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1 INTRODUCTION 

 

Construction of new useful nanoscopic structures and mechanisms—such as nano-electromechanical 

systems (NEMS)—requires advanced nano-fabrication tools and techniques. Emerging NEMS devices 

potentially involve complex, asymmetric, three-dimensional arrangements of nano-scale elements, which 

are beyond the capabilities of currently available "top-down" and "bottom-up" manufacturing methods. 

Mechanical assembly of nano-scale objects via "contact-based" manipulation has the potential to fill the 

void between these currently available methods and as such may prove fundamental in the advancement 

of nanomanufacturing. Fabrication of advanced nanoscopic structures and mechanism by means of 

mechanical manipulation is currently limited due to an insufficient understanding of nano-scale multibody 

systems. This includes uncertainty regarding the response of individual nano-scale bodies and multi-link 

chains to externally applied forces. Expanding the understanding of these behaviors may enable the 

design and operation of advanced nanomanipulation tools as well as the assemblies they produce.  

 

Toward these ends, this thesis work investigates the kinematics and mechanics of manipulation and the 

feasibility of mechanically assembling nano-scale structures, viz. multi-walled carbon nanotubes. This 

work is accomplished in three parts through: (1) investigation, design, and fabrication of tools for 

dexterous manipulation of micro-/nano-scale components; (2) construction and execution of experiential 

procedures designed to demonstrate the unique kinematic and kinetic constraints present in multibody 

systems comprised of nano-scale structures; and (3) development of a model that formulates the observed 

behavior in a manner suitable for multibody dynamic simulation. The following sections present the 

background and motivation; the research issues, including literature review; the objectives and proposed 

strategies of this research; and the organization of the remainder of the thesis.  

 

 



2 
 

1.1 Background and Motivation 

 

The directed assembly of micro- and nano-scale objects through mechanical "contact-based" 

manipulation represents a promising means to manufacture unique structures and devices. Substantial 

interest has been given to this manufacturing method in recent years because of its potential to enable a 

broad range of applications from science and engineering to health and medicine [1, 2]. This is due to its 

ability to construct complex spatial products from disparate materials currently incapable of being 

produced using other micro-/nano-fabrication techniques. In contrast, mature manufacturing methods 

used at these scales are predominantly restricted in both the geometry of the products they create and the 

material with which they are produced. These mature methods are separated into two categories: "top-

down" and "bottom-up" fabrication techniques. Top-down methods generally refer to those which add or 

remove bulk material. Many of these have been inherited from the integrated circuit (IC) industry and 

include lithography, imprinting, and chemical etching for use at both the micro- and nano-scale. "Bottom-

up" strategies are assembly-based techniques where the constituent parts are combined at the molecular 

scale. These techniques include methods such as self-assembly, dip-pen lithography, and directed self-

assembly [2]. Contact-based manufacturing methods are poised to fill the gap between these two 

strategies through the physical manipulation and assembly of the micro-/nano-scale parts created by either 

top-down or bottom-up techniques. This method promises considerable advantage when the parts to be 

assembled are made from different materials, involve incompatible fabrication processes, or are to be 

arranged in complex three-dimensional shapes [1, 2].  

 

Contact-based assembly, however, has yet to fully achieve this capability due to current limitations in the 

manufacturing approach. One major limitation is the difficultly encountered in combining the dexterous 

functionality required for robust manipulation with the scalability required for mass production. State-of-

the-art manipulation and assembly systems such as nano-robotic manipulators [3–6], coordinating micro-

scale probes [7, 8], and precision articulated robotic arms [9, 10] have demonstrated the ability to handle 
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micro- and nano-scale parts. However, the degree of dexterity achieved by these systems is accomplished 

through (1) exploiting the large range of motion and degrees of freedom offered by macro-scale 

positioners, (2) the intuitive control of a human operator, or (3) combining both macro-scale mechanics 

and human intuition for controlled manipulation.  

 

Scalable manipulation systems—referring to the ability to fabricate miniaturized hands [11] or 'factories-

on-a-chip'—capable of dexterously assembling micro-/nano-scale parts appear to require the use of 

dynamic robotic grasps. Dexterity regarding robotic systems can be thought of as the ability of a 

manipulator to achieve arbitrary positions and orientations (poses) of an object in its grasp while being 

constrained within the workspace [12].  Dexterity is often achieved by allowing the grasp of the object to 

change dynamically during manipulation to avoid constraints. As the scale of the system is reduced, 

dexterity becomes an increasingly important ability in addressing the physical and operational constraints. 

This can be illustrated by imagining the dynamic nature of the human grasp while tying a knot using 

small-diameter yarn. In this scenario, a bulk of the manipulation is performed by the fingers moving 

relative to the palm. A static grasp, in contrast, fixes the kinematic relationships between the end-effectors 

and object and subsequently requires additional, external manipulators to perform the task. While this can 

often accomplish the same task, imagine the difficulty and workspace necessary to tie the same knots 

while only using one's shoulders, elbows and wrists. The mechanics of the grasp may be simpler but the 

required system is much larger. In contrast, controlled dexterous manipulation may enable smaller 

systems but involves greater complexity in the grasp. Hence, a thorough understanding of the contact 

between the end-effectors and the object is required. This is where many of the limitations lie in micro-

/nano-scale manipulation because of the complications imposed by stiction at the contacting interface 

caused by nano-scale interactions. 
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1.1.1 Attractive forces at the micro-/nano-scale 

 

The study of micro-scale physics and how the associated forces alter the behavior of sub-millimeter-scale 

solids has had a great effect on the field of contact-based manipulation. As outlined in [13], volumetric 

forces such as gravity have far less influence on the behavior of objects as opposed to surface forces, such 

as capillary, electrostatic, or the weak intermolecular forces. This reversal in the practical importance of 

each force has been termed the "scaling effect" and has been investigated with respect to various material 

parameters [14]. Regarding contact-based manipulation, the dominant phenomena of interest deal with the 

mating interface between components, specifically the adhesive and frictional effects of contact. Both 

adhesion and friction, caused by the weak intermolecular forces (van der Waals interactions), is of the 

greatest concern because of its ubiquitous influence [13]. Adhesion of micro- and nano-scale parts has 

been shown to be a function of material properties, bulk geometry, and surface roughness. In micro-

manipulation it has been treated using three basic methods: (1) by direct calculation of the van der Waals 

attraction between parts in contact [13, 15–21], (2) by various elastic deformation models for both smooth 

[22–35] and rough surfaces [36–38], and (3) by a combination therein for a rough adhesive surface with 

van der Waals attraction [39]. For nano-manipulation of objects, investigations have used numeric 

simulations to show that the continuum-based elastic deformation models also appear to hold for 

structures such as carbon nanotubes [40]. Friction has been studied to a lesser extent for both micro-scale 

[41–46] and nano-scale [47–53] objects in contact as well. Together, these works represent a large effort 

toward understanding the sub-millimeter-scale physics of solids in contact.   
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1.1.2 Micro-/nano-manipulation Tools 

 

In parallel, numerous investigations have addressed the novel instrumentation requirements posed by 

contact-based micro-/nano-assembly operations. This has resulted in a diverse set of state-of-the-art 

manipulation tools that span a range from the relatively large, complex, and dexterous, to the compact, 

simple, yet kinematically limited systems. Notable examples of these systems include those based on the 

atomic force microscope (AFM) [54–58] and its derivative, the nano-robotic-manipulator (NRM) [3–6, 

59]. The AFM has been used effectively to mechanically push and arrange nano-scale objects such as 

nano-particles over various surfaces by using the AFM tip in contact mode. The NRM systems have 

improved upon the AFM model by using multiple AFM tips mounted on independent positioning stages. 

These utilize up to 16 DOF and have demonstrated the successful manipulation and characterization of 

carbon nanotubes as well as their assemblies [5]. Others using NRMs have also expanded the 

programmable functionality of such systems to achieve automated assembly of pyramids built from 

microspheres [6]. These systems rely on macro-scale actuation schemes to achieve their dexterity, 

circumventing the need for investigating the mechanics of a robust micro-/nano-scale grasp model. 

Additional examples of contact-based manipulation include positioning stages [60–66], micro-grippers 

and nano-tweezers [67–75], and integrated devices involving aspects of both positioners and grippers [7–

10, 76–80]. More recently, researchers in the Microsystems and Devices Laboratory at UIC have 

developed an advanced concept wherein coordinating end-effectors with multiple DOF are located on a 

single chip [81–84]. This system has been shown to be capable of performing various micro-assembly 

operations on-chip, including grasp, rotate, move, and release tasks involving multiple work-pieces. 

Subsequently, a device based on this concept of on-chip assembly using multiple fingers was reported by 

other researchers pursuing a similar line of investigation [85]. In all, a great deal of progress has been 

made toward developing the hardware necessary to perform micro-/nano-scale assembly operations. 
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1.1.3 Assembly and Joining of Carbon Nanotubes 

 

Both an understanding of the fundamental mechanics and the tools of manipulation are critical for 

achieving the potentially useful applications of micro-/nano-assembly. For MEMS and NEMS in 

particular, the bonding of carbon nanotubes to each other and disparate structures has shown particular 

promise in applications requiring part joining [86–88] and interconnects between electrodes for sensing 

and actuation [89–91]. Initial results concerning these applications have been achieved through (1) simple 

adhesion of carbon nanotubes [3, 4, 90, 91], (2) junction soldering via electron-beam induced deposition 

[4, 5, 89–97], and thermal annealing [92, 98], (3) mechanochemical bonding [4, 5], and (4) current 

induced Joule heating [86, 88, 99]. These methods could foreseeably be used to assemble a range of 

complex products involving nano-scale patterns and/or components, including: compliant nano-scale 

devices (multi-bar mechanisms), nano-fluidics systems (ports and pipes), nano-electrical elements 

(square-loop solenoids, electrodes for electrochemical double-layer (ECDL) capacitors), nano-structures 

(parallel chord trusses), nano-textiles, and bio-mimetic architecture (cellular models). Conceptual images 

of such systems are offered in Figure 1.1. Synthesizing micro-/nano-scale physics with contact-based 

manipulation and assembly systems in a more systematic manner may allow for the construction of such 

intricate products and their novel applications. To do so, however, the mechanics of adhesion that exist 

between nano-scale structures and/or a nano-scale structure and the manipulators must be addressed first.  
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Figure 1.1: Conceptual images of possible structures and mechanism manufacturable with contact manipulation and welding: a) 
kinematic pair, b) four-bar mechanism, c) square-loop solenoid, d) parallel cord truss, e) woven textiles, f) electrode for an ECDL 

capacitor, g) scale model of a red blood cell's surface (Ø = 60 nm for all CNT segments shown). 
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1.2 Research Issues 

 

Addressing the limitations of current contact-based micro/nanofabrication from the perspective of the 

mechanics involved in a dexterous grasp has yet to be achieved. A majority of research into the hardware 

used for manipulation only considers the dominant nano-scale forces with respect to object capture and 

release, while relying on remote macro-scale actuation schemes to supply the dexterity. This hinders both 

the current ability to manipulate nano-scale objects and the future ability to design the required tools. 

Although a few methods for joint/welding carbon nanotubes have been presented in literature, a clear 

understanding of the mechanical qualities of the "joint" is currently lacking, including the available 

kinematic motion between bodies and potential energy dissipative effects.Such an understanding of the 

joint formed between two carbon nanotubes could be critical in enabling the assembly-based manufacture 

of nano-scale machines and structures such as those illustrated in Figure 1.1. The primary research issues 

that pertain to the study of a joint between two carbon nanotubes as well as to a manipulator's end-

effector include: (1) to what extent can conventional continuum mechanics be used to model the 

mechanics of nanoscopic structures? (2) what are the kinematic and kinetic interactions of most interest 

between objects in dexterous manipulation—either to one-another or the manipulator? and (3) how can 

such information be modeled so as to advance the abilities of contact nanomanipulation? A thorough 

understanding of mechanical manipulation at the nano-scale may include answers to these questions. 
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1.3 Objectives and Approach 

 

To address the issues discusses in the previous section, this research has broadly explored the mechanics 

and kinematics of contact-based nano-manipulation. Specifically, the aims of this work are: 

 

Specific Aim 1: To observe and measure the structural properties of MWCNTs for use in contact nano-

manipulation. This includes creating the means by which to visualize and manipulate MWCNTs as well 

as investigating the extent to which conventional continuum mechanics can be used to model the 

observed behavior. 

 

Specific Aim 2: To observe and measure the adhesion between nano-scale components and its effect on 

the motion of bodies when constrained within mechanical grasps and assemblies. This includes 

understanding the limits of the attractive force between adhered bodies and the available degrees-of-

freedom (DOF) while bodies remain in contact. 

 

Specific Aim 3: To validate the findings of specific aims 1 and 2 by constructing a mathematical model 

capable of capturing aspects of the interactions observed. 

 

Toward these ends, three approaches are used. First, a custom nanomanipulation system is designed and 

constructed, capable of visualizing and dexterously positioning MWCNTs. This is used to methodically 

apply forces and moments to MWCNTs in various configurations for the purposes of measuring the 

resulting deflection and comparing the results with equivalent macro-scale arrangements. Second, the 

manipulation system is used to dexterously position MWCNTs into kinematic assemblies. These 

assemblies are used to investigate the adhesive contact by applying forces and moments to the 

arrangement and observing the deflection of the constituent links. Third, the observations are formulated 

into a multibody expression for the MWCNT system. This is to determine the preliminary accuracy of the 
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expressions by comparing the model to the experimental results. These approaches aim to contribute tools 

and mechanical theory for use in advancing the field of contact nanomanipulation. 

1.4 Thesis Organization 

 

The remainder of this thesis is organized into four parts. Chapter 2 discusses the design and fabrication of 

a novel system for nanomanipulation. This includes a review of the current state-of-the-art micro-/nano-

manipulation systems, considerations in the design of dexterous nano-scale mechanical grasps, and 

system specifications. Chapter 3 employs the system in the execution of three sets of experiments. The 

first set examines the structural stiffness of a sample of MWCNT, their elastic modulus, and the 

applicability of continuum mechanics in describing the bending of these structures. The second set of 

experiments arranges the MWCNTs into kinematic pairs and uses the structural characteristics determined 

in Experiment Set 1 to measure the kinematic and kinetic behavior of the adhesive joint. The joint is then 

subjected to localized heating to investigate methods of strengthening MWCNT assemblies. The third set 

of experiments arranges three MWCNTs into a double-rocker four-bar mechanism with welded joints to 

demonstrate and measure the operation of a nano-mechanical assembly. Chapter 4 draws from the 

kinematic and kinetic observations gathered in Chapters 2 and 3 to formulate a multibody expression for 

the system. A general expression is explored for encompassing the breadth of observed behavior while a 

simplified, specific expression is solved for and compared with the experimental results. Chapter 5 

summarizes the findings and discusses the results with regards to the specific aims of this work.  
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2 EXPERIMENTAL SET-UP 

 

Addressing the research aims of this work requires the ability to observe and manipulate nano-scale 

structures. This includes the ability to visualize the position and motion of system components as well as 

the ability to apply controlled forces and displacements to them. Numerous microscopic- and nanoscopic-

scale manipulation systems and components have been reported in literature featuring a broad range of 

capabilities [1, 6, 8, 9, 13, 15, 22, 60, 61, 68, 70, 72, 74, 80–85, 88, 100–108]. None, however, meet the 

operational specifications and constraints required for this work. Consequently, a customized 

nanomanipulation system is designed and fabricated to facilitate this research. This chapter covers the 

development and construction processes for this system and includes the design and fabrication, 

performance overview, and remarks on the system capabilities. 

 

2.1 Design and Fabrication 

 

Mechanical manipulation systems for use with nano-scale structures generally consist of four primary 

components or subsystems: the structures to be manipulated, the observation system, the manipulation 

tools, and the environmental control system. This categorization allows systematic consideration of the 

objects to be manipulated, how the manipulation is to be observed, how it is to be manipulated, and how 

control over the manipulation environment is ensured. Through careful consideration of the research 

objectives and operational constraints, this design process has resulted in a dexterous nano-manipulation 

system consisting of two independent, coordinating nano-scale probes operating in a controlled 

environment at ambient pressure for use with large diameter, vertically aligned carbon nanotubes, and 

visualized using a traditional optical microscope. A schematic of the system can be found in Fig. 2.1 and 

includes: two three-degrees-of-freedom (DOF) linear positioning systems (manipulators), objective lens 

of the optical system, the focal plane of the microscope, a reflective background used to visualize the 

nano-structures, and an array of MWCNTs. The selection, design, and fabrication of each component are 

discussed in the following sections with regards to the four primary nano-manipulation subsystems.  
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Figure 2.1: A schematic of the contact nanomanufacturing system used throughout this work 

 

2.1.1 Nano-Scale Components 

 

A wide variety of nano-scale components are available for nano-manipulation including nanotubes (NT), 

nanowires (NW), nanorods (NR), nanofibers (NF), and nano particles (NP). Concerted effort has been 

directed toward researching these components due to their notable structural, mechanical, chemical, 

and/or electrical properties. In particular, carbon nanotubes (CNTs) have demonstrated exceptional tensile 

strength, electrical conductivity, structural aspect ratio, and surface functionalization. This has led to the 
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proposal of CNTs as ideal components for various advanced nano-scale structures and mechanisms as 

reviewed in [109].  

 

In addition to their potential applications, carbon nanotubes exhibit features that are particularly beneficial 

to the study of nano-manipulation, including their cylindrically symmetric shape, electrical conductivity, 

range of dimensions, and ordered arrangement during fabrication. Structures with cylindrical symmetry 

aid in nano-manipulation because they can feature dimensions in the axial direction that are much larger 

than those in the radial direction while maintaining nano-scale behavior. This increases both their ease of 

manipulation—by offering more potential points of contact—and ease of observation—by increasing the 

surface area. Likewise, electrical conductivity is useful in confirming mechanical contact with the CNT as 

well as in delivering controlled electrical heating to specific regions of its structure. Electrical 

conductivity is also critical for certain methods of observation such as scanning electron microscopy 

(SEM) where charge collects on the structures being observed and must be dissipated. Similarly 

beneficial, the relative dimensional control of CNTs during fabrication allows the size of the structure to 

conform to the positional and observational limits of the nano-manipulation system. The fabrication 

method also dictates the arrangement in which the CNTs are grown and can range from chaotic to 

relatively ordered. Considering both the potential future applications of CNTs along with their beneficial 

characteristics regarding mechanical manipulation, CNTs are chosen as the nano-scale components for 

use throughout this research. In particular, large diameter (100-500 nm), high aspect ratio (> 1:20), 

conductive, and well-ordered CNTs are sought. Meeting these specifications requires consideration of the 

CNT form and fabrication method.  

 

Carbon nanotubes exist in a variety of forms featuring specific structural and electrical properties. Single 

walled CNTs (SWCNTs) are the simplest form and consist of a hollow cylinder whose wall is composed 

of a single continuous layer of graphene. Two distinct electrical types of SWCNTs exist—metallic and 

semiconducting—and are distinguished by the arrangement of the carbon atoms along the axis of the 
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cylinder, referred to as the tube's chirality [110]. Multi-Walled Carbon Nanotubes (MWCNTs) feature 

walls with multiple graphitic layers. In the ideal MWCNT, the basal graphene planes are parallel to the 

central axis of the tube and appear as a collection of concentric SWCNTs. In the stacked-cone 

arrangement (also known as bamboo structure), the basal graphene planes are not parallel to the central 

axis and appear as a collection of concentric cones; forming tubes that feature larger hollow interior 

cavities relative to parallel-walled MWCNTs [111]. Both arrangements of MWCNTs—parallel and 

stacked-cone—exhibit metallic behavior. While the precise demarcation between stacked-cone MWCNTs 

and carbon NF is not well defined, cylindrical structures primarily composed of ordered graphene walls 

that encompass central voids will be considered MWCNTs in this work. Using this definition and 

considering current fabrication limitations, electrically conductive CNTs with diameters on the order of 

hundreds of nanometers and lengths greater than 10 µm are predominately stacked-cone MWCNTs. 

 

Various fabrication methods for CNTs exist—arc discharge, laser vaporization, chemical vapor 

deposition (CVD) —which influences the internal structure and relative arrangement of the CNTs 

produced. The material quality of individual tubes can vary considerably between production methods as 

well as within a single sample. Potential defects range from the easily noticeable errors such as curved or 

kinked structures to the more minute errors such as gaps or impurities in the lattice itself. These 

deviations from the ideal CNT structure can be mitigated to a degree though not yet robustly controlled 

[109]. The relative arrangement of the CNTs produced is another important consideration. While methods 

such as arc discharge can produce high quality material, the resulting CNTs are arranged in a disordered, 

soot-like grouping colloquially referred to as a 'rats-nest' where mechanically isolating single CNTs from 

the group, if possible, is difficult. Methods such as plasma enhanced CVD (PECVD) are capable of 

producing relatively ordered arrangements of CNTs with each tube individually isolated and oriented 

perpendicular to the substrate. This perpendicular arrangement is referred to as vertical alignment. To 

achieve well-spaced (> 1 µm separation) vertically aligned MWCNTs suitable for this investigation, 

PECVD is chosen as the fabrication method. 
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Fabrication of the MWCNTs used in this work is performed commercially by NanoLab Inc. Each sample 

consists of a sparse array of stacked-cone MWCNTs grown atop a chromium-on-stainless-steel substrate 

via PECVD. The array covers an area of approximately 15 mm by 15 mm with a site density of 10
6
 

CNT/cm
2
, an average outer diameter of 250 nm, and an average length of 11 µm. This offers a potentially 

large number of CNTs to experiment with, wide clearance between each tube to insure isolation, and 

dimensions that will aid in both observation and manipulation. A series of three images are presented in 

Figure 2.2 depicting the samples fabricated for this work using three different methods of visualization: 

transmission electron microscopy (TEM), scanning electron microscopy (SEM), and optical microscopy 

using the experimental system created for this work. 
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Figure 2.2: TEM, SEM, and optical images of the MWCNT array used in this work where a) is the TEM image at x430k 
magnification, b) is the SEM image at x3.0k magnification, and c) is the optical image at x40 magnification (with a micro-probe 

captured in the frame) 

2.1.2 Optical Visualization Tool for Nanostructures 

 

Tools for visualizing submicron scale structures often drive the design constraints of nanomanipulation 

systems due to their high cost, extreme operating environments, and the small available volume in which 

manipulation equipment can be placed. Scanning electron microscopes (SEM), transmission electron 

microscopes (TEM), and atomic force microscopes (AFM) are the predominate visualization methods 

used in nanomanipulation [5, 31, 54, 59, 88, 93, 105, 112]. These methods can provide high resolution 

imaging of the nano-scale structures but almost exclusively require the workspace to be housed in a 

vacuum chamber. These chambers are often too small to fit a system of macroscopic scale positioners and 
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the environment requires the positioners to be vacuum compatible. Each of these constraints adds 

additional cost to the overall system. Since the aim of this work is to study the kinematics and mechanics 

of nano-manipulation, greater flexibility is desired in the design of the manipulation tools. Hence, a novel 

optical visualization technique is explored to allow for this broader manipulator design. 

 

Reports of the optical visualization of objects smaller than the diffraction limit of light have been given 

previously in literature. This includes the visualization of sheets of graphene (multiple and single layers) 

[113, 114] and carbon nanotube bundles as small as 1-5 nm in height [115]. These works rely on an 

interference contrast between the sample and the supporting surface and therefore were performed with 

the material lying atop the substrate. The work reported here relies on a similar interference contrast; 

however the samples are suspended 10 - 1250 µm above a diffusely-reflective metallic surface, allowing 

the nanostructures to be manipulated freely for the purpose of experimentation. The reflective surface is 

placed normal to the path of the incident light and perpendicular to the substrate on which the MWCNTs 

are grown, giving a 'side view' of the structures as indicated in Figure 2.1. This method has been used to 

successfully visualize and manipulate freestanding CNTs with a minimum feature size as small as 100 

nm. 

 

The system consists of a Mitutoyo optical compound microscope (×1–×2 continuously variable) with an 

M Plan Apo 20 (×20, NA 0.42) and a M Plan Apo 50 (×50, NA 0.55) objectives and coaxial light source. 

The thin edge of a 0.25 mm thick sheet of stainless steel is used as the diffusely-reflective surface in the 

background of the image while the light source is a SCHOTT ACE I with an EJA 21V150W bulb (white 

light). A Nikon DXM1200 digital camera captures the image for analysis using Metamorph 6.3 software 

with frame exposure times of 200–500 ms. With the microscope at ×2, the camera offers a resolution of 

0.168 μm/pixel and 0.066 μm/pixel with the ×20 and ×50 objectives respectively. Three images of the 

same array are shown in Figure 2.2, where image c is captured using the apparatus described above for 

comparison. It is also interesting to note that the contrast gradient of the optical image inverts in this set-
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up between the magnifications of ×40 (as shown in Fig. 2.2c)  and ×100 (as shown in experimental 

images presented in Chapter 3). At the highest magnification, it is the MWCNT that appears lightest 

while the background is dark. This optical system allows for a broader range in the design of the 

manipulation tools in terms of both size and environmental compatibility. 

 

2.1.3 Manipulation Tools 

 

Existing tools and strategies for micro and nano-scale manipulation encompass a wide breath of 

approaches as surveyed in [1]. To better address the research objectives of this work and describe the 

design approach used herein, a categorization method is adopted where tools are classified with respect to 

the number, type, and kinematic independence of the contacting surfaces used during manipulation. This 

is to aid in determining how many end-effects are necessary to fully control the pose of a nano object, 

what shape or form the end-effectors should take, and how many degrees of freedom each end-effector 

should have. Auxiliary tools, such a electrical sources are also discussed regarding their role in aiding 

manipulation.  

 

The contact type defines the manner and degree to which a structure's position can be mechanically 

controlled via the end-effector of a manipulation system. As such, understanding the behavior of surface 

contact is a critical consideration in nano-manipulation. At the submillimeter scale, this interaction is 

complicated by the dominance of surface forces, which are capable of exerting strong attractive and/or 

repulsive influences between the interacting bodies [13]. This interaction differs greatly from contact 

between macroscopic scale bodies due to the differing rates at which inter-body forces scale with length. 

Investigating this effect has been codified into scaling laws [116] which provide a useful guide regarding 

the relative dominance of forces at various length scales. Generally, as the characteristic dimensions of a 

body decrease the effects of volumetric forces (e.g. gravity) become negligible relative to surface forces 

(e.g. capillarity, electrostatic, and weak intermolecular forces). Although the effect of many surface forces 
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can be altered or negated through modifying material and/or environmental characteristics [13, 15, 22] the 

effect of weak intermolecular forces remain ubiquitous [13]. It is the attractive behavior of these weak 

intermolecular forces—also referred to as Van der Waals interactions—that will be considered in this 

work, and result in adhesive contact between the end-effectors and components of nano-manipulation 

systems. 

 

Adhesive contact at the nano-scale is similar to planar frictional contact at the macro-scale. That is 

because most bodies naturally adhere together due to surface energy. This energy works to deform the 

region of contact so as to minimize the total energy of both bodies [32, 117–119]. The resulting contact 

area, even for bodies with initially curved surfaces, can be approximated as a plane. In addition, this 

surface naturally resists any change in the contact area due to the associated change in energy required for 

such motion. This results in a restorative force resisting any change in orientation between the two bodies. 

Using the terminology of macroscopic scale robotics, this single contact is the nano-scale equivalent of a 

macro-scale multi-contact force closure grasp [120]. As such, a nanomanipulation system is capable of 

stably grasping a nano-scale structure with the use of only one end-effector.  

 

In practice, a single probe with the degrees of freedom, range, and resolution of motion necessary to 

execute general nanomanipulation tasks is rarely used. Instead, multiple end-effectors with reduced 

individual capabilities are often employed to achieve the same task while occupying a smaller volume. 

Since multiple end-effectors will be considered in this design, the kinematic independence of the surfaces 

used to control the pose of nano-objects is also an important metric in classifying manipulation systems. 

A grasp can be identified as either static or dynamic when describing the relationship of the end-

effector(s) to the component. Static grasps exist when the kinematic relation between the end-effectors 

and the component remain unchanged during the manipulation and assembly operations. This is the case 

with positioners and grippers [8, 9, 60, 61, 68, 70, 72, 75, 102, 103, 105, 106, 108]. Dynamic grasps exist 

when this kinematic relationship changes during operation, such as with tweezers, multi-probe, and multi-
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finger systems [6, 7, 80–85, 88, 107]. The number of adhesive contacts dictates the number of degrees of 

freedom each end-effector must have to achieve full dexterity. It follows that for two adhesive contacts 

with a nano-object, each contact must be capable of at least three independent DOF in order to fully 

control the position and orientation of the object in the workspace. 

 

Two independent end-effectors, both capable of three linear DOF, is chosen as the manipulator 

arrangement for this study.. Each DOF is supplied by a New Focus 8301 Pico Motor (step size ≤ 30 nm, 

range 12.7 mm) installed in a New Focus 9066-COM-E-M closed loop control stage (CL step size = 80 

nm) which when assembled occupies approximately 22 by 50 by 96 mm
3
. The MWCNT array is attached 

vertically to a three DOF manual positioning stage (Melles Griot) placed within the mutual workspace of 

both end-effectors. A solid model and image of the positioning system is shown in Figure 2.3 with select 

macro-scale components from Figure 2.1 identified. 
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Figure 2.3: The mechanical manipulation hardware shown both as a) a schematic representation and b) a photo with select macro-
scale components 
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Each manipulator is designed to carry a variety of end-effectors to address the requirements of a range of 

experiments. Two probe types are chosen for this work: a low-stiffness, tip-less probe (Arrow TL1Au) for 

use as nano-Newton force sensor, and a fine tip probe (ATEC-CONTAu) for dexterous nano-

manipulation. The stiffness, k, of the tip-less probe shown in Figure 2.4 a.1 and a.2 is measured in the lab 

to be 3.05 ± 0.07 mN/m. The procedure used to determine the stiffness is described in Chapter 3. To work 

most effectively as a force sensor, the tip is mounted on the positioning stages such that the length of the 

cantilever is parallel to the MWCNTs as-grown on the substrate. In contrast, the fine tip probe(s) is 

mounted such that the cantilever is nearly parallel to the substrate surface as shown in Figure 2.4 b.1, 

giving increased stiffness perpendicular to the MWCNTs. 
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Figure 2.4: The two types of end-effectors used throughout this work: a) a Arrow TL1Au tip-less probe for use as a force sensor, 
and b) two fine-tip ATEC-CONTAu for use in dexterous manipulation 



24 
 

 

Electrical sourcing and measuring tools are also included in the system to compliment the mechanical 

manipulators. Sourcing and measuring the electrical values across various components in this system is 

performed using a Keithly 2611A current-voltage sourcemeter and serves two primary purposes: allowing 

high resolution position measurements, and direct Joule heating of CNT samples. While the optical 

method employed here is capable of visualizing sub-micron scale structures and their relative motion, 

absolute position between objects is difficult to detect with the required accuracy. This is overcome using 

a continuity-check method where an electric potential (3.5V, 100 nA limit) is applied between the micro-

cantilevers (gold coated) and the MWCNT/substrate (metallic CNT/Cr-on-stainless-steel). Contact is 

determined within the positioning resolution of the stage by detecting when the sourcemeter imposes the 

current limit. No detectable damage is rendered to the CNTs using this method because the current limit, 

and associated power dissipation, is orders of magnitude lower that that used to demonstrate nano welding 

[88]. Heating of the CNT samples to the point of welding and cutting is the second primary role of the 

electrical sourcemeter. Following [88], the probes are capable of welding, cutting, trimming, and 

vaporizing specific CNTs by varying the current limit and maximum electric potential placed across the 

components. This electrical subsystem allows the end-effector to more accurately manipulate the nano-

structures as well as modify them for assembly purposes. 

 

To ensure that the system is capable of manipulating the same nano-structure across various experiments, 

a method for locating specific MWCNTs in the array is devised. Repeatedly locating the probe tips 

relative to specific MWCNTs is achieved by marking the substrate with a network of micro-scale 

patterns. To create these patterns, a simple blade (X-acto, #11) is attached to a positioner and dragged 

across the surface of the substrate. This results in well defined, linear 20 µm wide voids (paths) within the 

MWCNT array. The  location of each tube is reached by noting its position relative to the intersections of 

these paths as illustrated in Figure 2.1 and demonstrated in Figure 2.5. This provides the freedom to 
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remove the MWCNT array from the nanomanipulation system for imagining under an SEM while still 

allowing the array to be replaced and additional experiments to be performed on the same MWCNTs.  

 

 

Figure 2.5: Pattern of markings cut into the array for use in locating specific MWCNTs over multiple experiments 

 

Control of both the mechanical and electrical manipulation tools is centralized in a custom LabVIEW 

virtual instrument (VI). The VI has direct control over the position of each stage, the voltage and current 

limits, as well as the components across which the potential is applied and its direction (i.e. 
+ 

probe 1 → 
- 

probe 2, 
+ 

probe 1 → 
- 
substrate; 

+ 
probe 2 → 

- 
substrate, etc.). The position of the stages can be controlled 

either by directly entering the displacement/destination for each stage numerically or by controlling 

multiple DOF of each stage simultaneously using a commercial gaming controller (Microsoft XBOX 
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360). The command scheme for the gaming controller is shown in Figure 2.6. This system allows for the 

intuitive remote control of the nanomanipulation operations from outside of the environmental chamber. 

 

 

Figure 2.6: Mapping of the commercial gaming controller (XBOX 360) commands to the motions of the manipulation system.  

 

2.1.4 Environmental Control 

 

Three categories of surface interactions dominate at the nanoscopic scale—electrostatic, capillarity, and 

van der Waals—of which only van der Waals is considered in this work. This is chosen because both 

electrostatic and capillary interactions can be negated through material choice and environmental control 

while van der Waals interactions cannot. Hence, it is the primary interaction that must be understood to 

enable advanced contact nano-assembly systems.  To insure that van der Waals interactions are the only 

nano-scale surface forces present during manipulation and to protect the experimental workspace from 
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external disturbances, the entire apparatus is isolated from the environment, as is shown in Figure 2.7. 

This isolation system consists of two subsystems: mechanical vibration isolation and 

particle/capillary/electrostatic isolation. 

 

 

Figure 2.7: Picture of the complete nanomanufacturing set-up 

 

Mechanical isolation from external vibrations is accomplished through the use of a Newport SmartTable 

optical table. The table is mounted on top of four I-2000 series pneumatic isolators controlled by an ST-

200 SmartTable controller. It has a workspace of 1.2 by 1.8 m
2
 with over 3400 M6 mounting holes spaced 

on a 25 mm grid. With the active damping of the isolators and the structural damping offered by the table, 

the system is capable of compensating for all noticeable external vibrations. 
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While mechanical isolation systems are commercially available, environmental isolation systems—that 

meet the necessary geometric and feature requirements—are not. Hence, a custom probe station is 

designed and fabricated for this work. The environmental system requirements include five primary 

specifications: the ability to (1) maintain low (< %5) relative humidity, (2) aid in minimizing buildup of 

electrostatic charge on critical components, (3) allow manual and remote optical feedback of the 

workspace, (4) allow operator access to the system components, and (5) allow multiple external analog 

and digital electrical connections to components.  

 

To meet these requirements the Terra Universal 1540-00 Semiconductor Probe Station Mini-Environment 

is chosen as the base assembly for the environmental isolation chamber (EIC). It is capable of maintaining 

<10% relative humidity using nitrogen as the working gas; holding 25 Pa positive pressure; particle 

control with Class 100 conditions; static neutralization in under 30 sec for 0.1-1 kV; airlock pass-through 

access; glove ports; microscope bellows to allow access to the eye-piece outside of the chamber; and 

removable rear wall and side panel for equipment access. In addition, the probe station is altered to meet 

the remaining specifications as shown in Figure 2.8 by: adding a cupola on the top of the chamber to 

accommodate the microscope's digital camera, adding an array of electrical input/output (I/O) ports to the 

side access panel, and adding mounting flanges on the chamber wall to allow fiber optic illumination of 

the workspace. 
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Figure 2.8: Various modifications made to commercial probe station for use as a manipulation chamber 

 

The electrical I/O panel is fabricated from the access panel mounted on the right side of the chamber. At 

minimum sixteen ports are needed to operate all of the system features. These include one for the digital 

camera, twelve for the positioning system, and three for the electrical system. The layout of the panel is 

given in Figure 2.9a and shows how the ports are grouped by function. Both the digital-camera port and 

the positioning-stage ports are constructed from D-SUB mini-gender changers produced by Emerson 

Network Power. These are male-male (mfr. # 30-9536) and female-female (mfr. # 30-9537) connectors. 

For the digital-camera port, three connectors are attached in series (m-m, f-f, m-m) with one m-m 

connector positioned on the inner side of the panel. The positioning-stage ports communicate between the 
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optical encoders and the closed-loop control system and are formed from two connectors in series (m-m, 

f-f). The remaining six ports for the positioning system control the Pico Motors. Each port is formed from 

two vertical angle through-hole mount RJ22 jacks from Tyco Electronics (mft. #5520257-2). The eight 

remaining ports on the panel are LEMO push-pull coaxial connectors (RAD.00.250.NTM). Three of these 

ports are used to provide analog electrical connection to the probe on manipulator 1, the probe on 

manipulator 2, and the substrate carrying the MWCNT array. The additional analog ports are to 

accommodate future experimental setups. After assembly, each port is sealed using thermoplastic to 

minimize airflow. 

  

The optical fiber input mount is fastened to the left side of the chamber. It consists of two custom ports 

with set-screws as shown in Figure 2.9b and is used to align the fiber-optic cables that deliver light from 

its source through the chamber wall and to the microscope. To maintain the chamber's pneumatic 

integrity, the fiber optic cables do not pass through the chamber wall; rather they are simply aligned on 

either side of it. This preserves the seal with minimal loss of illumination in the transfer. 
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Figure 2.9: Chamber ports: a) electrical I/O panel, b) fiber optic input 
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In addition to the chamber modifications, support hardware is necessary to ensure that the capillary and 

electrostatic effects are negated. Capillary attraction is caused by liquid bridges that form between solid 

bodies where the liquid has condensed onto system components from water vapor present in the air. 

Quantifying the magnitude of this attraction is difficult when the liquid's meniscus radius drops below 2 

nm. This is due to the fact that the continuum assumptions used to derive the equations are no longer 

valid below this threshold [121]. The threshold corresponds to a relative humidity of approximately 54%. 

While the equations may no longer be valid below this value, the exact extent of the remaining attraction 

is still unknown. Therefore, the system is designed to be capable of maintaining <5% relative humidity so 

that capillary effect, if any, can be experimentally determined.  

 

Humidity is controlled by purging the chamber with high purity (99.9%) nitrogen for the purpose of 

negating capillarity. The nitrogen is first passed through a Drierite 26800 desiccant column before being 

directed into the chamber. Two gas ports are present on the top of the chamber as shown in Figure 2.10.; 

both SMC push-in pneumatic fittings to NTP 1/8" connectors. One is used to deliver the nitrogen to the 

chamber while the other is used to purge the humid air from it. A plastic tube is extended from the outlet 

port to the bottom of the chamber so as to allow the humid air to exit the chamber first during purging. 

This is because at normal temperature and pressure, the driest air is still denser than pure nitrogen. That 

is, the density of air ranges from 1.1936 < ρ < 1.2041 kg/m
3
 for relative humidity from 0% < RH < 100% 

while nitrogen maintains a density of 1.145 kg/m
3
. An EXTECH hand-held relative humidity/temperature 

meter kit (mfr. # RH305) is used inside the chamber to determine when the desired RH has been reached. 

Its relative humidity sensor has a range of 0 to 100% with an accuracy of +/- 3%. Using this hardware the 

RH can be maintained throughout the nanomanipulation experiments. 
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Figure 2.10: Environmental isolation chamber for contact nanoscopic manipulation 

 

Electrostatic dissipation is achieved both actively by the components used during manipulation and by 

supplying ions to the chamber. Since the probes, substrate, and nano-scale structures are all electrically 

conductive, they naturally direct any charge built up from triboelectrification away from the workspace. 

To ensure no charges have collected on any equipment within the chamber between experiments, a Milty 

Zerostat anti-static hand gun is discharged inside the chamber prior to each experiment. Together, the 

capillary and electrostatic control processes facilitate the investigation of van der Waals interactions' role 

in the mechanics and kinematics of nanomanipulation. As a whole, the environmental isolation chamber 

provides sufficient protection of the workspace while maintaining the functionality of the system 

components. 
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2.2 System Specifications 

 

To review the capabilities of this system, a condensed list of performance specifications is offered:  

 

Visualization Method: optical microscopy, white light; minimum distance per pixel, 0.066 μm/pix; 

minimum manipulated object dimension, 100 nm 

Manipulation Surfaces:  "Probe 1", 1 surface, 3 DOF; "Probe 2", 1 surface, 3 DOF;          

"Substrate", 1 surface, kinematic ground 

Positioners:  New Focus 8301 Pico Motors, step size, < 30 nm;          

New Focus 9066-COM-E-M, close-loop resolution, 80 nm 

Force sensor:   Arrow TL1Au, k = 3.05 ± 0.07 mN/m 

Fine end-effector:  ATEC-CONTAu 

Sourcemeter: Keithly 2611A, contact detection, 3.5 V with 100 nA limit 

Software Control: LabVIEW, entered numerically or with gaming controller 

Humidity Control: nitrogen gas (99.9% pure), EXTECH RH305 sensor 

Electrostatic Control: electrically conductive components, Milty Zerostat anti-static gun 

 

2.3 Remarks 

 

The system presented in this chapter represents a dexterous nano-manipulation tool capable of grasping 

and manipulating nano-scale structures in near ambient conditions using optical microscopy. While the 

actuation of each probe still relies on macro-scale components, the setup is designed to investigate and 

address the issues currently present in the pursuit of miniaturized, dexterous, nanomanufacturing systems. 

Specific system capabilities include: the ability to repeatedly find a single MWCNT within an array, the 

ability to apply and measure force to nano-scale structures, and the ability measure and control electric 

potential to system components. Advancements in the understanding of dynamic adhesive grasps at the 

nano-scale are enabled through the use of this system toward the goal of achieving repeatable, automated, 

contact assembly of nano-structures and mechanisms.  
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3 MECHANICS AND KINEMATICS OF NANOMANIPULATION: EXPERIMENT 

 

Contact nanomanipulation inherently involves applying mechanical loads to a nano-scale structure by a 

manipulator so as to affect its position and orientation. It follows that understanding how the nano-

structure reacts to loading is of fundamental interest so as to control the manipulation process. Control, 

therefore requires an accurate model of a nano-structure's kinematic and kinetic behavior when grasped 

by a manipulation system. Currently, precise automated control of nanomanipulation processes is limited 

by a minimal understanding of these behaviors. Of specific interest is an understanding of the mechanical 

bending of nanoscopic components, such as MWCNTs, and the applicability of continuum mechanics in 

modeling the deflection. Additionally, an understanding of the mechanics of adhesion and how it alters 

the available techniques for applying loads to MWCNTs is of interest.  

 

To address these limitations, a series of experiments are reported in this chapter, designed to investigate 

both the bending of individual MWCNTs and the adhesive constraints formed between MWCNTs and 

other structures. This is achieved through the use of calibrated micro- and nano-scale cantilevers which 

apply controlled displacements to MWCNT structures and mechanisms with the aim of measuring the 

forces associated with bending and adhesion. Three sets of experiments are constructed around this 

approach: (1) isolated MWCNT cantilevers are subjected to a controlled deflection to measure the 

bending stiffness and demonstrate simple adhesion; (2) pairs of MWCNTs, assembled into an open chain, 

are subjected to a controlled displacement to observe the static and dynamic response of the constraining 

joint between them; (3) three MWCNTs, assembled into a closed chain, are subjected to a controlled 

displacement to observe the behavior of a multi-adhesive joint mechanism.     

 

Each experimental set builds upon the knowledge gathered from the previous experiment. By 

investigating a single isolated structure, its mechanical stiffness and material properties can be estimated 

using a calibrated micro-scale cantilever as a force sensor. This not only measures the structural 
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characteristics of individual MWCNTs but it also allows the MWCNT to be used as a nano-scale 

calibrated force sensor for subsequent experiments. Next, by observing the deflection of flexible links in a 

nano-kinematic pair, an estimation of the contact mechanics between the structures can be made. Here, 

the elastic and inelastic behavior of the adhesive joint is measured by observing its ability to bend the 

calibrated MWCNT links. Finally, this knowledge is expanded to investigate the elastic behavior of a 

multi-link, multiple-adhesive-joint MWCNT mechanism by observing the deflection of the calibrated 

MWCNT links and comparing the behavior of the joints as group to those individually observed 

previously. The understanding gathered from these experiments regarding the mechanics and kinematics 

of nanomanipulation may enable the advancement of dexterous manipulation for the purposes of nano-

assembly. These experiments and their findings are reported in the following five sections: experimental 

principles and background, investigation of isolated nano-structures, investigation of nano kinematic 

pairs, investigation of a nano four-bar mechanism, and discussion and conclusions. 

 

3.1 Experimental Principles and Background 

 

Measuring the deflection of a beam subjected to an applied load is a simple, reliable method used in the 

study of structural and material properties. This approach is used throughout this work to study the 

mechanics and kinematics of nanomanipulation. Here, the forces and displacements are of the 

nanonewton and nanometer scale. To measure the forces present when deflecting nanoscopic structures, 

micro- and nano-scale cantilevers are calibrated for use as force sensors. The use of a calibrated cantilever 

to investigate the properties of an unknown beam—and in this study, the joint between multiple beams—

is complicated at the nano-scale by adhesion. Therefore, a brief overview of adhesion and its implications 

in nanomanipulation is given to further support the experimental design. 
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3.1.1 Adhesion 

 

Adhesive contact refers to the propensity of solid bodies to stick together without the aid of chemical 

binding agents (i.e. dry adhesion). This is caused by weak intermolecular forces (van der Waals 

interactions) working to deform bodies in contact so as to minimize the total energy of the system. Three 

primary descriptions of adhesive contact are reported in literature: Johnson-Kendall-Roberts (JKR) [32], 

Maugis-Dugdale (M-D) [117], and Derjaguin-Muller-Toporov (DMT) [118]. These models are 

complimentary and exist on a continuum as described by Tabor [119]. This continuum is defined by the 

ratio of the surface energies to the reduced elastic modulus when considering particles of the same size. 

The JKR model is applicable for relatively soft bodies with high surface energy while the reverse is true 

for use of the DMT model, and M-D occupies the transition in-between [33]. These models describe the 

total area of contact between nano-scale bodies in addition to the force necessary to separate them as 

illustrated in Figure 3.1. Here   is the radial position along the contact plane,   is the radius of the 

particle,   is the contact radius,   is the radius of influence beyond   for the DMT model,   is the depth 

of penetration, and  ( ) is the pressure distribution between the two bodies as a function of the radius. 
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Figure 3.1: Adhesion contact between two bodies where a) shows an adhesive contact's resistance to applied forces along and 
about each axis, b) shows a diagram of the JKR model for adhesion, and c) shows the DMT model for adhesion 

 

Adhesive contact has important implications for nanomanipulation; primarily the contact's ability to 

naturally resist motion due to externally applied forces as illustrated in Figure 3.1a. This is because it is 

energetically favorable for the bodies to resist a change in the contact area. However, this resistance is 

finite and—beyond a specific threshold—inelastic relative motion between the bodies is possible with 

respect to all six spatial degrees of freedom. Understanding this dual behavior is necessary for dexterous 

nanomanipulation because the kinematic orientation between end-effectors and parts must change when 

implementing a dynamic grasp. In addition, the operation of nano-scale mechanisms constructed with 

such a system must also account for both regions of behavior; that is, the region where elastic stiction 

dominates and the region where inelastic slipping occurs.  
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3.1.2 Adhesive Joint 

 

Mechanically, the relationship between two nano-scale bodies in contact can be described as a kinematic 

pair and can be classified based on the available relative motion, the mechanical constraint, and the nature 

of contact. This kinematic relationship represents a unique nano-scale 'joint'. While within the elastic 

regime, the available relative motion between bodies constrained by this joint includes: limited rolling 

along the surface, turning, about the contact area, and displacement both perpendicular and normal to the 

contact. While within the inelastic regime, the available relative motion includes a greater degree of 

rolling and turning in addition to slipping/sliding along each surface and complete separation of the 

contact. In practice, during nanomanipulation where grasping and releasing operations are required, this 

means that the joint does not reduce the degrees of freedom available to the links relative to one another. 

As such, the nature of the constraint is nonholonomic. For the purposes of planar nanomanipulation where 

contact is maintained, the joint still allows relative motion between the two bodies along the   and   

directions and about the   axis. Once inelastic motion occurs the final relative position of the two bodies 

is path dependent, resulting in a hysteretic behavior regarding the location of the contact point. This is 

therefore a nonlinear, non-conservative, nonholonomic constraint. For MWCNTs it forms both a higher 

pair, in that the contact can move along the axis of each tube, and an unclosed pair in that contact is 

maintained by van der Waals interactions. For the experiments presented in this chapter, this formulation 

of the joint may be used to analyze the contact between the MWCNT and the micro-cantilever, as well as 

between multiple MWCNTs assembled into a kinematic chain. Many critical aspect of this joint can be 

illustrated by considering two nano-scale cylinders in contact. 

 

MWCNT Kinematic Pairs: Observing multiple nanoscopic cylinders in contact presents an excellent 

opportunity to describe the nature of this nano-scale joint. Consider two flexible CNTs oriented 

perpendicularly to each another as illustrated in Figure 3.2 with one tube rigidly fixed to the substrate. 

When a system of forces is applied to tube 1 along the axis of tube 2, a resistive force present at the 
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contact interface counteracts the system (a.1). This contact force can continue to resist inelastic motion up 

to a specific threshold and can result in observable deflection in tube 1 (a.2). Beyond this threshold, 

slipping and/or rolling can occur as the contact's equilibrium point translates a distance    along the axis 

of tube 2. A similar pattern of events is evident when the system of forces applies a couple to tube 1 (b.1). 

As the couple is applied a resistive moment is present at the contact interface resulting in a deflection of 

tube 2 (b.2). Past the resistive threshold the relative orientation between the bodies begins to twist by    

(b.3). Once the applied forces are removed after inelastic motion is induced, the relative position and 

orientation of the tubes does not return to the initial configuration; demonstrating the positional hysteresis 

previously described. By applying a controlled system of forces or displacements to tube 1, the thresholds 

between elastic (stiction) and inelastic (sliption) motion can be determined when the structural stiffness of 

tube 2 is known. This is the basic approach to experimental design employed in this chapter's second set 

of experiments.  
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Figure 3.2: An illustration of the kinematics of a nanoscopic joint responding to a) an applied force and b) an applied couple 

 

Contact Area: In applying this approach, it is also important to consider how the contact area changes as 

the relative orientation of the nanoscopic structures varies. It is the energetic favorability of this change 

that either resists or permits relative motion and defines the maximum force with which the joint can 

resist inelastic movement. This agrees with the observation that sub-millimeter-scale 'friction' differs in 

behavior from macro-scale friction in that it depends on the area of contact [116]. By applying adhesive 

contact theory to cylindrical geometries, the shape of the contact area can be shown to vary between a 

circle (for perpendicularly oriented bodies) and an approximate rectangle (for parallel bodies) as 

illustrated in Figure 3.3. Under special circumstances, the contact area between the cylinders can remain 

nearly constant if the over-lapping length in Figure 3.3d is small such that only the rounded ends of the 

rectangular contact area are present. However in general, this means that the nano-joint between 
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cylindrical bodies can elastically resist larger applied forces and moments the closer the orientation is to 

parallel. Understanding how the position and orientation of bodies affect the behavior of a nano joint is 

required to predict the kinematic and kinetic behavior of these multibody nano systems. 

 

Figure 3.3: An illustration of the variable contact areas based on the orientation of the bodies where a) shows the relative spatial 
location of the bodies, b) shows circular contact area, c) shows the elliptical contact area, and d) shows the rectangular area 

 

3.1.3 Experimental Overview 

 

Applying the approach described in this section enables an understanding of not only the interaction 

between nano-scale structures being manipulated, but also between the structures and the end-effectors; 

ultimately facilitating the advancement of dynamic nano-scale grasps. Three experimental sets are 

presented in the following sections, designed to pursue this understanding. The first investigates the 

mechanical stiffness of select MWCNTs from the sample described in Chapter 2. These calibrated tubes 

are then used in the second investigation to determine the nano-joint's threshold between the stick and slip 

regions. This investigation also explores means by which to alter the joint's threshold. Finally, the last 

investigation studies the ability to transmit an applied force through multiple nano-joints within a 

nanoscopic mechanism. This represents the first steps toward a systematic understanding of nanoscopic 

multibody dynamics for use in automated dexterous nanomanipulation and assembly. 
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Prior to reporting these results, it is important to explain the method used for determining the 

measurement errors in each experimental group. The method follows that of [122] where   total is the total 

uncertainty in the measurement and is a function of   random and   systemic. Here   random refers to the 

statistical distribution of the results while   systemic refers to the propagation of the measurement 

uncertainty in each piece of equipment throughout any analytical calculations performed. The values of 

  random and   systemic are combined in quadrature to yield   total. 

 

3.2 Experiment 1: Isolated Nano-Structures 

 

The first experimental set seeks to determine the mechanical response of nanoscopic structures to applied 

forces. This is accomplished by observing the deflection,  , of a MWCNT cantilever subject to a 

distributed load,  , applied near its free end by a calibrated micro-scale cantilever. From this, the 

structural stiffness,  , as well as an estimate for the elastic modulus,  , can be calculated using Equation 

(3.1). These tests also demonstrate how nano-scale adhesion alters the mechanical loading configuration 

of the beam bending experiment by changing the boundary conditions. This allows the maximum 

separation or pull-off force,     , between the MWCNT and the end-effector to be measured using the 

same experimental setup. 

 

 
   (     )  

 

 
 (3.1) 

 

3.2.1 Material Description 

 

Ten MWCNTs are chosen from the sparse, vertically-aligned array described in Chapter 2 based on their 

relative length, uniformity, and isolation. All ten are grown in the same local region on the array, covering 

an area of approximately 25 by 250 µm
2
. Geometrically, all of the tubes feature tapered inner and outer 

walls with thin graphitized structures protruding into the internal void. These protrusions are a fraction of 
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the thickness of the primary outer wall with considerable volume separating them. They are therefore 

assumed to play a negligible role in the stiffness of the structure. Accordingly, each tube is modeled as a 

hollow cylinder with linearly varying inner and outer radii. The characteristic dimensions of this 

geometric model are the length,  , the inner and outer radii at the base,    and   , and the slope of inner 

and outer walls,    and   . 

 

Scanning and transmission electron microscopes (SEM and TEM) are used to measure the critical 

dimensions of the tubes. External dimensions of the ten tubes are measured using the SEM and are listed 

in Table 3.1. From these values the outer radius,   , and outer wall slope,   , are calculated. General 

internal dimensions are measured using the TEM. Due to the destructive nature of the TEM sample 

preparation procedure, these values are measured from generic tubes grown in a region 4 mm away from 

the ten primary tubes. These measurements yield the wall thickness at the tip near the catalyst (9.2 ± 1.4 

nm) and the ratio of the inner diameter to the outer diameter at the base (75 ± 9 %). The values for the 

inner radius,   , and inner wall slope,   , are estimated from these measurements. In all, the structural 

dimensions of the ten samples span three orders of magnitude with an average length of 11.17 µm, an 

average outer radius at the base of 210 nm, and an average smallest dimension of 9 nm for the wall 

thickness at the tip. 

Table 3.1: Measured external geometry of MWCNTs used in this study 
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3.2.2 Continuum Model at the Nano Scale 

 

Modeling the structure as a cantilever with a solid wall implies the use of continuum mechanics. While 

many works have utilized continuum mechanics in analyzing or reporting the mechanical behavior of 

carbon nanotubes [123–132], the limits of the model must be noted. Material properties such as elastic 

modulus (Young's modulus) and structural measurements such as stress (force per unit area) assume that 

parameters including area are readily defined. This assumption has leaded to discrepancies in the material 

values reported in literature. For example, there is a general consensus on the structural stiffness of 

SWCNTs [123] (i.e.    where   is the wall thickness) but there remains disagreement on the value for the 

elastic modulus. Additionally, it has been experimentally observed that as the diameter of both SWCNTs 

and MWCNTs increase, the value for    appears to change, indicating that the reported   may not be an 

independent material property [124]. 

 

To address these discrepancies, the assumptions used in deriving the continuum beam model have been 

examined as they apply to the CNT structure [133, 134]. For parallel-wall MWCNTs it has been shown 

that a minimum of 202 nested shells (walls) are required to validate the continuum cross-section 

hypothesis to within a 1% error. With the smallest possible inner diameter of a MWCNT being 0.4 nm 

[135] and assuming a shell spacing of 0.34 nm [123], the minimum outer diameter of a MWCNT that 

satisfies the continuum assumption is approximately 135 nm. However, all of the reported experimental 

data known to the author on the elastic modulus of MWCNTs study tubes with a diameter less than 100 

nm and show considerable dependence on the tube diameter [126–132]. With the thin nature of the CNT 

walls used in this work, the structures do not satisfy the continuum cross-section hypothesis. It is 

therefore unknown how the stresses are distributed through the structure's cross-section when bending the 

CNT. 
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To investigate the extent to which the continuum model can still be applied at this scale, the beam 

deflection equations are derived for the simplified MWCNT geometry described. This is with the aim of 

comparing the analytical deflected beam shape to that observed during experimentation and with the goal 

of comparing the calculated values for   between tubes. Since the cross-section assumption is not 

validated,   will be referred to as the pseudo-elastic modulus,     , in recognition of the fact that this is a 

structurally dependent constant and not a material property in the classic definition. 

 

3.2.3 Boundary and Loading Conditions for Nano Beams 

 

Adhesion between the MWCNT and the micro-cantilever alters the boundary conditions of the beam as 

the load is applied. An illustration of the experimental configuration is given in Figure 3.4 where a 

calibrated cantilever (Beam 1) is used to determine the stiffness of an unknown softer beam (Beam 2) by 

applying a lateral force near the tip of the beam. The difference between performing this procedure using 

macroscopic and nanoscopic components is illustrated at each stage of motion: forward, center 

(equilibrium), and backward. At the macro-scale, beam 1 applies a point load to beam 2 near its tip as it 

moves in the forward direction (a.1) while it applies no load to beam 2 as it moves in the reverse direction 

(a.3). However, at the nano-scale, beam 1 applies a distributed load to beam 2 as it moves forward 

causing the beam to both deflect and rotate at the tip (b.1). Additionally, beam 1 applies a similar 

distributed load to beam 2 as it moves backwards (b.3).  
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Figure 3.4: The loading configuraiton and operational differences between similar set-ups at a) the macro-scale and b) the nano-
scale where beam 1 is much more stiff than beam 2. 

 

At the nano-scale there are limits to this unique behavior. Beyond a certain point as Beam 1 moves in the 

forward direction, the adhesive contact can no longer hold onto the tip of Beam 2 and the arrangement 

reverts from that shown in (b.1) back to that shown in (a.1). Likewise, at a certain point in the reverse 

direction the adhesive contact releases and the arrangement reverts from that shown in (b.3) back to that 

shown in (a.3). Determining where these changes occur is necessary for specifying the boundary 

conditions in the beam equations. This is accomplished by analyzing the work of adhesion over Beam 2's 

range of motion. Assume for generality, that the stiffness of Beam 2 is a function of its displacement, 

 ( ( )) and that it is deflected by a force applied to the tip of Beam 1 by a distance  . The total work in 

bending Beam 2 is then: 

 

    ∫   ( )    
 

 

 ∫  ( )   
 

 

 (3.2) 
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The stiffness,  ( ) is a function of the boundary conditions used to derive  ( ) and as such is different 

for the macro and micro-scale cases illustrated in Figure 3.4. By comparing the work of bending between 

the two cases (macro/micro) for each of the three stages (forward/center/backward) the work of adhesion 

can be determined: 

 

                       (3.3) 

 
 

Differentiating      with respect to the deflection distance   yields the total force applied to the contact 

area by adhesion: 

 

 
     

 

  
(    ) 

(3.4) 

 
 

For motion in the backward direction, this means that            and all of the work is performed by 

the adhesive contact. In contrast, for motion in the forward direction            and the work 

performed by adhesion is a fraction of that used to bend the beam. In this way the maximum adhesive can 

be determined by bending Beam 2 in the backward direction until release occurs. As long as the force of 

adhesion in the forward direction is below this maximum value, then it is possible to assume that the 

nano-scale boundary condition shown in Figure 3.4b.1 will hold. 

 

The Euler-Bernoulli beam equation is not readily available for a hollow cylindrical cantilever with 

variable inner and outer radii. Nor is it available with the adhesive boundary condition just described. 

Hence, the equation is derived symbolically using the following procedure in Mathematica. In this model, 

the variable cross-section of the beam is described using the characteristic dimensions, yielding: 

 

  ( )  
 

 
((      )  (      ) ) 

(3.5) 
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where  ( ) is the beam's second moment of inertia as a function of the distance,  , along its undeflected 

length,    and    are the outer and inner radii of the beam at the base, and    and    are the slopes of the 

outer and inner walls. The Euler-Bernoulli equation for a variable cross-section beam is: 

 

  ( )     ( )     ( )    ( )     ( )   ( )    (3.6) 

 
 

with Equations (3.7) through (3.11) describing the equilibrium, and boundary conditions: 

 

   ( )    ( )     ( )   ( )                 (3.7) 

 
   

   ( )   ( )   (   )                 (3.8) 

 
   

   ( )               (3.9) 

 
   

   ( )               (3.10) 

 
   

   ( )               (3.11) 

 
   

where   is the pseudo elastic modulus,  ( ) is the beam deflection,   is the laterally applied force,   is 

the distance along the beam where   is applied, and   is the constraint moment. The value of   is solved 

for using Equation (3.8) where the slope at the tip is fixed. Solving this system of equations for  ( ) 

gives an equation in terms of the applied force  . The basic geometry and sign conventions are illustrated 

in Figure 3.5. 
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Figure 3.5: The geometry and sign conventions used in deriving the MWCNT beam bending equation 

The explicit form of  ( ) involves a considerable number of terms and so is given in the appendix. From 

this equation, expressions for  (   ),  ( ),  (   ), and     (   ) can be derived. To illustrate the 

large effect adhesion has on the force required to bend the cantilever, the limits of  (   ) and     (   ) 

are given below where      ,     , and     : 

 

 
  

     

  
 

(3.12) 

 
 

 
     

    

  
 

(3.13) 

 
 

Equations (3.12) and (3.13) show that for the stages in which the adhesive contact hold, a large fraction of 

the force exerted in deforming the beam results from adhesion. Through the use of these equations, the 

response of the MWCNT to an applied load can be analyzed. 

 

3.2.4 Nanonewton Force Sensor 

 

Evaluation of    (   ) requires knowing the applied force,  , and therefore the bending stiffness of 

the calibrated cantilever, Beam 1. The Arrow TL1Au tip-less micro-probe described in Chapter 2 is used 

as Beam 1 and it has a manufacturer's reported stiffness of        (            ) N/m. While the 
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stiffness is in the desired range, the uncertainty is too large for accurately measuring the   of MWCNTs. 

Hence, the stiffness of the micro-cantilever is determined in lab to narrow the measurement uncertainty. 

 

Calibration is performed by observing the micro-cantilever's dynamic response when subjected to forced 

oscillation in air [136]. This method determines the spring constant by determining the first fundamental 

frequency of the cantilever, the quality factor in fluid (air), and the beam’s plan view dimensions. This 

experimental method is chosen over others that require greater knowledge of the geometry and material 

properties of the cantilever (e.g. layer thicknesses and material densities) because of its reduced expense 

and complexity and the smaller resulting uncertainties in the final value for k. The explicit expression for 

the bending stiffness is: 

 

            
      (  )  

  (3.14) 

 

where    is the density of the fluid (air),   is the width of the cantilever,   is the length of the cantilever, 

   is the quality factor in fluid,    is the resonant frequency in fluid, and    is the imaginary component 

of the hydrodynamic function given in [137]. For the Arrow TL1Au with its triangular tip,   is replaced 

by      which accounts for the reduction in mass by determining the length of an equivalent rectangular 

beam with the same width,  , and thickness,  . 
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where      is the length of the rectangular portion of the beam and      is the length of the triangular 

portion of the beam.  

 

The natural frequencies of the micro-cantilever force sensor are experimentally measured using a Polytec 

MSV-400 scanning laser vibrometer. For this measurement, the cantilever, while firmly attached to a 
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Mini Smart Shaker (The Modal Shop, K2004E01) and positioned under the vibrometer, is vibrated 

through frequencies near the beam’s first mode (3–8.75 kHz). The environmental conditions are also 

measured using a digital psychrometer (Extech, RH300) to determine the state of the fluid (air). The plan 

view of the beam is captured using the same optical microscope system used throughout this work. The 

measured frequency response of the cantilever over ten runs is shown in Figure 3.6 while the pertinent 

values for evaluating Equations (3.13) and (3.14) are listed in Table 3.2. The resulting measured stiffness 

for the Arrow TL1Au tip used in these experiments is 3.05 ± 0.07 mN/m. 

Table 3.2: Measured values used to calculate the micro-cantilever beam stiffness used as the force sensor 

 

 

 
Figure 3.6: Measured frequency response of the micro-cantilever force sensor to forced oscillation in air 
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3.2.5 Experiment 1: Procedures 

 

Experiment Set 1 is separated into three procedures. Procedure 1 measures the bending stiffness of the 

MWCNT under small deflection. This is used to evaluate the beam equation and estimate the pseudo-

elastic modulus. Procedure 2 measures the maximum adhesive force between the MWCNT and the 

micro-cantilever force sensor. This is used to determine the boundary conditions when analyzing the 

beam deflection. Procedure 3 demonstrates each stage of the bending process during motion of the 

cantilever toward the MWCNT. Together, Procedure 2 and Procedure 3 demonstrate the transitions 

between each stage in the bending process which are defined by the various boundary conditions 

previously described. To facilitate the description of each procedure, the experimental configuration, 

bending stages, and experimental variables are illustrated in Figure 3.7 
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Figure 3.7: Schematics of the experimental approach where a cantilever of known properties is used to determine those of an 
unknown cantilever, showing a) the set-up, b) response during forward motion, and c) response during backward motion 

 

In Experiment Set 1 there are two primary variables of interest:    , the displacement of the micro-

cantilever from the starting datum at     , and    , the displacement of the MWCNT from its starting 

datum at     . These datums are coincident with the base of their respective beams at the initial point 

of contact. In the experimental analysis, these values are used in conjunction with the known stiffness of 

Beam 1,    , to calculate    ,     , and         . The experimental design is given in Table 3.3. 

 



55 
 

Table 3.3: Design of Experimental Set 1 

 

 

All three procedures use the same first four steps. Step one; the target MWCNT is located optically. Two; 

the cantilever tip is brought into the vicinity of the tube. Three; the location of the tip relative to the 

substrate (near the base of the tube) is determined. This is performed by advancing the tip towards the 

substrate in 80 nm increments while the sourcemeter applies a 3.5 V potential across the tip and substrate 

using a 100 nA current limit. Once the current limit is detected, the present location of the positioners is 

adopted as the position datum for the substrate,            . Four; the datum for the undeflected 

location of the MWCNT tip (           ) is determined in a similar manner. The cantilever is raised a 

predetermined distance away from the substrate (     ) and then advanced in 80 nm increments 

towards the tube with the electrical source on until the current limit is detected. Once contact has been 

detected, the electric potential is removed. Two additional steps are executed in each of the procedures. 

 

Procedure 1: step five, from the datum     the cantilever is moved toward the tube a distance   , causing 

it to bend until the beam has deflected by the desired amount    . This is set at 10-15% of the     (the 

distance between the substrate and the point at which the force is applied) so as to maintain a small 

maximum deflection angle for comparison with the analytic beam equation. Sixth, the cantilever is 

returned to the undeflected datum. Ten runs are performed on each of the ten tubes. 
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Procedure 2: step five, from the datum     the cantilever is moved away from the tube a distance   , 

causing it to bend until the stored elastic energy overcomes the energy of adhesion and the two beams 

separate. The MWCNT snaps back into its original shape and position without noticeable plastic 

deformation. Sixth, the cantilever is returned to the undeflected datum. Ten runs are performed on five of 

the tubes. 

 

Procedure 3: step five, from the datum     the cantilever is moved towards the tube a distance   , 

causing it to bend until the cantilever passes over the tube entirely and the MWCNT returns into its 

original shape and position without noticeable plastic deformation. Sixth, the cantilever is returned to the 

undeflected datum following a path that does not contact the MWCNT again until the datum is reached 

(up-and-over). Ten runs are performed on the five of the tubes. Ten additional runs are performed using 

this procedure on one tube using 40% relative humidity to investigate the capillary effect. 

 

3.2.6 Experiment 1: Results and Analysis 

 

A series of in situ images captured during Procedures 1 - 3 is displayed in Figure 3.8 as a direct 

comparison to  Figure 3.7. The images have been post-processed using Adobe Photoshop CS4 by 

converting the mode to Grayscale and applying the Smart Sharpen filter (Amount: 500%, Radius: 64.0 

pixels) to show each stage of motion. Using these images in conjunction with the closed-loop position 

control system, direct measurements of     and    are taken during each procedure. For Procedure 1 the 

raw values are listed in Table 3.4, from which the experimental analysis proceeds. 
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Figure 3.8: a) Photograph of the the experimental set-up, b) Optical images of the cantilever bending in the forward direction, c) the  

cantilever bending in the backward direction 
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Table 3.4: Raw data collected during Procedure 1 

 

 

Five assumptions are used in the analysis of the experiment:  

 

1)  The closest point of contact between the two beams will remain at the tip of b1 throughout the motion 

of the beam.  

2)  While the beams remain adhered (stages b.1 and c.1), the slope of    and    will be equivalent at the 

point of contact as    moves in the     direction.  

3)  While    moves in the     direction, its deflection (   ) remains very small relative to the beam’s 

length allowing the slope of    to be considered constant (0 rad). 

4)  The adhesive force between    and    provides a lateral resistance to slipping that is much less than 

the force required to noticeably strain    in the axial direction. 

5)  The adhesive force between    and    provides a lateral resistance to slipping that is much less than 

the force required to noticeably strain    in the axial direction. 

 

Analysis of Procedure 1 begins by calculating the force,  , applied to the MWCNT and its structural 

stiffness,    . Given the MWCNT's deflection,    , and the micro-cantilever's commanded displacement, 

  , the deflection of the micro-cantilever can be calculated: 
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            (3.16) 

 
Given    , the applied force is: 

          (3.17) 

 
Dividing Equation (3.17) by     yields the expression for the MWCNT's structural stiffness: 

 

 
    

   (      )

   
 

      

   
 

(3.18) 

 
   

 

Complete analysis of Procedure 1 requires the preliminary results from Procedure 2. This is to determine 

which set of boundary conditions is applicable to the experimental runs in Procedure 1. The preliminary 

analysis is as follows. For the bending of the MWCNT in the forward direction to remain in the stage 

shown in Figure 3.7b.2,      must be less than         . Consider the analysis given in the discussion of 

Equations (3.2) – (3.4). There it is observed that all of the work performed in bending the MWCNT in the 

reverse direction is done by the adhesive contact while only a fraction of the work done in the forward 

direction is performed by the adhesive contact. This means that if the force applied while moving in the 

forward direction is less than or equal to the maximum force sustained in the reverse direction, the 

adhesive contact in the forward direction is postulated to hold. Since the applied force is proportional to 

    (Equation (3.17)), only the values of     need be compared so as to determine if the system remains 

in stage b.2 during Procedure 1. This is indeed the case for the five runs performed in Procedure 2. These 

results are extrapolated to the remaining five MWCNTs. With the proper boundary conditions determined 

(full adhesive contact), evaluation of      is performed. The results for     and      are given in Table 

3.5. 
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Table 3.5: Bending stiffness and pseudo elastic modulus for ten MWCNTs. Errors posted in black are total uncertainties including 
random and systematic uncertainties. Errors in gray parentheses are random errors only. 

 

 

Analysis of Procedure 1 shows an expected result where the wider MWCNTs have a higher stiffness 

(correlating Table 3.5 with Table 3.1). They also show notably small values for the pseudo elastic 

modulus, considering that the conservative estimate for a SWCNT's elastic modulus is 1 TPa [123].  

 

To compare, consider an ideal cylindrical MWCNT with similar average dimensions to those used in this 

study. Let both the outer and inner radii be constant (          ), the inner diameter be 10 nm, and 

the outer diameter be 342 nm. Note that this hypothetical MWCNT would satisfy the assumptions of 

continuum mechanics. The explicit equation for the stiffness becomes: 

 

 
   

 

 ( )
 

   (  
    

 )

  
 

(3.19) 

 
 

By choosing        ,   would be approximately 252 N/m for this idealized structure. Compared to the 

average 6.3 mN/m reported in Table 3.5, this is five orders of magnitude more stiff. Even with the high 

total uncertainty in the calculated value, the values for the elastic modulus do not approach the theoretical 

ideal. This is further exemplified by the graph presented in Figure 3.9 which compares the pseudo elastic 

modulus measured in this work to the elastic modulus of other, smaller MWCNT reported literature [126–
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132]. The vertical red line represents the minimum outer diameter necessary to comply with the 

continuum cross-section hypothesis as described in Section 3.2.2. This minimum diameter assumes a 

thick, ordered wall for which the tubes in this study do not satisfy even though the outer diameters are 

quite large. This suggests that the thin, variable radii sidewalls and stacked-cone arrangement of these 

structures has a pronounced effect on the structure's mechanical characteristics.  

 

Figure 3.9: A comparison of the measured MWCNT modulus from various works. 

While the large uncertainty makes inter-tube and material comparison difficult, the random errors 

(standard deviations shown in gray) of the raw measurements in Table 3.4 along with the analyzed values 

in Table 3.5 show that experimentation on the same tube is repeatable. The discrepancy between the 

random and total errors shown for      in Table 3.5 is due to the beam equation's sensitivity to the large 

uncertainty in the tube's internal dimensions,     and    . However, by treating      as a structural 

property of an individual tube instead of a general material property, the value proves useful in plotting 

the analytical shape of the deflected beam. In Figure 3.10, this analytical shape is compared to the 

recorded images of the deflected beam from Procedure 1. The measured value in the plot is produced 

using post processing in both Adobe Photoshop CS4 and Matlab. In Photoshop the images are converted 
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to gray scale, manually cropped, rotated and the background removed, and then subjected to the Smart 

Sharpen Filter (Amount: 500%, Radius: 64.0 pixels). In Matlab the boarders of the tube are detected using 

the built-in edge.m function with the threshold value swept from 0 to 20. The centerline for each threshold 

value is determined and then averaged to produce the measured curve shown in the figure. The analytical 

shape is calculated using the dimensions of the tube, the average      for the ten runs, and the average 

deflection. This shows that by employing      a good correlation can be made between the theoretically 

predicted shape using continuum mechanics and the experimentally observed structure within the 

measurement capabilities of this system.  

 

 

Figure 3.10: Deflected MWCNT shape for tube #8 where the measured curve represents the average centerline of 10 runs 
produced using Matlab and the analytical curce represents the continuum mechanics approximation 
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From the measurements and analysis performed during Procedure 1 it has been shown that: 1) the 

structural stiffness of the MWCNT is very low; 2) the pseudo-modulus of elasticity is similarly low 

relative to those reportedfor single walled and multiwalled CNTs; and 3) the pseudo-continuum 

expression for the deflection shape of the MWCNT closely matches that observed.  

 

Analysis of Procedure 2 produces a quantitative comparison between the adhesive force present during 

motion in the forward and backward directions. This is the force of adhesion required to maintain the 

boundary condition moving forward as compared to the maximum force of adhesion measured moving 

backward. Application of Equation (3.4) results in the data listed in Table 3.6. 

 

Table 3.6: Comparison of adhesive force calculated in Procedure 1 (    ) and the maximum adhesive force sustained by the 

contact area from Procedure 2 (        ) 

 
 

The results show that the average value for      is lower than the average for          for all MWCNTs 

tested. The total measurement uncertainty is again large for      due to the use of    (       ) in the 

calculations which is sensitive to the uncertainty in    and    . In contrast, the standard deviation in the 

values of      are notably smaller. The values for          do not show the same large systematic 

uncertainty because they are directly calculated from Equation (3.17). These results suggest, but do not 

prove, that the zero-tip-slope boundary condition is maintained for all runs. However, while the explicit 

calculation of these forces do not yield conclusive results, a conclusion can be drawn by using the 

analysis of    previously given when examining Procedure 1. When comparing the two sets of runs 

(forward and backward) using only the deflection of the micro-cantilever,   , it is observed that this value 

is always greater in the backward direction. This does strongly support the claim that the boundary 

condition is maintained.  
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In addition to analyzing the adhesion for its role in the boundary condition, the effect of the relative 

humidity in adhesion is analyzed briefly. Ten runs of Procedure 2 are performed on CNT #4 at 40% RH 

to investigate whether or not capillary effects in this range alter the maximum force of adhesion. The pull-

off force          recorded under these conditions is 12.8 ± 0.7 (0.4) which aligns with the value shown 

in Table 3.5 for the same test at 5% RH. This agrees with the prediction that capillary effects only start to 

become evident at an RH above 54% [121] as discussed in Chapter 2. 

 

Analysis of Procedure 3 produces a qualitative comparison of each stage in the bending process. This is 

performed for completeness, providing a record of the behavioral differences through all stages of motion 

in the forward and backward directions. As is evident from Figure 3.8, the shape of the beam exhibits an 

inflection point during both stages b.2 and c.2. That point disappears in b.3 as the MWCNT undergoes 

large deflection. Finally, in stage b.4 the two beams separate, showing the notable elastic resilience of 

these MWCNTs. 

 

To summarize the findings of Experiment Set 1: Procedure 1 demonstrates the low stiffness and pseudo 

elastic modulus measured for the MWCNTs used in this work. It also demonstrates that, while continuum 

mechanics cannot not be strictly applied to these nano-structures, their shape in bending is sufficiently 

approximated using the Euler-Bernoulli beam equation under specific conditions. Procedure 2 shows that 

the force of adhesion over the contact area is strong enough to maintain the boundary condition when 

performing Procedure 1, and offers suggestive quantitative measurements as additional support. It also 

shows that a relative humidity up to 40% does not measurably change the adhesion. Finally, Procedure 3 

shows the difference between motion of the micro-cantilever in the forward direction and motion in the 

backward direction in all stages. It also shows that the MWCNTs in this work are capable of large elastic 

deformation. The experimental information gathered in Experiment Set 1 facilitates Experimental Set 2 

and Set 3. 



65 
 

3.3 Experiment 2: Nano Kinematic Pairs 

 

With the knowledge of the elastic behavior of the MWCNTs produced from Experiment Set 1, 

Experiment Set 2 studies the adhesive behavior of two MWCNTs assembled into a kinematic pair. This is 

accomplished by using the MWCNTs themselves as force sensors through apply the knowledge of their 

mechanical stiffness. In this manner, the maximum resistive force sustained by the adhesive contact, 

    , can be estimated for both applied forces and moments. This defines the threshold between the 

nano-adhesive joint's two regions of behavior: elastic (stick) and inelastic (slip). In Experiment Set 2, 

slipping is used to further demonstrate the nature of contact, mechanical constraint, and available relative 

motion of the joint. This culminates in a demonstration of the nonlinear, energy-dissipative behavior of 

the constraint between the two MWCNTs. Additionally, the ability to alter this behavior by welding the 

CNTs together is examined; specifically, how the value of      can be increased. Experiment Set 2 is 

divided into four procedures based on the relative orientation of the MWCNT links and the displacement 

applied to each. To facilitate the description of each procedure, the experimental configuration, relative 

link orientations, and applied displacements are illustrated in Figure 3.11. 
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Figure 3.11: The experimental approach using two MWCNT cantilevers of known properties to determine the adhesive properties of 
their mutual contact with a) the set-up, b) an applied linear force, and c) an applied rotational force 
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3.3.1 Experiment 2: Procedures 

 

In Experiment Set 2 the primary variable of interest is      , the displacement of the MWCNT fixed to 

the substrate from its equilibrium position. By examining       as CNT 1 is displaced, the force 

transmitted between the two bodies,  , via the adhesive contact can be estimated. Observing this behavior 

for both applied forces and moments gives an initial understanding of the stability of the nano-adhesive 

joint. This gives a baseline from which methods of altering the region of stability can be examined, e.g. 

welding of the structures. The experimental design is given in Table 3.7. 

 

Table 3.7: Design of Experiment Set 2 

 

 

Preparing each experimental procedure requires positioning and welding of the CNT structures. This 

involves the cutting of MWCNTs from the surface of the substrate, dexterous manipulation of the 

structures into position, and welding of the MWCNTs into place (either onto the end-effector or the 

contacting nanotube). Cutting and welding of MWCNTs is performed using direct Joule heating, 

following the work of [88]. In the cited work, multiple MWCNTs were assembled into free standing 

structures spelling the letters 'A T I' using dexterous manipulation inside an SEM and welded into 

position. While the bond was stated to be 'mechanically robust', the degree to which the links were 

bonded was not examined, nor was the contacts between the links and manipulators treated as kinematic 
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joints. The following is a description of the cutting, manipulating, and welding processes used in this 

work. 

 

Cutting is used to either reduce the length of the target MWCNT or to separate it from its current contacts. 

This is primarily used to remove the MWCNT from the substrate, as is illustrated in Figure 3.12. To cut, 

at least one end-effector is brought into contact with the MWCNT, giving two points of electrical contact 

to the tube. The polarities of contacts are assigned via the VI (+5.0V/Gnd) and the current limit of the 

sourcemeter is set 1.0 mA. Once power is supplied to the assembly, the Joule heating induced in the 

MWCNT quickly vaporizes the current-carrying section. The result is the CNT now adhered only to the 

end-effector. 
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Figure 3.12: Image series showing the cutting process used to separate the MWCNT from the substrate 

Dexterous manipulation is performed on the freed MWCNTs to orient them spatially as demonstrated in 

Figure 3.13. This is performed using coordinated motion of the two end-effectors in contact with the 

nanotube. Since the mechanical behavior of the contact is not robustly understood prior to this work, 

manipulation is performed intuitively by the operator using either numeric commands or a commercial 

gaming controller. The process is notably tedious but results in the MWCNTs being properly arranged for 

the purposes of this work. 
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Figure 3.13: A series of images showing the dexterous manipulation of a MWCNT using two end-effectors 
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Welding is performed on the assembled MWCNT mechanism by applying a controlled potential across 

the structure while imposing a strict current limit. For MWCNT with smaller diameters, cycling the 

applied electric potential between 0 → 5V with a 10µA current limit has shown successful welding when 

performed in a vacuum [88]. Performing welding in a vacuum—as opposed to in air— alters the means 

by which the nano-structure can dissipate heat as well as limits the gaseous elements surrounding the tube 

that might catalyze MWCNT degradation. Taking this into consideration, all welding processes are 

performed in a predominately nitrogen environment (5% RH) to minimize oxidation of the tubes during 

welding. For the larger diameter tubes in this work, a 5V with 130 µA limit has been sustained by the 

joint without loss of continuity. However, to minimize damage to the tubes, welding in this work is 

performed using the same potential and current limit (5V and 10 µA limit) reported in [88] with upwards 

of 15 power cycles. Complete vaporization of a tube—when the limit is not imposed—is demonstrated in 

Figure 3.14 for instructive purposes.  

 

Due to the potentially high temperatures present during cutting and welding, along with mechanical 

damage resulting from contact, the probe tips degrade with use. The primary form of degradation is the 

loss of the conductive coating on the probe tips which alters the adhesion and inhibits electrical 

continuity. These regions are identified by observing the displacement of a MWCNT via probe contact 

while failing to establish electrical continuity across the MWCNT. Once a damaged region on a probe is 

observed, it is actively avoided during experimentation. If an exceedingly large surface area is deemed 

damaged, the probe is replaced. While damage was recorded on one dexterous probe tip due to welding, 

the extent never proved great enough to justify replacement. Together cutting, manipulating, and welding 

are the three primary processes used to prepare the samples for procedures 1-4. 
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Figure 3.14: Image series showing the vaporization of a MWCNT using Joule heating 

 

Procedure 1 investigates the nano-joint's response to a linearly applied force. It is designed to investigate 

the maximum force,     , that the joint can sustain before inelastic motion between the nano-structures 

occurs. The experiment is separated into two sub procedures. Sub-Procedure 1.1 investigates the natural 

joint behavior caused purely by van der Waals force. Sub-Procedure 1.2 investigates the augmented joint 

behavior where the contact has been heat treated (welded) using Joule heating.  

 

The experimental configuration includes the two MWCNTs in a perpendicular orientation as shown in 

Figure 3.11b which minimizes the shared surface area between the tubes when in contact. Motion of CNT 

1 is controlled by attaching it to the end-effector of manipulator 1. To increase adhesion between CNT 1 

and the end-effector, the contact region is situated away from the probe tip, increasing the total contact 

area and the associated adhesive force. After the components have been properly oriented, the procedure 
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includes four steps. Step one; CNT 1 is situated in an    plane not coincident with CNT 2. Step two; CNT 

1 is moved along the    direction behind CNT 2 until a portion of CNT 1,   , extends beyond CNT 2. 

This ensures that when slipping initially occurs, contact is not lost. Step three, with the electrical 

continuity check system activated, CNT 1 is moved along    until contact is detected. Once contact is 

made the electrical system is deactivated. Step four, CNT 1 is moved away from CNT 2 at a constant rate 

until the tubes separate entirely. In Procedure 1.1, steps one through four are repeated for ten runs.  

 

For Procedure 1.2, steps one through three are maintained. In step four, the two tubes are subjected to ten 

power cycles of 5.0 V with a 10 µA current limit. Step five, CNT 1 is moved away from CNT 2 at a 

constant rate until the tubes separate entirely. Steps one through five are repeated for five runs. 

 

Procedure 2 investigates the nano-joint's response to an applied moment. It is designed to investigate the 

maximum force,     , that the joint can sustain before inelastic motion between the nano-structures 

occurs and is separated into two sub procedures. Similarly to Procedure 1, sub-Procedure 2.1 investigates 

the natural joint behavior caused purely by van der Waals force. Sub-Procedure 2.2 investigates the 

augmented joint behavior where the contact has been heat treated (welded) using Joule heating.  

 

The experimental configuration includes the two MWCNTs in a perpendicular orientation as shown in 

Figure 3.11c. Motion of CNT 1 is controlled by attaching it to the end-effector of manipulator 1. Since 

pure rotational motion of CNT 1 around the contact with CNT 2 is desired, contact with the end-effector 

is minimized. This is to avoid the boundary condition observed in both Experiment Set 1 and Procedure 1 

of Experiment Set 2 to the extent possible by minimizing the total contact area. Prior to the first step, 

CNT 1 is positioned on CNT 2 in the desired orientation. Step 1, the end-effector is moved 0.8 µm toward 

the substrate (    direction), causing CNT 1 to rotate about the contacts with CNT 2 and the end-

effector. The small range of motion is maintained in an attempt to ensure the area of the contact ellipse 

does not undergo drastic change, increasing the contact's resistance to slipping. Step 2, the end-effector is 
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moved 0.8 µm away from the substrate (    direction). Step 3, the end-effector is moved an additional 

distance away from the substrate so that the equilibrium orientation of the CNTs is reset to parallel 

relative to the substrate. Step 4, the end-effector is returned to the equilibrium position. In Procedure 2.1, 

steps one through four are repeated for ten runs. 

 

Procedure 2.2 is identical to Procedure 2.1 except that step one is preceded by a step subjecting the CNT 

assembly to ten power cycles of 5.0 V with a 10 µA current limit. Steps one through five are then 

repeated for five runs. 

 

Procedure 3 investigates the effect of the contact area's size on the nano-joint's response to an applied 

moment. This is performed with the two MWCNTs situated in a parallel orientation so that the area can 

be most effectively varied as illustrated in Figure 3.3. It is designed to investigate the maximum force, 

    , that the joint can sustain before inelastic motion between the nano-structures occurs and is 

separated into three sub procedures. Similarly to Procedures 1 and 2, sub-Procedure 3.1 investigates the 

natural joint behavior caused purely by van der Waals force when the contact area is small. Sub-

Procedure 3.2 investigates the augmented joint behavior where the contact has been heat treated (welded) 

using Joule heating. Procedure 3.3 re-positions the tubes so that the overlap area is larger and again 

investigates the natural joint behavior. 

 

The experimental configuration includes the two MWCNTs in a parallel orientation as shown in Figure 

3.11a. Motion of CNT 1 is controlled by attaching it to the end-effector of manipulator 1. Since pure 

rotational motion of CNT 1 around the contact with CNT 2 is again desired, contact with the end-effector 

is minimized. Prior to the first step, CNT 1 is positioned on CNT 2 in the desired orientation. Step 1, the 

end-effector is moved 0.8 µm along the substrate (    direction), causing CNT 1 to rotate about the 

contacts with CNT 2 and the end-effector. Step 2, the end-effector is moved 0.8 µm back along the 

substrate (    direction). Step 3, the end-effector is moved an additional distance away from the 
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substrate so that the equilibrium orientation of the CNTs is reset to parallel. Step 4, the end-effector is 

returned to the equilibrium position. In Procedure 3.1, steps one through four are repeated for ten runs. 

 

Procedure 3.2 is identical to Procedure 3.1 except that step one is preceded by a step subjecting the CNT 

assembly to ten power cycles of 5.0 V with a 10 µA current limit. Steps one through five are then 

repeated for five runs. 

 

Procedure 3.3 is identical to Procedure 3.1 except that the initial orientation has a larger overlapping 

length between the two tubes. Steps one through four are then repeated for ten runs. 

 

Procedure 4 investigates the nonlinear, energy-dissipative nature of the nano-joint when subjected to a 

linearly applied force. This includes studying the maximum force elastically sustained by the joint,     , 

the elastic stiffness of the joint,    , and the hysteretic behavior of the contact's position.   

 

The experimental configuration is identical to Procedure 1 and includes the two MWCNTs in a 

perpendicular orientation as shown in Figure 3.11b with a large area of contact between the end-effector 

and CNT 1. Motion of CNT 1 is controlled using manipulator 1. After the components have been properly 

oriented so that a large length of CNT 1 (  ) is initially positioned beyond CNT 2, the procedure includes 

two steps. Step one, the end-effector is moved in the     direction 2 µm. Step two, the end-effector is 

moved back 2 µm in the     direction.  

 

3.3.2 Experiment 2: Results and Analysis 

 

The primary variable measured and used for analysis in Experiment Set 2 is the deflection of CNT 2, 

      . This is due to CNT 2's role as the nano-scale force sensor used to detect the force transmitted 

between the MWCNTs by means of the adhesive contact. For Procedures 1, 2, and 3, CNT 1 is tube #7 as 
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described in Table 3.1 and CNT 2 is tube #1. For Procedure 3, CNT 1 and CNT 2 are tubes #3 and #2 

respectively. The recorded values for        are listed in Table 3.8. Analysis of the nano-joint proceeds 

from these values.  

 

Table 3.8: Raw data collected during Experiment Set 2 

 

 

Five assumptions are used in the analysis of Experiment Set 2:  

 

1)  During Procedure 1, the adhesion of CNT 1 to the end-effector of manipulator 1 is much stronger 

than the adhesion of CNT 1 to CNT 2, permitting no motion between the end-effector and CNT 1.   

2)  During Procedure 1, all inelastic motion occurs along the length of CNT 1, i.e. the contact between 

CNT 1 and CNT 2 undergoes no rotation, maintaining a relative orientation of     rad.  

3)  During Procedure 2 and Procedure 3, the adhesion of CNT 1 to CNT 2 is much stronger than the 

adhesion of CNT 1 to the end-effector, permitting rotation between the end-effector and CNT 1. 

4)  During Procedure 2 and Procedure 3, all inelastic motion occurs about the region of contact between 

CNT 1 and CNT 2, i.e. the contact between CNT 1 and CNT 2 undergoes no linear motion.  

5)  During Procedure 4, assumptions 1 and 2 are valid. 
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Analyses of Procedures 1-4 use a variation of the beam equation derived for Experiment Set 1. For 

Experiment Set 2 the slope of the cantilever's free end is unconstrained. This leads to the following 

system where Equation (3.20) is the expression for the variable second moment of inertia:  

 

 

with    and    representing the outer and inner radii of the tube at the base,     and    representing the 

slope of the outer and inner walls, and   representing the distance along the undeflected axis of the tube. 

This again leads to the Euler-Bernoulli equation for a variable cross-section beam: 

 

 

where  ( )  is the beam deflection. Equation (3.21) is solved using the following equilibrium and 

boundary conditions when considering an applied force  : 

 

 

 

 

 

where   is the pseudo elastic modulus. For the procedures in which a moment,  , is applied at the 

contact, the equilibrium and boundary conditions become: 

  ( )  
 

 
((      )  (      ) ) 

(3.20) 

 

  ( )     ( )     ( )    ( )     ( )   ( )    (3.21) 

 

   ( )    ( )     ( )   ( )                 (3.22) 

 

   ( )   ( )   (   )               (3.23) 

 

   ( )               (3.24) 

 

  ( )               (3.25) 
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For both systems,   refers to the center of the contact region along the length of the tube. The maximum 

linear elastic force offered by the contact in resisting slip motion is calculated for each condition and 

listed in Table 3.9. 

Table 3.9: Maximum linear elastic force sustained by nano-contact 

 

 

While the high systemic uncertainty hinders inter-process comparison when examining the calculated 

forces, the values are useful in offering an order of magnitude for analysis of the maximum contact 

resistance. However, direct comparison between experimental factors and levels is possible when 

examining the raw displacement data from Table 3.8.   

 

   ( )    ( )     ( )   ( )               (3.26) 

 

   ( )   ( )                 (3.27) 

 

   ( )               (3.28) 

 

  ( )               (3.29) 
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Analysis of Procedure 1 draws from Table 3.8 and Table 3.9. In Procedure 1, two primary results are 

demonstrated. First, it is shown that the contact area is capable of transmitting enough force between the 

MWCNTs to cause a visible deflection. The average deflection of CNT 2 in Procedure 1.1 and 1.2 is 0.38 

µm and 0.80 µm respectively. For comparison, the maximum deflection of CNT 2 (tube #1) due to pure 

adhesion to the micro-cantilever in Experiment Set 1 was 0.99 µm, demonstrating the intuitive result that 

the larger the contact area, the more adhesive force present. Second, a statistical difference is evident 

between the natural and welded performance of the contact. In this example, heat treatment of the contact 

area increased the average maximum sustainable deflection by a factor of two. A series of images 

showing these observations is given in Figure 3.15. Greater detail is observable in Figure 3.16 where the 

linear motion of the contact point (output) is plotted against the commanded input displacement (input) 

for both Procedures 1.1 and 1.2. The slope of the fitted lines for the natural joint is 0.65 ± 0.12 while the 

fitted slope for the characteristic welded line shown is 0.71. This indicates that, while welding increases 

the maximum sustainable force, it does not change the elastic behavior's stiffness. 
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Figure 3.15: Optical images of Procedure 1 with a) demonstration of the natural contact, and b) demonstration of the welded 
contact 
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Figure 3.16: Displacement of the contact point with respect to the commanded input displacement 

 

Analysis of Procedure 2 offers two observations. First, the maximum deflection of CNT 2 due to an 

applied moment is smaller than that due to an applied force as shown in Figure 3.17. The largest average 

deflection observed is 0.11 µm. Second, no statistical difference between the natural and welded contact 

area is observed. To ensure that welding had occurred, Procedure 1.2 was applied to the CNT pair again 

after Procedure 2.2 was performed, i.e. CNT 1 was moved linearly away from CNT 2. Indeed, the 

deflection of CNT 2 did reach the range measured for the welded linear performance, confirming 

successful heat treatment. This may demonstrate that a large moment is required to bend these MWCNTs 

or that the contact has a limited ability to transmit a moment between the structures in this configuration.  
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Figure 3.17: Optical images of Procedure 2 with a) demonstration of the natural contact, and b) demonstration of the welded 
contact 

Analysis of Procedure 3 offers three observations. First, that the natural deflection of CNT 2 due to the 

rotation of CNT 1 is small and statistically similar to that observed in Procedure 2.1. Second, that the heat 

treatment of the joint does produce a statistically larger deflection in this configuration as compared to the 

natural condition. However, the welded deflection is statistically similar to that in Procedure 2.2. This 

suggests that there may be a difference in the deflection between Procedure 2.1 and 2.2 as well but that 

the experimental uncertainty makes the distinction undetectable. Third, the effect of increasing the natural 

contact area is large. The maximum deflection observed with the larger area is more than twice that 

shown for the smaller contact area in the same configuration. This too is in agreement with the 

observation from Experiment Set 1 that the force of adhesion is dependent on the total contact area. 
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Figure 3.18: Optical images of Procedure 3 with a) demonstration of the natural contact, and b) demonstration of the welded 
contact 

Analysis of Procedure 4 offers three observations. First, that the maximum force sustained by the contact 

in this experiment agrees with that observed in Procedure 1.1. Second, that there is a measurable elastic 

component to the nature of the contact prior to the on-set of slipping. Third, a quantitative measurement 

of the energy-dissipative nature of the nano-joint. Each observation is illustrated in the input/output 

behavior of the joint given in Figure 3.19.  
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Figure 3.19: Plot of the nano-joint response to a controlled linear displacement 

The axes in the plot refer to the lateral motion of CNT 1 in the     direction (input) and the 

corresponding lateral motion of the contact point with CNT 2 in the same direction (output). The slope of 

the curve,  , shows that the joint permits elastic motion between the MWCNTs prior to slipping and is 

related to the elastic stiffness of the joint,   , by: 

 

 

where    is the force applied at the joint's contact,      is the length along CNT 2 at which the force is 

applied, and      is the motion of the joint due to the applied displacement,    . As the slope,  , 

approaches 1, the joint becomes increasingly stiff. For Procedure 4, the average value for   is 0.707 ± 

0.098 and is calculated from the linear fit of both the forward (black) and reverse (gray) motion. From this 

observation, a stick-slip model can be constructed for the joint. This includes a linearly elastic region of 

behavior with a stiffness of    and a maximum resistive force of  

 
   

  (         )

        
 

  (         )

   (   )
 

(3.30) 
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beyond which an inelastic slipping behavior occurs. Further refinements may be made to this 

approximation, including a model for the high speed dynamic behavior during slipping, but this 

represents an accurate first order study of the joint.  

 

To summarize the findings of Experiment Set 2: Procedure 1 demonstrated the nano-joint's ability to 

resist rectilinear motion due to an applied force. Procedure 1.1 quantified the maximum force        that 

the joint could elastically withstand naturally while Procedure 1.2 showed how that maximum value could 

be increased through heat treatment. Procedure 2 demonstrated the nano-joint's ability to resist rotational 

motion due to an applied moment. Procedure 2.1 showed that, while small, the ability for the contact to 

resist motion is observable. Procedure 2.2 showed that heat treatment has little observable effect on the 

maximum moment the contact could resist. Procedure 3 demonstrated the effect of the orientation 

between the bodies on the joint's nature. Procedure 3.1, like 2.1, showed that the contact has a limited 

ability to resist an applied moment. Procedure 3.2 showed a greater response to heat treatment, resulting 

in a significant—thought small—difference in the joint's ability to elastically resist motion. Procedure 3.3 

showed that when large regions of the CNTs overlap, much larger forces can be transmitted across the 

contact. This demonstrates the natural dependence of the stiction on the contact area. Procedure 4 

demonstrates the nonlinear, energy-dissipative nature of the joint. Here the hysteretic effect of slipping is 

shown and a first order model is constructed from the results for a stick-slip spring representation of the 

joint. Finally, Experiment 2 also demonstrates the ability for the optical nanomanipulation system to 

successfully assemble nano-scale mechanisms using a dexterous mechanical grasp. SEM images of the 

assemblies used in Procedures 1-4 are shown in Figure 3.20 as further evidence of this ability. 

 

          (        ) (3.31) 
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Figure 3.20: SEM images of the nano-mechanical mechanisms constructed as a part of Experiment Set 2 

 

3.4 Experiment 3: Nano Kinematic Chain 

 

By combining the knowledge of the MWCNTs elastic behavior with the stick-slip nature of the contact 

between multiple MWCNTs previously observed, Experiment Set 3 studies the motion of a closed 

kinematic chain of three MWCNTs. This is accomplished through arranging the MWCNT chain into a 

double-rocker four-bar mechanism with three compliant links and a rigid ground (the substrate). By 
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applying a commanded displacement to one of the rockers, the transmission of motion across two nano-

adhesive joints can be observed. Experiment Set 3 consists of a single procedure which is illustrated in 

Figure 3.21. 

 

Figure 3.21: The experimental approach using three MWCNTs arranged into a four-bar mechanism with a) the set-up and b) an 
applied linear displacement 

3.4.1 Experiment 3: Procedures 

 

In Experiment Set 3 the primary variable of interest is      , the displacement of the MWCNT rocker 

from its equilibrium position. By examining       as CNT 1 is displaced, the elastic behavior of four 

nano-joints connected in a closed chain can be examined. These joints include three that are reinforced 

using Joule welding and one created during the MWCNT sample fabrication process. Together these 

represent a nano-compliant four-bar mechanism. The experimental design is given in Table 3.10. 

 

Table 3.10: Design of Experiment 3 

 

 



88 
 

As in Experiment Set 2, preparing the experimental procedure requires positioning and welding of the 

CNT structures. This involves the cutting of MWCNTs from the surface of the substrate, dexterous 

manipulation of the structures into position, and welding of the MWCNTs into place (either onto the end-

effector, the contacting nanotube, or the substrate). All operations are performed using the same 

preoperational procedures outlined in Experiment Set 2.  

 

The Procedure investigates the kinematic motion of the nano four-bar mechanism by applying a 

controlled displacement to free end of CNT 1 and consists of three steps. Step one, with the electrical 

continuity system activated, the end-effector is moved along the substrate in     direction until contact 

with the rocker is detected; after which the electrical system is deactivated. Step two, the end-effector is 

moved in the     direction 0.80 µm. Step three, the end-effector is reversed 0.80 µm in the     

direction. Steps two and three are repeated ten times. 

 

3.4.2 Experiment 3: Results and Analysis 

 

Optical images capturing the experimental configuration and procedure are shown in Figure 3.22. From 

these images the orientation of the links is evident, where both rockers are positioned near vertical 

relative to the substrate while the coupler is positioned at an angle sloping up and away from the end-

effector. The mechanism is constructed from MWCNTs #5, #6, and #10. Tube #6 and #10 are firmly 

attached to the substrate 3.5 µm apart. Tube # 5 is attached to tube #6 a distance of 6.1 µm from the 

substrate and tube #10 a distance of 7.8 µm from the substrate. The location of the input commanded 

displacement is 6.5 µm along CNT #6 as measured from the substrate which is approximately 0.4 µm 

above the joint with CNT #5. The joint between CNT #5 and CNT #10 is chosen as the output of the 

mechanism. 
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Figure 3.22: Optical image of Experiment 3 where a) shows the relative placement of components and b) shows the procedure 

 

The input/output behavior of the mechanism is plotted for the ten runs in Figure 3.23. The input is 

measured as the displacement provided by the end-effector to CNT 1 and the output is measured as the 

resulting motion of the joint between CNT 2 and CNT 3. Multiple effects are compounded in this plot 

including the elastic behavior of the links, the joints, and the kinematics of the configuration. The plot 

also shows that each joint remains within its elastic region of behavior. 



90 
 

 

Figure 3.23: Plot of the nano four-bar mechanism response to a controlled linear displacement 

 

 

Figure 3.24: SEM images of the nano-mechanical mechanism constructed as a part of Experiment Set 3 
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In summary, Experiment 3 applies and demonstrates the knowledge gathered from Experiments 1 and 2 to 

construct a closed-chain kinematic mechanism from nanoscopic components. The prominent observation 

from this experiment is the successful transmission of motion across three nanoscopic bodies. 

 

3.5 Discussion and Conclusions 

 

Chapter 3 has presented a broad range of experimental investigations used to pursue an understanding of 

the mechanics and kinematics of both MWCNTs in contact with the end-effectors of a nanomanipulation 

system and one-another. This is with the aim of advancing the technique of contact nanomanipulation for 

the assembly of nano-mechanical structures and mechanisms. Three sets of experiments have been 

reported which each investigating different mechanical aspects associated with nanomanipulation; 

specifically the dexterous grasp of nanoscopic objects.  

 

Experiment Set 1 has shown how dry adhesion, caused by van der Waals forces, greatly affects the 

interaction between a MWCNT and a nanomanipulation system's end-effector. This is with regard to the 

available loading configurations and the contact's ability to apply both a positive and negative force to the 

surface of an object. Additionally, Experiment Set 1 offered quantitative measurement of the bending 

stiffness of large diameter, stacked-cone MWCNTs, the pull-off force between the MWCNT and end-

effector, and an estimation for the pseudo-elastic modulus of the MWCNT structure. 

 

Experiment Set 2 has demonstrated the nature of the unique nonlinear, energy-dissipative, nonholonomic 

nano-joint formed between two MWCNTs. This was performed through constructing various 

arrangements of MWCNT kinematic pairs and systematically exploring how the orientation, motion, and 

condition of the bodies at the contact affected the joint's behavior. Through this it has been shown that 1) 

the total area of contact greatly effects the joint's ability to elastically resist motion, 2) for the same 

contact area, the joint resists linear motion to a greater extent than it does rotational motion, 3) Joule 
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heating does have a measurable effect on the maximum force with which the joint can resist inelastic 

motion, and 4) once slipping is induced, a hysteretic behavior is observed in the position of the contact 

between the MWCNTs in the pair.  

 

Experiment Set 3 combines the finding of Set 1 and 2 in the construction and operation of a four-link 

nano-scale assembly. This assembly constitutes a double-rocker four-bar mechanism with three flexible 

links. Through controlling the displacement of the end of one of the rockers, the deflection of the other 

rocker is measured and analyzed. This demonstrates the ability to assemble MWCNTs to form working, 

compliant nanoscopic mechanisms where the links are joined by the nano-scale adhesive joint 

investigated in Experiment Set 2. 

 

In all, the experimental observations reported in this chapter constitute a concerted effort towards the 

advancement of contact nanomanipulation and assembly through investigating flexible nano-structures 

and adhesive nano-joints. 
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4 MECHANICS AND KINEMATICS OF NANOMANIPULATION: MODELING 

 

Formulating an accurate model of nano-scale multibody dynamics is an important step toward realizing 

controllable, automated nanomanipulation and assembly systems. Two features appear to play a dominant 

role in the dynamics of the nano-mechanical systems studied here: the flexible nature of the links and the 

nonlinear, nonconservative, nonholonomic nature of the adhesive nano-joints. Capturing these features in 

a model may aid in the creation of complex, spatially oriented, nanoscopic structures and mechanisms 

formed from CNTs. 

 

In pursuit of controlled nano-assembly, this chapter utilizes the observations gathered in Chapter 3 to 

formulate a first stage model for the elastic behavior of nanoscopic multibody systems consisting of 

flexible linkages constrained by adhesive joints. This model pertains only to the steady-state, linearly 

elastic region of behavior for planar bodies prior to slipping. However, it is formulated in such a way as 

to facilitate future expansion into the nonlinear regime and includes suggestions for the pursuit of that 

goal. This is achieved by formulating the equations of motion using Lagrangian differential algebraic 

equations which are well suited for solving flexible (under-actuated), nonlinear, non-conservative 

systems. For the steady-state, conservative system studied in this chapter, the equations of motion are 

reduced and solved for using a nonlinear optimization routine that minimizes the system’s total potential 

energy. The model’s description is separated into seven sections: kinematics of single-body and dual-

body systems, kinetics of multibody systems, formulation of the equations of motion, formulation of the 

nano-body system, methods for solving the equations of motion, model validation and solutions, and 

discussion of the results with concluding remarks. 
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4.1 Kinematics 

 

To facilitate the model description, this section offers a brief introduction to the nomenclature used to 

represent the motion of bodies; both individually and as a constrained pair. This includes the variables for 

the position, velocity, and acceleration of bodies, points on a body, and select constraint equations. While 

various systems of symbols are commonly employed to describe these relationships, the nomenclature 

used here generally follows that of Shabana presented in [138]. 

4.1.1 Single Body 

 

For a single body subject to planar motion, three quantities are required to fully describe its location at the 

position level. These quantities are referred to as the generalized coordinates. In the Cartesian system, 

they are the lateral positions,   and  , and the orientation,   about  . For each body,  , these are grouped 

together to form:  

 

The velocity (4.2) and acceleration (4.3) levels of the generalized coordinates follow by taking successive 

time derivatives of Equation (4.1): 

 

 

 

where the quantities accented by one and two dots represent the first and second time derivatives of the 

variable respectively. Likewise, the location of point   on body   can be described as: 
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where    [   
 ( )    

 ( )]
 
 locates the origin of the body’s reference frame,   ( ) is the orientation of 

the body in the global reference frame,   (  )  is the rotation matrix, and  

 ̅ 
  [  ̅ 

 ( )   ̅ 
 ( )]  is the position of point   in the body’s frame of reference. With     

representing rotation in the counter-clockwise direction about  , the rotation matrix can be written as: 

 

 

Assuming for generality that the position of  ̅ 
  can vary with time, the velocity of    

  is: 

 

 

where  

 

The expression for the acceleration of   
  follows: 

 

 

This series of equations, (4.1) – (4.8), can be used to describe the motion of a planar body and a point 

moving on that body. From these relationships, constraints governing the coupled behavior of two bodies 

can be described. 
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4.1.2 Two Body 

 

Constraint equations describe the position-level relationships restricting either the motion of a single body 

or those of multiple coupled bodies. The system of these relationships is represented in the constraint 

matrix,  . For the MWCNT mechanisms, this matrix includes sets of commanded displacements and 

kinematic joints.  

 

Direct constraint on the pose of a body or the location of a point on a body can take the form of: 

 

or 

 

where    [  
 ( )   

 ( )   
 ( )]  and   

  [   
 ( )    

 ( )] . Inter-body joints are described in a 

similar manner. For a revolute joint—where two bodies are connected at a point around which both may 

rotate—the constraint relationship can be formulated as:  

 

 

where  ̅ 
  and  ̅ 

 
 are constant. The position variable  ̅  may also vary with time. Under certain 

conditions, such as when describing surface contact between bodies, it may be beneficial to parameterize 

 ̅  as a function of  : 
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where the vector    [   
    

      
 ]

 
can accompany the vector    in describing the position of 

body   using    additional variables. In this case,    can also be described at the position, velocity, and 

acceleration level: 

 

 

 

Each individual constraint can be combined into a system at the position level using matrix notation: 

 

 

 

For a system with explicit dependencies on pose ( ), secondary parameters ( ), and time ( ) the velocity 

level constrain matrix takes the form: 
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Likewise, the acceleration level constraint matrix can be expressed as: 

 

 

where 

 

 

 

 

 

 

 

Together, the equations offered in this section describe some of the basic kinematic relationships of free 

and constrained bodies which will be useful in describing the nano-mechanical system presented in this 

work.  

4.2 Kinetics 

 

The kinematics of section 4.1 is combined with kinetics to formulate a compact, generalized system of 

equations, describing how the various forces affect a nano-multibody system.  Kinetics relates the motion 

of a body to the efforts or causes of the motion; that being forces and moments in this study. Lagrangian 
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mechanics offers an elegant method for describing this relationship. For non-conservative systems in 

which a body—having both kinetic energy,  , and potential energy,  —can lose energy due to 

dissipation,  , the generalize formulation of the energies can be written as:  

 

 

 

 

For a multibody system, the total kinetic, potential, and dissipative energy is the sum of the energy of 

each individual body,  , over the total number of bodies,   : 

 

 

 

 

Using the nomenclature presented in section 4.1, the energies associated with the motion of a rigid body, 

—where its frame of reference is coincident with its center of mass—can be written as: 
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with    representing the inertial mass of the body and    representing the mass moment of inertia. The 

various forms of energy in the system are related through the Lagrangian equation: 

 

 

where   is the Lagrangian function: 

 

 

This formulation assumes that     ̇⁄   , which is maintained in this system. The result given in (4.36) 

is a system of second-order differential equations describing the motion of bodies subject to non-

conservative forces, without the constraints explicitly stated. This is a basis for formulating the equations 

of motion for constrained systems. 

 

4.3 Equations of Motion for Constrained Systems 

 

The Euler-Lagrange formulation expands on Equation (4.36) by introducing the Lagrangian multiplier,  , 

which accounts for the forces maintaining the algebraic constraints,  . The result is a coupled system of 

both differential and algebraic equations (DAEs): 
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While general, this formulation is not readily solved using computational methods. To address this issue, 

the system can be reformulated by: evaluating the partial derivatives of Equation (4.38), putting the 

generalized coordinates in a state space representation, and explicitly including the external forcing 

functions,    (sources of effort). Doing so results in the generalized index-3 Lagrangian DAEs (LDAEs) 

for constrained dynamics presented in [139]:  

 

 

 

 

where the mass matrix,  , is: 

 

 

and   , which includes the terms that are generally quadratic with respect to the coordinates,  , is: 

 

 

By adding both velocity (flow) and force (effort) constraints to equations (4.40) – (4.42), the equations of 

motion for a broad variety of physical systems can be captured in this form. In addition to its generality, 

"this approach to systems modeling is particularly attractive for physical systems that involve a large 

number of variables, or systems that contain nonlinear constraints," [139], such as found in flexible 

MWCNT multibody systems.  
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For the potential configuration of bodies and constraints present in the MWCNT mechanism, the LDAE 

system can be further refined and expanded. This includes the parameterized variables,  , for contact 

between surfaces as described in [138] and the derivatives of the constraint matrix, relating the 

acceleration level of the kinematic constraints to the kinetic equations: 

 

 

 

 

 

 

 

 

where        ⁄  and        ⁄ . This represents a generalized formulation for the equations of 

motion of constrained multibody systems. With the judicious choice of the methods for modeling flexible 

bodies and the stick-slip nano-joint, this generalized formulation may be applied to multibody CNT 

systems.  
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4.4 Formulation of the Nano-mechanical System 

 

Two primary features are considered in the formulation of the nano-mechanical system: the flexible 

nature of the linkages and the nonlinear, energy dissipative behavior of the adhesive joints constraining 

them. Models for both the bodies and joints are presented in this section. 

4.4.1 Flexible Bodies 

 

Chapter 3 demonstrated the MWCNTs ability to undergo large deflections elastically, which plays a 

significant role in the kinematics and kinetics of manipulating these nano-structures. Flexible-body 

motion differs from that of a rigid body (described in sections 4.1 and 4.2) in that separate regions of the 

same body are allowed to move relative to one another as the body deforms. Accordingly, the mass 

matrix varies with time as the distribution of the body's inertia changes with the shape. This greatly 

complicates the description of the body's kinematics and kinetics.  

 

Various methods exist for describing the behavior of flexible linkages in multibody dynamics. Compliant-

segmentation [140] is one such method in which flexible bodies are discretized into a collection of rigid 

segments. Each segment is coupled by a kinematic constraint and a force element for the purpose of 

mimicking the behavior of the flexible body. This method is a bridge between classic multibody 

formulations and finite element methods. It is beneficial in that the origin of the segment's reference 

frame can remain coincident with its center of mass throughout the motion and that the inertial matrix for 

each segment remains constant. For these reasons, and its ability to be readily integrated with the general 

LDAE formulation, compliant-segmentation is used to describe the flexible MWCNT in this model. To 

illustrate this concept, a compliant-segment representation of a planar flexible beam is shown in Figure 

4.1 where multiple segments are connected by revolute joints and influenced by torsion-spring force 

elements.  
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Figure 4.1: Model of a flexible beam  representation using compliant-segmentation 

Here each segment in connected by means of a revolute constraint where the position vectors,  ̅ , are 

constant: 

 

with the superscripts   and   referring to adjacent segments in the beam. The moments,    and   , and 

potential energy,     , of the accompanying torsion spring are: 
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For the variable radii MWCNTs, each segment's frame of reference is fixed to its center of mass. The 

location of the frame's origin and the segment's inertial characteristics are determined by assuming the 

simplified geometry described in Chapter 2. Accordingly, the volume of each segment is the volume of a 

truncated hollow cone: 

 

where the subscript   denotes a solid volume, the subscript     refers to the cone forming the outer wall, 

and the subscript    refers to the cone forming the inner wall. Here 

 

 

describes the volume for a truncated solid cone where   is the length of the segment,   
  is the radius of 

the cone's bottom surface, and   
  is the radius of the cone's top surface. Assuming a constant density,  , 

the center of mass of the tubular segment is located along the axis of the tube a distance   
  from the 

base: 

 

where     
  is the mass center of each solid cone: 

 

 

The linear and rotational inertia are calculated using the hollow volume and the mass center point. The 

linear inertial mass is:  
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The segment's mass moment of inertia is calculated using [141] about the base of the hollow cone. Here, 

  ( ) is the curve representing the inner wall of the tube along the segment's length  , and   ( ) is the 

curve of the outer wall. 

 

 

 

Using the parallel axis theorem, the moment of inertia about the mass center point is given by: 

 

 

 

where      
 . Given Equations (4.57) – (4.65), the reference frame and inertial constants for each 

segment can be determined. 

 

Two factors greatly influence the accuracy of compliant-segment models: the number of segments,   , 

and the magnitude of the force elements,   . As the number of segments is increased, the chain of rigid 

bodies can more closely approximate the true curve of the flexible beam. This comes at the cost of 

increasing the number of generalized coordinates in the multibody formulation. By tuning the stiffness of 

the springs, the number of segments can be minimized to achieve both accuracy and decrease 

computational time. Optimization of the number of elements and the stiffness of the springs for general 
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loading conditions has not been previously reported to the author's knowledge. Due to the importance of 

the flexible body's performance in the system, optimization is performed in section 4.6 during model 

validation. 

 

4.4.2 Nano Stick-Slip Joint 

 

In addition to the flexible elastic nature of MWCNTs, Chapter 3 demonstrated the unique stick-slip 

behavior of the contact between MWCNTs. Representing this behavior in the equations of motion for 

nano-multibody systems may prove pivotal in constructing high-precision, automated nanomanipulation 

systems. Three primary characteristics of the joint were demonstrated: 1) the elastic response near the 

equilibrium configuration, 2) the inelastic response beyond a specific, repeatable threshold, and 3) the 

dependence of the elastic response on contact area size. Each characteristic must be represented in the 

joint model so as to fully represent the nano stick-slip joint. While this model is only an initial 

investigation—and as such is solely concerned with the elastic region of behavior—suggestions for 

implementing the inelastic response are also presented. 

 

Elastic Response: The contact's elastic region of behavior between bodies,   and  , can be represented by 

a simple linear spring with a stiffness    as demonstrated in Section 3.3.2. The force vector exerted by the 

spring,   , is a function of the displacement between the equilibrium contact points on each body,   
  and 
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with a corresponding potential energy: 

 

 

where  ̅ 
  [ ̅   

  ̅   
 ] is the vector of the contact point in segment  's body frame of reference.  

 

Due to the potential slipping behavior of the joint, both   
  and   

 
 cannot necessarily be fixed in a 

particular segment's frame of reference. One solution is to locate the these points along smooth 

parameterized curves   ( (  
 )  (  

 )) and   ( (  
 
)  (  

 
)) fixed to each body, which intersect the 

the mass center points of the three nearest segments to the contact region along with the point of contact 

itself as illustrated in Figure 4.2. Such curves can be represented by seventh degree polynomials where 

the coefficients are determined by the location of the intersection points, the orientation of the segments, 

and the angles of each body. Necessarily, as the bodies deform these curves must be recalculated, either 

regarding their coefficients and/or the segments they connect as the contact point slides along the body. 

The resulting kinematic constraint is given in Equation (4.69). Since this investigation is only concerned 

with the elastic region of behavior, relative motion of the contact's equilibrium position does not occur, 

and hence the use of parameterized curves is a suggested solution for future consideration. Still, the 

concept is presented here for completeness. 
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Figure 4.2: Diagram of the equilibrium contact points between bodies   and   located along the parameterized curves  
 
and  

 
. 

 

 

Inelastic Response: Likewise for completeness, a description of the spring’s inelastic behavior is offered. 

An initial representation of the complete joint combines the contact's inelastic region of behavior with the 

elastic joint model. It was observed in Chapter 3 that the joint’s resistive force reaches a maximum 

beyond which the equilibrium point beings to move. For planar motion, this can be thought of as a system 

of stick-slip springs as illustrated in Figure 4.3. 
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Figure 4.3: A schematic model of a system of stick-slip springs influencing the DOF of planar motion. 

To capture this phenomenon in a preliminary model, the spring’s linear behavior is modified to include a 

limit on its available resistive force. This is accomplished by applying two discrete Heaviside step 

function to the linear spring at the stick-slip transitions, one in either direction: 

 

 

where   is the displacement between the equilibrium contact points on each body along one of the DOF 

(  ,   , or  ). Equation (4.70) is then modified to form a continuous function by substituting the Heaviside 

step function with the analytic approximation: 

 

 

where in practice     . The nonlinear spring model is plotted in Figure 4.3 with      to illustrate 

the smooth transition. The corresponding potential energy is: 
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Figure 4.4: Nonlinear spring force vs. displacement plot 

 

Spring systems featuring a greater complexity in their formulations can also be used if future experiments 

refine the understanding of the adhesive contact's dynamic behavior. Such stick-slip systems are used in 

the modeling of nonlinear, energy dissipative behavior in the analysis of materials [142] and may prove 

useful in future multibody formulations that include this nano-joint configuration.  

 

Whether using the simple linear spring model (Equations (4.66) – (4.68)), a single nonlinear spring model 

(Equations (4.70) – (4.72)), or a more complex system of nonlinear springs [142] to represent the force 

acting in each direction at the contact, the internal force vector for the joined segments can be represented 

by: 
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which can also be written as 

 

 

Equation (4.76) is the internal force acting on the segment from the spring element. It transforms the force 

of the nonlinear spring element into an equivalent force-moment system acting at the mass center of the 

segment. 

 

Contact Area Size: The dependence of the joint's elastic stiffness on the size of the contact area is due to 

the energy associated with surface area formation as described in Chapter 3. While it is difficult to 

directly observe how the surface area between two contacting MWCNTs changes, adhesive-contact 

mechanics offers a means of approximating the relationship. For two cylinders,   and  , oriented 

perpendicularly to one another, the contact area can be approximated as a circle with a radius    (see 

Section 3.1). As the cylinders rotate about the contact, the area becomes increasingly eccentric as 

illustrated in Figure 4.5. This progresses until the area becomes approximately rectangular with a width, 

 , equal to the diameter of the circular contact area and a length,  , dependent on the resulting overlap 

between the bodies. For non-parallel orientations of cylinders   and  , the boundary of the contact area 

can be described in the global frame of reference by: 
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where     is a point along the boundary,   
  

 is the vector to the center of the contact area,   is the planar 

rotation matrix,    is the angle of the elliptical apogee in the global reference frame,  ̅ 
  

 is a vector to the 

boundary in the contact's frame of reference, and  ̅  is the angle around the boundary in the contact's 

frame of reference. Here: 

 

where the magnitudes of the apogee ( ) and perigee ( ) are:  

 

 

 

Here,    refers to the smallest angle (or gap angle) between the two body segments. At       the 

bodies are perpendicularly oriented and     , which describes the circular contact area. As the bodies 

rotate toward a parallel orientation,    decreases and   grows. At      ,   is infinite and the contact 

area is approximately rectangular. Subsequently, by mapping the boundary of the contact area using 

(4.77) – (4.80), all of the segments in each body that fall within the contact area can be determined. 
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Figure 4.5: Approximation of the contact area boundary between two MWCNTs 

In this model, the segments within the boundary are then given an additional constraint that fixes their 

relative orientation to one another while in the contact area as shown in (4.81). This approximates the 

effect in which the adhesion influences not just the segments centered within the contact area, but all of 

the segments within the boundary. These additional constraints are illustrated for body   and are identical 

for body  : 

 



115 
 

 

where   through    are the segments within the contact area in body  , and   is the angle between the 

adjacent segments while inside the boundary. As the center of the contact area slips along the curves 

parameterized by   or the bodies rotate about one another,    and    necessarily change, requiring the 

system to be reformulated which can be performed automatically. 

 

Together, the model for the linear and nonlinear behavior of the springs and the variable contact area offer 

a means by which to capture the adhesive joint’s influence on the dynamics of the MWCNT assemblies. 

 

4.4.3 Nano-mechanical System 

 

The equations of motion for the nano-mechanical system are formulated using the models for the flexible 

bodies and the adhesive joints. The kinematic constraint matrix,  (     ) , includes: the compliant-

segment representation for each flexible body (4.52), the fixed segments occupying the contact area 

(4.81), the ground constraints (4.9), the commanded displacements (4.10), and the contact points between 

the bodies (4.69). The internal force matrix,   , includes: the contribution of the compliant-segment 

springs (4.56) and of the nonlinear stick-slip spring (4.76). Finally, the mass matrix,  , includes the 

linear (4.61) and rotational (4.65) inertial terms. Additional sources of effort,   , can be added instead of 

or in addition to the commanded displacement terms. These matrices are combined into the LDAE system 

given in (4.45) – (4.51) to form the equations of motion for the nano-mechanical system. 
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4.5 Solutions to the Equations of Motion 

 

Numerous methods for solving the equations of motion have been produced in the field of multibody 

dynamics. The LDAE system given in Section 4.3 is formulated with the constraint forces explicitly 

stated. This results in a general applicability, it allows for nonlinear constraint forces to be easily 

implemented, and it is well suit for numeric evaluation [139].  Other formulations of the equations-of-

motion are offered in literature and may be based on either the constraint forces or the system's DOF 

[138]. In general, these reduce the DAE to a system of differential equations and solves it using standard 

numeric techniques. The under-actuated, nonlinear nature of the nano-mechanical system here does not 

lend itself to these more compact, efficient, formulations.  

 

Instead the entire system is solved using implicit integration [139]. This can be accomplished in an 

effective manner by reducing the index-3 LDAE in Section 4.3 to a Gear, Gupta, and Leimkuhler (GGL) 

index-2 DAE form: 

 

 

 

 

 

 

 

 

  ̇      
      (4.82) 

  ̇      
      (4.83) 

   ̇    
   (        )    (4.84) 

   
     (4.85) 

     (4.86) 

              (4.87) 



117 
 

where    and    are additional multipliers associated with the Jacobians of the constrain matrix,    and 

  . The GGL index-2 reduction method transforms the index-3 system by removing the acceleration level 

constraint equation while adding the vector of multipliers. Using a state space representation, this system 

can be written as: 

 

where  

 

and 

 

For the steady-state or quasi-static solution to the nano-mechanical LDAE system in the elastic region of 

behavior, Equations (4.82) – (4.87) can be further reduced to:  

 

 

with 

 

which results in  

 

This is possible because in the elastic region of behavior the system is conservative. Here the locations of 

the contacts resulting from adhesion do not change (removing the need for  ) and all flow parameters are 

zero (removing   ,  , and the associated state variables). Solving and analyzing the reduced system of 

equations is the focus of the remainder of Chapter 4. 
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Equation (4.94) is solved for by minimizing the total potential energy of the system,  (  ), through the 

use of a numeric nonlinear optimization routine: 

 

 

 subject to 

 

Vector   contains the potential of the compliant-segment springs given in Equations (4.55) and the nano-

joints given in Equation (4.68). The model is constructed in MATLAB and solved for using the function 

fmincon.m, available as part of the Optimization Toolbox.  

 

4.6 Model Validation and Solutions 

 

Applying the reduced equations of motion to the MWCNT mechanisms presented in Chapter 3 is 

performed in two parts. First the model is calibrated and validated using a series of benchmarks. Then 

select nano-mechanisms are modeled and compared to the experimentally observed behavior. 

 

4.6.1 Validation 

 

Confirmation of the model's accuracy is achieved by comparing the steady-state solution for    to those 

given by commercial finite element software. As discussed in Section 4.4.1, the accuracy of compliant-

segmentation for approximating the deflection of beams and linkages is dependent on both the number of 

segments,  , used as well as the stiffness of the torsion springs acting at the segment joints, . In [140] the 

spring stiffness is calculated as: 

 

       
 (  ) (4.95) 

   (  )    (4.96) 
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where   is the length of the segment,   is the second moment of area, and   is the elastic modulus. This is 

formulated by analytically determining the bending stiffness of a cantilever subjected to an applied 

moment,  , at the tip. This assumption is tested to determine how Equation (4.97) might be altered to 

minimize the total number of segments necessary while maintaining accuracy for both applied moments 

and lateral loads. To do so, the cantilever stiffness is analyzed analytically under various loading 

conditions using the Euler-Bernoulli beam equation: 

 

 

Equation (4.98) is solved for  ( ) using the following equilibrium and boundary conditions. 

 

Loading Configuration A: Lateral Force,  , applied to the tip: 
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Loading Configuration B: Moment,  , applied about the tip: 

 

 

 

 

 

For Configuration A, with   ( )     ( )   , the steady-state solutions at the tip gives: 

 

 

 

 

For Configuration B, with   ( )     ( )   , the steady-state solutions at the tip gives: 
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By comparing Equations (4.109) and (4.112), it can be seen that if Equation (4.97) is implemented in a 

compliant-segment model without regards to the manner in which the load is applied then the error in    

may be as high as 200% when only one segment (   ) is used.  

 

This dependency on the loading configuration is explored by comparing the tip deflection, tip slope, and 

shape of a simple cantilever using: (1) the Equations (4.95) – (4.96) and (2) COMSOL Multiphysic v3.3, 

3D structural mechanics static module. The model parameters are given in Table 4.1.  

 

Table 4.1: Material, shape, and loading conditions used in initial model validation. 

 

 

For the reduced LDAE model, the deflection  ( ) and slope   ( ) are calculated at the tip of each 

segment,  , for configurations with    1, 2, 4, 8, 16, and 32 total segments. The dependency on   and   

is then determined by inspection for Configuration A and Configuration B: 

 

 

cross section

profile

r 0.015 [m]

L 0.500 [m]

I 3.976E-08 [m4]

material

E 2E+11 [Pa]

ρ 7850 [kg/m3]

ν 0.26 [ - ]

P 22.24 [N]

constant

Geometric Properties

Materail Properties

ASTM A36 Steel

Load

Shape

circular solid
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)(

(      ) 

   ) (4.113) 
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The absolute errors between Equations (4.113) – (4.116) and the analytic equivalents, (4.107), (4.108), 

(4.110), and (4.111), are systematically evaluated in a loop for a given load (  or     ). The total 

number of segments is increased by       until the absolute error for    ,   ,   , and    are below 

1%. This method determines that for a cantilever with a constant circular cross-section, 100 segments of 

the beam are required to reach the desired accuracy.  

 

In an attempt to reduce the total number of segments needed, a scaling factor,  , is introduced to the 

calculated stiffness   . This alters Equations (4.113) and (4.115), multiplying the right-hand side by (  

 ). Another search routine is then executed where for each  ,   is varied until a minimum in the absolute 

error is reached. The search is terminated when the minimum absolute error for Equations (4.113) – 

(4.116) for the current value of   are all below the desired tolerance. The resulting values for      and   

are given in Table 4.2. 

 

Table 4.2: The effect of scaling factor c on the minimum number of segments needed for a given accuracy 

 

 

| error | c n min

1.0% 1.000000 100

1.0% 1.009997 88

1.5% 1.018211 58

2.0% 1.020103 44
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While the dependency of   and   on   and   can be determined by inspection for constant cross-section 

beams, the relationship shows an undetermined dependency on    ,   ,   , and    for the variable cross-

section tubes. As a first approximation, the values for the constant cross-section beam with 2% accuracy 

are used throughout the remainder of this chapter to model flexible beams with variable cross-section. 

 

4.6.2 Solutions 

 

Three configurations of MWCNT beams are used to demonstrate the use of the reduced LDAE system: 1) 

a single MWCNT undergoing a commanded displacement of the tip with a fixed slope at the tip, 2) two 

MWCNTs oriented orthogonally, connected by a linear nano-joint, with the horizontal link undergoing a 

commanded displacement, and 3) three MWCNTs assembled into a four-bar mechanism with one of the 

rockers undergoing a commanded displacement. These three demonstrations mimic portions of the 

experimental procedures described in Chapter 3. 

 

Demonstration 1 mimics the forward bending procedure from Experiment Set 1 in Chapter 3, using 

MWCNT #8 from Table 3.1 oriented perpendicular to the substrate. The base segment is firmly attached 

to ground with    [                        ] , and the segment 8.0 µm from the base (tip, 

    ) is rotationally constrained. The tip segment is then subjected to a 0.89 µm displacement parallel 

to the surface of the substrate which is the average recorded for this MWCNT during the experiment. The 

resulting deformed shape is shown in Figure 4.6. At equilibrium, the end of the tip segment is located at 

     [                 ] . The final tip location deviates from 8.0 µm for two reasons: (1) each 

segment is assumed to be rigid, prohibiting strain in the model, (2) unlike in the experiment where the 

adhered length of the tube may slip off of the cantilever to make up for this change in length, the model 

only accounts for the 8.0 µm that is initially 'free' from contact with the cantilever. 
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Figure 4.6: Schematic representations of demonstration 1 where a single MWCNT is subject to a command displacement at its tip 

 

Demonstration 2 uses MWCNTs #1 and #7 to form a two link mechanism joined by a linear nano-joint, 

representing Procedures 1.1 and 1.2 from Experiment Set 2.  Tube #1 is fixed to the substrate at its base 

with      
  [                        ]  and the orientation of tube #7's base is fixed 

perpendicularly to Tube #1 with an initial location of      
  [                            ] . 

Tube #7 is then subjected to a 0.59 µm displacement parallel to the substrate. The magnitude of this 

displacement is chosen by dividing the measured deflection of the contact point,         µm (shown in 
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Table 3.8, Proc. 1.1) by the average slope of the input/output curve,       , (shown in Figure 3.16) 

used to determine the contact stiffness,   .  The resulting deformation is illustrated in Figure 4.7 which 

shows the contact moving      µm and the angle between the bodies in contact increasing to        rad. 

This increase in the displacement can be attributed to the uncertainty in knowing the precise section of 

CNT #7 occupying the gap between the manipulator and the contact as well as the fact that the entire 

CNT is discretized into 44 segments instead of just the gap region (reducing the number of segments in 

the deflected region which decreases the accuracy of the model). 

 

 

Figure 4.7: Schematic representations of demonstration 2 where a two-linke MWCNT chain is subjected to a commanded 
displacement 
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Demonstration 3 uses MWCNTs #5, #6, and #10 to form a double-rocker four-bar mechanism 

representing Experiment Set 3 from Chapter 3. Tube #6 and #10 are firmly attached to the substrate 3.5 

µm apart. Tube # 5 is attached to tube #6 a distance of 6.1 µm from the substrate and tube #10 a distance 

of 7.8 µm from the substrate. Tube #6 undergoes a commanded displacement applied at a segment 6.5 µm 

from the base for a distance of 0.80 µm toward Tube #10, parallel to the substrate. The result is shown in 

Figure 4.8. Experimentally, the output was observed to move 0.35 µm along    while in this model the 

displacement is closer to 0.35 µm. Additionally, CNT #6 exhibits a larger radius of curvature than that 

experimentally observed. These differences may be attributed to model and measurement uncertainty 

 

 

Figure 4.8: Schematic representations ofdemonstration 3 showing the activation of a four-bar MWCNT mechanism 
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Each demonstration (1-3) provides a model analogous to portions of the experiments performed in 

Chapter 3. When the uncertainty in the experimental measurement and the accuracy of the model are 

combined in quadrature, the resulting expected uncertainty in Demonstration 1 is 9.2%, in Demonstration 

2 it is 29.2%, and in Demonstration 3 it is 25.3%. When accounting for this uncertainty, all three models 

show motion similar to that experimentally observed.  

 

4.7 Discussion and Conclusion 

 

Chapter 4 has presented an approach to modeling the nano-scale adhesive joint behavior as part of a 

multibody system. This has been performed in the pursuit of a model capable of capturing the nonlinear, 

nonconservative, nonholonomic behavior of the nano-joint. To that end, a generalized model has been 

formulated using LDAEs addressing both the flexible nature of the nanoscopic components and the 

nonlinear nature of the joints. Suggestions have been presenting as to how the model may be expanding to 

encompass the full range of behaviors observed in Chapter 3. Additionally, solutions to various 

configurations have been presented as a demonstration of nano-multibody modeling under restricted 

conditions. Capturing the full behavior of the nano-joint in a multibody model may advance the abilities 

to controllably, automatically manipulate and assemble nano-mechanical mechanisms using contact 

techniques. 
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5 CLOSURE 

 

5.1 Conclusion 

 

Motivated by the potential engineering and societal benefits of advancing assembly-based 

nanomanufacturing, this work has pursued experimental and theoretical investigations into a select set of 

fundamental scientific issues central to enabling the manipulation of MWCNTs. This has included three 

specific aims: (1) the observation of MWCNTs and measurement of their structural and pseudo-material 

properties, (2) the observation and characterization of the 'joint-like' contact formed between nano-scale 

bodies in certain configurations, and (3) the validation of an initial model mathematically capturing the 

observed kinematics. These objectives have been successfully realized in this thesis work. The remainder 

of this chapter summarizes the actives performed, results and conclusions from each research objective, 

the research contributions, and proposed improvements for future work. 

 

5.1.1 Specific Aim 1 

 

The first aim sought to observe and measure the structural properties of MWCNTs for use in contact 

nano-manipulation. This included creating the means by which to visualize and manipulate MWCNTs as 

well as investigating the extent to which conventional continuum mechanics can be used to model the 

observed behavior. A novel, dexterous nanomanipulation system was successfully constructed as part of 

this aim with the capability of repeatedly exploring the mechanical manipulation of specific MWCNTs. 

Through the use of this system, ten specific MWCNTs were identified and characterized with regards to 

their structural stiffness, pseudo-elastic modulus, and deflected shape. It was found that (1) the structural 

stiffness varied with the geometry of the tube, (2) the pseudo-elastic modulus was lower than expected 

and may vary greatly between tubes, and (3) even with the uncertainty in the material elasticity, the Euler-

Bernoulli beam equation could be used to give a reliable approximation of the deformed MWCNT shape. 
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5.1.2 Specific Aim 2 

 

The second aim sought to observe and measure the adhesion between nano-scale components and its 

effect on the motion of bodies when constrained within mechanical grasps and assemblies. This was 

achieved through the use of the nanomanipulation system to dexterously assemble multiple mechanisms 

constructed from the MWCNTs characterized as part of Aim 1. A systematic study was performed on two 

types of nano-mechanisms: a kinematic pair and a four-bar mechanism. By studying the kinematic pair it 

was shown that: (1) van der Waals interactions cause a stable elastic bond or joint to form between 

MWCNTs which can resist relative motion between the bodies, (2) the elasticity of this joint is dependent 

on the total area of contact, (3) while stable, the joint still allows three planar degrees of freedom between 

the bodies, (4) above a given threshold, this elastic joint yields to inelastic motion of the two MWCNTs, 

(5) this threshold is higher for linear motion along the surface than for rotational motion about the surface 

when the tubes are oriented perpendicularly, (6) Joule heating of the MWCNT pair measurably raised the 

value of the threshold between elastic and inelastic motion but appeared to have no effect on the elastic 

stiffness prior to slipping. These observations were employed to construct the four-bar mechanism. By 

studying the four-bar mechanism it was shown that, (1) a multi-link nano-mechanical mechanism can be 

constructed using contact manipulation, and (2) mechanical motion can be repeatedly transferred through 

multiple flexible nano-structures and joints. Based on this demonstration of a functional prototype four-

bar mechanism assembled from three individual carbon nanotubes through mechanical manipulation, it is 

concluded that it is feasible to create "kinematic joints" between CNTs through nanomanipulation and 

assembly-based nanomanufacturing may be exploited in the future to build more complex nano-scale 

structures and machines such as those envisioned in Figure 1.1. 
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5.1.3 Specific Aim 3 

 

The third aim sought to construct a multibody model capable of representing the interactions observed in 

the pursuit of Aims 1 and 2. The MWCNTs were shown to exhibit notable elastic flexibility over a range 

of displacements. Additionally, the jointed behavior was shown to approximate a nonlinear, 

nonconservative, nonholonomic constraint. Combining both of these behaviors into a single model proved 

daunting. For the purposes of suggesting future modeling methods, an LDAE formulation was adopted 

and modeling techniques for flexible bodies with nonholonomic constraints were discussed. A simplified 

model was solved for in which the joints constraining the flexible MWCNTs where only strained within 

their elastic limits. This showed that,within the uncertainty of the system,the model could describe: (1) the 

static deflection of a single MWCNT by means of the micro-cantilever, (2) the static bending of a 

MWCNT pair, and (3) the static deflection of a four-bar MWCNT mechanism. 

 

5.2 Research Contributions 

 

Through the construction of the nanomanipulation system, the experimentation with nano-multibody 

systems, and the modeling of the observed behavior, unique contributions to the current field of 

nanomanipulation and assembly-based nanomanufacturing have been made in this thesis. Major scientific 

and technical contributions of this thesis include: 

 

1.  Demonstration of the dexterous mechanical manipulation and assembly of free-standing 

MWCNTs visualized by means of optical microscopy. 

 

2. The description and characterization of adhesive contact between MWCNTs as a kinematic joint 

featuring behavior unique to the micro-/nano-scale. 
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5.3 Proposed Improvements and Future Work 

 

As an exploratory investigation into contact nanomanipulation, there are many aspects of the materials, 

tools, and theory that can be improved upon in future work. 

 

First among the improvements is the quality of the nano-scale materials. As demonstrated, the MWCNTs 

used in this work are of low quality. The internal atomic structure of the tubes featured graphitic walls 

with basal planes that were not parallel to the axis of the tube. The walls were far thinner than desired and 

numerous thin sheets of graphene protruded into the central void of each tube. The walls also 

demonstrated variable inner and outer radii and structural kinks. Future work should use MWCNTs 

featuring smaller variation in shape and structure between tubes, walls with graphitic planes parallel to the 

tube axis, and smaller maximum outer diameters. 

 

Second would be improvements to the manipulation and visualization systems. While the manipulators 

were controllable remotely, both the positioner on which the substrate was carried and the positioning and 

focusing of the microscope were performed manually. Computer control of the carrier and the microscope 

would greatly improve the accuracy and rate with which experiments could be performed. An 

improvement in the accuracy of the manipulators would also benefit the experimentation. The system 

discussed here had a positioning accuracy of 80 nm. This could be improved by either adding an 

additional set of fine actuators atop the current system or using miniaturized, compliant, chip-scale 

manipulation systems with the desired range and DOF. Finally, a faster, higher resolution camera system 

could potentially capture more of the dynamic behavior of the multibody system leading up to and during 

slipping events. 

 

Third, would be an increase in the number of experiments performed. With a faster more accurate 

manipulation system and better raw materials, a large number of experimental runs could be executed for 
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a larger population of MWCNTs. This would be important for reliably determining the structural and 

mechanical properties of MWCNTs, the joints between them, and the possible welds formed for the 

purposes of nano-mechanism design and assembly. 

 

Fourth would be improvement to the mathematical model of the nano-multibody system. This would 

include validation of the dynamic LDAE formulation for the inelastic region of behavior for the nano-

joint. From here, expansion into a fully three-dimensional, spatial representation of the workspace would 

improve the accuracy of the model.  

 

Fifth would be the creation of an automated manipulation system from the improved mathematical model. 

This could result in systems capable of calculating necessary path plans for the automatic manipulation 

and assembly of nano-scale structures. Additionally, it could potentially apply and detect the proper 

electrical current necessary to form joints of specific elasticity and strength. 

 

While many questions were discovered during the course of this work and many improvements which 

might help answer them, the tools and theories presented represent a step toward the creation of an 

automated, dexterous nanomanipulation and assembly system. Contact nanomanipulation may someday 

produce structures and mechanisms in the quantity and complexity necessary to meaningfully impact both 

engineering and science to the betterment of human kind.  
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6 APPENDEX 

 

Explicit solution to the system of equations formed from Equations (3.5) – (3.11), given in a format easily 

copied and entered into and modified for a computer function: 

 

y = (P*(4*(Ro*ai - Ri*ao)*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao)]^2 -  
2*Ri*ai*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri - Ro] + 2*Ro*ai*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + x*(ai^2 + ao^2))]*Log[Ri - Ro] - 2*x*ai^2* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]*Log[Ri - Ro] +  
2*Ri*ao*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri - Ro] - 2*Ro*ao*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + x*(ai^2 + ao^2))]*Log[Ri - Ro] + 4*x*ai*ao* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]*Log[Ri - Ro] -  
2*x*ao^2*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri - Ro] - 2*Ri*ai*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + x*(ai^2 + ao^2))]*Log[Ri + Ro] - 2*Ro*ai* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]*Log[Ri + Ro] -  
2*x*ai^2*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri + Ro] - 2*Ri*ao*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + x*(ai^2 + ao^2))]*Log[Ri + Ro] - 2*Ro*ao* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]*Log[Ri + Ro] -  
4*x*ai*ao*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri + Ro] - 2*x*ao^2*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + x*(ai^2 + ao^2))]*Log[Ri + Ro] + 4*Ro*ai*Log[Ri - Ro]* 
Log[Ri + Ro] - 4*Ri*ao*Log[Ri - Ro]*Log[Ri + Ro] + 2*Ri*ai* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri^2 + Ro^2] + 2*x*ai^2*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + x*(ai^2 + ao^2))]*Log[Ri^2 + Ro^2] + 2*Ro*ao* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri^2 + Ro^2] + 2*x*ao^2*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + x*(ai^2 + ao^2))]*Log[Ri^2 + Ro^2] -  
2*Ro*ai*Log[Ri - Ro]*Log[Ri^2 + Ro^2] +  
2*Ri*ao*Log[Ri - Ro]*Log[Ri^2 + Ro^2] -  
2*Ro*ai*Log[Ri + Ro]*Log[Ri^2 + Ro^2] +  
2*Ri*ao*Log[Ri + Ro]*Log[Ri^2 + Ro^2] +  
Ro*ai*Log[Ri^2 + Ro^2]^2 - Ri*ao*Log[Ri^2 + Ro^2]^2 + 2*Ri*ai* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri - Ro + L*ai - L*ao] - 2*Ro*ai*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + x*(ai^2 + ao^2))]*Log[Ri - Ro + L*ai - L*ao] + 2*x*ai^2* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri - Ro + L*ai - L*ao] - 2*Ri*ao*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + x*(ai^2 + ao^2))]*Log[Ri - Ro + L*ai - L*ao] + 2*Ro*ao* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri - Ro + L*ai - L*ao] - 4*x*ai*ao*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + x*(ai^2 + ao^2))]*Log[Ri - Ro + L*ai - L*ao] + 2*x*ao^2* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri - Ro + L*ai - L*ao] - 2*Ri*ai*Log[Ri + Ro]* 
Log[Ri - Ro + L*ai - L*ao] - 2*Ro*ai*Log[Ri + Ro]* 
Log[Ri - Ro + L*ai - L*ao] - 2*x*ai^2*Log[Ri + Ro]* 
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Log[Ri - Ro + L*ai - L*ao] + 2*Ri*ao*Log[Ri + Ro]* 
Log[Ri - Ro + L*ai - L*ao] + 2*Ro*ao*Log[Ri + Ro]* 
Log[Ri - Ro + L*ai - L*ao] + 2*x*ao^2*Log[Ri + Ro]* 
Log[Ri - Ro + L*ai - L*ao] + Ri*ai*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + L*ai - L*ao] + Ro*ai*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + L*ai - L*ao] + x*ai^2*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + L*ai - L*ao] - Ri*ao*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + L*ai - L*ao] - Ro*ao*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + L*ai - L*ao] - x*ao^2*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + L*ai - L*ao] + 2*Ri*ai*Log[Ri + Ro]* 
Log[Ri - Ro + x*ai - x*ao] - 2*Ro*ai*Log[Ri + Ro]* 
Log[Ri - Ro + x*ai - x*ao] + 2*x*ai^2*Log[Ri + Ro]* 
Log[Ri - Ro + x*ai - x*ao] + 2*Ri*ao*Log[Ri + Ro]* 
Log[Ri - Ro + x*ai - x*ao] - 2*Ro*ao*Log[Ri + Ro]* 
Log[Ri - Ro + x*ai - x*ao] - 2*x*ao^2*Log[Ri + Ro]* 
Log[Ri - Ro + x*ai - x*ao] - Ri*ai*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + x*ai - x*ao] + Ro*ai*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + x*ai - x*ao] - x*ai^2*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + x*ai - x*ao] - Ri*ao*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + x*ai - x*ao] + Ro*ao*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + x*ai - x*ao] + x*ao^2*Log[Ri^2 + Ro^2]* 
Log[Ri - Ro + x*ai - x*ao] + 2*Ri*ai* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri + Ro + L*(ai + ao)] + 2*Ro*ai* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri + Ro + L*(ai + ao)] + 2*x*ai^2* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri + Ro + L*(ai + ao)] + 2*Ri*ao* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri + Ro + L*(ai + ao)] + 2*Ro*ao* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri + Ro + L*(ai + ao)] + 4*x*ai*ao* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri + Ro + L*(ai + ao)] + 2*x*ao^2* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri + Ro + L*(ai + ao)] + 2*Ri*ai*Log[Ri - Ro]* 
Log[Ri + Ro + L*(ai + ao)] - 2*Ro*ai*Log[Ri - Ro]* 
Log[Ri + Ro + L*(ai + ao)] + 2*x*ai^2*Log[Ri - Ro]* 
Log[Ri + Ro + L*(ai + ao)] + 2*Ri*ao*Log[Ri - Ro]* 
Log[Ri + Ro + L*(ai + ao)] - 2*Ro*ao*Log[Ri - Ro]* 
Log[Ri + Ro + L*(ai + ao)] - 2*x*ao^2*Log[Ri - Ro]* 
Log[Ri + Ro + L*(ai + ao)] - Ri*ai*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + L*(ai + ao)] + Ro*ai*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + L*(ai + ao)] - x*ai^2*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + L*(ai + ao)] - Ri*ao*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + L*(ai + ao)] + Ro*ao*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + L*(ai + ao)] + x*ao^2*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + L*(ai + ao)] - 2*Ri*ai*Log[Ri - Ro + x*ai - x*ao]* 
Log[Ri + Ro + L*(ai + ao)] + 2*Ro*ai*Log[Ri - Ro + x*ai - x*ao]* 
Log[Ri + Ro + L*(ai + ao)] - 2*x*ai^2*Log[Ri - Ro + x*ai - x*ao]* 
Log[Ri + Ro + L*(ai + ao)] - 2*Ri*ao*Log[Ri - Ro + x*ai - x*ao]* 
Log[Ri + Ro + L*(ai + ao)] + 2*Ro*ao*Log[Ri - Ro + x*ai - x*ao]* 
Log[Ri + Ro + L*(ai + ao)] + 2*x*ao^2*Log[Ri - Ro + x*ai - x*ao]* 
Log[Ri + Ro + L*(ai + ao)] - 2*Ri*ai*Log[Ri - Ro]* 
Log[Ri + Ro + x*(ai + ao)] - 2*Ro*ai*Log[Ri - Ro]* 
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Log[Ri + Ro + x*(ai + ao)] - 2*x*ai^2*Log[Ri - Ro]* 
Log[Ri + Ro + x*(ai + ao)] + 2*Ri*ao*Log[Ri - Ro]* 
Log[Ri + Ro + x*(ai + ao)] + 2*Ro*ao*Log[Ri - Ro]* 
Log[Ri + Ro + x*(ai + ao)] + 2*x*ao^2*Log[Ri - Ro]* 
Log[Ri + Ro + x*(ai + ao)] + Ri*ai*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + x*(ai + ao)] + Ro*ai*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + x*(ai + ao)] + x*ai^2*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + x*(ai + ao)] - Ri*ao*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + x*(ai + ao)] - Ro*ao*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + x*(ai + ao)] - x*ao^2*Log[Ri^2 + Ro^2]* 
Log[Ri + Ro + x*(ai + ao)] + 2*Ri*ai*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri + Ro + x*(ai + ao)] + 2*Ro*ai*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri + Ro + x*(ai + ao)] + 2*x*ai^2*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri + Ro + x*(ai + ao)] - 2*Ri*ao*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri + Ro + x*(ai + ao)] - 2*Ro*ao*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri + Ro + x*(ai + ao)] - 2*x*ao^2*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri + Ro + x*(ai + ao)] - 2*Ri*ai* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] - 2*x*ai^2* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] - 2*Ro*ao* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] - 2*x*ao^2* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] -  
Ri*ai*Log[Ri - Ro]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] + Ro*ai*Log[Ri - Ro]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] -  
x*ai^2*Log[Ri - Ro]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] - Ri*ao*Log[Ri - Ro]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] +  
Ro*ao*Log[Ri - Ro]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] + x*ao^2*Log[Ri - Ro]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] +  
Ri*ai*Log[Ri + Ro]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] + Ro*ai*Log[Ri + Ro]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] +  
x*ai^2*Log[Ri + Ro]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] - Ri*ao*Log[Ri + Ro]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] -  
Ro*ao*Log[Ri + Ro]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] - x*ao^2*Log[Ri + Ro]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] -  
Ro*ai*Log[Ri^2 + Ro^2]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] + Ri*ao*Log[Ri^2 + Ro^2]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] +  
Ri*ai*Log[Ri - Ro + x*ai - x*ao]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai +  
2*L*Ro*ao + L^2*(ai^2 + ao^2)] - Ro*ai*Log[Ri - Ro + x*ai - x*ao]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] +  
x*ai^2*Log[Ri - Ro + x*ai - x*ao]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] +  
Ri*ao*Log[Ri - Ro + x*ai - x*ao]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai +  
2*L*Ro*ao + L^2*(ai^2 + ao^2)] - Ro*ao*Log[Ri - Ro + x*ai - x*ao]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] -  
x*ao^2*Log[Ri - Ro + x*ai - x*ao]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai +  



136 
 

2*L*Ro*ao + L^2*(ai^2 + ao^2)] - Ri*ai*Log[Ri + Ro + x*(ai + ao)]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] -  
Ro*ai*Log[Ri + Ro + x*(ai + ao)]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai +  
2*L*Ro*ao + L^2*(ai^2 + ao^2)] - x*ai^2*Log[Ri + Ro + x*(ai + ao)]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] +  
Ri*ao*Log[Ri + Ro + x*(ai + ao)]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai +  
2*L*Ro*ao + L^2*(ai^2 + ao^2)] + Ro*ao*Log[Ri + Ro + x*(ai + ao)]* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)] +  
x*ao^2*Log[Ri + Ro + x*(ai + ao)]*Log[Ri^2 + Ro^2 + 2*L*Ri*ai +  
2*L*Ro*ao + L^2*(ai^2 + ao^2)] + Ri*ai*Log[Ri - Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
Ro*ai*Log[Ri - Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
x*ai^2*Log[Ri - Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
Ri*ao*Log[Ri - Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
Ro*ao*Log[Ri - Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
x*ao^2*Log[Ri - Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
Ri*ai*Log[Ri + Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
Ro*ai*Log[Ri + Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
x*ai^2*Log[Ri + Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
Ri*ao*Log[Ri + Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
Ro*ao*Log[Ri + Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
x*ao^2*Log[Ri + Ro]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
Ro*ai*Log[Ri^2 + Ro^2]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
Ri*ao*Log[Ri^2 + Ro^2]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
Ri*ai*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
Ro*ai*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
x*ai^2*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
Ri*ao*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
Ro*ao*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
x*ao^2*Log[Ri - Ro + L*ai - L*ao]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
Ri*ai*Log[Ri + Ro + L*(ai + ao)]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
Ro*ai*Log[Ri + Ro + L*(ai + ao)]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
x*ai^2*Log[Ri + Ro + L*(ai + ao)]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
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Ri*ao*Log[Ri + Ro + L*(ai + ao)]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
Ro*ao*Log[Ri + Ro + L*(ai + ao)]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] -  
x*ao^2*Log[Ri + Ro + L*(ai + ao)]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] + Ro*ai* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] - Ri*ao* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)]* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] +  
2*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + L*(ai^2 + ao^2))]* 
(2*(Ro*ai - Ri*ao)*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao +  
x*(ai^2 + ao^2))] + (ai - ao)*(Ri - Ro + x*ai - x*ao)*Log[Ri - Ro] +  
Ri*ai*Log[Ri + Ro] + Ro*ai*Log[Ri + Ro] +  
x*ai^2*Log[Ri + Ro] + Ri*ao*Log[Ri + Ro] + Ro*ao*Log[Ri + Ro] +  
2*x*ai*ao*Log[Ri + Ro] + x*ao^2*Log[Ri + Ro] -  
Ri*ai*Log[Ri^2 + Ro^2] - x*ai^2*Log[Ri^2 + Ro^2] -  
Ro*ao*Log[Ri^2 + Ro^2] - x*ao^2*Log[Ri^2 + Ro^2] -  
Ri*ai*Log[Ri - Ro + x*ai - x*ao] + Ro*ai*Log[Ri - Ro + x*ai - x*ao] -  
x*ai^2*Log[Ri - Ro + x*ai - x*ao] + Ri*ao*Log[Ri - Ro + x*ai - x*ao] -  
Ro*ao*Log[Ri - Ro + x*ai - x*ao] + 2*x*ai*ao* 
Log[Ri - Ro + x*ai - x*ao] - x*ao^2*Log[Ri - Ro + x*ai - x*ao] -  
Ri*ai*Log[Ri + Ro + x*(ai + ao)] - Ro*ai*Log[Ri + Ro + x*(ai + ao)] -  
x*ai^2*Log[Ri + Ro + x*(ai + ao)] - Ri*ao*Log[Ri + Ro + x*(ai + ao)] -  
Ro*ao*Log[Ri + Ro + x*(ai + ao)] - 2*x*ai*ao* 
Log[Ri + Ro + x*(ai + ao)] - x*ao^2*Log[Ri + Ro + x*(ai + ao)] +  
Ri*ai*Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao +  
x^2*(ai^2 + ao^2)] + x*ai^2* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] + Ro*ao* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] + x*ao^2* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao +  
x^2*(ai^2 + ao^2)]) - 2*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao)]* 
(2*(Ro*ai - Ri*ao)*ArcCot[(Ro*ai - Ri*ao)/(Ri*ai +  
Ro*ao + L*(ai^2 + ao^2))] + 2*(Ro*ai - Ri*ao)* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))] +  
Ri*ai*Log[Ri - Ro + L*ai - L*ao] - Ro*ai*Log[Ri - Ro + L*ai - L*ao] +  
x*ai^2*Log[Ri - Ro + L*ai - L*ao] - Ri*ao*Log[Ri - Ro + L*ai - L*ao] +  
Ro*ao*Log[Ri - Ro + L*ai - L*ao] - 2*x*ai*ao*Log[Ri - Ro + L*ai - L*ao] +  
x*ao^2*Log[Ri - Ro + L*ai - L*ao] - Ri*ai*Log[Ri - Ro + x*ai - x*ao] +  
Ro*ai*Log[Ri - Ro + x*ai - x*ao] - x*ai^2*Log[Ri - Ro + x*ai - x*ao] +  
Ri*ao*Log[Ri - Ro + x*ai - x*ao] - Ro*ao*Log[Ri - Ro + x*ai - x*ao] +  
2*x*ai*ao*Log[Ri - Ro + x*ai - x*ao] - x*ao^2*Log[Ri - Ro + x*ai - x*ao] +  
Ri*ai*Log[Ri + Ro + L*(ai + ao)] + Ro*ai*Log[Ri + Ro + L*(ai + ao)] +  
x*ai^2*Log[Ri + Ro + L*(ai + ao)] + Ri*ao*Log[Ri + Ro + L*(ai + ao)] +  
Ro*ao*Log[Ri + Ro + L*(ai + ao)] + 2*x*ai*ao* 
Log[Ri + Ro + L*(ai + ao)] + x*ao^2*Log[Ri + Ro + L*(ai + ao)] -  
Ri*ai*Log[Ri + Ro + x*(ai + ao)] - Ro*ai*Log[Ri + Ro + x*(ai + ao)] -  
x*ai^2*Log[Ri + Ro + x*(ai + ao)] - Ri*ao*Log[Ri + Ro + x*(ai + ao)] -  
Ro*ao*Log[Ri + Ro + x*(ai + ao)] - 2*x*ai*ao* 
Log[Ri + Ro + x*(ai + ao)] - x*ao^2*Log[Ri + Ro + x*(ai + ao)] -  
Ri*ai*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] - x*ai^2*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] - Ro*ao*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] - x*ao^2*Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao +  
L^2*(ai^2 + ao^2)] + Ri*ai*Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao +  
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x^2*(ai^2 + ao^2)] + x*ai^2*Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao +  
x^2*(ai^2 + ao^2)] + Ro*ao*Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao +  
x^2*(ai^2 + ao^2)] + x*ao^2*Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao +  
x^2*(ai^2 + ao^2)])))/(E*Pi*(Ro*ai - Ri*ao)^2*(2*(ai^2 - ao^2)* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao)] - 2*(ai^2 - ao^2)* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + L*(ai^2 + ao^2))] - ai^2* 
Log[Ri - Ro] + 2*ai*ao*Log[Ri - Ro] - ao^2*Log[Ri - Ro] +  
ai^2*Log[Ri + Ro] + 2*ai*ao*Log[Ri + Ro] + ao^2*Log[Ri + Ro] -  
2*ai*ao*Log[Ri^2 + Ro^2] + ai^2*Log[Ri - Ro + L*ai - L*ao] - 2*ai*ao* 
Log[Ri - Ro + L*ai - L*ao] + ao^2*Log[Ri - Ro + L*ai - L*ao] - ai^2* 
Log[Ri + Ro + L*(ai + ao)] - 2*ai*ao*Log[Ri + Ro + L*(ai + ao)] -  
ao^2*Log[Ri + Ro + L*(ai + ao)] + 2*ai*ao* 
Log[Ri^2 + Ro^2 + 2*L*Ri*ai + 2*L*Ro*ao + L^2*(ai^2 + ao^2)])) 

(A.1) 
 

Explicit solution to the system of equations formed from Equations (3.20)–(3.25) given in a format easily 

copied and entered into and modified for a computer function: 

y = (1/(E*Pi*(Ro*ai - Ri*ao)^3))*(P*(-2*(Ri^2 + L*Ri*ai - Ro*(Ro + L*ao))* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao)] + 2*(Ri^2 + L*Ri*ai - Ro*(Ro + L*ao))* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))] + 2*x*(Ri*ai - Ro*ao + L*(ai^2 - ao^2))* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))] + (Ri - Ro)*(Ri - Ro + L*(ai - ao))* 
Log[Ri - Ro] - Ri^2*Log[Ri + Ro] - 2*Ri*Ro*Log[Ri + Ro] - Ro^2*Log[Ri + Ro] - L*Ri*ai*Log[Ri + Ro] -  
L*Ro*ai*Log[Ri + Ro] - L*Ri*ao*Log[Ri + Ro] - L*Ro*ao*Log[Ri + Ro] + 2*Ri*Ro*Log[Ri^2 + Ro^2] +  
L*Ro*ai*Log[Ri^2 + Ro^2] + L*Ri*ao*Log[Ri^2 + Ro^2] - x*(2*(Ri*ai + L*ai^2 - Ro*ao - L*ao^2)* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao)] - (ai - ao)*(Ri - Ro + L*ai - L*ao)*Log[Ri - Ro] + Ri*ai* 
Log[Ri + Ro] + Ro*ai*Log[Ri + Ro] + L*ai^2*Log[Ri + Ro] + Ri*ao*Log[Ri + Ro] + Ro*ao* 
Log[Ri + Ro] + 2*L*ai*ao*Log[Ri + Ro] + L*ao^2*Log[Ri + Ro] - Ro*ai* 
Log[Ri^2 + Ro^2] - Ri*ao*Log[Ri^2 + Ro^2] - 2*L*ai*ao* 
Log[Ri^2 + Ro^2]) - (Ri - Ro)*(Ri - Ro + L*(ai - ao))* 
Log[Ri - Ro + x*ai - x*ao] - x*(Ri - Ro + L*(ai - ao))*(ai - ao)* 
Log[Ri - Ro + x*ai - x*ao] + (Ri + Ro)*(Ri + Ro + L*(ai + ao))* 
Log[Ri + Ro + x*(ai + ao)] + x*(ai + ao)*(Ri + Ro + L*(ai + ao))* 
Log[Ri + Ro + x*(ai + ao)] - (2*Ri*Ro + L*Ro*ai + L*Ri*ao)* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] - x*(Ro*ai + (Ri + 2*L*ai)*ao)* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)])) 

(A.2) 

 

Explicit solution to the system of equations formed from Equations (3.20), (3.21), (3.26)–(3.29) given in a 

format easily copied and entered into and modified for a computer function: 

y = (1/(E*Pi*(Ro*ai - Ri*ao)^3))*(M*(2*(Ri*ai + x*ai^2 - Ro*ao - x*ao^2)* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao)] - 2*(Ri*ai + x*ai^2 - Ro*ao - x*ao^2)* 
ArcCot[(Ro*ai - Ri*ao)/(Ri*ai + Ro*ao + x*(ai^2 + ao^2))] - Ri*ai*Log[Ri - Ro] + Ro*ai*Log[Ri - Ro] -  
x*ai^2*Log[Ri - Ro] + Ri*ao*Log[Ri - Ro] - Ro*ao*Log[Ri - Ro] + 2*x*ai*ao*Log[Ri - Ro] -  
x*ao^2*Log[Ri - Ro] + Ri*ai*Log[Ri + Ro] + Ro*ai*Log[Ri + Ro] +  
x*ai^2*Log[Ri + Ro] + Ri*ao*Log[Ri + Ro] + Ro*ao*Log[Ri + Ro] + 2*x*ai*ao*Log[Ri + Ro] +  
x*ao^2*Log[Ri + Ro] - Ro*ai*Log[Ri^2 + Ro^2] - Ri*ao*Log[Ri^2 + Ro^2] - 2*x*ai*ao* 
Log[Ri^2 + Ro^2] + Ri*ai*Log[Ri - Ro + x*ai - x*ao] - Ro*ai*Log[Ri - Ro + x*ai - x*ao] +  
x*ai^2*Log[Ri - Ro + x*ai - x*ao] - Ri*ao*Log[Ri - Ro + x*ai - x*ao] +  
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Ro*ao*Log[Ri - Ro + x*ai - x*ao] - 2*x*ai*ao*Log[Ri - Ro + x*ai - x*ao] + x*ao^2* 
Log[Ri - Ro + x*ai - x*ao] - Ri*ai*Log[Ri + Ro + x*(ai + ao)] -  
Ro*ai*Log[Ri + Ro + x*(ai + ao)] - x*ai^2*Log[Ri + Ro + x*(ai + ao)] -  
Ri*ao*Log[Ri + Ro + x*(ai + ao)] -  
Ro*ao*Log[Ri + Ro + x*(ai + ao)] - 2*x*ai*ao* 
Log[Ri + Ro + x*(ai + ao)] - x*ao^2*Log[Ri + Ro + x*(ai + ao)] + Ro*ai* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] + Ri*ao* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)] + 2*x*ai*ao* 
Log[Ri^2 + Ro^2 + 2*Ri*x*ai + 2*Ro*x*ao + x^2*(ai^2 + ao^2)])) 

(A.3) 
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