nonetheless, the integration of an accurate 

air brake model with a nonlinear train dynamic model remains a challenging problem. One of the 

goals of this investigation is to integrate an air brake model with efficient train longitudinal force 

algorithms based on the trajectory coordinate formulations. The air brake model, developed in 

this investigation consists of the locomotive automatic brake valve, air brake pipe, and car 

control unit (CCU). The proposed air brake force model accounts for the effect of the air flow in 

long train pipes as well as the effect of leakage and branch pipe flows. This model can be used to 

study the dynamic behavior of the air flow in the train pipe and its effect on the longitudinal train 

forces during brake application and release. The governing equations of the air pressure flow are 

developed using the general fluid continuity and momentum equations, simplified using the 

assumptions of one dimensional isothermal flow. Using these assumptions, one obtains two 
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coupled air velocity/pressure partial differential equations that depend on time and the 

longitudinal coordinate of the brake pipes. The partial differential equations are converted to a 

set of first order ordinary differential equations using the finite element method. The resulting air 

brake ordinary differential equations are solved simultaneously with the train second order 

nonlinear dynamic differential equations of motion that are based on the trajectory coordinates. 

The train car nonlinear dynamics is defined using a body track coordinate system that follows the 

car motion. The body track coordinate system translation and orientation are defined in terms of 

one parameter that describes the distance traveled by the car. The configuration of the car with 

respect to its track coordinate system is described using two translation coordinates and three 

Euler angles. The operation modes of the brake system considered in this investigation are the 

brake release mode and the brake application mode that includes service and emergency brakes. 

A detailed model of the locomotive automatic brake valve is presented in this investigation and 

used to define the inputs to the air brake pipe during the simulation. A simplified model of this 

valve is also proposed in order to reduce the computational time of the simulation. Then, the 

detailed CCU formulation is presented. Furthermore, the relationship between the main 

components of the air brake system and the train dynamics is discussed, and the final set of 

differential equations that includes the two models is presented. Different computer simulation 

scenarios are considered in order to investigate the effect of the air brake forces on the train 

longitudinal dynamics in the case of different braking modes. The numerical results, obtained in 

this study, are compared with experimental results published in the literature. 
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1. INTRODUCTION 

This chapter discusses the motivation for the research presented in this thesis, presents a 

literature survey for the topics addressed in this investigation, and summarizes the thesis 

objectives. 

1.1. Motivation 

Railroad vehicle systems are among the most commonly used methods of transportation, both for 

passengers and goods. Their widespread use has sparked, over the years, continuous 

technological developments, with the objective of achieving higher operating speeds in order to 

minimize cost and transportation time. Higher operating speeds, however, require a better and 

more sophisticated approach for the design of the rail vehicle system in order to avoid 

derailments and reduce the vibration and noise levels. Therefore, the development and use of 

accurate computer models for simulation of railroad vehicle systems subjected to different 

loading conditions, operating speeds, track geometries, braking and traction scenarios are 

necessary. By using these accurate computer models, it is possible to build virtual prototypes for 

the simulation and nonlinear dynamic analysis of long trains or for the simulation of detailed 

single or multiple car models (American Association of Railroads, 2002a and b; American 

Association of Railroads, 1992; Andrews, 1986; Berzeri et al., 2000; Garg, and Dukkipati, 1984; 

Railway Technical Web Pages, 2010; Sanborn et al., 2007; Sanborn et al., 2007a and b; Shabana, 

2008). Such studies will contribute significantly to better understanding of the causes of 

derailments and accidents, and to better understanding of the vibration, stability, dynamic 

characteristics, and longitudinal shock loads of railroad vehicle systems. 



2 

 

Previous analytical and experimental investigations have shown that the wheel/rail 

contact forces have a significant effect on the nonlinear dynamics, ride comfort, and stability of 

railroad vehicle systems. Investigations of railroad vehicle accidents have revealed that many of 

these accidents are due to derailments caused by significantly high forces at the wheel/rail 

contact points. Using experimental and analytical tools, these contact forces can be measured or 

evaluated numerically in order to develop guidelines that can be used to avoid derailments. For 

this reason, the wheel/rail contact analysis has been extensively investigated in the area of 

railroad vehicle dynamics. 

The wheel/rail contact force can be partitioned into two main components; the normal 

and tangential components. The normal force component is in the direction of the normal to the 

contact surface, while the tangential component lies in the tangent plane to the rail at the contact 

point. The tangential force component, which is due to the wheel/rail creep phenomenon, has a 

significant effect on the dynamics and stability of railroad vehicle systems. In the case of 

saturation, where the relative velocity of the wheel with respect to the rail is predominantly 

sliding as in the case of braking scenarios, Coulomb friction law can be used. If the wheel/rail 

relative motion is dominated by rolling, the creep effect must be taken into consideration. For 

this reason, the wheel/rail creep forces must be used in the formulation of the nonlinear dynamic 

equations of railroad vehicle systems. In most of the computer algorithms used in the analysis of 

the wheel/rail interaction, the normal force is first calculated, and is then used with geometric 

and material properties of the wheel and rail surfaces to determine the tangential creep forces 

that enter into the formulation of the nonlinear dynamic equations of the railroad vehicle system. 
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While the direction of the normal contact force is well defined, different directions for the 

tangential contact forces have been proposed in the literature. That is, several choices can be 

made for the direction of the tangential contact forces depending on the formulation used. 

Although these forces can have a significant effect on the vehicle dynamics, the choice of the 

direction of these forces has not been investigated in the literature. It is, therefore, one of the 

main objectives of this thesis to shed light on this important and fundamental issue by examining 

the effect of the direction of the tangential forces on the wheel/rail dynamic interaction. 

The effect of the tangential forces becomes more significant in the case of multiple 

contact points between the wheel and the rail. It is important to predict accurately these forces in 

order to evaluate their effect on the dynamic behavior of the railroad vehicle systems. These 

contact forces can be determined using parameters such as the wheel/rail geometry, dimensions, 

material properties, contact area, and relative velocities, etc. However, in order to correctly 

determine these contact forces, including the normal forces, it is important to determine first all 

possible wheel/rail contact points. Nonetheless, most existing wheel/rail contact formulations can 

be used to predict only one or two points of contact between the wheel and rail. There are, 

however, important scenarios in which there are more than two wheel/rail contact points. One 

important example of these scenarios is when the rail vehicles negotiate switches and turn outs. 

The lack of accurate three-dimensional multiple point wheel/rail contact formulation represents a 

serious limitation when derailments and accidents are investigated. It is, therefore, the second 

objective of this thesis to develop a new procedure that allows for predicting multiple points of 

contact between the wheel and rail. 
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Longitudinal train forces resulting from coupler and braking forces are other types of 

forces that must be considered in derailment and accident investigations. These forces also have 

a significant effect on the wheel/rail contact forces. Braking forces, for example, lead to 

significant tangential friction forces at the wheel/contact points. Nonetheless, the integration of 

an accurate air brake model with a nonlinear train dynamic model remains a challenging 

problem. It is, therefore, the third objective of this thesis to address this fundamental problem by 

developing a new procedure that leads to a successful integration of pneumatic air brake model 

with a fully nonlinear dynamic train model. 

1.2. Background and Literature Survey 

In this section, a literature survey of the topics considered in this investigation is provided. 

1.2.1. Choice of the Contact Frame 

The wheel/rail contact forces are defined along the axes of a coordinate system called the contact 

frame whose origin is located at the contact point. One of the axes is in the direction of the 

normal to the contact surface at the contact point, while the other two axes lie in the tangent 

plane. There are several choices for the axes that lie in the tangent plane. 

In many of the wheel/rail creep force theories as the ones developed by Kalker (1990), 

the wheel rolling direction (RD) is used with the normal to define the contact frame. Many 

authors assume that the rolling direction is the same as the direction of one of the axes of the 

contact ellipse when Hertz contact theory is used (Gugliotta and Soma, 1996; Malvezzi et al., 

2008; Hoffman, 2006). In general, the rolling direction depends on the motion of the wheel with 

respect to the rail. The axes of the contact ellipse, on the other hand, are determined using the 

principal directions which depend only on the wheel and rail surface geometry and are not 
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function of any dynamic variables. The normal vector can be defined using the cross product of 

two tangent vectors defined using the geometry of the rail surface (Kreyszig, 1991; Shabana et 

al., 2008). The rolling direction can then be defined as the direction of the vector obtained by the 

cross product of the angular velocity vector and the vector that defines the location of the contact 

point with respect to the wheel body coordinate system. This direction, therefore, does not 

explicitly depend on the wheel and rail geometry at the contact point; it depends on the position 

and angular velocity of the wheel. As a consequence, the use of the RD contact frame for the 

definition of the creep forces can lead to problems in the traction and braking scenarios when the 

magnitude of the angular velocity becomes small or in the case of velocity discontinuity due to 

impact between the vehicle components (Goldsmith, 1960). The switch to the direction of the 

relative velocity, when the motion becomes predominantly sliding, can also lead to numerical 

problems and direction discontinuities. 

A second choice for the contact frame is to use the normal and the longitudinal tangent 

(LT) which is determined by differentiating the rail surface equation with respect to the 

longitudinal surface parameter. This choice does not depend on wheel motion variables, and 

depends only on the rail geometry at the contact point. For this reason, the LT direction is well 

defined regardless of the motion of the wheel with respect to the rail. Using the cross product of 

the normal to the surface and the LT vector; the lateral tangent, which represents the direction of 

the lateral creep force, and consequently, the LT contact frame can be determined in a straight 

forward manner. 

A third choice of the contact frame is to use the surface normal with one of the axes of 

the contact ellipse (CE) used in the Hertz contact theory. The axis closer to the rolling direction 
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can be selected. In Hertz theory (Hertz, 1882; Johnson, 1985), the directions of the axes of the 

contact ellipse are determined using the principal directions associated with the principal 

curvatures. As shown in the literature (Johnson, 1985; Shabana et al., 2008), the directions of the 

axes of the contact ellipse are functions of the wheel and rail principal directions that depend, 

respectively, on the geometry of the wheel and rail surfaces. The coefficients of the first and 

second fundamental forms of surfaces are used to determine the principal curvature and principal 

directions (Kreyszig, 1991). Therefore, the definition of the CE frame does not also depend on 

wheel motion variables such as the angular velocity vector. 

The RD, LT, and CE contact frames can be different, particularly, in the case of 

significant lateral deviations or in the case of rails with variable profiles. The RD contact frame, 

as previously mentioned, is the only frame of the three contact frames discussed in this section 

that depends on motion variables. While this is the frame which is employed in Kalker’s 

wheel/rail creep theory, Kalker and others assume that the rolling direction is the same as one of 

the axes of the contact ellipse when Hertz contact theory is used. There are motion scenarios in 

which the rolling direction can be significantly different from the direction of the axes of the 

contact ellipse as demonstrated in this investigation. Nonetheless, the dependence of the rolling 

direction on wheel motion variables such as the angular velocity vector represents a serious 

limitation in scenarios such as traction and braking. Furthermore, in the case of impacts between 

the vehicle components the angular velocities of the bodies can be discontinuous, while 

geometric position variables remain continuous. For this reason, it is important to investigate the 

accuracy of using other alternatives of contact frames in the formulation of the wheel/rail 

tangential creep force equations. 
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1.2.2. Wheel/rail Contact Formulations and Algorithms 

The wheel/rail contact analysis has been studied by many researchers in the dynamic modeling 

of railroad vehicle systems (Kalker, 1990; Shabana et al., 2008). Most contact approaches 

developed in the previous studies such as the constraint and elastic contact formulations allow 

for only one or two contact points (Shabana, 2005). Moreover, there have been several 

investigations on multipoint wheel/rail contact in the literature. Pascal and Sauvage (1991) 

proposed a new method to reduce multi-contact wheel/rail problem to one equivalent contact 

patch when the contact points are close to each other. Similar studies were carried out by 

Piotrowski and Chollet (2005) as well as Ayasse et al. (2000).  A nodal search approach was 

developed by Shabana et al. (2005) but that algorithm was limited to two contact patches. Also, 

because of geometry discretization adopted in this approach, discontinuities could be 

encountered in the results. Sugiyama et al. (2009) investigated the wheel/rail contact in the 

simulation scenarios that include railroad switches using an online contact search algorithm. A 

linear interpolation method was used in this study to model rail profile variations, which may not 

be accurate in the case of significant profile variations. Pombo and Ambrosio (2008) developed a 

method that can be applied for the two contact point scenarios. However, this method can be 

used in three-dimensional wheel/rail contact analysis. 

1.2.3. Air Brake Modeling 

One of the most important longitudinal train forces that has a significant effect on the wheel/rail 

contact forces is the braking force. For this reason, the railroad vehicle brakes have been 

considered in many investigations (Obara et al., 1995; Balon and Aizinbud, 1989; Guilloux, 

1984; Sakamoto et al., 2009). Many studies have focused on the pneumatic or air brake that is 
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commonly used in the trains in North America (Abdol-Hamid, 1986; Bansiter, 1979; Bharath et 

al., 1990; Funk and Robe, 1970; Ho, 1981; Limbert, 1991; Wei and Lin, 2009). Shute et al. 

(1979) investigated the effect of leakage on brake pipe gradients and flow rates. In all of these 

studies, different aspects of the train air brake were investigated using one-dimensional flow 

assumption. Gauthier (1977) and Wright (1979) studied the pneumatic control valve systems 

using a similar assumption. On the other hand, there have been studies that investigated the 

effect of the air brake on the train longitudinal dynamics. Nasr and Mohammadi (2010) studied 

the effect of brake delay time on the train longitudinal forces. In this research, one-dimensional 

motion assumption was employed for the train dynamics and a simple model was used for the air 

brake. Sanborn et al. (2005) used a simple brake model in which a constant propagation speed is 

assumed for the brake signal. Such an assumption of constant air propagation speed cannot be 

justified in many applications and does not allow for accurately predicting car coupler forces in 

severe braking scenarios. 

1.3. Scope, Objectives and Organization of the Thesis 

The scope, objectives, and organization of this thesis are summarized as follows: 

 In Chapter  2, one of the objectives of this investigation, which is to discuss the 

fundamental differences between and compare the simulation results obtained by 

using the RD, LT and CE contact frames is presented. Because of the importance 

of the geometry in the analysis discussed in Chapter  2 of this thesis, a brief review 

of the geometry is first presented. The CE frame is function of the principal 

directions associated with the principal curvatures of the wheel and rail. For this 

reason, it is important to understand the relationship between the principal 
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curvatures of the rail surface and the curvatures of the profile and the rail space 

curves. As shown in Chapter  2, the curvatures of the rail profile and the rail space 

curve cannot be used in general as the principal curvatures of the rail at the 

contact point. This is particularly true in the case of the spiral region of the rail or 

when the rail profile changes as a function of the arc length of the rail space 

curve. This fundamental geometry problem is discussed in more detail when the 

CE contact frame is defined in Chapter  2. In order to show the fundamental 

differences between the RD, LT and CE frames; the equations that define these 

frames are presented and compared. Numerical examples are presented in order to 

compare the results obtained using the three different frames. These results are 

obtained using two different track models; one is a track with significant lateral 

deviations, while the other is a track which has rails that have variable profiles. 

 In Chapter  3, a new multipoint contact search algorithm that can be applied to 

general three-dimensional wheel/rail contact problems is developed. The 

algorithm is capable of finding any number of wheel/rail contact points. 

Furthermore, the algorithm can be used with both constraint and elastic contact 

approaches. These contact formulations and other assumptions used in the 

development of the search algorithm are reviewed in Chapter  3. The results 

obtained using the constraint and elastic contact approaches are compared in the 

case of multipoint wheel/rail contact. The main steps used in the proposed search 

algorithm to find all possible contact points are summarized. 
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 Chapters  4 and  5 develop a new air brake model and explain how this model can 

be integrated it with efficient train longitudinal force algorithms that are based on 

the trajectory coordinate formulations. The air brake model developed in 

Chapter  4 consists of the locomotive automatic brake valve, air brake pipe, and 

car control unit (CCU). The proposed air brake force model accounts for the 

effect of the air flow in long train pipes as well as the effect of leakage and branch 

pipe flows. For this reason, this model can be used to study the dynamic behavior 

of the air flow in the train pipe and its effect on the longitudinal train forces 

during brake application and release. The governing equations of the air pressure 

flow are developed using the general fluid continuity and momentum equations, 

simplified using the assumptions of one dimensional isothermal flow. Using these 

assumptions, two coupled air velocity/pressure partial differential equations that 

depend on time and the longitudinal coordinate of the brake pipes are obtained. 

The partial differential equations, which are converted to a set of first order 

ordinary differential equations, are solved simultaneously with the train second 

order nonlinear dynamic differential equations of motion. A new method is 

presented in this investigation to formulate the finite element model for the brake 

pipe air, which leads to a constant matrix of coefficients. A detailed model of the 

locomotive automatic brake valve is presented in Chapter  4 and used to define the 

inputs to the air brake pipe during the simulation. A simplified model of this valve 

is also proposed in order to reduce the computational time of the simulation. 
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 The detailed CCU formulation is presented in Chapter  5. Chapter  5 also focuses 

on the integration of a train air brake model with a nonlinear train dynamic model 

that employs the trajectory coordinate formulations. The train air brake forces 

obtained in Chapter  5 depend on different air brake system components, including 

the locomotive automatic brake valve, the brake pipe, and the car control unit 

(CCU). The car brake forces, which depend on the locomotive automatic brake 

valve handle position and are applied to the wheels using the CCU located along 

the brake pipe, enter into the formulation of the nonlinear train dynamic equations 

in addition to other external forces. In order to develop an efficient computational 

procedure, simplified valve models, with more straightforward operation modes, 

are considered here in order to reduce the computational overhead. The CCU 

model used in Chapter  5 has a control valve connected to three main pneumatic 

components; the auxiliary reservoir, the emergency reservoir, and the brake 

cylinder. It is also assumed that the CCU modeled in this study has the emergency 

component that enables applying emergency brake, including the effect of the 

CCU emergency vent valve. The relationship between the main components of 

the air brake system and the train dynamics is discussed in Chapter  5, and the 

final set of differential equations that includes the two models are presented. 

Furthermore, three different computer simulation scenarios are considered in 

order to investigate the effect of the air brake forces on the train longitudinal 

dynamics in the case of different braking modes. The numerical results obtained 

in Chapter  5 are compared with experimental results published in the literature. 
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 The thesis is concluded with Chapter  6 that presents the summary and conclusions 

drawn from this investigation. 
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2. TANGENTIAL CONTACT FORCE 

The wheel/rail contact forces have a significant effect on the nonlinear dynamics, and stability of 

railroad vehicle systems. In general, the wheel/rail contact force can be represented by a normal 

component and two components that lie on the plane tangent to the wheel and rail at the contact 

point (Kalker, 1990, 1967; Pascal and Zaazaa, 2007; Shabana et al., 2008). If the wheel/rail 

relative motion is dominated by rolling, the creep effect must be taken into consideration. The 

wheel/rail creep forces must be correctly evaluated and used in the nonlinear dynamic equations 

of railroad vehicle systems for an accurate analysis of the vehicle dynamics. 

In some of the wheel/rail creep theories used in railroad vehicle simulations, the direction 

of the tangential creep forces is assumed to be the wheel rolling direction (RD). When Hertz 

theory is used, an assumption is made that the rolling direction is the direction of one of the axes 

of the contact ellipse. In principle, the rolling direction depends on the wheel motion, while the 

direction of the axes of the contact ellipse (CE) is determined using the principal directions 

which depend only on the geometry of the wheel and rail surfaces and do not depend on the 

motion of the wheel. The RD and CE directions can also be different from the direction of the 

rail longitudinal tangent (LT) at the contact point. In this investigation, the differences between 

the contact frames that are based on the RD, LT, and CE directions, that enter into the calculation 

of the wheel/rail creep forces and moments, are discussed. The choice of the frame, in which the 

contact forces are defined, can be determined using one longitudinal vector and the normal to the 

rail at the contact point. While the normal vector is uniquely defined, different choices can be 

made for the longitudinal vector including the RD, LT, and CE directions (See Fig. 1). In the 

case of pure rolling or when the slipping is small, the RD direction can be defined using the cross 



14 

 

product of the angular velocity vector and the vector that defines the location of the contact 

point. Therefore, this direction does not depend explicitly on the geometry of the wheel and rail 

surfaces at the contact point. The LT direction is defined as the direction of the longitudinal 

tangent obtained by differentiation of the rail surface equation with respect to the rail 

longitudinal parameter (arc length). Such a tangent does not depend explicitly on the direction of 

the wheel angular velocity nor does it depend on the wheel geometry. The CE direction is 

defined using the direction of the axes of the contact ellipse used in Hertz theory. In the Hertzian 

contact theory, the contact ellipse axes are determined using the principal directions associated 

with the principal curvatures. Therefore, the CE direction differs from the RD and LT directions 

in the sense that it is function of the geometry of the wheel and rail surfaces. 

 

Figure 1. The RD, CE, and LT contact frames 

The objective of this chapter is to develop mathematical definitions for the RD, LT and 

CE contact frames, discuss the fundamental differences between them, and compare the 

simulation results obtained by using these contact frames. Because of the importance of the 

geometry in the analysis presented in this study, a brief review of the geometry is first presented. 
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The CE frame is function of the principal directions associated with the principal curvatures of 

the wheel and rail. For this reason, it is important to understand the relationship between the 

principal curvatures of the rail surface and the curvatures of the profile and the rail space curves. 

As shown in this chapter, the curvatures of the rail profile and the rail space curve cannot be used 

in general as the principal curvatures of the rail at the contact point. This is particularly true in 

the case of the spiral region of the rail or when the rail profile changes as a function of the arc 

length of the rail space curve. This fundamental geometry problem is discussed in more detail 

when the CE contact frame is defined in this chapter. In order to show the fundamental 

differences between the RD, LT and CE frames; the equations that define these frames are 

presented and compared. Numerical examples are presented in order to compare the results 

obtained using the three different frames. These results are obtained using two different track 

models; one is a track with significant lateral deviations, while the other is a track which has rails 

that have variable profiles. 

2.1. Wheel and Rail Geometry 

In order to accurately model the wheel/rail interaction using nonlinear computational multibody 

system algorithms, it is necessary to express the wheel and rail surfaces in a parametric form. 

Before discussing the wheel and rail surface geometry, some basic differential geometry 

definitions and identities that will be used in this study are reviewed (Kreyszig, 1991). 

2.1.1. Surface Geometry 

The geometry of a surface can be completely defined using two independent surface parameters 

1s  and 2s  as shown in Fig. 2. The position vector x  of an arbitrary point on the surface can be 

written in terms of these parameters as 



16 

 

  Tssxssxssxss ),(),(),(),( 21321221121 x  ( 2.1) 

where , 1, 2,3ix i  , is component i  of the vector x . The tangent and the unit normal vectors of 

the surface are obtained from the following equation (Kreyszig, 1991): 

 ,1 ,2
,1 ,2

1 2 ,1 ,2

  ,    ,   
s s

 
  
  

x xx x
x x n

x x
 ( 2.2) 

 
Figure 2 . Surface Geometry 

The unit normal vector n  enters into the definition of all contact frames (RD, LT, and 

CE) considered in this Chapter. The unit tangent 1 ,1 ,1t x x  and the normal n  are used to 

define the LT contact frame, where the third axis is defined using the cross product. The first 

fundamental form of the surface is defined as 
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where the coefficients in this equation can be written in terms of the tangents of Eq. 2.2 as 

 2,2,2,1,1,1,   ,    ,  xxxxxx TTT GFE   ( 2.4) 

The second fundamental form of the surface can be defined as 
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where the coefficients of the second fundamental form are 

       ,    ,  22,12,11, nxnxnx TTT NML   ( 2.6) 

The coefficients of the first and second fundamental forms are used to determine the 

principal curvatures and principal directions by solving the following homogeneous equation: 
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where , 1, 2ik i  , are the principal curvatures (eigenvalues), and  1 2

T

i i id dd  is the eigen 

vector associated with the eigenvalue ik  (Kreyszig, 1991). The principal directions can be 

written in terms of the eigenvectors as 

 1 ,1 2 ,2 , 1, 2i i id d i  e x x  ( 2.8) 

The principal directions are required when Hertz contact theory is used. These directions 

define the directions of the axes of the contact ellipse. One of these axes is used with the unit 

normal n  of Eq. 2.2 to define the CE contact frame axis, cet , which can be used in the 

formulation of the tangential creep forces. Let ψ be the angle between the principal axes of the 

rail and the principal axes of the wheel. The angle α between principal axes of the rail and the 
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contact ellipse axis, is obtained using the formula )2(cos2sin2tan kB   where 

)()( w
y

w
x

r
y

r
xk kkkkB  and l

jk (l=w,r and j=x,y) is the principal curvature along the indicated 

direction obtained using Eq. 2.7. The definition of the contact frames that define the directions of 

the tangential creep forces will be discussed in the following sections of this chapter. 

2.1.2. Rail Geometry 

The coordinate systems used for the rail in the multibody system algorithm employed in this 

study are shown in Fig. 3. The rail surface is described using the two parameters 1
rs  

(longitudinal) and 2
rs  (profile). The frame XYZ  is the global coordinate system, rr rr rrX Y Z  is the 

right rail coordinate system, and rl rl rlX Y Z  is the left rail coordinate system. The formulation 

used in this study allows the right and left rails to be treated as two separate bodies, each of 

which can have independent displacements; or they can be treated as one body that represents the 

track. Let rp rp rpX Y Z  be a profile frame, where rpX  is in the direction of the longitudinal tangent 

to the rail space curve. Without any loss of generality, one can then write the location of a point 

on the profile in the profile coordinate system as 

 2 1 20 ( , )
Trp r r rs f s s   u  ( 2.9) 

In this equation, 1 2( , )r rf s s  is a function that defines the rpZ  coordinate of the point in 

terms of the rail surface parameters as shown in Fig. 4. The preceding equation represents a 

general profile that can change along the track. If the profile shape does not change as function 

of the longitudinal surface parameter 1
rs , the preceding equation can be written as 
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 2 20 ( )
Trp r rs f s   u  ( 2.10) 

 

Figure 3. The coordinate systems used to define track geometry 

 

Figure 4. The surface parameters at the contact point of the right rail 
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Figure 5. Space curve and the horizontal plane 

The location of the contact point with respect to the track or the rail body coordinate 

system can be written as (Berzeri et al, 2000) 

 rprprr uARu   ( 2.11) 

where rR and rpA are, respectively, the location of the origin and the transformation matrix that 

defines the orientation of the profile frame rp rp rpX Y Z  with respect to the track or rail body 

coordinate system. The transformation matrix rpA can be expressed in terms of Euler angles as 

(Shabana et al., 2008) 

 


























coscossincossin

cossinsinsincossinsinsincoscoscossin

cossincossinsinsinsincoscossincoscos
rpA  ( 2.12) 

where the three Euler angles ,  , and   represent three successive rotations about Z, -Y, and –

X, respectively. In the multibody system computational algorithm, the location and orientation of 

the profile frame rp rp rpX Y Z  at points along the track space curve can be defined using three 
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inputs (Berzeri et al, 2000; Dukkipati and Amyot, 1988). These inputs are the horizontal 

curvature defined by the projection of the curve on the horizontal plane (see Fig. 5), the grade 

defined by the angle  , and the superelevation that depends on the bank angle  . Using this 

input, the relationship between the angle   and the horizontal curvature HC  can be written as 

 
H

H R

dS
dSCd   ( 2.13) 

where HR  and S  are the radius of curvature and the projected arc length, respectively. Using 

Fig. 5, the relationship between the actual arc length s  and the projected arc length S  can be 

written as 

 cos

dS
ds 

 
( 2.14) 

In the computer algorithm used in this chapter for the simulation of multibody railroad 

vehicle systems, a preprocessor computer code is used to generate track geometry data based on 

the inputs previously described. The preprocessor output file includes data that are used as input 

to the main processor computer code SAMS/Rail that is used to solve the nonlinear dynamic 

equations of the multibody vehicle system (Shabana et al, 2008). 

2.1.3. Wheel Geometry 

Since the wheel surface is considered as a surface of revolution, the position vector of an 

arbitrary point on the wheel profile with respect to the wheel body coordinate system can be 

defined as 

 0 1 2 0 1 0 1 2( )sin( ) ( ) cos( )
Tw w w w w wx g s s y s z g s s     u  ( 2.15) 
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where 1
ws  is the lateral surface parameter that defines the geometry of the wheel profile as given 

by the function  1
wg s , 2

ws  is the angular surface parameter as shown in Fig. 6, and 0 0,x y , and 

0z  are the coordinates of the position vector of the origin of the profile frame with respect to the 

wheel or wheelset body coordinate system. As previously mentioned, the principal directions 

associated with the principal curvatures are used to define the directions of the axes of the 

contact ellipse. These axes can be used with the normal to define the CE contact frame which can 

be used in the formulation of the creep forces. 

 

Figure 6. The wheel surface parameters 

2.2. Rolling Direction (RD) Frame 

While the wheel/rail normal contact force is always defined along the normal to the contact 

surfaces, the direction of the creep forces is defined by the theory used in the formulation of 

these forces. Different sets of two perpendicular axes can be defined in the tangent plane. In 

Kalker’s nonlinear theory (Kalker, 1990), the RD contact frame in which the creep forces are 

defined is determined using the unit normal and a unit vector along the rolling direction; with the 
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third axis defined by the cross product of these two vectors. Kalker and several other authors 

assume that the rolling direction is the direction of one of the axes of the contact ellipse when 

Hertz theory is used. In general, the rolling direction, which depends on the motion of the wheel 

with respect to the rail, can be significantly different from the direction of the axes of the contact 

ellipse which are determined using the principal directions of the wheel and rail surfaces. The 

principal directions as discussed in the preceding section are not function of any wheel motion 

variables. In this section, the rolling direction is defined in a way that is independent of Hertz 

theory. The rolling direction used in this section is assumed to be the direction of the velocity 

component due to the rotation of the wheel which is predominantly due to the pitch rotation 

about the wheelset axis. 

The rolling direction enters into the definitions of the creepages and creep contact forces. 

Let w
cv  and r

cv  be the absolute velocities of the wheel and the rail at the contact point, and let 

wω  and rω  be the absolute angular velocities of the two bodies. If the vector w
cu  defines the 

location of the contact point on the wheel, the rolling direction (RD) is defined by the unit vector 

 
 
 

w w r
c

rd w w r
c

 


 

u ω ω
t

u ω ω
 ( 2.16) 

Note that the definition of this unit vector is independent of the normal vector n , and 

therefore, there is no guarantee that this vector lies in the tangent plane. Furthermore, this 

definition is not an explicit function of the wheel and rail geometry, and can lead to an ill-

conditioned definition if the wheel angular velocity becomes small as in the case of traction and 

braking scenarios. The definition of Eq. 2.16 can also lead to numerical problems in the case of 

impact between the vehicle components. Impacts lead to jump discontinuities in the velocities, 
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and as a consequence, the use of the preceding equation in the formulation of the creepages and 

creep forces can be a source of problems in some railroad vehicle simulation scenarios. 

Using Eq. 2.16, the orientation of the RD frame can be defined using the following 

transformation matrix: 

  rd rd rd   A t n t n  ( 2.17) 

Note that, in general, there is no guarantee that the vector rdt  lies in the tangent plane. 

For this reason, this vector can be replaced by another vector obtained by the cross product 

   rd rd rd    t n t n n t n . Using the RD frame definition, the vector rd lr n t t  defines the 

direction of the lateral creepage and lateral creep force. In this case, the creepages can be written 

as 

 
( ) ( ) ( )

,   ,
w r T w r T w r T
c c rd c c lr

x yV V V    
  

v v t v v t ω ω n
 ( 2.18) 

where x and y  
are the longitudinal and lateral creepages, respectively;   is the spin creepage; 

and V  is the forward velocity of the wheel. The creepage expressions of Eq. 2.18 can be used 

with the normal force, the wheel and rail material properties, and the contact ellipse semi-axes to 

evaluate the tangential creep forces and the spin moment which are defined along the axes of the 

RD frame. 

2.3. Contact Ellipse (CE) Frame 

The CE frame is formed using the normal vector and one of the axes of the contact ellipse used 

in Hertz contact theory. The axis closer to the direction of the forward motion of the wheel can 

be selected. Let a unit vector along the axis of the contact ellipse be denoted as cet  which was 
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previously defined. Using this unit vector and the unit normal n , the third axis can be defined 

using the unit vector 

 lc ce t n t  ( 2.19) 

This vector defines the direction of the lateral creepage and the lateral creep force. 

Therefore, the transformation matrix that defines the orientation of the CE frame can be written 

as 

  ce ce ce   A t n t n  ( 2.20) 

The creepage expressions when the CE frame is used can be written as 

 

( ) ( ) ( )
,   ,

w r T w r T w r T
c c ce c c lc

x yV V V    
  

v v t v v t ω ω n

 
( 2.21) 

In order to accurately define the axes of the contact ellipse used to define the CE frame 

introduced in this chapter it is necessary to determine online the principal directions associated 

with the principal curvatures of the wheel and rail at the contact point. The rail, in particular, can 

have complex geometry in regions such as the spirals and also due to the variation of the rail 

profile in the longitudinal direction due to wear or the existence of switches and turnouts. The 

principal curvatures of the rail, as shown in the remainder of this section, cannot be assumed in 

general to be equal to the curvature of the rail profile and the curvature of the rail longitudinal 

curve at the contact point. Therefore, it is necessary to determine the principal curvatures by 

solving, at every time step, the eigenvalue problem defined in the previous section of this thesis. 

This eigenvalue problem is formulated using the coefficients of the first and second fundamental 

forms of the rail surface, as discussed in the preceding section. The conditions under which the 
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rail principal curvatures reduce to the curvature of the profile and the curvature of the rail 

longitudinal curve at the contact point are also presented in this section. 

The two tangents to the rail surface can be defined using Eq. 2.11 as follows: 

 ,1 ,1 ,1 ,1 ,2 ,2,r r rp rp rp rp r rp rp   u R A u A u u A u
 

( 2.22) 

In general, these two tangents are not orthogonal. Their dot product is given by 

 ,1 ,2 ,1 ,2 ,1 ,2 ,1 ,2
r T r r T rp rp rpT rpT rp rp rpT rp  u u R A u u A A u u u

 ( 2.23) 

The first term in the right hand side of the preceding equation vanishes since the vectors 

r
1,R and rprp

2,uA
 
are always perpendicular, while the second term can be simplified using the 

properties of the transformations matrix, leading to 

 
rpTrprprpTrpTrp
2,2,1,

~
uσuuAAu 

 
( 2.24) 

where rpTrp
1,

~
AAσ 

 
is a skew symmetric matrix. The vector σ  associated with σ

~
 is defined in 

the rail body coordinate system. Using the preceding two equations, one has 
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u u u σu u u u σ u u u
 ( 2.25) 

The terms that appear in the right hand side of this equation are not in general equal to 

zero. In the special case in which the profile does not change its shape along the track, that is, 

,1 1 2( , ) 0r rf s s  , the preceding equation reduces to  ,1 ,2 2 ,2 1 2 1 2( , ) ( , )r T r r r r r r
x s f s s f s s u u , which 

shows that the two tangents are perpendicular in this special case if and only if 0x . This 

condition is satisfied if 

 0sin1,1,   x  ( 2.26) 
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Using this condition, one can evaluate the coefficients of the first and second 

fundamental forms and determine the principal curvatures and principal directions. One can 

show that, in this special case, the principal directions are the same as the rail unit tangents 1
rt  

and 2
rt . The principal curvatures and the associated principal directions in this special case are 
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Therefore, if the profile does not change its shape, one has the following results for 

different types of the track segments (tangent, curve or spiral): 

1. In the case of a tangent track, ,1 0      and the two unit tangents 1
rt  and 2

rt  are 

perpendicular. The principal curvatures of a tangent track segment reduce to the curvatures of 

the rail space curve and the profile curve. The results are 
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2. In the case of a curve segment, one has 01,  while ,1 is constant. Again, for such a 

segment, the two unit tangents 1
rt  and 2

rt  are perpendicular and the second principal curvature 

2k  reduces to the curvature of the rail profile curve. The results in this special case, assuming 

R  is the radius of curvature of the rail space curve segment, are 
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3. In the case of a spiral segment, the conditions used for the tangent and curve segments cannot 

be applied because of the more complex spiral geometry. In fact, the solution for a spiral is a 

clothoid. Within a spiral, the Euler angles change with respect to the arc length such that in 

general the two unit tangents 1
rt  and 2

rt  do not remain perpendicular. In this case, the principal 

directions are a linear combination of the two surface tangents 1
rt  and 2

rt . 

One can also develop similar conditions for the wheel. The wheel tangents are defined as 

follows: 

 ,1 ,1 2 ,1 2 ,2 2 2sin( ) 1 cos( ) , cos( ) 0 sin( )
T Tw w w w w wg s g s g s g s        u u  ( 2.30) 

Using these definitions, one can show that the dot product of the two unit tangents 

1 ,1 ,1
w w wt u u  and 2 ,2 ,2

w w wt u u  is equal to zero regardless of the wheel profile  1
wg s . It can be 

shown that for the wheel surface, the coefficient M of the second fundamental form is also equal 

to zero. Therefore, the principal directions are the same as the directions the unit tangents 1
wt  and 

2
wt , and one has the following results (Shabana et al., 2001): 
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 ( 2.31) 

These results apply only to unworn wheels. 



29 

 

2.4. Longitudinal Tangent (LT) Frame 

Another choice for the contact frame is to use the unit normal n  and the longitudinal tangent 1
rt  

as defined in the preceding section to form the LT contact frame. In this case, the orientation of 

the contact frame is defined by the transformation matrix 

  1 1lt    A t n t n  ( 2.32) 

The vector 1 1l n t t  defines the lateral tangent along which the lateral creepage and 

lateral creep force are defined. The creepage expressions when the LT frame is used can be 

written as 

 1 1( ) ( ) ( )
,   ,

w r T w r T w r T
c c c c l

x yV V V    
  

v v t v v t ω ω n
 ( 2.33) 

The definition of the LT frame does not involve the angular velocity vector, and if Hertz 

contact theory is not used, the evaluation of the principal curvatures and principal directions is 

not required. Furthermore, the LT contact frame differs from the other two frames previously 

discussed in the sense that it does not depend on the wheel motion or geometry. It depends only 

on the rail geometry at the contact point. 

As previously pointed out, the two tangents 1
rt  and 2

rt  are not in general perpendicular. 

Therefore, one can define another contact frame using the unit normal vector n  and the lateral 

tangent 2
rt . The longitudinal axis that completes the frame can be determined using the cross 

product. Numerical experimentation conducted in this study have shown that the results obtained 

using the contact frame formed by n  and 2
rt  are in a good agreement with the results obtained 

using the LT contact frame. Therefore, the contact frame based on the n - 2
rt  combination will not 

be discussed further in this chapter. 



30 

 

2.5. Multibody Contact Formulations 

In order to study the wheel/rail dynamic interaction, the normal force at the contact point must be 

calculated and used with other material and geometric parameters to determine the tangential 

creep forces and spin moment. There are two general approaches that can be used to study the 

wheel/rail interaction; these are the constraint and elastic approaches (Shabana et al, 2008). In 

the constraint approach, it is assumed that there is no penetration or separation between the 

wheel and the rail at the contact point. Since four geometric parameters are introduced to 

describe the wheel and rail surface geometry, the following five constraint equations can be 

imposed: 
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where l
Pr  is the absolute position vector that defines the location of the contact point P  on the 

body l (l=w, r). When the constraint formulation is used, the normal force at the contact point is 

considered as a reaction force which can be determined using the technique of Lagrange 

multipliers. In the case of the constraint contact approach, the constraints defined in the 

preceding equation must be satisfied at the position, velocity, and acceleration levels. 

On the other hand, in the elastic approach that will be used in this study, the wheel has six 

degrees of freedom with respect to the rail, and therefore, wheel/rail penetration and separation 

are allowed. In this approach, the third constraint in the preceding equation, which specifies the 

relative motion of the two surfaces along their common normal, is not imposed while the other 
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four nonlinear algebraic equations are used to solve for the four geometric surface parameters. In 

the elastic approach, the normal force is defined as a function of the penetration using the 

Hertzian contact formulation. The penetration can be calculated as 

 ( )
Tw r r wr r

P P P   r r n r n  ( 2.35) 

Using this definition for the penetration, the normal contact force can be determined. A 

damping coefficient can also be introduced to the force-penetration relationship to take into 

account the effect of the energy dissipation. Therefore, the normal force can be written as 

follows (Shabana et al 2005): 

  CKFFF hdhn  2

3

 ( 2.36) 

where Kh is the Hertzian constant (Johnson, 1985) , C is the damping constant,   is the 

indentation velocity obtained from the dot product of the wheel/rail relative velocity at the 

contact point and the normal vector to the surface at this point. 

The expressions of the wheel/rail normal and tangential creep forces can be introduced to 

the nonlinear dynamic equations of motion of the railroad vehicle system as generalized forces. 

These equations can be solved for the system accelerations and joint forces. The accelerations 

can be integrated forward in time in order to determine the coordinates and velocities as 

described in detail in the literature (Shabana et al., 2008). 

2.6. Numerical Results 

In this section, simulation results of suspended wheelset examples using the RD, LT, and CE 

contact frames are presented and compared. These simulations include rails with constant profile 

shape as well as profiles that change their shape along the rail arc length. While in both cases a 
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tangent track is used; in the first case, a track with significant lateral deviation is used in order to 

compare the results obtained using different contact frames. Ultimately, in order to show the 

difference between the three frames in extreme cases, the track deviation in the first simulation, 

is increased to a large deviation and the results are also presented in this section. 

2.6.1. Track with Lateral Deviation 

In this example, a wheelset attached to a frame that is constrained to move along a tangent track 

is considered. It is assumed that there is a lateral deviation starting at distance 15.24 m (50 ft) 

with amplitude of 0.0152 m (0.6 in) and width of 1.524 m (5 ft). This deviation causes the 

principal directions of the rail to change. Since the wheelset motion is affected by the deviation, 

the angle between the principal directions of the wheel and the rail in this portion of the track is 

expected to be much higher as compared to the remaining sections of the track. The wheelset is 

assumed to have a constant forward velocity of 10 m/s (22.4 mph) along the track. The results 

are obtained for three models that correspond to the three different contact frames discussed in 

this study. Figures 7 and 8 show, respectively, the lateral displacement and the angle of attack 

(right wheel) of the wheelset when the three frames are used. 
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Figure 7. Lateral displacement of the wheelset 
(CE frame: , LT frame: , RD frame: ) 

 

Figure 8. Angle of attack at the right wheel 
(CE frame: , LT frame: , RD frame: ) 
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Figures 9-11 show the normal and tangential creep forces. Figure 12 shows the angle 

between the rolling direction of the RD frame and the principal direction used to define one of 

the axes of the contact ellipse, while Fig. 13 shows the angle between the principal direction and 

the longitudinal tangent at the contact point. 

 

Figure 9. Normal force at the right wheel 
(CE frame: , LT frame: , RD frame: ) 
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Figure 10. Longitudinal force at the right wheel 
 (CE frame: , LT frame: , RD frame: ) 

 

Figure 11. Lateral force at the right wheel 
(CE frame: , LT frame: , RD frame: ) 
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Figure 12. The angle between the RD and the CE frames 

 

Figure 13. The angle between the LT and the CE frames 

Figures 14-16 show the global components of the contact forces. Figures 17 and 18 show 

the longitudinal and lateral creepages defined in the contact frame. 
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Figure 14. X component of the right contact force in the global coordinate system 
(CE frame: , LT frame: , RD frame: ) 

 

Figure 15. Y component of the right contact force in the global coordinate system 
(CE frame: , LT frame: , RD frame: ) 
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Figure 16. Z component of the right contact force in the global coordinate system 
(CE frame: , LT frame: , RD frame: ) 

 

Figure 17. Longitudinal creepage at the right wheel 
(CE frame: , LT frame: , RD frame: ) 
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Figure 18. Lateral creepage at the right wheel 
(CE frame: , LT frame: , RD frame: ) 

The percentage of the average deviation of the RD and LT models from the CE model, 

when the wheelset passes over the deviation, is shown in Table I. 
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Table I. The average deviation of the RD and LT models from the CE model 

Parameter LT model RD model 
Right longitudinal creepage  1.5% 5% 
Lateral axis of the left contact ellipse 0.002% 0.003% 
Right longitudinal force  1.5% 5% 
Right lateral force  0.7% 2.2% 
Left spin creepage  0.02% 0.05% 
Right spin moment  0.6% 2% 
Right contact area 0.005% 0.005% 
Right lateral creepage  3% 11% 
X component of the right creepage in the 
global coordinate system 

3% 5% 

Y component of the right creepage in the 
global coordinate system 

1% 1% 

Left normal force  0.007% 0.008% 
X component of the right contact force in the 
global coordinate system 

0.3% 1.3% 

Y component of the right contact force in the 
global coordinate system 

0.4% 0.7% 

Z component of the right contact force in the 
global coordinate system 

0.007% 0.008% 

 

The results obtained show that the contact force results of different models are in a good 

agreement, while discrepancies in the creepage results can be observed. Simulation results have 

shown that the discrepancy in the lateral creepage does not have a significant effect on the creep 

force due to the dominant effect of the spin creepage in the lateral force calculation. 

2.6.2. Track with Variable Profile 

In this example, the suspended wheelset is constrained to move along the tangent track with a 

forward velocity of 10 m/s (22.4 mph). The track profile is assumed to vary along the track. The 

profiles used to define the right rail are shown in Fig. 19. The order of these profiles are as 
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follows: the cross-sections of the right rail at the distances 0, 20 m (65.6 ft), 120 m (393.7 ft) and 

220 m (721.8 ft) are assumed to have the shapes described by the profiles with numbers 1, 1, 2, 

and 3, respectively. 

 

Figure 19. Right rail profiles 
(Profile #1: , Profile #2: , Profile #3: ) 

These profiles are also mirrored and used at the same locations for the left rail. Linear 

interpolation is used to define the profile shape at a distance between the locations of the profiles 

shown in Fig. 19. Figure 20 shows the lateral tangential creep forces as defined in the contact 

frames of the three different models. Numerical results obtained in this chapter showed that the 

normal force and longitudinal tangential creep force obtained using the models based on the 

three frames are in a good agreement. Furthermore, the solutions for the wheel kinematics, such 

as the wheel displacements and yaw angles, as well the dimensions of the contact ellipse are in a 

good agreement. Figures 21 and 22 show the angles between the axes of the contact frames. The 

results obtained for this track model show that the profile variation does not have a significant 
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effect on the creepages and contact forces of the RD, CE, and LT models. The deviations of the 

RD and LT model results from the CE model results is less than 0.1% for the track model used in 

this study. 

 

Figure 20. Lateral force at the right wheel 
(CE frame: , LT frame: , RD frame: ) 
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Figure 21. The angle between the RD and the CE frames 

 

Figure 22. The angle between the LT and the CE frames 

2.6.3. Extreme Case 

The simulations used to obtain the results previously discussed in this section, represent realistic 

scenarios. As observed, in such simulation scenarios, the results obtained using all contact 
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frames are in a good agreement. However, in order to show the differences in the results obtained 

using the three frames in extreme cases, an uncommon track model, is used. In the new track 

model, the width and amplitude of the deviation are changed to 0.6096 m (2 ft) and 0.0254 m (1 

in), respectively. 

Table II. The average deviation of the RD and LT models from the CE model 

Parameter LT model RD model 
Right longitudinal creepage  7% 21% 
Right lateral force  10% 22% 
Left spin moment  9% 18% 
Right longitudinal force  7% 21% 
Right spin creepage  0.5% 2% 
Right contact area 1.4% 3.3% 
Right lateral creepage  9% 23% 

 

The results obtained using this model show that maximum angle between the RD and the 

CE frames is as large as 10.35o while this maximum angle between the LT and the CE frames is 

4.26o. Table II shows the average deviation of the RD and LT models from the CE model for 

different contact parameters. It is observed that the results obtained using the LT frame are in 

better agreement with those of the CE frame as compared to the ones obtained using the RD 

frame. This is mainly because both the CE and the LT frames, according to their definition, 

directly take into account the effect of the track deviation while rail geometry is not used in the 

definition of the RD frame. 

2.7. Concluding Remarks 

In wheel/rail creep force formulations, the rolling direction is used with the normal to the contact 

surfaces to construct the contact frame in which the tangential creep forces are defined. When 
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Hertz theory is used, an assumption is made that the rolling direction is the same as the direction 

of one of the axes of the contact ellipse. The rolling direction, however, depends on the motion 

of the wheel with respect to the rail; while the directions of the axes of the contact ellipse depend 

only on the geometry of the wheel and rail surfaces and they are determined using the principal 

directions. Therefore, the rolling direction can be significantly different from the direction of the 

axes of the contact ellipse in some simulation scenarios. This chapter aimed at studying this 

fundamental problem and comparing the results obtained using three different contact frames. 

These frames are the rolling direction (RD) frame, the contact ellipse (CE) frame and the 

longitudinal tangent (LT) frame. The RD frame is defined by the normal and the axis along the 

rolling direction, which is defined in this study using the cross product of the angular velocity 

vector and the position vector of the contact point with respect to the wheel or wheelset body 

coordinate system. In defining the rolling direction, it is assumed that the rotation of the wheelset 

or wheel is predominantly pitch rotation. The RD frame is rarely used in the railroad vehicle 

simulations and can lead to problems in traction and braking scenarios and also in the case of 

velocity discontinuities due to impact between the vehicle components. The CE frame is defined 

by the normal vector and one of the axes of the contact ellipse. While none of the axes of the 

contact ellipse define in general the rolling direction, the CE frame is the one used in many 

investigations on railroad vehicle systems. Some authors have also employed the LT frame 

which is independent of Hertz theory and does not involve any motion variables such as the 

angular velocities. The results obtained using the three contact frames are compared and it was 

shown that the results obtained using the CE and LT contact frames are in a very good 

agreement. However, there are simulation scenarios in which the rolling direction as defined by 
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the angular velocity vector can significantly differ from the axes of the contact ellipse. The 

numerical results obtained in this study show that while there can be differences in the creepage 

results of different contact frame models, the contact forces obtained using all these models, in 

the case of realistic scenarios, are in a good agreement despite the significant orientation 

difference between different frames. Such a good agreement for the force results can be 

attributed to the dominant effect of the spin creepage in the lateral force calculations. However, 

in some extreme cases, there can be differences between the results obtained using different 

contact frames, in particular the results of the RD model can significantly differ from the results 

of the CE and LT models. This is can be attributed to the fact that the RD model is different from 

the two other models in the sense that it does not use rail geometry to define its contact frame. 
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3. MULTIPOINT CONTACT SEARCH ALGORITHM 

In railroad vehicle wheel/rail contact analysis, it is crucial to determine the contact forces 

accurately in order to be able to correctly predict the dynamic response of the vehicles. A first 

step to achieve this goal is to detect all possible wheel/rail contact points. Using the contact 

formulations, the contact forces can then be evaluated based on the position of the contact points, 

the creepages, the wheel and rail geometries and their material properties (Shabana et al., 2008). 

Most railroad simulation formulations allow for only one or two wheel/rail contact 

points. As discussed in Chapter  2, methods such as the constraint contact method or the elastic 

contact method can be used to find the first point of contact. There are, however, scenarios in 

which there are multi points of contact between the wheel and the rail. A general contact 

algorithm capable of finding all possible wheel/rail contact points needs to be developed. 

It is, therefore, the objective of this chapter to develop a multipoint contact search 

algorithm that can be applied to general wheel/rail contact problems without any restriction on 

the number of contact points. This algorithm can be used with either the constraint or elastic 

contact methods which can be used to determine the first point of contact. For the other contact 

points, an elastic approach will be used. This is due to the fact that the constraint contact method 

imposes kinematic constraints that can lead to indeterminate system if such an approach is 

applied at multiple contact points. 

3.1. Contact Formulations 

The contact formulations used in this investigation are general formulations that can be applied 

to multipoint contact problems. The main assumptions used here are as follows: 

 All the contacts are non-conformal. 
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 The first contact point can be determined either by the constraint contact method 

or the elastic contact method. However, the other points are only determined by 

the elastic method. 

 The location and surface parameters associated with the first point of contact are 

determined before searching for the other contact points. 

 The contact areas are elliptical. 

 There is no overlap of contact ellipses associated with different contact points. 

 There is no limitation on the number of contact points that can be determined. 

Since in the formulations used in this investigation, the wheel and rail geometries are 

described using surface parameters, the goal of the multipoint contact search algorithm is to find 

the surface parameters associated with these points. The surface parameters of contact point k  

can be written as elements of the vector ks  as follows: 

 ,.., m kssss Trkrkwkwkk 2   ][ 2121 s  ( 3.1) 

where m  is total number of contact points, and wks1  and wks2  are the wheel surface parameters 

while rks1  and rks2  are the rail surface parameters as described in Chapter  2. Note that in the 

developed algorithm it is assumed that the surface parameters of the first contact point ( 1k ) are 

known. 

Using the assumptions of non-conformal contact, five nonlinear algebraic equations must 

be satisfied at any of the contact points when the constraint contact formulation is used. These 

equations result from the facts that the global positions of the contact point on the wheel and the 

rail are the same and the wheel and rail have a common normal at the contact point. When the 

elastic method is used for the multipoint contact search algorithm, only four nonlinear algebraic 
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equations need to be used as discussed in Chapter  2. These four algebraic equations are as 

follows: 
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The four surface parameters at the contact points can be determined by solving the 

nonlinear algebraic equations of Eq. 3.2 using a Newton-Raphson scheme. To this end, the 

following system of algebraic equations is iteratively solved: 
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The wheel/rail penetration at the contact point k  is 

 ,.., m krk
P

wk
P

rkk 2    ).(  rrn  ( 3.4) 

and the associated compliant normal force at this contact point can be written as follows 

(Shabana et al 2005): 

 ,.., m kCKFFF kkkkk
h

k
d

k
h

k
n 2    ||)( 2

3

    ( 3.5) 

where k
hK  is the Hertzian constant, kC  is the damping coefficient, and k  is the time rate of the 

penetration. 

It should be noted again that the algorithm is developed such that the first contact point 

can be determined either by the elastic method or the constraint method. However, one of the 

conclusions made in this chapter is that the constraint contact approach can be used only for the 
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first contact point. The main differences between the constraint and elastic methods when 

multipoint contact point scenarios are considered are as follows: 

 In the constraint method, the first contact point is determined using a formulation 

different from the one used for other contact points which are determined using 

the elastic method as previously mentioned. 

 The constraint method, unlike the elastic method, allows no penetration or 

separation at the first contact point. Due to this fact, if the contact constraints are 

imposed at one location, unrealistic results can be obtained if the algorithm does 

not allow for switching the constraint contact location in the case of multipoint 

contact search. 

 In multipoint contact problems, in general, the penetration at one point can 

significantly affect the kinematics and forces at other contact points. In the 

constraint method, the zero penetration at the first contact point can influence the 

penetration at other contact points as will be demonstrated in the second example 

of this chapter. 

3.2. Search Algorithm 

The multipoint contact search algorithm developed in this chapter employs the following steps: 

1. At the beginning of the simulation, the wheel and rail profiles are discretized to a 

selected number of segments; the profile surface parameters ( ws1  and rs2 ) of at the 

nodes that define these segments are stored. These nodal points are used to determine 

potential points of contact during the simulation. It is assumed that before the search 
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starts at any instant of time during the simulation, the first contact point is already 

determined for that specific time. 

2. During the simulation and after the location of the first contact point is determined at 

a given time point, the search algorithm uses the saved profile surface parameters 

(Step 1) to calculate the positions of the nodal points. 

3. The position of these points are calculated using the saved profile surface parameters 

and the other two surface parameters ws2  and rs1 . These two latter parameters change 

during the simulation while the profile surface parameters at the nodal points do not 

change. Since the surface parameters of the first contact point is known, its angular 

surface parameter 1
2
ws  can be used for other potential contact points. Similarly, the 

rail longitudinal surface parameter can be calculated using that of the first contact 

point 1
1
rs  by making the adjustment of tan)( 1

221
rrr sss  , where   is the yaw 

rotation of the wheel with respect to the track frame. Knowing the four surface 

parameters, the global position vector of the nodal points can be calculated. The 

points close to the first contact point (based on a given tolerance) are eliminated in 

order to improve the computational efficiency. 

4. The distances between the points of the wheel and those of the rail are calculated and 

the pair of points that are close to within a specific tolerance are selected as potential 

points of contact between the wheel and the rail. 

5. Once all the potential points of contact are determined at given time point, the surface 

parameters associated with each point are used as the initial guess for an iterative 

Newton-Raphson method that employs Eq. 3.3. The converged Newton-Raphson 
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solutions are checked using the penetration condition in order to determine the pairs 

of contact points. Converged solutions that do not satisfy the penetration condition 

are not considered. 

6. The distances between all the contact points, including the first contact point, are 

calculated. If the distance between two contact points is larger than a specified 

tolerance, the two contact points are considered as new contact points. Otherwise, the 

contact point with the larger penetration is only considered, and the second point is 

ignored. 

7. If the algorithm does not find a second point of contact, another search begins to find 

possible lead and lag contacts, which can be encountered in the case of large yaw 

rotations. To this end, one can use wr Rs  1  and )tanarctan(2  ws where wR  is 

wheel radius and   is the contact angle for the flange contact (Escalona et al., 2003), 

to determine a point on the flange. If there is a wheel/rail penetration at this point, a 

search is performed in the neighborhood of this point by using positive and negative 

small increments based the above mentioned equations to find a point that leads to 

penetration. The surface parameters of this potential contact point are used in the 

Newton-Raphson iterative algorithm as an initial guess. The resulting contact point 

defined by the converged solution is checked to make sure that it is not in the vicinity 

of one of the previously determined contact points. Once all the contact points are 

identified and the associated penetrations are calculated using Eq. 3.4, the normal 

contact force can be determined using Eq. 3.5. The creepages at each of the contact 

points are also calculated. The creepages, the normal contact forces, the wheel and 
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rail material properties, and contact ellipse dimensions are used to calculate the 

tangential creep forces and spin moment. The normal and creep contact forces are 

used to determine generalized contact forces associated with the generalized 

coordinates of the wheel and rail. 

Because of the generality of this search algorithm, there is no limitation on the number of 

contact points that can be found. 

3.3. Numerical Results 

In this section, the numerical results obtained using the proposed algorithm are presented for two 

simulation scenarios. The simulation scenarios are designed to have multiple wheel/rail contacts. 

A comparison between the results obtained using the elastic and constraint contact methods in 

the case of multi contact point scenarios is also presented in this section. 

3.3.1. Single Truck Model Subjected to Lateral Forces 

In this example, a single truck model negotiating a tangent track is considered. The model, as 

shown in Fig. 23, consists of a frame, two wheelsets, two equalizers, and the rails. The bodies are 

connected by bushings and bearings. For this simulation, the elastic method is used for the first 

point of contact. 
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Figure 23. Single truck model subjected to two lateral forces 

As shown in Fig. 23, two lateral forces 1F and 2F  are, respectively, applied on the front 

and rear wheelsets. The magnitudes of the forces are the same and they are assumed to be 

functions of time according to the following equation: 

 








118)8(6000

11or  80
21 tt

tt
FF  ( 3.6) 

The application of these forces causes the truck to move to the left, which ultimately, 

results in multiple contact points for the left wheels of the truck and the left rail due to the shape 

of their profiles that are shown in Figs. 24 and 25. 
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Figure 24. The wheel profile 

 

Figure 25. The rail profile 
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The shapes of the profiles allow for three wheel/rail contact points. The algorithm should 

be able to capture the one, two, and three contact point scenarios. The approximate locations of 

the contact points are depicted in Fig. 26. 

 

Figure 26. The approximate locations of contact points 

The results of this simulation are shown in Figs. 27-32. Figures 27 and 28 show the Y-

coordinate of the contact points for the front and rear contacts, respectively. Also, in Figs. 29 and 

30, the rail profile surface parameters of these contact points are shown. By examining the wheel 

and rail profile shapes shown in Figs. 24 and 25, it is clear that the proposed algorithm 

successfully found the points at the expected locations. The corresponding normal forces for 

these contact points are shown in Figs. 31 and 32. 
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Figure 27. Y-coordinate of the left front contact 
(  First contact point,   Second contact point) 

 

Figure 28. Y-coordinate of the left rear contact 
(  First contact point,   Second contact point) 
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Figure 29. Rail profile surface parameters of the left front contact 
(  First contact point,  Second contact point) 

 

Figure 30. Rail profile surface parameters of the left rear contact 
(  First contact point,  Second contact point) 
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Figure 31. Normal force of the left front contact 
(  First contact point,  Second contact point) 

 

Figure 32. Normal force of the left rear contact 
(  First contact point,  Second contact point) 
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3.3.2. Suspended Wheelset Model on a Curve Track 

In this example, the multipoint contact search algorithm is used in the simulation of a suspended 

wheelset on a curved track. The model, as shown in Fig. 33, consists of three bodies including a 

frame, a wheelset, and rails. The frame and wheelset are connected by linear springs and 

dampers while the frame is constrained to move along the track with a forward velocity of 

17.88 m/s (40 mph). 

 

Figure 33 Suspended wheelset model 

In the previous example, the external lateral forces caused wheel/rail contact at multiple 

points. In this example, however, it is the track geometry, which leads to three contact points. 

The curved track used for this simulation is shown in Fig. 34. The right wheel and right rail, 

which are, respectively, shown in Figs. 35 and 36, have specific shapes that can result in three 

contact points when the vehicle moves on the track. 



61 

 

 

Figure 34. The top view of the track used for the suspended wheelset model 

 

Figure 35. The wheel profile 
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Figure 36. The rail profile 

Similar to the previous example, the elastic method is used for the first point of contact. 

However, after presenting the results of this simulation, the simulation will be carried out again 

using the constraint method in order to compare the results obtained using these two methods. 

The results show that the search algorithm successfully finds all the expected contact 

points. Figure 37 shows the profile surface parameters of the right rail while the normal contact 

forces associated with these points are shown in Fig. 38. 
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Figure 37. Rail profile surface parameters of the right contact 
(  First contact point,  Second contact point,  Third contact point) 

 

Figure 38. Normal force of the right contact 
(  First contact point,  Second contact point,  Third contact point) 
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If the constraint contact method is used for this simulation, the search algorithm again 

determines the same three contact points. The normal contact forces, however, are much 

different from those of the elastic contact method as shown in Fig. 39. The results demonstrate 

that the change of the contact formulations used for the first contact point can considerably affect 

the force distribution among the other contact points. 

 

Figure 39. Normal force of the right contact (constraint contact method) 
(  First contact point,  Second contact point,  Third contact point) 

3.4. Concluding Remarks 

A multipoint contact search algorithm was developed in this chapter. The developed algorithm 

imposes no limitation on the method used to find the first point of contact or on the number of 

contact points. The algorithm is capable of finding the contact points with a good precision 

because of the use of an iterative Newton-Raphson algorithm. The developed algorithm 

successfully finds multiple wheel/rail contact points. This was demonstrated by two examples in 
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this chapter. A comparison between the results obtained using the constraint and elastic contact 

methods in the case of multipoint contact scenario was made and the differences between these 

methods in predicting the contact force distributions were discussed. It was demonstrated by an 

example that the change of the contact method used for predicting the first contact point in the 

case of multipoint contact scenarios can considerably affect the normal force distribution among 

the contact points. 

 



 

66 
 

4. AIR BRAKE FORCE MODEL 

Most trains in North America use pneumatic brakes or air brakes. For the most part, the 

automatic air brake system of a freight train consists of a locomotive control unit, a car control 

unit located in each car, and a pipe connecting all these elements as shown in Fig. 40. 

 

Figure 40. Main air brake components 

This pipe that both transfers airflow and brake signals will be referred to as brake pipe, 

while the locomotive automatic brake valve will be called automatic brake valve in this chapter. 

The function of the locomotive automatic brake valve is to control the air pressure in the brake 

pipe for on car compressed air storage as well as brake application and release of all cars. Such a 

control action provides the pressure control signal that propagates along the brake pipe serially 

reaching one car after another. In addition to the brake pipe pressure, the controlling locomotive 

equalizing and emergency reservoir pressures are also controlled. By varying the position of the 

automatic brake valve handle, different scenarios and states of the brake system can be achieved. 

These states include the brake release mode in which the pressure in the brake pipe is increased 

in order to release the brakes and recharge the CCU compressed air storage reservoirs, the 

service mode in which the pressure must be reduced in order to apply the brakes with a pressure 

reduction (at a service rate) that is determined by the handle position with respect to the full 
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service position, and the emergency mode that allows the brake pipe pressure to be quickly 

reduced by venting the brake pipe air to the atmosphere (The latter two, service and emergency 

modes, are referred to as the brake application mode). Therefore, an accurate air brake model 

must be able to predict the response of the air flow in the brake pipe to the changes made in the 

locomotive automatic brake valve handle position. The 26C valve also has the independent brake 

valve function that is not modeled in this study. 

The objective of this chapter is to integrate a dynamic air brake model with efficient 

nonlinear train longitudinal force algorithms based on trajectory coordinate formulations. The 

proposed air brake force model used in this chapter employs the continuity and momentum 

equations and accounts for the effect of the air flow in long train pipes as well as the effect of 

leakage and branch pipe flows. This model can be effectively used to study the dynamic behavior 

of the air flow in the train pipe and its effect on the longitudinal train forces during brake 

application and release. The continuity and momentum equations are simplified by using the 

assumptions of one dimensional isothermal flow, leading to two coupled air velocity/pressure 

partial differential equations that depend on time and the longitudinal coordinate of the brake 

pipe. The resulting partial differential equations are converted to a set of air brake first order 

ordinary differential equations using the finite element discretization. These first order ordinary 

differential equations are solved simultaneously with the train second order nonlinear dynamic 

differential equations of motion that are based on the trajectory coordinates. In this chapter, the 

train car dynamics is defined using a body track coordinate system that follows the car motion. 

The translation and orientation of this coordinate system are defined in terms of one geometric 

trajectory parameter that describes the distance travelled by the car. The configuration of the car 
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with respect to its track coordinate system is described using two translation coordinates and 

three Euler angles (Shabana et al., 2008). The nonlinear trajectory coordinate formulation used in 

this study allows for the use of arbitrary track geometry. The operation of the brake system, 

including brake application and release, is controlled by the locomotive automatic brake valve 

that defines the input to the air brake system during the dynamic simulation. A simplified valve 

model is also proposed in order to reduce the simulation computational time. The procedure for 

coupling the brake pipe air flow, locomotive automatic brake valve, CCU, and train equations is 

established and used in the simulation of the nonlinear dynamics of long trains. 

4.1. Air Flow Equations 

In this section, the basic continuum mechanics equations used in this chapter to study the air 

flow dynamics in train brake pipes are presented. These equations include the momentum, 

continuity, and constitutive equations. In the following section, the general three-dimensional 

equations presented in this section are simplified to the case of one dimensional isothermal flow. 

It should be noted that if the process takes place rapidly, the adiabatic process assumption is 

more realistic than the isothermal process. Nonetheless, the actual process is neither of these 

processes. In fact, the actual process is polytropic. However, in this investigation, similar to 

some previous studies, the isothermal flow assumption is used (Abdol-Hamid, 1986). 

4.1.1. Continuity Equation 

The general continuity equation for a fluid can be written as (John and Keith, 2006; Shabana, 

2008; White, 2008) 

 . 0
V S

dV dS
t

 
 

  v n  ( 4.1) 
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In this equation, V  is the volume which is assumed to remain constant for the brake pipe, 

and therefore, no distinction is made between the volumes in the reference and current 

configurations; S  is the surface area,   is the mass density, v  is the velocity vector, and n  is 

the normal to the surface. Using the divergence theorem, the continuity equation can be written 

as 

   0
t

 
 


v  ( 4.2) 

In this equation,   is the divergence operator. Since air flow is considered in this study, 

the density   cannot be treated as a constant, and therefore, the assumption of incompressibility 

is not used in this study. 

4.1.2. Momentum Equation 

The momentum equation or the partial differential equation of equilibrium can be written in the 

following form (Shabana, 2008): 

 b

v s v

dv ds dv    a σn f  ( 4.3) 

In this equation, a  is the acceleration vector, σ  is the symmetric Cauchy stress tensor, s  

and v  are, respectively, the area and volume in the current configuration, and bf  is the vector of 

body forces per unit volume. Applying the divergence theorem, and assuming that v V  for the 

brake pipe, the preceding equation leads to 

  T b

V V V

dV dV dV     a σ f  ( 4.4) 

This equation can also be written in the following differential form: 
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  T

b   a σ f  ( 4.5) 

The first term of this equation, which represents the inertia force, can be rewritten in a 

different form, which is more convenient to use when dealing with compressible fluids. 

Multiplying the continuity equation of Eq. 4.2 by the velocity vector v , one obtains 

  
t

 
 


v v v 0  ( 4.6) 

Using the expression for the total derivative of the velocity vector v , the inertia term a  

can be written as 

  d

dt t
   

  


v v
a = v v  ( 4.7) 

Substituting Eq. 4.7 into Eq. 4.5 and adding Eq. 4.6, one obtains 

      T bt t

   
      

 
v

v v v v v σ f  ( 4.8) 

This equation can be written as 

 
        T

bt


 


     


v

v v v σ f  ( 4.9) 

This equation is an alternate form of the momentum equation of Eq. 4.5. 

4.1.3. Fluid Constitutive Equation 

In the case of isotropic fluids, the constitutive equations that differentiate one fluid from another 

and define the fluid characteristics can be written as 
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   ( , ) ( , )tr 2 ( , )p T T T       σ D I D  ( 4.10) 

where p is the hydrostatic pressure,   is the mass density, T is the temperature, D is the rate of 

deformation tensor, and  and  are viscosity coefficients that depend on the fluid density and 

temperature. 

4.1.4. Navier-Stokes Equations 

In order to obtain the fluid equations of motion, the constitutive equations of Eq. 4.10 are 

substituted into the partial differential equations of equilibrium of Eq. 4.9. This leads to 

 
              tr 2

T

bp
t


   


       


v

v v v I D I D f  ( 4.11) 

This equation represents the general three-dimensional partial differential equations of 

motion for isotropic fluids. If the fluid is assumed to be Newtonian, that is the shear stress is 

proportional to the rate of the shear strain, the preceding equation reduces to 

 
              tr 2

T

bp
t


   


         


v

v v v I D I D f  ( 4.12) 

Equation 4.11 governs the motion of general isotropic fluid, while Eq. 4.12 governs the 

motion in the special case of Newtonian fluid. 

4.2. One-dimensional Model 

The assumption of one-dimensional air flow used in this study implies that the flow, at any cross 

section, has only one direction along the longitudinal axis of the pipe, that is, the velocity 

components in the other directions are not considered. Furthermore, the magnitude of the flow 

velocity is assumed to be uniform at any cross section. Consequently, shear stresses are 
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neglected, and as a result, the off-diagonal elements of the Cauchy stress tensor are assumed to 

be zero. 

In the case of one dimensional air flow, the continuity equation of Eq. 4.2 reduces to 

 
 

0
u

L
t x

 
  

 
 ( 4.13) 

In this equation, x  is the longitudinal spatial pipe coordinate, L  is the air leakage, and u  

is the velocity component along the longitudinal x  coordinate of the brake pipe. Note that the 

preceding equation is a partial differential equation that depends on both time t  and the spatial 

coordinate x . The effect of air flow through the pipe branches can also be introduced 

systematically to the continuity equation in order to account for the mass flow rate. In the case of 

multiple branches connected to the main air pipe, a term can be added to the continuity equation 

as discussed in the previous chapter where the car control unit model is developed. 

In the case of one dimensional flow, the Navier-Stokes equation of Eq. 4.12 becomes 

 
     

2 2

2
2 b

uu p u
f

t x x x


 

  
     

   
 ( 4.14) 

If the fluid is assumed to be inviscid, that is, the effect of shear is neglected, the second 

term on the right hand side of the preceding equation can be neglected, leading to 

 
   2

b

uu p
f

t x x

  
   

  
 ( 4.15) 

Using the assumption of isothermal flow, one has the following relationship (White, 

2008): 
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  g

p
R 


  ( 4.16) 

In this equation, gR is the gas constant which has units J/(Kg°K), and   is the local 

temperature (°K). The relationship of Eq. 4.16 can be used to eliminate the air density   from 

the continuity and momentum equations leading to the following system of pressure/velocity 

coupled equations: 

 

 

   2

0t

t t b

pup
L

t x

pupu p
f

t x x



 

 
     


        

 ( 4.17) 

In this equation, t gR  . Given the boundary and initial conditions, the preceding 

system of coupled partial differential equations can be solved for the pressure and velocity 

distributions using numerical methods as discussed in the following section. 

4.3. Finite Element Formulation 

In this study, a finite element procedure is used to transform the partial differential equations of 

Eq. 4.17 to a set of coupled first order ordinary differential equations. These ordinary differential 

equations can be solved using the method of numerical integration to determine the pressure and 

velocity for different braking scenarios. Let q pu  be a new variable. Using this definition, 

Eq. 4.17 can be rewritten as 

 
 

t

t t b

p q
L

t x
quq p

f
t x x



 

       
        

 ( 4.18) 
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In the finite element analysis, the brake pipe is assumed to consist of m  finite elements. 

The domain of the element is defined by the spatial coordinate ,0e e ex x x l   , where el  is the 

length of the finite element. Over the domain of the finite element, the variables p  and q  are 

interpolated using the following field: 

    , , , , 1, 2, ,e e e e e e
p qp x t q x t e m  S p S q   ( 4.19) 

where e
pS  and e

qS  are appropriate shape functions, and ep  and eq  are the vectors of nodal 

coordinates. Multiplying the first equation in Eq. 4.18 by the virtual change ep  and the second 

equation by the virtual change eq , integrating over the volume, using the relationship 

e e edV A dx , where eA  is the cross section area; and using Eq. 4.19; one obtains the following 

system of first order ordinary differential equations for the finite element e : 

 , 1, 2, ,e e e e m M e Q   ( 4.20) 

In this equation, 

 , ,
e e ee
p pp pqe e e
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q qp qq
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where 
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The finite element equations of Eq. 4.20 can be assembled using a standard finite element 

assembly procedure. This leads to the first order ordinary differential equations of the brake pipe 

system which can be written in the following matrix form: 

 Me Q  ( 4.23) 

In this equation, e  is the vector of nodal coordinates, M  is the brake pipe global 

coefficient matrix that results from assembling the eM  element matrices, and Q  is the right 

hand side vector that results from the assembly of the eQ  element vectors. Using the position of 

the locomotive automatic brake valve handle, the initial conditions and inputs for Eq. 4.23 can be 

defined and used with numerical integration methods to solve for the pressure and the velocity 

distribution. Using the approach described in this section in which the new variable q pu  is 

introduced, one obtains constant symmetric eM  and M  matrices. Therefore, one needs to define 

the LU  factors of M  only once at the start of the simulation. The effect of the air leakage in the 

finite element formulation presented in this section can be considered by introducing this effect 

at the nodal points using the isotropic approach or the average density approach (Abdol-Hamid, 

1986). The latter is the approach adopted in this investigation. 

4.3.1. Alternate Formulation 

Another alternate approach is to use the same assumptions and combine the continuity equation 

of Eq. 4.13 with the one dimensional form of the momentum equation of Eq. 4.5 to obtain the 

following coupled system of first order partial differential equations: 
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 ( 4.24) 
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Using Eq. 4.16 ( tp  ), one obtains 

 

 
0t

t t b
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L

t x
u u p

p pu f
t x x



 

 
     
         

 ( 4.25) 

As an alternative to introducing the variable q pu , one can use p  and u  instead of 

using p  and q . One can, however, show that the use of Eq. 4.25 instead of Eq. 4.18 will not 

lead to a constant coefficient matrix. In general, a constant coefficient matrix can always be 

obtained if the number of variables is not reduced using the gas law of Eq. 4.16. Nonetheless, the 

advantage of the form of Eq. 4.25 is that the pressure and velocities can be interpolated 

independently. 

4.3.2. Wall Friction Forces 

A simple expression for the pipe wall friction force SF  is used in this study. In the case of duct 

flow, one may assume that the force SF  is only related to the wall shear stress as (Abdol-Hamid, 

1986) 

 SF d  ( 4.26) 

where d  is the hydraulic diameter, and   is the one dimensional flow shear stress. They are 

defined as (Abdol-Hamid, 1986) 

 
24 4

,
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  ( 4.27) 

where avgA  is the average area, and the wall friction factor wf  is a function of the local Reynolds 

number Re. The following relation between wf  and Re is often used: 
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  b

wf a Re  ( 4.28) 

where a and b are selected to give a good fit to data for different flow regimes; laminar, 

transition and turbulent. The expression for the friction force SF  can be introduced to the 

momentum equation. If the area of the pipe is constant, then constantavgA A  . 

4.4. Train Nonlinear Dynamic Equations 

The mathematical models of the air flow in the brake pipe and the commands of the locomotive 

automatic brake valve can be used to define the braking scenarios that affect the train 

longitudinal dynamics. In this section, the nonlinear dynamic equations of the train cars are 

developed using the trajectory coordinates. It is assumed that rail vehicle dynamics has no effect 

on the air flow in the brake pipe, while the braking forces can have a significant effect on the 

train longitudinal forces. 

4.4.1. Position, Velocity, and Acceleration 

In order to develop the nonlinear dynamic equations of motion of the train, the global position 

vector of an arbitrary point on a car body is first defined. The position vector ir of an arbitrary 

point on body i  with respect to the global coordinate system can be defined as shown in Fig. 41 

as (Shabana, 2010) 

 i i i i r R A u  ( 4.29) 

where iR  is the global position vector of the origin of the body coordinate system, iu  is the 

position vector of the arbitrary point on the body with respect to the local coordinate system, and 

iA  is the rotation matrix that defines the orientation of the local coordinate system with respect 

to the global system. In rigid body dynamics, iu  is constant and does not depend on time. 
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Figure 41. Coordinate systems 

Differentiating Eq. 4.29 with respect to time, one obtains the absolute velocity vector 

defined as 

 i i i i  r R u   ( 4.30) 

where i  is the absolute angular velocity vector defined in the global coordinate system, and 

i i iu = A u . The absolute acceleration vector is obtained by differentiating the preceding equation 

with respect to time, leading to 

  i i i i i i i     r R u u     ( 4.31) 

where i  is the angular acceleration vector of body i . The preceding equation can also be written 

in the following alternate form: 

   i i i i i i i i     r R A u u     ( 4.32) 
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where i i i= A   and i i iω = A ω . The angular velocity vectors defined, respectively, in the 

global and body coordinate systems can be written in terms of the time derivatives of the 

orientation coordinates i  as follows: 

 ,i i i i i i G G      ( 4.33) 

where iG and iG  can be expressed in terms of the orientation parameters i  (Shabana et al., 

2008). 

4.4.2. Trajectory Coordinates 

The trajectory coordinate formulation is suited for the study of the train longitudinal force 

dynamics since the car body degrees of freedom can be systematically reduced to a set that can 

be related to the track geometry. A centroidal body coordinate system is introduced for each of 

the railroad vehicle components. In addition to the centroidal body coordinate system, a 

body/track coordinate system that follows the motion of the body is introduced. The location of 

the origin and the orientation of the body/track coordinate system are defined using one 

geometric parameter is  that defines the distance travelled by the body along the track. The body 

coordinate system is selected such that it has no displacement in the longitudinal direction of 

motion with respect to the body/track coordinate system. Two translational coordinates, iry  and 

irz ; and three angles, ,ir ir  , and ir , are used to define the position and orientation of the body 

coordinate system with respect to the body/track coordinate system ti ti tiX Y Z , as shown in 

Fig. 42. 
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Figure 42. Trajectory coordinates 

Therefore, for each body i  in the system, the following six trajectory coordinates can be 

used: 

 [ ]i i ir ir ir ir ir Ts y z   p  ( 4.34) 

In terms of these coordinates, the global position vector of the center of mass of body i  

can be written as 

 i ti ti ir R R A u  ( 4.35) 

where iru is the position vector of the center of mass with respect to the body/track coordinate 

system, tiR is the global position vector of the origin of the trajectory coordinate system, and tiA  

is the matrix that defines the orientation of the body/track coordinate system and is a function of 

three predefined Euler angles ,ti ti  , and ti  which are used to define the track geometry. The 

vector tiR  and the matrix tiA  are functions of only one time dependent arc length parameter is . 

For a given is , one can also determine the three Euler angles 
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        T
ti i ti i ti i ti is s s s       that enter into the formulation of the rotation matrix tiA  

(Shabana et al., 2008). The vector iru  can be written as 

 [0 ]ir ir ir Ty zu  ( 4.36) 

The matrix irA  that defines the orientation of the body coordinate system with respect to 

the body/track coordinate system can be expressed in terms of the three time dependent Euler 

angles [ ]ir ir ir ir T    previously defined. 

4.4.3. Equations of Motion 

A velocity transformation matrix that relates the absolute Cartesian accelerations to the trajectory 

coordinate accelerations can be systematically developed. Using the velocity transformation and 

the Newton-Euler equations that govern the spatial motion of the rigid bodies, the equations of 

motion of the car bodies expressed in terms of the trajectory coordinates can be developed. The 

following form of the Newton-Euler equations is used in this chapter (Shabana, 2010): 
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 ( 4.37) 

where im  is the mass of the rigid body; I  is a 3 3  identity matrix; i
I  is the inertial tensor 

defined with respect to the body coordinate system; i
eF  is the resultant of the external forces 

applied on the body defined in the global coordinate system; and i
eM  is the resultant of the 

external moments acting on the body defined in the body coordinate system. The forces and 

moments acting on the body include the effect of the gravity, braking forces, coupler forces, and 

tractive effort and motion resisting forces. If ia  is the vector of absolute Cartesian accelerations 
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of the body, one can use the kinematic description given in this section to write the Cartesian 

accelerations in terms of the trajectory accelerations as 

 i i i i a B p γ  ( 4.38) 

In this equation, 
Ti iT iT   a R α , iB  is a velocity transformation matrix, and iγ  is a 

quadratic velocity vector (Shabana et al., 2008). Substituting Eq. 4.38 into Eq. 4.37 and pre-

multiplying by the transpose of the velocity transformation matrix iB , one obtains the dynamic 

equations expressed in terms of the trajectory coordinates, as described in detail in (Shabana et 

al., 2008). 

4.5. Locomotive Valve Model 

The air pressure in the brake pipe system is controlled by the brake locomotive automatic brake 

valve. The mathematical model of the 26C locomotive valve developed by Abdol-Hamid (1986) 

is used in this chapter. The valve and its main components are shown in Fig. 43. 
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Figure 43. 26C valve scheme 

The primary function of the automatic brake valve is to control air pressure in the brake 

pipe allowing for the application or release of the train and locomotive brakes. By changing the 
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position of the handle of this valve, the air pressure can be reduced (venting air to the 

atmosphere) or increased (recharging) at a controlled rate to apply or release the brakes, 

respectively. The main components of the 26C automatic brake valve are the regulating valve, 

relay valve, brake pipe cut-off valve, vent and emergency valves, and suppression valve. The 

main function of the regulating valve is to control the equalizing reservoir pressure which has a 

value that depends on the position assumed by the automatic brake valve handle. This pressure 

controls the relay valve which controls the air pressure along the brake pipe for the purpose of 

brake application or release. The brake pipe cut-off valve is located between the relay valve and 

the brake pipe, and its function is to allow communication with the pipe only when a threshold 

pressure value is reached. The vent and emergency valves are activated only in case of 

emergency and their function is to vent the air in both the brake pipe and the equalizing reservoir 

to the atmosphere. The resulting sudden drop in the air pressure leads to a faster brake 

application. The suppression valve is used to control the communication between the equalizing 

and the main reservoir. In this chapter, only the mathematical models of the first three valves; 

relay valve, regulating valve, and brake pipe cut-off valve, are developed. As in (Abdol-Hamid, 

1986), a variable or a component ,i jy  of the locomotive automatic brake valve denotes variable 

or component number j  associated with valve i ; for the relay valve, 1i  ; for the regulating 

valve, 2i  ; and for the brake pipe cut-off valve, 3.i   

In order to be able to develop the valve equations, several basic thermodynamics 

relationships must be used (John and Keith, 2006; White, 2008). The first is the universal law of 

gases for a volume fV  of a component f  given by 

 f f f g fP V m R   ( 4.39) 
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where fP  is the absolute pressure inside the volume (N/m2), fV is the volume (m3), fm  is the 

mass (Kg), gR is the gas constant (J/(Kg °K)) and f  is the temperature (°K). Differentiating the 

preceding equation with respect to time and assuming isothermal process ( f   is constant), 

one obtains 

 
1f f f

g f
f

dP dm dV
R P

dt V dt dt


 
  

 
 ( 4.40) 

There are different formulas for calculating the rate of mass flow through orifices 

(Abdol-Hamid, 1986; John and Keith, 2006; White, 2008). In this chapter, the following 

equation is used for air: 
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  ( 4.41) 

In this equation, A  is the area, u dr P P , and and u dP P  are, respectively, the pressure 

upstream and downstream of the orifice. As reported in the literature (Abdol-Hamid, 1986), the 

difference between different formulas is always less than 10%, which can be less than the error 

in calculating the geometric area of the orifice. The preceding equation, however, is simpler to 

use because it is valid for any value of the pressure ratio r (sonic or subsonic), while using other 

formulas requires a check of the value of r against the critical pressure ratio 1.893cr   that 

defines whether the flow is sonic or subsonic. 

4.6. Regulating Valve Operation 

The main function of the regulating valve, shown in Fig. 44a, is to control the equalizing 

reservoir pressure which controls the operation of the relay valve that regulates the air pressure 
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in the brake pipes. The regulating valve is controlled by one cam mounted on the shaft of the 

automatic brake valve handle. The valve has a self lapping feature that provides an automatic 

control of the equalizing reservoir pressure eqP  against leakage or overcharge (Abdol-Hamid, 

1986). 
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(a) Regulating valve scheme 

 

(b) Fluid network 

 

 (c) Valve areas 
Figure 44. 26C regulating valve 
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4.6.1. Brake Application and Release 

When the automatic brake valve handle is in the Release/Recharge position, the air pressure of 

the brake pipe bpP  must increase and the equalizing reservoir must be recharged. In this scenario, 

the cam rotates to a higher position allowing the supply valve seat 2,3A  to move left away from 

the handle, and causing the exhaust valve 2,2A  to be sealed. As a result, the air from the main 

reservoir with pressure mrP  flows through the supply valve 2,3A  and supply orifice EQVSA  

reaching the inner diaphragm chamber 2,1V , through the equalizing reservoir cut-off valve to, 

finally, the equalizing reservoir eqV . The equalizing reservoir pressure eqP  increases causing the 

supply valve to start closing. 

When the handle is within the service mode sector, the air pressure of the brake pipe bpP  

has to decrease in order to apply the car brakes. The regulating valve has to reduce the equalizing 

reservoir pressure eqP  which controls the relay valve that regulates the air flow to and from the 

brake pipe. The pressure reduction depends on the automatic brake valve handle position from 

the full service position. In the case of brake application, the cam rotates to a lower position 

allowing the regulating valve spool to move towards the handle (right), while the supply valve 

2,3A  is sealed and the exhaust valve 2,2A  is opened. At the same time, the air pressure mrP  from 

the main reservoir is removed, causing the equalizing reservoir cut-off valve to close. This 

allows the air to flow only from the equalizing reservoir to the regulating valve, preventing any 

possible increase of the equalizing reservoir pressure eqP  during the entire application. Thus the 

air flows from the equalizing reservoir eqV  through the cut-off valve, the inner diaphragm 
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chamber 2,1V , the exhaust valve 2,2A  and its orifice EQVEA to reach finally the atmosphere. As the 

equalizing reservoir pressure eqP  decreases, the exhaust valve seat moves right, causing the 

exhaust valve to start closing. The fluid network diagram of the regulating valve is shown in 

Fig. 44b. From this figure, one can see the two orifice areas ( EQVSA  and EQVEA ), which are fixed, 

and the 2,2A  and 2,3A  areas of the exhaust and supply valve respectively, which are variable and 

controlled by the handle position and air flow. The equalizing reservoir is connected to the outer 

chamber of the relay valve, and therefore, the pressure 1,1P  inside the relay valve outer chamber 

can be controlled by the equalizing reservoir pressure eqP . The pressure 1,1P  is used to control the 

operations of the relay valve which controls the pressure in the brake pipe. The relay valve 

operations are discussed in more detail in the following section. 

4.6.2. Pressure Rate 

In order to evaluate the time rate of change of the pressure in the outer chamber of the relay 

valve 1,1P , the mass flow rate 1,1m  through the feedback orifice 1,1A  must be calculated. The time 

rate of change of equalizing reservoir pressure eqP  depends on the rate of the mass flow 1,1m  to 

the relay valve through 1,1A , plus the mass flow rate 2,1m  through either the regulating supply 

valve or the exhaust valve depending on the braking scenario. Let REGP  denote the pressure 

inside the regulating valve, and REGA  denote the equivalent areas for both the supply and the 

exhaust valve connections. The equivalent area for the supply valve used in the case of brake 

release can be obtained assuming series connection as 
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 ( 4.42) 

where 2,3A  is variable depending on the handle position, while EQVSA  is constant (see appendix). 

In the case of brake application, the exhaust valve is used. In this case, the equivalent area for 

this valve connection is given, assuming again a series connection, as 
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 ( 4.43) 

In this equation, 2,2A  can vary depending on the handle position; while EQVEA  is constant. 

Applying Eq. 4.40 to the time rate change of eqP  and assuming the volume eqV  to be 

constant, one obtains 
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geq 1,11,2  ( 4.44) 

Using Eq. 4.41, the mass flow rate 2,1m  can be written as 
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  ( 4.45) 

where REG eqr P P  and REG mrP P  in the case of brake release and  REG aP P  in the case of 

brake application, where aP  is the atmospheric pressure. 

4.6.3. Equilibrium of the Regulating Valve Diaphragm 

Because the areas 2,2A  and 2,3A  are functions of the valve displacement REGX , it is important to 

evaluate this displacement. This displacement can be determined by studying the equilibrium of 
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the regulating valve diaphragm which is subjected to two forces; one on each of its side. The first 

force is due to the equalizing pressure eqP  and is equal to 1 2,1eqF P A  . The second force is due 

to the spring force and is defined as 2 2,1 2,1 2,1REGF S K X L   , where 2,1K  is the spring stiffness 

and 2,1L  is the spring preload force. Neglecting the effect of the diaphragm inertia, the 

equilibrium condition of the diaphragm is 1 2 0F F  , which defines REGX  as 

 2,1 2,1

2,1

eq
REG

P A L
X

K


  ( 4.46) 

The displacement REGX  and the geometry of the supply and exhaust valves can be used to 

evaluate the areas  2,2 2,2 REGA A X  and  2,3 2,3 REGA A X  as described in the appendix (Abdol-

Hamid, 1986). The areas 2,2A  and 2,3A  can then be substituted into Eq. 4.45, which in turn is 

substituted into Eq. 4.44, demonstrating that the right hand side of Eq. 4.45 depends nonlinearly 

on the equalizing reservoir pressure eqP . 

The valve starts to close when REGX  is less than a certain value CX , which is the 

maximum effective opening made by the valves obtained when the equalizing reservoir pressure 

eqP  reaches a cut-off value of CP  which is the final steady state value of eqP . Therefore, as an 

alternative to using Eq. 4.46, one can use the following equation: 

 
2,1

2,1
2,1

eq CP P A
X

K


  ( 4.47) 

with the assumption that 2,1 2,1eq C CP P K X A  . In the preceding equation, REGX  is renamed 

2,1X . Comparing Eqs. 4.46 and 4.47, one can show that  2,1 2,1 2,1 2,1C REGP A L K X X    (Abdol-
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Hamid, 1986). Starting with an initial value for eqP , Eq. 4.44 can be integrated to determine the 

value of the equalizing reservoir pressure eqP  as function of time and the position of the 

locomotive automatic brake valve handle. 

4.7. Relay Valve Operation 

Figure 45a shows a schematic diagram of the relay valve and its components. The diaphragm 

chamber is divided into two parts; the outer chamber with volume 1,1V  and pressure 1,1P , and the 

inner chamber with volume 1,2V  and pressure 1,2P . The displacement of the diaphragm causes the 

diaphragm rod to move, thereby controlling the relay supply valve 1,6A  and the relay exhaust 

valve 1,4A . 
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(a) Relay valve scheme 

 

(b) Relay valve free body diagram 

 

 (c) 26C relay valve fluid network 
Figure 45. Relay valve 
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As shown in Fig. 45b, there is always a gap 0X  between the diaphragm rod and one of 

the two relay valves (supply and exhaust); 0X  is the gap between the diaphragm rod and the 

supply valve when the diaphragm is in its rest position. The displacement of the diaphragm is 

measured by the variable 1,1X  along the longitudinal axis of the diaphragm rod; 1,1 0X   in the 

diaphragm rest position. When the diaphragm moves to right, it pushes the rod which reaches the 

supply valve after a displacement 0X ; when moving to the left, instead, the diaphragm is free 

until a displacement of 1,1 IX X   where it starts to pull the rod and open the exhaust valve. 

Moving right opens the supply valve 1,6A  (fully open when the maximum right displacement, 

controlled by stops, 1,1 SX X  is reached); and moving left controls the opening of the exhaust 

valve 1,4A  (fully open when the maximum left displacement, controlled by stops, 1,1 EX X   is 

reached). Because the gap is always present between the rod and at least one of the valves, only 

one (or none) of the two valves can be open at the same time. Through the feedback orifice 1,1A  

of the equalizing reservoir, the air can enter or leave the outer chamber 1,1V , adjusting the value 

of the pressure 1,1P  . This pressure exerts a force 1,1F  on the outer side 1,2A  of the diaphragm 

causing it to move. This force is opposed, at the other side of the diaphragm 1,2A , by the force 

1,2F  exerted by the pressure 1,2P  of the inner chamber 1,2V . The other forces acting are those of 

the springs; the exhaust valve spring force 1,1S , the supply valve spring force 1,3S  and the 

diaphragm rod spring force 1,2S . The effect of the stiffness of the diaphragm can also be 

considered. 



95 

 

4.7.1. Brake Release and Application 

During the brake Release/Charge mode, the equalizing reservoir pressure eqP  is increased by the 

action of the regulating valve, as previously explained. Consequently, 1,1P  also increases so that 

the net force acting on the diaphragm makes it move to the right causing the supply valve to start 

to open. The air, from the main reservoir with pressure mrP , flows through the supply valve to the 

intermediate volume 1,3V  (located between the inner chamber 1,2V  and the brake pipe cut-off 

valve). If the air pressure at the brake pipe cut-off valve is large enough to overcome the valve 

spring preload, the valve opens and the air can flow to the brake pipe, increasing its pressure bpP  

causing the brakes to release. The pressure on both sides of the diaphragm ( 1,1P  of the outer 

chamber and 1,2P  of the inner chamber) increases with almost the same time rate. When the 

brake pipe cut-off valve opens, 1,2P  in the inner chamber drops: this causes the diaphragm rod to 

move to the right, increasing the opening of the supply valve, and causing more air to flow 

through this valve, compensating for the pressure drop. Slowly the brake pipe pressure bpP  and 

the pressure 1,2P  of the inner chamber reach the value of 1,1P  (very close to the value of eqP ) 

causing the diaphragm to move left towards its lap position ( 1,1 0X X ) and the supply valve 

starts closing. 

In the case of brake application, the regulating valve causes the equalizing reservoir 

pressure eqP  to decrease, and consequently, the value of the pressure 1,1P  in the outer chamber 

decreases. As a result, the net force on the diaphragm reverses its direction and the diaphragm 

and its rod starts moving to the left opening the exhaust valve. The air flows from the brake pipe 
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through the exhaust valve opening 1,4A  and its orifice 1,5A  to the atmosphere. As a result, the 

brake pipe pressure bpP  drops at a service rate of application causing the brake application. In the 

steady state case, the pressures 1,1P , 1,2P and bpP  are approximately equal to the equalizing 

reservoir pressure eqP . In case of emergency, the pressure in the brake pipe decreases rapidly (at 

an emergency rate of application) to the atmospheric pressure. To avoid the situation in which 

the relay valve goes into the release mode, the vent valve is used to vent the air in the equalizing 

reservoir eqV  to the atmosphere, causing the pressure eqP  to decrease and, consequently, the 

pressure 1,1P  also decreases. 

4.7.2. Mathematical Model 

The time rate of change of the outer chamber pressure 1,1P  is due to the mass flow rate 1,1m  from 

the equalizing reservoir through the feedback orifice 1,1A . Keeping in mind that 1,1V  is not 

constant; the use of Eq. 4.40 leads to 

 1,1 1,1 1,1
1,1

1,1

1
g

dP dm dV
R P

dt V dt dt


 
  

 
 ( 4.48) 

Considering the fact that 1,2V  is not always constant, the time rate of change of 1,2P  in the 

inner chamber, due to the mass flow rate through the inner chamber orifice 1,3A  is 

 1,2 1,2 1,2
1,2

1,2

1
g

dP dm dV
R P

dt V dt dt


 
  

 
 ( 4.49) 

The time rate of change of the pressure 1,3P  in the intermediate constant volume 1,3V  is 

due to the mass flow rates 1,2m   through the inner chamber orifice 1,3A  (mass flow from the 
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inner chamber); 1,3m  through the supply valve 1,6A  or through the exhaust valve 1,4A  (plus the 

exhaust orifice 1,5A ); and 1,4m  through the brake pipe cut-off valve 3,3A  (mass flow from the 

brake pipe). Therefore, the equation for the pressure 1,3P  is 

 1,3 1,3 1,4 1,2

1,3

gRdP dm dm dm

dt V dt dt dt

  
   

 
 ( 4.50) 

The time rate of the two chamber volumes depend on the diaphragm velocity 

1,1 1,1u dX dt  and are defined as 

 1,1 1,2
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dV dV
A u A u

dt dt
    ( 4.51) 

The mass flow rates that appear in the preceding equations are defined as 
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 ( 4.52) 

where 2 2
1,4 1,5 1,4 1,5EXA A A A A   is the equivalent area of the exhaust valve and the orifice. In 

order to determine the velocity 1,1u , the equation of motion of the diaphragm must be used. Using 

Fig. 45b, one can show that the diaphragm equation of motion can be written as 
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 1,1
1 1,1 1,2 1,1 1,2 1,3 1,1d D

du
m F F S S S K X

dt
       ( 4.53) 

where 1,1F  is the force due to the action of pressure 1,1P  in the outer chamber 1,1V ; 1,2F  is the force 

generated by pressure 1,2P  in the inner chamber 1,2V ; 1,1S  is the exhaust spring force; 1,2S  is the 

diaphragm rod spring force; 1,3S  is the supply spring force; DK  is the spring constant of the relay 

valve diaphragm; and 1dm  is the equivalent mass of all the relay valve moving parts. Clearly, 

1dm  depends on the diaphragm displacement since not all the parts of the relay valve are always 

in motion, depending on which parts are in contact with the rod. The mass 1dm  can be written as 
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 ( 4.54) 

where 1,1 1,2 1,3 1,4,  ,   and d d d dm m m m  are the masses of, respectively, the diaphragm, the exhaust 

valve, the diaphragm rod and the supply valve. In the preceding system of equations, the first 

equation is used when the diaphragm is moving left, opening the exhaust valve; the second 

equation is used in the small range in which the diaphragm moves freely; the third equation is 

used during the gap 0X  that the rod has to travel before reaching the supply valve; and the last 

equation is used during the opening of the supply valve. The expressions for the forces that 

appear in Eq. 4.53 are presented in the appendix of the thesis. 

4.7.3. Simplified Model 

In order to develop a more efficient computational relay valve model, several assumptions can be 

made (Abdol-Hamid, 1986). First, the effect of the diaphragm inertia forces  1 1,1dm du dt  can be 
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neglected. Second, the outer chamber pressure 1,1P  can be assumed equal to the equalizing 

reservoir pressure eqP , that is, 1,1 eqP P . Third, the pressure 1,3P  in the intermediate chamber can 

be assumed equal to the inner chamber pressure 1,2P , that is, 1,3 1,2P P . Fourth, the intermediate 

chamber volume 1,3V  is small and can be assumed equal to zero ( 1,3 0V  ). Using the first three 

assumptions, one can show that the displacement 1,1X  takes the following form: 
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 ( 4.55) 

where 
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 ( 4.56) 

Note that 1,3 bpP P  for 1,1 0IX X X   . The nine cases presented in Eq. 4.55 correspond, 

respectively, to the scenarios of the supply valve fully open XS, supply valve opening, X0, both 

valve closed, diaphragm rest position, diaphragm free movement, start exhaust valve opening 
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-XI, and exhaust valve fully open EX . In order to determine 1,1X  of Eq. 4.55, one must 

determine 1,3P  which enters in the formulation of PD . By using the assumption 1,3 1,4m m  , one 

can show that (Abdol-Hamid, 1986) 
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 ( 4.57) 

where A and P can be either 1,6A  and mrP  (for the supply valve) or EXA  and aP  (for the exhaust 

valve), respectively. 

4.8. Brake Pipe Cut-off Valve Operation 

The brake pipe cut-off valve is shown in Fig. 46a. The forces acting on the piston are the forces 

exerted by the pressure 3,1P  ( 3,1 1,3P P ) which act on the upper side of the piston 3,2A ; the force 

exerted by the atmospheric pressure aP  which acts on the lower side 3,1A ; and the spring force 

3,1 3,1 3,1S K X  (plus preload). The valve opens if 3,1P  overcomes the resultant of the pressure aP  

force and the spring preload force. Figure 46b shows how the pressure 3,1P  coming from the relay 

valve through the orifice 3,3A , controls the opening of the valve, allowing or preventing the air 

flow to the brake pipe. 
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(a) Brake pipe cut-off valve scheme 

 

(b) Brake pipe cut-off valve fluid network 

 

 (c) Brake pipe cut-off valve free body diagram 
Figure 46. Brake pipe cut-off valve 
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In order to calculate the mass flow rate through the brake pipe cut-off valve 3,1m , the flow 

area 3,3A  needs to be evaluated. This orifice is controlled by the pressure  3,1 1,3P P  acting on 

the inner side of the piston 3,2A , which determines the piston and the valve displacement. Brake 

pipe cut-off piston has a very small mass which can be neglected. Using the valve free body 

diagram shown in Fig. 46c, the equilibrium equation is 

  3,1 3,2 3,1 3,1 3,1 3,1 0aP A P A K X L     ( 4.58) 

where 3,1K  is the valve spring rate, 3,1X  is the piston displacement, 3,1L  is the spring preload. 

The valve opens when the force due to the pressure 3,1P  overcomes the forces generated 

by the atmospheric pressure aP  and the spring preload force 3,1L , that is, when 

3,1 3,2 3,1 3,1aP A P A L  . This condition can be rewritten as 3,1 BP P , where  3,1 3,1 3,2B aP P A L A  . 

Note that the area 3,3A  of the annular ring created by the displacement 3,1X  and the 

diameter 3,3D  is 3,3 3,3 3,1A D X . In order to calculate this area, one needs to evaluate 3,1X  using 

Eq. 4.58 as 
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 ( 4.59) 

In this equation, BP   is the value of pressure that makes the piston reach the maximum 

displacement BX  (cut-off valve fully open). These two values depend on the dimensions of the 

brake pipe cut-off valve. 
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4.9.  Integration of Locomotive Valve, Brake Pipe and Train Dynamic Models 

The second order train nonlinear dynamic equations can be converted to a set of first order 

ordinary differential equations that can be integrated using a standard numerical integration 

method. As shown in this chapter, the first order ordinary differential equations that govern the 

air flow in the brake pipe can be written in the form Me = Q  (see Eq. 4.23). For a given value of 

the right hand side vector Q  and a set of initial conditions 0e , the air flow in the brake pipe 

differential equations can be solved numerically with the train differential equations to determine 

the air pressure and velocity as a function of time. In this section, two different scenarios will be 

discussed in order to demonstrate the integration of the brake pipe air flow and valve equations 

with the train nonlinear dynamic equations. The first scenario is a brake release after a train stop; 

while the second scenario is a brake application while the train is in motion. It should be noted 

that a complete air brake model must also include a car control unit that will be discussed in 

Chapter  5. 

4.9.1. Brake Release 

The steps of the algorithm used in this study for the brake release are summarized as follows: 

1. Before the train starts moving, one has the following conditions: the air pressures in the 

brake pipe and equalizing reservoir are equal to the full service brake pipe pressure, while 

the air flow velocity in the brake pipe is equal to zero; the brake pipe cut off valve is 

closed; and the relay valve is in the intermediate state, that is, 1,3 bpP P . 

2. For a given set of the train car body initial conditions, the train dynamic equations are 

formulated as a set of first order ordinary differential equations that can be solved using a 

standard numerical integration method. These equations are solved simultaneously with 
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the air flow differential equations (Eq. 4.23), the intermediate chamber pressure 

differential equation (Eq. 4.50), the equalizing reservoir pressure differential equation 

(Eq. 4.44), and the car control unit equations presented in Chapter  5 for the given initial 

conditions defined in the previous step. 

3. In the case of a brake release, the automatic brake valve handle is moved to the release 

position causing the supply valve of the regulating valve to open. Depending on the value 

of REGX  defined in the previous sections (Regulating Valve operation), Eq. 4.44 given by 











dt

dm

dt

dm

V

ΘR

dt

dP

eq

geq 1,11,2  can be numerically solved with the train dynamic equations. 

In the case of the simplified relay valve model, 1,1 0m  , while 2,1m  can be determined 

using Eq. 4.45 which is function of REGA  that depends on REGX  of Eq. 4.46. Therefore, 

Eq. 4.44 can be solved for the equalizing reservoir pressure eqP . The current value of the 

pressure eqP  is monitored in order to check on the relay valve state. 

4. As the equalizing reservoir pressure eqP  reaches a certain value, the relay supply valve 

starts opening. The supply valve area which is a function of 1,3P eqD P P   is defined in 

Eq. 8 ( 1,1X  that appear in this equation can be determined using Eq. 4.55). The pressure 

1,3P  of the intermediate chamber starts to increase due to the incoming air flow from the 

main reservoir. If the simplified relay valve model described in Section  4.7 of this thesis 

is used, the pressure 1,3P  can be determined using the equation 
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   2 2 2 2 2 2
1,3 3,3 1,6 3,3 1,6bp mrP P A P A A A   . At the same time, the brake pipe cut-off valve 

remains closed, and therefore, 3,3 0A  . 

5. When the pressure 1,3P  becomes larger than the pressure BP  defined in Section  4.8 by the 

equation  3,1 3,1 3,2B aP P A L A  , the brake pipe cut-off valve starts opening, and the air 

starts to flow to the brake pipe. The area of the brake pipe cut-off valve 3,3A  can be 

determined using Eq. 9 of the appendix. Using the current values of 1,3P  and 3,3A , the 

mass flow rate of Eq. 4.52 is used to determine 1,4m  ,which is used in the brake pipe air 

flow equations, close to the brake pipe cut-off valve. Note that the procedure used in this 

algorithm is based on Eq. 4.57 and Eq. 8 of the appendix. An alternate procedure can be 

developed based on Eq. 10 presented in the appendix. 

6. As the air pressure bpP  of the brake pipe increases, the brake shoes start separating from 

the wheel axles, until the brake release is completed. The process, thus, ends with the 

relay supply valve closed (with the assumption of no leakage) and the brake pipe cut-off 

valve fully open. At this configuration, 1,3 bpP P . Note that the value of the pressure 1,2P , 

which is equal to 1,3P  in the simplified model, that determines the closing of the supply 

valve is controlled by the regulating valve; as REGX  reaches a specified known value, the 

pressure eqP  of the equalizing reservoir increases and reaches its maximum value, the 

regulating supply valve closes, and no more air flows into the equalizing reservoir. Recall 

that the motion of the relay valve diaphragm depends on the pressure 1,1P  of the relay 

valve outer chamber which is connected to the equalizing reservoir which has the 
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pressure eqP  . As 1,1P  reaches its maximum value, the relay supply valve closes; and the 

air no longer flows from the main reservoir to the intermediate chamber of the relay 

valve. 

7. When the relay supply valve closes, 1,6 0A  , and Eq. 4.57 shows that 1,3 bpP P . This 

means that the pressure in the intermediate chamber will assume the value of the pressure 

in the brake pipe. 

4.9.2. Brake Application 

The steps of the algorithm in the case of service brake application can be summarized as follows: 

1. For a given set of the train car body initial conditions and track geometry, the 

train nonlinear dynamic equations are formulated as a set of first order ordinary 

differential equations that can be solved using a standard numerical integration 

method. These equations are solved simultaneously with the air flow differential 

equations (Eq. 4.23), the equalizing reservoir pressure differential equation 

(Eq. 4.44), the intermediate chamber pressure differential equation (Eq. 4.50), and 

car control unit equations (discussed in Chapter  5) for a given set of initial 

conditions. The dynamic simulation of the train subject to different forces 

continues until brakes are applied. 

2. Before the brake application, the brake system has the following conditions: the 

pressure bpP  in the brake pipe is equal to the pressure reached after the recharge; 

the velocity u  in the brake pipe relative to the train is equal to zero (steady state, 

with the assumption of no leakage); the brake pipe cut-off valve is fully open, and 
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1,3 bpP P . The pressure eqP  of the equalizing reservoir is assumed to be equal to 

the pressure 1,3P  of the intermediate chamber. 

3. When the handle is moved towards the application position, the exhaust valve of 

the regulating valve is opened. Depending on the value of REGX  defined in 

Section  4.6 , Eq. 4.44 given by 









dt

dm

dt

dm

V

ΘR

dt

dP

eq

geq 1,11,2  can be solved with the 

train differential equations to evaluate the equalizing reservoir pressure eqP  using 

the procedure described in the case of the brake release except for the initial 

condition and the use of the exhaust valve parameters instead of those of the 

supply valve. The initial condition for this first order ordinary differential 

equation is 1,3eqP P . Note also that in the simplified model 1,1 0m  . 

4. When the pressure eqP  is sufficiently low, the relay exhaust valve starts opening, 

letting the air flow from the brake pipe to the intermediate chamber through the 

brake pipe cut-off valve and then to the atmosphere through the exhaust valve. 

The exhaust valve area which is function of 1,3P eqD P P   is defined in Eq. 16 of 

the appendix. If the simplified model is used, the pressure 1,3P  starts to decrease 

according to the equation    2 2 2 2 2 2
1,3 3,3 3,3bp a EX EXP P A P A A A    (Eq. 4.57), as 

described in the appendix. During this process, the brake pipe cut-off valve 

remains fully open, that is, 3,3 2A C  as shown in the appendix by Eq. 9. 
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5. Using the current values of 1,3P  and 3,3A , the mass flow rate of Eq. 4.52 is used to 

determine 1,4m  which is used in the brake pipe air flow equations. The pipe 

pressure reduction activates the brake application mode of the car control units 

and this can result in brake force application on the car wheels. 

6. As the pressure 1,3P  continues to decrease, the exhaust valve closes. The brake 

application process, thus, ends with the relay supply valve closed and with the 

brake pipe cut-off valve fully open. The value of the pressure 1,3P  that determines 

the closing of the exhaust valve is controlled by the regulating valve in a similar 

manner as in the case of the brake release; as REGX  reaches a specified known 

value, eqP  decreases reaching its minimum value, the regulating exhaust valve 

closes. The minimum value of eqP  corresponds to a minimum value of the 

pressure 1,1P  that controls the relay exhaust valve closing. 

7. When the relay exhaust valve closes, 0EXA  , and Eq. 4.57 shows that 1,3 bpP P . 

This means that the pressure in the intermediate chamber will assume the value of 

the pressure in the brake pipe. 

Since the right hand side of Eq. 4.57 also depends on the pressure 1,3P , this pressure can 

be obtained by solving iteratively the nonlinear equation or can be calculated using the values of 

bpP  and EXA  from the previous time step. The value of EXA  from the previous step is updated 

with the new value of 1,3P  as described in the appendix. 
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It is important to point out that while in the model developed in this study the above-

mentioned steps are valid for both the service and emergency brake application modes, in the 

emergency mode, the brake pipe air vents to atmosphere not only through the brake pipe cut-off 

valve but also through the emergency portion of the CCU. Furthermore, it should be mentioned 

that, in order to include the car control unit model in the cases explained above, the time 

derivative of the pressures associated with the car control units have to be integrated with the 

locomotive valve, the brake pipe, and the train dynamic equations. These parameters are 

introduced and discussed in Chapter  5. 

4.10. Concluding Remarks 

The objective of this work is to integrate an air brake model with a nonlinear train dynamic 

model developed using the trajectory coordinates. To this end, an air brake model that includes 

three main parts; the automatic brake valve, the brake pipe, and the car control unit; was 

developed. In this study, these three main valves of the locomotive 26C automatic brake valve; 

the regulating valve, the relay valve, and the brake cut-off valve; were considered. The general 

equations governing fluid behavior, including the continuity and the momentum equations, were 

used to develop the brake pipe air flow model. Using the assumption of one-dimensional flow, 

one can obtain two first order partial differential equations expressed in terms of the pressure and 

velocity. Using the finite element method, the two partial differential equations were converted 

to a system of first order ordinary differential equations with a constant coefficient matrix. The 

two main scenarios that describe brake release and application were discussed and the 

computational algorithms for the simulation of these scenarios were presented. In Chapter  5, the 

car control unit and its operation during the brake release and application are discussed. That 
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chapter also includes numerical results that demonstrate the use of the proposed formulations and 

algorithms and their implementation in the computer program ATTIF (Analysis of Train/Track 

Interaction Forces) developed to study the train longitudinal forces. 
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5. AIR BRAKE COMPUTER IMPLEMENTATION 

As discussed in Chapter  4, the air brake system of a freight train consists of three main units; the 

locomotive control unit, the brake pipe, and the car control unit (CCU). The locomotive control 

unit, which is located in the controlling locomotive at the brake pipe head-end, controls the brake 

pipe pressure through the locomotive automatic brake valve. The brake pipe that connects the 

locomotive automatic brake valve to the CCUs transmits the brake operation signal as well as the 

pressurized air to the car control units. A common train brake has one locomotive control unit 

and one brake pipe. The number of the car control units, however, depends on the number of cars 

in the train. The CCU consists of different pneumatic and mechanical components that control 

the brake application or release. These brake modes depend on the brake pipe pressure and the 

automatic brake valve handle position that is controlled by the train operator. 

As discussed in Chapter  4, the goal in this investigation is to integrate the train nonlinear 

dynamic model developed using the trajectory coordinate formulation (Shabana et al., 2008) with 

the air brake model. The air brake model developed in this study consists of three units 

previously mentioned; the automatic brake valve that is assumed to be the 26C valve, the brake 

pipe that is assumed to be a continuous air transmission line that passes through all train cars, 

and the CCU that is installed on each car and is connected to the brake pipe by the branch pipe. 

The 26C automatic brake valve consists of several parts. In this research, three main valves of 

the automatic brake valve are considered and modeled (See Chapter  4); namely the regulating, 

relay, and brake pipe cut-off valves. The regulating valve that is directly controlled by the train 

operator via the automatic brake handle adjusts the pressure inside a reservoir called the 

equalizing reservoir. The relay valve has several chambers that are used to control the pressure 
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inside a chamber referred to as the intermediate chamber. The brake pipe cut-off valve is the 

valve through which air flows to or from the brake pipe, and it is the connection between the 

intermediate chamber and the brake pipe. The brake pipe air flow is modeled using the continuity 

and the momentum equations with the assumption of one-dimensional isothermal flow (John and 

Keith, 2006; White, 2008). The resulting two coupled partial differential equations are expressed 

in terms of the air velocity, pressure and their derivatives with respect to time and with respect to 

the longitudinal coordinate along the pipe. These equations are discretized using a linear finite 

element approach in order to obtain a set of first order ordinary differential equations. The 

unknown dependent variables are selected in such a way that allowed having a constant 

coefficient matrix. In order to further improve the efficiency of the computational procedure, 

simplifications are made in the automatic brake valve and the car control unit models. However, 

the analysis presented in Chapter  4 does not cover the car control unit which is one of main 

components of a train air brake system. 

A CCU, which is installed on each train car, consists of different pneumatic and 

mechanical components. The CCU model considered in this chapter is assumed to have the basic 

components; the control valve, the auxiliary reservoir, the brake cylinder, the brake rigging, and 

the brake shoes (Railway Technical Web Pages, 2010), as well as a component called the 

emergency reservoir that is only used in the case of emergency brake application. The control 

valve acts as a pressure sensor that operates based on the local brake pipe pressure (the pressure 

at the control valve connection point with the brake pipe) and its time rate of change. The control 

valve function is to connect different CCU parts and to control the air transfer between them. In 

the model used in this investigation, it is assumed that the control valve has the triple valve that 
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controls the communication between the brake pipe, the auxiliary reservoir, the brake cylinder, 

and the atmosphere. Furthermore, the emergency portion of the CCU controls the 

communication between the emergency reservoir and the brake cylinder. The auxiliary reservoir, 

the most frequently used CCU storage reservoir, supplies the pressurized air required for service 

brake application. The brake cylinder is the component where the pressurized air can push the 

cylinder piston to produce an axial force required to apply the brake. The brake rigging is a 

leverage mechanism that transmits the piston axial force and converts it to a normal force applied 

to the brake shoes on the car wheels; it is also used to magnify the normal brake shoe force 

magnitude. The brake shoe is the part that is pressed against the wheel by the normal force to 

produce the frictional brake retarding force. The magnitude of the normal brake force produced 

on the brake shoes depends on the automatic brake valve handle position that is controlled by the 

train operator. In this study, it is assumed that the train operator can apply three main brake 

operation modes; the brake release, service brake, and emergency brake modes. In the case of 

the emergency brake mode, both the emergency reservoir and the auxiliary reservoir are 

connected to the brake cylinder to produce higher brake cylinder pressure. CCU’s, in general, 

have more complicated fluid networks, which can result in other modes such as quick service 

mode that is not considered here. As it will be shown, the CCU studied in this chapter has the 

capability of acceptable modeling of various brake scenarios. 

While more studies on modeling train air brake can be found in the literature (Bansiter, 

1979; Limbert, 1991; Gauthier, 1977; Kreel, 1979; Wetenkamp, 1974, Wright, 1978), this 

chapter focuses on the CCU operation modes and the interaction between CCU components. The 

automatic brake valve and brake pipe models were developed in Chapter  4. A mathematical 
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model is developed for the CCU components, including the auxiliary reservoir, the emergency 

reservoir, and the brake cylinder. For different operation modes of the brake, the air flow 

between different CCU sections is modeled. This leads to a set of first order ordinary differential 

equations that are combined with the automatic brake valve and the brake pipe differential 

equations in order to define the air brake mathematical model. This model will be integrated with 

the nonlinear train dynamic model that employs the trajectory coordinates. The air brake/train 

differential equations are used in dynamic simulation scenarios of trains that have different 

numbers of cars, initial conditions, track geometry, and brake application modes. The numerical 

results, obtained using the integrated air brake/train model, are used to study the train 

longitudinal dynamic motion and forces. For each simulation scenario, the effects of the 

variations of air brake and train dynamics parameters are investigated. In order to validate the 

model developed in this study, the obtained numerical results are compared with experimental 

results published in the literature. The comparison show a good agreement between the results 

predicted using computer simulation and the experimental results. 

5.1. Car Control Unit (CCU) 

In addition to the brake pipe and the automatic brake valve, the train air brake system has another 

essential unit called the car control unit (CCU). While a train air brake has generally one brake 

pipe passing through all the cars and one automatic brake valve, a CCU is installed on each car. 

The number of the control units in a train air brake system, therefore, depends on the number of 

the cars in the train. The CCU consists of several mechanical and pneumatic components that are 

connected to one another. The brake pipe provides the pressurized air and the pneumatic 

operation signal to the cars, while the brake force is produced using the CCU components. The 
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CCU components may vary depending on the car type and the purpose for which these cars are 

used. The components of the CCU studied in this chapter are shown in Fig. 47. Figure 47 only 

shows a schematic representation of the CCU components while in reality the configuration of 

the components can be different. For instance, the auxiliary and emergency reservoirs are often 

welded one within the other, but here, for the sake of better distinction, they are shown separated 

on either side of the control valve. 

 

Figure 47. Car control unit components 

5.1.1. Control Valve 

One of the main CCU parts is the control valve. The car control valve is, in fact, a sensor that 

responds to the changes in the brake pipe pressure. The CCU valve controls the compressed air 

transfer between the brake pipe, the storage reservoirs (auxiliary and emergency), the brake 
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cylinder, and the atmosphere. While several control valve designs are used by railroad industry 

(Kratville, 1997), the triple valve (Sanborn et al., 2007) will be used in this study. The number 

and the types of reservoirs connected to the control valve depend on the desired valve 

capabilities of handling different brake operations. As shown in Fig. 47, the triple valve used in 

this study is connected pneumatically to three CCU components; the auxiliary reservoir, the 

emergency reservoir, and the brake cylinder. 

5.1.2. Auxiliary and Emergency Reservoirs 

The auxiliary reservoir is the CCU component that provides the pressurized air required for 

service brake application. The auxiliary reservoir, in other words, is one of the main CCU 

compressed air storage components where the air coming from the brake pipe is stored. The 

compressed air transfers from the brake pipe to the auxiliary reservoir through the CCU control 

valve during brake release/recharge. Similarly, the emergency reservoir is the other main air 

storage component that provides additional compressed air for emergency brake application, 

when occasionally needed. 

5.1.3. Brake Cylinder 

The brake cylinder is the CCU component that transmits the force required for brake application 

to the brake rigging and the brake shoes. As shown in Fig. 47, inside the brake cylinder, there is 

a piston connected to a spring used to return the piston to its release position during the brake 

recharge/release. In the CCU model developed in this study, the brake cylinder is filled with the 

pressurized air coming from the auxiliary reservoir during service brake; while during the 

emergency brake, it is filled from the air of both the emergency and auxiliary reservoirs. This 
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pressure pushes the piston against the spring producing braking force that is transmitted to the 

wheels through the brake rigging and the brake shoes. 

5.1.4. Brake Rigging 

The brake rigging is a common term used to refer to the mechanical system that consists of rods, 

levers, and connecting elements. The function of the brake rigging is the magnification of the 

brake cylinder force and the transmission of this force to the brake shoes. Other names such as 

foundation brake gear or truck rigging are also used in railroad industry to refer to different 

types of brake rigging (Kratville, 1997). 

5.1.5. Brake Shoe 

The car brake shoe, usually made of cast iron, sintered iron, or composite materials, produces 

frictional braking force when pressed against the wheel tread during brake application. During 

brake recharge/release, the brake shoe normal forces are relieved on the wheels when the air in 

the brake cylinder is vented. 

5.2. CCU Operation 

The air transferred from the brake pipe to the CCU reservoirs or from the brake cylinder to the 

atmosphere has to pass through the car control valve. The function of the control valve is to 

control airflow between the brake pipe, the brake cylinder(s), the auxiliary and emergency 

reservoirs, and the atmosphere. In order to control airflow between different parts of the brake 

system, the control valve functions based on the current air pressure of the brake pipe and its 

time rate change. The triple valve studied in this research has an internal valve called the slide 

valve as shown in Fig. 47. The slide valve can have three positions; the brake application, brake 

release, and lap positions, explained below. 
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5.2.1. Brake Application Position 

During service brake application, the brake pipe pressure begins to drop starting from the brake 

pipe cut-off valve that is usually on the controlling locomotive at the head-end of the train. As 

the brake pipe pressure falls below the auxiliary reservoir pressure, the slide valve of the control 

valve moves to the left as shown in Fig. 48 (the emergency components of the CCU are not 

shown since they are not active in this mode). The valve movement prevents the airflow between 

the brake pipe and CCU and closes the exhaust port of the control valve. The air then flows from 

the auxiliary reservoir to the car brake cylinder, pushing the piston to the left and producing the 

brake cylinder force that is magnified and transmitted to the car wheels through the brake rigging 

levers and shoes. 

 

Figure 48. The slide valve in the brake application position 

This process also takes place during emergency brake. However, in the case of service 

brake, there is no air flow from the brake pipe to CCU or the atmosphere, while during the 
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emergency brake, in addition to the above-mentioned operations, the emergency portion of CCU 

directly vents the brake pipe air to the atmosphere. In other words, during emergency brake, the 

emergency portion of CCU contributes to rapidly venting the brake pipe air by opening the CCU 

emergency vent valve that directly vents the brake pipe air to the atmosphere. In the case of 

emergency brake, furthermore, the emergency and auxiliary reservoirs are both connected to the 

brake cylinder, which results in a nominally 20% higher brake cylinder pressure at equalization. 

5.2.2. Release Position 

When the automatic brake valve handle is in the release position, the brake pipe pressure 

increases starting at the cut-off valve (usually the head-end controlling locomotive). As the pipe 

pressure continues to increase, it eventually exceeds the pressure of the CCU auxiliary reservoir, 

causing the slide valve to move to the right allowing the brake pipe air to flow to the auxiliary 

reservoir. The airflow to the auxiliary reservoir continues until its pressure becomes the same as 

the brake pipe pressure. This slide valve movement also disconnects the brake cylinder and the 

auxiliary reservoir, opening the valve exhaust port to allow the pressurized air inside the cylinder 

to vent to the atmosphere as shown in Fig. 49. In this case, the compressed cylinder spring 

pushes back the piston to its release position and in the meantime the brake shoes are relieved 

from the car wheels. Once all the auxiliary reservoirs are fully recharged, the air transfer to the 

brake pipe stops (with the assumption of no brake pipe leakage, other than flows to the branch 

pipes). 
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Figure 49. The slide valve in the brake release position 

5.2.3. Lap Position 

The lap position is an intermediate position for the slide valve. When the brake pipe pressure 

stops falling during service brake application, the lap mode can be activated. Because of the 

auxiliary reservoir airflow to the brake cylinder, the auxiliary reservoir pressure gradually 

decreases and eventually it becomes equal to the brake pipe pressure. At this moment, as shown 

in Fig. 50, the slide valve is moved to an intermediate position such that it closes all the 

connections between the brake pipe, the auxiliary reservoir, and the brake cylinder. As in the 

case of the brake application mode, the exhaust port also remains closed. As a consequence, the 

brake cylinder pressure remains constant, leading to a constant brake force application. 
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Figure 50. The slide valve in the lap position 

5.3. CCU Mathematical Model 

The CCU mathematical model developed in this section will be integrated with the brake pipe 

and train models discussed in Chapter  4. Figure 51 shows the CCU parameters of Car i  ( i  is the 

car number in the train starting from the brake pipe head-end). The CCU parameters in different 

brake modes as well as the brake force are calculated as described below. 
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Figure 51. The parameters associated with the control unit of car i 

5.3.1. Mass Flow Rates 

The airflow between the brake pipe, the atmosphere, and the CCU components depends on the 

local brake pipe pressure and its time rate. All pressures in the formulae that follow will be 

expressed in absolute pressure. Similar to the method used to calculate the mass flow rate in 

(Abdol-Hamid, 1986), the average density approach will be used in this section (Abdol-Hamid, 

1986). In this chapter, the total mass flow rate to component e is denoted by ee mdtdm  , while 

the mass flow rate from component f to component e as shown in Fig. 52, is denoted by fem   

calculated using the following formula: 
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where eP  is be the pressure inside component e , r  is the pressure ratio ( ef PPr  ), gR and Θ  

are the gas universal constant and gas temperature, respectively, and feA   is the equivalent area 
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of the two areas connecting the two components (i.e. eA and fA ). With the assumption of a 

series connection, feA   can be calculated as follows (Abdol-Hamid, 1986): 

 
22

22

11

1

fe

fe

fe

fe
AA

AA

AA

A





  ( 5.2) 

 

Figure 52. The mass flow rate between components e and f 

While Eq. 5.1 is based on the assumption that the two components, schematically shown 

in Fig. 52, have constant volumes, this equation is applicable to any CCU part; one only needs to 

change the subscript that refers to the CCU component. In this chapter, the letters bp, x, c, u, em, 

and a denote, respectively, the brake pipe, the auxiliary reservoir, the brake cylinder, the control 

unit, emergency reservoir, and the atmosphere. The schematic of the airflow between the above-

mentioned parts is shown in Fig. 53. 
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Figure 53. The mass flow rate between the brake pipe, atmosphere, and CCU components 

Using Eq. 5.1, the air flow to the auxiliary and emergency reservoirs of Car i  from the 

brake pipe ( emxe , and bpf  ) is obtained from the following equation: 
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where ),(  ),( emxePtxPr
ii eubpi  , ),( txP

iubp  is the local brake pipe pressure that is function of the 

location of the CCU connection point with the pipe 
iux  and time t , 

ibpxA )(  and 
ibpemA )(   are the 

equivalent areas connecting the pertinent components and are calculated from Eq. 5.2. Similarly, 

the air flow from the auxiliary and emergency reservoirs to the brake cylinder 

( ce  and emxf , ) can be obtained from the following equation: 
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where )( x,emf PPr
ii cfi  , 

ixcA )(  and 
iemcA )(  are the equivalent of the connecting areas 

obtained from Eq. 5.2. In addition, the air vented to the atmosphere ( ae  ) from the brake 

cylinder ( cf  ) or from the brake pipe ( bpf  ) is governed by the following equation: 
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where, )( bp,cf PPr afi i
 , 

icaA )(   and 
ibpaA )(   are the equivalent areas of the pertinent 

components of car i  that can also be calculated from Eq. 5.2. 

5.3.2. Pressure Rates 

In order to calculate the time rate of the pressure inside CCU component e, the following 

universal gas law is employed (John and Keith, 2006; White, 2008): 

 egeee ΘRmVP   ( 5.6) 

where eP  is the gas pressure (N/m2), eV  is the volume (m3), em  is the gas mass (Kg), gR  is the 

gas constant (J/(Kg °K)), and eΘ  is the temperature (°K), which is assumed to be the same as the 

temperature of the brake pipe air (i.e. ΘΘe  ). Assuming that all the processes taking place in 

the CCU are isothermal (Θ  is constant), one can differentiate Eq. 5.6 with respect to time to 

obtain the time rate of the pressure as 
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In this equation, it is assumed that pressure is evenly distributed inside component e. 

Equation 5.7 can be used to determine the time rate of the auxiliary reservoir pressure of car i . 

Using the fact that the volumes of the auxiliary and emergency reservoirs are constant, one can 

write as 
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Similarly, one can use Eq. 5.7 to calculate the time rate of the brake cylinder pressure as 

 









dt

dV
P

dt

dm
ΘR

Vdt

dP
i

i

i

i

i c
c

c
g

c

c 1
 ( 5.9) 

Unlike the auxiliary reservoir, the brake cylinder, in general, does not have a constant 

volume because of the piston movement. However, during the brake shoe force application, one 

can assume that the cylinder volume remains constant. 

5.3.3. The Car Brake Parameters in Different Brake Modes 

The CCU parameters discussed in the previous sections, depending on the brake mode, can be 

function of time, the car location in the train, and other air brake parameters. The variation range 

of these parameters as well as the relationship between them is presented in Table III. 
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Table III. The variation range of the parameters associated with car i 

Parameter  Brake Application Mode  Brake Release Mode 
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In this table, 
ibpm  is the rate of the pipe mass flow through the CCU of car i  to its 

auxiliary reservoir, to emergency reservoir, or to the atmosphere. In the model developed in this 

study, 
ibpm  is the parameter that links the brake pipe FE model to the CCU of car i . In order to 

include the effect of 
ibpm  in the FE model, the element where the car control valve is connected 

to the brake pipe is determined. Then, 
ibpm  is distributed between the two nodes of the element 

and is considered as the element leakage in the equations presented in Chapter  4. 

5.3.4. Brake Force 

In order to determine the brake force, the brake cylinder piston axial force has to be calculated. 

In general, in order to obtain the piston displacement 
ipu  and the brake cylinder pressure, a set of 

two coupled differential equations needs to be solved; the piston equation of motion and the time 

rate of the cylinder pressure equation. These two equations are 
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where 
ipm  is the piston mass, 

ipS  is the piston cross-section area, 
icK  is the stiffness constant of 

the cylinder spring, 
if

f  is the friction force, 
ipF  is the axial force of the piston, 

iconu . is the piston 

displacement when the brake shoes contact the wheels, )(
ipuh  is the Heaviside step function, 

i
V0  

is the initial volume of the brake cylinder, 
icS  is the cross-section area of the cylinder that is 

assumed to be approximately equal to that of the piston (i.e. 
ii pc SS  ), and )(tm

ic  is the cylinder 

mass flow rate that is obtained as presented in Table III, depending on the brake mode. 
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After the brake shoes contact the wheels, one can assume that 

2 2( ) ( ) 0
i ip pd u t dt du t dt  , and . .( ) , ( )

i i i ip con p conu t u u t u   which leads to  .( ) 1
i ip conh u t u  . 

Using these assumptions, the piston axial force can be calculated as 

  
iiiiii fconcpacp fuKSPtPtF  .)()(  ( 5.11) 

Furthermore, with the assumption of small piston acceleration and velocity, when 

ii conp utu .)(  , one can obtain the spring displacement using the following equation: 

   
iiiii cfpacp KfSPtPtu  )()(  ( 5.12) 

It should be noted that an ideal brake rigging transfers the entire normal force to the 

wheels without any loss. In reality, however, this is not the case. In other words, some fraction of 

the force is used to move the brake rigging components and to overcome the friction in its joints 

and connections. In order to take into account such an energy loss without considering the 

complicated equations of motion, joint constraints, etc of the brake rigging, a rigging efficiency 

can be used when the brake force is calculated. 
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Figure 54. The brake force applied on a car wheel 

Figure 54 shows the schematic of the brake force applied on one car wheel. Because of 

the rod and lever arrangement of the brake rigging, the brake force is often distributed among 

several car wheels, which are not shown in Fig. 54. If it is assumed that each car has one brake 

cylinder and the normal force resulting from the brake cylinder pressure is equally distributed to 

all brake shoes, the frictional tangential or retarding brake force for each shoe can be calculated 

as follows (Sanborn et al., 2007): 
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  ( 5.13) 

where i  is the rigging efficiency (which is often considered as a function of the brake cylinder 

pressure), i  is the friction coefficient between the wheel tread and the brake shoe, iR  is the 

brake rigging leverage ratio, and 
isN  is the total number of the brake shoes of the car. The brake 
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shoe retarding friction force obtained from Eq. 5.13 enters into the formulation of the generalized 

forces acting on the car. 

5.4. Integration of the Air Brake and Train Dynamics 

In this investigation, the train nonlinear dynamic equations are developed using the trajectory 

coordinates in order to allow for a systematic reduction of the car degrees of freedom when the 

train longitudinal dynamics is considered. Two coordinate systems are defined for each body; the 

centroidal body coordinate system iririr ZYX , and the body/track coordinate system ( tititi ZYX ) 

shown in Fig. 55. 

 

Figure 55. Trajectory coordinates 

The orientation and the location of the origin of the body/track frame is a function of the 

distance travelled is . As shown in Fig. 55, the six trajectory coordinates for car i  are 

 Tiriririririi zys ][ p  ( 5.14) 

The Newton-Euler equations of body i  can be written as 
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where im  is the body mass, iR  is the body global acceleration, i
eF  is the applied external force 

defined in the global frame; while i
I  is the body inertia tensor, iα  is the body angular 

acceleration, iω  is the angular velocity, and i
eM  is the external moment, all defined in the body 

coordinate system. The left hand side of Eq. 5.15 can be expressed in terms of the trajectory 

accelerations as described in the literature (Shabana et al., 2008). The dynamic equations of 

motion expressed in terms of the trajectory coordinates can then be converted to a set of first 

order ordinary differential equations that can be solved simultaneously with the air brake model 

equations. Figure 56 shows a schematic diagram that explains the integration of the automatic 

brake valve, air brake pipe, CCU, and train dynamic models. Therefore, the following sets of 

equations are solved simultaneously: 
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 ( 5.16) 

 

Figure 56. The relationship between the different models developed in this research 

The first set of equations in Eq. 5.16 has n  scalar equations that govern the train 

dynamics. In these equations, n  is the number of equations, 
nnTD 

B is the coefficient matrix that 

appears in the state space formulation of the equations of motion, 
1nTD 

y is the state vector, 

1nbrakeQ  contains the brake forces, and 
1nTDQ  contains other forces and moments acting on the 

car body. The second set of equations in Eq. 5.16 has the automatic brake valve and the brake 

pipe equations. In these equations, 
1mbp 

p and 
1mbp 

q are the FE brake pipe model variables, m  is 
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the number of elements, 
1mLQ  is the vector that contains the terms resulting from the leakage to 

the car control units, 
1mpQ contains other terms associated with the finite element discretization 

of the continuity equation, eqP  and 
13

P  are, respectively, the time rate of the pressure inside the 

equalizing reservoir and the intermediate chamber of the 26C automatic brake valve. The third 

set of equations in Eq. 5.16 has the CCU equations developed in this chapter. In these equations, 

1Nx 
p , 

1Nc 
p , and 

1Nem 
p  are the CCU pressures, N  is the number of cars, 

1NxQ , 
1NcQ , and 

1Nem 
Q are the vectors containing the mass flow rates of Eqs. 5.8 and 5.9. The release and brake 

applications scenarios presented in Chapter  4 can now be repeated in order to highlight the CCU 

operation. 

5.4.1. Brake Release 

When the train is at rest, the steps of the algorithm used for the brake release mode are as 

follows: 

1. Before the train starts moving, the slide valves are in the brake application 

position and the pressures inside the auxiliary reservoirs and the brake cylinders 

are equal to the full service brake cylinder pressure. The pressures inside the 

brake pipe, the equalizing reservoir, and the intermediate chamber are also 

assumed to be equal to the full service brake pressure. 

2. The train dynamic equations are formulated as a set of first order ordinary 

differential equations (first set of Eq. 5.16). These equations are solved 

simultaneously with other sets of equations in Eq. 5.16 for given initial conditions 
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of the train car body, automatic brake valve, brake pipe, and car control units, as 

defined in step 1. 

3. In the case of brake release, the automatic brake valve handle is positioned in the 

release mode. As a result, the pressure 13P  increases and becomes large enough to 

open the brake pipe cut-off valve, allowing airflow to the brake pipe as discussed 

in Chapter  4. The brake pipe FE equations will show that the pressure at each 

node begins to increase, while the CCU parameters (i.e.
1Nxp and

1Ncp ) remain 

unchanged. 

4. Linear interpolation is used to obtain the brake pipe pressure at the connection 

point with the CCU. At each time step, the interpolated value is compared with 

the auxiliary reservoir pressure of each car. The simulation continues until the 

brake pipe pressure becomes greater than the auxiliary reservoir pressure of one 

of the car control units. At this point, the CCU slide valve on that unit moves to 

the brake release position. 

5. The mass flow rates from the brake pipe to the auxiliary reservoirs and from the 

brake cylinders to the atmosphere are, respectively, calculated using Eqs. 5.3 and 

5.5. The calculated mass flow rate from the brake pipe is also used in the finite 

element equations as the brake pipe leakage (
1mLQ in Eq. 5.16). This mass flow 

rate is also used to determine the time rate of the auxiliary reservoir pressure 

using Eq. 5.8 while the brake cylinder mass flow rate is used to calculate the time 

rate of its pressure using the second equation of Eq. 5.10. 
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6. The pressure time rates are integrated using standard integration method with the 

train dynamic and other air brake equations presented in Eq. 5.16, at each time 

step. 

7. Steps 5 and 6 are repeated until the brake pipe pressure and auxiliary reservoir 

pressures all become equal to the intermediate chamber pressure. At the same 

time, the brake cylinder pressures decrease. The brake forces that are, in this 

mode, the maximum applicable frictional force (note that the wheels are at rest) 

are calculated using Eq. 5.13. 

8. Once all the brake cylinder pressures reduce to the atmospheric pressure, the 

shoes are separated from the wheels and the friction forces are completely 

removed from the train equations ( 0Q 
1nbrake  in the first equation of Eq. 5.16) 

and the train is ready to move. When, the automatic brake valve is in this brake 

release mode, its relay supply valve closes (with the assumption of no brake pipe 

leakage) and its intermediate chamber pressure will assume the brake pipe 

pressure. 

5.4.2. Brake Application 

When the train is in motion, the steps of the algorithm used for the service brake mode are as 

follows: 

1. Before brake application, the equalizing reservoir pressure, the intermediate 

chamber pressure, and the pressure in the brake pipe are equal. Moreover, the 

CCU slide valves are in the brake release position, and the CCU auxiliary 
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reservoir pressures are equal to the brake pipe pressure while the brake cylinder 

pressures are equal to the atmospheric pressure. 

2. The train dynamic equations are formulated as a set of first order ordinary 

differential equations and are solved simultaneously with the air brake equations 

for given initial conditions of the train car body, automatic brake valve, brake 

pipe, and control units, as defined in step 1. 

3. In the case of brake application, the automatic brake valve handle is moved to the 

application position. As a result, 13P  begins to decrease and the brake pipe cut-off 

valve opens. At this point, the brake pipe pressure begins to decrease while the 

CCU parameters (i.e.
1Nxp and

1Ncp ) remain the same. 

4. Using linear interpolation, the brake pipe pressure at the connection point with the 

CCU is determined and compared with the corresponding auxiliary reservoir 

pressures. As the local brake pipe pressure falls below the CCU auxiliary 

reservoir pressure, the CCU slide valve moves to the brake application position. 

Such a movement disconnects the brake pipe from the CCU while it opens the 

connection between the brake cylinder and the auxiliary reservoir. 

5. The rate of the mass flow from the auxiliary reservoir to the brake cylinder of the 

car is calculated using Eq. 5.4. The time rate of the auxiliary reservoir and the 

brake cylinder pressures can then be obtained using Eq. 5.8 and the second 

equation of Eq. 5.10, respectively. Unlike the brake release mode, in the case of 

brake application, there is no leakage from the brake pipe to the control units 

( 0Q 
1mL  in Eq. 5.16). 
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6. The brake forces that are determined from Eq. 5.13 are entered to the train 

dynamic equations (
1nbrakeQ in Eq. 5.16). The air brake and train dynamic 

differential equations are solved using standard integration method. 

7. Steps 5 and 6 are repeated until the pressure becomes equal throughout the brake 

pipe while the air inside the auxiliary reservoirs and the brake cylinders equalize 

at the full service brake pressure. When the automatic brake valve is in the brake 

application mode, its relay exhaust valve closes and the intermediate chamber 

pressure assumes the pipe pressure. 

It should be noted that during emergency brake, the leakage resulting from venting the 

brake pipe air, which is calculated using Eq. 5.5b, should be added to the finite element 

equations (
1mLQ  in Eq. 5.16). 

5.5. Numerical Results 

In all the simulations presented in this section, it is assumed that the cars of the trains have 

identical control units and all are connected to the brake pipe. It is further assumed that there is 

no brake pipe leakage in the first and second example. As a result, the pressure throughout the 

brake pipe, the auxiliary and emergency reservoir pressures in these examples are initially equal 

to the nominal brake pipe operating pressure (620.5 kPa gage or 90 psig), while the initial value 

of these pressures in the third example where the brake pipe leakage is present depend on the 

car/element location along the brake pipe. Nonetheless, the initial brake cylinder pressures in all 

the examples are assumed to be the same as the atmospheric pressure. Other decelerating forces 

such as air resistance, bearing and flange friction forces, curving drag forces, or track gradient 

forces, and the locomotive dynamic brake are not considered in this investigation. In the 
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simulations presented in this section, it is assumed that each car is fully loaded and has a mass of 

129727.42 kg (286000 lb) and is free to move along the track while all other degrees of freedom 

are constrained (1-DOF for each car). In addition to the cars, locomotives are included in the 

models but no CCU or locomotive brake is considered for them. The number of locomotives in 

each example depends on the number of the cars while each locomotive has a mass of 

166921.99 kg (368 000 lb). The coefficient of friction force against the air flow inside the brake 

pipe is assumed to be b
w Reaf )( , where Re  is the Reynolds number, a , and b  are the 

coefficients that depend on the flow regime (Abdol-Hamid, 1986) as given in Table IV. The 

locomotive automatic brake valve, the brake pipe, and the CCU properties that are used in the 

simulations presented in this section are shown in Tables V and VI (Abdol-Hamid, 1986; 

Sanborn et al., 2007). 
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Table IV. Friction coefficient for different flow regimes 

             
Coefficient 

Flow regime 

 
a 

 
b 

Laminar  64.00 -1.00 
Transient 0.000375 0.58 
Turbulent  0.154 -0.1403 

 
 

Table V. Brake pipe and automatic brake valve properties 

Parameter description  Value  
Air temperature 300 oK 
Air viscosity 1.95x10-5 Pa.s 
Atmospheric pressure 101.325 kPa (14.7 psia) 
Brake pipe diameter (1¼” Schedule 80 extra heavy pipe)  3.246 cm (1.278 inches) 
Operating pressure 620.5 kPa gage (90 psig) 
Main reservoir pressure 951.48 kPa gage (138 psig) 
Equalizing reservoir volume 3605.15 cm3 
Feedback orifice area of the relay valve 1.072 cm2 
Area of the relay valve diaphragm  83.613 cm2 
Supply valve flow area of the relay valve  2.700 cm2 
Exhaust valve flow area of the relay valve  4.382 cm2 
Cross-sectional area of the relay valve exhaust orifice  0.317 cm2 
Spring constant of the relay valve diaphragm  5.779 N/m 
Exhaust valve spring constant of the relay valve  1.734 N/m 
Spring constant of the relay valve diaphragm rod  3.597 N/m 
Supply valve spring constant of the relay valve  1.769 N/m 
Exhaust valve spring preload force of the relay valve  28.78 N 
Spring preload force of the relay valve diaphragm rod  28.157 N 
Supply valve spring preload force of the relay valve  16.458 N 
Brake pipe cut-off valve flow area  0.810 cm2 
Spring pre-load of the brake pipe cut-off valve  153.9 N 
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Table VI. Car control unit properties 

Parameter description Value  
Number of brake cylinders per car 1 
Number of brake shoes per car 8 
Brake rigging leverage ratio 10:1 
Brake rigging efficiency at full service brake 0.65 
Brake shoe/wheel friction coefficient  0.35 
Brake cylinder spring stiffness 14593 N/m 
Brake cylinder maximum swept volume  10296.3 cm3 
Brake piston effective frontal area 506.7 cm2 
Brake cylinder and auxiliary reservoir equivalent connecting area 0.0236 cm2 
Brake cylinder and emergency reservoir equivalent connecting area 0.0400 cm2 
Brake cylinder and atmosphere equivalent connecting area 0.0446 cm2 
Brake cylinder piping volume 4839.3 cm3 
Auxiliary reservoir to brake valve piping volume plus quick service 
volume in pipe bracket  

4439.1 cm3 

Emergency reservoir to brake valve piping volume  3186.6 cm3 
Auxiliary reservoir volume 40967.66 cm3 
Auxiliary reservoir and brake pipe equivalent connecting area 0.0201 cm2 
Emergency reservoir volume 57354.72 cm3 

 

5.5.1. Brake Application in a 4-Car Model 

As a first example, a 4-car model with one locomotive all moving with initial forward velocity of 

24.6 m/s (55.0 mph) on an S-curve track is considered. The brake pipe length is 58.0 m 

(190.29 ft) and is modeled using 15 linear finite elements. The simulation starts when the train 

operator moves the brake handle in order to reduce the train speed on the curved section of the 

track. The operator applies a full service brake and the simulation continues until the train 

velocity reduces to 8.05 m/s (18.0 mph). The simulation results of this model are presented in 

Figs. 57-62. Figure 57 shows the train mass center acceleration as a function of time, while the 

velocity of car 1 is shown in Fig. 58. The brake force applied on the wheels of car 1 is shown in 

Fig. 59. 
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Figure 57. Train mass center acceleration 

 

 

Figure 58. Velocity of car 1 
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Figure 59. The brake force of car 1 

The difference between the pressures on the two sides of the relay valve diaphragm is 

also plotted in Fig. 60. Figure 61 shows the pressure inside the equalizing reservoir and at the 

two ends of the brake pipe. Since the brake pipe is not very long, there is no significant time 

delay between the brake pipe head end and its rear end in response to the brake application. In 

long trains, however, there can be a considerable time delay depending on the brake pipe length. 

In Fig. 62, the pressure variations inside the CCU auxiliary reservoir and the brake cylinder of 

car 4 are shown. 
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Figure 60. Pressure difference between the two sides of the relay valve diaphragm 

 

 

Figure 61. Pressure (gage) inside the equalizing reservoir and the brake pipe 
(  Head-end pressure,  Rear-end pressure, 

Equalizing reservoir pressure) 
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Figure 62. Auxiliary reservoir and brake cylinder pressures (gage) of car 4 
(  Auxiliary reservoir pressure of car 4,  Brake cylinder pressure of car 4) 

5.5.2. Brake Application and Recharge in a 75-Car Model 

In this section, a 75-car model for a train with 3 locomotives travelling on a tangent track is 

considered. It is assumed that all the cars and the locomotives have initial forward velocity of 

29.1 m/s (65.0 mph), and the brake pipe length is 1059.5 m (3476.05 ft), which is modeled using 

150 finite elements. At the beginning of the simulation, the train operator starts to apply a full 

service brake and after 60.0 seconds the brake handle is moved to the release mode. The results 

of this simulation are presented in Figs. 63-67. Figure 64 shows the pressures of the control unit 

components of cars 1 and 75 as functions of time. As shown in Fig. 64, after the operator 

releases the brake, it takes approximately 79.0 seconds for the auxiliary reservoir of car 1 to be 

fully recharged. 
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Figure 63. Pressure (gage) inside the equalizing reservoir and the brake pipe 
(  Head-end pressure,  Rear-end pressure, Equalizing 

reservoir pressure) 

 

Figure 64. Auxiliary reservoir and brake cylinder pressures (gage) of cars 1 and 75 
(  Auxiliary reservoir pressure of car 1,  Brake cylinder pressure of car 1, 

  Auxiliary reservoir pressure of car 75,  Brake cylinder pressure of car 75) 
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Figure 65. The brake force of car 75 

 

 

Figure 66. Train mass center acceleration 
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Figure 67. Train mass center velocity 

5.5.3. Service and Emergency Brake in a 100-Car Model 

In this example, a long train with 100 cars and 4 locomotives travelling on a tangent track is 

considered. The brake pipe, which has length of 1418.5 m (4653.87 ft), is modeled using 200 

finite elements. Although more finite elements can be used, the use of 200 finite elements was 

found to be sufficient to achieve the required accuracy with less computational time as compared 

to the models that employ more finite elements. In this example, it is assumed that the train cars 

and locomotives have initial forward velocities of 31.29 m/s (70.0 mph). Unlike the two previous 

examples, it is assumed that the brake pipe has a leakage of 0.0283 m3/s (60 cfm). As a result, 

the initial brake pipe pressure, and the initial auxiliary and emergency reservoir pressures of the 

cars depend on the car/element location along the brake pipe. The simulation starts when the 

operator initially moves the brake handle to apply a full service brake. Then, in order to achieve 
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higher deceleration, after 50 seconds the operator applies the emergency brake and the 

simulation continues until the train stops. 

Figure 68 shows the train mass center acceleration due to brake application. It is observed 

that the emergency brake application causes the mass center acceleration to reach the maximum 

value more rapidly. This is because of the fact that in a full service mode, as the auxiliary 

reservoir and the brake cylinder pressures approach the equalization pressure, the air flow rate 

between the two decreases. This leads to slower increase of the acceleration. However, once the 

emergency mode is activated, the emergency reservoir that still has its original pressure is 

connected to the brake cylinder, which results in a rapid increase in the brake cylinder pressure. 

Furthermore, such a connection leads to a higher brake cylinder pressure and as a result a higher 

acceleration than those of a full service brake (e.g. previous 75-car example) as observed in 

Fig. 68. 

 

Figure 68. Train mass center acceleration 
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Figure 69 shows that after the emergency mode activation, the equalizing reservoir 

pressure rapidly reduces to the atmospheric pressure. It is observed that the pressure at the CCU 

locations of cars 25 and 75 also decreases much more rapidly after the emergency brake 

application due to the local brake pipe venting. The pressures of the CCU components of cars 1 

and 100 are shown in Fig. 70. It is observed that the auxiliary reservoir, brake cylinder, and 

emergency reservoir of the car 1 eventually equalize at 541 kPa gage (78.5 psig). It can be 

observed that approximately at t = 97 s, the brake cylinder of the last car has its highest pressure. 

After this instant, the brake force reaches its maximum, and as a result, the acceleration stops 

increasing (Fig. 68). As shown in Fig. 71, car 1 travels 2254.2 m (7395.67 ft) after brake 

application before it stops. 

 

Figure 69. Pressure (gage) inside the equalizing reservoir and the brake pipe 
(  Pipe pressure at the control unit location of car 25,  Pipe pressure at the 

control unit location of car 75,  Equalizing reservoir pressure) 
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Figure 70. Auxiliary reservoir and brake cylinder pressures (gage) of cars 1 and 100 
(  Auxiliary reservoir pressure of car 1, Brake cylinder pressure of car 1, 

 Emergency reservoir pressure of car 1,  Auxiliary reservoir pressure of car 
100,  Brake cylinder pressure of car 100,  Emergency reservoir pressure of car 

100) 

 

Figure 71. Distance travelled by car 1 



152 

 

5.6. Validation 

In order to validate the air brake dynamic model developed in this study, the results obtained 

using numerical simulations are compared with the experimental and analytical results. 

5.6.1. Comparison with Experimental Results 

A brake pipe and a 26C automatic brake valve with the same properties of those used in 

experiments reported in the literature are used. It is assumed that the pipe has effective length of 

304.8 m (1000 ft) and there is no brake pipe leakage or leakage to the car control units 

(Abdol-Hamid, 1986). Furthermore, in order to be consistent with the experiment, only the air 

brake model is considered here and the train dynamic model is ignored. That is, the simulations 

in this section are carried out with the cars stationary, using a nominal brake pipe operating 

pressure of 413.7 kPa (60 psig). The air brake is modeled using 200 linear finite elements. The 

brake application and recharge modes are simulated, and the brake pipe pressure variations are 

determined. 

First, at the beginning of the simulation, the automatic brake valve handle is positioned in 

the brake application sector, which results in 158.6 kPa (23 psi) reduction in the equalizing 

reservoir pressure. Consequently, the brake pipe pressure reduces from the operating pressure to 

the equalizing reservoir pressure. The results of the simulation are presented in Figs. 72-74, and 

these results are compared with the experimental results reported in the literature (Abdol-Hamid, 

1986). 
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Figure 72. Equalizing reservoir pressure (gage) comparison 
(  Experimental results,  Present model results) 

 

Figure 73. Head-end pressure (gage) comparison 
(  Experimental results,  Present model results) 
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Figure 74. Rear-end pressure (gage) comparison 
(  Experimental results,  Present model results) 

Second, the recharge mode is simulated. It is assumed that initially the equalizing 

reservoir pressure and pressure throughout the brake pipe are all equal to 255.1 kPa (37 psig). At 

the beginning of the simulation, the automatic brake handle is positioned in the recharge mode, 

which results in an increase in the brake pipe pressure until the brake pipe is completely charged. 

The results of the simulations and the experimental results are shown in Figs. 75-77. The 

comparison presented in Figs. 72-77 show a good agreement between the simulation and 

experimental results. 
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Figure 75. Equalizing reservoir pressure (gage) comparison 
(  Experimental results,  Present model results) 

 

Figure 76. Head-end pressure (gage) comparison 
(  Experimental results,  Present model results) 
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Figure 77. Rear-end pressure (gage) comparison 
(  Experimental results,  Present model results) 

5.6.2. Analytical Validation of Airbrake Dry Charge 

In this section, the mass transferred to the brake pipe and the CCU reservoirs during a dry 

charge, which is simulated using the model developed in this investigation is calculated and 

compared with the analytical result obtained using the universal gas law. A stationary train with 

100 cars and 4 locomotives is considered with a brake pipe length of 1418.5 m (4653.87 ft), 

while its brake pipe is modeled using 200 elements. It is assumed that initially, the pressure 

throughout the brake pipe and the CCU components are the atmospheric pressure and there is no 

brake pipe leakage. As the simulation starts, the automatic brake valve handle is positioned in the 

recharge mode until all auxiliary and emergency reservoirs are completely charged to 620.5 kPa 

gage (90 psig). It is assumed that the airbrake system properties are the same as the ones used in 

the previous examples as given in Tables V and VI. The results show that it takes approximately 

1420 seconds for the air brake to be completely charged (Fig. 78). The simulation stops when all 
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the CCU auxiliary and emergency reservoirs are fully charged. Figure 79 shows the mass 

transfer rate at the head-end of the brake pipe obtained using the present model. 

 

Figure 78. Pressure (gage) at the brake pipe ends during dry charge 
(  Head-end pressure,  Rear-end pressure) 

 

Figure 79. Mass transfer rate during dry charge 
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The total mass transferred to the brake pipe can be obtained as follows: 

 
0

et

air head endm m dt     ( 5.17) 

where et  is the simulation time and airm  is the total mass transferred to the pipe. Using 

numerical integration, one obtains 26.83 airm  kg for 1.1420et s. 

On the other hand, the total transferred mass can be simply calculated using the universal 

gas law 

 
R

V
Pm total  ( 5.18) 

where 5.620P  kPa is the difference between the pressures at the end and the beginning of 

the dry charge process, and 11.768totalV  m3 is the total volume of the brake pipe and the CCU 

components (including auxiliary and emergency reservoirs, branch pipes, etc) of all the cars. 

Using the preceding equation, one obtains  84.84m Kg. By comparing the results of Eqs. 5.17 

and 5.18, one can show that the error is approximately 1.86%. 

5.7. Concluding Remarks 

In this study, a train air brake model was developed and integrated with a nonlinear train 

dynamic model based on the trajectory coordinates. The air brake model considered in this 

investigation includes three parts; the 26C locomotive automatic brake valve that controls air 

transfer to or from the brake pipe based on the brake valve handle position, the brake pipe that 

transmits the brake signal coming from the locomotive valve as well as the pressurized air to the 

control units, and the car control units that are installed on each car and apply the frictional brake 

force on the car wheels using their mechanical and pneumatic components. For the 26C 
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automatic brake valve, the models of the regulating, relay, and brake pipe cut-off valves were 

developed. Furthermore, a linear finite element model was developed for the brake pipe air flow. 

For the car control unit, it was assumed that the triple valve was used as the control valve. This 

control valve is connected to the branch pipe, the CCU auxiliary reservoir, emergency reservoir, 

and brake cylinder of the car. The triple valve operation that is function of the brake pipe 

pressure was discussed and the relationship between the CCU parameters for each operation 

mode was presented. A mathematical model for the CCU was developed and the car brake force 

was calculated in terms of the CCU parameters. Computer simulations that include trains with 

different brake pipe lengths, tracks, and initial forward velocities were considered and the train 

dynamic response to the air brake operation as well as the variations of the air brake parameters 

in the cases of the service, emergency, and recharge modes were investigated. Experimental 

results reported in the literature as well as simple analytical models were used to validate the 

computer simulations results. 
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6. SUMMARY AND CONCLUSIONS 

This thesis addressed three important topics associated with the wheel/rail contact analysis and 

the train longitudinal dynamics. These topics are the effect of the choice of the contact frame on 

the contact parameters, the development of a multipoint wheel/contact search algorithm, and the 

integration of an air brake model with efficient train longitudinal force algorithms. The results 

and conclusions of this study are summarized in this chapter. 

In wheel/rail creep force formulations, the rolling direction is used with the normal to the 

contact surfaces to construct the contact frame in which the tangential creep forces are defined. 

When Hertz theory is used, an assumption is made that the rolling direction is the same as the 

direction of one of the axes of the contact ellipse. The rolling direction, however, depends on the 

motion of the wheel with respect to the rail; while the directions of the axes of the contact ellipse 

depend only on the geometry of the wheel and rail surfaces and they are determined using the 

principal directions. This investigation aimed at studying this fundamental problem and 

comparing the results obtained using three different contact frames. These frames are the rolling 

direction (RD) frame, the contact ellipse (CE) frame and the longitudinal tangent (LT) frame. 

The RD frame is rarely used in the railroad vehicle simulations and can lead to problems in 

traction and braking scenarios and also in the case of velocity discontinuities due to impact 

between the vehicle components. While none of the axes of the contact ellipse define in general 

the rolling direction, the CE frame is the one used in many investigations on railroad vehicle 

systems. Some authors have also employed the LT frame which is independent of Hertz theory 

and does not involve any motion variables such as the angular velocities. The results obtained 

using the three contact frames were compared and it was shown that the results obtained using 
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the CE and LT contact frames were in a very good agreement. However, there are simulation 

scenarios in which the rolling direction as defined by the angular velocity vector can 

significantly differ from the axes of the contact ellipse. The numerical results obtained in this 

study shows that while there can be differences in the creepage results of different contact frame 

models, the contact forces obtained using all these models, in the case of realistic scenarios, are 

in a good agreement despite the significant orientation difference between different frames. Such 

a good agreement for the force results can be attributed to the dominant effect of the spin 

creepage in the lateral force calculations. However, in some extreme cases, there can be 

differences between the results obtained using different contact frames, in particular the results 

of the RD model can significantly differ from the results of the CE and LT models. 

Furthermore, in this thesis, a multipoint contact search algorithm was developed. The 

developed algorithm imposes no limitation on the method used to find the first point of contact 

or on the number of contact points. The algorithm is capable of finding the contact points with a 

good precision because of the use of an iterative Newton-Raphson algorithm. The developed 

algorithm successfully finds multiple wheel/rail contact points. This was demonstrated by two 

examples in this thesis. A comparison between the results obtained using the constraint and 

elastic contact methods in the case of multipoint contact scenario was made and the differences 

between these methods in predicting the contact force distributions were discussed. It was 

demonstrated by an example that the change of the contact method used for predicting the first 

contact point in the case of multipoint contact scenarios could considerably affect the normal 

force distribution among the contact points. 
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Ultimately, in this thesis, a train air brake model was developed and integrated with a 

nonlinear train dynamic model based on the trajectory coordinates. The air brake model 

considered in this investigation includes three parts; the 26C locomotive automatic brake valve 

that controls air transfer to or from the brake pipe based on the brake valve handle position, the 

brake pipe that transmits the brake signal coming from the locomotive valve as well as the 

pressurized air to the control units, and the car control units that are installed on each car and 

apply the frictional brake force on the car wheels using their mechanical and pneumatic 

components. For the 26C automatic brake valve, the models of the regulating, relay, and brake 

pipe cut-off valves were developed. Furthermore, a linear finite element model was developed 

for the brake pipe air flow. For the car control unit, it was assumed that the triple valve was used 

as the control valve. This control valve is connected to the branch pipe, the CCU auxiliary 

reservoir, emergency reservoir, and brake cylinder of the car. The triple valve operation that is 

function of the brake pipe pressure was discussed and the relationship between the CCU 

parameters for each operation mode was presented. A mathematical model for the CCU was 

developed and the car brake force was calculated in terms of the CCU parameters. Computer 

simulations including trains with different brake pipe lengths, tracks, and initial forward 

velocities were considered and the train dynamic response to the air brake operation as well as 

the variations of the air brake parameters in the cases of the service, emergency, and recharge 

modes were investigated. Experimental results reported in the literature as well as simple 

analytical models were used to validate the computer simulations results. 
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APPENDIX 
 
 

1. Calculations of the Regulating Valve Areas 

The regulating valve equations presented in this Chapter  4 are expressed in terms of areas that 

will be evaluated in this section of the appendix. As discussed in Chapter  4, the regulating valve 

areas 2,3A  and 2,2A  are functions of the valve displacement; denoted as 2,1X . Assume that there 

are only two variable surface areas created by the relative movement of the valve with respect to 

its seat. One of these areas is perpendicular to the valve movement direction X, called xA ; while 

the other is tangent to the valve movement, called rA . For xA , one has: 

   2 2
0 2,1xA r r X   (1) 

where 0r  is the radius of the valve seat, and  2,1r X  is the inner radius of the annular orifice 

which varies with the valve displacement. The radius  2,1r X  can be defined as 

    0 2,1

2,1

r l X
r X

l


  (2) 

If 45   , then 0l r , and  2,1r X  is given in this special case by  2,1 0 2,1r X r X  ; 

and the area in this special case reduces to  2

0 0 2,1xA A r X   . For rA , one has 

 2,1r IA D X  (3) 

where ID  is the diameter of the inner area of the valve seat. Assuming that xA  and rA  are in 

series, the equivalent area EQVA  can be defined as 
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x r
EQV

x r

A A
A

A A



 (4) 

EQVA  can be 2,2A  for the exhaust valve and 2,3A  for the supply valve. 

2. Relay Valve Diaphragm Forces 

In this section of the appendix, the expressions for the forces that appear in Eq. 4.53 are 

developed. As discussed in Section  4.7, during the movement of the diaphragm not all the force 

components are active. The forces 1,1 1,1 1,2F P A  and 1,2 1,2 1,2F P A  are always present, while the 

force 1,2S  takes the following values in the specified ranges: 

  
1,2 1,2 1,1 1,1

1,2 1,2 1,2 1,1 1,1

                  0

    X X

0                                     otherwise

S

I E I

L K X X X

S L K X X X

   


      



 (5) 

When the supply valve is open, 1,1 0S  , and 

  1,3 1,3 1,3 1,1 0 0 1,1     X SS L K X X X X      (6) 

When the exhaust valve is open, 1,3 0S  , and 

  1,1 1,1 1,1 1,1 1,1     XI E IS L K X X X X         (7) 

where 1,1K , 1,2K , 1,3K  are the spring constants; and 1,1L , 1,2L , 1,3L  are the spring preloads. 

For the relay valve, there are two variable areas, the supply 1,6A  and the exhaust 1,4A , that 

depend on the displacement 1,1X . Note that 1,6 0A   when 1,1 0X X , and  1,6 1,6 1,1 0A D X X   

for 0 1,1 SX X X  . On the other hand, 1,4 0A   when 1,1 IX X   and  1,4 1,4 1,1 IA D X X    
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for 1,1E IX X X    . Recall that the supply valve is open only when the displacement is greater 

than 0X , while the exhaust valve is open when it is less than -XI. 

3. Relay Valve Sates 

The relay valve has different modes of operations defined mainly by the difference between the 

equalizing reservoir pressure eqP  and the intermediate chamber pressure 1,3P . The three possible 

modes of operation are the supply state, the intermediate state, and the exhaust state. Figure 80a 

shows the relationship between the relay valve states and the difference between the two 

pressures acting on the diaphragm surfaces, while Fig. 80b shows the configuration of the relay 

supply valve, the brake pipe cut-off valve and the relay exhaust valve as function of the value 

assumed by pressure 1,3P . By examining these figures, one can better understand the three modes 

of operation of the relay valve which are summarized in the remainder of this appendix. 



170 

 

 

 

 (a) Relay valve states 

 

 (b) Supply, brake pipe cut-off, and exhaust valves configurations 
Figure 80. Valve states and configurations, Appendix 

3.1. Supply State 

The opening of the supply valve can be activated during any of the brake pipe modes 

(application, release/recharge, emergency). In order for the relay valve to maintain the pre-

selected pressure value against the brake pipe leakage, the lapping position is considered as part 
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of the supply state, for any of the above mentioned modes. The values of the pressure P  and the 

area A  used in Eq. 4.57 are mrP P , and 1,6A A . As previously mentioned, 1,6A  is a function of 

the valve displacement 1,1X , which is again a function of the pressure 1,3P . As shown in the 

previous section, 1,6A  can be determined using the following equation: 

  1,6 1,6 1,1 0A D X X   (8) 

Note that 1,1X  can be determined using Eq. 4.55. Also the brake pipe cut–off valve 

area 3,3A (depending on the valve displacement 3,1X ) is function of 1,3P  (which is equal to 3,1P ). 

Equation 4.59 also leads to 

 

1,3 3,1

3,1 3,1
3,3 3,3 3,2 1,3 3,1 3,2

3,1 3,1

3,3 2 1,3 3,1

0  (closed), , 0

, ,

, ,

B

B B
B B

B B B

P P X

P P P P
A D A P P P X A

K K

D X C P P X X

 

 

  


     

    

 (9) 

Substituting the obtained values for P and A, Eq. 4.57 can in general be written in the 

following form: 

  
4

1,3
0

0
n

n
n

f P


   (10) 

This nonlinear equation can be solved iteratively using a Newton-Raphson algorithm to 

determine the pressure 1,3P . It is important to point out that f  is not a well behaved function 

because of the nonlinearity of the coefficients 0 1 2 3 4,  ,  ,  ,  and      ; these coefficients are 

nonlinear functions of 1,3P  and eqP , and have different values in different regions (Abdol-Hamid, 

1986). 
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Figure 81. Supply state regions, Appendix 

Figure 81 can be used to better understand the different regions and the problems 

associated with the nonlinearity of Eq. 10. By increasing the pressure 1,3P , first the supply valve 

fully opens, while the brake pipe cut-off starts opening. This defines Region I. When 1,3P  reaches 

the threshold value, the cut-off valve is held fully open, defining Region II. In Region III, 1,3P  is 

high enough to overcome all the other forces in the relay valve, and as a consequence, the supply 

valve starts closing. Region IV begins when the supply valve is completely closed. Before 

providing more details about these regions, the following variables are introduced: 
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 1 1,6 0 2 3,3 0 1

3,2 3,1
3 3,3 4 3,3

3,1 3,1

, ,

,

eq

B

D B D B P H

A A
D D P

K K

   

   

   



   


 (11) 

For Region I, one has 1,3B BP P P     (the brake pipe cut-off valve moves), and 

0 PH D (supply valve is fully open). The values of A , 3,3A  and i  to be used in Eq. 10 are as 

follows: 

 

3,1 2 2 2 2
1,6 1 3,3 3,3 3,2 3 3,1 4 0 4 1

3,1

2 2 2 2
1 3 4 2 1 4 3 3 3 4 4 3

, , ,

2 , , 2 ,

B
bp mr

bp bp

P P
A A C A D A P P C P

K

P C P

    

          

 
        


       

 (12) 

For Region II, one has 1,3 BP P    (brake pipe cut-off valve fully open), and 

0 PH D (supply valve fully open). The values of A , 3,3A  and i  to be used in Eq. 10 are as 

follows: 

 
1,6 1 3,3 2 3,3

2 2 2 2 2 2
0 1 2 2 1 2 1 3 4

, ,

, , 0

B

mr bp

A A C A C D X

C P C P C C



    

    


        
 (13) 

For Region III, one has, 1,3 BP P    (brake pipe cut-off valve fully open), and 

1 0PH D H  (supply valve moves). The values of A , 3,3A  and i  to be used in Eq. 10 are as 

follows: 
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 1,6 1,6 0 1 1 1,3 2 3,3 2

2 2 2 2 2 2 2 2 2
0 2 2 1 1 2 2 2 2 1

2
3 1 2 4 1

, ,
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2 ,

P

mr bp mr mr

A A D B D H P A C

P C P P C P

  

       

    

      


        


  

 (14) 

For Region IV, 1,3 BP P    (brake pipe cut-off valve fully open), and 1PD H  (supply 

valve closed). Furthermore, the exhaust valve is closed, and therefore, the function f is equal to 

zero. 

Region V, represents another scenario, which is not shown in Fig. 81. In this region, the 

system may operate such that both the supply and the brake pipe cut-off valves are moving. This 

happens if BP   is high, or if 0H  is low; with values that depend on the valve construction, 

design and on the spring preloads. In this region, 1,3B BP P P    , and 1 0PH D H  . The 

values of A , 3,3A  and i  to be used in Eq. 10 are as follows: 

 

2 2 2 2
1,6 1 1,3 2 3,3 3 3,1 4 0 2 4

2 2 2 2 2 2 2 2
1 1 2 3 4 2 2 4 1 3

2 2
3 1 2 3 4 4 1 3

, , ,

2 2 , ,

2 2 ,

mr bp

mr bp mr bp

A A P A P P P

P P P P

      

         

       

       
       


    

 (15) 

By using the appropriate parameters for each region, Eq. 10 can be solved numerically to 

determine the pressure 1,3P . 

3.2. Intermediate State 

This state can be activated during any of the brake pipe modes (application, release/recharge) 

and may include the lapping position provided that there is no leakage in the entire air brake 

system. During this state, both the supply and the exhaust valve are completely closed, that is, 

1,6 1,4 0A A A   . It follows that 1,3 bpP P . 
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3.3. Exhaust State 

This state can only be activated during the brake application mode. As previously shown, the 

equivalent exhaust area is 2 2
1,4 1,5 1,4 1,5EXA A A A A  , where 1,4A  is a function of 1,3P . This 

functional relationship is clear from the following equation: 

  
 

5 1,1

1,4 1,4 1,1 6 5 1,1

1,4 3 6 1,1

0   (closed) ,

,

,

P I

I P E I

E I P E

D H X X

A D X X H D H X X X

D X X C D H X X





   


        
     

 (16) 

During this state the brake pipe cut-off valve is always fully open. Due to the fact that 

1,5A  is very small as compared with the brake pipe cut-off area, 1,3P  is very close to the value of 

bpP ; instead of solving Eq. 4.57 iteratively using the values presented in the preceding equation, 

one may use the values from the previous time step to calculate 1,3P , that is, 

     1
2 2 2 2 2 2

1,3 2 2

j
j

bp a EX EXP P C P A C A


   , where subscript j  refers to the current time step, while 

subscript  1j   refers to the previous time step. 
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