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Summary

This work expands regularity results for equations related to fluid motion. First,
we improve previously known lower bounds for Sobolev norms of potential blow-
up solutions to the three-dimensional Navier-Stokes equations in the homogeneous
Sobolev space H?/2. Next, we study the inviscid dyadic model of the Euler equations
and prove some regularizing properties of the nonlinear term that occur due to forward
energy cascade. We show every solution must have % L?-based (or % L3-based)
regularity for all positive time. We conjecture this holds up to Onsager’s scaling,
where the L?-based exponent is % and the L3-based exponent is % Finally, we prove
that a solution u to the three-dimensional Boussinesq equations does not blow-up at
time T if [lu<q| sy _ is integrable on (0,T), where u<q represents the low modes of

Littlewood-Paley projection of the velocity wu.
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CHAPTER 1

Introduction

1. Incompressible Fluid Equations

The three-dimensional Euler equations describe the motion of an ideal inviscid
fluid with velocity vector u(x,t), density p(z,t), and pressure p(x,t), where z is the
spatial variable in domain Q = R® or Q = T and ¢ is the time variable, t > 0. The
Euler equations may be derived from Newton’s second law of motion relating force F'

to mass m and acceleration a:
(1.1) F =ma.

We apply (1.1]) to V, an infinitesimal cube of fluid with volume |V|. The mass of the

cube is given by

(1.2) m = p(z,t)|V|].

Let X = X(t) denote the position of the center of the fluid cube at time ¢.

Then the velocity is given by

(1.3) wW(X(8),8) = = X(¢).
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We use the velocity to find the acceleration a, which appears in the righthand-side of

.3,

a(t) = %U(X(t)7t)
. d
= 5ulX (1)) + Vu(X (1), 1) - 7 X(1)
(1.4) ou
= 5 4+ Vu-u
ou
=5 + (u-V)u

Under the ideal fluid assumption, the force on the fluid cube comes from the

normal force to the boundary of V' and is due to the pressure:
(1.5) F = —p(z,t)n[A],

where n is the outward normal vector to the boundary of the cube and |A| is area of

one side of the cube V. By the divergence theorem,

(1.6) —//Wp(x,t)n dS:—///VVp dV

Thus, pointwise, we have

(1.7) F = —Vp.

One may derive the continuity equation

(1.8) %—I—V- (pu) =0

by conservation of mass. However, we will only consider fluids with constant density.
Such fluids are referred to as incompressible. Without loss of generality by rescaling,

assuime

(1.9) p=1,
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which reduces (1.8) to
(1.10) Vou=0.

See [29] for a detailed derivation of the continuity equation for non-constant density

p(x,t). We insert (1.2), (1.4)), and (1.7)) into (1.1)), divide by |V|, and couple the

resulting equation with ((1.10)) to arrive at the three-dimensional incompressible Euler

equations:

% + (u-V)u=—Vp,
(1.11) t

V.u=0.

The first equation is referred to as the momentum equation and the second may be

referred to as the incompressibility condition or the divergence-free condition.

For viscous flows, we must also consider the tangential component of the force,
F;, due to friction. We use Stokes theorem on a cube of fluid to model the total force

due to friction and the divergence theorem to find

(1.12) E—//@V(Vu)~n dS—///VV~(Vu) dV_///VAu v,

Thus, pointwise, the force due to friction is given by
(1.13) F, = Au.

We add ([1.13)) to the righthand-side of the momentum equation in (1.11]) to arrive at

the three-dimensional incompressible Navier-Stokes equations:

Ou + (u-V)u=—-Vp+rAu,

(1.14) ot
V- -u=0,

where v > 0 denotes the kinematic viscosity of the fluid.
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The three-dimensional incompressible Boussinesq equations account for the con-
vective force of temperature on fluid flow with another term added to the righthand-
side of the Navier-Stokes momentum equation and an additional evolution equation

for the temperature 0(x,t):

% + (u-V)u = —=Vp+ vAu + fes,
(1.15) 9,0 + (u- V)0 = kAD,
V.-u=0,

where k is the thermal diffusivity coefficient and ez = (0,0, 1).

Other notable fluid equations are the magneto-hydrodynamics equations. The
magneto-hydrodynamics equations incorporate the effects of magnetic fields on fluid
flow to describe the motion of electrically charged fluids, such as liquid metals and

plasmas. The magneto-hydrodynamics equations are given by:

%+(U-V)u— (b-V)b=—Vp+ vAu,
b
(1.16) T (w-V)b—(b-V)u = pAb,

Veu=0, V-b=0,

where b = b(z, t) is the magnetic field and p is the reciprocal of the magnetic Reynolds

number.

2. Loss of Regularity and the Navier-Stokes Equations

The Navier-Stokes equations, known since the nineteenth century, are used for
many applications in science and engineering, such as modeling weather and designing
aircrafts. However, fundamental mathematical questions about solutions to the equa-
tions remain unanswered. One of the Clay Mathematics Institute Millennium Prize
problems is on the existence and smoothness of the three-dimensional incompressible

Navier-Stokes problem. The task is to determine given any smooth, divergence-free
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initial data u(x,0) = ug(t), if there exist smooth p(x,t) and u(z,t) that satisfy
for all time on the spatial domain € is R® or T? (or to negate this statement). This
problem has proved to be exceedingly difficult to answer and remains completely open.
One result of the challenge presented by this problem is the development of simplified
toy models to explore the regularity and other properties of fluid equations. Shell
models mimic energy cascade in turbulent flows. The dyadic model is an example
of a shell model that has enjoyed progress and provided insight and intuition about
the Navier-Stokes equations and the Euler equations. The inviscid dyadic model for
the Euler equations is discussed in the next section and is the primary subject of the

results in Chapter [3

In Chapter[2] we focus on exploring properties of solutions to the Navier-Stokes
equations that are presumed to lose regularity. A natural question to ask is: If we
assume a smooth solution u loses regularity at time 7™, what is the rate of blow-up?
In 1934, Leray [40] published his seminal work on the the fluid equations. He proved
the existence of global weak solutions to and proved that smooth solutions are
unique in the class of Leray-Hopf solutions. He also showed that if [|u(?)[] 1 (gs) is
continuous on [0,7*) and blows up at time 7™, then

C

(1.17) lu()] gy = m

e

After Leray proved ((1.17)), similar lower bounds were pursued and proven in
LP(R?) for 3 < p < oo [32], which extended the results to the Sobolev spaces H*(R?)

for % < s < % through Sobolev embedding. More recent work pushed progress on

Sobolev norms for s > % (a more detailed history and description is presented in

Chapter [2)). The main result of Chapter [2|is

THEOREM 1.1. Let u be a smooth solution to (1.14)) with finite energy initial data

such that u loses reqularity at time T*. Then

c

(1.18) [ull gsr2) = N/
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for0<t<T* and Q =T or Q = R3.

Such a bound was also presented in [4I] and [42], which appeared shortly
after Theorem appeared in [23]. The method in Chapter [2| did not depend on
rescaling arguments and thus works simultaneously for R® or T? via Littlewood-Paley
decomposition. We stress the importance of the H%/? norm, which scales like the L.
No conclusion can be reached directly from Theorem about the blow-up rate of
the L* norm, which is one of the most fundamental problems on regularity for the

three-dimensional Navier-Stokes equations, but the connection between them is deep.

3. Regularity and the Inviscid Dyadic Model

The role of the nonlinear term is pivotal in the study of turbulent flows, which
is another highly pursued, but still poorly understood topic in fluid dynamics. The
basic principle proposed by Kolmogorov [39] behind turbulence is forward energy
cascade. The theory asserts that energy moves from large to small scale structures
called eddies, which can be roughly described as pockets of fluid with some uniting
velocity structure. Emnergy moves without loss through the inertial range, which
corresponds to low frequencies, until it reaches the dissipation range, which resides
at high frequencies. Recent numerical and experimental data suggest deviation from
Kolmogorov’s original theory can be attributed to intermittency, which is when eddies

do not occupy the whole space.

The study of turbulent flows remains quite difficult, but a great deal of in-
sight can be found by studying shell models of the fluid equations. Shell models are
designed to capture energy cascade in turbulent fluid flows. The sabra shell model
(see [25] and [26]) and the dyadic model elicited a great deal of activity and insight
recently. The dyadic model is a specific example where the nonlinearity is simplified
to reflect just the local interactions between neighboring scales. It was initially intro-

duced in 1974 by Desnianskii and Novikov [28] in the context of oceanography. The
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inviscid dyadic model shares two signature characteristics with the three-dimensional
Euler equations: the formal conservation of energy and the scaling properties of the

nonlinear term.

Kolmogorov predicted that energy cascade produces dissipation anomaly, which
is characterized by the persistence of non-vanishing energy dissipation in the limit of
vanishing viscosity. This phenomenon is possibly related to anomalous dissipation,
which is failure of the energy to be conserved despite the absence of viscosity. Onsager
conjectured that sufficiently rough solutions to Euler’s equation can exhibit anomalous
dissipation, but if the solution is smooth enough, then the energy should be conserved
[43]. Anomalous dissipation and loss of regularity a priori seem unconnected, but
a more discernible relationship exists in the context of the inviscid dyadic model
and Onsager scaling. While results about the dyadic model can rarely be extended
to answer questions about regularity of the actual fluid equations, turbulence, or
Onsager’s conjecture, they do give insight as to what mechanisms may be helping
or impeding progress. The dyadic model functions as an illuminating testbed for

methods and conjectures that may be more difficult to apply to the actual equations.

The total energy in the j* shell is denoted by a?(t). Assuming only local
interactions and extreme intermittency, one may model the flux through the j* shell

of radius A; as

(1.19) I; = )\?/QCL?%‘H,

leading to the inviscid system

(1.20) aj(t) = NAa (1) = NP (0aa (), j=12,..

J j—17j—1

with initial conditions a;(0) = ag-) for j =0,1,.... In Chapter |3 we prove
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THEOREM 1.2. For any positive solution to (1.20)) with initial condition a(0) in
12,

(1.21) sup )\?aj(t) < 00,
j

fort >0 and 0 =3/5.

The approach used for Theorem [24] was more dynamical, which made
it possible to improve the previously known regularity results. The ultimate goal
would be to show regularity for values of § up to 5/6, which corresponds to Onsager’s

scaling.

4. Regularity Criteria and the Boussinesq Equations

The Boussinesq equations are important in the study of atmospheric sciences
and they yield a wealth of interesting and difficult problems from a mathematical
perspective. The regularity of has been studied thoroughly on its own as well
as in relation to the regularity of other systems of equations, such as the Navier-
Stokes equations, Euler equations, and magneto-hydrodynamics equations. In three-
dimensions, regularity criteria for have been developed in many cases using
many different methods. A more detailed survey of previous regularity results is
contained in Chapter [ The main result of Chapter [4] is the following regularity

criterion for the three-dimensional Boussinesq equations:

THEOREM 1.3. Let (u,e) be a weak solution to (1.15)) on [0,T], assume (u,@) is

regular on (0,T), and
(1.22) lusqlls, . € L10,T).

Then (u(t),0(t)) is regular on (0,T].
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The key tool in the development of this regularity criterion is linked to the dissi-
pation wave number A(t), a natural tool to study dissipative equations, corresponding
to the work of Kolmogorov [39]. Recent work utilizing Littlewood-Paley decomposi-
tion, the dissipation wave number, and determining modes have already provided key
improvements to previously known regularity results for the surface quasi-geostrophic
equations, the magneto-hydrodynamics equations, and the Navier-Stokes equations

(see [14], [15], [16], and [21]) that used classical techniques.

5. Littlewood-Paley Decomposition

Fourier analysis methods, in particular Littlewood-Paley decomposition, ap-
plied to the Navier-Stokes and related equations have been a natural and produc-
tive fit. Joseph Fourier was reportedly very influential on Claude-Louis Navier, who
in turn promoted the mathematical techniques developed his friend and teacher.
Tremendous progress was achieved in the last decade by studying the above fluid
equations with harmonic analysis tools. The methods used in the subsequent chap-
ters center on Littlewood-Paley decomposition, which was introduced by Littlewood
and Paley in the 1930s. We refer the reader to [8] for more on the history between
Fourier and Navier and more information on the stages of the development of Fourier

analysis and Littlewood-Paley applications to fluid equations.

Denote the wave numbers as A\, = 29 (in some wave units). For ¢ € C®(R?),

define

0 : | >1.

Next define (&) = 1(§/ A1) — ¥(§) and ¢4(§) = #(§/ Ag) for all ¢, and ¢y = ().
The ¢,’s form a partition of unity. Then

(1.23) =3,

g=—o00
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in the sense of distributions, where the u, is the ¢'* Littlewood-Paley piece of u. On

R3, the Littlewood-Paley pieces are defined as

(1.24) i) = [ e = )F @) ) du

where F~! is the inverse Fourier transform. On T®, the Littlewood-Paley pieces are
given by
(1.25) ug(w) = Y a(k)dy(k) ™,

kez®

where ([1.23) holds provided u has zero-mean. Moreover, u, = 0 in the periodic case

when ¢ < 0.

We will use the notation

(1.26) U< = Z“m

q<Q

(1.27) usg =3y,

7>Q

and

(1.28) Ug = Ug—1 + Ugq + Ugy1-

Homogeneous Sobolev spaces are denoted by H*, for which the norm will be

defined via Littlewood-Paley decomposition.

DEFINITION 1.4. The homogeneous Sobolev norm of a function u is given by

o0

1
2
ae= (O A uli3)

q=—00

(1.29) ||ul

Note that it corresponds to the nonhomogeneous Sobolev norm H?® in the periodic
case. We also use Littlewood-Paley decomposition to define the homogeneous Besov

norm:
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DEFINITION 1.5. The homogeneous Besov norm of a function u is given by

(1.30) [l

sy, = (X luallzr) ez

lr?

forseR and 1 <p,r < cc.

wn

A function u belongs in one of those spaces if the associated norm in that space i

finite.
6. Notation
The symbol < (or 2) denotes that an inequality holds up to a constant:
(1.31) A<S B A<cB,
where ¢ is an absolute constant. Further, we will suppress notation for L? norms as
(1.32) I Mlp = 1 [lze )

where (2 is the spatial domain specified per section.



CHAPTER 2

Lower Bounds of Potential Blow-Up Solutions of the
Three-dimensional Navier-Stokes Equations in Sobolev

Spaces

1. Background

In this chapter we focus on the three-dimensional incompressible Navier-Stokes
equations and bound the blow-up rates of Sobolev norms of solutions that are assumed
to lose regularity in finite time. The contents of this chapter were previously published
as A. Cheskidov and K. Zaya, Lower bounds of potential blow-up solutions of the
three-dimensional Navier-Stokes equations in H3/2, J. Math. Phys., 57(2), 7, 2016

(see [23]). First, recall the Navier-Stokes equations from Chapter [1}

% + (u-V)u=—-Vp+rAu,

(2.1) V-u=0,
u(z,0) = ug(x),

where the velocity u(z, t) and the pressure p(x, t) are unknowns, v > 0 is the kinematic
viscosity coefficient, the initial data uo(-) € L?*(Q2), and the spatial domain Q = T® or
Q=R

In 1934, Leray [40] showed that if ||u(t)| g is continuous on [0, 7*) and blows

up at time 7™, then

C

(2.2) ()] g3y = T ot

I

12
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Moreover, the bound for LP norms for 3 < p < oo,

c
(2.3) ||u(t)||LP(R3) > —p@,
(T~ 1)

have been known for a long time (see [40] and [32]). The Sobolev embedding

(2.4) H*(R?) C L5 (R%)
and ([2.3) yield that

c
2.5 u()llgs) = =1
(2.5) Ol 2

for % <s< % and Q = R*. Robinson, Sadowski, and Silva extended (2.5) in [48] for
% < s < g for the whole space and in the presence of periodic boundary conditions.

This bound is considered optimal for those values of s.

When s > 2, Benameur [6] showed

3—2s

c(s)|u®) g,
(T —t)s

(2.6) [ s ey >
which was improved upon by Robinson, Sadowski, and Silva in [48] to

5-2s
C(S) ||u0||L25(Q)

2.7 Ju(t) ok

)

Hs(Q) =

when Q = T or Q = R3.

The border cases s = % and s =

g required separate treatment. For s = %,
Robinson, Sadowski, and Silva had an epsilon correction to the lower bound. In [27],
Cortissoz, Montero, and Pinilla improved the bound for s = % on T?, but they had a

logarithmic correction:

||“<t>||f{%(1r3) =z V(T* —t)| log(T* — ]

(2.8)
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For s = 2, Cortissoz, Montero, and Pinilla [27] also found

29) 14510y 2 =g 1]

when Q = T° or Q = R®. In [41], the authors proved

(2.10) limsup (7™ — ) ||u(t)| gs/2q) > c-
t—T*=

The result of this chapter improves the bound for the H %(Q)—norm to the
optimal bound when © = R?® or Q = T®. The method is not contingent on
rescaling arguments and thus works simultaneously for R* and T® and differs from
previous works because Littlewood-Paley decomposition is employed. The importance
of the H3/? norm must be stressed because it scales to the L norm and corresponds
to the uncovered limit of . The H®? norm is also significant because H/? is
a critical space for the Euler equations and scales like B;Opo, the Beale-Kato-Majda
space. Furthermore, the persistence of the logarithmic correction in estimate is

consistent with the recent result of Bourgain and Li [7] on the ill-posedness of the

Euler equations in H%2.

REMARK 2.1. The lower bound for the H?2 -norm of blow-up solutions was also pre-
sented in papers by Montero [42] and McCormick, Olson, Robinson, Rodrigo, Vidal-

Lopez, and Zhou [41]], which both appeared shortly after the results presented here.

2. Bounding Blow-Up

We begin by testing the weak formulation of the Navier-Stokes equation with

Azs(uq)q to obtain

d S S S
@11) SO gl = e X 3+ 2 /Tr[(u@u)q~qu] dz.
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In the typical fashion, we write

(2.12) (U@ u)g=1Uug @ u~+u®ug+ re(u,u),

for ¢ > —1, where the remainder function is given by

(2.13)  rolu,u)(z) = /f'l(cﬁq)(y)(lt(flf —y) —u(x) ® (u(z —y) —u(z)) dy.
Thus, we rewrite the nonlinear term as

(2.14) /Tr[(u ®u)q - Vu,|dz = /Tq(u, u) - Vu,dz— / Ug - Vg - ugde.

LEMMA 2.2. The integral (2.14)) corresponding to the nonlinear term in (2.11)) is

bounded above by

q
/ Tel(u ® u) - Vitg) do A gl 3 A2 a2

p=—00
(2.15) + Mg lugllz D Nyl
p=q+1
q+1 5
+llugll3 D A8 lluplla:
p=—00

PROOF. We examine the two integrals on the right-hand side of (2.14]) separately.

By Holder’s inequality,

(2.16) / oty 0) - Vatg dz < [frg (1)l Mg 1t
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We use Littlewood-Paley decomposition and split the sum into low versus high modes

to find

74 (w, w2 S/Ra | F (0] lulz —y) — u(z)]idy

.17 S [1F @)1 Y It =) = @), dy

p=—00

+ [P G061 Y e )~ ueyliay.

p=q+1
We apply the Mean-Value Theorem on the low modes and the triangle inequality on

the high modes to arrive at

a5 [ 17 @0 I 3 IVulidy

p=—00

(218) + [ 17 @Y Tl

p=q+1
q 00
D2 Rl S gl
p=—00 p=q+1
Thus,
q
/ ol 1) - Vg dz S0 uglle S A2 2
(2.19) e

[ee]
+ Aq luglle Y Nl

p=q+1

For the second term of (2.14]), we use a similar process as above in addition to

Bernstein’s inequality in three dimensions, which says, for 1 < p <g,

1 1)

3(1-1
(2.20) lujllg S A7 [lugllp,
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to find

q+1

(2.21) / Uy Vitegr - g dz S lugl2 37 Ay lluplloc

p=—00

q+1

S llugll D 22 Mgz

p=—00

Combining (2.19)) and ([2.21)) yields the desired bound ([2.15]). O

Similar estimates were executed in [13] and [22]. We apply the bound obtained
in Lemma [2.2] to write
d C S C S
(2.22) o (A2 llugll3) S = > (X2 lugl3) +2(A+ B +C),

q=—00 q=—00

where

00 q
(2.23) A= > AT Hluglla A lluy I3,

q=—00 p=—00

(2.24) B=> > A uglallul3,

gq=—00 p=q+1
o] q+1

(2.25) C= 50 3 N BN o

g=—00 p=—00

THEOREM 2.3. Let u be a solution to (2.1) with finite energy initial data. Then

for s = %, the solution u satisfies the Riccati-type differential inequality

(2.26) dit f: </\2’||uq||§> < i ()\2 ||Uq||%>2
q

=—00 q=—00
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. . . 3
PRrROOF. We bound the nonlinear terms. First, we estimate (2.23) for s = 5. We

apply Bernstein’s inequality in three-dimensions and we rewrite the sum

00 q
= > > Alluglla A Il I}

g=—00 p=—00

o0

q
(2.27) S YD A uglla A2 w13

gq=—00 p=—00
1/2
3 S AL O ) (A )

g=—00 p=—00

We apply the Cauchy-Schwartz inequality to yield
2
~1/2 12 (-
(2.28) <y Z A2 (5 A0 eallg) + 222 (v X w3)
g=—00 p=—00

Next we sum in p for the first term and exchange the order of summation and sum

in ¢ for the second term of ([2.28)):

(2.29) AS Y (N ) 5 D0 (A0 ).
q=—00 q=—00
To estimate ([2.24]) when s = %, first we apply Bernstein’s inequality for three-

dimensions to find

B= ) > Xluglluli

q=—00 p=q+1

(2.30)

oo

o
S D > Aglluglla A I3

q=—00 p=q+1

We rewrite the sum to look like

(2.31) B3 Z Z A2t (O Nugllz) (N lugllz) (A3 Il 12)-

g=—00 p=q+1
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We apply Young’s inequality with the exponents 6; = 05 = 4 and 03 = 2 to yield

2
BEY S A (v N )

g=—o00 p=q+1
2
(2.32) - Z Z D (V‘l Ail!%”%)
q=—00 p=q+1
YRS 2 (50 ).
g=—00 p=q+1

Next we sum in p for the first term and exchange the order of summation and sum

in ¢ for the second and third terms of (2.32)). Note the summation in ¢ converges:

23 B Y (W Nlul) + 3 (% wl2) + (5 )]

q=—00 p=—00

Thus we arrive at the bound

o)

(234 B S (v ) 5 S ().

q=—00 q=—00
Finally, we estimate (2.25)) for s = 3. We rewrite the sum

(2.35)

%) q+1

C=3" 3 N ugld A2 u,|3

g=—00 p=—00

00 q+1

= 30 D0 AT O ) O gl 3)” (N agll)” (A3 1)

g=—00 p=—00

where ¢ is a small positive number we can choose. We apply Young’s inequality with

2 4
(2.36) Ql_ﬂ’ 92—5; 93—57 94—m7
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where we require § < 1 to ensure the exponents are all positive and mdeed -+ 5 92 +

@ + E = 1. Then we have
o] q+1 9
Cs S [ (v A ul2) + 0, (2 )
(2.37) e

[e'e) q+1 9
30 3 [ (A )+ A (5 A0 3]
g=—00 p=—00

For the first two terms of (2.37), we sum in p. For the third and fourth terms, we

exchange the order of summation and sum in ¢ to arrive at

C < :io: [(fl )\2 Huq\|§>2+(% )‘2 ||Uq||§>]
S (8 sli2)” + (23 )]

p=—00

(2.38)

Note 0 positive ensures the summation in ¢ converges. Rewriting the above inequality
yields

[e o] [e.e]

(2.30) C S (v Ald) + 5 S ().

g=—00 g=—00

We use the estimates (2.29), (2.34)), and (2.39) in (2.22) with s = 2 to get the Ricatti-

type differential inequality

d [e.9] o0

(2.40) S (Bl £ 30 (v N )

q=—00 gq=—0o0

REMARK 2.4. The method used to prove Theorem works for% <s< g Instead
of (2.26)), one must show

d o0 o0 2s+1

LS D2l s 3 (2 )™

g=—o00 g=—o00

(2.41)
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In the proof for (2.41)), one must treat the three cases % <s< %, s = %, and% <s< g

separately, but in analogous manners.

THEOREM 2.5. Let u be a smooth solution to (2.1|) with finite energy initial data

such that u loses reqularity at time T*. Then

C
(2.42) HU(t)Hm/?(Q) > T — ¢

for 0 <t <T* and Q=T or Q = R>.

PROOF. Let y(t) = |lu(t)||%,,,- By Theorem 2.3 y satisfies the differential in-
equality
d 2
(2.43) (o) < w0

Rearranging the inequality and integrating from time ¢ to blow-up time 7™ yields

*q T*
(2.44) / e / dr,
y(t) W ¢

which becomes

1 -
(2.45) STt

Then, as desired

2.46 0162 [Py ——
(2.46) (@)l gr3/2() = T

for0<t<T*and Q=T or Q =R>. 0O

REMARK 2.6. The procedure in Theorem [2.5 can be applied to ([2.41)) for y(t) =
lu(E)113

He(Q)

to yield

C
H3(Q) > 2519

(2.47) o0l 2

f0r%<s<g,0§t<T*, and Q =R? or Q = T3,



CHAPTER 3

Regularizing Effect of the Forward Energy Cascade in the

Inviscid Dyadic Model

1. Introduction to Shell Models

In this chapter, we study the regularizing effect of the forward energy cascade

in the inviscid dyadic model of the Euler equations, which we recall from Chapter [T}

0
=4 (u-V)u=—Vp,

(3.1) ot
V-u=0,

where the velocity vector field, u(z,t), and the pressure scalar, p(z,t), are unknowns.

Regularity of the three-dimensional Euler equations is a compelling question as well.

The inviscid dyadic model shares important characteristics with the three-dimensional

Euler equations, namely formal conservation of energy and the scaling properties of

the nonlinear term. The contents of this chapter were published as A. Cheskidov

and K. Zaya, Regularizing effect of the forward energy cascade in the inviscid dyadic

model, Proc. Amer. Math. Soc., 144(1):7385, 2016 (sec [24]).

Kolmogorov’s [39] theory about turbulence centered around forward energy
cascade, which asserts that energy moves from large to small scales. Small scales
correspond to the the dissipation range, where the viscous forces dominate. For the
Navier-Stokes equations the dissipation range is the only tool used to prove regularity
of solutions, but the forward energy cascade might also be a mechanism to regularize
solutions. For quasilinear scalar equations, the regularizing property of the nonlinear
term has been studied by Tadmor and Tao in [49], but such results remain out of

reach for the Euler or Navier-Stokes equations. Recently, Tao [51] proved blow-up for

22
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averaged Navier-Stokes equations by reducing the equations to a more complicated
dyadic model where he introduced a delay in energy cascade. This delay seems to
destroy the regularizing effect of the nonlinear term studied here and produces a

strong blow-up.

Shell models are designed to capture energy cascade in turbulent fluid flows.
The dyadic model is a specific example where the nonlinearity is simplified to reflect
just the local interactions between neighboring scales. Although initially introduced
in 1974 by Desnianskii and Novikov [28], other derivations have been since developed.
We refer the reader to Chapter [1} Section [5and [17] for explanation via Littlewood-
Paley decomposition. Recent mathematical analysis has more recently led to several

other results in the last decade, see for example [2], [4], [12], [31], [37], and [38].

The inviscid dyadic model is an infinite system of nonlinearly coupled ordinary
differential equations constructed to mimic the behavior of the energy of solutions to
the Euler equations in dyadic shells. In [13], Cheskidov, Constantin, Friedlander, and
Shvydkoy examined the energy flux II; due to the nonlinearity in the Euler equations

through the shell of radius \; = 27 and obtained the bound

(3.2) TGS D A2 N il 3,

i=—1

where u; is a " Littlewood-Paley piece of u. Recall Bernstein’s inequality in three

dimensions, which says

3(5-7)
(3.3) luslle S A7 Nl

for 1 < p < q. We assume ||u,|[z ~ )\? |ujlls where 8 € [0, 3] is the intermittency
parameter. Kolmogorov’s regime corresponds to f = 0, whereas § = % gives extreme
intermittency. Denote the total energy in the j shell by a?(¢). As in [17], assuming

only local interactions and extreme intermittency, we model the flux through the j*
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5
shell of radius A; as IT; = A? a?ajﬂ. This leads to the following inviscid system

d 3 5 .
8.4) ;90 =X al_y(t) — A2 a;(t)a; (t), =12, .
ao(t) =0,

with initial conditions a;(0) = a for j = 0,1, ....

As discussed in Chapter [1, Kolmogorov predicted that energy cascade pro-
duces dissipation anomaly, which is possibly related to (but not to be confused with)
anomalous dissipation. Dissipation anomaly is the persistence of non-vanishing en-
ergy dissipation in the limit of vanishing viscosity, whereas anomalous dissipation is
when energy is not conserved despite the absence of viscosity. Onsager [43] conjec-
tured that if a solution to Euler’s equations is smooth enough, then the energy should
be conserved, however, rough solutions to Euler’s equation may exhibit anomalous
dissipation. A relationship between anomalous dissipation and loss of regularity is
more evident in the context of the inviscid dyadic model. The regularity of solutions
is related to the natural scaling of the equations and for the dyadic model we suspect
that the natural space for regularity is the Onsager space. Despite the absence of
viscosity, in the inviscid dyadic model, a solution with rough initial data immedi-
ately gains regularity. This is due to the forward energy cascade and the smoothing

properties of the nonlinear term.

In [18] and [19], Cheskidov, Friedlander, and Pavlovi¢ showed that all the
solutions of the forced inviscid dyadic model must have Onsager’s regularity almost
everywhere in time and confirmed anomalous dissipation and dissipation anomaly.
They also showed that all solutions blow up in finite time in H §. On the other
hand, all solutions are in H? for almost all time for § < 2. In [3], Barbato and
Morandin studied the unforced inviscid model and showed Onsager regularity almost
everywhere, as well. In addition, they demonstrated that solutions remain in H 2~ for
all time. We improve their result by showing that regularity even closer to Onsager’s

is retained:
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THEOREM 3.1. For any positive solution to (3.4) with initial condition a(0) in [,

(3.5) sup )\? a;(t) < oo
j

fort >0 and@z%.

Barbato and Morandin proved the theorem for 6 = % by finding an invariant
region for solutions. The method presented below is different as we use a more
dynamical approach which allows us to improve regularity for values of # up to % It
is natural to conjecture that every solution must have exactly Onsager’s regularity
for all positive time and the ultimate goal would be to show regularity for values of

0 up to 2 (Onsager’s scaling).

REMARK 3.2. As a comparison to L3-based regularity, our result (3.5) can be

expressed as

(3.6) sup )\?JFB a;(t) < oo
J

for q = %0' The ultimate Onsager scaling is q = %

2. Energy Conservation and Onsager’s Conjecture

In this chapter, we will denote the energy norm simply by |- | := || - ||z. A
solution a(t) is called positive if a;(t) > 0 for all j € N and all time ¢. In [19] and
[3], the authors proved solutions with positive initial data a;(0) remain positive for
all time ¢ > 0. Moreover in [3], Barbato and Morandin proved uniqueness for positive

initial data. Thus we have

THEOREM 3.3. Let a(t) be a solution to (3.4) such that a;(0) > 0 for all j € N.
Then a;(t) > 0 for all j € N and all t > 0.

Below, we illustrate why 6 = % corresponds to Onsager’s scaling by proving the

following theorem (cf. [13], [20]):
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THEOREM 3.4. Let a(t) be a positive solution to (3.4) such that
T 5 3

(3.7) lim (A; aj(t)> dt=0

0

Jj—00

then a(t) conserves energy on [0,T].

PrROOF. We examine the total energy flux through the first J shells. We multiply
equations (3.4) by a;(t), take the finite sum from j = 0 to j = J, and integrate over
time for 0 <t < T to obtain

J

t J t 5 5
(3.8) /Zaja; dT:/ Z(A;_lc@_laj—A; @?ajﬂ) dr.
0 j=0 0 j=0

The right-hand sum telescopes and we rewrite the left side

J

fS~1 d bos
(39) / 5 d—(af) dr = — / )\j Cl2JClJ+1 dT,
0 5297 0
which yields
1< 1< bos
(3.10) Y@ -5 a0 = —/ M @ (Faya(r) dr.
=0 =0 0

We apply Young’s inequality to the integral on the righthand side of (3.10)) to find

t 5 t 5 (CL2)% (CLJ 1)3
og/A2a2a dTg/A2 Sy dr
0 J YgWJ+1 0 J ( 3/2 3

t o, t oy
S/ A2 ad dT+/ )\§+1a3+1 dr.
0 0

(3.11)

Hence by our assumption,
t

5
(3.12) lim A2 aay, dr =0.

J—o0 0

We take the limit of (3.10) as J goes to infinity to conclude that energy is conserved
since |a(t)|* = |a(0)]2. O
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3. The Modified Galerkin Approximation with Flux

27

The strong and weak distances, denoted respectively by dg and dw, are quan-

tities given by

(3.13) ds(a,b) := |a — bl
and

1 b,
(3.14) dw(a,b) == la; = b

2 N Ty — ]

DEFINITION 3.5. The modified Galerkin approximation with fluz, denoted by
(3.15) a®(t) = (ag(t),ar(t), ..., an(t),0,...),

is a solution to the following finite system of ordinary differential equations:

d n 3 n s n_n
Y — A2 (a} )+ A2 ala),, =0, j=1,2,..,n—1,
(3.16) |
-0

. n . 0 . . ey
with a; (0) = aj for j =1,2,...n, where 0 is any positive number.

By a similar argument to Theorem 3.2 from [19], we obtain the following

theorem:

THEOREM 3.6. The sequence of the modified Galerkin approximation with flux

converges to a solution of the dyadic model (3.4)).

PROOF. Denote a(0) = a°, such that a® € [? and let T > 0 be arbitrary. We

will show that the modified Galerkin approximation with flux converges to a solution

of (3.16)) on [0,7]. We know there exists a unique solution a"(¢) to (3.16) from

the theory of ordinary differential equations. We will show the system of Galerkin

approximations {a"} is weakly equicontinuous. There exists M > 1 such that a} () <
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M for any t € [0,7T] and for all j and n. Then

|a?(t) — a?(s)| <

/st (Aqu(a}il)?(f) Y a?(T)a?H(T)) a7

(3.17)
< (A M2 405 M2) ).
Thus
618 dw@@®.ae) =Y o GO SOl

for some constant ¢ independent of n. Then {a"} is an equicontinuous sequence in
C([0,TY); 13,) with bounded initial data. The Arzela-Ascoli theorem then implies that
{a"} is relatively compact in C([0,T];1%,). Passage to a subsequence yields a weakly

continuous /%-valued function a(t) such that
(3.19) a™ —a as n, —oo in  C([0,T); ).

In particular, aj™ — a;(t) as n,, — oo for all j and for all ¢ € [0, T]. Thus a(0) = a”.

Furthermore
n n ' 3 n 2 5 n n
(3.20) Qi (t) = a (0) + /0 (A (@) (r) = M @ () () dr
for 5 <n,, — 1. Now let n,, — co. Then
bre o, 5
(3.21) a;(t) = a;(0) + / (M@ 1(7) = A a5(T)aa(r) ) dr.
0

Since a;(t) is continuous, then a; € C([0,T]) and it satisfies our inviscid dyadic

system.

LEMMA 3.7. If a(t) solves (3.4) with initial condition a(ty) = a°, then a(t) = na(nt)
is a solution to (3.4) with initial condition a(ty) = na(nty) = a°.
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PRroOOF. For j = 0, the result is trivial. For j = 1,2, 3, ..., we have

d 5 5
(32 Lo =af a0 - A o).
So
d , d
= a;(t) = 0’ ~ a;(nt
3 W) =n" 5 a;(m)
2(\5 2 5
= (A a2 () = X gt (o))
(3.23) . o
= A7y (naj—1(nt))” = A7 (na;(nt)) (naj+i(nt))
5 s
= A7 a5 (1) = A7 a5(8)aya (1)
Thus a(t) satisfies (3.4]) with initial condition a(ty) = na(nty) = a°. O

4. Regularity of the Inviscid Dyadic Model

In this section, we study the regularity of positive solutions to the inviscid
dyadic model. We apply the change of variables c;(t) = A20-3 )\g a;(t) to rewrite the
equations as

d 5

& Cj (t) = )\32
(3.24)

Co (t) == 0,

where v = A37% We choose
3
3.25 0=-—.
(3.25) y

THEOREM 3.8. Let a(t) be a positive solution to (3.4]). There exists § > 0 such
that if ¢;(0) <6 <1 for any j € N, then ¢;(t) <1 for any j € N and for all t > 0.

PROOF. By the uniqueness proved in [3] and by Theorem we have

(3.26) a;(t) = lim af'(t),

m—00
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where a'(t) is the m!" order Galerkin approximation of a;(t). So it suffices to prove
the theorem for the Galerkin approximation a™(t). We will suppress the notation by

omitting the index m.

Fix m and consider the m*™ Galerkin approximation

(3.27) c(t) = (co(t), 1 (1), ooy em(t), 0, ...).

Suppose for contradiction there exists jo € N such that there is a time Ty > 0 for

which ¢;,(7p) = 1 but ¢;,(t) < 1 for 0 < t < Tj. Define the set of indices
(3.28) I'={jeN:j<m}.

If ¢j(t) < 1 for all j € I for any time 0 < ¢t < Tj, then let n = jy. Otherwise, if there
is a j € I such that ¢;(t) = 1 for some time 0 < ¢ < T, then define ¢; > 0 to be the
time such that ¢;(¢;) = 1 but ¢;(t) < 1for 0 <t <t; <Tp. If ¢;(t) < 1 on (0, Ty,

then let ¢; = oo. Define

(3.29) t* = I}lei}ltj.
Define
(3.30) n:=min{j € I : ¢;(t*) = 1},

and note that n # 1 since

d 5
—c1(t) = = A2y e (t)ey(t) <0,

(3.31) d¢
01(0) S 0 < ]-7

as ¢1(t),ce(t) > 0 for all ¢ > 0. Then ¢ (¢) is a non-increasing function with initial

value strictly below 1. Thus ¢;(t) cannot cross 1 and hence t; = occ.

Thus, there is a fixed n € I such that ¢,(t) < 1 for 0 < t < t*, ¢,(t*) = 1, and

5
0-3

¢;j(t) < 1forall other j € I\{n} and 0 < ¢ < t*. We rescale time as b;(t) = ¢;(An * 1),
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which satisfies the equation

() = NSy (07 = Ay (1),

N

(3.32)

e

where b;(0) < ¢ and b;(t) < 1 for all j and 0 <t < T*, where T* = /\7%_9 .

For a very rough estimate for b,(t) for ¢t < ¢y, we first fix k¥ = 0.96. Note
d < k < 1. There exists time ¢, > 0 such that k& < b,(t) < 1 for t;, < ¢t < T* and

b, (to) = k. Recall our assumption on the initial data: b,(0) < J. So

d

(3.33) o

balt) = b1 ()2 = Abu(B)busa () < 1,

since b,_1(t) < 1 and b,(t),b,+1(t) > 0 for 0 < ¢t < T*. Thus we have a lower bound
on to: tyg > k —d. Apply Gronwall’s inequality backward in time for b, (t) to arrive

at the following lower bound:

(334) bn(t> Z k — to +t for te [to —k + 5, to] Q [max{(),to — k},to]

Next, we estimate b,41(tg). For t € [ty — k + 6, to], we have

d

14 bn+1 (t)

T A (bu(0)” = bua (Db (1)

(3.35)

Vv

X270 (k= to + 1) — v baya (1))

N

A0k —to+ )2 = A5 0y, (D).

This yields the initial value problem:

d
bt () ATy bga (8) > ATk — g+ 1)2,

(3.36) de
bpi1(to —k+9) > 0.
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Apply Gronwall’s inequality to find
t 5_
bus1(t) = bnga(to —k+d) e Jiy—ras A2y dr

t e 5.
(3.37) +/ ) 5e—fs“ "rd N5k — 1o+ 5)? ds
to—k+

t 5
> / e A7 (t=9) )\%_e(k —to+5)? ds.
to—k+9

An application of integration by parts yields

5 _
Doy (t) > A3 00 L [

to—k+48

_/t 2k — to + s) e’\%_e'“ds].
t

5_
o—k+0 AQ 6'7

(3.38)

We integrate by parts again to get
(3.39)

bn+1 (t) 2

2|~

e—/\%—e»yt [ ((k . tO + S)Qe)‘g_GWS _2(l€ —ﬁ_to -+ 5) e/\%_673>

to—k+6

t
2 5_
+/ - A" s
to—k+8 A2 7y

- le_m o [(k — 1o +5)%eM BVS_MQ/\%“’WS
v =
2 g ]t
+ — e Vs
AT to—k+5
(h—to+1) 2(h—to+t) =~ 2
= y )\%*9 ,}/2 )\5—26 73
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Thus we have

T Azl
(3.40)
5- 52 20 2
e 2 9 y(k—6) — R B((S).
TooxETla2 AT

As ¢ tends to 0,

K 2k 2 222" vk
(3.41) B(§) — |—— — + <=5 - = > (0.447.

ToooxTla2 AT ATy

So there exists 0 small enough that B(d) > 0.447 := B, which we will use as the

bound on initial condition b, (o).

We also seek and estimate for b,,11(t) for tg < ¢ < T™. By our assumptions when
t > tg, in particular that b, o(¢t) < 1 and b,(t) > k, we get the following inequality

from equation ((3.32)):

d 5
— b1 (t) S X7 (1= kybaa(t)),

(3.42) di
bn_1(to) < 1.

Then by Gronwall’s inequality,

t \O—2 t 5 s
bp-1(t) < bn-1(to) e Ji? 2Md7+/ p\a e‘fZAf’ Tkydr g

to

t
(3.43) < oMkt / N5 N Bt g

to

_ —Ag_%k'y(t—to) 1_L L:B t
(] k"y + k"y . n—l( )

By our assumptions when ¢y < ¢ < T*, in particular that b, 5(t) < 1 and b,(t) > k,

we get the following inequality from equation (|3.32)):

d
3, bn+1 (t) 2 A

(3.44) de
bn+1 (tO) Z B.

Njo

- (k2 - Vbn+1 (t)) )
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Again, by Gronwall’s inequality,

t 20 t 5_

bn+1(t) > bn+1(t0) eifto A2 'ydT_i_/ e—f:)\z O ~ydr )\%—9 ]{32 ds
to

t

> Bt 4 / e~ M= \F0 g2 g

(3.45) t;
=B e_/\%*e y(t—to) + k_ e_>‘%797t eA%’E)vS
2 to
. k2 2 ~
— o= A2 (t—t0) (B - 7) + 5 = bnpa(1).

We finally estimate b,(t) for to <t < T*. We use the bounds on b,1;(t) from

above to find an upperbound on b, (t):

(3.46) d%b"(t) = b7y (£) = Y ba(t)bna (£) S B2y (£) = 7 ba(t)bna (1),

b(to) < k.

Another application of Gronwall’s inequality yields

(3.47)

~ t ~ )
b (t) Ske—fttowbn+1dT+/ o fivbundr 2 g

to
e e 0 (-2 s
' _ft e*A%_gv(T*t0)<B_ﬁ)+k2dT 205k t 1 1 2
+/e o7 Y e M1 — ) ) ds
to kfy kﬁy

_5 2 50
A2 (B-E) (e AT ’50)71>7k2(t7t0)

t )\9*% (B*ﬁ> (e_ - v(t—to) — o~ A2l V(s_to)) *kQ(tfs)
+ [ e k
to

2
. U ky(s—=to) (1 — L L d
(e ky + Fy S
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5 5 )
iﬁ(t) i e)\9*7<37§) (e—w M(t_to)q)w (t—to) <(k:2 B~ e—A%“’v(t—to) —k2>

2
N Rk (o L) L L
+ (e ki + ky

5_ 5_
/t ”’—%(B—%(e*” ¥ y(t—t0) _ e A2 9”<5’t°>)—k2(t_s>
t

0

The exponent

2
(3.49) A3 (B - k_) (e—A%‘gv(t—to) _ e—A%—%(s—to)>
v

is nonnegative, thus

(3.50)

d - 1 1)’
— < Y(t=to) (1 — — -
ai "= (e ( M) i /w)

2
— (e A3 ky(t—to) 1 — L + L
kv) kv

2
:e—2,\ef% ke~ (t—to) <1 B L) i 2 (1 B L) - A0~ 3 ky(t—to) " 1 )
(k7)?

X (kl E <1 . %) e—A%*"'y(tfto) . (kl E <1 . %) ef(A%*Q'erkQ)(t*to) _
Y Y

We have shown exponential decay for the derivative §'(t) and thus it suffices

to show B(t) < 1 on a finite interval, which can be accomplished easily numerically

since [(t) is given explicitly. Hence b,(t) < 1 for all ¢ > 0, which contradicts our
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assumption that b,(t) is the first b; that crosses 1. Thus b;(¢) < 1 for any j € N and

for all t > 0. The conclusion extends to ¢;(t).

This leads to our main result:
THEOREM 3.9. Let a(t) be a positive solution to such that
(3.51) sup )\? a;j(0) =M
j
for some M < oo, then

(3.52) sup /\g a;(t) <
j

M
)
for allt > 0.

PROOF. By Lemma we have that if a;(t) solves (3.4) with a;(0) = a, then
a;(t) = na;(nt) is a solution to (3.4) with initial condition a;(0) = na;(0) = na). In

particular, this is true for n = 2. Since sup; )\g a;j(0) = M, we have

. )
(3.53) sup )\? a;j(0) =nM = MM =
j
Define

Then we have

(3.55) sup b;(0) < 0.

J

Given such an upper bound on the initial condition of b;(t), then recall that the

theorem above yields

(3.56) bi(t) < 1
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for all ¢t > 0. Then

(3.57) sup b;(t) = )\? a;(t) = )\? na;(t) < 1.
J
Therefore
1 M
3.58 MNa(t) < = =—
( ) Sljp ¥ a]( ) n 5
for all £ > 0.

Similar to Theorem 10 in [3], we obtain the following

COROLLARY 3.10. There exists a constant k(0) > 0 such that
(3.59) sup A2 a;(t) < k(0)]a(0)[5¢75, for all >0
J

for every positive solution a(t) of (3.4) with a(0) in I2.

PRrROOF. By Theorem [3.9
3.60 A9 L sup A
(3.60) Sup jaj(t)<581;p 5 a;(s)

for all s € [0,¢]. By [3], there exists a constant f(#) > 0 such that

(3.61) L{t>0:a;(t) > 1; for some j} < f(6)[a(0)* )

5
i=1 A7 L3

37

where .Z denotes the Lebesgue measure and (I;);>1 is any positive, non-increasing

sequence. Let

(362) lj = 1 )

where M is such that

> _s5
(3.63) STXTE <
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This series converges since 36 — g < 0 by (3.25)). Then we get

Z{s>0:a;(s) > ; for some j} < f(9)|a(0)|2§: !
=1

ot

(3.64) 1 e
_MZ)\J' t
j=1

< 1.

Thus for some s € [0,t], we have a;(s) <[; for all j. Thus

Wl

=
win
W=

(3.65) A aj(s) < £(6)5 M5 a(0)] 5t
for all j. Then
sup Af a;(s) < f(0)5 M3 a(0)[5¢ 73
(3.66) J
= k(0)[a(0)] 33,

where k is a constant that depends on 6. This yields the result

1 2 1
(3.67) sup )\g a;(t) < 51{(9)|a(0)|§t_§

J

for all t > 0, as desired.
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CHAPTER 4

Regularity Criterion for the Three-dimensional Boussinesq

Equations

1. The Three-Dimensional Boussinesq Equations

We consider the three-dimensional incompressible Boussinesq equations, which

we recall are given by

0
(4.1) 8—7; + (u-V)u=—-Vp+vAu+ fes,
(4.2) o + (u- V)0 = kAG,
ot
(4.3) V-u=0,
with initial data
(4.4) u(z,0) = ug(x),
(4.5) 0(x,0) = by(x),

where » € R®, ¢t > 0, u = u(w,t) is the velocity vector, p = p(z,t) is the pressure
scalar, @ = 6(x,t) is the temperature scalar, and the initial velocity is divergence
free. The fluid kinematic viscosity is v > 0, the thermal diffusivity is £ > 0, and
e3 = (0,0,1)T. When 6 vanishes, the system reduces to the incompressible Navier-
Stokes equations, which can be further reduced to the incompressible Euler equations
when v = 0. The work in this chapter has been submitted for publication and is
published as an eprint as K. Zaya, Regularity criterion for the three-dimensional

Boussinesq equations, arXiv:1509.07434, 2015 (see [57]).
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2. Overview of Regularity Results

In three-dimensions, regularity criteria for - have been developed
in many cases. In [46] and [47], Qiu, Du, and Yao developed Serrin-type regu-
larity criteria for the Boussinesq equations, where in [46] they showed a smooth
solution to - on time interval [0,7) will remain smooth at time T if
u € Lq(O,T;B;VOO(R:s)) for §+% = 1+s, S%l <p<oo —1<s <1, and
(p,s) # (o0,1). Ishimura and Morimoto [36] proved the Beale-Kato-Majda-like
regularity criterion Vu € L'(0,7; L*(R?)). Later Fan and Zhou [30] studied the
Boussinesq equations with partial viscosity and proved Beale-Kato-Majda-like regu-
larity criteria in terms of the vorticity: V x u € L*(0, T; BY, .(R?)). More regularity
criteria in the three-dimensional case can be found in [45], [52], [53], [65], [56], and

[58]. Regularity criteria in the two-dimensional case has also been studied at length

[1], [9], [10], [11], [33], [34], [35], [50], and [54], to name just a few.

In [5], Beale, Kato, and Majda proved if
T
(4.6) / |V x ul|ze dt < oo,
0

then a smooth solution to the Navier-Stokes equations on (0,7") does not blow up
at time 7. This condition was weakened for the Euler equations by Planchon [44]
and was improved for the three-dimensional Navier-Stokes equations by Cheskidov
and Shvydkoy [21]. In [15], Cheskidov and Dai developed Beale-Kato-Majda-like,
but weaker, regularity criterion for the three-dimensional magneto-hydrodynamics
equations. In this chapter, we prove the following Beale-Kato-Majda-like regularity

criterion for the three-dimensional Boussinesq equations:

THEOREM 4.1. Let (u, 0) be a weak solution to (4.1)-(4.3) on [0,T], assume (u, 6)

is reqular on (0,T"), and

(47) lu<olley, . € L'(0.7).
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Then (u(t), 0(t)) is reqular on (0,T].

REMARK 4.2. We note that the above regularity criterion also recovers the previous
known Prodi-Serrin-type reqularity, in particular we improve upon the results in [46],
by recovering the whole range, including the endpoint (p,s) = (0o, 1). The result also
covers u € C((0,T]; Bojoo). Further, the criterion in Theorem IMProves previous
Beale-Kato-Majda-like criterion since it only imposes a condition on the low modes

of the projection of the velocity u.

3. Definitions

We work in the class of weak solutions:

DEFINITION 4.3. A weak solution of (4.1))-(4.3) on [0,T] is a pair of functions

(u,0), u divergence free, in the class
(4.8) u, 0 € C,([0,T); L*(R*)) N L*(0,T; H'(R?))

such that

(4.9) (u(t), 6(t)) — (uo, $(0))
= /0 (u(s), 0s8(s)) + v (u(s), Ad(s)) + (u(s) - Vo(s),u(s)) + (6(s)es, ¢(s)) ds

and

(4.10) (6(t),6(t)) — (60, #(0))
= [ (00).0.006)) + K(0(). 20(9) + (ul) - V51, 0() ds
for all divergence free test functions ¢ € C’go([(), T] x R )

DEFINITION 4.4. A Leray-Hopf weak solution of (4.1)-(4.5)) is regular on time

interval I if the Sobolev norm ||ul|g= is continuous for s > 3 on T.
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REMARK 4.5. One can apply a standard bootstrap argument to show if a solution

s reqular, then u and 6 are smooth.

The development of our regularity criterion is linked to the dissipation wave

number. Similarly to [15] and [21], we define

DEFINITION 4.6. The dissipation wave number A(t) is
(4.11) A(t) = min{A; : A ! uplloe < emin{v, k},Vp > ¢, ¢ > 0}
for absolute constant c.

Then Q(t) € Nis the index such that Ag«) = A(t). The time-dependent function
A(t) separates the low frequency inertial range, where the nonlinear term dominates
the dynamics, from the high frequency dissipative range, where viscous forces take
over. Work with the dissipation wave number and determining modes have pro-
vided key improvements to previous known regularity results for the surface quasi-
geostrophic equations, the magneto-hydrodynamics equations, and the Navier-Stokes

equations (see [14], [15], [16], and [21]).

REMARK 4.7. Although the definition of A(t) above is different than in [15], one
may nonetheless use similar estimates. For the Boussinesq equations, there is no
restriction on the parameter r of the dissipation wave number A.(t) defined for the
magneto-hydrodynamics equations in [15]. Instead, for the Boussinesq equations, one

may let r = oo, where as for magneto-hydrodynamics, one requires 2 < r < 6.
4. Proof of Theorem 4.1

PRrOOF. We test (4.1)) with (u,), and (4.2)) with (6,),. This yields

1d
(4.12) §&Huq\|§§—u||quHg—l—/ (u.vu)q.uqu—/ (0es), - uq dz,
R3 R3
1d
@) Sl < e [ (e v0),-6,ds.
R?)
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We multiply (4.12) by )\2Sand - by )\ , add them together, and sum over g to

arrive at
1 d . S g . S loa
(414) 5= D (A lugll3 + 227 1164113) < = > (A2 vl V|3 + A2 k[IV6,]13)
g=-1 g=—1
+ 1L+ L+ Is,

where
(4.15) L = Z )\55/ (u-Vu) -uydz,

q=-1 R? !
(4.16) Z /\25/ 963 - ugy du,

qg=—1

(4.17) Z )\2”/ (u-V0), -0, de.

qg=—1

For (4.15)), we refer the reader to the computations carried out in [21] on the

Navier-Stokes equations, where they show

(4.18) LIS v >N uglls + £(0) DA (g3,
g=—1 g2—1
where
(4.19) f(@) = llucquy®)llsy . = sup Ag ||ug(t)|loo-
q<Q(t)

We use Young’s inequality to estimate (4.16)) as

120 [nl=]Y A?S/ (Bes), - udz| 5 37 X2 (gl + 16,13)

q>—1 q>—1
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For (4.17)), we use a similar method as in [15]. First we decompose (4.17)) into

three parts:

=> > )\2"/ Ucp o - VO,),0, dz

q=—1|qg—p|<2

(4.21) +> Y A”’/ Uy - VOep_o)gl, dz

q>—1|q—p|<2

+> N ar / b V0,)0, dz

q>—1p>q—2

21371 + 1372 + .[3’3.

One may denote the Littlewood-Paley operator as A, so the Littlewood-Paley pieces
of a function u can also be denoted as Aju = u,. By Bony’s paraproduct and

commutator notation, which says
[Ag, usp—s - V]l = Ag(ucp—s - V) — ucps - VA,

one may further decompose I3, as

1371: Z Z )\20/ Aq,’LL<p 2 V]G 9 dz

q2—1]q—p|<2

(4.22) + >N / Ueq_n - VO,0, dz

q>—1

+ Z Z )\20/ U<p—2 — uSq_Q) . VAq6p9q dz

qz—1|g—p|<L2

=311+ 1312+ I313.

In [15], they note that their term equivalent to our I3, ; can be estimated as

(4.23) aaal Sck D AT2105 + F(8) Y AL 116,15

q>Q+2 g=—1
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The second term, I3, = 0 because of the divergence-free condition on u. We also

refer the reader to [15], where one can find

(4.24) sal + [ sal S ck Y N6+ (1) D AT 1643

q=>—1 —1<q<Q+2

For I3, we use Holder’s inequality to find

(4.25) B2l 30 A luglloe D 185l Y A 161

q>-1 lg—p|<2 P <p—2

Then we split the sum into high and low modes. For the high modes we use the

definition of A(t) and for the low modes we use f(¢) to find

T32] Sck Y AT 6,0l > A 6]l

>Q lg—p|<2 p'<p—2

O D AT Y 6l D A6yl

-1<qg<Q lg—p|<2 p'<p—2

Sck >0 AT 1602 > A (1612

>Q—2 p'<q

A0 D AT 8allz D A 16yl

—1<q<Q+2 p'<q

(4.26)

We rearrange and apply Jensen’s inequality to arrive at

Taol Sck D> AT 602D A7 As 16l

q>Q—2 p'<q
(4.27) S (OIED DEP Y VA1 P LB A M
—1<g<Q+2 p'<q
Sck D> ONTEN05+ £ Y0 A 6,15,
g>—1 —1<g<Q+2

for o < 0.

The above estimates on the pieces of (4.17)) yield

(4.28) L] S ck Y N7 N005+ F(1) D AT 16415

g>—1 g=>—1
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Inserting the estimate in - , and - into - 4.14]) yields

1 d S a S o
WY (N2 Nlugll3 + 227 16a113) S = v X A2 Nluglls =k > X277 16,113
g>—1 q>—1 qg>—1
o Y AT lugll3
g>—1
(4.29) + (F) 1) ) A lugll3
g=-1
+ck Y N6IE 4+ D A 116,13
g=>—1 g>—1
£ A 1613
q>-1

For 2s < 20 + 2,

1d . i ) )
5& Z (/\5 ||uq||2 /\2 ||6’ H — v Z )\2 +2 || q||2 k Z /\2 +2||6, H2
q=>—1 q>—1 >—1
+Crev Y N fugll3
g=—1
(4.30) +Cck+1) Y A2 |6]3
g>—1
+ Ca(F(8) 1) DA ugll3 + 27 116113,
q>—1

where (', Cy, and Cj are absolute constants. The choice ¢ = min{c%, C% — %} yields

(4.31) d% (lullfe +101%.) < Clv.k,5,0)(f() + 1) (Il + 16115, )-

By Gronwall’s inequality, we can show [ul|%, + [|0]|%, remains bounded on

(0,7)for i <s<lands—1<o<O0if
(432) Jusollps . € L0, T),

as desired. 0
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