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SUMMARY 

 

 The human cornea is the medium through which vision is possible. Any kind of defect to 

the cornea affects the vision of a person, hampering the quality of life. Studies regarding human 

cornea is necessary to understand the problems and treatments to normalize the defects. This 

study was performed to understand the biomechanical response of the human cornea by using the 

structural analysis tool. The cornea response was studied in three hierarchial levesl: i) fibril; ii) 

tissue; and iii) entire cornea. The multi-scale modeling provides a co-relation of the 

biomechanical response of all the levels of cornea for the better understanding of the response.  

Mathematical models of the collagen fibril and cornea tissue were prepared based on the 

experimental data obtained from the laboratory tests. The models were able to depict the true 

physiological response under uniaxial tension. 

 A finite element model of healthy cornea was developed and the analysis results were 

compared with the experimental results to verify the result. The model was able to reproduce the 

exact response under the physiological intra-ocular pressure.  

The cornea model created can be used to study the response of keratoconus, a disease 

caused by the loss of cornea tissue stiffness, and cornea cross-linking, a procedure used for the 

correction of the disease.  
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CHAPTER 1 

1.1 Objective 
 

The cornea is the transparent part of the eye which gives shape to the eye. It covers iris, 

pupil and anterior chamber of the eye. The cornea refracts light to the lens, which makes vision 

possible. It is transparent in nature, making it possible for light to travel through it. The curvature 

and thickness of cornea plays an important role in focusing light to the lens and hence 

responsible for its optic power (Albanese et al 2009). Any kind of adjustment or deformation can 

result in refractive error and consequently degrading the visual performance of the eye. 

The refractive error can lead to defective vision like myopia, hyperopia and astigmatism, 

to name a few. Myopia (short-sightedness) is the inability of the eye to focus on distant objects, 

hyperopia (far-sightedness) to focus near objects and astigmatism is the formation of distorted 

image caused by cornea surface irregularities. These defects can be treated by different types of 

refractive surgeries. Laser in situ keratomileusis (LASIK), Photorefractive Keratectomy (PRK), 

and Arcuate Keratotomy (AK) techniques are some popular refractive surgery, which involves 

optimizing the curvature to obtain correct vision (Alastrué et al 2006).   

Keratoconus is a progressive degenerative eye disease caused by the degradation of the 

biomechanical properties of the cornea material (Andreasse et al 1980). It is estimated to affects 

1 in 2000 individuals (Rabinowitz et al 1998). The exact cause of the disease has not been 

identified yet. It causes localized thinning up to 75% thickness (Bron et al 1988, Edmund et al 

1989 ) of the cornea causing bulging of the affected area and creating irregular cornea surface. It 

can be temporarily corrected by the use of glasses or hard contact lenses and ocular transplant. 

As the disease progress and gets severe corneal transplant may be required. 
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Biomechanical procedures can also used to stabilize the corneal strength. Corneal cross-

linking is one kind of biomechanical procedure for permanent treatment of keratoconus. In this 

treatment cornea is treated by applying riboflavin solution followed by cornea exposure to UVA 

radiation (Raiskup Wolf et al 2008). The treatment increases the cross-link density and 

strengthens the cornea. 

These treatment techniques are fairly effective in treating or preventing the progression of 

the disease.  However, the outcomes may not be as expected and vary from patient to patient. 

The treatment involving the alteration of cornea shape and material is highly risky as it affects 

both the structural and mechanical properties in an unpredicted manner. Research involving 

biomechanical modeling of the cornea has been used to predict the result of the structural 

alteration with a certain level of success. However, the effective procedure to treat the defects 

can only be attained by completely understanding the biological and structural response of the 

cornea. In depth understanding of the biomechanical response can aid in development of better 

clinical procedures to minimize post surgery complications.  

The objective of the study is to understand the global biomechanical response of the 

cornea. For this reason, multi-scale study has been carried out for the three levels of cornea 

material . 

1) Fibril Level: Mechanical response study of collagen fibrils investigating the tensile 

mechanical property. 

2) Tissue Level: Mechanical response of collagen tissue under uniaxial tensile load. 

3) Whole cornea: Finite element simulation of the numerical model of entire cornea under 

varying Intra-Ocular pressure.  
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Research has been carried out on the basis of the fundamental properties of the collagen 

fibril. The mechanical properties from fibril level to the entire cornea have been studied to 

correlate the properties of individual collagen fibril with the cornea tissue. Simulation of model 

is performed using Finite Element Analysis to replicate the natural behavior of the cornea under 

physiological pressure to understand the response of the cornea. 

1.2 Introduction 

The mammalian cornea consists of five layers: the epithelium, the Bowman’s membrane, 

the stroma, Descemet’s membrane and the endothelium (Pandolfi et al 2008), with a total 

thickness of 0.5–0.6 mm at the center and 0.6–0.8 mm at the periphery where it fuses with the 

sclera at limbus. Of the five layers, the middle layer, the stroma, makes 90% of the cornea 

thickness and is the major layer contributing to the mechanical strength and stiffness of the 

cornea (Maurice 1957).  

The stroma is a composite material consisting of matrix embedded with a complex 

network of collagen fibers throughout the cornea. The matrix is viscoelastic material composed 

of proteoglycans, glycoproteins and keratocytes (Pandolfi et al 2008). This matrix is nearly 

incompressible in nature and is considered as Neo-Hookean material for the computational 

purpose.  

 
Figure 1: Schematic view of hierarchical features of collagen structure 
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The collagen fibrils found in stroma layer are of Type I, III, V and VI (Pinsky et al 2005). 

Majority of the collagen fibrils are Type I and are responsible in providing mechanical and 

elastic property to the tissue.  The basic unit of Type I collagen consist of polypeptide chains of 

amino acids wound into triple helix called tropocollagen having diameter of 1.5nm and length up 

to 300nm (Kadler et al 1996). These tropocollagen molecules cross-link to form collagen fibrils. 

The cross-linking occurs between tropocollagen as a result of a unique mechanism based on 

aldehyde formation from lysine or hydroxylysine side chains with the aid of the enzyme lysyl 

oxidase (Eyre et al 1984). These cross-links prevent relative motion along the fibril axis upon 

stretching. The collagen fibrils are arranged in the D-staggered manner with an axial periodicity 

of 67 µm (Graham et al 2004) as shown in Figure 2.  

 

Figure 2: D-staggered arrangement of the collagen fibrils showing the cross-links between the 
tropocollagen molecules 

 

The fibrils are bundled together to form fibers of thickness 4nm (Graham et al 2004). In 

the cornea, the fibers are stacked parallel to form layers called lamellae of approximate thickness 

1.5-2.5µm (Alastrué et al 2006). The stroma consists of about 300 lamella stacked through the 

thickness at the center of the cornea and about 500 at the limbus (Pinsky et al 2005). 

The fibers act as reinforcement to the tissue and give mechanical strength along the axial 

direction. The arrangements of collagen fibrils are important to determine the mechanical 
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strength of the cornea. X-ray scatter intensity distribution indicated two preferred directions of 

collagen orientation, Nasal-Temporal and Superior-Inferior at the center of the cornea. At limbus 

they tend to run in the circumferential direction and eventually fuse with sclera (Meek and 

Newton 1999). The preferred direction is found to be more prevalent in the posterior half of the 

cornea (Pinsky et al 2005). The preferred orientation of the fibrils is about 66% and the 

remaining 33% has random orientation (Daxer and Fratzl 1997, Pandolfi et al 2005). This 

arrangement of the collagen fibrils results in anisotropy of the cornea material. 
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CHAPTER 2 

2.1 Study of Individual Collagen Fibrils and Cornea Strips 

For understanding the characteristics of human cornea it becomes necessary to 

understand the biomechanical response of its constituents. The collagen fibril is an integral part 

of the cornea and acts as a backbone to provide cornea with its mechanical strength. The 

response of the collagen fibril was studied to build a stress and strain response relationship. The 

established relationship was used to study the mechanical response of the corneal strips or tissue. 

The relationship between stress and strain of the collagen fibril was then used to model an entire 

cornea.  

The study of collagen fibril and its influence to the mechanical strength is very important 

in describing the mechanical properties of cornea. During keratoconus, the stiffness provided by 

the linked fibers degrades. The fibril orientation in the affected area is also disturbed decreasing 

the tissue stiffness (Carvalho et al 2009). The corneal cross-linking procedure for the treatment 

of the keratoconus increases the number of cross-links in the fibrils and restores the strength to 

the cornea (Raiskup-Wolf et al 2008).  For the evaluation of the keratoconus and its treatment, 

assessment of the changes of stress in the fibril thus becomes necessary.  

2.2 Mechanical Properties of Collagen 

Collagen is a fibrous structural protein abundantly found in biological tissues of 

vertebrate and invertebrate species, including bone, tendon, teeth, cartilage, the cornea and the 

cardiovascular system. The primary function of the collagen is to provide rigidity and to 

strengthen the tissue. The fibrils in the tissue are the major contributor of overall mechanical 

strength of the tissue. They act as reinforcement and resist against deformation. Under 

physiological conditions they are elastically stretched and by natural condition do not take any 
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compressive force (Pandolfi et al 2008). The mechanical response of the collagen tissue can be 

understood by studying the characteristics of the collagen fibrils which are dispersed in the 

collagen.  

The typical stress-strain curve of a collagen fibril under tensile load is shown in Figure 3. 

The graph shows three distinct regions under deformation. These different regions mark major 

structural changes in the fibril while undergoing deformation. Region 1 is characterized by 

unwinding of the helical structure of the fibril and can be approximated as a linear region. As the 

collagen fibril unwinds it starts to straighten and becomes stiffer. Sudden stiffening causes steep 

increase in the stress which is the characteristic behavior of Region 2. This region is marked by 

stretching of polypeptide backbone causing sliding of fibrils with respect to each others.  Further 

increase in stress leads to stretching of the fibrils marked as Region 3. In the figure, εu marks the 

end of unwinding and εs marks the beginning of the stretching regime.  

 

Figure 3: Typical stress-strain curve of collagen fibril showing different regions under uniaxial 
tensile loading. 
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Several articles were reviewed to understand the biomechanical property of collagen 

fibril. A brief literature review of some notable papers is presented below. 

Grahams et al (2004) tested type I collagen fibrils under tensile loading and determined 

the Young’s Modulus to be 32 Mpa at about 4% strain. The force versus displacement graph was 

unsmooth with several peaks and drops between the force range of 1.5 - 4.5 nN.  The 

discontinuity observed, indicates major structural reorganization within the fibrillar structure.  

Van der Rijt et al (2006) tested individual collagen fibrils in ambient condition up to its 

elastic limit of 90 Mpa with resulting Young’s Modulus to be 2 ~ 7 Gpa. In aqueous medium, the 

fibrils stretched elastically up to the stress of 15 Mpa at 4% stain with resulting Young’s 

Modulus of 0.2 ~ 0.8 Gpa.  

Buehler et al (2008) carried out multi-scale modeling, comparing the tropocollagen 

molecule with the collagen fibrils at varying cross-link densities. Results showed that the 

increase in cross-link density increased its stiffness and made the fibrils brittle. 

Sevensson et al (2010) showed the dependence of the strain rate on tensile tests of the 

collagen fibril. He showed the increase in strain rate caused stiffer response of the fibril by 

testing collagen at six different strain rates. The non-linear response observed was similar to the 

result obtained from the Van der Rijt et al (2006). It should be noted that in this thesis we will 

ignore the viscous effects of the materials, focusing on the non-linear elastic behavior.  

2.2.1 Modeling of collagen fibril 

The stress-strain relationship of individual collagen fibril is expressed 

phenomenologically by an exponential equation  

 )1(exp −= εσ b
onential ea  (1)  
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where a and b are the coefficient parameters which are determined by fitting to the experimental 

data. σ and ε are the nominal stress and small strain. 

The collagen fibril mechanical characteristic was tried to explain by Albanese et al 

(2009) using  a two elastic element model which included a longitudinal spring and a transverse 

spring with one shared fixed end and the other ends attached to non-deformable set-square that 

can slide in the longitudinal direction as shown in Figure 4. The equation formulated to describe 

the mechanical response of fibril is  

 )
1

1
1(

22_
ε

εεσ
k

kEE TLelementselastic
+

−+=  (2)  

EL is the modulus of the longitudinal spring, ET is the modulus of the transverse spring, and k is 

the coefficient describing the ratios of the set–square. 

 
Figure 4 : Schematic diagram of model from Albanese et al (2009) 
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The Exponential and Albanese models are based on the general mechanical characteristic 

of the collagen fibril under the applied load. A new model has been formulated to better account 

for the true physiological response under tensile load give by 
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where β is the cross-linking density, Eu is the modulus of the unwinding regime, Es is the 

modulus of the stretching regime, εu is the strain where the unwinding regime ends,  εs is the 

strain where the stretching regime begins and σint is the y-intercept of the linear stretching 

regime. 

2.2.2 Results 

 
Figure 5 : Stress-strain curve of collagen fibril for exponential, two elastic element and new 
model compared with experimental data from Van der Rijt et al (2006) 
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The equations formulated to define the stress-strain relationship of the collagen fibril 

given by Equations (1), (2) and (3) were fitted with the experimental data to determine the values 

for the parameters. The experimental data obtained from Van der Rijt et al (2006) for collagen 

fibrils tested under aqueous medium was used to fit the equations. The stress-strain curve 

obtained for the models is shown in Figure 5  

Least square regression method was applied to fit the equations with the experimental 

data. The values of the parameter were determined and errors for each equation were calculated. 

The new model fitted the best with error R2 value 0.9992. The R2 value of exponential model and 

two elastic elements model were 0.9988 and 0.9986 respectively. The values for the three models 

obtained after parameter fitting are given in Table 1. 

Table 1: Parameters obtained from least square method 
Model Parameter Values Error, R2 

Exponential Model a 
b 

4.7273 Mpa 
0.3776 

0.9988 

Two Elastic Element 
Model 

EL 

ET 
K 

1.9870 Mpa 
52.8120 Mpa 
0.1916 

0.9986 

New Model Eu 

Es 

εu 

εs 

β 

2.340 Mpa 
7.0967 Mpa 
1.230% 
3.761% 
1 

0.9992 

 

After fitting the parameters we can conclude that the equations successfully depict the 

mechanical characteristics of the collagen fibril under tensile loading. The models created for the 

collagen fibrils shall now be used to determine the mechanical characteristics of the collagen 

tissue.   
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2.3 Modeling of Cornea Tissue 

Corneal tissue is a soft biological material. It is nearly incompressible in nature and 

possesses non-linear elastic behavior. It undergoes large deformation under application of load 

and upon removal of load return back to its original shape. Such characteristics of corneal tissue 

become the basis upon which the model will be created.  

The corneal tissue is composed of a matrix and collagen fibrils. The biomechanical 

response shown by the tissue is due to the characteristics of its components. Thus a model of the 

corneal tissue will be based on the characteristic of extracellular matrix and collagen fibril. The 

models created for the collagen fibrils will be tested to see if it can reproduce the mechanical 

characteristics of the tissue. The results from the analysis will be compared with the laboratory 

data to validate the model. The model which satisfies the corneal tissue characteristics will be 

represented in the modeling for entire cornea.  

2.3.1 Methodology 

The approach behind creating a model for corneal tissue material is by applying 

mathematical functions that depicts the true physiological response of the tissue. The equations 

formulated for collagen fibrils and a constitutive model for extracellular matrix are combined 

together to define the tissue material. Using the model, simulations for the uniaxial test are 

performed by implementing finite element analysis method. The analysis was carried out in Total 

Lagrangian system, using the material coordinate system. The stress and strain measures used are 

Second Piola-Kirchhoff stress tensor and Right Cauchy-Green deformation tensor.  

The model developed was used to predict the stress under the given strain. For the initial 

calculation displacement was assumed and strain and stresses values were determined. The 

calculated stress values give the internal force (fint) of the system. The calculated internal force 
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was compared with the external force (fext) to determine whether the condition of equilibrium is 

satisfied. The external force is computed from the external load applied to the system. In our case 

we apply uniformly distributed pressure over one surface. To satisfy the equilibrium condition, 

the internal force must be equal to the external force. The difference between internal and 

external force is calculated as shown in equation (4). 

 extint ffr −=  (4)  

where r is the residual of the forces and is expected to be near zero. If r is larger than zero than 

Newton-Raphson Iteration method is applied until the value of r is less than a small tolerance 

value. The finite element coding algorithm is given below: 

 

Box 1:  General Algorithm for the finite element analysis 

(1) Input mesh, boundary conditions, material properties, time step (∆t), final time (tf) and 

tolerance. 

(2) Calculate element shape function, initial gradient of shape function and Jacobian of all 

elements. 

(3) Assume displacement d = d0 (usually 0) and t = 0.  

(4) t = t + ∆t 

(5) while t < tf 

i. loop over elements, calculate fint and fext for all elements 

ii.  Assemble forces 

iii.  Calculate residual for initial guess,  r0 =  fext - fint  

iv. while  ||r|| / ||r0|| > tolerance 

a) calculate displacement, d = d + [d(fint)/ d(d)]-1 * r 
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b) loop over elements, calculate new fint 

c) assemble internal force 

d) calculate new residual 

v. t = t + ∆t  

vi. if step 5  fails  

a) t = t – ∆t 

b) ∆t = ∆t/2 

c) Return to step 4 

(6) Update, output variables (displacement, stress, and strain) 

 

The computation of the stresses and strain were used to determine the internal force.  The 

sub-function for the calculation of the internal force is described in Box 2. 

Box 2: Sub-function for the calculation of internal force 

(1) compute the measures of deformation 

a) Deformation gradient (F) 

b) Green Lagrangian Deformation tensor (C) 

(2) calculate Second Piola-Kirchhoff stress from the deformation tensor 

(3) compute the measures of deformation 

∫
Ω

Ω=
0

0dSBf Tint
)

 

where B
)

is the strain-displacement matrix for the Total Lagrangian formulation and S is the 

Second Piola-Kirchhoff stress, J is the jacobian and 0Ω is the domain in the undeformed 

configuration. 
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2.3.2 Material Model 

The corneal tissue model is based on the model developed for individual collagen fibrils 

and extrafibrillary matrix. The response of the tissue is determined by using strain energy density 

function (  totalΨ ) which is the sum of strain energy due to matrix (matrix Ψ ) and product of strain 

energy due to fibril (  totalΨ ) and its angular density function. The angular probability density 

function gives the directional distribution of the collagen fibril distributed over the corneal strip.  

The total strain energy density of the corneal strip can expressed by Pinsky et al (2005) as 

follows 

 ∫ ΨΨΨ
π

θθθφ
π 0

matrix total

1
 +  = dYXYX fibril );,();,(ˆ  (5)  

The total stress developed in the cornea tissue developed from above equation can be expressed 

as 

 ∫ ⊗+=
π

θθφ
π 0

1
dYX fibrilmatrixtotal )();,(ˆ MMSSS  (6)  

2.3.2.1 Collagen fibril 

For the calculation of the strain energy density of fibrils, their orientation must be taken 

into consideration. The angular probability density function );,(ˆ θφ YX  was adopted to describe 

the fibril orientation, proposed by Pinsky et al (2005). The probability density function is based 

on the x-ray scattering data, which gives probability of fibril orientation at any point (X, Y) 

making an angle θ with the x-axis along the orientation given by the unit vector M. The fibril 

strain energy density multiplied by the density function gives the total strain energy of the 

orientated fibril. The density function is expressed in polar coordinate system as defined by 

Pinsky et al (2005) 
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5.65.5)(sin);,(

40)(sin)(cos);,(

2
2

1
22

≤≤+−=
≤≤++=

RcR

RcR
n

nn

ϕθθϕφ
θθθϕφ

 (7)  

where );,( θϕφ R  is the expression of probability density function in the polar coordinate system.  

 The two equations represent the orthogonal and tangential orientation of the collagen 

fibrils, which is governed by the radius, R. This model was originally developed for the entire 

cornea and the R term is measured from the corneal axis passing through the apex or center of 

the cornea. Radius less than 4mm represents the central part of cornea where the fibril orientation 

is in nasal-temporal and inferior-superior direction. The orientation around the circumference of 

the cornea is in tangential and radial direction, defined in the range of 5.5 and 6.5mm. The 

orientation between the radius 4 and 5.5mm is taken as the transition from orthogonal to radial-

tangential direction. Figure 6 shows the approximate orientation of the collagen fibril in the 

cornea. Since our model is for the central cornea tissue, the radius is always less than 4mm in 

this chapter. Hence, the first equation is sufficient to predict the stress strain response. 

 
Figure 6: Collagen fibril distribution in the cornea in two preferred orientation. 
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The constants c1 and c2 are found by normalizing the distribution function as shown below 

 ∫ =
π

θθϕφ
π 0

1
1

dR );,(  (8)  

The exponential constant n was evaluated by fitting to the x-ray scattering data. The values of the 

parameters used for the Pinsky model is given in Table 2. 

The stress due to fibrils Sfibril  is evaluated by using the individual collagen fibril models: 

exponential, two elastic element and new model as described by the Equations (1), (2), and (3) 

respectively. Since these equations are in single degree of freedom, they were transformed to the 

three degree of freedom by appropriate mathematical manipulation. The Right Cauchy-Green 

deformation tensor was transformed to small strain ε by introducing stretch parameter as shown 

below 

 11 21 −=−= /)'( CMMλε  (9)  

where λ is the stretch parameter, C is the deformation tensor and M is the fibril orientation 

vector. The fibril orientation vector is represented as 

 
















=
0

θ
θ

sin

cos

M  (10)  

The stress obtained from the calculation is the First Piola-Kirchhoff stress (P). The 

Second Piola-Kirchhoff stress can now be expressed as S = F-1P, where F is the deformation 

gradient. For the uniaxial test, deformation gradient can be expressed by the stretch along the 

fibril direction. The total stress is then obtained by integrating the stress term with the probability 

density function, as shown in Equation (6). 
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2.3.2.2 Collagen matrix 

The collagen matrix is nearly incompressible fluid material with low viscosity. The strain 

energy density of Neo-Hookean model describes these characteristics and is expressed in terms 

of Cauchy-Green deformation tensor (C) as 

 ))((ln)(ln)( 3
2

1

2

1 2 −+−=Ψ CC trJJfibril µµλ  (11)  

where λ  and µ  are bulk  and  shear modulus also referred as Lame’s constants. The Right 

Cauchy-Green deformation tensor, C = FTF is the second order symmetric tensor and it satisfies 

material frame indifference.  

The Second Piola-Kirchhoff stress tensor (S) can be obtained from strain energy function 

as shown in Equation (12). The stress tensor is symmetric in nature and also satisfies material 

frame indifference. 

 
111

2

−− +−=
∂
Ψ∂=

CCS
C

CS

Jmatrix

matrix

ln)(

)(

λµ
 (12)  

The values of the parameters for collagen fibril were adopted from Pinsky et al (2005) and that 

for extrafibrillary matrix is adopted from Pandolfi et al (2008). The values are shown in Table 2. 

 
Table 2: Parameter values for the cornea strip model. 

Parameter λ µ c1 c2 n 

Value 5500 Kpa 60 Kpa 0.45 0.72 4 
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2.3.3 Geometric model 

 

Figure 7: Cube element deformed under tensile pressure on one side and fixed on the other end. 
 

A simple cube element was created for the analysis. The 3-D element was fixed on the 

left end and pressure was applied on the right end along the positive x-axis as shown in Figure 7. 

The displacement boundary was set up in such a manner that it allowed both lateral and 

longitudinal displacements. 

2.3.4 Review of experiments of corneal tissue stiffness  

The behavior of the corneal tissue has been studied in the laboratory by performing 

tensile tests on the tissue specimens. The results obtained from these experiments are an 

important benchmark for our research. 

The results of the experiments are highly dependent upon the procedures used for the test. 

It is found that the tissue response were very sensitive to the preparation, handling and testing of 

the specimen. This has resulted to wide varying range of experimental results. Factors like age of 

the person the specimen is extracted from, time elapsed between extractions and testing, storage 

conditions, testing environment, solutions used and loading strain rates for the test play an 
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important role. A literature review was done to understand the experiments and to study their 

results.  

Hoeltzel et al (1992) performed uniaxial tension test on bovine, rabbit and human corneal 

strips under cyclic loading to understand the behavior of the tissue. They confirmed that the 

stress and strain relationship were non-linear in nature, with low tangent moduli at small loads 

and high moduli at higher loads. They also demonstrated the effect of hydration on the sample by 

measuring the change in dimension under varying the environmental conditions. The specimen 

shrunk on dry environment and swelled under hydration. 

Wollensak et al (2003) performed the stress-strain measurement on normal as well as 

high cross-linked density cornea strips. The specimens were prepared from 5 human corneas that 

were excised along the superior-inferior direction. The highly crossed linked density cornea 

strips were obtained by treating the strips with 0.1% Riboflavin solution followed by exposure to 

Ultraviolet A (UVA) radiation. The UVA treatment induces cross-link, increasing the rigidity of 

the cornea. Such treatments are successfully used for the treatment of keratoconus, a 

degenerative eye disease caused by weakening of cornea tissue. The test was performed within 

1-2 hours of extraction of the specimen and the result showed 328.9% high stiffness and 4 times 

high Young’s Modulus of treated specimen when compared to the untreated ones.  

Elsheikh et al (2008) carried out similar uniaxial tensile stress on cornea strips extracted 

along nasal-temporal (horizontal), superior-inferior (vertical) and diagonal directions. They 

demonstrated that the specimens obtained along the vertical direction displayed high rigidity 

compared to the horizontal and diagonal specimens. At low strain rate of 1% per minute, vertical 

and horizontal specimens had similar stiffness but at high strain rate of 500% per minute vertical 

specimens were 10% ~ 20% stiffer than the horizontally and diagonally excised specimens. 
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The measures of stress and strain recorded during the experiments have not been 

explicitly mentioned in the literature. So, nominal stress and small strain have been assumed 

when implementing them in the analysis.  

2.3.5 Results and Comments 

The corneal model developed for the collagen fibrils and matrix was encoded in a custom 

finite element code.  The models were analyzed by varying the pressure from 0 to 400KPa. The 

nominal stress and strain values were recorded and stress-strain graph was plotted. The analysis 

was performed for all the three collagen fibril models.  

 
Figure 8: Stress-strain graph fit for the new model. 

 

For the new collagen fibril model, the stress-strain values were tried to fit with the 

experimental data of Hoeltzel et al (1992) and Wollensak et al (2003) by varying the cross-link 

density parameter β. As discussed earlier the experimental stress-strain values highly differed for 



22 
 

each experiment, so we considered two sets of data to compare our result. It is seen from the 

graph that the model fitted very well with the Hoeltzel’s data at β value equal to 0.425. This β 

value is a reasonable value for cross-link density. Thus our new model resembles the 

experimental data to a very good degree. This shows that cross-link density parameter plays an 

important role in describing the response of the collagen fibril.  

The model fit with the Wollensak’s data at β value equal to 0.05. The fit is not perfect as 

that obtained for Hoeltzel’s data and the β value of 0.05 is very small and does not show any 

physical sense. This might have resulted due to the experimental procedures carried out to 

determine the stiffness by the Wollensak, or the tests of the collagen fibrils used to fit the data. 

The treatments and handling during the experiment might have resulted in loosening the stiffness 

of the tissue. 

The exponential model and the two elastic element model were modified to include the 

cross-link density by multiplying the equations with the cross-link parameter. The models fit 

well with the Hoeltzel data at β value equal to 0.425 as shown in Figure 8.  

In future investigations, the fibril and tissue model will be used to determine the changes in 

the mechanical properties for a keratoconic eye by simulation on the entire cornea model. The 

efficiency of the cross-linking treatment will be studied using such a model. 
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CHAPTER 3 

3.1 Finite Element Modeling of Human Cornea 

Finite element models of cornea are very useful tool to study the cornea’s mechanical and 

biological characteristics. They have been extensively used to study the defects and diseases of 

the eye and also to predict the preoperative and postoperative responses for the refractive 

surgery.  

Pinsky et al (2005) developed an anisotropic cornea model based on fibril density function to 

determine the biomechanical deformation of cornea to study the changes in cornea during and 

after refractive correction operation. Pandolfi et al (2008) created similar model with two 

preferred orientations of the collagen fibril. They demonstrated the mechanical and optical 

response of the cornea under varying material properties. Their work emphasizes on dependence 

on the fibril distribution to create a reliable cornea model. Carvalho et al (2009) created a finite 

element model of the human cornea to understand the biomechanical properties of the cornea for 

the prediction of keratoconus. The mechanical properties of the cornea like elasticity and rigidity 

were varied for constant IOP to induce keratoconus in the model. They showed that finite 

element models can be successfully used to model for the keratoconic eye. 

An ideal human cornea model, defines the complex and unique characteristic of the 

cornea. The reliability of the model is determined by the accurate representation of the collagen 

matrix, collagen fibril and the architecture of fibril distribution. In this study, an attempt has been 

made to create a realistic geometric and material model to predict the true mechanical response 

of the cornea, under the effect of intra-ocular pressure (IOP). Such a model will eventually be 

used to determine the response of the cornea under the keratoconic conditions. We will 

determine the degradation of the stiffness of the diseased cornea. The response study will help to 



24 
 

predict the course of the disease. We will then determine how the corneal cross-linking helps the 

cornea to regain its strength and stiffness and determine the effectiveness of the treatment. The 

eventual goal is to use this modeling to create a patient-specific treatment regimen using collagen 

crosslinking. 

3.2 Mechanical Properties of Cornea 

The cornea exhibits non-linear behavior under the application of IOP. It shows both 

material and geometrical nonlinearity. The geometric nonlinearity is due to large deformation 

that is observed in the corneal tissue which will create large error if linear strain theory is 

considered. The material nonlinearity is due to the non-linear stress-strain response shown by the 

matrix and collagen fibril. The collagen matrix is represented by a hyperelastic model. The 

collagen fibrils and its orientation are taken into consideration to determine the biomechanical 

properties of the cornea. The total response of the cornea is determined by considering strain 

energy density function as is described in the following sections. 

3.3 Modeling of Human Cornea 

As discussed in Chapter 1, cornea is made up of 5 layers with the stroma layer 

comprising 90% of the total cornea thickness. This layer is responsible for providing the great 

majority of mechanical strength of the tissue (Pandolfi et al 2006). Thus, the mechanical 

response of the cornea can be approximated by only modeling the stroma. Similar approximation 

has been made by Pandolfi et al (2008) and Pinsky et al (2005) and the results obtained from 

their test were fairly accurate with the experimental data.  

The cornea material is considered as a heterogeneous, non-linear anisotropic material 

consisting of incompressible collagen matrix and collagen fibril. The collagen fibrils are 

considered to be distributed in two preferred direction throughout the cornea. At the center they 
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are distributed orthogonally in nasal-temporal and inferior-superior directions. At the limbus they 

are distributed in the circumferential and radial directions. The orthogonal arrangement smoothly 

transition to the circumferential direction along the transition zone. For computational purpose, 

the fibrils in the transition zone are linearly interpolated to achieve the desired transformation. 

Figure 6 shows the approximate distribution of the collagen fibril.  

The deformation of the cornea results both rotation and displacement at the limbus which 

influence the changes in the cornea curvature. The displacement boundary is setup to allow 

rotation and restrict displacement along the center of the edge of the cornea. Restricting the 

displacement does not greatly influence the change in curvature (Pandolfi et al 2008).  

The cornea under physiological conditions is acted upon by the IOP exerted by the 

aqueous humor behind it. The aqueous humor is the clear gelatinous fluid that fills the space 

between the lens and the cornea. The IOP is uniformly distributed over the internal surface and is 

applied perpendicular to the surface. The concept of follower forces is used to calculate the force 

due to the IOP.  Since IOP acts normal to the cornea surface, the direction of the pressure 

changes as the cornea deforms. To maintain the correct magnitude and direction of the pressure 

load with respect to the changing surface, follower force is used.  

 

Figure 9: Displacement boundary condition and pressure loading applied in cornea model. 
 

The approach used for creating the cornea tissue model in Chapter 2 has been used for 

creating the human cornea model. The material model is based on the strain energy density of 
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collagen fibrils and matrix. We have assumed a continuum finite strain model with material and 

geometric nonlinearity to describe the mechanism of the human cornea under physiological 

conditions.  

3.3.1 Material model 

The response of the cornea to the stress is evaluated by the following strain energy 

function developed by Pandolfi et al (2008) 

 Ψ+=Ψ )(JU  (13)  

 ),,()(),,( 6411 IIII fibrilmatrix Ψ+Ψ=′Ψ MMC  (14)  

where Ψ is the strain energy density of the cornea, Ψ is the isochoric response due to the 

combined strain energy density of collagen matrix, matrixΨ  and collagen fibril, fibrilΨ . U(J)  is the 

volumetric response parameter to enforce the incompressibility to the model. 

3.3.1.1 Collagen fibrils 

The non-linear behavior of collagen fibril is numerically expressed by the strain energy 

function as defined by Holzaphfel et al (2000).  
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where 1I is the first invariant of the modified  Right Cauchy-Green Deformation tensor (C ) and 

4I  and 6I  are its pseudo invariants. The invariants are expressed as follow:  
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The modified Right Cauchy-Green Deformation tensor is the deviatoric part of Right 

Cauchy-Green Deformation tensor, CC 31
3

/−= I  and 1det =C . M  and M ′  are the unit vectors 

which represent the mean fibril orientation in the two directions as described earlier. 4I  and  6I  

are the measures of stretch in  the M and M ′  directions respectively. 1k  is a stress like 

parameter and 2k  is the dimensionless parameter. The values of 1k  and 2k  are determined from 

mechanical tests.  

The dispersion parameteriκ , defines the distribution of the collagen fibril in the cornea 

and the parameter introduces anisotropy to the model. The parameter was evaluated at each 

integration point by using the equation established by Pandolfi et al (2008). 
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Equation (18) describes the dispersion parameter with respect to angle θ  measured from 

the positive horizontal axis. The iκ  obtained from Equation (18) is used in Equation (19) to 

obtain new iκ  in terms of the angle θ  and radial distance ρ  measured from the optical center of 

the cornea. The values of 333.0max =iκ  and 133.0min =iκ . These values provide preferred 

orientation for 60% and dispersion for 40% of the fibril. TZR is the radius of the transition zone 

and its value is taken as 1.5mm (Pinsky et al 2003). 

The Second Piola-Kirchhoff stress for the collagen fibril is evaluated from Equation (15) 

as follows: 
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In equation (21), 1 is the second-order identity tensor, i.e.( ) AB  δ=AB1 , where   δAB is the 

Kronecker delta. 

The fourth order tangent modulus tensor CCCC  or CABCD, resulting from above equation is expressed 
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In equation (24),     LLLL or 
CD
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3.3.1.2 Collagen Matrix 

The extrafibrillar matrix is represented by an Incompressible Neo-Hookean Model as 

 2310 /)( −=Ψ Imatrix µ  (27)  
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The stress and the tangent modulus for the Neo-Hookean model is expressed as follows: 
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The cornea material is considered as an incompressible material. To ensure the 

incompressibility constraint during deformation, the penalty function U is defined. According to 

Pandolfi et al (2008) a suitable penalty function for the corneal model can be represented by 

 JKU 2log=  (30)  

where K is the penalty parameter and J is the Jacobian, which is the ratio of the volume in the 

current configuration to the reference configuration. Mathematically )(Fdet=J and should 

always be greater than 0 and F is the deformation gradient tensor. Penalty parameter K is a 

deformation independent parameter and is always greater than zero. When the value of K is 

infinity the constraint condition is fully satisfied. Hence, a high value of K is desired to satisfy 

the incompressibility condition, though a value that is too high could lead to an ill-conditioned 

stiffness matrix. The stress and tangent modulus due to volumetric part is 

 JKvol log2 1CS −=  (31)  

 )( JKvol log2 1 LC −⊗= −− CC 1  (32)  

The total stress developed in the cornea can now be written as 

 matrixfibrilvol SSSS ++=  (33)  

Table 3: Parameter values for the cornea model 
Parameter µ k1 k2 K 

Value 60 Kpa 20 Kpa 400 5500 Kpa 

Data obtained from Pandolfi et al (2008) 
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3.3.2 Geometric model 

 
Figure 10: 3-Dimensional finite element model showing the dimensions of the cornea. The outer 
diameter of the cornea is 11.61mm with thickness of 627 µm at the center and 756 µm at the limbus. The 
maximum elevation at the apex is 2.52mm. 
 

The cornea has a complex geometrical structure with non-uniform curvature and 

thickness (Pandolfi et al 2006). The interior and exterior surfaces have different radius of 

curvature. This creates varying thickness in the cornea. It is thinner at the center and thickness 

towards the edge as shown in Figure 10. Dubbelman et al (2006) measured the cornea geometry 

for the internal and external surfaces of the human cornea. We have used their data for creating 

our geometric model. 

The geometry of the cornea model was meshed into 8-node hexahedral elements by using 

the parameter based mesh generator developed by Pandolfi et al (2006). The mesh was first 

created in the x and y plane and is projected onto the z-axis to develop a 3-dimensional model. 

The internal and external surfaces of the cornea are formed by using following biconic surface 

equation in the cylindrical coordinate system (ρ,θ, z) by the following equation. 
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The parameter z0 is the maximum apical height; Rx and Ry are the maximum curvature of the 

principal meridian, Qx and Qy are the asphericity parameters; and θx is the direction of the 

steepest principal meridian. The values for these parameters are given in Table 4. 

Table 4: Parameter used for creating the 3-D model of cornea 
Parameters External Surface Internal Surface 

Rx 7.71 6.365 
Ry 7.87 6.69 
θθθθx 93 degree 93 degree 

Qx,Qy -0.41 -0.52 
z0 2.52 1.891 

Data obtained from Dubbelman et al (2006) 
 

 

 
Figure 11: Top view, side view and general view of the 2340 elements meshed human cornea. 
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3.4 Results and Comments 

The cornea model developed in the above section was implemented in a custom finite 

element code. The algorithm of the code used for the analysis is similar to that described in 

Chapter 2. The model was analyzed for pressure varying from 0 up to 30 mmHg (slightly above 

the physiological pressure range of 18 mmHg). The apical displacement values were recorded for 

the varying pressure values. The graph of the apical displacement versus pressure was plotted for 

1170 and 2340 elements. The resulting graph was compared with the laboratory experimental 

result published by Anderson et al (2004) as shown in Figure 12. 

 
Figure 12: Pressure-Displacement profile for the human cornea 

 

The graph shows that the apical displacement result obtained for the 1170 and 2340 

elements are very similar. The error found for the two meshes is 0.06%. We also compared 

maximum Von Mises stress to check for the convergence of the two meshes. It was seen that 
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despite the displacement values converged completely the error in the stress was found to be 

2.45%, which is considered adequate for this investigation. The stress versus pressure graph for 

the two meshes is given in Figure 13. 

 

Figure 13: Stress versus pressure for 1170 and 2340 mesh elements showing the convergence of 
the stress values. 
 

A fairly linear response of the cornea is obtained for the pressure values that we have applied in 

our model. The simulation results matches very well with the laboratory experimental data. For 

pressures higher than the physiological IOP we recorded a non-linear response, which is shown 

in Figure 14.  
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Figure 14: Non-linear response obtained for the cornea model at high IOP. 

 

 
Figure 15: Displacement mapping of the human cornea at 18 mmHg IOP 
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Figure 16:  Cross-sectional view of displacement in the cornea. The solid figure shows the 
original structure and the wire frame figure shows the deformed shape of the corneal due to 18 
mmHg of pressure. 
 

The displacement mapping of the cornea is shown in Figure 15. We notice that maximum 

displacement occurs at the center and it gradually decreases towards the periphery. Figure 16 

shows the cross-sectional view of original and deformed shape of the cornea. The solid figure 

shows the original cornea geometry and the wired frame shows the deformed shape after 

applying 18 mmHg of pressure. 

The stress distribution in the cornea can be obtained for analyzing the results. The stress 

distribution will be useful to predict the stress concentration over the cornea for later studies of 

keratoconus eye. Figure 17 shows the Von Mises stress mapping of the cornea. 
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Figure 17: Stress mapping of the cornea. 
 

 
Figure 18: a) Spiral pattern obtained for the cornea model for maximum in plane shear 

   b) Spiral pattern observed in the rat cornea due to special arrangement of cornea cells 
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Figure 18a) shows the maximum in plane shear developed in the cornea at 18 mmHg. 

The shear direction forms a pattern resembling to the whorl pattern observed in the epithelial 

cells of mouse and rat cornea. These patterns are developed by the special arrangement of the 

epithelial cells (Boron et al 1973, Patel et al 2006). The spiral form starts appearing when the 

mouse reaches 3~6 to 10 weeks old. Figure 18b shows the spiral pattern of a 15-month-old rat. 

The generation of such patterns in the cornea has not yet been fully understood. This 

resemblance of the computational result with the dynamic morphogenesis of the eye indicates 

that the computational model can truly lend insight into the behavior of the cornea. Further 

studies on the morphogenesis will be carried with the help of the developed model in the future.  

A finite element model has been created to replicate the physiological condition of the 

normal cornea. The results obtained from the analysis shows that the model is able to define the 

biomechanical properties of the human cornea. The cornea model can now be used to predict the 

change in the biomechanical properties due to the degradation of the cornea tissue during 

keratoconus. It can help to understand the disease and to find an efficient treatment to cure and 

prevent it. 
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CHAPTER 4 

4.1 Conclusion and Comments 

The cornea is the medium through which the world is perceived. It is responsible for two 

thirds of the optical refraction of the eye (Gefen et al 2008). The unique transparent nature of the 

cornea allows light to pass through the eye which makes vision possible. Our study of the cornea 

is based on understanding the biomechanical response of cornea. The study was carried out in 

three different hierarchy levels of cornea from fibril, tissue to entire cornea. The multi-scale 

study helps to understand and correlate the response from the microscopic level to the tissue 

level. We studied the mechanical properties of collagen fibrils, corneal tissue and the entire 

cornea and have tried to co-relate them to understand the biomechanical of the cornea.  

The non-linear behavior of collagen fibrils was investigated and equations were set up to 

describe the characteristics of collagen fibril under the application of load. The stress-strain 

relationship was defined through an exponential equation. The equation formulated by Albanese 

et al 2004 was used and a new equation was also developed based on the physiological response 

of the collagen fibrils. The three equations were fit with the experimental data using least square 

regression method and the values of the parameters were determined. The new model fit the 

experimental data most perfectly with the least error among the three equations, though all fit 

well. 

The equations used to define the collagen fibril were used to create the material model for 

the corneal tissue. The cornea tissue material was represented by matrix and collagen fibrils. A 

Neo-Hookean model was used to represent the matrix. The non-linear stress-strain curve was 

traced for the tissue under tensile loading. The cross-linking parameter β was used to fit the 

result with the experimental value. The result fit data from Hoeltzel et al (1992) for β value equal 
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to 0.425 very well. This demonstrated a correlation built for the two hierarchy of collagen and 

also demonstrated the importance of β to the strength of the cornea. 

Finally a finite element model of the whole human cornea was simulated. The material 

and geometric model was created using the model created by Pandolfi et al (2008). The matrix 

was represented by an incompressible Neo-Hookean model. The collagen fibril in the cornea was 

distributed in two directions with 60% of the fibril along preferential orientation and the 

remaining 40% with random orientation. The finite element model with 2340 elements was used 

for the analysis. The result obtained from the analysis showed a non-linear response of the 

cornea to the IOP. The most interesting part of the result was the ability to observe that 

maximum in-plane shear strains produce a similar whorl pattern to cells by the biological 

morphogenesis that can be seen in the cornea.   

The integral developed for the evaluation of stress in collagen fibril given by Equation (6) 

is very complex. It was directly unsolvable and numerically inefficient so it was impractical to 

use the equation for modeling the whole cornea Thus, we opted for the model used by Pandolfi et 

al (2008) instead of our model.  

The next step after creating the finite element model of the cornea will be to fit 

parameters to the model. The material parameters will be fit using a mathematical algorithm by 

inputting the loads into a finite element model and attempting to match the recorded deformation 

obtained from the laboratory. 

 The geometry measured in the laboratory is of the deformed cornea due to the IOP. So, 

the unloaded geometry of the cornea will be determined by using an iterative procedure.  For this 

procedure the laboratory scanned geometric data will be taken as the initial guess for the 

undeformed configuration. A finite element simulation is carried out to determine the resulting 
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displacement. The displacements are then used to calculate the next assumption, and the process 

continues until the final loaded configuration matches the unloaded geometry to within a given 

tolerance. The application of the undeformed configuration for the analysis will improve the 

accuracy of the result.  

The finite element model developed for the normal human cornea can be used to study 

various complexities of the eye. The model created will be used for studying the keratoconus 

diseased eye. This disease is caused by the localized weakening of the corneal tissue resulting in 

vision imperfections. The defect will be induced in the model by varying the mechanical 

parameters of the cornea at normal IOP. The developed model will be used to calculate the 

amount of stiffness degradation in the linked fibers due to keratoconus.  

Corneal cross-linking is a method to strengthen and stabilize the cornea against 

keratoconus. The outcomes of this treatment are generally unpredictable. The model will be used 

to correctly predict the result of the treatment and help to minimize risk associated with it. A 

quantitative model will be developed to determine the amount of stiffening due to collagen cross-

linking and the effect of UVA radiation and riboflavin concentration will also be determined. 

 The finite element model will be tested by applying specific treatments to cornea and 

predicting the outcomes in terms of stiffness and deformed shape. Once the model is developed, 

it can be efficiently used for patient specific cases to optimize the results of the treatment.
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