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SUMMARY

This thesis deals with the problem of modeling dry friction contacts, that is a crucial aspect
of the design of "dry friction dampers”; these devices are responsible for the absorption and
dissipation of the energy of the turbomachinery blades vibrations.

A numerical method for the contact problem solution was developed and implemented in a
MATLAB program. The tangential force-displacements curves were derived for the cylinder on a
plane and for the two planes contacts using the proposed method.The corresponding tangential
contact stiffness and the representation of the frictional hysteresis loops were computed. In
particular, for the cylindrical contact, the influence of diameters and lengths were investigated,
instead the behavior of these loops for non-uniform normal pressure distribution were also
analyzed for the planar contact.

With the flexibility of the proposed method, it was possible to formulate two "numerical”
equations for the normal and the tangential displacements of the cylindrical contact using
multiple models with different dimensions. It is worth mentioning that no analytical solutions
are available in the literature for the tangential displacement, so the solution presented in this

thesis can be considered original.

xii



CHAPTER 1

INTRODUCTION

1.1 Turbomachinery vibrations damping

Fatigue and large amplitude vibrations, due to working conditions close to resonance, are the
major causes of failure in turbomachinery blades. Their design is particularly complex because
they are thin and profoundly twisted and they have strict restrictions in terms of weight and
dimensions. In order to guarantee and extend the predicted life of these components, special
devices called “friction dampers” are adopted. They consist of a block of metal that is pressed
by centrifugal force against the lower portion of the platforms of two adjacent blades. They can
be of several shapes (Figure 1) but they exploit the same phenomenon: the vibrations enable
the relative motion between the blade and the damper (Figure 2) and the friction at the contact

determines the energy dissipation and the consequent smoothing of vibrations amplitude.

Cottage roof Flat—side Cylindrical Flat—cylindrical

damper damper damper damper

A A

Figure 1: Dampers common shapes.



CF

Q J

4 Z

Figure 2: Dampers position and forces.

In order to optimize the design of this devices, maximizing the energy dispersion, it is
essential to model the contact behavior and friction influence. Some researchers approached
the problem using Harmonic Balance method [1; 2; 3; 4; 5], more recent studies adopted the
Dynamic Lagrangian method [6; 7; 8], some others performed experimental simulations using a
damper between two adjacent blades under controlled excitations [9; 10]. All the models take
as input the friction coefficient of the two material in contact p and the normal and tangential
contact stiffnesses, k, and k;. These parameters are so important that Ewins, at the end of
his paper [11], said ”The two measured friction interface parameters p and ky are sufficient to

model the friction interface with a high accuracy ... With these parameters, the simulation suite



1s able to accurately reproduce the dynamic behavior.” .

In this work of thesis a numerical model is implemented in a MATLAB program [12] to
simulate the dry friction contact between bodies of any shape; the program is used to determine
the normal and tangential contact stiffnesses and to plot the frictional hysteresis loop of those

bodies.

1.2 Thesis methodologies and objectives

In Appendix A, the numerical method used to solve the contact problem is described in
detail. It is based on the assumption that the normal and the tangential problems can be
decoupled: the effectiveness of this approximation is confirmed in Appendix B, where the results
of the MATLAB program for sphere on plane contact problem are validated using the analytical
solutions that Hertz proposed [13]. The program takes as input the normal displacement of a
surface that is distant from the contact area even if the force applied to the same surface could
be used; the first approach was preferred because it is the same adopted to derive the analytical
equations. Where the force value is required as input, an iterative algorithm is utilized to
determine the correct displacement that generates that force.

Considering the different shapes of the friction dampers (Figure 1), two types of contact
are possible between the damper and the blades, cylindrical and planar. One of the two main
objectives of this thesis is to define which are the factors that influence the normal and tangential
stiffnesses in this type of contacts and to integrate the analytical solutions with numerical

equations where it is necessary. The other objective is to derive the frictional hysteresis loops



from the tangential force-displacement curves and to analyze how they are affected by various

loading conditions.

1.3  Analytical solutions

For the validation process of the program, in the normal problem, the Hertz theory is
considered for the sphere on sphere contact, instead for the tangential problem, Mindlin results
are used as reference [14; 15; 16]. Both of them propose an equation that relates force and
displacements.

For what concerns the cylindrical contact, Hertz derived a solution to compute normal
contact pressure but he did not provide one for the normal approach; consequently, there are
several formulations, some empirical [17; 18], some others analytical [19; 20; 21|, and this creates
an opportunity for further analyses using the MATLAB program. Johnson in his book [22] re-
elaborated Mindlin theory to adapt it to the cylindrical tangential problem but also in this case
there is not an expression for the tangential approach.

There are no analytical models to describe the behavior of the plane on plane contact

therefore the finite element discretization and numerical method are the only viable solutions.

1.4 Thesis overview

This paragraph is intended to guide the reader through the thesis.

In Appendix A, the numerical method that is implemented in the MATLAB program is
explained with graphs, equations and further details regarding the approximations.

In Appendix B, the sphere on sphere contact problem is solved with numerical and analytical

approaches; the results are initially compared in two specific loading conditions to have a clear



view of stresses and displacements distributions and then in a wide load range to confirm the
program can work without restrictions. The same structure is adopted for normal and tangential
problem.

The analysis of the cylindrical contact problem is presented in Chapter 2. In the normal
problem section, a numerical formulation for the normal approach is derived thanks to the
interpretation of the results concerning the influence of the compression, the diameter and the
length of the cylinder. In the tangential problem section, the same analysis is performed for the
tangential approach with the help of several tangential force-displacement trends; these curves
are used to plot different hysteresis loops and to make considerations regarding their area.

Chapter 3 deals with plane on plane contact and the focus here is on the influence that non
uniform normal pressure distributions can have on the frictional hysteresis loop. In particular,
this section is divided in two parts: in the first part the entire potential contact area is involved
in the contact, in the second part the normal pressure acts on an increasingly narrow portion

of the potential contact surface.



CHAPTER 2

CYLINDER IN CONTACT WITH A PLANE

In this chapter, the focus is on the contact between a cylinder and a plane. This is one of the
two types of contact that is possible to find in the dampers studied to mitigate turbomachinery
vibrations. The problem is much more complicated than that of the sphere because the cylinder
is not an axisymmetric solid and the analytical solutions that are available treat the problem
as if it was 2D [22] [13]. As previously stated, the MATLAB program that was developed
(see Appendix B) is capable to compute the normal and tangential displacements and force
distribution for bodies of any shape in contact, but even more important, it can calculate this
values for several loading conditions; therefore, it is possible to have the correlation between
tangential force and tangential displacements that no analytical solution can predict.

In section 2.2.2, the results of several models are presented and compared and they are used
to formulate an equation that links normal force and normal displacements; it is validated using
the equations proposed in the literature.

In section 2.2.5, a study is conducted to identify which is the influence of the bodies com-

pression on the total deformation in the contact.

2.1 Bodies design and mesh generation

In order to simulate the contact, two bodies are modeled, half of a cylinder and a plane.

ANSYS apdl modeling environment is used to build the bodies and to approximate them with



finite elements [23]. The ’hard points projection techniques’ (see Appendix B.1.2) is preferred

and the parameters used are:

e CR = 5,000 pm
e CAL = 1,200 pum

e CW = 1,200 pm

The potential contact area is dimensioned considering the area involved in the contact when an
applied force produce a maximum pressure value of 2500 MPa: this pressure peak will never be
reached so the maximum CA extension will not exceed the potential value. But this value is
further increased because it is interesting to investigate how the cylinder is deformed far from
the actual contact area; the surface where contact is more likely to occur has a denser mesh.

Figure 3 and Figure 4 show the two bodies and a detail of the contact area.

Figure 3: Half cylinder model: cylinder-plane contact.



Figure 4: Plane model: cylinder-plane contact.

2.2 Normal contact problem: analytical vs numerical solutions

In his work [13], Hertz formulated a theory also for cylinder-cylinder contact, so his results
can be compared with that of the MATLAB program. However, the theory does not take
into account the stress concentration along the borders due to the edge effect because it was
developed considering a slice of the sphere in plane strain conditions.

For what concerns the vertical displacement, several solutions have been attempted to date:
some researchers proposed empirical formulations obtained with experiments [17; 18], some
tried to extend Hertz results for sphere-sphere contact considering the cylinder as a sphere with

infinite radius [20; 19; 21], some others developed their own model [22].



2.2.1 Hertz contact model

The hypothesis of the solution are the same of Appendix B.2.1.

Contact Area Semi-width

p_ AT 1 (1—y12+1—y22)
B TFL2(O‘:E+BI) El E2

where

b is the contact area semi-wdth

F is the force that compress the bodies one against the other

e L is the width of the cylinder

F1 and E5 are the elasticities of the two bodies

e 11 and vy are the Poisson’s coefficients of the two bodies

are spheres radii)

The total value of the contact area is CA = 2bL.

Pressure distribution

ax:ﬁ ﬁx:ﬁ represents the curvatures of the two cylinders in x-z plane (R; and Ry

(2.2)



2.2.2 Normal approach

2.2.2.1 Norden - 1973

10

Norden developed two solutions for normal approach. They are based on the assumption

that the cylinder can be considered as a sphere with infinite radius.

Solution 1
3

F
_ L l+ln——
0=t ) [Ty

where

e ) is the normal approach
e F is the force that compress the bodies one against the other in N

e L is the width of the cylinder in mm

2

1—v;
[ ] )\’L = Eil

Solution 2
3

F
5= "(Ai+A2) |-0.608205 + 1.5In — —
T Mt A2) T N W FR

2.2.2.2 Harris - 1991

Harris cites Palmgren in [18]: the formulation is valid for steel on steel contact.

3.84 [ F09
1= (ms) (o

(2.3)

(2.4)

(2.5)
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2.2.2.3 Brandlein - 1999

4.05 (FO09%
§ = 105 (LO~85> (mm) (2.6)

2.2.2.4 Roark’s Formulas - 2002

The hypothesis here is the diameter of the cylinder is small if compared to the length.

C2p(1—-v?) (1 2D
0 = - 3 +1In 2 (2.7)

where

p=F/L

b= 1.6\/pk‘dCE

o 171/12 171/%
* Cp= B TR

K4 = D is the cylinder diameter

2.2.2.5 Johnson - 2003

9
5:F(1’j){21n4R—1} (2.8)
where

_ JaFR
® M=\ 1IrE

e R is the cylinder radius
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2.2.2.6 Kosarev - 2011

Kosarev cites Dinnik [24] for his formulation.

F 2R 2\ 2
5= L/\{0.407+lnb+ln4<b> } (2.9)

where

e 7 =7.5 (empirical)

o bh— /4FLR/\

2.2.3 Specific case: normal force=350 N

To begin with, the solutions obtained with the numerical program are compared with that
of analytical formulations in a specific case. The target normal force NF=350 N is selected
in order to have a maximum pressure lower than 2000 MPa in the contact area for the same
reason of B.2.2. It is important to remember that the term ’target’ is used because the MP
takes the displacements as input; in this case an iterative algorithm is performed to select the
appropriate displacements to get the target force.

Contact area

In Figure 5, the yellow shading represents the contact area calculated with Hertz equation,
the red squares are the nodes inside contact area and the blue asterisks those outside. The
numerical area is enlarged at the two extremes, for y = +600um, so the program is correctly

simulating the real behavior of the cylinder compressed that tends to squeeze at the edges.
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The Hertz CA semi-width is slightly higher than the numerical solution. It is important to
remember that Hertz developed his solution for 2D body using the plane strain approximation,

instead the software works directly with 3D and consequently is more precise.

Hertz vs Numerical (nodes) contact area

BFEEFFFEFE R TR R IR FF RSB E B R FEFEF AR TR RS

B Nodes inside the contact area
* Nodes outside the contact area
e e Hertiz contact area

EHBRFRFFF R R R B R TR R R R B R R R R R

-400
AR R RS RS EEE RS E RS R E RS E R E R E R L ER EEEESEE TR

LA R R E R R LR R SRR R R R R R R R R R R R LR RN

SRR

IR R R RS R RS SR RS E R R S RS R RS RS E R E SR E R EEEEEE ER

(-3

ERBFBEBEREBER BRI RBEB R BRI RDI BRI RN BB BB
400
EHEBHFFFEFFFER R R FF RSN E R R FFRF RN R R RS

FEBRFFEEFFE RS BFFFFF R B R BRI B AR E AR E R RS

s
BOD: L L

L
500 200 200 H 200 400 800

Figure 5: Contact area comparison: cylinder.

Normal pressure distribution

In Figure 6 and Figure 7, the Hertz and the numerical pressure distributions are presented
and in Figure 8 and Figure 9 they are compared in 3D and in 2D. In cylinder case there is
not the perfect coincidence that there is in sphere case but it is due to the edge effect and the

misalignment in CA dimensions.
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Hertz contact pressure distribution

Figure 6: Hertz pressure distribution: cylinder.

Numerical contact pressure distribution

MPa

7,

Figure 7: Numerical pressure distribution: cylinder.
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Hertz vs Numerical contact pressure

[ INumerical pressure distribution

BMlHcrtz pressure distribution

=

o

—_—

=

=

Figure 8: Pressure distribution comparison 3D: cylinder.
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Figure 9: Pressure distribution comparison 2D: cylinder.
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In the lower part of Figure 9 the edge effect is evidenced: the maximum pressure is more than

three times the maximum pressure in the center of the cylinder.

2.2.4 System behavior for several loading conditions

Normal force vs dz

In Figure 10, the solution for vertical approach obtained with numerical method is compared
with all the analytical solution that are mentioned before (2.2.2). Some of them do not refer
exactly to the case 'cylinder on a surface’ and consequently have been adapted. It is important

to evidence that the numerical solution is located in the middle of the other curves.

250

Normal Force against Vertical Approach
I I I I I

160 [—

-*~Numerical solution

—Kosarev solution
Norden solution 1
Norden solution 2

Roark solution

o S —Braendlein solution| |

. —Palmgren solution

--—Johnson solution

| |

NF,

100 [

0 1 2 2| 4 5 6 7 8

Figure 10: Normal force vs dz: cylinder.
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The solution that Johnson proposed seems to be the most rigid, but it takes into account
only the compression of the cylinder body and not specifically the contribution of the contact.
Roark’s formulas refer to a very specific case, ”Cylinder of length L large as compared with
D...” [21], and this graph is the proof they can not be generalized: the behavior of models with
different shape will be analyzed later on, in order to check if they work in alternative conditions.
Contact area vs normal force

Figure 11 confirms the results of ’specific case’ section: the CA calculated with Hertz

equation is higher than that obtained with numerical approach.
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Figure 11: Contact area vs NF: cylinder.
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Mean pressure vs normal force

The information on maximum pressure over the entire CA is not relevant because of edge
effect. For what concerns mean pressure,the trend of the whole cylinder is still affected by the
peaks at the borders (lower graph of Figure 12), instead the curves that refer to the central

section are coincident (higher graph of Figure 12).
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Figure 12: Mean pressure vs NF: cylinder.
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2.2.5 Cylinder compression influence in normal approach

In his work [20], Norden underlined the necessity to make a distinction between the con-
tribution of the contact compression and that of cylinder compression, in the calculation of
the normal approach of a cylinder pressed against a surface. The multiple equations that are
available and the anomalous trend of Johnson’s solution in Figure 10 confirm the problems
needs a deeper analysis.

The MATLAB program allows the computation of the displacement of each node of the contact

area: with simple geometrical considerations it is possible to calculate the compression too.

=d2

Figure 13: Bodies deformation.

In Figure 13, d; and dy represent the displacements that can be computed with the program

in each node, § the normal approach, ui; and us; the compression of the two bodies inside the
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contact, w1, and u9, the compression outside the contact. It is evident that uy, = § — dy and

U9, = do. A representation of dy and ds is available in Figure 15 and Figure 16.
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Figure 14: Cylinder compression influence in normal approach.

In order to see if the cylinder compression has an influence on the total approach, u;, that has

both cylinder and contact compression components, is compared with u1,, that is caused solely

by the cylinder compression; u1, is measured at a distance ’3b’ from the contact center.
Figure 14 has two very interesting information regarding the total deformation at the con-

tact interface: first of all, the cylinder body compression has a remarkable influence, because in
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this case it represents more than 40% of the total displacement; secondly, the percentage does
not depend on the load (NF), so the body and the contact compression contributions have the
same dependence on the load, that is the same result Kosarev, Roark and Norden obtained in
their equations.

In Hertz theory the contribution of the sphere compression is not even mentioned (see Ap-
pendix B.2.1), so it is interesting to understand if it was neglected. The same analysis of cylinder
case is performed for the ’sphere on a plane’ contact,with a sphere with the same diameter, in
order to have a term of comparison (Figure 17). The sphere compression accounts for less than

8% that is why in Hertz theory this contribution is not taken into account.
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Figure 17: Sphere compression influence in normal approach.
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TABLE I: CYLINDER COMPRESSION INFLUENCE IN NORMAL APPROACH: DIAME-
TERS AND LENGTHS

Model identifier | Diameter D’ | Length °L’
Cylinder 1 5000 pum 1200 pum
Cylinder 2 2500 pm 1200 um
Cylinder 3 5000 pum 2400 pm
Cylinder 4 2500 pum 2400 pum

2.2.5.1 Diameter and length effect in cylinder compression

The versatility of the MATLAB program allows the analysis and comparison of several
models; in particular, in this section, it is investigated how the diameter and the length of
the cylinder can affect the compression influence in normal approach. For this purpose four
different models were created and their characteristics are summarized in Table 1.

Cylinder length effect

In Figure 18, it is possible to see what happens to the body compression influence when the
length of the cylinder is doubled and the diameter is kept constant: the influence percentage is
almost unchanged. To confirm this result, the same analysis is performed when the diameter is
halved, Figure 19; the influence percentage is reduced but it is around 25% for both 'Cylinder
2" and ’Cylinder 3’. So the cylinder length does not affect the body compression influence.
Cylinder diameter effect

On the contrary, in Figure 20 it is illustrated how the body compression changes when
the cylinder length is kept constant and the diameter is halved. The physics of the system is

preserved because reducing cylinder diameter its stiffness increases, so the body compression is
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reduced. Then, it is possible to conclude that the cylinder diameter strongly affects the cylinder

compression influence in normal approach.
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Figure 20: Sphere compression influence in normal approach: diameter effect.

2.2.6 Diameter and length influence in normal approach

The equations Brandlein and Palmgren proposed for the normal approach do not have any
dependence on the cylinder diameter, instead in Kosarev, Roark and Norden solutions the
cylinder diameter is taken into account but they show a linear proportionality with the ratio
F/L, Force over Length. Thanks to the software adaptability it is possible to calculate and
analyze what happens for several cylinder configurations and using mathematical instruments,

a realistic law to link normal displacements and forces can be deduced. In Table II, the dif-
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TABLE II: DIAMETER AND LENGTH INFLUENCE IN NORMAL APPROACH

Model identifier | Diameter D’ | Length 'L’ | Symbol
Cylinder 1 5000 pm 1200 pum A
Cylinder 2 2500 pum 1200 pum 0
Cylinder 3 5000 pum 2400 pum A
Cylinder 4 2500 pum 2400 pum 0
Cylinder 5 5000 pum 4800 um A
Cylinder 6 5000 pum 9600 pum A
Cylinder 7 10000 pm 9600 pum *
Cylinder 8 10000 pm 19200 pum *

ferent characteristics of the models used in this study are summarized; in the last column it
is illustrated the symbol used in the graphs for each model: it is equal for cylinders with the
same diameters.
General comparison

Observing Figure 21, it is possible to note that the curves with the same cylinder length
tend to cluster. Then, it is interesting to see what happens to the curves if they are plotted
considering F/L instead of F in the abscissa: Figure 22; the curves are much closer to each
other but not perfectly coincident, so the normal approach is not linearly proportional to the
ratio F/L as expected from Brandlein and Palmgren solutions.
Cylinders with equal diameters comparison

Not even the curves that refer to cylinders with equal diameters are grouped (see Figure 23),

indicating the diameter contribution must be considered and confirming what is stated in 2.2.5.
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Normal approach: numerical and analytical solutions comparison

Since the models of Table II are available, it is interesting to compare the analytical and
the numerical solutions in two extreme cases: the first is ’Cylinder 1’, that is used also in 2.2.4
and that has the diameter much bigger than the length; the second is ’Cylinder 2’ whose length
is twice the diameter.

First of all, it is possible to see how the numerical solution is approaching Johnson’s so-
lution in ’Cylinder 8 case. It is consistent with everything that has been said so far because
Johnson considers only the body compression contribution to the total displacement instead
the numerical solution takes into account both contact and cylinder compression contributions

and the latter is higher as the diameter increases (see 2.2.5).
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Secondly, Roark’s solution is closer to the other analytical solutions because his hypothesis
of cylinder length much bigger than diameter is better satisfied even if not completely respected.
Finally, Brandlein and Palmgren curves are in both cases the closest to the numerical solu-
tion, so in the next section the same equation structure is used to find the relationship between

normal displacements and forces.
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Figure 24: Normal force vs dz: cylinders 1 and 8 comparison.
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2.2.6.1 Normal approach: numerical formulation

The data gathered with the simulations of all the models of Table II and the MATLAB
function ’lsqcurvefit’ allow the formulation of a numerical expression for normal approach.
As it is explained in the MATLAB Optimization Toolbox User’s Guide, the function solves

"nonlinear curve-fitting problems in least-squares sense” using the following formulation [25]:
min ||F(z, zdata) — ydatal|3 = minz (F(z, zdata;) — ydata;)* (2.10)
€T x
i

where

e xdata are the input values of the variables of the function F
e ydata are the values the function F assumes in xdata

e x are the coefficients of the variables of the function F that are sought

The function uses Trust-Region-Reflective algorithm [26].

The output of this analysis is summarized in the normal approach expression:

0.917

§ =10.21 ( ) D09 with [D] = [L] = pm and [F] =N (2.11)

1,0-928

In Table III the exponents of F, L and D of Brendlein, Palmgren and numerical solutions
are compared: in numerical formulation the diameter is taken into account and the length has
an exponent slightly higher and very close to the one of the force.

In conclusion, in Figure 25 the normal approach numerical formulation is plotted in parallel
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TABLE III: NORMAL APPROACH: EXPONENTS COMPARISON

Exponents | Brendlein | Palmgren | Numerical
F 0.925 0.900 0.917
L 0.850 0.800 0.928
D 0.000 0.000 0.099

the output of

with actual numerical results in three explicative cases, in order to visualize

curve-fitting process that is satisfactory.
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2.3 Tangential contact problem: analytical vs numerical solutions

The analytical solution to the tangential contact problem that Mindlin proposed for the
'sphere on sphere contact’ is re-adapted by Johnson for the ’cylinder on a surface’ case [22].
The equations that are taken into account concern elastic bodies in incipient sliding and they
are based on the same hypothesis set by Mindlin. This allows the comparison of the results of
numerical solution with that of analytical solution.

However, for the cylinder case, there are no analytical solutions that correlate the tangential
displacements with the tangential load. This numerical relationship is fundamental for two
aspects: in the linear part, it gives the tangential contact stiffness that can be used in any
model that simulate dry friction contact; with the non-linear part, it helps in the construction
of the hysteresis friction loop whose area is correlated with the energy dissipated in dry friction

dampers.

Stick Area Semi-width
T\ /2
c=a (1 — > (2.12)

where

e c is the radius of the stick area

a is the contact area radius, calculated with Hertz formula

T is the tangential force

N is the normal force

w is the friction coefficient
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Tangential traction distribution

(2.13)

where 7 is the tangential traction in x coordinate.

2.3.1 Specific case: tangential displacement du=2 um

As it is explained in Appendix A, the normal and the tangential contact problem are de-
coupled but the tangential solution takes as input the normal force distribution that comes
from the normal contact problem solution. The value of the tangential displacement is selected
large enough to produce the slip of some nodes of the contact area, but it does not produce the
sliding of the entire body.

Stick/Slip areas

In Figure 26, the dark yellow shading represents the numerical stick area, the light yellow
shading the numerical slip area; the red squares represent the nodes that are in slipping condi-
tion, the blue asterisks the nodes in adhesion. The numerical and the analytical areas are not
perfectly coincident but it is important to remember that there is a residual error on contact
area coming from normal solution and that the analytical solution is re-adapted for the 'cylinder
on a surface’ case. Another aspect that is interesting is the presence of some slipping nodes
inside the adhesion area of Mindlin solution: the program is simulating what really happens
in the contact because in the stick surface close to the borders there are some spots where the

normal force is lower due to rugosity or to the body shape and in this spots the slip starts .
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Figure 26: Stick/Slip areas: cylinder.

Tangential traction distribution

In Figure 27 and Figure 28 the distribution of tangential stress of numerical and analytical
solution are compared in 3D and in 2D respectively.

Despite the small differences in the stick/slip areas, the two solutions appear to be coinci-
dent. Again, the biggest difference is evidenced close to the edges where the MATLAB program
can predict the behavior of the system in presence of notch effect whereas the solution proposed
by Mindlin is limited to the 2D distribution. The three images at the bottom of Figure 28 show

how fast the tangential force increases close to the border.
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2.3.2 Tangential displacement against tangential force

The tangential solutions that are represented in this paragraph are obtained in two opposite

conditions:

e 'Constant Normal Displacement case’ dz = 5um

e 'Constant Normal Force case’ NF = 120N

In CNF case, the limit tangential force is equal for all the tests and consequently it can be used
to compare the capability of the different models to dissipate energy and mitigate vibrations in
the same conditions.

CND case permits a more detailed description of the elastic part of the curves; in fact, the
same analysis that is performed in 2.2.6 for normal approach is repeated here for tangential
displacement as a function of tangential force. The difference here is that there are no analytical
solutions that can be used as benchmark but the results obtained so far in Appendices A and
B and in the first part of Chapter 2 are the proof the approach is reliable.

The models used for the analysis are the same of 2.2.6, but their characteristics are reported
again in Table IV so they are easily accessible.

General comparison

To have a broad view of the system behavior, the numerical curves of the 8 models for
CND case are shown all together in Figure 29. As expected they do not have the same limit
tangential force. There is a strong variability among the curves, but the lengths seem to be
more incisive because the trends of Cylinders with different diameters but with the same length

such as 1 and 2, or 3 and 4, tend to cluster.
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TABLE 1V: DIAMETER AND LENGTH INFLUENCE IN TANGENTIAL APPROACH

Model identifier | Diameter D’ | Length L’ | Symbol
Cylinder 1 5000 pum 1200 pum A
Cylinder 2 2500 pum 1200 um 0
Cylinder 3 5000 pum 2400 pm A
Cylinder 4 2500 pum 2400 pum 0
Cylinder 5 5000 pum 4800 um A
Cylinder 6 5000 pum 9600 pum A
Cylinder 7 10000 pm 9600 pum *
Cylinder 8 10000 pum 19200 pm *
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Figure 29: Tangential force vs tangential displacement: cylinders comparison CND case.
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TF/L vs du comparison

Following the example of the normal approach, the first idea is to see what happens to the
solutions when the TF is divided by the respective cylinder length. The curves are much closer
than before but they are still not coincident; the possible causes could be found in a diameter

influence or in the fact that the displacement is not linearly proportional to the ratio TF /L.
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Figure 30: TF/L vs normal displacement: cylinders comparison.

Cylinders with equal diameters comparison

To isolate the various contributions, the curves of the cylinders with different diameters are
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represented in separated plots. The result is that there is still a remarkable separation between

them (see Figure 31) and the gap is wider as the diameter increases; the cylinder diameter

contribution to the tangential displacement can not be neglected.

‘TF/L against tangential approach
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Figure 31: TF/L vs normal displacement: cylinders

with equal diameters comparison.

2.3.2.1 Tangential approach: numerical formulation

Using all the results that are available so far, it is possible to extrapolate a formulation for

the tangential approach similar to the one obtained for the normal approach. The most difficult

part is to understand what parameters can affect the tangential approach because no analytical
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TABLE V: NORMAL AND TANGENTIAL APPROACH: EXPONENTS COMPARISON

Exponents | Normal approach | Tangential approach
F 0.917 1.010
L 0.928 1.052
D 0.099 0.144

solutions are available. However, it has been proven that the length and the diameter have a

strong influence, so it is correct to guess that the tangential approach has the same structure

of the normal approach.

The numerical formulation obtained for the tangential approach is the following;:

0 =14.337 <

1.010

1052

> DY ith [D) = [L) = pm and [F] = N

(2.14)

The unit of measurement of ¢ is um: it is fundamental the use of the correct UoM to get

meaningful results. In Table V, the coefficient of normal and tangential approach expressions

are compared and it is evident that for all the parameters the influence they have is slightly

increased.

Finally, the curves of the actual numerical results are set side by side with that calculate

with the equation derived (Figure 32). The equation is able to simulate perfectly the behavior

of the numerical system when the diameter length is small, instead as it increases a small gap

between numerical and equation solutions appears.
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Tangential force against normal approach
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Figure 32: Tangential force vs du: numerical equation and results.

2.3.2.2  Frictional hysteresis loop

The curve that relates tangential force and displacements can be used as virgin curve to
derive the frictional hysteresis loop using Masing’s Rule [27]. Masing developed this model to
describe the elasto-plastic behavior of the material but there are a lot of papers where his result
is extended to different fields, even to the study of friction [28] [29].

The Masing rule is formulated as follows:

F = B (2.15)
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Fovof (55) (5 20)

et
Il

(2.16)
Fo-2f (~55) (5 <0)

where

F is the virgin curve function

F is the function of the hysteresis loop

e F, is the tangential force value of a point of the the virgin curve that is arbitrary selected

as motion reversal location

e x, is the tangential displacement value that correspond to Fi

In Figure 33, the tangential solutions for different cylinder models in CNF case are presented.
All these curves can be used as virgin curve for Masing’s rule. The importance of this study
is evidenced in Figure 34: the hysteresis loops of cylinder 1 and 2 are represented using the
same color and symbol code of Figure 33. The two cylinders are loaded with the same normal
force and they undergo the same tangential displacements but they produce two hysteresis loop
with very different area. It is fundamental to remark that the loading conditions are extremely
variable when the damper is actually operating, however the loading history can be recorded
and the equations derived here can describe what happens in a particular state.

In conclusion, it is interesting to report an important result that Den Hartog derived in
his paper [30]: even if apparently the maximum area for the frictional hysteresis loop can be
obtained for infinite value of the tangential stiffness, the damping capacity in that condition is

almost null.
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CHAPTER 3

PLANE ON PLANE CONTACT

This chapter deals with the contact between a plane and a planar surface of a possible dry
friction damper that is represented in Figure 35. There are no analytical solution neither for
the normal contact problem nor for the tangential one, that is why a numerical approach is
fundamental. The MATLAB program has another advantage, that is related to the computa-
tional time: this kind of contact problem requires a lot of computational power and processing
time, but decoupling the normal and the tangential problems (in Appendix B it is proven that

it is not an issue) it is possible to get the solutions in few hours.

2,76

Figure 35: Damper 45°.
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The focus here is shifted in particular on the behavior of the tangential force-displacement
curves when the normal force has an offset from the cylinder axis, so not all the damper surface

is in contact and the pressure distribution is variable.

3.1 Bodies design and mesh generation

The bodies required for the simulation are a damper and a plane. In order to have a large
surface for the displacements of distant nodes (see Appendix A), a cut is performed in the
damper that makes it symmetric with respect to a plane that contains its axis (Figure 36); this
leads to an increase in damper vertical stiffness but it does not affect the tangential stiffness
that is investigated in this chapter. This large surface is useful also in the analysis of the system
when an eccentric force is applied because non-uniform displacements can be utilized. Again,
ANSYS apdl modeling environment is used and the ’hard points projection techniques’ (see

Appendix B.1.2) is preferred.

Figure 36: Damper model: plane-plane contact.
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The model radius is selected considering an example of damper that is actually used for exper-
iments [31]:
e DR = 5,000 pm

e DW = 1,200 ym

Figure 37: Damper model: plane-plane contact.

3.2 Normal contact problem

Since no analytic solutions are available, in this part the physics of the numerical solution
is checked. To begin with, in Figure 38 the distribution of normal pressure in contact area

is represented; the pressure is higher at the contact surface borders where the ’edge effect’ is
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predominant and it gradually decreases moving inwards respecting exactly what was expected.
For this specific case, a value of 500 N is used as normal force target: it is higher compared to
the one used for cylinder and sphere but it generates much smaller pressure. It is because the

load is distributed in a wider area that is completely exploited.

Numerical contact pressure distribution

¥ 600

5000 v, Hm

Figure 38: Numerical pressure distribution: plane.

Figure 39 and Figure 40 show dz, mean and max pressure curves for several loading conditions.
They have a linear trend that is connected to the elastic compression of the two bodies: the

slope of the dz-NF curve is the Young’s modulus.
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3.3 Tangential contact problem

No analytical solutions are present even for the plane on plane tangential contact problem.
The body is subjected to the same pressure distribution of the previous paragraph, that NF=500
N generates, and then a tangential displacement du=3.6 um is added. The result is the tan-
gential forces distribution of Figure 41 and the slip of Figure 43. It is extremely interesting to
see that the zones that are mainly interested by slip are the borders, where the tangential force
is higher, and the center of the contact area, where the pressure has the lowest value. A more

detailed description of the nodes in slip or adhesion is shown in Figure 42.

Numerical Tangential Forces Distribution

Figure 41: Tangential traction distribution: plane.
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3.3.1 Tangential displacement against tangential force

The normal pressure is not always uniformly distributed on the contact surface and the
cause is illustrated in Figure 44. In ’case a’ there are no tangential forces acting in the center
of gravity so the normal force at the base, NF}, is in the center; in ’case b’ the presence of
the tangential forces shifts the N F, base point on the right so the pressure distribution is not
symmetric with respect to the center anymore.

The pressure distribution has a strong impact on the tangential force-displacement curve
because it is used as input for the solution of the tangential contact problem (through the
Amonton’s law). Consequently, it affects the frictional hysteresis loop and that is why it is

studied in this part.

Misalignment of the normal force

Case a Case b

iNFb
1
7777 T 7
it sl
, vy
IS Py

Figure 44: Tangential displacement against tangential force: NF misalignment.
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The analysis is divided into two parts, as it is illustrated in Figure 45 and Figure 46.

In the first part, the behavior of the tangential force-displacement curve is investigated
considering a constant normal force and three values of eccentricity, and all the pressure distri-
butions that are generated exploit the entire contact area; in the second part, five more values of
eccentricity are selected, however in these cases only a portion of the contact area is interested
by the pressure distribution and consequently the remaining part is always in slip condition. In
order to obtain the eccentricity, a non-uniform distribution of vertical displacements is imposed
on the surface that is not involved in the contact: an iterative algorithm checks that the normal

force and the eccentricity generated are correct.

Eccentricity and pressure distribution:

Part 1
=
L NF: NF2
-
=
FC "-‘_"H_._
5
(4]
@
(= o ' v - -
Contact area
=]
es

Figure 45: Eccentricity and pressure distribution: part I.
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Eccentricity and pressure distribution:
Part 11

Eg
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\\ \ Contact area
r \ /
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Figure 46: Eccentricity and pressure distribution: part II.

Pressure distribution

Part I: contact area complete involvment

In Figure 47, the tangential force-displacement curves corresponding to the first three values
of eccentricity are compared with that of the case where the pressure is uniformly distributed
on the surface. They present the same slope in the elastic part, when all the nodes are in stick
condition, then they have a different behavior. First of all, the value of du when some nodes

start to slip, that coincides with the point where the curves changes slope, is lower for higher
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eccentricity and it is justified by the fact that there are nodes with pressure that is more and

more low. Secondly, the value of du when all the nodes are in slip condition is higher as the

eccentricity increases.

“Tangential Force against tangential approach
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Figure 47: Tangential force vs tangential displacement: eccentricity comparison part I.

In Figure 48, it is shown the frictional hysteresis loop that is generated with a uniform

distribution of normal force that is represented on the left (the oscillations that are present in

the force distribution graph are the consequence of either ’edge effect’ or numerical inaccuracy).

It is used in Figure 49, Figure 50 and Figure 51, where it is represented always with azure, as

benchmark for the loops area.
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Figure 48: Tangential force vs tangential displacement: e0.
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Figure 49: Tangential force vs tangential displacement: el.
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Figure 50: Tangential force vs tangential displacement: e2.
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Figure 51: Tangential force vs tangential displacement: e3.
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It is evident that the area of the loops is reduced as the eccentricity increases but this reduction
in not significant for damper’s applications.
Part II: contact area partial involvment

When the force distribution involves only a portion of the contact area the situation changes
completely. In Figure 52, the dotted azure line refers to the case with zero eccentricity.
On the one hand, the curves do not have a common trend even in the elastic part, meaning
that the contact elasticity changes in each case. On the other hand, there is not a linear de-
pendence between the slope of the curves and the eccentricity because the lines in the figure

are overlapped.

Tangential Force against tangential approach
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Figure 52: Tangential force vs tangential displacement: eccentricity comparison part II.
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In the following figures, the frictional hysteresis loops corresponding to each eccentricity are
compared. This time the area reduction of the loops is notable and in particular for e7 it is
halved. The area do not represent exactly the energy that is dissipated but it gives an idea of
the energy dissipation reduction compared to the zero eccentricity case.

As it was explained before, the loading conditions of the dampers are so variable that it
is very hard to predict what is the system status using only some equations. It is essential
the support of an instrument like the MATLAB program that was developed that can rapidly

simulate the behavior of the bodies in contact.

Eccentricity: e4 = 2351Hm . Frictional hysteresis loop
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Figure 53: Tangential force vs tangential displacement: e4.
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Figure 54: Tangential force vs tangential displacement: e5.
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Figure 55: Tangential force vs tangential displacement: e6.
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Figure 56: Tangential force vs tangential displacement: 7.
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Figure 57: Tangential force vs tangential displacement: e8.
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CHAPTER 4

CONCLUSION

The MATLAB program developed for this thesis is an essential tool for the simulation of
the dry friction contact between bodies of arbitrary shape. The damping capacity of these
systems can be determined with moderate costs in terms of computational time and power.
This is very helpful in the design of the dampers utilized in turbomachinery where a high level
of customization is required.

The equation derived in 2.3.2 to define the relationship between tangential forces and dis-
placements, and consequently the tangential contact stiffness k;, is unique and has yet to be
described by other researchers. It is important to remember that the value of k; and the fric-
tion coefficient u are sufficient to model the friction interface with high accuracy” according
to Ewins [11]. In future works, the same analysis can be extended to a wider range of models
where the influence of factors other than the diameter and length can be investigated.

For what concerns the planar contact, in 3.3.1, the examination of the frictional hysteresis
loop for diverse normal pressure distributions revealed that their areas change manly when the
potential contact area is not entirely involved in the contact. The importance of the MATLAB
program is confirmed by the fact it is not possible to determine a clear trend in the loop ar-
eas for different values of the eccentricity of the normal force so each case need to be study

separately.
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Appendix A

A NUMERICAL METHOD FOR CONTACT PROBLEM SOLUTION

In Appendix A, it is illustrated the numerical method that is used to solve the normal
and the tangential contact problems of elastic bodies. This method represents the core of the
programs developed to perform the simulations. It is based on the assumption that the normal
and the tangential solutions do not affect each other. There are several experiments [22] [32]

that confirm this hypothesis, so mutual influence can be considered irrelevant.

A.1 Normal contact problem solution

In Figure 58, it is reported the procedure that is followed to calculate the vertical dis-
placements u, and the normal forces f, in each node of the contact area. It is an iterative

process.

Al.1 PHASE 1 - Stiffness matrices

The essential information regarding the components involved in the simulation are their
stiffness matrices. It is possible to get them in different ways, but in this work a commercial
software, ANSYS apdl, was used. It allows the modeling and the meshing of the bodies. Further

details regarding this phase are in Appendix B.
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Figure 58: Iterative procedure for normal contact problem.

A.1.2 PHASE 2 - Guyan reduction of stiffness matrices

The matrices obtained so far are too large to be used for computation. Then, a (static)

reduction is performed using Guyan method [33]. Starting from the stiffness equation,

[Kn{zn} = {fn} (A1)



Appendix A (continued)

the useful nodes, 'u’, are identified and isolated

[Kau] [Kad]| |24 fa

Making the assumption that the forces in the useless nodes 'd’ are null,

[Kdu]{xu} + [Kdd]{l‘d} = {0}

it is possible to get the displacements at this nodes

{za} = —[Kad] ' [Kaul{zu}

The first equation becomes

[Kuwul{zu} + [Kual [Kad) ™ [Ka{zu} = {fu}

and consequently the transformation matrix

65

(A.2)

(A.3)

(A4)

(A.6)



66
Appendix A (continued)

After this static reduction, the stiffness matrix is the following

K] = [T (KT (A7)

Among the useful nodes there are

1. the nodes belonging to the potential contact area, ’c¢’ nodes,

2. the nodes belonging to the surface which is more distant from the contact area, ’d’ nodes

It is considered a 'potential’ contact area because the actual contact area can not be predeter-
mined; its dimension is estimated considering in the analytical solution a force that produce
2000M Pa of maximum local pressure.

The force and the displacements are applied to the distant nodes, ’d’ nodes, during the simu-

lations.

A.1.3 PHASE 3 - Vertical degree of freedom

At this point, it is possible to further reduce the dimension of the system taking into account

only the vertical (z) degree of freedom. The system

22 Ko Uz fz
_ (A.8)
Ky, Ko Uy f:v
can be writtten in the form
Uy = Km—ml(fx Ka:zuz)
{ (A.9)
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and in particular the second equation becomes

(K., — Koo K Ko )u, = fo — KooK fo (A.10)

or

with {

fZ=1r- szK;:clfz
The hypothesis that the tangential and the normal contact problems are independent can be

interpreted considering the force f; null in the normal case. It means that f; = f..

A.1.4 PHASE 4 - Contact area hypothesis

The solution process is iterative because it is not possible to predetermine which nodes
belong to the contact area. To begin with, it is assumed that all the nodes of the potential
contact area are actually taking part to the contact. In the following iterations it will not be
necessary anymore to make assumptions regarding the contact area, but every time the nodes

with a negative normal force will be excluded from the latter.

A.1.5 PHASE 5 - Nodes outside contact area reduction

The matrix equation is reduced again, excluding the nodes 'o’ outside the contact area.

First of all, it is necessary to reorder the matrices to separate the nodes ’i’ inside the contact
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area, the nodes ’o’ outside the contact area and the distant nodes ’4’.

From now on, all the stiffness matrices K will be indicated as K for simplicity.

- . " 3\
K.ii K.io K.s Uz fzi
Kopus = K.oi K.oo K55 Uzo (( fzo (A12)
Kzéi K206 K2(56 Kuzé J \fz5
Considering null the forces outside the contact
Uzo = _Kz_o%)(Kzoiuzi + Kzod“zﬁ) (A13)

Following the same reduction procedure of phase 3, the nodes o’ outside the contact area are

reduced and the stiffness equation becomes

K. Kis| | uz fai
- (A.14)
K.5i K.s5| |uzs fzs
with
Kziinew = Kzii - KzioKZ_o%)Kzoi
{ (A15)

—1
K isnew = Kais — KZ’iOKzooKZO5

A.1.6 The minimization of Potential Energy Equation

In order to proceed, it is necessary to express the compatibility equation of the problem and

it can be deduced from the minimization of the potential energy equation.
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Figure 59: Potential energy equation: elements display.

The potential energy equation for the two bodies in contact is

o ;(/Sp(uzl ) + /Sp(h 5 — 52)) (A.16)

where
e 0 (approach) is the sum of the rigid movements of the two bodies; in the simulations it
corresponds to the movement of the distant nodes
e h(x,y) is the initial distance between the nodes of the two bodies

e D is the pressure over the contact area
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e S is the surface over which p acts

The function has its minimum when

h—01—02+u,,1 —uze >0 (A17)

and in particular

1. >0 for nodes outside contact area

2. =0 for nodes inside contact area

A.1.7 PHASE 6 - Contact area nodes normal displacements

Starting from equilibrium equation and compatibility equation, it is possible to define even-
tually the displacements at the nodes belonging to the contact area.

FEquilibrium equation

fzit + fzi2 =0 (A.18)
where
frit = Kainnuzin + Kais1uzst
(A.19)
friz = KziinUzio + Kisouzs2
leads to
Koinuzin + Kois1uzs1 + Kinuzio + Koisatzso = 0 (A.20)

Compatibility equation

Uzio = h(x,y) + uzn — (01 + 02) (A.21)
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The final expression for vertical displacements is

(K it + Kaiin)uzin = —(KLisiuzs1 + Koisotzse) — Kain(h(x,y) — (61 4 02)) (A.22)

A.1.8 PHASE 7 - Normal forces and contact area modification

Knowing the vertical displacements in each point of the contact area, the normal forces can
be computed

Tzt = Kiinuzin + Kaisiuzs (A.23)

If there are any nodes where the normal force is less than or equal to zero, these nodes are shifted
in the nodes outside the contact area and the procedure is repeated, starting from PHASE 5,

until convergence.

A.2 Tangential contact problem solution

The solution of the tangential contact problem is based on Amontons’ law of friction[34]. It
states that 7the lateral friction force generated by two bodies in contact is directly proportional
to the normal applied load”; the constant of proportionality is the friction coefficient and it is
constant,it depends on the materials of the two bodies, but it is independent of the contact

area, the sliding velocity and the surface roughness.

|fx(xay)‘ _ ‘ﬂ =u (A'24)

p(x,y) N
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Ollerton and Hains experimental studies[35] that were conducted exploiting photo-elasticity
properties of epoxy resins, confirm this theory.

In the following picture, it is reported the procedure that is followed to calculate the tan-
gential displacements u, and the tangential forces f, in each node of the contact area. In this

case, the contact area is fixed and it is the one calculated in the solution of the normal contact

problem[14]. However this is again an iterative process where the number of nodes in slip or

stick condition is unknown.

Figure 60: Iterative procedure for tangential contact problem.
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PHASE 1 and PHASE 2 are the same of normal contact problem solution so they will

not be repeated.

A.2.1 PHASE 3 - Vertical degree of freedom

In this phase, it is necessary to reduce the dimension of the system taking into account

only the tangential (x) degree of freedom. The other degree of freedom, (y) direction, is not

mentioned because the relative movement of the bodies happens only in (x) direction. The

matrix system

can be writtten in the form

{ Uy = Kz_zl(fz - szux)

szux = fcc - Ka:zuz

and in particular the second equation becomes

(Kxx - szKz_Zlex)um = fo— szKz_lfz

z

or

Kyuy = f; with {

f; = f:c - szK;zlfz

(A.25)

(A.26)

(A.27)

(A.28)

The hypothesis that the tangential and the normal contact problems are independent can be

interpreted considering the force f; null in the normal case. It means that f) = f;.
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A.2.2 PHASE 4 - Nodes outside contact area reduction

The matrix equation is further reduced, excluding the nodes ’0’ outside the contact area.

From now on, all the stiffness matrices K will be indicated as K for simplicity.

Krii Ko Kgis Ugs fm
Kaztiz = Kroi Kioo Kuss Ugo ( fwo (A29)
Kx&i Kzoé Kzéé Ugs f:r5

Considering null the forces outside the contact

Ugo = _Kg;olo(Kxoiu:ci + Kxo&“:p&) (ASO)

Following the same reduction procedure of phase 3, the nodes ’0’ outside the contact area are
reduced and the stiffness equation becomes

- (A.31)

Kusi Kass | | Uas Jzs
Again, the values of the matrices K,;; and K ;s have changed with respect to the previous ones

but all the passages are not reported because they are exactly the same of normal problem.

A.2.3 PHASE 5 - Stick area hypothesis

When a tangential force is applied to one of the two bodies, in some points the local

tangential force f,(z,y) could reach the maximum established by the Amontons’ law of friction
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fo(x,y) = pp(z,y); in this case this point begins to slide.

The solution process is iterative because it is not possible to predetermine which nodes,
belonging to the contact area, are in stick or in slip condition. To begin with, it is assumed
that all the nodes of the potential contact area are in stick condition. In the following iterations
it will not be necessary anymore to make assumptions regarding the stick/slip state, but every

time the nodes with f,(z,y) > pup(z,y) will be moved from stick to slip group.

A.2.4 PHASE 6 - Nodes in slip condition reduction

It is now interesting to investigate more carefully what happens inside the contact area so

only the first equation of the previous system is considered

The nodes 'i’ inside the contact area are further parted in ’s’ slip and ’a’ adhesion nodes (the

term adhesion is used in place of stick to avoid the use of the same subscript)

Kraa Kias Ugq Kys5a fa?a

+ Ugs = (A.33)
Keso Kyss Ugs Kyss fxs

Considering the Amontons’ law, f,(z,y) = pup(z,y), the second expression becomes

Ugs = Km_sls(/j’fxs — Kysalza — Ka:ésuch) (A34)
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Using this expression of uy, in the first equation, it gives

Kpquga + Kystgs = f:va (A35)

with
K;Ba = Kzaa - Ka;asKilesa

Irss

Kxé = Kx&a - KmasKileés (A'36)

Irss

fam = famla - ”KZEGSK;g]éfZS

A.2.5 PHASE 7 - Tangential displacements

The Equilibrium Equation is essential to compute the tangential displacements of each node

fxal + fzaQ =0 (A37)

with
fwal - Kacaluxal + Kzélu:vél
(A.38)
fza2 = K$a2uxa2 + K152ux62
it becomes
Kratugal + Kps1Uzs1 + Kpa2Uza2 + Kpsotgso = 0 (A39)

For couples of nodes in stick condition wu;q1 = uze2 S0 it is possible to get the expression to
calculate ugzq1

(Ka:al + Kxa?)u;ral + Kxéluxél + Kx62u152 =0 (A4O)
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A.2.6 PHASE 8 - Tangential forces and stick area modification

Given the tangential displacements, the tangential forces can be computed

f:cal = Kza1Ugal + Kyps1Uzs1 (A41)

If there are any nodes where the tangential force is f,(x,y) > up(x,y), these nodes are shifted
in group of nodes in slip condition and the procedure is repeated, starting from PHASE 5, until

convergence.
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A MATLAB PROGRAM FOR CONTACT PROBLEMS: VALIDATION

WITH 3D SPHERE CASE

The procedure that was described in Appendix A is implemented in a MATLAB program
that is denominated ’Contact 3D’. The program takes as input the stiffness matrices of the
bodies in contact, that are extracted from the ANSYS ’apdl’ modeling environment, and it
gives as output the normal and the tangential forces and displacements at the contact surface
of the two bodies.

The most interesting result is the curve that represents the correlation between the rigid
tangential displacements applied to one of the two bodies and the friction forces that are
generated; this curve is called “virgin loading curve’ and it is essential to create the frictional
hysteresis loop following Masing’s rule [36] [27]. The area of this loop is proportional to the
energy that is dissipated with the relative movement of the two bodies.

First of all, it is necessary to compare the results obtained against the analytical solutions
proposed in the literature in order to validate the program reliability; for this purpose, the
case of the sphere was selected to perform the analysis because Hertz and Mindlin solutions are

available.
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B.1 Bodies design and mesh generation

In order to simulate the contact, two bodies are required. In the following analysis it is used
half of a sphere and a plane. ANSYS apdl commercial software is used to build the models and
to create the mesh. The code developed in ANSYS language is parametrized using as inputs

the half sphere radius and the contact area dimensions. The following values were selected:

e SR = 10,000 pm Sphere radius

e CAL = 600 ym Contact Area Length

The main objective of this part is to create a perfect coincidence between the position in the X-
Y Cartesian plane of the contact area nodes of the half sphere and of the plane. Two solutions
were implemented but only one respected the initial objective and consequently it was adopted

for all the subsequent models.

B.1.1 Volume cutting technique

Using this technique, the two bodies are modeled using the same dimensions but their
mesh are not linked to each other. In order to obtain a correspondence in the position in
the X-Y Cartesian plane of the contact area nodes of the half sphere and of the plane, a cut
is performed in both bodies volumes in order to isolate the contact area. It is then meshed
using MESH200 element type and 'mapped’ meshing method in order to obtain regular square
elements. Afterwards, the volumes are meshed using SOLID185 element type. This solution
does not allow the perfect coincidence in the position of contact area nodes in X-Y plane because

the sphere surface is not planar.
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Half sphere Contact Area Detail

Figure 61: Half sphere model: volume cutting technique.

Plane Contact Area Detail

Figure 62: Plane model: volume cutting technique.
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B.1.2 Hard points projection technique

Using this technique, the first body is modeled and the mesh is generated according to the
design requirements (number of nodes / elements in the contact area). Then, the second body
is built using the same dimensions of the first body but this time the mesh is created projecting
the contact area nodes of the mesh of the first body. This projection is possible thanks to the
use of hard points that are keypoints that can be linked to a surface. Again, MESH200 element
type is used to mesh the contact surface and SOLID185 for the volume.

This solution allows a perfect coincidence in the position of the contact area nodes of the sphere
and of the plane in the X-Y Cartesian plane and it does not have any limitations in model size

or number of nodes in the mesh. But hard points can not be projected on any border.

Sphere Contact Area Detail

Figure 63: Half sphere model: hard points projection technique.
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Plane Contact Area Detail

Figure 64: Plane model: hard points projection technique.

B.2 Normal contact problem: analytical vs numerical solutions

The analytical solution for the normal contact problem is provided by Hertz theory that
was developed in 1881.

The results are presented in two parts: in the first part, it is illustrated what happens at
the contact when two different normal forces are applied; in the second part it is presented the

behavior of the system for several loading conditions.

B.2.1 Hertz contact model

The theory Hertz developed for two elastic bodies in contact is the most used and widely
accepted, even if it was developed more than one hundred years ago[13]. He used Boussinesq

solution of the elastic halfspace loaded by a concentrated force [37] and his observation of
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elliptical Newtons rings formed placing a glass sphere upon a lens[38].

The condition of the contact he analyzed are
o Geometrical:

— the contact point of the two surfaces is non singular (it must be regular at least at

the second derivative)

— the two bodies in contact have a common tangent plane (their first derivative exists)
e Material

— elastic, isotropic

— no friction

e Hypothesis

— small contact surface (length and width small compared to curvature radii of bodies

in contact)

The results he obtained for sphere on sphere contact are now summarized.

Contact Area

3 F 1—v2 1—v2
a= ¢ = Ly 2 B.1
\/2 2(az+ay+ﬁx+ﬁy)( Ey Es ) ( )

where

e a is the contact area radius

e I is the force that compress the bodies one against the other
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e F and FE5 are the elasticities of the two bodies

e 11 and vy are the Poisson’s coefficients of the two bodies

84

° aw:ay:ﬁ ﬁmzﬁy:ﬁ represents the curvatures of the two spheres (R; and Rs are

spheres radii)

Pressure distribution

P=ora? a? a?
with
F
Pmean 72
Ta
3 F

Normal approach

3 F

2
11—y

1—v

2

P ety Bt ) <§/22(ax+ay+6m+6y)( By

B.2.2 Specific cases: low and high normal force

Es

2)

)

2

(B.3)

(B.4)

(B.5)

At this point, it is possible to compare the analytical and the numerical solution. In order

to confirm the software is working properly, two different cases are considered, one with high

NF and one with low NF; the higher force generates a pressure with maximum value close but

below 2000N that represents a high value for yield strength in tempered steels [39].The same

values of normal forces are used for the tangential problem.

The components material is steel. In the tables below, some steel properties are illustrated [40].
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TABLE VI: STEEL POISSON’S RATIOS

Steel Poisson’s ratio -v-
Stainless Steel 18-8 0.305
Steel, Mild 0.302
Steel, Cast 0.265
Steel, Cold-rolled 0.287
Steel, High Carbon 0.295

TABLE VII: STEEL YOUNG’S MODULI

Steel Young’s modulus -E-
Stainless Steel 302 180 GPa
Stainless Steel 303 193 GPa
Stainless Steel 304 190 GPa
Steel EN1A 210 GPa
Steel ASTM-A36 200 GPa

Some of this information were extracted from ”Engineeringtoolbox.com” website [41].
Since the simulations performed do not refer to a specific type of steel, average values are

selected:

o vl =15y =0.3

e Fy = Fy =200GPa

B.2.2.1 Low Normal Force

The selected LNF is 50 N. This should be the less accurate of the two simulations because

the nodes involved in the contact, belonging to the contact area, are fewer.
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Contact area

In Figure 65 the contact area obtained with hertz theory is represented with yellow shading,

instead the red squares represent the nodes inside the CA and the blue asterisks the nodes

outside the CA. The results are perfectly coincident and if there are few blue asterisks inside

the contact area is due to numerical errors (the mesh is not dense enough).

Hertz vs Numerical (nodes) contact area
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Figure 65: Contact area comparison: sphere LNF.

Normal pressure distribution

In the following figures, the results for pressure distributions are presented.
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Hertz contact pressure distribution
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Figure 66: Hertz pressure distribution: sphere LNF.
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Figure 67: Numerical pressure distribution: sphere LNF.
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Hertz vs Numerical contact pressure
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Figure 68: Pressure distribution 3D: sphere LNF.
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The numerical and the analytical solutions are very close. Their shape is similar (both of

them have a peak in the middle of the sphere and the pressure gradually decrease getting closer

to the border) and the point by point values have an acceptable difference.

High Normal Force

B.2.2.2

The selected HNF is 200 N. The same results obtained for LNF are presented for high

normal force. They should be more accurate than LNF because more nodes are involved in the

contact.

Contact area

Hertz vs Numerical (nodes) contact area

Nodes inside the contact area
* Nodes outside the contact area

Hertz contact area

*
* *
*
* *
*
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *
* *

-300

* ok ok ok ok ok ok ok ok ok ok koK ko ok ok ok ok ok ok kK kK Kk k% ok ¥
* ok Kk ok ok ok ok ok ok ok ok ok ok Rk K Kk Kk ok ok ok Kk kR Kk E F oF K

LR G
L R

¥ @ @ @ EEEEENEBN
* Kk ¥k k k k kW E EEEEEEEEEEEEE KKK K KK KK

¥ K ¥ ¥ ¥ ¥ H E E EEEEENENENENENENBREEBEX ¥ ¥ K ¥ K %
% % %k %k k E H E EEEEENEENNENENENRNEGSEGSEHE B ¥ ¥ %k k% %
¥ ¥ ¥ 3k ¥ @ H B E E E EEENNSNSENEENENEBEBE ¥ ¥ ¥ ¥ ¥ ¥
¥ % % % @ @ E EEEEEEEEEEEEEEEEEEXXX KX
¥ ¥ ¥ %k M B H E E EEENEENENDNUSUSEHSERNENEREREREEBHE ¥ ¥ ¥ % %
¥ ¥ ¥ m E E HE E E EE EEEENENESNSSNSNGNR EREGEHEBE ¥ ¥ ¥ ¥
¥ % % m E B EEEEEESEEEESEEEEEEEEEBE XX KX
% ¥ ¥ m Hm B HE E E EE EENEENSNSSSGNGNRERRERHEHEHBE X ¥ ¥ %
¥ ¥ ¥ ®m H B B B E EEEEEEENESNESEENEEEBEEENBE ¥ ¥ ¥ ¥
¥ ¥ ¥ @ HE B HE E E E E E N EEENESNSEENNEEENBNBN ¥ ¥ ¥ ¥
¥ % % Hm B EEEEEESEENEESEEEEEEEEEBE XX XX
¥ ¥ ¥ @ HE B HE B E E E EEENENSSSNGNR EREHEHEBE ¥ ¥ ¥ ¥
% ¥ ¥ k m B H B E EE EENEENENSNSSSENNBERBEBEBNEN ¥ ¥ ¥ ¥ ¥
¥ % % % @ @ E EEEEESEEEEEEEEEEEEEX XX KK
¥ ¥ ¥ %k ¥ H H E E E EENEENENDNUS®SE® ERNEREBEBE ¥ ¥ ¥ ¥ % %
% ¥ ¥ 3k ¥ @ E B E E E E N ENENNSNSNSNNBERBEBE ¥ ¥ ¥ ¥ ¥ ¥
* % % % kX ¥ H E EEEENENNENENEENEDENIEHEHEHBEX%¥% ¥ X % % %
¥k k k ¥ k kW H N EEEEEEEEEEEE KKK KK KKK
¥k ok k¥ kK k ok EEEEEEEEEEE KKK KKKk KK KH
¥ K ¥ kK kK kK ¥ K K Kk Kk HEHEEEEBE KK KKK KKK KKK K
* ok ok ok ok ok ok ok ok ok Kk ok ok ok ok k¥ k ok ok ok ok kK kK ok Kk K ok ¥
* koK ok ok kR ok ok ok k Kk k ok k k Kk ¥k k ok k ok k Kk Kk ok Kk Kk K ¥ ¥
* k ok ok ok kK ok ko k Kk ok ok ok ok ok %k Kk kK ok ok Kk Kk ok ok ok Kk ok ¥

¥ ¥ ¥ @ EEEEER ¥

-100

100

200

Hm

Y,

Figure 70: Contact area comparison: sphere HNF.
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The contact area is wider, but the two solution are still coincident.
Normal pressure distribution

Again, the numerical and the analytical solutions are coincident. The maximum pressure has
increased as expected because normal force is higher, but the shape of the pressure distribution

is the same. The numerical pressure seems to be slightly higher than Hertz pressure.

Numerical contact pressure distribution

2000

Figure 71: Numerical pressure distribution: sphere HNF.
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Hertz contact pressure distribution
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Figure 72: Hertz pressure distribution: sphere HNF.
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Figure 73: Pressure distribution 3D: sphere HNF.
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Figure 74: Pressure distribution 2D: sphere HNF.

B.2.3 System behavior for several loading conditions

For a broader prospective on program capabilities, the results of several simulations in a NF
range of 0-450 N are presented. In the following figures, two trends are displaced for numerical
solution. The purpose is to investigate what boundary conditions are more suitable for nodes
outside contact area: in the vertical direction the displacements are imposed (they represent
the input of the problem), in x and y directions the nodes can be fixed or flexible (Figure 75).
The BCs should not influence the solution, because the ’distant’ nodes are very far from the
contact area; but the flexible alternative is the closest to the reality because the sphere could

be deformed in the loading process.
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Normal problem
Rigid Flexible

L A 4

g

Figure 75: Boundary conditions: normal problem.

Dz vs normal force

In Figure 76, it is represented the behavior of NF for different vertical displacements ’dz’.
As expected, the BCs have no influence and all the solutions are coincident.
Contact area vs normal force

In Figure 77, it is possible to see what happens to the contact area for different loading
conditions. The CA of Hertz solution is slightly higher than the numerical one and the gap
between the two solutions increases when the NF is higher; but the radius has not the same
trend and that is because the error is associated to the shape of the contact area, which is a
circle and it is approximated with a sum of squares.
Mazx and mean pressure vs normal force

In Figure 78, the trends for the pressure are shown. They are correct and the small error is

a consequence of the difference in contact area.
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Vertical Approach against Normal Force
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Figure 76: Dz vs normal force: sphere.
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Max pressure against Normal Force
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Figure 78: Max and mean pressure vs normal force: sphere.

B.3 Tangential problem: analytical vs numerical solutions

It was Mindlin, in 1953, who first solved the problem of two bodies in contact loaded with
a tangential force [14].

The results are organized in two sections: in the first section, starting from the solution
of HNF, two different tangential displacements are used for the simulation, one that marks
the division between adhesion and contact area and one that leads the body close to sliding

condition; in the second section, the trends of several tangential displacements are displayed.

B.3.1 Mindlin model for spheres in contact under tangential force

Mindlin conducted many studies regarding elastic bodies in contact [14] [15] [16] and he

developed a model to predict the tangential stress distribution when a tangential force is applied.
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His theory starts from Hertz model and it is based on the following assumptions:

the contact happens between two identical spheres;

e the contact area and the normal pressure distribution caused by the normal force (Hertz

results) do not change when the tangential force is applied;

e there is no relative velocity between the two bodies in contact, the slip occurs at the

contact interface;
e there is a "rigid body” tangential displacement at the contact surface;

e the shear stress distribution 7 is parallel to the displacement on every point of the contact

surface and it is axially symmetric in magnitude;

e the tangential stress on the annulus of slip has the same direction of the tangential loading

and magnitude of 7 = up, with p normal pressure and p friction coefficient.

The results he obtained are presented.

Stick area radius

where

¢ is the radius of the stick area

a is the contact area radius, calculated with Hertz formula

T is the tangential force

N is the normal force
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e 1 is the friction coefficient

Tangential traction distribution

3uN

_ 2
~ 2ma3

T a2 —p? withc<p<a

T:;";‘i‘é [\/aQ—/ﬂ—\/cz—pZ] with p < c
Tangential displacement

5 3(21_65?]\[ [1 ~ <C>2] (B.8)

where

e v is the Poisson’s coeflicient
e G is the shear modulus

It is important to note that the above mentioned is the displacement of distant points with

respect to the uniform displacement of the adhered portion and not the absolute one.

B.3.2 Specific cases: small and large tangential displacements

In order to check if the numerical solution for the tangential contact problem is correct, it
is necessary to compare it with the analytical solution of Mindlin. Two cases are taken into
account that should represent two extremes, one with tangential displacement 'du’ = 3um and
the other with 'du’ = 5.8um. The first one should evidence a net separation between stick and
slip portion of contact area, instead the second one should lead the bodies very close to the

sliding condition.



98

Appendix B (continued)

Small tangential displacement

B.3.2.1
Stick/Slip areas
In Figure 79, the yellow shading represents the stick area of Mindlin solution and the violet

shading the slip area; the red squares represents the nodes in slipping condition of numerical

solution and the blue asterisks the nodes in stick. The two solutions are coincident and if there

are few differences it is because the mesh is not dense enough.

Hertz vs Numerical slip area

200
-----------------
D N

X, Hm

: sphere STD.

Figure 79: Stick/Slip areas

Tangential traction distribution
Figure 80 reports the punctual forces generated in each node of the contact area and Fig-

ure 81 the distribution computed with Mindlin solution. The two solutions are compared in 3D

in Figure 82 and in 2D in Figure 83. Their magnitude and shape are coincident.
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Numerical Tangential Forces Distribution

Figure 80: Numerical tangential force: sphere STD.

Mindlin tangential traction
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Figure 81: Mindling tangential traction: sphere STD.
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Mindlin vs Numerical tangential stresses distribution 3D
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Figure 82: Tangential traction comparison 3D: sphere STD.
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Figure 83: Tangential traction comparison 2D: sphere STD.
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B.3.2.2 Large tangential displacement

The tangential displacement is almost doubled ('du’ = 6um leads to the sliding condition)
so the stick area should be significantly reduced and the traction distribution should have the
same shape of the pressure distribution of the normal problem solution (in the slip zone the
tangential stress is proportional to the pressure).

Stick/Slip areas

The system has the expected behavior and the solutions are coherent.

Hertz vs Numerical slip area
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.......................
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Figure 84: Stick/Slip areas: sphere LTD.

Tangential traction distribution
Figure 87 and Figure 88 confirm the program results are correct even when a large tangential

displacement is imposed to one of the two bodies.
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Numerical Tangential Forces Distribution
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Numerical tangential force: sphere LTD.

Figure 85:
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Figure 86: Mindling tangential traction: sphere LTD.
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Mindlin vs Numerical tangential stresses distribution 3D
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Figure 87: Tangential traction comparison 3D: sphere L'TD.
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Figure 88: Tangential traction comparison 2D: sphere L'TD.
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The numerical tangential stresses are slightly higher in the center of the contact area with
respect to Mindlin solution and smaller along the border. However, this do not affect the overall
coherence of the program results.

Slip distribution
The last interesting result for this part concerns the slip distribution. The slip area has

increased from STD to LTD and it is always zero in the center.

SLIP

Hm

y, Hm

Y.

Figure 89: Slip: STD - LTD comparison.

B.3.3 System behavior for several tangential displacements

The tangential contact problem is strictly connected to the solution of the normal contact

problem because the contact surface and the pressure distribution are kept constant for hy-
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pothesis. As a consequence, 'dz’ = 10um is selected as vertical displacement to have a large
range for tangential displacements before sliding condition is reached.

Even in this case, two trends are shown for numerical solution to investigate which are the
best boundary conditions for ’distant’ nodes (Figure 90). In the vertical direction they are fixed,
in the x direction the displacements are imposed, in y direction they can be fixed or flexible.

The BCs should not influence the solution at the contact.

Tangential problem
Rigid Flexible

Figure 90: Boundary conditions: tangential problem.

Tangential force vs du
The numerical and the analytical solutions of Figure 76 are coincident. Even for the tan-
gential contact problem the BCs do not affect the results. This graph is extremely important

because it is the one that generates the frictional hysteresis loop. The curve presents an asymp-
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tote, that is when the tangential force T' = uN.
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Figure 91: Tangential force vs du.

Stick area vs du

The stick area radius trend of numerical solution perfectly follows that of Mindlin model
even if it is slightly smaller. The difference is higher for the entire area but it is due to the fact
that a circular surface is approximated with a sum of squares: a mesh more dense, with smaller

squares could approximate better the rounded shape.
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Figure 92: Stick area vs du.

B.4 MATLAB program validation

This first chapter confirms the program can be trusted and used to simulate the contact
between bodies with different shapes such as cylinders or planes. The analytical solutions are
not always available for this models but the results obtained so far are so accurate that it
is possible to expect errors associated only to the number and shape of finite elements that

approximate the bodies.
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