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SUMMARY

One of the fundamental problems in data analysis is how to represent the data. Real-world
signals of practical interest such as color imaging, video sequences and multi-sensor networks,
are usually generated by the interaction of multiple factors and thus can be intrinsically repre-
sented by higher-order tensors. Application of conventional linear analysis methods to higher-
order data tensor representation is typically performed by conversion of the data to very long
vectors, thus inevitably losing spatial locality as well as imposing a huge computational and
memory burden. As a result, great efforts have been made to extend conventional linear anal-
ysis methods that rely on data representation in the form of vectors, for higher-order data
analysis. This thesis is dedicated to the study of higher-order data analysis including retrieval,
classification and representation, within the mathematical framework provided by multilinear
algebra.

We first present a higher-order singular value decomposition (HOSVD)-based method for
robust indexing and retrieval of higher-order data in responding to various query structures.
We prove theoretically that, for real tensors, the set of HOSVD orthogonal matrices of a sub-
tensor is equivalent to the corresponding subset of HOSVD orthogonal matrices of the original
tensor. Therefore, if we first arrange all tensors in the database compactly as a higher-order
tensor, then we only need to conduct HOSVD once on the total tensor.

We then extend linear discriminant analysis (LDA) for higher-order data classification.

We propose two multilinear discriminant analysis methods, Direct General Tensor Discrimi-



SUMMARY (Continued)

nant Analysis (DGTDA) and Constrained Multilinear Discriminant Analysis (CMDA). Both
DGTDA and CMDA seek a tensor-to-tensor projection onto a lower-dimensional tensor sub-
space, which is most efficient for discrimination.

Finally, we propose Generalized Tensor Compressive Sensing (GTCS)—a unified framework
for compressive sensing of higher-order tensors. GTCS offers an efficient means for representa-
tion of multidimensional data by providing simultaneous acquisition and compression from all

tensor modes.

xi



CHAPTER 1

INTRODUCTION

One of the fundamental problems in data analysis is how to represent the data. While
conventional data analysis methods such as linear discriminant analysis (LDA) and compressive
sensing (CS) theory rely on data representation in the form of vectors, many data types in
various applications such as color imaging, video sequences, and multi-sensor networks, are
intrinsically represented by higher-order tensors. Application of conventional analysis methods
to higher-order data representation is typically performed by conversion of the data to very long
vector, thus inevitably losing spatial locality and imposing a huge computational and memory
burden. Recently, multilinear algebra, the algebra of higher-order tensors, was applied to the
analysis of the multi-factor structure of multidimensional signals. Tensor defines multilinear
operators over a set of vector spaces and is a natural generalization of vector and matrix.
Consequently, multilinear analysis subsumes linear analysis as a special case and offers a unifying
mathematical framework to address problems involving multi-factor data.

This thesis is dedicated to the study of high-order data analysis including retrieval, classifi-
cation and representation, within the mathematical framework provided by multilinear algebra.

In Chapter 2, we first prove that for real tensors, the HOSVD orthogonal matrices of a sub-
tensor can be well approximated by those corresponding mode matrices obtained from applying
HOSVD to the original tensor. We then propose a robust HOSVD-based multilinear approach

for efficiently indexing and retrieving multifactor data according to the format of the query,
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either complete or partial. Simulation in the context of multi-object multi-camera motion
trajectory indexing and retrieval demonstrated the efficiency and robustness of the proposed
approach.

In Chapter 3, we first show that a closed-form solution to the optimal projection sought
by GTDA exists. We subsequently propose Direct GTDA (DGTDA) which not only gets rid
of parameter tuning but also achieves the optimal projection directly. We demonstrate that
DGTDA outperforms GTDA in terms of both training efficiency and classification accuracy.
In addition, we propose Constrained Multilinear Discriminant Analysis (CMDA) that looks for
a set of projection matrices with orthonormal columns by iteratively maximizing the scatter
ratio criterion. We prove theoretically that in the limit, the value of the scatter ratio criterion
in CMDA approaches its extreme value, if it exists, with bounded error. In fact, experimental
results show that in most cases, the optimization procedure of CMDA converges, thus lead-
ing to superior and stabler classification performance in comparison to DATER. To our best
knowledge, CMDA is the first scatter ratio maximization-based MDA method that exhibits
convergency.

Finally in Chapter 4, we propose Generalized Tensor Compressive Sensing (GTCS)—a unified
framework for compressive sensing of higher-order tensors. GTCS offers an efficient means for
representation of multidimensional data by providing simultaneous acquisition and compression
from all tensor modes. In addition, we compare the performance of the proposed method with
Kronecker compressive sensing (KCS). We demonstrate experimentally that GTCS outperforms

KCS in terms of both accuracy and speed.



CHAPTER 2

HIGHER-ORDER SINGULAR VALUE DECOMPOSITION

(HOSVD)-BASED HIGH-ORDER DATA INDEXING AND RETRIEVAL

Higher-order singular value decomposition (HOSVD), a natural multilinear extension of the
matrix SVD, computes the orthonormal spaces associated with different modes of the tensor. It
is widely employed for feature extraction, dimensionality reduction etc. However, due to the vast
quantities of tensor entries involved in calculation, it inevitably suffers from high computational
cost, especially when recalculation of HOSVD is frequently required. To address the problem, we
prove theoretically that for real tensors, the set of HOSVD orthogonal matrices of a sub-tensor
is equivalent to the corresponding subset of HOSVD orthogonal matrices of the original tensor.
Therefore, if we first arrange all tensors in the database compactly as a higher-order tensor, then
we only need to conduct HOSVD once on the total tensor. We subsequently propose a robust
HOSVD-based multilinear approach for efficiently indexing and retrieving multifactor data, in
responding to various query structures. We also apply the proposed method for indexing and
retrieval of multi-camera multi-object motion trajectory. Simulation results demonstrate the

superior performance of the proposed approach in terms of both robustness and efficiency.

2.1 Introduction

Singular value decomposition (SVD) has served as a powerful tool in linear analysis. To

perform SVD, samples should be represented in vector form where only one factor is allowed to



vary. However, in most real applications, the data are the composite consequence of multiple
factors and naturally require higher-order tensor representation. For instance, Shashua and
Levin (1) first employed 3"%-order tensor instead of matrix of vectorized images to represent an
image ensemble. Correspondingly, matrix SVD needs to be generalized in order to deal with
multifactor data. The higher-order singular value decomposition (HOSVD) is such a natural
extension of matrix SVD within the mathematical framework of multilinear algebra. Although
it has been shown that some nice properties of SVD such as uniqueness and existence cannot
be guaranteed in its higher-order counterpart, HOSVD still provides satisfactory performance
in multilinear analysis. For example, Alex et al. (2) demonstrated the power of HOSVD in the
context of facial image ensemble classification.

Specifically in the field of motion analysis, such as motion trajectory indexing and retrieval,
large volume motion data are usually represented compactly in higher-order tensor form. One
common problem is that these tensors are usually of very high dimensionality and therefore,
to accelerate processing, dimensionality reduction is always necessary. In analogy to applying
SVD for feature extraction as well as dimensionality reduction of linear samples, HOSVD offers
a multilinear tool to seek the optimal lower-dimensional tensor subspace that preserves the data
class structure. Due to the vast quantities of tensor entries involved in calculation, HOSVD
inevitably suffers from high computational cost and therefore is less employed in applications
where recalculation of HOSVD is frequently needed. For instance, referring to the motion
trajectory indexing and retrieval problem mentioned above, if the structure of the query is

known and fixed, all the samples in the database can be stored in the same structure as the



query and HOSVD needs only to be conducted once. However, in practice, the query may
contain either complete information as the database do or only partial information from certain
modes. In the sense of tensor, a partial query may be (1) either a tensor of the same order
yet of smaller size in certain modes or (2) a lower-order sub-tensor. Apparently, obtaining
the HOSVD unitary matrices of the new tensors efficiently, preferably without recalculating
HOSVD will greatly improve the efficiency of the processing algorithms. In (3), Xiang et al.
presented dynamic tensor HOSVD downdating algorithm to address the first problem and this
paper will focus on the solution to the latter.

The rest of the paper is organized as follows. We first prove theoretically in Section 2.2 that
the HOSVD unitary matrices of a sub-tensor can be well approximated by those corresponding
mode matrices obtained from applying HOSVD to the original tensor. We then propose a
robust HOSVD-based multilinear approach for efficiently indexing and retrieving multifactor
data according to the format of the query in Section 2.3. Section 2.4 applies the proposed
method to multifactor motion trajectory analysis which can dynamically adjust the database
according to the query structure. At last, Section 3.7 concludes the paper and discusses briefly

on future work.

2.2 Theoretical Foundation

We propose Theorem 2.2.3 which later serves as the theoretical foundation of the higher-
order tensor data indexing and retrieval algorithm introduced in Section 2.3. In order to prove

Theorem 2.2.3, we state two lemmas first.



Lemma 2.2.1 (4, Thm. 3.3) Let X € RIA%=xIar - Let Uy, € RE¥Ex where UTU, = I and
L, < Ly fork=1,...,M. Then the function f(X) = HX—)?H%, where ranky,(X) = Ly, is min-

imized, when X € REV-XLu g given by X = (XHﬁilkag)Hgilkak = XHklexk(UkUg).

Proof It is sufficient to prove ) minimizes g()) = HX—yHQil xUg||%, where Y = X]_[gil x UL €

RL1X-- XLy

Let £ = X — Y[[\L, x1Ux. Then we have

M M M
SHXkU]? = (X—nykUk)kaUkT
k=1 k=1 k=1
M M M
= X[ xsUF = YT U ][ x1UF
k=1 k=1 k=1

M M
=X [xUf = Y[ xe(UU)
k=1 k=1

M
= X[[x:UF =Y.
k=1

Therefore, )/Héwz 1 XkUy is the least square estimation of X, i.e. g()) is minimized when ) =

X]_[iwzlkakT. This completes the proof.

Lemma 2.2.2 (4, Thm. 3.4) Let X € Riv<-*xbm  Let Uy € RLsx Ly, where UEUk =1 and
L, < Ly for k = 1,...,M. Then mazimizing f(Ug|M,) = |& — XT[L, xx(UUD)|% is

equivalent to minimizing g(Ug|M. ) = | XTTn, xs UL 1%



Proof Let Y = X0, xxUl € RExDhy,

M M
FUORRL) = X = X ] UD [ xxUnl7
k=1 k=1
M
= |x = Y]] *xUsl%
k=1

M M
= | X1F =22, (XU [ [<kUn) + 1VII7
k=1 k=1

M M
= | XNF = 2 [ i, T DU + 1VI1F
k=1 k=1

= | XIE - VI

Thus maximizing f(Ug|}.,) is equivalent to minimizing g(Ug[?L,) = ||V||%. This completes the

proof.

Theorem 2.2.3 Let X € RIV>XEm  For an arbitrary set {i1,...,in} C {1,...,M}, let

(U},..., U ) be a solution of
J n
(s, U =arg min > (14 = Y5 [] o Ui l13
(Uilv---inn)j:]- i)
J=1Li, oo Ly g, iy = {1, , M\ {d1, ..., in}, (2.1)

L L

. / !
where U7 € R ’kXL%, U;;TU;; =1, L;k < L fork =1,...,n. YV; € R ZlX'“XLin, &; €

REinXxLin s the jth sub-tensor of X obtained by varying indices i1, . .., i, with fized indices

. . !
intt, - in and ranky (Y [Tz, % Uiy) = Ly



Let (UY,...,Uz;) be a solution of

Uf,...,Uy) =arg min [|X =YV || xi Ukll%,
(Ui M) g(Ul,...,UM l kl_[l k k:||F

L><L

where U} € R™'* UiZTU;;:Iforkzl,...,M. L, <Ly fork=1,...,n and L

’

fork=n+1,...,M. Y e R\*Ly and ranky (Y [Tor, xxUs) = L,

Then (U}

TR

, U ) in (Equation 2.1) is equivalent to the (U}

217...,

in (Equation 2.2).

U ) tuple of (U, ...

(2.2)

k

»Uhr)

Proof According to Lemma 2.2.1, | X —=V[+, XUk ||% is minimized when Y = X[, xx U/ €

RLQXXLII\/I Since fOI- k; g ’]’L+ 1,...,M, L{Lk = L

i

according to Lemma 2.2.2

”X yH ¥ Ukl
kf

(Ul )

=X - XkaUkTH < Ugl%

k=1 k=1
M

=& = X[ x#(UUD)II%
k=1

=[x - XHX% (Ui Uil

n

T 2

U ’X XHX% kH Xiy, Ui |7
k=1

A ERE) zn

= e !XHsz Ui 17
190 n

Hence ||XT]5_; %, ZkHF is maximized by the (U}

i1r e

, U ) tuple of (UT, ..., Uy;).

we also have U;;U;CT = I. Therefore,



Next, let B = X[[}_,x;, UL. Thus

kY g

By = X)) (Ui, ® ... @ Usy)
= [Xl(il) R XJ(“)](UM X...Q UZ2)
=X (Ui, ® ... QUiy) - Xyiy) (Ui, @ ... @ Uy )],
where J = L;,,, - ... L;,, and Xﬂ(z € REirx(LigrLin) for j=1,...,J. Then we have
(UZ77U;) = arg max HXHX% zkHF
’Ll7 .y Zn
—arg max [Bx,UT|%
i1 Vin
=arg max )tr{ 8(11)811)&1}
i10Uin
J
=arg max tr{U; Z X 11) @ Usy,)
i1 Uin j=1
(Uin R...Q Uz’ )TX{ )]Uzl}
—argmax ZHXJHX%U%HF
117 o zn j
= arg mln Z 1 — yJHXZkUlkHF
117 .y zn

This completes the proof.



10

Suppose the HOSVD of a real tensor X € RI>*Lwm g

M
X =S8 H XkUk,
k=1

where U, € REx*Lr’s are orthogonal and S € R *xLam  In other words, S = Xné\il kakT
minimizes | X — S[oL; xxUk||% = 0. Based on Theorem 2.2.3, the (Ui, ...,U;,) tuple of
(Uy,...,Up) also minimizes Z}le X — Villrey xi Ui % = 0, which means each [|X; —

Villie; % Uiy |% = 0. Therefore,

n
ijyjHXikUik, j:1,...,(Lin+1~...-LiM).
k=1

That is to say, U;,, ..., U;, also serve as the HOSVD orthogonal matrices of the sub-tensor X;.
Also, the corresponding core tensor Y; can be obtained by X;][;_; X, Ug}; . Once the HOSVD
of the total tensor is known, there is no need to calculate the HOSVD of any sub-tensors, which

in fact can be obtained directly.

2.3 Higher-Order Data Indexing and Retrieval

Assume that the whole database is represented compactly as an M*-order tensor X €
RE1XxLa wwhere different tensor modes correspond to different factors of the data. Given

an arbitrary query tensor 7 € RFi1X-xL

in consisting of a subset {i1,...,i,} of the M tensor
modes. The higher-order data indexing procedure and retrieval procedure are summarized in

Table Table I and Table II respectively. Although S € RX1>*Em it ysually contains vast zero

entries, thus can serve as indexing tensors efficiently.
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TABLE 1

THE HIGHER-ORDER DATA INDEXING PROCEDURE

Input The total database tensor X € R¥1*-*&M | the tensor
modes {i1,...,i,} contained in the query tensor.

1. Conduct HOSVD on the database tensor X and obtain unitary
projection matrices Uy, ..., Uy and the core tensor S, i.e.
X = SH,]qwzl XkUk.

2. Rearrange X’ into sub-tensors X; € REi XX Lin for j =1,

vy (Liyyy - oo Liy, ). ' '

3. Obtain indexing tensor X" by X/ = X ,_, x;, UL,
fOI"j: 1,...,(Lin+1 LzM)

Output Indexing tensors X}”d for j=1,...,(Lipyy - Liy)-

TABLE II

THE HIGHER-ORDER DATA RETRIEVAL PROCEDURE

Input

The query tensor 7 € R X*lin and indexing tensors
ijd for j=1,...,(Li,, - --- - Liy), the similarity
threshold o.

Output

Obtain the indexing query tensor,i.e. 7" = T[[}_, x4, Ug;.
Compare the Frobenius distance D; between indexing tensor
X;”d and 77 ie. D; = HX;”d — 7|, retrieve

those whose D; is less than o.

Retrieved sub-tensors X’s.
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2.4 Simulation Results

We test the performance of the proposed approach on the 2" CAVIAR dataset (5) for the

indexing and retrieval of multi-camera multi-object motion trajectories.

2.4.1 Tensor representation of the 2" CAVIAR data set

The 2" CAVIAR dataset contains a set of surveillance video clips of the same scene obtained
by cameras from two different viewpoints, one corridor view and one frontal view. We first
concatenate x- and y-location information of each object trajectory into one column vector,
called single trajectory vector v. We then align v’s as columns of multiple trajectory matrix
M whose column number is equal to the number of objects in the particular video sequence.
Here, each multiple trajectory matrix contains the motion information of a group of objects
within one video clip. Multiple trajectory matrices with the same number of columns are then
aligned to form a 3"%-order tensor, referred to as multiple trajectory tensor. Finally, multiple

4th

trajectory tensors from different cameras construct a 4*”-order tensor X along the dimension

4t _order tensor from

of cameras. Figure Figure 1 gives an example of the process to obtain a
2 cameras each containing 3 video sequences of time duration L with 2 moving objects. For
video sequences of different length, every single trajectory is sampled to the same length 2L.
Similarly, we form the CAVIAR database into a 200 x 2 x 47 x 2 tensor with modes corre-
sponding to motion trajectory, object, video clip and camera respectively. To be more specific,

this tensor consists of 47 video clips obtained by 2 cameras with 2 motion trajectories of length

200 in each clip.
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Figure 1. Tensor representation of multi-camera multi-object motion trajectories.

2.4.2 Complete query—two trajectories from two cameras

We first input a complete query of size 200 x 2 x 2 consisting of motion trajectory matrices
from two cameras. The precision and recall curve in this case is depicted in Figure Figure 2(a).

Retrieval results are shown in Figure Figure 3.

04 05 06
Recal Recall

(a) (b)

Figure 2. Precision and recall curve: (a) complete query; (b) partial query.
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Figure 3. Retrieval results for complete query: (a)-(b) query; (c¢)-(d) most-similar results;
(e)-(f) second most-similar results.

2.4.3 Partial query 1-single trajectory from two cameras

In this case, we select one single motion trajectory from each camera and form a partial
query of size 200 x 2. The retrieval results and precision and recall curve are shown in Figure
Figure 4, Figure Figure 2(b) respectively.

2.4.4 Partial query 2—double trajectories from one camera

In the last case, we select one motion trajectory matrix of size 200 x 2 from one camera as
a different kind of partial query. The retrieval results are shown in Figure Figure 5.
To sum up, the experimental results demonstrate the efficiency and robustness of the pro-

posed approach in responding to various query structures.
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Figure 4. Retrieval results for partial query 1: (a)-(b) query; (¢)-(d) most-similar results;
(e)-(d) second most-similar results.

2.5 Conclusion

In this paper, we first proved theoretically that the set of HOSVD unitary matrices of a
sub-tensor is equivalent to the corresponding subset of HOSVD unitary matrices of the original
tensor. We then proposed a robust HOSVD-based multilinear approach for efficiently indexing
and retrieving multifactor data, in responding to various query structures. Simulation results
demonstrated the robustness and the superior performance of the proposed approach. Although
we only applied our approach to motion trajectory analysis, it can serve as a unifying framework
for a variety of computer vision problems involving multifactor data. As can be seen in the

simulation part, we assumed that the certain modes contained in the query were known and
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Figure 5. Retrieval results for partial query case 2: (a) query; (b) most-similar results; (c)
second most-similar results.

adjusted the database accordingly. However, in most real applications, the correspondence
between the tensor structure in the query and database is unknown. Future work will focus on

the solution to the unknown case.



CHAPTER 3

MULTILINEAR DISCRIMINANT ANALYSIS FOR HIGHER-ORDER

TENSOR DATA CLASSIFICATION

Linear discriminant analysis (LDA) has played a crucial role as a subspace learning method
in computer vision and pattern recognition applications. LDA relies on data representation in
the form of vectors. However, many data types do not lend themselves to vector representation.
Instead, real-world data, usually generated from the interaction of multiple factors, can be
naturally represented by higher-order tensors. Recent efforts have been made to extend LDA for
tensor data classification, which is generally referred to as the multilinear discriminant analysis
(MDA) problem. MDA seeks a tensor-to-tensor projection (TTP) to a lower-dimensional tensor
subspace that is most efficient for discrimination (some literature aim at a tensor-to-vector
projection (T'VP), which is beyond the scope of this paper). Existing examples include General
Tensor Discriminant Analysis (GTDA) and Discriminant Analysis with Tensor Representation
(DATER). To measure the separation of samples in the new tensor subspace, MDA methods
mainly employ one of the two criteria: scatter ratio criterion (e.g. DATER) and scatter difference
criterion (e.g. GTDA). The optimal TTP should be the one that maximizes such criterion.
Due to the dependency among tensor modes, it seems that no closed-form solution to this
optimization problem exists, hence both the two methods attempt to resolve such dependency
through iterative approximation. GTDA is known to be the first MDA method that converges

over iterations. However, its performance relies highly on tuning of the parameter in the scatter

17
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difference criterion. On the other hand, although DATER usually results in better classification
performance, it does not converge, yet the number of iterations executed upon termination has
a direct impact on DATER’s performance. We first show that a closed-form solution to the
optimal projection sought by GTDA exists. We subsequently propose Direct GTDA (DGTDA)
which not only gets rid of parameter tuning but also achieves the optimal projection directly.
We demonstrate that DGTDA outperforms GTDA in terms of both training efficiency and
classification accuracy. In addition, we propose Constrained Multilinear Discriminant Analysis
(CMDA) that looks for a set of projection matrices with orthonormal columns by iteratively
maximizing the scatter ratio criterion. We prove theoretically that in the limit, the value of the
scatter ratio criterion in CMDA approaches its extreme value, if it exists, with bounded error.
In fact, experimental results show that in most cases, the optimization procedure of CMDA
converges, thus leading to superior and stabler classification performance in comparison to
DATER. To our best knowledge, CMDA is the first scatter ratio maximization-based MDA

method that exhibits convergency.

3.1 Introduction

Linear discriminant analysis (LDA)(6) has been widely employed for subspace learning (e.g.
dimensionality reduction, feature extraction etc. ) in computer vision and pattern recogni-
tion applications. Although real data of natural and social sciences are usually of very high
dimension, the underlying structure can in many cases be characterized by a small number

of parameters. For instance, in many statistical pattern recognition problems, such as face
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recognition (7)(8) and image retrieval (9), in order to visualize the intrinsic structure of the
high-dimensional data, LDA often serves as a preprocessing step to reduce the dimensionality.

One of the fundamental problems in data analysis is how to represent the data. Image is
intrinsically a matrix. However, since LDA takes vectors as input, image typically has to be
vectorized first, during which spatial locality is inevitably lost. Some recent works have started
to consider an image object as a matrix for unsupervised learning problem(10; 11). Many efforts
have been devoted to the extension of LDA which takes matrices as input. Liu et al. (12) pro-
posed a special LDA that projects matrix data to some vector space for discrimination. Later,
Kong et al. (13) extended traditional Fisher Discriminant Analysis (FDA) to 2DFDA where
data matrix is projected onto a two-dimensional tensor subspace and showed its advantages in
solving small sample size problem. Its multi-class counterpart 2DLDA was then proposed by Ye
et al. (14). Due to the dependency of the projection matrices on each other, no direct solutions
exist. Therefore, they derived an iterative algorithm that fixes one of the projection matrices at
a time. However, 2DLDA does not converge over iterations. Similar method was employed by
(15) for tensor subspace learning. Whereas in (16), TensorLDA overcomes such dependency by
imposing an orthonormality constraint on the two matrices and arrived at closed-form solutions.
However, such solutions are not optimal.

In fact, natural images are generated by the interaction of multiple factors related to scene
structure, illumination and imaging. Recently, multilinear algebra, the algebra of higher-
order tensors, was applied to the analysis of the multi-factor structure of image ensembles

(17; 18; 19; 20). Tensor defines multilinear operators over a set of vector spaces and is a nat-
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ural generalization of matrix. Consequently, multilinear analysis subsumes linear analysis as
a special case and offers a unifying mathematical framework to address problems involving
multi-factor data. Vasilescu and Terzopoulos presented Tensorface (17) which represents a set
of face images as a higher-order tensor and applies higher-order singular value decomposition
(HOSVD) to disentangle the constituent factors. However, since Tensorface still considers each
image as a vector, it is computationally expensive and not optimal for recognition. Our pre-
vious work (20) also employed HOSVD for dimensionality reduction, yet we represented each
image as a matrix and achieved lower retrieval error rate than Tensorface.

Within multilinear algebra framework, the extension of LDA for tensor data classification
has gained growing interest over the past few years, which is usually referred to as multilinear
discriminant analysis (MDA) problem. Generally speaking, MDA methods can be categorized
into two directions based on dimensionality of the learned subspace (21): MDA that seeks
a tensor-to-vector projection (TVP) for discrimination in a lower-dimensional vector space
and MDA that looks for a tensor-to-tensor projection (TTP) for discrimination in a tensor
subspace. To measure the separation of samples in the new tensor subspace, two criteria are
usually employed: the scatter ratio criterion and the scatter difference criterion. The optimal
projection should be the one that maximizes such criterion. The first TVP-based MDA was
known as Tensor Rank-One Discriminant Analysis (TR1DA) (22; 23), derived from tensor rank-
one decomposition (24). TRI1DA aims at a TVP that maximizes the scalar scatter difference
criterion. However, due to this criterion, TR1DA relies on coordinates. Later, another TVP-

based MDA method, Uncorrelated Multilinear Discriminant Analysis (UMLDA) was introduced
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n (25). UMLDA extracts uncorrelated discriminative features through a TVP that optimizes a
scalar scatter ratio criterion. In terms of TTP-based MDA methods, the discriminant analysis
with tensor representation (DATER)(18), later also known as Multilinear Discriminant Analysis
(MDA)(26) was proposed for tensor data classification (to avoid confusion, we refer to this
method as DATER in following discussions). However, like its 2D counterpart 2DLDA(14),
DATER does not converge over iterations either. Thus it is hard to determine the number of
iterations it should run before termination, which has a direct impact on DATER’s performance.
On the other hand, (19) proposed General Tensor Discriminant Analysis (GTDA) which learns
a tensor subspace by scatter difference maximization. GTDA is known to be the first convergent
MDA method. However, its performance relies highly on tuning of the parameter in the scatter
difference criterion. In this paper, we first show that a closed-form solution to the optimal
projection sought by GTDA exists. We subsequently propose Direct GTDA (DGTDA) which
not only gets rid of parameter tuning but also achieves the optimal projection directly. We
demonstrate that DGTDA outperforms GTDA in terms of both training time efficiency and
classification accuracy. In addition, we propose Constrained Multilinear Discriminant Analysis
(CMDA) that looks for a set of projection matrices with orthonormal columns by iteratively
maximizing the scatter ratio criterion. We prove theoretically that in the limit, the value of the
scatter ratio criterion in CMDA approaches its extreme value, if it exists, with bounded error.

Our main contributions are summarized as follows.

1. We prove mathematically the existence of a global maximum of the scatter difference

criterion that GTDA attempts to optimize over iterations and as a matter of fact, such
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global maximum can be obtained directly. We then propose a closed-form solution to

GTDA, namely, DGTDA.

2. The proposed DGTDA also gets rid of parameter tuning which has a major impact on
the performance of GTDA. We show that DGTDA outperforms GTDA in terms of both

training efficiency and classification accuracy.

3. We propose CMDA which learns a set of projection matrices with orthonormal columns
by iteratively maximizing the scatter ratio criterion. We prove theoretically that in the
limit, the value of the scatter ratio criterion in CMDA approaches its extreme value,
if it exists, with bounded error. In fact, experimental results show that in most cases,
the optimization procedure of CMDA converges, thus leading to superior and stabler
classification performance in comparison to DATER. To our best knowledge, CMDA is

the first scatter ratio maximization-based MDA method that exhibits convergency.

4. We also show that unlike DGTDA to GTDA, no closed-form solution exists to avoid the

iterative procedure in CMDA.

The rest of the chapter is organized as follows. Section 3.2 first reviews basic concepts
in multilinear algebra and LDA. Section 3.3 generalizes LDA concepts to their multilinear
counterparts. Section 3.4 then proposes DGTDA and CMDA. Section 3.5 introduces a simple
nearest neighbor classifier employed in the simulations. Section 3.6 experimentally compares

DGTDA and CMDA to GTDA and DATER. Finally, Section 3.7 concludes the paper.
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3.2 Review of Multilinear Algebra and Linear Discriminant Analysis

3.2.1 Multilinear Algebra Background

In this section, we introduce the following definitions frequently used in multilinear algebra
(27) as well as notations used in this paper. Throughout the discussion, lower-case charac-
ters represent scalar values (a,b,...), bold-face characters represent vectors (a,b,...), capitals
represent matrices (A, B, ...) and calligraphic capitals represent tensors (A, B, ...).

A tensor is a multidimensional array. The order of a tensor is the number of tensor modes.

h

For instance, tensor X € RI1X/2X--XIN hag order N and the dimension of its n'” mode (also

called mode n directly) is I,,.

Kronecker Product The Kronecker product of matrices A € R’ and B € RE*L is denoted

by A® B. The result is a matrix of size(IK) x (JL) and defined by

anB ap2B -+ ayyB

ang CLQQB cee CLQJB
AR B =

anB apB --- apB

Two useful properties of Kronecker product are: (A® B)(C® D) = AC ® BD and (A® B)T =

AT @ BT,

Mode-n Product The mode-n product of a tensor X € RI1*/2X--XIN and a matrix U € R/*I»

is denoted by X x, U and is of size I} X ... X I,_1 X J X I,41 X ... X Iy. By element, we have

(X Xn U)ilninfljin#»l“-iN = Zinzl Liyig..in Wjin -
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Mode-n Fiber and Mode-n Unfolding The mode-n fiber of a tensor X € RI1x[2X-xIn g
obtained by fixing every index but 7,,. The mode-n unfolding of X', which is also called mode-n
matricization, is denoted by X(,) and arranges the mode-n fibers to be the columns of the

resulting I,, x (Iy - Ia ... - In—1 - Int1 - ... Iny) matrix.

We have, Y = X x1 Uy xo Uz X ... XN UN & Yy = Un X () (UN®.. . QUp41@Up_1®...0U)T.
To simplify the notation, we denote X' x1 Uy XoUs X ... Xy Uy by X Hivzl X .U and denote
UN®...Q0Uny1 @Up-1®...0 Ui by ®_n 1, Uy

3.2.2 Linear Discriminant Analysis Background

Linear Discriminant Analysis (LDA) seeks the direction of projection that is most effi-
cient for discrimination in a lower-dimensional subspace. Suppose that we have a set of p

d-dimensional vector samples X1, X2,...,X, belonging to c classes and n; is the number of sam-

ples in class ¢ such that p = Y 7 ;n;. Let x;; denote the 4t sample in class i, then the

mean vector of class i is given by m; = 1 3°
7

2

i1 Xij and the total mean vector of all samples

is m = %Zle Dot Xig = %Zle n;m;. In Fisher Discriminant Analysis (FDA)(6) where
¢ = 2, only one discriminant function is needed. Hence a natural generalization for c—class
problem involves ¢ — 1 discriminant functions. Therefore, our goal is to find a projection from
d-dimensional space to a (¢ — 1)—dimensional subspace. Expressed in matrix form, y = UTx,
where x € R, y e R P and U = [u; ug---u,._1] € Ra*(e=1),

A measure of separation between two projected classes is the distance between the projected
sample means. For instance, square of the distance between projected sample means of class a

and b is, [UTm, — UTmy|% = [|[UT (m, — myp)||% = tr{UT (m, — m;)(m, — m,)TU}, where the
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subscript F' stands for Frobenius norm. The larger the distance is, the better the separation
between class a and b is.

To avoid the trivial case where we enlarge this distance by merely scaling U, we can maximize
it relative to some measure of the standard deviation within classes. If we define the scatter

g

matrix S; for class i and the within-class scatter matrix Sy by S; = Zj: (xi,j—my)(x;;—m;) T

and Sy = > ;_; S; respectively, then an estimate of the standard deviation of the projected

samples in class ¢, denoted by 5’2 can be expressed as

SN'Z‘ = (UTXZ'J‘ — UTmi)(UTXi,j — UTmZ)T
j=1
=UTD (xiy —my)(xij —my)T|U
j=1
=U"s,U, (3.1)

and the within-class scatter matrix in the projected subspace E\V; is

é\v; = Z Z(UTXZ'J — UTmi)(UTXi’j — UTmZ')T
=1 j=1

= Z UTSiU = UT(i Si)U,
=1 i=1

=UTSyU.
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Similarly, if we define the between-class scatter matrix Sp, an estimate of the standard deviation

between classes, to be Sp = Y_¢_; n;(m; — m)(m; — m)?, then in the projected subspace,

C
Sp = Zm(UTmi —UTm)(UTm; — UTm)T
i=1
C
= UT[Z ni(m; — m)(m; — m)?|U
i=1
=UTSU.
Now our goal is to find the optimal projection to a lower-dimensional space that maximizes the

between-class scatter S’E while minimizing the within-class scatter S'\V; Therefore, the objective

function that we try to optimize is,

J(U) = I3, nU(m; —m)|>  r{UTSpU}

- c g = . 3.2
[y Zj;1 UT(x;; —my)||?  tr{UTSwU} (3:2)

(Equation 3.2) is usually referred to as the scatter ratio criterion. Another criterion that is also

frequently used is the scatter difference criterion defined as,
JU) = tr{UTSpU} — ¢tr{UT Sy U}. (3.3)

The solution to (Equation 3.3) is equivalent to that to (Equation 3.2) when ¢ in (Equation 3.3)
is the Lagrange multiplier. It is known that (Equation 3.2) can be solved as the generalized

eigenvalue problem, that is, the first n column vectors of an optimal U are the generalized
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eigenvectors that correspond to the n largest eigenvalues in Spu = ASyu (28). Moreover, if

Sw is nonsingular, this can be converted to a conventional eigenvalue problem.

3.3 Multilinear Discriminant Analysis: Objective

In this section, we extend LDA concepts to their counterparts in the framework of multilinear
algebra. Suppose that we have a set of p tensor samples X1, X, ..., &), € RIxI2x.XIN helonging
to ¢ classes and again n; is the number of samples in class ¢ such that p = Zle n;. Let & ;
denote the j** sample in class 4, then the class mean tensor for class i is given by M; =
n%_ ity Xi; and the total mean tensor is M = % Dim1 2y Xij = % Y il niM.

The projection now is from a I; x I X ... x Iny-dimensional tensor space to a I] x I} x
... x Iy-dimensional tensor subspace. Our goal is to find the set of optimal projection matrices
U,Us,....,Un (U, € RIn¥In for n = 1,...,N) for the most accurate classification in the

projected subspace where

N
yi’j = Xi,j H XkU]? (S RIiXIéX"'XIE\’. (34)
k=1

Then the sample mean for projected class ¢ is given by

ng

N 1 n; 1 N
Mi=—> Vij=—> (X, [[ <+Ui)
tj=1 ! k=1

J=1

N
= M T T (3.5)
k=1
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and is simply the projection of M;. Similarly, the total mean tensor of the projected samples
is MTTn_, <UL

As in LDA, distances between the ¢ projected sample means serve as our measure of sep-
aration for the projected samples. We employ Frobenius norm of the difference between two
tensors to measure the separation or distance between the two tensors. As a result, it does not
matter if we calculate the distance through tensors or their matrix unfoldings. Therefore, we
may convert tensors to the more familiar matrix form by matrix unfolding.

In stead of using tensor samples, if we first unfold the tensors to mode-n unfoldings and view
the unfolded matrices as our training samples, then the mode-n between-class scatter matrix

in the projected, by all tensor modes, tensor subspace, is defined as follows,

c N N N N
B, =Y nil(M;i [T xxU8) ) = M T <k UD i) lMs [T 6T iy = M 56U )"
=1 k=1 k=1

k=1 k=1

c N N
= ni[(Mi = M) [T Ul T (M = M) T kU Ty

=1 k=1 k=1

=3 UL (M = M) () (@h=n e U TNTUE (M = M) () (@h=n e U )T
=1

:Ug[z ni(M; — M)(n)(®11c=N,k;énUk)(®11g=N,k;énU1;f)(Mz‘ - M)%;l)]Un

=1
c N N
UL nilMi= M) ] kU M= M) ] xeUE TG }Un
=1 k=1,k=n k=1,k#n
=UrI'B"U,.

Here, B denotes the mode-n between-class scatter matrix in the projected, by all tensor modes

except for mode n, tensor subspace, where the subscript n specifies scatter in terms of mode-n
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unfolded samples and the superscript 7 specifies the non-projection mode n, in other words,
the tensor samples are projected by all tensor modes, except for mode n. The mode-n between
class scatter matrix characterizes separation between c classes in terms of mode-n unfoldings
of the tensor samples.

Similarly, the mode-n within-class scatter matrix is defined as,

c n; N N N N
W =Y 1(Xig [T <6UD) oy = M [T <UD ) [(Xig TT $6U5) iy = M [T 50U )]
k=1 k=1 k=1 k=1

i=1 j=1
c n; N N
=U D D Xy = M) ] kUl — M) [T xeUd Ty s
i—1 j—1 k=1,k#n k=1,k#n

=Urwnu,,

where W represents the mode-n within-class scatter matrix in the projected, except for mode
n, tensor subspace.

Employing the above definition, maximizing y ;_; n;||(M; — M) Hgil xUL'||%, the Frobe-
nius distance between the projected sample means, is equivalent to maximizing tr{U B"U,},
simply because of the fact that ||A]|% = tr(AAT) for any matrix A and that matrix unfolding

does not affect the Frobenius norm. Similarly, minimizing »3¢_; > 7% [|(A;;— M) T, x,U IN%
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is equivalent to minimizing tr{UI WU, }. As a result, for each mode n, we have an objective

function
N
i N ’
D it 2oy (X = M) [Ty <UL 1%
tr{UT' B"'U,
iUy ByUn} s ) (3.7)

tr{UI'WrU,}

and the set of optimal projection matrices should maximize J(U,) for n = 1,..., N simultane-

ously to best preserve the given class structure.

Although obtained through different derivations, it can be easily shown that the Sp, Sw
in DATER(18) as well as By, W, in GTDA (19) are in fact the same as B!, W, thus we
denote them by B, W uniformly throughout following discussions. DATER has the same
objective function for each mode n as in (Equation 3.7) while GTDA optimizes a generalized
scatter difference criterion of (Equation 3.3), that is, tr(UL B*U,) — (tr(UI WU,) under the
constraint that Ul U, = I, where ( is a user controlled tuning parameter.

3.4  Multilinear Discriminant Analysis: Algorithm

Because the projection matrices for each mode depend on those of the other modes, they
cannot be computed independently. One common approach is to employ iterative approxima-
tion. Existing examples include DATER and GTDA. We begin with a review of each algorithm

and we then introduce the proposed algorithms.

3.4.1 Direct General Tensor Discriminant Analysis

Table Table IIT summarizes the training procedure of GTDA. At step 5, GTDA seeks to



TABLE III

TRAINING PROCEDURE OF GTDA

Input: Training tensors X; ; }gggcn te RIvxI2xXIN “their class labels
i€{1,2,...,c}, dimensionality of the reduced tensor subspace
If x I} x ... x I}, the tuning parameter ¢, the maximum
number of iterations T}, -

Initialization: Initialize UJ = 17,1, [5_; (All entries of U are 1).

Step 1. Fort=1,2,..., Thaf

Step 2. Forn=1,2,...,N do{

Step 3. Calculate BTt =Y n;i[(M; — M) x1 UfT x ... x,_1 UL,
><n+1UTtL:_11T X ... XN U]tv_lT](n)[(MZ — ./\/l) X1 UfT X ...
XU | X011 Uﬁ;llT X .. XN th\flT]a);

Step 4. Calculate Wi = 370 Y207 [(Xij — My) <1 UL x ...
Xn,1U7t17_11 Xn+1 UﬁlllT X ... XN U}V_IT](n)[(XLJ’ - ./\/lz) X1 UfT
X oo X1t URLy X Up it <o U TS

Step 5. Optimize U}? = arg maxyry_; tr[UT (BT — (W)U] by SVD
on Bt — (Wt
}End For loop in Step 2.

Step 6. Check convergence: Err(t) = S0 |JULUL T — [||p < e.
}End For loop in Step 1.

Step 7. yz"j = Xi,j ngl XkUg

Output: The projection matrices U, € RIn*In |7]:[:1 constrained by

UT'U, = I and the projected tensors Vi ]Fjgnie RI XTIz % x Iy

<i<c

31
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optimize tr[ULl'(B? — (W?)U,] with the constraint Ul U, = I by singular value decomposition
(SVD) on B — (W. We show next that a global optimum of this objective can be obtained
directly without iterations and subsequently propose an efficient algorithm, Direct General

Tensor Discriminant Analysis (DGTDA).
Theorem 3.4.1 The global optimum of GTDA objective function can be obtained directly.

2nd 2nd

Proof For simplicity, we prove the order case, where samples are order tensors, namely
matrices€ R1*%2. Note that the proof can be easily extended to higher-order case. Now we
aim to find 2 projection matrices Uy € RIX1T and Uy € R2%12. To avoid confusion, we first

introduce the notations used in the proof:

B%’2 = ZnZ(MZ — M)y (M; — M)a),

i=1
W11:2 — Z Z(Xi’j — Mi)(l)(XiJ B Ml)a)’
i=1 j=1

By =) ni(Mi — M) () (Mi = M)y,

=1
W21v2 — Z Z(Xm’ — Mz)(2)(XZJ - Ml)%;)’
i=1 j=1

B} =" ni(M; — M) UrUT (M; — M)y,

=1

W3 =33 (X — M) UhU' (X — M)y,

i=1 j=1

where the subscript specifies the unfolded mode and the superscripts specify the modes without

projection.
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For the 2"? order case, apparently we have the following relationship:

B11’2 = an(/\/lz — M)(l)(./\/li - M){l)

=1

= ni(M; — M)y (M; — M) )

i=1
W2 =Y (X = M)y (X — M)y
i=1 j=1
= Z Z(Xi’j - Mz)f(l;) (Xz’,j - Mz)(?)
i=1 j=1

Suppose at iteration ¢, we obtain U} by SVD on some matrix. Let us denote by ut1 ;. the kth

column of this U and keep only the first I columns so that U} € RO*1 pnow. Therefore,

I I
trrtT _ t 4T _ t T tT t
uuy = k§ lulykul,,€ =1 - . IE/ uj Luyy. Here, we use upy to denote the transpose of uj 4,
1

that is, (uﬁ’k)T to save space later. Consequently, at iteration ¢, the optimal U can then be
obtained by

Uit = arg max tr[UQT(Bgt - CWQQt)Uﬂ

UQTUQZI
tT{UzT[; ni(M; — M) UiULT (M; — M)g)](b}
= arg U?Ua;}if —CtT{Ug[Z; J;(Xid — Ml)(z)UfoT
(Xij — Mi){y)]Uz} )
\
c Iy
tr{U3 [Y niM; = M)y(I = > uf pulh)
=1 k=T, 11
=arg max § (M; = M)lylUs} = Ctr{U3 [35 3 (Xij — Mi)z)
Uy U2=1 i=1j=1
I
(I = > ujui) (X — Mi)y) |02}
k=1] +1




= arg max
Ulvu,=1

= arg max
UTU2

= arg max
Ulu,=1

= arg max
Ulv,=1

( Z uf ulh) (X — M)l U}
k= ]’+1 2)

( — PR

tr{Uf (By? — (Wy?)Us} — tr{UF

(

[22 ni(Mi = M)a)( Z uf uff)
=1 k=I{+1
(Mi = M){p] = [Zl Z( M) 2)
i=1j=
Iy
(2 up,u k)(X Mz)@)]
L k= I+1
( _ Il
tr{UF (By* — Wy o} —{ Y. #r{UF
k=I]+1
[; ni(M; — M) guf ully
(Mi = M) =<2 (X, M;)2)
@ i=17=1
\ Ui,kutfk@ = Mi)fy)]

tr{UJ (By? — (W3 ) Uz} — { Z tr{ufl,
k=I{+1

(3= mi(M: — MG UaUF
(Mi = M) )]

¢ n uj it}
C[Zl Zl(Xi,j - M)
i=1j=

UU3 (X5 — Mi)2)]

M) 2)

tr{UF [ m(Ms = M) (Ms = ML 02}
i {UTTS My — Mgy 3 ul )
i=1 k= I;+1
(M = MY U2} = ¢r{UF [zl 55
(Xig — Mi)Ty U2} + Ctr{UF [zl 5 (X
i=1j=

Mi)2)

Us}

Ua}}
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7ol 12 Ul o
tr{Us (By™ — (W)U} —{ > tr{up,

k=I;+1
c 3
[; ni(Mi = M){y
= arg U;Tn&?i[ (M; — M)(z)]—

i

> (i = Mi)(y)

i=1j=1

Mo

¢l

(Xij — Mi)()]

tr{UZ (By* — (W32 Us}—

= arg max n - o (3.8)
GO LY tr{uf (B - (W)l 3
k=I{+1 ’ ’
— T(pl2 1,2
=arg max tr{U; (By" — (W, ")Us} (3.9)
U2TU2:I

As we can see, the second term in (Equation 3.8) is a fixed value that cannot be changed at
this step. Thus, optimizing (Equation 3.8) is equivalent to optimizing (Equation 3.9). Also, we
know that the second term in (Equation 3.8) will achieve its minimum when U} are obtained
through SVD on B}’i — CWE’Q. In other words, if we obtain Uy through SVD on B;’Q — CW;’Q
and Uy through SVD on Bli’é — CI/VIi ’é, the mode-2 objective function will achieve its global
maximum value. Same thing holds for the mode-1 objective function. Thus, we are able to
achieve the optimal projection of GTDA directly without any iteration. This completes the

proof.

Based on the above theorem, we propose Direct General Tensor Discriminant Analysis (DGTDA)

whose training stage is summarized in Table Table IV.



TABLE IV

TRAINING PROCEDURE OF DGTDA

Input: Training tensors &; ; }gggg”e RIxIx.XIN their class labels
i€{1,2,...,c}, dimensionality of the reduced tensor subspace
IT x Iy x ... x Ty
Step 1. Forn=1,2,...,N do{
Step 2. Calculate B}Z_’Q:'“’Ni: Sy il (M = M)y [[(Mi — M) )]
Step 3. Calculate W&’Q """ N = Zf:l Z?;l[(.)('w - M3>(n)”(2{1ag — :/\/li)(n)]T;
Step 4. Optimize U} = arg maxyry_; tr[UT (By? " — cwp®U] by
SVD on BEL’Q""’N — Wg’i"“’N,
where ( = )\max((Wﬁ’z""’N)_1B}L’2""’N).
}End For loop in Step 1.
Step 5. Vij = X [1o_, xxUF.
Output: The projection matrices U,, € RIn > Ty y{le constrained by Ul'U, =T

. 1<j<n; ™ :
and the projected tensors Y ; |, =220 € RI*faxx1y

3.4.2 Constrained Multilinear Discriminant Analysis

36

Table Table V describes the training stage of DATER. Due to the fact that DATER does not

converge over iterations, its performance is highly affected by the number of iterations executed

upon termination. It is also impossible to determine when to terminate the algorithm. We next

propose an iterative MDA method, Constrained Multilinear Discriminant Analysis (CMDA),

whose training procedure is summarized in Table Table VI. The main difference of CMDA in

comparison to DATER lies in step 5 where a new U, at iteration ¢ is sought under the constraint

that U,Ul = I. Asin GTDA, such U,, can be obtained by SVD on (W)~ B". We demonstrate

that unlike DATER, the value of the scatter ratio criterion in CMDA approaches its extreme

value, if it exists, with bounded error in the limit. Such property leads to superior and stabler



37

TABLE V

TRAINING PROCEDURE OF DATER

Input: Training tensors &; ; 1<f<2“6 RIvxE2x-XIN “their class labels
i€ {1,2,...,c}, dimensionality of the reduced tensor subspace
If x I x ... x I}y, the maximum number of iterations Ty,qz-

Initialization: Initialize UY = I1, «pr |22

Step 1. Fort =1,2,..., Thaa{

Step 2. For n=1,2,..., N do{

Step 3. Calculate BTt =Y n;[(M; — M) x; UL ><n 1 U}gl
><n+1U7i+11T X . XN Ut_lT] )[(M ./\/l) X1 U
Xp— 1U —1 Xn+1 U;;’_llT XN Ut IT](n),

Step 4. Calculate W =7 | Zj:l[( i — M) xq UT
XU ><n+1 UL < oxy UG T o [(Xj — M) xq UIT
X oo X1 UL X1 U7t1+11 XN UfV*IT]{n);

Step 5. Optimize U} = arg max 7”(UTB*TU) by eigenvalue

p p n g r(OTwrt) Y €18

decomposition on (W)=t BNt
}End For loop in Step 2.

Step 6. Ift >2and |U, — U < ILIe,n=1,...,N, break.
}End For loop in Step 1.

Output: The projection matrices U,, € RIn>*1n 1M,
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classification performance in comparison to DATER. To our best knowledge, CMDA is the first
scatter ratio maximization-based MDA method that exhibits convergency.
We first define a new term ”asymptotically bounded sequence” in order to describe the

phenomenon we observe.

Asymptotically Bounded Error A sequence f, has asymptotically bounded error if e, =

Uy — I, converges, i.e. limy, e, = ¢ where [, < f, < up,.

Asymptotically Bounded Sequence A sequence f, is an asymptotically bounded sequence
if f,, has asymptotically bounded error and its boundary sequences u,, and [, converge where

I, < fﬁ < Up.

If one of the bounds of f,, converges, say, lim, 4+ tu, = u, then lim, 10 [, = u—c. Hence
in the limit, the value of f, will be lower bounded by u — ¢ and upper bounded by w. In fact,
there are two possible behaviors of f,, in the long run, one is that it actually converges to some
limit value as its boundary sequences do, the other is that it always oscillates around the value
u — ¢/2 and the variation of its value is bounded by §. Although it does not really converge in
the latter case, since the variation is bounded, its behavior is to some extent stable.

Let S, be the set that includes all possible U,,, that is, U,, € S,, constrained by UIU, = I,
for n =1,2,... N. Define a continuous function f:S; x Sy x ... x Sy — RT:
£ nill(Mi=M) T eUF

N =
f(Un|'n=1) — ¢ 1”1' N .
> 2 (X = M) _1XkUkT||2p

i=1j=1 k

Then construct N different mz;ppings based on f:




TABLE VI

TRAINING PROCEDURE OF CMDA

Input: Training tensors &j ; }gggcnie RIvxE2xXIN “their class labels
ie{1,2,..,c}, dimensi(_)n_ality of the reduced tensor subspace
I1 x I x ... x Iy, the maximum number of iterations Ty,qz-

Initialization: Initialize UJ = 17,1, |3 (All entries of U) are 1).

Step 1. Fort=1,2,..., Thaad

Step 2. Forn=1,2,..., N do{

Step 3. Calculate BTt =Y ni[(M; — M) x1 U x ... x,_1 UL,
><n+1UTtL:_11T X ... XN U]tv_lT}(n)[(MZ — ./\/l) X1 UfT X ...
X1 UL X U XXy th\flT]%';l);

Step 4. Calculate Wi = 370 Y200 [(Xij — My) <3 UL x ...
Xn,1U7€2_11 Xn+1 U:;_llT X ... XN U]t\flT](n)[(Xi’j - ./\/lz) X1 UltT
X oo X1 URLy X U v U TS

Step 5. Optimize U} = arg maxyry_; ﬂfﬁ% by SVD on (W)=t Bnt,
}End For loop in Step 2.

Step 6. Check convergence: 27]1\[:1 ||UfL(U7(,,t_1))T —I|| <e.
}End For loop in Step 1.

Step 7. yl"j = Xi,j Hszl XkU;{.

Output: The projection matrices U,, € RIn*In |V_, constrained by

. 1<i<n, Y /
UTI'U, = I and the projected tensors VijhiZlzhe RO XXXy
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Fa(Un) = f(Un; Uki4, Uklpepir)s for n=1,2,... N, where f(Up; Uklp=1, Uklp,.1) means
that the function f varies with U,, with fixed U;JZ;% and Ug|N_ +1- Based on these mappings,

we define

U,)=ar max U,) = arg max
9n(Un) 8 oy, R o fn(Un) 8 X,

tT{UnT[gl nz‘(MrM)(n)(®i:N,k¢nUkUkT)(Mi*/\/l)(Tn)]Un}

9

c 1y
tr{UT 132 3 (X =Mi) () (®h— oz U UL ) (Xi s = M) T 1Un }

i=1j=1

tth

where the mapping g, (U,,) is calculated by arg maximizing f,,(UL) at the ' iteration with

1% iteration.

the given U}[?~] in the " iteration and U£_1|{€V:n+1 in the ¢t —
Given randomly initialized U, Z(O) € Sy forl=1,2,...N, the iterative optimization procedure

of CMDA generates a sequence of items Ul(t) via ¢;(U;) which correspond to a sequence of items

fl(Ul(t)), called the objective function sequence.

Theorem 3.4.2 Given randomly initialized UY € S,, n = 1,2,...N, the objective function
sequence fl(Ul(t)) generated by CMDA iterative optimization procedure is an asymptotically

bounded sequence.

Proof For simplicity, we prove the 2"¢ order case, where all samples are matricese R1*%2 and
we aim to find two projection matrices U; € R/ and U, € R2*%2. This proof can be easily
generalized to higher-order case.

Suppose at iteration ¢, we obtained U! by SVD on some matrix and keep only the first

I Iy
/ t ILxI trtT t oot — t otT
IT columns so that U € R"*1. Therefore, UjU;" = k§ lul,kul,k =1- 5/ ug Luy .
= k=I{+1

Consequently, at iteration ¢, the optimal U} can be obtained by



UT BoUs)
Urt = arg max r(U; BaUs)
2 & UTU —I tT‘(UQ,TWQUQ)

U (M; — M)L, U,

_argUg“rl(?)iI (4 z
2 UF[Y Y (X — M) Ui
tr i=1j=1
Uf" (X5 — Mi){y))Ua}
tr{UzT[zlni(Mi - M)z
(- Z up ui’y) (M — M){p U2}
k= ]'+1
= arg gnUaX
Us Uz
tr{U; [Zl Z( Mi)2)
i=1j=
(I - Z uf uih ) (X — Mi)(p) Uz}
k= I/Jrl
tT{UQT[; ni(Mi — M) @) (M; — M)?; U2} —
tr{Us [Z ni(Mi — M) ( Z uj uf’ )
1=1 k=I1+1
(M = M)(,) |02}
= arg max
Ul
| wud [21 5 (X — Moo (X — M) U}
i=1j=

_tr{Ug[;él(Xi,j Mi)2)( E uf ui’)

1,k
k=I]+1

(Xij — Mi)(y)|U2}

41



U (32 mi(M; — M)y (Mi — M) JU)
I c
{ > tr{uf;[an(M M)
k=I|+1 =1
(Mi — )(T1 Juj a3
= arg max
UL U= c n;
tr{Uy [2 2( M) 2)(Xij — Mi)g)]
Uz} —A{ Z triuyy (>0 20 (Xij — Mi)y)
k=I{+1 =1j=1
(Xij Mz)a)]utlk}}
(
ol vrgieg, VLS e Bl )
"y Uy By“Us AL W R W
k=1I]+1
_argUgn(jan - I o t
v UTWU, -y 2 tr{uf W)
\ k=I{+1
.
- 1,2 a 1.2
t{ Ul By*U, } k:zziﬂ ulkB uﬁk
t*{ UIW, U, } "{ UIW,2Us }
= arg max -
vfve=1 | 12 . 12
t{U2TW2 UQ}kgﬂt{ W1 ﬁ }
{ Ui W;2U, } { UL W, 2U, }
)
- 1.2 a 1.2
t{ UQTBQ Uz } k:%Jrlt ul kB uik;
_ I R
Lopwire, | ] i, |
—argUganXI I
2 L, 1,2
o g, |
Izlm« T 1702, ¢
k=1 ulkwl U &
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-1
1
tr 1,2 t
kgl ul kW
15 o 12 i
1.2
tr UQTBQ’ Us k7§+1tr B t
-1
12 L 12
tr Uél“W27 U2 X; tr Wl t
k=I]+1
Iy
> tr 31 2 t
k=I{+1
= arg max - 1
U3 U=l % T 1712t
tr )
h=1 up Wity
1- - +1
1
tr W12 t
k=1 +1 1
—1
tr 1,2 t
> { Ll |
L 1 2 i
T Rl2 tr t
Uy By"Us k,zﬁl ulk Uy i
_ &
UTW U2 oot tT 1,2 t
2 k=I]+1 1
St 1 2
> otr t
k=1 +1 u1 k
= arg max - —
Us Ua=I % 1,2 t
tr
=, T/V1
St 12
ot B t
L) o= ul ik Uik
Iy
>t ot B1 2 t
k=1 +1 Lk
I + 1
1
Sotr W12 t
k:]i+1
1,2
tr{ UEBQ’ l’]2 }
= arg max )
U3 Uz=I T2
Uy Wy "Us
14 ~
1,2
_ N Z,m u Wt
Denote the maximum value and the minimum value of the term b
) Yy
tr tT pl2, ¢
R §+1 uy By,

Gmaz and G, respectively. Then the objective function fg(Ué) is upper bounded by function
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o Amaz+
fr{ Uy By*U, } I
_ >Yotrd oyt W12ut
s U2 W27 9
m tr{ — }
U3y =

= 12 -
tr t
,C:%H uj sz uj

Amin I +1
tr tT 1712, ¢
k:%ﬂ { Uy p Wy ug

and lower bounded by function

1—

o Amin+
i3
”{ Uy By Us } a i2
tr t
” kzlziﬂ uj kW1 u; &
t Tyr71,2
T U2 W2 U2 n i 2
2 u1 kB ui &
fQ(Ut)lower — k:Ii"’l
’ L 12 -
tr t
k:IZ{H u kB uy g
1-4 Qmax n +1
tr 1,2 ¢
k:,ZHl { u1 kwl uy g }

As the CMDA iterative procedure proceeds, both the values of fo(U$)“PPeT and fo(US)lower

increase monotonically. Moreover, they both achieve their maximum values, denoted by f“PPe"

Ul BMU, } tr{ U BN, }

and flover respectively, when Us = arg max and U; = arg max

UrU s urU s ’
= { Ur W, } " { urwht, }

Hence, both fo(U%)“PPe™ and fo(US)!°%¢" converge monotonically. Similarly, we can prove that

1 is upper and lower bounde wo monotonically convergent sequences fi an
f1(U}) is upp dl bounded by t tonically gent seq AU PPer and
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FLUbever  Since fo(UL)uPPer > #, (U PPer and fo(UL)lower > f1(U)ower | together we have

the following relationship:

fl(Uif)upper < f2(U§)upper < fl(Uif+1)upper < f2(U5+1)uppeT“‘ < fupper;

fl(Uit)lower < f2(U2t>lower < fl(Ult-i—l)lower < f2(U§+1)lower . < flower' (3.1())

Therefore, the sequence f;(U, l(t)) generated by the CMDA iterative optimization procedure is up-

per and lower bounded by two monotonically convergent sequences, thus it is an asymptotically

bounded sequence. This completes the proof.

As a result, we can stop the iterative optimization procedure when the change of f between
two successive iterations is small enough. To be more specific, the algorithm either halts when f
reaches its extreme value or the change of f between two successive iterations is always smaller

than the threshold ¢ = fupper — flower,

3.4.3 Algorithm Analysis and Discussions

To show that W is generally nonsingular in CMDA and DGTDA, we only need to compare
the original feature space dimensionality to n—c where n is the sample number and c is the class
number as in Section 3.2.2. In traditional LDA, a sample must be vectorized, in our case, the
dimensionality of the sample after vectorization is I1 X I3 X ... X Iy, which is a considerably large
number compared to n — ¢. However in CMDA and DGTDA, the sample is now represented
in tensor form and we deal with each tensor mode separately. The original feature space

dimensionality of each mode is I,,, which is much smaller than Iy X Is X ... x In. Hence it is less
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possible to result in singular Sy. In conclusion, the proposed methods overcome the frequently
appeared USP in LDA by employing tensor representation and conducting optimization on each
tensor mode separately.

For ease of understanding, let us assume that the sample tensor X € RI1*[2X.-XIN Jag
uniform dimensionality in all modes, that is, Iy = Is = ... = Iy = L. Then Table Table VII
compares the time and space complexities of all the algorithms discussed above. Here T denotes

the number of iterations.

TABLE VII
COMPUTATIONAL COMPLEXITY ANALYSIS
‘ Method ‘ Time Complexity ‘ Space Complexity ‘
LDA O(L*N) O(L*M)
GTDA/DATER/CMDA O(TNL3) O(NL?)
DGTDA O(NL?) O(NL?)

3.5 Multilinear Discriminant Analysis: Classification

N

n—1, the lower-

By the end of the training stage, with the learned projection matrices U,|
dimensional tensor subspace representation ); ; of each X;; belonging to class ¢ is computed
as in (Equation 3.4). When a query tensor X is received, we first compute its tensor subspace

representation by

! ! !
y — XH;gV:I XkU;F;F c ]RIIXI2X'"><IN.
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We then compare the Frobenius distance between ) and each ) j, the class label of X is
determined by the label of the training tensor that has the minimum distance,

= argmin [ V; — Vl|F.

In the following experiment section, we use this classification method for all algorithms for
its simplicity in computation.

3.6 Experimental Results

To evaluate the effectiveness of our proposed methods, we compare DGTDA and CMDA
with two other MDA methods that employ TTP, DATER and GTDA for face image ensemble
recognition on the extended Yale Face Database B (29). Classifier introduced in Section 3.5 is
employed for all algorithms. All the algorithms are implemented and run on a desktop with 8G

RAM and Intel Core i7 CPU without code optimization.

3.6.1 The Extended Yale Face Database B and Experiment Settings

The extended Yale Face Database B contains single light source images of 28 human subjects
under 9 poses and 64 illumination conditions. To speedup calculations, we crop the image to
keep only the center area that contains face and resize each cropped face image to have 73 x 55
pixels. For each subject, poses 0, 2, 4, 6, 8 are used to form 5 3rd-order tensors as training
samples for that class, each of size 73 x 55 x 64. In other words, each sample tensor contains 64
images under various illumination conditions with one pose of the same person. Similarly, poses
1, 3, 5, 7 form 4 test tensors of each class. To sum up, the number of classes ¢ is 28. Within
each class, the number of training tensor samples n; is 5 for i = 1,2, ... c. The number of testing

query tensors for each class is 4, so in total, there are 4 x 28 = 112 tensor samples that are used
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to test the classification performance. 64 images of a single person under various illumination
conditions with one pose, which form a sample tensor, are shown in Figure Figure 6. Note that
there are 18 images corrupted during acquisition, but we use them in the training process as

well.

Figure 6. 64 images from a sample tensor.
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There are two parameters that need to be determined. The first one is the user-controlled
tuning parameter ¢ in GTDA. As illustrated in (19), in real-world applications, a manually
chosen value of ( always achieves better prediction results than the calculated value, we set ¢ to
be the largest eigenvalue of (W?)~!B” for each mode objective function in GTDA. Note that
it varies as iteration continues. However, in DGTDA, ( is determined. The other parameter
is the threshold € used to check convergence of the iterative optimization procedures in GTDA
and CMDA. Denote the mode-n convergence error at iteration t by Err = |UL(US DT — 1|k
for n = 1,2, 3. Thus the total convergence error Errt = 2?21 Errl. Then we say the algorithm
converges when |Errl — Errt=1| <e for n = 1,2, 3, where ¢ = 107°. The maximum number of
iteration Ti,qz is chosen to be 50. Since DATER does not converge, we choose its number of

iterations to be the same as the number of iterations CMDA takes to converge.

3.6.2 Performance Evaluation

For simplicity, we assume that all tensor modes have the same reduced dimensionality,
that is, I = I = I} = Dim. We vary Dim from 1 to 54 to test the performance of each
method with different reduced dimensionality, the results are shown in Figure Figure 7. To
show that there does not exist a direct solution to CMDA, we also compare its performance
with ”a direct solution”, denoted by DCMDA where the projection matrix U, for mode n is
obtained independently with other matrices being set to I, like in DGTDA. In general, MDA
methods based on scatter ratio maximization (CMDA, DATER, even DCMDA) outperform
those based on scatter difference maximization (DGTDA, GTDA). To be more specific, we

make the following observations: 1) the fact that CMDA always performs better than DCMDA
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confirms that DCMDA is not the optimal solution for CMDA, hence there does not exist a
direct solution to CMDA as DGTDA to GTDA; 2) when using the same number of iterations,
DATER achieves higher accuracy for lower-dimensionality 1 to 23 while CMDA performs better
between dimensionality 24 and 54; in fact, the performance of DATER vary dramatically as
the reduced dimensionality Dim increases; 3) the performance of DGTDA is as good as, if not

better, that of GTDA at a majority of reduced dimensionality.
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—o— DGTDA
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Reduced dimensionality Dim

Figure 7. Classification accuracy comparison.
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In terms of training time costs, experimental results coincide with theoretical predictions
that the time cost for DGTDA is the same as the average time cost for one iteration of GTDA
and the average time cost for each iteration of CMDA is almost the same as DATER. Therefore,
we summarize in Table Table VIII the time cost for each iteration of GTDA and CMDA during

training procedure.

3.6.3 Convergence Examination

Table Table IX summarizes the number of iterations it takes for GTDA and CMDA to
converge, as well as the Err values upon termination of iteration. GTDA usually takes 3 to
6 iterations to converge while CMDA takes 30 on average, if it converges. There are only 10
out of 54 cases in total that CMDA does not converge within 50 number of iterations. This
indicates that although in Theorem 3.4.2 we only prove that the objective function sequence of
CMDA is asymptotically bounded, it could actually be convergent.

We specifically look into the convergence of CMDA and GTDA when Dim = 4 and Dim =
44 for example. Figure 8(a) and Figure 8(b) compare the convergence error Erry, Erre, Errs
and Err with respect to the number of iteration ¢t when Dim = 4. Similarly, Figure 8(c) and
Figure 8(d) show comparison results when Dim = 44. In both cases, the two methods converge
over iterations. According to the proof of Theorem 3.4.2, CMDA converges to its optimum, if
it exists, with oscillations, hence it takes more iterations than GTDA to converge.

Also, we examine the classification performance of CMDA, GTDA and DATER with respect
to the number of iteration. Figures 9(a) and 9(b) display the results. Due to the convergence

of CMDA and GTDA, they both provide relatively stable classification performance as they
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approach convergence. However, the performance of DATER varies dramatically as iteration
continues and it is hard to determine when to terminate the iterative procedure so as to achieve

good performance.

3.7 CONCLUSION

Linear discriminant analysis (LDA) relies on data representation in the form of vectors.
However, real-world data are usually generated from the interaction of multiple factors, and thus
naturally employ higher-order tensor representations. As a result, recent efforts have been made
to extend LDA for tensor data classification, which is generally referred to as the multilinear
discriminant analysis (MDA) problem. In this paper, we propose two MDA methods, DGTDA
and CMDA, which seek an optimal tensor-to-tensor projection (TTP) for discrimination in a
lower-dimensional tensor subspace. DGTDA finds the projection directly by maximizing the
scatter difference criterion while CMDA learns the projection iteratively by maximizing the
scatter ratio criterion. We demonstrate that DGTDA outperforms GTDA in terms of both
training efficiency and classification accuracy. In addition, we prove theoretically that in the
limit, the value of the scatter ratio criterion in CMDA approaches its extreme value, if it exists,
with bounded error. In fact, experimental results show that in most cases, the optimization
procedure of CMDA converges, thus leading to superior and stabler classification performance
in comparison to DATER. To our best knowledge, CMDA is the first scatter ratio maximization-
based MDA method that exhibits convergency.

Finally, there are still some aspects of the proposed methods that deserve further study.

We only prove that the objective function sequence generated by CMDA iterative procedure
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is asymptotically bounded. We are not sure if such procedure always converges. If not, what
factors affect its convergency? Besides, both DGTDA and CMDA are multilinear, they can
not capture the nonlinear structure of the data manifold effectively. It remains unclear how to

generalize our approach to nonlinear case.



TABLE VIII

TRAINING TIME COMPARISON (SECONDS)

avg. time/iteration avg. time/iteration
Dim || GTDA | CMDA Dim | GTDA | CMDA
1 27.2 19.5 28 29.0 28.6
2 27.3 26.2 29 29.1 28.7
3 27.1 26.2 30 29.0 28.5
4 27.2 26.9 31 29.0 28.5
) 27.2 26.9 32 29.3 28.6
6 27.1 27.0 33 29.2 28.7
7 27.1 27.0 34 29.7 28.8
8 274 27.0 35 30.0 29.3
9 274 27.1 36 30.0 29.1
10 274 27.1 37 30.2 28.9
11 274 27.0 38 30.5 29.2
12 27.5 27.1 39 30.5 29.4
13 27.6 27.2 40 30.8 29.3
14 274 27.2 41 31.0 29.5
15 274 27.6 42 31.3 29.5
16 27.6 27.3 43 31.5 29.6
17 27.8 27.5 44 31.7 29.7
18 27.8 274 45 32.2 29.8
19 28.0 27.6 46 32.2 29.9
20 27.8 27.7 47 32.3 30.2
21 28.0 27.7 48 324 30.0
22 28.0 27.6 49 32.8 30.3
23 28.0 27.8 50 33.0 30.5
24 28.0 27.8 51 34.5 30.6
25 28.3 27.9 52 35.3 30.8
26 28.1 28.0 53 35.2 30.8
27 28.5 28.1 54 35.8 30.9

54



CONVERGENCE EXAMINATION

TABLE IX
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g of iterations Err f of iterations Err
Dim || GTDA | CMDA || GTDA | CMDA | Dim || GTDA | CMDA || GTDA | CMDA
1 3 5 23.7710 | 23.7710 || 28 4 28 17.9044 | 17.9044
2 4 > 50 || 23.5803 | 23.5806 || 29 4 20 17.6483 | 17.6484
3 5 > 50 || 23.3880 | 23.3890 || 30 4 15 17.3884 | 17.3884
4 5 31 23.1940 | 23.1945 || 31 4 16 17.1243 | 17.1243
5 6 > 50 || 22.9984 | 22.9992 || 32 4 20 16.8558 | 16.8558
6 4 > 50 | 22.8011 | 22.8012 || 33 6 22 16.5827 | 16.5827
7 4 26 22.6021 | 22.6023 34 ) 27 16.3048 | 16.3048
8 3 43 22.4012 | 22,4013 || 35 4 12 16.0217 | 16.0217
9 3 39 22.1985 | 22.1990 || 36 4 16 15.7332 | 15.7332
10 3 > 50 || 21.9939 | 22.0014 || 37 4 14 15.4388 | 15.4388
11 3 21 21.7874 | 21.7881 38 4 17 15.1382 | 15.1382
12 4 > 50 21.5788 | 21.8319 39 4 16 14.8310 | 14.8310
13 3 > 50 || 21.3681 | 21.3685 || 40 4 13 14.5165 | 14.5165
14 3 > 50 21.1553 | 21.4341 41 4 13 14.1943 | 14.1944
15 3 > 50 || 20.9403 | 22.0450 || 42 4 17 13.8637 | 13.8637
16 3 28 20.7230 | 20.7231 || 43 4 13 13.5239 | 13.5239
17 3 26 20.5034 | 20.5034 | 44 4 11 13.1739 | 13.1739
18 3 21 20.2813 | 20.2813 45 4 15 12.8127 | 12.8127
19 4 16 20.0567 | 20.0567 || 46 4 13 12.4388 | 12.4388
20 3 16 19.8294 | 19.8294 || 47 4 20 12.0506 | 12.0506
21 5 16 19.5995 | 19.5995 || 48 5 11 11.6458 | 11.6458
22 4 26 19.3667 | 19.3668 49 4 10 11.2215 | 11.2215
23 4 22 19.1310 | 19.1311 50 4 11 10.7736 | 10.7736
24 5 21 18.8923 | 18.8924 o1 4 > 50 10.2960 | 11.5608
25 4 23 18.6504 | 18.6504 || 52 4 11 9.7787 | 9.7787
26 4 14 18.4052 | 18.4052 || 53 4 30 9.2030 | 9.2032
27 4 25 18.1566 | 18.1566 54 4 25 8.5212 | 8.5212
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CHAPTER 4

GENERALIZED TENSOR COMPRESSIVE SENSING

Compressive sensing (CS) has triggered enormous research activity since its first appearance.
CS exploits the signal’s sparseness or compressibility in a particular domain and integrates data
compression and acquisition. While conventional CS theory relies on data representation in the
form of vectors, many data types in various applications such as color imaging, video sequences,
and multi-sensor networks, are intrinsically represented by higher-order tensors. Application
of CS to higher-order data representation is typically performed by conversion of the data to
very long vectors that must be measured using very large sampling matrices, thus imposing a
huge computational and memory burden. We propose Generalized Tensor Compressive Sensing
(GTCS)—a unified framework for compressive sensing of higher-order tensors. GTCS offers an
efficient means for representation of multidimensional data by providing simultaneous acquisi-
tion and compression from all tensor modes. In addition, we compare the performance of the
proposed method with Kronecker compressive sensing (KCS). We demonstrate experimentally

that GTCS outperforms KCS in terms of both accuracy and speed.

4.1 Introduction

Recent literature has witnessed an explosion of interest in sensing that exploits structured
prior knowledge in the general form of sparsity, meaning that signals can be represented by

only a few coefficients in some domain. Central to much of this recent work is the paradigm of
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compressive sensing (CS), also known under the terminology of compressed sensing, compressive
sampling or compress sensing (30; 31; 32). CS theory permits relatively few linear measurements
of the signal while still allowing exact reconstruction via nonlinear recovery process. The key
idea is that the sparsity helps in isolating the original vector. The first intuitive approach to
a reconstruction algorithm consists in searching for the sparsest vector that is consistent with
the linear measurements. However, this ¢g-minimization problem is NP-hard in general and
thus computationally infeasible. There are essentially two approaches for tractable alternative
algorithms. The first is convex relaxation, leading to ¢;-minimization (33), also known as basis
pursuit (34), whereas the second constructs greedy algorithms. Besides, in image processing, the
use of total-variation minimization which is closely connected to ¢1-minimization first appears
in (35) and is widely applied later on. By now basic properties of the measurement matrix
which ensure sparse recovery by ¢;-minimization are known: the null space property (NSP)
(36) and the restricted isometry property (RIP) (37).

An intrinsic limitation in conventional CS theory is that it relies on data representation in
the form of vector. In fact, many data types do not lend themselves to vector data representa-
tion. For example, images are intrinsically matrices. As a result, great efforts have been made
to extend traditional CS to CS of data in matrix representation. A straightforward implemen-
tation of CS on 2D images recasts the 2D problem as traditional 1D CS problem by converting
images to long vectors, such as in (38). However, despite of considerably huge memory and com-
putational burden imposed by long vector data and large sampling matrix, the sparse solutions

produced by straightforward ¢;-minimization often incur visually unpleasant, high-frequency
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oscillations. This is due to the neglect of attributes known to be widely possessed by images,
such as smoothness. In (39), instead of seeking sparsity in the transformed domain, they pro-
posed a total variation-based minimization to promote smoothness of the reconstructed image.
Later, as an alternative for alleviating the huge computational and memory burden associated
with image vectorization, block-based CS (BCS) was proposed in (40). In BCS, an image is
divided into non-overlapping blocks and acquired using an appropriately-sized measurement
matrix.

Another direction in the extension of CS to matrix CS generalizes CS concept and outlines
a dictionary relating concepts from cardinality minimization to those of rank minimization
(41; 42; 43). The affine rank minimization problem consists of finding a matrix of minimum rank
that satisfies a given set of linear equality constraints. It encompasses commonly seen low-rank
matrix completion problem (43) and low-rank matrix approximation problem as special cases.
(41) first introduced recovery of the minimum-rank matrix via nuclear norm minimization. (42)
generalized the RIP in (37) to matrix case and established the theoretical condition under which
the nuclear norm heuristic can be guaranteed to produce the minimum-rank solution.

Real-world signals of practical interest such as color imaging, video sequences and multi-
sensor networks, are usually generated by the interaction of multiple factors or multimedia
and thus can be intrinsically represented by higher-order tensors. Therefore, the higher-order
extension of CS theory for multidimensional data has become an emerging topic. One direction
attempts to find the best rank-R tensor approximation as a recovery of the original data tensor

as in (44), they also proved the existence and uniqueness of the best rank-r tensor approximation
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in the case of 3rd order tensors. The other direction (45; 46) uses Kronecker product matrices
in CS to act as sparsifying bases that jointly model the structure present in all of the signal
dimensions as well as to represent the measurement protocols used in distributed settings. We
propose Generalized Tensor Compressive Sensing (GTCS)—a unified framework for compressive
sensing of higher-order tensors. In addition, we propose two reconstruction procedures, a serial
method (GTCS-S) and a parallelizable method (GTCS-P). Experimental results demonstrate

the outstanding performance of GTCS in terms of both recovery accuracy and speed.

4.2 Background

4.2.1 Multilinear algebra

Outer Product and Tensor Product In linear algebra, the outer product typically refers
to the tensor product of two vectors. uov = uv '. In this paper, we won’t differentiate between
outer product and tensor product. To distinguish from Kronecker product, we use o to denote
tensor product of two vectors while ® to denote Kronecker product. They can be related by
uov=u®v' and vec(uov) = v ® u, where vec(-) denotes the vectorization of matrix along

columns.

CANDECOMP /PARAFAC Decomposition (47)For a tensor X € RN XN2X..xNa & the
CANDECOMP/PARAFAC (CP) decomposition is X ~ [\; A, AR A = 7 Aal o

a,(ﬂz) o... oa,(ﬂd), where A = [A; A2..\g]T € RE and A®) = [agi) ag)...ag)] e RVixE for i =1, ..., d.

Core Tucker Decomposition Let X € RN X*Na with mode-i unfolding X € RNiX(NuoNie1-Nig1-.-Na)

Denote by R;(X) C R¥i the column space of X i) whose rank is r;. Let ¢14,...,c.,; be a basis
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in R;(X). Then the subspace V(X) := Ri(X)o...0 Rg(X) c RN1**Na contains X. Clearly
a basis in V consists of the vectors c;, 1 0...0c¢;, 4 where i; € [r;] :== {1,...,7;} and j € [d].

Hence the core Tucker decomposition of X is

X = Z &irernriaCir,1 © - - - O Ciy d. (4.1)
ij€[r;],j€ld]

There are many ways to get a weaker decomposition as
K .
X:Zagl)o...oagd), al@ € R;j(X),j € [d]. (4.2)

A simple constructive way is as follows. First decompose X ;) as X(;) = 2?:1 cj1 g;fl (e.g. by
singular value decomposition (SVD)). Now each g; 1 can be viewed as a tensor of order d — 1
€ Ry(X)o...0Ry(X) C RN2X-xNa_ Unfold each g;; in mode 2 to obtain 8j,1(2) and decompose
8jl(g) = Yoz dl72,jfl7T27j, dj2j € Ro(X),f12; € R3(X)o...0Ryq(X). Continuing in this way
we get a decomposition of type (Equation 4.2). Note that if X’ is s-sparse then each vector in

R;(X) is s-sparse and each rank r; is at most s. So K < s?71,

4.2.2 Compressive sensing

Compressive sensing is one of the ways to encode sparse information. A vector x € R¥ is
called s-sparse if it has at most s nonzero coordinates. The CS measurement protocol measures
the signal x with the measurement matrix A € R™*" where m < N and transmits the encoded
information y € R™ where y = Ax. The receiver knows A and attempts to recover x from y.

Since m < N, there are usually infinitely many solutions for such under-constrained problem.



63

However, if x is known to be sufficiently sparse, then exact recovery of x is possible, which
establishes the fundamental tenet of CS theory. The recovery is done by finding a solution
z* € RY satisfying

z* = argmin{||z|[1, Az =y}. (4.3)

Such z* coincides with x. The following well known result states that each s-sparse solution
can be recovered uniquely if A satisfies the null space property of order s, denoted as NSPj.
That is, if Aw = 0,w € RY \ {0}, then for any subset S C {1,..., N} with cardinality |S| = s
it holds that ||[vg|li < ||vse|1, where vg denotes the vector that coincides with v on the index
set S and is set to zero on S°.

A simple way to generate such A is to use A sampled randomly from Gaussian or Bernoulli

distributions. Then there exists a universal constant ¢ such that if

N
m > 2csln — (4.4)
s

then the recovery of x using (Equation 4.3) is successful with probability at least 1 —exp(—5%).

Recently, the extension of CS theory for multidimensional signals has become an emerging
topic. The objective of our paper is to consider the case where the s-sparse vector x is repre-

sented as an s-sparse tensor X = [z;, . iy] € RN1X.-xNa - If we ignore the structure of X' as a
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tensor, and view it as a vector of size N = Ny - ... Ny, clearly, we can transmit X as x by

using y = Ax. If we use a random A as described above, we need m to be at least of order

d
m > 2cs(—Ins + ZlnNi). (4.5)
1=1

In (46), Kronecker compressive sensing (KCS) constructs A from Kronecker product A :=
Ui ® ... Uy, where U; € R™*Ni for 4 = 1,...,d and each U; has NSP, property. Then x is
recovered uniquely from y = Ax by ¢;-minimization. In this paper, we analyze the compression
and reconstruction of tensor X from the tensor J = X x1 Uy X ... xq Uy € R™*--X"d yging
a sequence of ¢1-minimizations similar to the minimization in (Equation 4.3). The advantage
of our method is that our recovery problems are in terms of each U;, which are much smaller
comparing with the recovery related to A as given by the minimization in (Equation 4.3).
This means that the amount of computations of our method is much less than that given by
(Equation 4.3). If we choose our matrices U; at random then we have the condition

N
m; > 2esln—, i=1,....,d. (4.6)
s

4.3 Tensor compressive sensing

4.3.1 Tensor compressive sensing with serial recovery

We first discuss our method for matrices, i.e. d = 2 and then for tensors d > 3.
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Theorem 4.3.1 Let X = [x;;] € RM*M2 be s-sparse. Let U; € R™>*Ni and assume that U;

has NSPg property for i =1,2. Define

Y = [ypg) = U1 XU, € R™>m2, (4.7)

Then X can be recovered uniquely using the following procedure. Let yi,...,ym, € R™ be the

columns of Y. Let z} € RN be a solution of

z; = min{||z;||1, U1z =yi}, 1=1,...,mo. (4.8)
Then each z} is unique and s-sparse. Let Z € RNX™2 pe the matriz with columns 2%, . . ., Zr,
Let WI, e ,W;l be the rows of Z. Then the j*" row of X is the solution u; € RN of

uj*-:min{HujHl, UQUj :W]’}, j: 1,...,N1. (49)

Proof Let Z = XU, € RN1*™2_ Agsume that z},...,z"

m, are the columns of Z. Note that z}

is a linear combination of the Ny columns of X, given by the i*" row of Us,. Since X is s-sparse,
z; has at most s nonzero entries. Note that Y = U;Z, it follows that y; = U;z;. Since U
has NSP,, we deduce the equality (Equation 4.8). Observe next that Z' = U X . Hence the
column w; of Z Tis wW; = Ugu;f. Since X is s-sparse, each uj is s-sparse. The assumption that

Us has NSP; property implies (Equation 4.9). This completes the proof. B
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If we choose Uy, Us to be random, then we need the assumption (Equation 4.6). We now make
the following observation. Suppose we know that each column of XUJ] is s;-sparse and each
row of X is sp-sparse. Then from the proof of Theorem 4.3.1 it follows that we can recover X,

on the assumption that U; has NSP, and Uy has NSPy,.

Theorem 4.3.2 (GTCS-S) Let X = [z;,.._,] € RN Na pe s_sparse. Let U; € R™>*Ni and

assume that U; has NSPs property fori=1,...,d. Define

y = [yjl 77777 jd] =X X1 U1 X ... Xq Ud € RM1X-XMa, (4.10)

Then X can be recovered uniquely using the following recursive procedure. Unfold Y in mode 1,

}/(1) = UlX(l)[(g)%:dUk]T e lex(m?m.md)‘

Let yi,...,¥mo-....m, be the columns of Y(l). Then y; = Uiz; where each z; € RM s s-sparse.
Recover each z; using (Equation 4.3). Let Z = X xq Us X ... xq Uy € RN1Xm2XeXma yyith jts

mode-1 fibers being z1,...,Zm,....m,. Unfold Z in mode 2,

Z(o) = UsX(9)[@}gUp ® 1]T € RM2*(Nlmama),

Let wi,..., WN1.ms....m, be the columns of Z(g). Then w; = Usv; where each v; € RNz s s-
sparse. Recover each v; using (Equation 4.3). Continue the above procedure for mode 3, ..., d

and X can be reconstructed in series.
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As for matrices, assume mode-i fibers of X' X ;11 U;11 X ... xqUy is s;-sparse fori=1,...,d—1

and mode-d fibers of X' is s4-sparse, then we can relax the condition such that U; only has to

satisfy NSPg, fori =1,...,d.

4.3.2 Tensor compressive sensing with parallel recovery

Theorem 4.3.3 (GTCS-P) Let X = [z;,,.;,] € RN*>Na pe s-sparse. Let U; € Rmi*Ni

and assume that U; has NSPg property for i = 1,...,d. Define Y as in (Equation 4.10), then

X can be recovered uniquely using the following procedure. Consider a decomposition of Y such

that,
K .
Y=Y bVo...ob? b eR;(Y)CUR;X) ] € d].
=1

Let ng)* € Rj(X) C RYi be a solution of

()

(4)*

Thus each w;”"" is unique and s-sparse. Then,

w* = min{||w||;, t;w? =Py, i=1,. Kj=1,....d

(4.11)

(4.12)

(4.13)
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Proof Since X is s-sparse, each vector in R;(X) is s-sparse. So if each U; has NSP,, we can

get a unique s-sparse vector WZ(J) € R;(X) such that ij(j) —pV

. = b;”” and obtain a tensor
z=Y wo...ow? weR;x);jeld (4.14)

We have (X — 2) x1 Uy X...xqUg = 0. We next show Z = X. For that we are going to assume
slightly more general scenario. Namely each R;(X) C V; € RYi such that each nonzero vector
in Vj is s-sparse. So R;()) C U;R;(X) C U;V;, for j € [d]. Assume X # Z. We next prove by
induction on mode k which yields contradiction to this assumption.

When £k = 1, unfold X and Z in mode 1 to obtain matrices X ;) and Z(;). The column space
of X (1) and Z(y) are contained in V; while the row spaces are contained in Vi :=Vyo...0Vy.
Since we assume that X # Z, thus X(;) — Z1) # 0. Then X4y — Z(y) = P uiviT where
rank (X()—Z)) =p,u1,...,up € Vi, V1,...,Vp € V1 are linearly independent. Observe next
that Uyuy,...,Uju, are linearly independent. To show this, 0 = >  a;Uu; = Uju, u =
Zle a;u; € V1. Since u is s-sparse and U; has NSP, we deduce that u = 0,s0 a1 = ... =
ap = 0.

Since (X — Z) x1 Uy X ... x4 Ug =0, it is equivalent to

0= Ul(X(l) - Z(l))(Ud ... Q& U2)T = Ul(X(l) - Z(l))UlT = Z(Ului)(fflvi)T.
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Since Uyuy, ..., Uiy, are linearly independent it follows that Upv; =0 fori = 1,...,p. There-

fore,

p p
(X(l) — Z(l))UlT = (Z uiviT)UlT = Zui(Ulvi)T =0.
i=1 =1

Fold back to tensor form, this is equivalent to
(X—Z) X1[><2U2 X...XdUd:<X—Z) X2U2 X .. XdUdZO. (415)

Suppose when k& = m, we have (X — Z) x,,, Up, X ... X4 Ug = 0. Continue to unfold X
and Z in mode m, The column space of X,y and Z,,) are contained in V,, while the row
spaces are contained in Vm '=Vjo...oV,,_10Vyi10...0V, Since we assume that
X # Z, thus X(n) — Zmy # 0. Then Xy — Z(my = 21y f,g| where rank (Xim) = Zm)) = @
fi,....f,€ Vi, 81,...,84 € V., are linearly independent. Observe next that U,,fi,...,Upf;
are linearly independent.

Since (X — Z) Xy Upy X ... xq Ug = 0, it is equivalent to
0= Um(X(m) — Z(m))(Ud R...0Un4+1® I)T = Um(X(m) — Z(m))[}n—l; = Z(Umfz)(ffmgz)—r

Since Uy, f1, . .., Unyf, are linearly independent it follows that ﬁmgi =0fori=1,...,q. There-

fore,
A q A~ q A~
(Xmy = Zan)) Uy = O _£ig Uy =D £i(Umgi) T =0.
=1 i=1
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Fold back to tensor form, this is equivalent to

(X =Z2)x1 I X ... Xy I X1 U1 X ... XqgUg = (X — Z) Xipg1 Umg1 X ... x Ug = 0.

Consequently, when m = d, by unfolding X and Z in mode d, we will derive that

This brings contradiction to our assumption that X # Z. Thus, it proves that X = Z. This

completes the proof. B

In fact, if all vectors € R;(X) are s;-sparse, then U; only has to satisfy NSP,.. The above
recovery procedure consists of two stages: the decomposition stage and the reconstruction stage

where the latter can be implemented in parallel.

4.4 Experimental Results

We experimentally demonstrate the performance of GTCS methods on sparse image and
video sequence. In (46), KCS has shown its outstanding performance for compression of multidi-
mensional signals in comparison with several other methods such as independent measurements
and partitioned measurements. Therefore, we choose KCS as a comparison to the proposed
GTCS methods. Our experiments use the ¢;-minimization solvers from (48). We set the same
threshold to determine the termination of £;-minimization in all subsequent experiments. All

simulations are executed on a desktop with 2.4 GHz Intel Core i5 CPU and 8GB RAM.
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4.4.1 Sparse image representation

As shown in Figure 11(a), the original black and white image is of size 64 x 64 (N = 4096
pixels). Its columns are 14-sparse and rows are 18-sparse. The image itself is 178-sparse. We
let the number of measurements evenly split among the two modes, that is, for each mode, the
randomly constructed Gaussian matrix U is of size K x 64. Therefore the KCS measurement
matrix U ® U is of size K2 x 4096. Thus the total number of samples is K2. We define the
normalized number of samples to be %2 For GTCS, both the serial recovery method GTCS-
S and the parallelizable recovery method GTCS-P are implemented. In the matrix case, we
simply conduct SVD on the compressed image in the decomposition stage of GTCS-P. Although
the reconstruction stage of GTCS-P is parallelizable, we here recover each vector in series. We
comprehensively examine the performance of all the above methods by varying K from 1 to 45.

Figure 10(a) and 10(b) compare the peak signal to noise ratio (PSNR) and the recovery
time respectively. Both KCS and GTCS methods achieve PSNR over 30dB when K = 39.
As K increases, GTCS-S tends to outperform KCS in terms of both accuracy and efficiency.
Although PSNR of GTCS-P is the lowest among the three methods, it is most time efficient.
Moreover, with parallelization of GTCS-P, the recovery procedure can be further accelerated
considerably. The reconstructed images when K = 38, that is, using 0.35 normalized number of
samples, are shown in Figure 11(b)11(c)11(d). Though GTCS-P recovers much noisier image,

it is good at recovering the non-zero structure of the original image.
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Figure 10. PSNR and reconstruction time comparison on sparse image.

4.4.2 Sparse video representation

We next compare the performance of GTCS and KCS on video data. Each frame of the
video sequence is preprocessed to have size 24 x 24 and we choose the first 24 frames. The
video data together is represented by a 24 x 24 x 24 tensor and has N = 13824 voxels in total.
To obtain a sparse tensor, we manually keep only 6 X 6 x 6 nonzero entries in the center of the
video tensor data and the rest are set to zero. Therefore, the video tensor itself is 216-sparse
and its mode-i fibers are all 6-sparse for ¢ = 1,...,3. The randomly constructed Gaussian
measurement matrix for each mode is now of size K x 24 and the total number of samples

is K3. Therefore, the normalized number of samples is KWS In the decomposition stage of
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Figure 11. The original image and the recovered images by GTCS and KCS using 0.35
normalized number of samples.

GTCS-P, we employ a decomposition described in Section 4.2.1 to obtain a weaker form of the
core Tucker decomposition. We vary K from 1 to 13.

Figure 12(a) depicts PSNR of the first non-zero frame recovered by all three methods. All
methods exhibit an abrupt increase in PSNR at K = 10 (using 0.07 normalized number of

samples). Also, Figure 12(b) summarizes the recovery time. In comparison to the image case,
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Figure 12. PSNR and reconstruction time comparison on sparse video.

the time advantage of GTCS becomes more important in the reconstruction of higher-order
tensor data.

We specifically look into the recovered frames of all three methods when K = 12. Since
all the recovered frames achieve a PSNR higher than 40 dB, it is hard to visually observe any
difference compared to the original video frame. Therefore, we display the reconstruction error
image defined as the absolute difference between the reconstructed image and the original image.
Figures 13(a)13(b)13(c) visualize the reconstruction errors of all three methods. Compared to

KCS, GTCS-S achieves much lower reconstruction error using much less time.
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4.5 Conclusion

In this paper, we propose Generalized Tensor Compressive Sensing (GTCS)—a unified frame-
work for compressive sensing of higher-order tensors. In addition, we propose two reconstruction
procedures, a serial method (GTCS-S) and a parallelizable method (GTCS-P). We then com-
pare the performance of the proposed method with Kronecker compressive sensing (KCS) on
both image and video data. Experimental results show that GTCS outperforms KCS in terms
of both accuracy and efficiency. The advantage of our method mainly comes from the fact that
our recovery problems are in terms of each tensor mode, which are much smaller comparing
with the recovery related to the vectorization of all tensor modes. Such advantage becomes
more important as the order of the data increases. We state our theorems for sparse tensors.

However, most real-world data are not really sparse, instead, they are only compressible in some
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domain. Future work will focus on demonstrating the effectiveness of GTCS on compressible

higher-order data.



CHAPTER 5

CONCLUSION

This thesis summarized our research in the application of multilinear algebra to higher-
order data analysis including retrieval, classification and representation. It mainly consisted of
a HOSVD-based multilinear indexing and retrieval approach of multifactor data in Chapter 2,
a multilinear extension of LDA for higher-order data classification in Chapter 3 and a unified
framework for compressive sensing of higher-order tensors which integrates acquisition and
compression from all tensor modes in Chapter 4. We discussed these algorithms in detail and
demonstrated their superior performance through exhaustive computer simulations, compared
to existing methods.

Finally, there are still some aspects of the proposed methods that deserve further study. In
all the proposed methods, we assumed that the correspondence of the tensor modes in all data
is known whereas in most real applications, the correspondence between the tensor structures
is unknown. Future work will examine the performance of the proposed methods without such
correspondence. In Chapter 3, we only proved that the objective function sequence generated by
CMDA iterative procedure is asymptotically bounded. We are not sure if such procedure always
converges. If not, what factors affect its convergency? Besides, both DGTDA and CMDA are
multilinear, they can not capture the nonlinear structure of the data manifold effectively. It
remains unclear how to generalize our approach to nonlinear case. In Chapter 4, we stated

our theorems for sparse tensors. However, most real-world data are not really sparse, instead,

7
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they are only compressible in some domain. Future work will also look into the effectiveness of

GTCS on compressible higher-order data.
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