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SUMMARY

This thesis is devoted to the study of a multiple description framework for compressed
sensing, with particular focus on a distributed application of compressed sensing. Compressed
sensing is a novel theory for signal acquisition, that enables to directly acquire a compressed
representation of a sparse or compressible signal, regardless of what is the basis in which the
signal is actually sparse (compressible). The low complexity of an acquisition stage adopting
compressed sensing raised interests about adopting it in sensor networks. In this distributed
scenario compressed sensing is also able to exploit inter-correlation, in the form of joint sparsity,
among different signals to improve coding efficiency without demanding any complex operation.

Our work proposes the CS-SPLIT scheme to generate two or more descriptions from mea-
surements acquired through compressed sensing. This scheme proved experimentally superior
to another classic method of obtaining multiple descriptions, that is using a multiple description
scalar quantizer on the measurements (CS-MDSQ). An analytic treatment of the two methods
in terms of rate-distortion performance has also been given, using the current results in the
theory of compressed sensing.

CS-SPLIT can be readily used in sensor networks thanks to its extreme simplicity. We de-
veloped two new joint reconstruction algorithms (Difference and Tezas Difference) that signifi-
cantly improve over existing algorithms for the JSM-1 model, when the number of measurements
is limited. This is relevant to multiple descriptions because it allows to get a better quality in

the reconstruction of the single descriptions of CS-SPLIT when joint decoding is not possible.

viil



CHAPTER 1

INTRODUCTION

The framework of compressed sensing (CS, also known as compressive sampling) has emerged
in recent years from the ground breaking work of Candés, Romberg, Tao and Donoho that set the
foundations of the theory and derived many of the fundamental results. In order to understand
why compressed sensing has attracted so much interest in areas of applied mathematics, electrical
engineering and computer science, we must realize how it goes past the traditional limits set by
the sampling theory.

Over the past decades, the Nyquist-Shannon sampling theorem enabled the digital revolution
by proving that a continuous-time band-limited signal could be perfectly reconstructed from
uniformly spaced samples taken at a rate greater than twice the maximum frequency in the
signal (the Nyquist rate). The implications of this result turned out to be immense since
processing signals, now vectors, in the digital domain rather than in their analog form allowed
the development of new and complex systems, not to mention that the digital counterpart of
already available analog systems are more robust, flexible and cheaper.

However the sampling theorem has a fundamental limitation in that the acquisition rate
required to satisfy the theorem may be so high for some applications that one finds himself with
far too many samples or unable to build a device that reaches that sampling rate. There are
applications in which the amount of data produced by acquisition must be reduced before being

able to do anything useful on them. As an example think of imaging systems: still images that
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can be used for medical purposes or, even more challenging, video are highly dimensional signals
that must resort to some kind of compression to make them more manageable. Compression
may be lossless, when it is possible to recover exactly the signal from its concise representation,
or lossy, when some pieces of information are discarded in order to achieve higher compression
ratios.

One of the most popular methods for signal compression is transform coding. Transform
coding relies on finding an equivalent representation of the signal under a different basis that
unveils some kind of hidden structure. It is known that many signals of interest (e.g. natural
images, music, ...) have a very compact representation under certain bases. This means that
it is possible to represent those signals with just few coefficients when you look at them under
the proper basis. A signal with n entries may have just k < n coefficients that are significantly
nonzero when represented with the right basis, so transform coding just keeps those few nonzero
coeflicients to obtain a good, compact approximation of the original signal.

This discovery of an hidden structure in many signals raises an interesting point, whether
it is really useful to acquire so many samples of a signal as dictated by the sampling theorem,

when the signal itself actually carries a more limited amount of information.

Beyond Shannon

Compressed sensing focuses on the particular set of signal that have a sparse or compressible
representation in some basis. In the literature we can find the terms sparse to indicate a signal
that has exactly k& nonzero entries and compressible when it is well approximated by the k

largest nonzero entries. The core results of CS show that it is possible recover a signal from a



small set of linear, non-adaptive measurements, a situation that would be regarded as a vastly
undersampled problem in the classical framework. Most notably, exact recovery is possible for
sparse signals under certain assumptions, while some guarantees on the recovery error have been
derived for compressible signals. Before going into further details about the theory of CS, it is
worth noticing how the framework of CS, that is explored by the majority of the literature on

the topic, slightly differs from the assumptions of classical sampling theory:

1. Sampling - Sensing
Classic: continuous-time, infinite-length signals

CS: vectors in R™

2. Measurements
Classic: value of the signal at some point in time or space

CS: inner product between signal and test function

3. Recovery
Classic: sinc interpolation

CS: nonlinear methods

Despite the fact that the foundations of the theory focus on applying the concepts of compressed
sensing to discrete-time signals, i.e. vectors in R"™, there is a lot of research going on in the direc-
tion of directly sensing continuous signals in a compressed manner. This has clear advantages
in avoiding an intermediate step in which the signal is first sampled using the classical approach
and then compressed sensing measurements are produced. A notable early work on hardware

directly implementing CS acquisition is the single-pixel camera developed in [1].



Quick review of linear algebra

As the theory of CS relies on concepts of linear algebra it is relevant to recall a few basic

notions. Most of the theory focuses on the R™ vector space and its subspaces.

e A normed vector space is a vector space endowed with a norm, i.e. a function g : R® — R™

such that:

— g(z) > 0 and g(z) = 0 if and only if 2 =0
— g(azx) = |a|g(z) with a € R

— g +y) <g(@)+g(y) (triangle inequality)

e For R™ the [, norms are defined as follows:

n »
]|, = (Z !fci!p> for p > 1
1=1

e The concept can be extended to p < 1 obtaining a quasinorm.

e Important is the [y norm that tells the cardinality of the support of x

lzllg = [supp(z)]



e Inner product. For z, z € R”

° {ﬂ}?ﬂ is a basis (dictionary) for R™ if it spans R™ and 1; are linearly independent.

Consequently any x € R™ can be written as

n
z="> i =V
1=1

where W = [¢)1|1hg] - 10| € R™™ and ¢ is a column vector of coefficients.
A basis is orthonormal if <ﬂ, ¢j> = 0;; . Under this assumption the coefficients can be
computed as

c=0"yg

o {1 }?:1 is a frame (overcomplete dictionary) made of vectors ¢; € R with d < n if for

all vectors z € R™ :
2 T 112 .
alzly < [[ezll, <Allz]  with0<a <8< oo

If « is the largest possible and [ the smallest possible we have the optimal frame bounds.
« is the largest eigenvalue of ¥ and g is the smallest eigenvalue of .

The dual frame V¥ is such that W7 = U7 = J. The canonical dual frame is the Moore-



Penrose pseudoinverse U= (\IJT\I’)_I v,

The coefficients can be obtained by

[}

I
=N
S

I8

e spark(A) is the smallest number of linearly dependent columns of matrix A

1.1 Compressed Sensing

The framework of compressed sensing can be explained in the following manner. We have
a signal z that is k-sparse (or compressible). z may be sparse by itself or because it is the
representation of a signal f under some basis f = Wz. We will call the set of k-sparse signals
Yp=A{z : |z||, < k}. Wewill call o(2), = mlzr}c |z — ||, the best k-term approximation error,
i.e. the error, measured with an [, norm, that is made by approximating a compressible signal
with its k terms with largest magnitude.

The measurements y = R™ are obtained by taking the inner product between the signal

z € R™ and a sensing matrix A € R"™*",

<
I

b
I8

We have few measurements compared to the length of the signal (m < n ), so we have a
reduction in the dimension of the data we have to deal with. However, there are some questions
that must be addressed for any of this to make sense. First, how should the sensing matrix

be designed in order to get meaningful measurements, i.e. measurements that preserve the



information contained in x ? This problem is of primary concern for the success of the method
and it is addressed by examining some properties of the sensing matrix A. Second, we need a
procedure to stably recover the signal x from the measurements y , if such procedure exists at
all. Tt is interesting to note that the problem of recovering z from y = Az requires solving an
underdetermined linear system. This problem cannot be solved exactly in general as there are
infinitely many valid solutions. However, compressed sensing exploits the underlying knowledge

that x is sparse, to make this problem solvable.

1.1.1 Properties of the sensing matrix

The first intuitive reason why we want the sensing matrix A to satisfy some properties is
that we want to obtain meaningful measurements in the sense that it is not possible that two
different signals return the same measurements. Assuming x, 2 €Y and z =z — gl, hence

2z € Yo, we want:

Az # Az’
= A(z—&') #0
= Az #0

Therefore, we require that the null space of A contains no vector from the set of 2k-sparse

signals.

Theorem 1. For any vector y € R™ there exists at most one signal x € Xy such that y = Az

if and only if spark(A) > 2k



A proof of this theorem is given in [2]. A direct consequence of this theorem is that m > 2k
since the maximum spark is equal to m — 1.

It must be remarked that, especially when dealing with compressible signals, we must require
that the null space of A does not contain vectors that are too sparse, i.e. we would like the zero
vector to be the only k-sparse vector in the null space of A. This is the meaning of the Null

Space Property.

Definition 2. (Null Space Property) A matrix A satisfies the NSP of order k if there exists
a constant C' > 0 such that

lAaclly
h <C
H_A”2 —= \/E

holds for all h € N (A) and for all A such that |[A| < k.
The subscript A introduced with this notation is a set of indices and h, is the vector h whose
components not indexed by A have been set to zero.

The NSP is a sufficient and necessary condition to establish guarantees on signal reconstruc-
tion. Let’s denote by A (Azx) the reconstruction obtained through some algorithm of the original

signal.

Theorem 3. If the pair (A,A) satisfies the guarantee on reconstruction

o (z),

Vk

|A (Az) — all, <

then A satisfies the NSP of order 2k.



A proof is given in [2].
It has also been shown that for the /; minimization algorithm that will be later introduced,

satisfying the NSP establishes a guarantee of the kind reported in the previous theorem.

Theorem 4. Let A be a matriz satisfying the NSP of order k under this form ||hyll; < 7| haelly
with 0 < v < 1. Let & be the reconstruction obtained through the l1 minimization algorithm

(basis pursuit). Then

2(1+7)

¢ — <
I~ ally < ==

Ok (E)l

A proof is given in [3]

While the NSP is both necessary and sufficient condition to establish guarantees it doesn’t
consider noise. Another property is particularly desired when measurements may be contami-
nated with noise (it could be an error vector that sums to Az or quantization noise, ...) and
it is the Restricted Isometry Property. The meaning of the Restricted Isometry Property is
that the matrix A approximately preserves the Euclidean distance between any pair of k-sparse
vectors. Many of the guarantees derived for different reconstruction methods use assumptions

on A satisfying the RIP with certain bounds on the RIP constant.

Definition 5. (Restricted Isometry Property) A matriz A satisfies the RIP of order k if

there exists a o € (0,1) such that

(1 —6%) llzlls < Azl < (1 +6) el

holds for all x € 3y,
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RIP and NSP are related. In fact, it can be shown that the RIP implies the NSP [3].
However proving that the RIP or the NSP hold for a particular sensing matrix may be
computationally complex, so it is preferred to investigate another parameter, the coherence of

A. The coherence can be related to the RIP, the NSP and the spark of A.

Definition 6. (Coherence)

| Qi’gj>‘
A)= max ———"
p(A) 1§i<j§ﬂ”@i”2 HQJ'H2

The coherence basically tells the maximum value of the inner product between columns of the
sensing matrix. It can be shown [2] that spark (4) > 1+ ﬁ and this information can be used

together with the fact that spark (A) > 2k to obtain the following theorem.

Theorem 7. Ifk < % (1 + ﬁ) then for each measurement vector y € R™ there exist at most

one signal x € Xy such that y = Ax .

This result immediately highlights the fact that we would like to have a sensing matrix with

low coherence in order to be able to recover more sparse vectors.

1.1.2  Signal recovery

We are now going to address the second problem that we posed when introducing compressed
sensing, that is whether a method to recover x from measurements y exists. The first intuition is

to cast the problem in the form of “look for the sparsest vector that satisfies the measurements”
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and recalling that the lp norm expresses the cardinality of the support of the signal, it is possible
to formally write it as

& = argmin ||z||, subject to z € B (y)
z

B (g) can have many forms itself, depending on the type of problem that we are solving. e.g.
B (g) = {g Az = g} in case of a noise-free problem or B (g) = {g : HAg — QH2 < e} in case of
bounded noise, where € is the expected norm of the noise. However, the problem of minimizing
the lp norm is computationally complex because of its combinatorial nature (it requires an
exhaustive search). It has been discussed in [4] that lp-minimization contains the subset sum
problem that is known to be NP-complete!. The computational intractability of the previous
solution led to the study of alternative solutions. In particular, substituting the ly norm with
the [1 norm, turned out to be a major breakthrough as it an extremely successful method with
limited complexity, being a convex optimization problem that can be solved by well known
techniques. Even before the results concerning reconstruction by /; minimization were proven,
there were reasons to think that the I; norm was a good candidate to replace the [y norm.
A first intuition is related to the fact that [/, norms with a low value of p seem to promote
sparse solutions to systems as hinted in [2]. Moreover the [; norm was already a successful

tool in fields like seismology, dealing, in fact, with measurements of sparse signals [6] [7]. Some

LQuoting [5] “ No polynomial-time algorithm has yet been discovered for an NP-complete problem, nor
has anyone yet been able to prove that no polynomial-time algorithm can exist for any of them. This so
called P # NP question [is] one of the deepest, most perplexing open research problems in theoretical
computer science”
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common names to the [j-minimization procedure can be found in the literature for different

constraints.
Z = argmin ||z]|; subject toAz =y  (basispursuit)
z
& = argmin ||z, subject to |4z — QH2 <€ (basis pursuit denoise)
Z
Z = argmin|z||; subject to HAT (Az —y) Hoo <A (Dantzig selector)
z

We are now reporting a few theorems establishing guarantees on signal reconstruction using

[1-minimization . Those theorems are formally proven in [2].
Theorem 8. (Noise-free basis pursuit) Let A satisfy the RIP of order 2k with dop < /2 — 1.

Let the measurements be y = Az and & = argmin||z||; subject to Az =1y . Then
z

Ok (@1
VEk

12— zfly < co

. o 1=(1=v2) 60y,
wlth co = 2m

Theorem 9. (Bounded noise) Let A satisfy the RIP of order 2k with 6o, < /2 — 1. Let the
measurements be y = Ax + e with |e|l, < € and & = argmin||z||; subject to HAg—gH2 < €.
z

Then

Ok (E)l
Vk

12—z, <co + cae
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: _ o 1= (1-v2)d5 4 1
with ¢y = 271_(1_“/5)6% and co = 41—(1+\/§)62k .

Corollary 10. Under the previous assumptions on A and y = Az + e with z € X, let e have

i.i.d. N'(0,0%) entries and let & = argmin ||z, subject to || Az —QH2 < 2y/mo. Then
z

12 — |5 < c22v/mo

with probability at least 1 — e~ %" where ¢, is such that P (||e]| > 2y/mo) < e™ %™,
Theorem 11. (Coherence-based bounded noise) Let A have coherence p and xz € Xj with
k<d(L+1). Lety = Azt e and let
Z = argmin||z||, subject to HAg—gH2 < €. Then
z

TR Tk —1)

Theorem 12. (Dantzig selector) Let A satisfy the RIP of order 2k with 691, < /2 — 1. Let the

measurements be y = Ax+e with HATQHOO < X and T = argmin||z||; subject to HAT (Ag — Q) HOO <
z

A . Then
R Ok (&
12—z, < co k\;E)l +csVhA
T L LY, S
with ‘0 = 21—(1—1—\/5)5% and = 1_(1'1'\/5)521C .
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Corollary 13. Under the previous assumptions on A and y = Az + e with x € ¥y, let e have

i.i.d. N'(0,0%) entries and let & = argmin ||z, subject to HAT (Az — g)Hoo < 2+y/logno . Then
z

. V14 0o
I—x §4\/§ v/ klog no
”— —”2 1 (1 + \/é) 52k g

with probability at least 1 — % .

Alternatives to the l1-minimization procedure exist. In particular, a popular greedy algo-
rithm, that has been proved successful in the recovery task, is Orthogonal Matching Pursuit
(OMP). In a nutshell, OMP works by estimating the sparsity support of the signal and then
solving a least squares problem to recover the amplitude of the coefficients. More in detail the

algorithm works as follows:
1. Initialize ry =y, A(co) =0, i =1
2. Find the column Ay, that maximizes |éT[i_1| and add it to the set of columns ¢; =
ci—1 U{t;}
3. Compute the residual from the projection onto the current space spanned by the set of

columns indexed by ¢; r; = (I — A(c;)[A(c;)TA(c;)] " A(e) Ty

4. If stopping criterion is met then stop, else i = ¢ + 1, repeat from step 2

The stopping criterion plays an important role and should be tuned on the desired level of
accuracy or estimate of the noise level. In case of bounded noise [8] suggest some stopping
criteria. For example, in case of noise with bounded Il norm ||n|ls < € it is possible to use

||lr;ll2 < € as stopping condition.
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1.1.3 The problem of constructing the sensing matrix

So far we have introduced how it is possible to reconstruct the sparse signal x from the
linear measurements y thanks to the /;-minimization method, provided that the sensing matrix
is well constructed. In fact, we have seen that the quality of the construction of A in terms
of its RIP constant or coherence is crucial in establishing guarantees on the performance of
the reconstruction algorithm. Also, it is interesting from a practical point of view to investigate
how many measurements are actually needed to properly recover the original signal with a given
sensing matrix. The first problem that is encountered when trying to construct a sensing matrix
that satisfies the RIP, is that a deterministic matrix of size m X n requires m to be relatively
large. A first example in this sense is reported in [3] where it is claimed that A = [I|F] with

2y /m . .
Fry= e \/%/ has small coherence and one needs m > const - k2. Another example is given by

the deterministic matrix investigated in [9] that needs m = O (lm"(l)) measurements. In both
cases the number of measurements is often too large for any practical application.

It is possible to overcome this limitation by forgetting deterministic matrices and, instead,
using random sensing matrices. There are a number of random constructions that proved
themselves to be viable solutions. Among them Bernoulli, Gaussian, subgaussian, random
partial Fourier matrices are known to satisfy the RIP with overwhelming probability provided

enough measurements [2] [3] [4].

1. Bernoulli matrices: entries are realizations of i.i.d. Bernoulli random variables that can

take values iﬁ with 0.5 probability. m = O (k log %)
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2. Gaussian matrices: entries are i.i.d. Gaussian random variables with zero mean and
iance . m = O (klog )
variance o~ . m = O (klog ¢

3. Random partial Fourier: A is derived taking m rows uniformly at random from the DFT

matrix . m = O (k: log® n)

Another advantage of random matrices is universality, that is they work well regardless of the
basis under which the original signal is sparse. For example, let ¥ be basis of choice and let A
be a Gaussian sensing matrix then AW is Gaussian as well and will satisfy the RIP with high

probability provided enough measurements.



CHAPTER 2

QUANTIZATION CONSISTENCY

Compressed sensing provides a way of obtaining a compressed representation of a sparse
signal by acquiring a limited number of linear measurements in the form of random projections.
Applications require these measurements to be quantized with a finite number of bits in order to
meet the specifications in terms of bitrate of the system in use. This procedure is inevitably lossy,
in the sense that some piece of information is lost during the quantization process. Therefore it
is not possible to achieve a perfect reconstruction of the original signal in presence of quantized
measurements.

A classic way of analysing the effects of quantization is to model the error introduced by the

quantizer as additive noise.

Yg=y+n (2.1)

Models for n have been studied for different classes of quantizers. For instance, for the uniform
scalar quantizer it is common practice to use a high resolution approximation that claims that
the noise vector is made of independent and identically distributed entries having a uniform
distribution inside the quantization interval. It follows that

A2

Elllnl3) = T5m (22)

17
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where A is the quantization step and m the length of vector n.
The reconstruction algorithm must consider the fact that exact reconstruction is impossi-
ble. A possible reconstruction method is to solve the basis pursuit denoising (BPDN) convex

optimization problem. Its formulation is
Z = argmin ||z||; subject to HAg —QH2 <€ (2.3)
z

We provide a bound on the average noise power by means of €. e.g. € = \/%—227 Another
solution is to use a greedy algorithm like Orthogonal Matching Pursuit (OMP). It is possible to
set its stopping condition, as showed in [§8], to when the 2-norm of the residue falls below e.
The presented reconstruction algorithms work well, but they raise an interesting theoretical
point: they only set a bound on the average noise. Measuring the reconstructed signal Z
with the original sensing matrix we obtain a new set of measurements §. The aforementioned
reconstruction algorithms do not guarantee that the new measurements fall inside the original
quantization intervals. Some experiments confirming this fact are shown in Figure 2.1 and
Figure 2.2. The figures report the percentage of new measurements that fall outside the original
quantization bins. Those numbers do not seem to be negligible, therefore it is interesting to
enforce this condition on the reconstructed signal in order to analyse if there a significant gain

in exploiting all the information at our disposal. This problem is often denoted as quantization

consistency or consistent reconstruction and it has been considered in [10], [11], [12].
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Figure 2.1. Percentage of measurements falling outside the quantization intervals. Original
signal has length n = 1024, sparsity £ = 100 in the identity basis and m = 400 measurements
are taken with a Gaussian sensing matrix. SPGL1 [13| was used to solve the BPDN problem.
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Figure 2.2. Percentage of measurements falling outside the quantization intervals. Original
signal has length n = 1024, sparsity £ = 100 in the DCT basis. i.i.d. Gaussian noise is added
in the identity domain and m = 400 measurements are taken with a Gaussian sensing matrix.
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In [10] the authors analyse an improvement to BPDN, called Basis Pursuit DeQuantization
(BPDQ) by imposing a constraint on the noise using an [, norm instead of lp, and develop a
method to solve

& = argmin [|z]|, subject to ||Az — ng <€ (2.4)
Z

The analysis shows that there is a gain in using BPDQ over BPDN when the number of mea-
surements is large with respect to the sparsity of the signal. Also they claim that an optimal
value of the moment p exists and 2 < p < oo. The procedure relates to quantization consis-
tency as the percentage of new measurements falling inside the original quantization intervals
is increasing. For a uniform quantizer p = oo achieves perfect quantization consistency, i.e. all
the measurements fall in the new bins, but this is not optimal in terms of reconstruction error.

[11] shows that imposing quantization consistency is a convex constraint, so the optimization
problem can be solved by standard methods in convex optimization. However, a problem posed

in the following form, where we call R, the set of quantization regions for the entries of y,
Z = argmin ||z||; subject to AZ € R, (2.5)
z

is not optimal in terms of reconstruction error. The authors showed gains in the reconstruction
SNR, by exploiting quantization consistency, when the number of measurements is large with
respect to the sparsity of the signal. This result seems to be consistent with the experimental

findings using BPDQ.
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We experimentally investigated whether quantization consistency could be advantageous in
a setting in which it is desirable to take as few measurements as possible, and the oversampling
rates considered in [10], [11] cannot be reached. A generic solver for convex optimization

problems (CVX [14]) was used to test different approaches.

i = argmin Hé”l SubjECt to H‘Aé - g”oo S
z

2 = argmin ||z||; subject to (2.7)
z

) |4z =y, <+/35m

A uniform scalar quantizer was used in the tests. Equation ( 2.6) imposes only the quantization
consistency constraint on the reconstruction, while ( 2.7) works as the BPDN algorithm but
enforcing comnsistent reconstruction. The outcome of the tests shows that there is no,
or very limited, practical gain in enforcing quantization consistency. In particular, Figure 2.3
shows that the performance of the reconstruction method that enforces both a constraint on
the average noise and the consistency performs as the standard BPDN method. It can be also
noticed that a reconstruction method that uses only the information on consistency is always
outperformed by the other methods. Figure 2.4 reports a more complex signal that is almost
sparse, i.e. it is sparse but corrupted by some additive noise. Moreover the signal is sparse in
the DCT basis. The results are the same as in the previous case.

A further test used the BPDQ program developed in [10]. Figure 2.5, Figure 2.6 and Fig-

ure 2.7 show the relative reconstruction error as a function of the number of measurements.
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Figure 2.3. Original signal has length n = 1024, sparsity k = 100. It is sparse in the identity
basis and m = 400 measurements are taken with a Gaussian sensing matrix.
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Gaussian noise is added in the identity domain and m = 400 measurements are taken with a

Gaussian sensing matrix.
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Recostruction error vs. m
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Figure 2.5. BPDQ@), algorithm. Original signal has length n = 1024, sparsity k£ = 100. It is
sparse in the identity basis. Quantization step of the measurements A = 0.05.
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Figure 2.6. BPDQ), algorithm. Original signal has length n = 1024, sparsity £ = 100 in the
DCT basis. i.i.d. Gaussian noise is added in the identity domain. Quantization step of the
measurements A = 0.05.
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They support the claim that quantization consistency (here in the form of a higher moment
p in the constraint of the reconstruction procedure) produces significant gains with respect to
BPDN only when the oversampling factor increases, i.e. a large number of measurements is
taken with respect to the sparsity level, many more than the minimum that is needed to ensure

reconstruction with high probability.



CHAPTER 3

MULTIPLE DESCRIPTION CODING

Multiple description coding [15] is a way of coding an information source, that is resilient
to transmission errors. Networks like the Internet may be unreliable due to their best-effort
routing policy, so packet losses may happen at any time. The multiple description technique
allows to create multiple correlated representations of the original set of data, each carrying
enough information to decode the data with a certain fidelity. Losing a description will not
make the data unusable since each description can be decoded separately, albeit with a limited
quality. However, the best decoding quality is obtained when all the descriptions are available.
Figure 3.1 shows a block diagram for a system working with two descriptions, that could be sent
over separate channels. The decoding stage provides side decoders that are able to recover a
low-quality version of the data when a single description is received, as well as a central decoder
that is able to exploit both the descriptions to achieve the best decoding quality. Since we always
speak of reduced or full quality, the multiple description paradigm makes sense only in a lossy
coding environment, when it is acceptable for the end user to enjoy a variable degree of fidelity
to the original source. Classic examples involve audio or speech signals, images, video, etc.
Side distortion is the term used to refer to the extent of distortion, according to some fidelity
criterion (e.g. mean square error), when a single description is available. Central distortion is

the distortion that can be achieved when all the descriptions are received.

29
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Decoder 1 }—» X

des 1
=% ( channel 1
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m}( channel 2

Decoder 2 —>» §<\(2>

Figure 3.1. A two-description MD sytem

Resilience to description erasures is not for free and it comes at the price of a lower coding ef-
ficiency. There is an information-theoretic problem of determining the achievable rate-distortion
region of a multiple description coding of a given source, i.e. the set of points identified by the
rates of the descriptions and the corresponding side and central distortions that can be actually
achieved for that specific source. This is in general a complex problem, but for a memoryless
Gaussian source with variance o2 and the mean squared distortion metric, it is known [16] that

the side distortions D7, Do and the central distortion Dy follow:

D; > o227 i =12 (3.1)

Do > 02272 FatR2) bRy Ry, Dy, D) (3.2)
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with
1

2
1= (OB (- B) - B 2

The practical implementation of the multiple description paradigm requires to find a smart

Yp(R1, Ra, D1, D) = (3.3)

way to generate the descriptions. In fact, one should try to get acceptable side distortions
but at the same time the gain provided by central decoding should be worth receiving all
the descriptions. If central decoding provides little improvement over the single descriptions,
then it is not worth receiving all the available ones. Multiple descriptions can be produced
in various stages of the transmission chain. Methods are known to generate descriptions by
preprocessing the source (e.g. a trivial method is to separate even and odd samples), by applying
a correlating transform, by using a special quantizer, or by applying unequal error protection
to the transmitted data.

In the following we draw the attention to the multiple description scalar quantizer (MDSQ)
outlined in [17], that is a way of producing the descriptions in the quantization process. Re-
stricting ourselves to the two-description case, the basic idea behind the MDSQ is quantizing
the data in such a way that each description can be coarsely dequantized, but a finer resolution
can be achieved when both the descriptions are available. More formally, for each input z € R
two indices (i1,42) are produced by a MDSQ with (Mj, Ms) levels, each of them representing a
description of the input. The side decoder receives just one index and outputs an estimate of x
based on the side codebook Y = {3:,(;)|k7 S Ii}, i =1,2, where Z; = {1,2,..., M;} for descrip-

tion 4, and {3:,(;)} is the set of possible output levels. The central decoder is able to use both
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Figure 3.2. Example of MDSQ. The index assignment matrix uses nested assignment. The
rate is R = 2 bits per description

descriptions to produce the estimate from the central codebook y(® = {xE?)Ki,j) €Iy x Ig}
The encoder can be broken into two pieces: a standard quantizer defining the central partition
and central codebook, and an index assignment problem that associates the pair (i1,42) to each
cell defined of the central partition. Optimal index assignment is a complex problem and no
explicit solution is known but [17] gives some heuristic constructions. They are based on plac-
ing the cell numbers of the central partition in the index assignment matriz according to some
heuristic criterion (e.g. nested assignment, or linear assignment). The row and column indices
in the index assignment matrix are ¢; and io. Figure 3.2 shows an example index assignment
matrix, filled using a procedure called nested assignment [17], and also shows how descriptions

can be generated. In a balanced system, the matrix has 2% rows and 2% columns, where
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R is the rate of the description, so at most 227 entries can be stored. However, there is a
trade-off between how densely we can fill up the matrix and the achievable side distortions so
one may want to fill just a few diagonals. The methods proposed by the author in [17] provide
a parameter to control this filling density. Finally, optimization of the MDSQ can be done
at various levels. The reference [17] proposes a procedure that is based on a Lagrangian cost
function accounting for central and side distortion to be minimized by alternatively optimizing
the central partition for given decoding functions and the decoders for a given central partition.

As this procedure may be computationally expensive, simpler schemes are also considered:

e The encoder uses a simple uniform scalar quantizer defining the central codebook. The side
decoders select, among the multiple cells, the one closest to the mean of the probability
distribution of the source and the dequantized value is provided by the entry in the central

codebook for that cell.

e For any encoder, the side decoders may recover an estimate of the original value by calcu-
lating the centroid of the support defined by the cells corresponding to the received row

or column index.
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3.1 CS and multiple descriptions

3.1.1 CS-SPLIT and CS-MDSQ

Our goal is to investigate a multiple description framework for compressed sensing. Besides
the traditional ways of implementing MDC, compressed sensing enables a new technique to
generate the descriptions that is inherited by the "democracy" of the measurements. It is
commonly meant, by democratic measurements, that each measurement carries a little piece
of information about the original signal and no measurement is better than the others. This
fact implies that any measurement can be lost and the quality of the reconstruction is expected
to degrade in the same manner. In our method, that we refer to as CS-SPLIT, descriptions
can be created by partitioning the set of measurements into subsets. For example, a balanced
two-descriptions system will have two descriptions containing % measurements each, out of the
original m. The method can be summarized by the following description. The transmitter side

has to perform the following operations:

e Acquire the measurements

e Split the measurements into two groups. Due to the democracy of the measurements there
is no loss of generality if the splitting selects the first 5 and the last 5 to form the two

groups.

e Transmit the two groups separately

The receiver behaves differently whether it receives both descriptions or just a single one. If

both descriptions are available, the decoder juxtaposes the second part with the first one and
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runs the BPDN procedure (or any other recovery algorithm) with the original sensing matrix.

If only one description is received the steps are:

e Renormalize the problem by multiplying sensing matrix and measurements by a factor v/2.
This improves performance because it yields a sensing matrix with unit norm columns.
Having unit norm columns is needed to satisfy the Restricted Isometry Property with
a better constant §. Also see the Introduction chapter for the discussion on how the

properties of the sensing matrix matter to the success of compressed sensing.

e Run the recovery procedure using the correct submatrix.

Also, Figure 3.3 graphically explains the method.

Before going deeper into the analysis of this method and comparing it with other techniques
for MDC, we already state that CS-SPLIT requires a certain amount of oversampling to work
properly. In fact each description should be decodable by itself with high probability. However,
the method is so simple that it requires almost no processing capabilities, whereas traditional
MDC techniques may be computationally complex to apply. This is particularly interesting
for environments in which a small oversampling comes at low cost, while processing power is
expensive. We focus on the comparison between CS-SPLIT (Figure 3.4) and CS-MDSQ), that
uses a MDSQ applied to the measurements (Figure 3.5). Both the methods are used to produce

descriptions with the same weight in terms of total number of bits, to make the comparison fair.

We experimentally compare the relative reconstruction error of the methods as a function

of the number of bits per description. A first scenario supposes that we are free to choose
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how many CS measurements can be taken by the system. The best results for CS-SPLIT are
obtained by oversampling the source by a certain factor, that is not necessarily two. There is
a trade-off between the number of measurements and the resolution of the quantization process
to achieve a target bitrate. In general, there is a quantization-limited regime in which there
are enough measurements to potentially reach low error levels, but coarse quantization limits
performance. On the other hand there is a measurement-limited regime in which measurements
are too few to achieve good performance, no matter how many bits are spent on quantization.
Figure 3.6 shows the relative error when a single description is received. It can be immediately
noticed that CS-SPLIT failed with only 400 measurements, because 200 measurements per
description are not enough to ensure reconstruction from a single description. The other curves
show how a CS-SPLIT system that doubles the total number of measurements performs slightly
worse than the MDSQ system, but reducing the oversampling factor to 1.5, i.e. taking only
m = 600 measurements, performance significantly improve because it is possible to have a finer
quantization. Figure 3.7 shows the corresponding central distortions.

An alternative scenario that can be considered, is when the system enforces a constraint on
the total number of measurements. In this case we are not free to choose any oversampling
ratio for CS-SPLIT. The comparison reported in Figure 3.8 and Figure 3.9 shows how CS-
SPLIT typically performs better than MDSQ except in the region with few measurements,
where side side-decoding is measurement-limited. However, CS-SPLIT always performs better
if we consider the central distortion because the MDS(@Q machinery is not able to provide the

same quantization resolution.
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Figure 3.6. Side distortion. n = 1024, 100-sparse in identity domain. m is the total number of

measurements, CS-SPLIT uses % measurements per description
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of measurements, CS-SPLIT uses % measurements per description
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Figure 3.8. Side distortion for two different rates. Original signal has n = 256, k = 20. R is
the number of bits used for each entry in the description
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3.1.2 CS-SPLIT and MDSQ without CS

In this section we compare the reconstruction error achieved by a multiple-description system
that uses MDSQ but no compressed sensing and another system that uses CS-SPLIT. When
the input signal is sparse in some domain CS provides a very convenient sampling method, that,
most importantly, is blind to the domain in which the signal is actually sparse. However, at
least in the multiple description framework that we are considering, it may not always be the
best solution just in terms of reconstruction error. We have run some experiments to determine
which of the two systems provides a lower side and central distortion for the same number of bits
per description. CS has a natural advantage when dealing with sparse signals and this shows up
as a lower reconstruction error when the MDSQ system does not perform any entropy coding of
the data. However, the results change when we insert an entropy coding block in the systems.
The system without CS has a great benefit from entropy coding since the signal is mostly made
of null entries. Instead, applying entropy coding to the CS measurements provides a limited
gain due to their Gaussian distribution that makes their entropy relatively high. Figure 3.10
and Figure 3.11 show how the MDSQ with entropy coding always performs better than entropy-
coded CS-SPLIT, at least for the signals that we considered. Anyway, it should be remarked that
an entropy coder that is able to approach the entropy of the source adds significant complexity

to system and, for the case without CS, the coefficients in the sparsifying basis must be known.
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Figure 3.10. Side distortion. Original signal is k-sparse in the identity domain. For the
CS-SPLIT method, m is the number of measurements.
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Figure 3.11. Central distortion. Original signal is k-sparse in the identity domain. For the
CS-SPLIT method, m is the number of measurements.
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3.2 A mathematical description of CS-SPLIT and CS-MDSQ

In the following we focus on deriving a mathematical framework aimed at characterizing
the rate-distortion performance of the presented methods. We can anticipate that the analysis
is able to produce a lower and an upper bound to the region where the rate-distortion curve
sits with high probability, given the assumptions. The main issue that was encountered in the
analysis is characterizing the performance of the reconstruction stage of compressed sensing.
The current literature has showed some reconstruction guarantees for various algorithms, but,
typically, they are not very sharp and the assumptions they require on the structure of the
acquisition stage are somewhat uncommon in practice (e.g. the number of measurements and
the dimensionality of the signal may be required to be very high compared to the actual sparsity).
However, compressed sensing proved itself through applications to be much more reliable and

the guarantees overly pessimistic.

3.2.1 RD performance of CS-SPLIT

Theorem 14. Assume that the signal x € R™ is k-sparse and that the amplitude of the nonzero

2

entries follows a distribution with zero mean and variance oz. Assume that measurements
y = ®z, y € R™ are obtained using a sensing matriz ® whose entries are i.i.d. Normal random
variables with ®;; ~ N (0, %) and such that m > 60logn, k < %(% +1), where 1 is the coherence

of the matrix. Furthermore, assume that the BPDN algorithm is used for reconstruction. If the
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assumptions hold, then the distortion D = ||z — i”% in the reconstructed signal as a function of

rate R is bounded as follows, with high probability:

2 29—2R
o g20-2R < p () < — hos2 (3.4)
m 1—  /1Ben (g — 1)
2
k2, 4ko222R
EO%Z 2R < Dcentml(R) < il (35)

1—q/28k8n g 1)

It can be noticed that the distribution of the measurements is Gaussian by the central limit

theorem. Also, the measurements are supposed to be approximately independent. The mean

value is

E [y] = E[®z] = E[®]E[z] = 0 (3.6)

The variance for the central case is

n
+2E Z DDy

L=1
121

n 2 n
J;,central = E [yf] =K <Z(I)Zl$l> =K [Zq>221xl2
=1 =1

n

= ZE [‘I’?l] E [%2] =

=1

o2 (3.7)

3|

The side case requires a renormalization by v/2, so the variance is doubled

k
j,side = 2E0—£ (38)
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The distortion-rate curve, i.e. the minimum distortion that can be reached for a given rate, of
a memoryless Gaussian with the mean square error metric, is well know in literature. Hence we

can derive the distortion on the single measurement, due to quantization, to be

k _
Dsm,central(R) = EO%Z 2R (39)
k 260—2R
Dsm,side(R) = 2E0'x2 (310)

Dy, is the mean square error E [(y, — g,)2] It is possible to compute the mean squared norm

of the whole error vector by

Dm,central(R) = Dm,side = ka§2_2R (311)

2

with Dy, = E[[ly - 3]

}. We call g the distorted version of y, e.g. due to quantization
7=2(y)

The optimal reconstruction method, that can be used to establish an ultimate lower bound
on the reconstruction error, is the oracle-based recovery. It is based on the assumption that an
oracle tells us the sparsity support S of the signal, so that it does not have to be estimated
from the measurements. Once the support is known, the best reconstruction is obtained by
projecting the measurements onto the subspace spanned by the columns of the sensing matrix

corresponding to the entries in the support. Mathematically, let’s call &g the sensing matrix

restricted to the columns indexed by support S, i.e. with zeros in the other columns, then
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T = (<I>£<I>5)_1 <I>£g It is known from [18] that the oracle-assisted recovery produces an error
bounded by
k

. k
—Dsm < ”E_EHS S

—Dgn 3.12
1+06 - 1-90 ( )

where § is the RIP constant of matrix ®. Computing the RIP constant of a matrix can be very
complex. However, the best value that could be ideally achieved is 6 = 0, so we will consider
this limit case in the analysis.

BPDN is known to reconstruct a sparse signal from noisy measurements with an error that is
proportional to the noise power. The proportionality constant depends on the properties of the
sensing matrix, in terms of RIP constant or coherence parameter. Davenport et al. report in [2]
a reconstruction guarantee that explicitly expresses the constant as function of the coherence of
the sensing matrix. Calling €2 = E [||e||§] the power of noise, and assuming that the constraint
in the BPDN optimization problem uses exactly ¢, and that k < %(% + 1), the reconstruction
error is bounded by

2e

_ 4l < 3.13
el € (3.13

where p is the coherence of the sensing matrix.

We limit ourselves to the case in which the sensing matrix in made of Gaussian entries,
which is one of the most common cases in practical applications and among the most studied
from a theoretical standpoint. In fact Bajwa et al. have derived in [19] worst-case and average-

case expressions for the coherence of a Gaussian matrix that hold with high probability. The
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following worst-case bound is of particular interest to our analysis. Assume that ®;; ~ N (0, %)

and that m > 60logn, then

15logn

o< (3.14)

m

with probability exceeding 1 — % A proof of this result is given in [19].
Now we have all the building blocks to prove ( 3.4) and ( 3.5). The lower bound is provided
by the oracle inequality with § = 0, while the upper bound is given by the performance guarantee

on BPDN. Concerning the lower bound it is immediate to derive

K2 o,
Doracle,side = 2E0§2 2R (315)

k2 _
Doracle,central = E032 2R (316)

For the upper bound, it is sufficient to notice that equation ( 3.11) can be used as the expression
of the noise norm ¢ in ( 3.26), and substituting the worst case coherence reported in ( 3.27) we

can obtain

4ko227 28
Dupper,side = G 1:(: (3 17)
1— [/ Blosn g 1)
2
4k 22—2R
Ou (3.18)

Dupper,central = 51
|-/ Bloan gy )

Figure 3.12 reports graphically the lower and upper bounds for the side and central cases.
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Figure 3.13 reports an experimental check on the oracle lower bound. The theoretical curve
is the one reported above, obtained for § = 0. The experimental curve is obtained from a large
number of simulations applying a uniform scalar quantization to the measurements and then
reconstruction knows the support perfectly. The figures report the norm of reconstruction error.
A penalty of /T (20logy /% = 1.34dB) [20] is accounted because of the use of the uniform
scalar quantizer. The simulation seems to support the theoretical result. The slope of the two
curves coincides and after correcting for the quantizer penalty, the remaining offset is explained
by the fact that the RIP constant is in fact greater than zero. Also note that in the side case,
a lower number of measurements makes the RIP constant somewhat worse, hence the greater

offset.
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Figure 3.13. Experimental vs. theoretical lower bound. The theoretical curve is a limit case in

which the RIP constant tends to zero. Simulations are performed with a Gaussian sensing

matrix.
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3.2.2 RD performance of CS-MDSQ

Theorem 15. Assume that the signal x € R™ is k-sparse and that the amplitude of the nonzero
entries follows a distribution with zero mean and variance 2. Assume that measurements
y = ®z, y € R™ are obtained using a sensing matriz ® whose entries are i.i.d. Normal random
variables with ®;; ~ N (0, %) and such that m > 60logn, k < %(% +1), where 1 is the coherence
of the matrix. Furthermore, assume that the BPDN algorithm is used for reconstruction. If the

assumptions hold, then the distortion D = ||z — @Hg in the reconstructed signal as a function of

rate R is bounded as follows, with high probability:

2 4 2k2—2R
T k29-2R < Doo(R) < Uf‘i‘ (3.19)
m 15
1 \/15ken gy )
o? _ 4o2k2—4R
Exk’22 4R7D < Dcentml(R) < = e (320)

1/ 18lemn (g

The rate-distortion analysis of the scheme that applies a multiple-description scalar quantizer
to the measurements considers the Ozarow bound [16] as starting point. We can state the Ozarow
bound for a balanced MDC case in which the rate is the same for both descriptions Ry = Ry = R
and the side distortion is also the same Dy = Dy = Dgpside (We call Dg,, the mean squared

error on the single measurement):
o2
Dsm,side > _xk2_2R (321)
m

2
g _
Dsm,central > Exkﬂ 4R’7D (322)
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with
1

2
1— <<1 . Ds,:)z,sidc> - Dgr:,side - 2—4R>
-z L Tz .2
m

YD =

s
Following the same reasoning used in the analysis of the CS-SPLIT method, the lower bound
on the performance after reconstruction is obtained for an oracle-assisted reconstruction. An
oracle tells us the support S of the signal and recovery is performed as & = (<I>£<I>S)_1 @gg,
being ®g the sensing matrix restricted to the columns indexed by support S, i.e. with zeros

in the other columns. It is known from [18] that the oracle-assisted recovery produces an error

bounded by

k . k
—Dsm < ”E_EHS S

— Dy 3.23
1+ - 1-90 ( )

where ¢ is the RIP constant of matrix ®. Computing the RIP constant of a matrix can be very
complex. However, the best value that could be ideally achieved is 6 = 0, so we will consider
this limit case in the analysis. It immediately follows that the lower bound for the side and

central cases are:

2
|z — i”g side = Tr 292K (3.24)
' m
lz — &2 > U—f%k22—4R (3.25)
= =ll2,central = m YD .

Notice that the performance of the central case is also affected by the performance of the side
case through the vp parameter.
The upper bound is established for the BPDN reconstruction algorithm. BPDN is known to

reconstruct a sparse signal from noisy measurements with an error that is proportional to the



55

noise power. The proportionality constant depends on the properties of the sensing matrix, in
terms of RIP constant or coherence parameter. Davenport et al. report in [2] a reconstruction
guarantee that explicitly expresses the constant as function of the coherence of the sensing
matrix. Calling e2 = E [Heﬂg] the power of noise, and assuming that the constraint in the
BPDN optimization problem uses exactly €, and that k < %(% + 1), the reconstruction error is
bounded by

2e

_ 4l < 3.26
el € (3.20

where p is the coherence of the sensing matrix.

We limit ourselves to the case in which the sensing matrix in made of Gaussian entries,
which is one of the most common cases in practical applications and among the most studied
from a theoretical standpoint. In fact Bajwa et al. have derived in [19] worst-case and average-
case expressions for the coherence of a Gaussian matrix that hold with high probability. The

following worst-case bound is of particular interest to our analysis. Assume that ®;; ~ N (0, %)

151
p< V_jiggﬁ (3.27)
m

with probability exceeding 1 — % A proof of this result is given in [19]. The final bound on the

and that m > 60logn, then

reconstruction error can be obtained by considering that the noise power is in fact the distortion

2:

on the measurement vector & mDyg,,. Hence:

4022720
A2
”z_g‘b,side < =

JIERERYIC A

(3.28)
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402k2748yp

A2
”E - £H2,central < 15logn
1 /1Bloan (g 1)

We are now going to check if the results predicted by the theory are consistent with the out-

(3.29)

comes of some simulations. We will focus on the lower bound as the upper bound is somewhat
cumbersome to be checked due to the assumptions needed to make the guarantees hold. Due
to the dependency of the central distortion on the value of the side distortion, the theoretical
curve for central distortion is actually obtained as a hybrid of theory and simulation. Our im-
plementation of the MDSQ fixes a certain side distortion, that is not the minimal one, either
because it is difficult to achieve and because minimal side distortion would imply maximum
central distortion. This value of side distortion on the single measurement, before reconstruc-
tion, is evaluated experimentally, compared against the minimum achievable, and then plugged
in ( 3.25) to determine what is the minimum central distortion that can be achieved for that
side distortion. Figure 3.14 graphically shows the method. The first experiment is aimed at
checking the reconstruction distortion achieved by CS-MDSQ with a practical multiple descrip-
tion scalar quantizer, as function of the rate, i.e. the binary logarithm of the number of rows (or
columns) of the index assignment matrix. This would be the number of bits used to represent
each measurement in the descriptions. Figure 3.15 reports the results. The curves labeled as
"Theory’ implement equations ( 3.24) and ( 3.25) by the procedure previously explained. It can
be seen that the experimental outcome follows the theoretical curve with the same slope and a
penalty that may be due by several factors such as the implementation of the MDSQ, that is

not able to work at the rate-distortion limit, and the oracle-assisted recovery that is penalized
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by a RIP constant that is actually greater than zero. Figure 3.16 shows the dependency of the
reconstruction error norm on the number of measurements. We can notice a weak reduction of

the error as the number of measurements is increased.
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Figure 3.15. Experimental vs. theoretical lower bounds. The theoretical curve for the side case
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( 3.25) using the experimental side MSE before reconstruction as Dgp side- Simulations are
performed with k = 20, n = 256, 0, = 1 and a Gaussian sensing matrix with m = 100.
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3.2.3 Theoretical comparison of CS-SPLIT and CS-MDSQ

The results previously outlined show that it is difficult to compare the performance of CS-
SPLIT and CS-MDSQ), using only a theoretical analysis. The bounds are, in fact, too loose
and subject to a number of limitations concerning the signal parameters, especially due to the
current results concerning the characterization of recovery procedures of compressed sensing.
However, it is possible to give some intuitions concerning the lower bounds, obtained by means
of oracle-assisted recovery. We stress that a fair comparison must not use the same parameters
(e.g. same number of measurements and same rate) for both systems because, otherwise, CS-
MDSQ would be transmitting twice the data with respect to CS-SPLIT. As already explained in
the section considering experimental results, CS-MDSQ uses m measurement, each represented
with R bits in each description, so 2mR bits overall. Instead, CS-SPLIT uses % measurements,
quantized with R bits per description, so mR bits overall. Hence, a fair comparison would use,
for instance, twice as many measurements for CS-SPLIT and the same rate, or twice the rate
and the same number of measurements.

The following figures report the lower bounds for CS-SPLIT and CS-MDSQ in the central
distortion vs. side distortion plane. Those curves allow to define a region of the plane that is the
set of all achievable pairs (Dgide, Deentral)- It is interesting to notice that CS-SPLIT requires no
tradeoff between central and side distortion, while, on the contrary, the use of a MDSQ requires
to have worse performance in the side decoders if we want to improve central decoding. It is
also interesting to notice from Figure 3.17 that, for those parameters, CS-SPLIT is, in principle,

able to achieve more advantageous (Dside, Deentral )-
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CHAPTER 4

SENSOR NETWORKS

Sensor networks may be regarded as an evolution of the traditional paradigm of sensing
quantities. A sensor network is endowed with a possibly huge number of sensors that cooperate
to carry out some measurements. Cooperation is key to the success of the network because it
makes it fault-resilient as well as efficient. Applications for sensor networks have been proposed
in a various range of fields, among which medical, military, environment monitoring, home
automation and several others. Such flexibility is due to the characteristics of sensor networks.
Sensors are ideally tiny objects, equipped with wireless connectivity and some processing power,
that can be deployed on the site of interest without engineering their positions but rather in a
random way. The network must be able to self-assemble and rewire its structure dynamically
without any external intervention, as the conditions may change over time because of failures
(e.g. a sensor runs out of power) or because sensors have moved. One crucial constraint that
must be faced when dealing with sensor networks is the limited available power. Sensors are
battery-powered and may or may not be able to recharge depending on the availability of
solar cells. Energy efficiency is sought at all levels of design, from the physical layer in which
binary modulations are preferred to M-ary constellations, to the link and network layers that
use protocols specifically aimed at power conservation. The on-board processing power allows
to perform simple preprocessing operations on the collected data, but data are routed through

the network to a sink and then to the final user that has all the processing power needed to
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decode and process the data. Hence, to maintain the network cost-efficiency and meet the power
constraints, sensors must be kept simple and all the complex tasks must be performed at the

receiver.

4.1 Distributed Compressed Sensing and Joint Sparsity Models

The framework of sensor networks significantly differs from what we analysed in the previous
chapters because it involved a single signal. When dealing with networks, we have to consider
an ensemble of signals, that may be generated by multiple sensors monitoring the spatial distri-
bution of a variable (e.g. temperature). It is often the case that the observations made by the
sensors are both inter- and intra-correlated. By intra-correlation we mean that a certain amount
of redundancy within the signal itself is present and that there exists some basis ¥ that allows a
compact (sparse) representation of the signal. The term inter-correlation is instead referring to
the amount of redundancy among different signals in the ensemble. How much inter-correlation
can be found depends on the specific application but it is reasonable to think that whenever we
are sensing the distribution of a variable that varies smoothly over space, then the measurements
collected by the sensors will be very much similar to each other. Furthermore, sensor networks
are studied to be deployed in a dense fashion in the region of interest, so that it is reasonable to
assume that sensors that are close to each other collect similar measurements. Sensor networks
also have some strict requirements that make them a challenging topic to investigate. For ex-
ample, sensors are typically small-size, battery-powered devices, so there are strong limitations
to the complexity of tasks that can be performed by them. Hence, a coding scheme that has a

simple signal acquisition procedure and that moves all the complexity to the receiver is desirable
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for this kind of application. Compressed sensing clearly has this important feature, hence the
interest in investigating applications of compressed sensing to sensor networks.

The theory of Distributed Compressed Sensing, that has a pivotal reference in [21], focuses
on applying compressed sensing to a distributed scenario in which we want to leverage both
inter- and intra-correlation to achieve high coding efficiency while keeping low complexity on
the sensors side. It is interesting to notice that the use of Distributed Compressed Sensing
achieves a reduction in the number of measurements that have to be acquired and transmitted
by each sensor, thanks to the presence of many sensors collecting correlated measurements, but,
in principle, it requires no cooperation among the sensors. This is important because it limits
dramatically the complexity of the system if no cooperative scheme is needed to achieve the
desired performance.

Baron et al. introduce in [21] the notion of joint sparsity and provide three example models

of joint sparsity that have been referenced by the literature (e.g. [22] [23] [24]).

JSM-1 Sparse common component + sparse innovations. In this model each signal in the
ensemble is made by a sparse component z, that is common to all the J signals in the

ensemble and by a innovation component x;; that is peculiar of sensor ¢.

=z txp; i=1,..,J (4.1)

This model well represents measurements of quantities that are affected by some global

factors common to all measurement nodes, thus contributing to the common component,



JSM-2

JSM-3
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while the innovation signals may arise from local phenomena affecting each node in a
different manner. Smoother variations in time and space tend to make the signals sparser

(more intra-correlated) and each less innovative, respectively.

Common sparse support In this model all the signals share the same sparsity support
but the amplitudes may be different. The JSM-2 model is appropriate for acoustic sensor
arrays or MIMO communication devices where each node receives replicas of the same
signal, with some modifications due to different phase shifts or attenuations. Another
example is medical imaging, where recovery from a JSM-2 ensemble is often referred to as

the Multiple Measurement Vector (MMV) problem.

Nonsparse common component + sparse innovations This model is similar to JSM-
1 in the sense that there is a component that is common to all signals but it is not sparse.
The innovation component of each signal is sparse. This model well suits the case of
video sequences where each frame may not be sparse by itself, but it may have minor

modifications with respect to the previous frame, hence it has sparse innovations.
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4.2  Algorithms for joint reconstruction

In the following we are going to present a few algorithms that explicitly exploit models of
joint sparsity to improve reconstruction performance or to decrease the number of measurements
that is needed to achieve a desired quality in the reconstructed signal. It is interesting to notice
that no cooperation among sensors is required by these algorithms, which keeps complexity to
a minimum and does not require exchange of data inside the network. Finally, most of the
algorithms require the use of side information. By side information we mean that the signal
acquired by one of the sensors is fully known by the receiver. In practice, this just means that
one sensor acquires more measurements than the others and quantizes them in a fine manner,
so that reconstruction can be performed with very low error. If the number of sensors in the
network is large, the overhead due to side information tends to be small or negligible and, in fact,
we already discussed how sensor networks typically employ several sensor nodes. Since having
the side information at the receiver is critical, it may be interesting to devise protocols that take
care of replacing the node providing the side information in case of failure, but this is beyond
the scope of this work. We introduce joint reconstruction algorithms with a short literature
review. In particular, the Intersection and Sort algorithms have been proposed in [23], and the
Texas Hold ’Em in [22|. Let’s clarify some notation that is used throughout the explanation of
the algorithms.

x; : j-th signal in the domain in which sensing takes place

0; : j-th signal in the domain in which it is sparse

U : sparsifying basis z; = ¥, , 0, = \1’ng



D .

Y.

sensing matrix

measurement vector of signal j Yy, = Pz ;
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4.2.1 Intersection algorithm

This algorithm assumes the JSM-1 signal model. Its working principle can be summarised
in the idea that if we are able to subtract the measurements of the common component from
the measurements, then we are left just with the measurements of the innovation part, which is
sparser. After recovering the innovation component, it can be added to the common component
to get the full signal. Even in the general case with J sensor nodes, the algorithm works pairwise
considering the measurements from sensor j and the side information (without loss of generality
assume that sensor 1 provides the side information). The common component is recovered by
reconstructing the signal from sensor j separately in order to estimate its support §; and, since
the common component is shared by 1 and j, its support S. can be estimated by intersecting
S§; N'S1. Once the support is known it is enough to solve a least squares problem to get the

coefficients. Let Qj = \I/ng, 0, = \I/Tgl, Yy, = Pz, Y, = bz,

Algorithm 1 Intersection algorithm
Require: S; = {i: (0,), # 0}, t, A=V

Recover Qj from y .

S {i:]@®),|>1}

Sc ~— SN Sj

i — (AT A . \=14T
<QC)SC - (AS‘CASC) AS‘CQ
gl,j =Y — AQC

Recover 0y ; from y. .
=1 Zinn,j

return Qj = QG + Ql,j
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4.2.2  Sort algorithm

This algorithm is very similar to the Intersection algorithm except for the estimation of the
common component that is performed in a different fashion. The coefficients of the reconstructed
signal are sorted by decreasing magnitude and, proceeding in order, if the component also
belongs to the support of the side information then it is added to to the support of the common
component. The algorithm terminates when k. positions have been added to the support of the

common component (k. being the sparsity of the common component).

Algorithm 2 Sort algorithm
Require: S; = {i: (0;); # 0}, kc, A= PV

Recover éj from Y;

(4),
if i € &7 then
S, S, Ui
if 0. = k. then
break
end if
end if
end for
(9 ) = (AL Ag)71 ALy,

Zc Sc SC g

gl,j =Y — AQC

Recover fy; from y. .
=L Zinn,j

S. <0
for i = max;

do

to min;

(®),

return 0; = Qc + QLJ
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4.2.3 Texas Hold ’Em algorithm

The previous algorithms proceed essentially pairwise, so they may not fully exploit the
system properties when the system has a large number of sensors. Texas Hold ’Em relies on
sharing all or part of the measurements of all the J sensors in the network in the reconstruction
process. The idea is that the innovation components can be treated as noise, so averaging the
measurements from all the sensors we get something close to the measurements of the common
component. This is clearly unbiased since in the limit of a network with infinitely many sensors

we have that:
. 1
b, }:H;JZy fin v 72| =L (42
j:

Moreover, this algorithm does not require any side information. Once the common component
has been estimated by recovering from the averaged measurements, it can be subtracted from

the measurements of each signal to recover the innovation component.

Algorithm 3 Texas Hold ’Em algorithm
Require: J, k., A = ®U¥
J
=%Zy
Recover (9 from g g,
for jin1:J do
Up;=y; — A
Recover §; ; from g I

Qj = Qc + Q[,j
end for
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Figure 4.1. Difference algorithm

4.2.4 Difference algorithm

This is the first new algorithm that we propose. The underlying idea is to exploit side
information to eliminate the need to recover the common component. Figure 4.1 presents a
schematic representation of the algorithm. Proceeding pairwise by using the side information
and one of the signals in the ensemble, it is possible to compute the difference between the
measurements of the side information and of signal j. This clearly removes any component that
is common to the two signals, so we are left with measurements of the difference of the innovation
components. It is then possible to recover the difference signal from these measurements using
any recovery procedure. Once the difference signal is recovered, it is then enough to add the
side information to fully recover signal j. Before going into further details, it is interesting to

notice that this algorithm does not introduce any error due to an incorrect estimation of the
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common component, simply because this is removed from any recovery procedure and only side
information is used to get it. A shortcoming of the algorithm is that the difference signal is
less sparse than the innovation component of a single signal, so it needs more measurements
to be recovered than if we were to recover just a single innovation component. However, this
procedure seems advantageous in a scenario in which the sparsity of the common component
is much larger than the sparsity of innovations. This is often the case when the signals in the
ensemble are highly correlated. If we call k; the sparsity of the innovation component of each
signal in the ensemble, then in the worst case, the difference signal has sparsity 2k;. As a
rule of thumb, if 2k; < k. then the difference algorithm may be favourable since it does not
have to estimate the common component. This is even more relevant if the overall number of
measurements is limited, and it does not allow to estimate the common component with great

accuracy, as it is required by the Intersection and Sort algorithms.

Algorithm 4 Difference algorithm
Require: A = oV
for j in 2:J do
Compute Yair; = Y5~ Y%
Recover 04 ; from y diff
0; =01 + O
end for
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4.2.4.1 A performance bound

Hég - QjH2 = |01 + Qaiers — 05|, = |01 — b1 + Oaisrl, = (4.3)
= e — - < 4.4
Oaigry — \lr; — 0, <
|8aisrs — (8r; = 014) |, < Ce (4.4)
where € = H Y~ ® (z 11— Ivj) H is the norm of the noise affecting the measurements of the

difference signal and C' is a constant that depends on the method used for reconstruction and
on the RIP constant of the sensing matrix. Ideally (no quantization, etc.) € = 0 and provided
that there are enough measurements reconstruction is perfect. This means that the Difference
algorithm is exact. Perfect reconstruction is possible if there is no loss of information, unlike

Texas Hold ’Em which is limited by the residual noise in the averaging procedure.

4.2.4.2 Some distortion-rate bounds

We will follow a line of reasoning similar to the one used in the analysis of CS-SPLIT. This
allows to get some bounds for the distortion-rate performance of the algorithm under some
conditions that are essentially the same as the ones reported for CS-SPLIT. Let’s first introduce
some notation:

k;: total sparsity of signal j

ko sparsity of the common component

kinj: sparsity of the intersection of the supports of signals 1 and j (note that if J = 2 this

is k., but in the case with more sensors it may be greater because the common component



76

is common to all signals, so it is possible that the innovation component of signal j partially
overlaps with the innovation component of signal 1)

kqig,j: sparsity of the difference signal 67 ; — 071

Yy;j: measurement ¢ of signal j

Yij ~ N (0, %O’%)

Theorem 16. Let an ensemble of J signals follow the JSM-1 joint sparsity model and the
Difference algorithm be used for recovery. The nonzero entries of each signal in the sparse basis
have variance o2 and zero mean. Assume that m = O(klogn) measurements are obtained with

a Gaussian sensing matriv ® as y = @0 and that Py i (0, %) Also assume that that

m > 60logn, k < % (% + 1) where 1 is the coherence of ®. Furthermore, assume that the
BPDN method is used in the recovery steps inside the Difference algorithm. If the assumptions

o112
hold, then the distortion D; = HQ — QH in the j-th reconstructed signal as a function of rate R
2

1s bounded as follows, with high probability.

4 (k1 + kj — 2k1ny) 022728

1= /220 4k gy — 1)

The proof will follow after stating a lemma considering the correlation of measurements of

irioa2 2 < Dj(R) <

key + k; — 2k,
LRy Ay g o2 (4.5)
m

different signals. This lemma will be useful in the proof of the theorem and it is actually more
general than what is needed, because it considers an arbitrary basis ¥ under which the signal

is sparse.
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Lemma 17. Let y;; and y;1 be the i-th measurement of signals j and 1 respectively. Let those

signals be two signals in a JSM-1 ensemble. Measurements are obtained as y = ®VO with

i N (0, L), Then:

k1n;
E [yijyil] = %Ug

Proof. Before the math it is useful to notice that

E[(60]] = o2

£ [(90)1 (917j)l/] =0

ifl=1

otherwise

0923 if | =1 and l,l/ S S1mj

E [(615), (011),] =

0  otherwise

(4.6)
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We used the symbol Sin; to denote the support resulting from the intersection of the supports

of signals 1 and j.

E [yiyi]

E Z O gy ((0e),+ 025),) | [ D @i Tww ((6e)y + (61.1),)
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k., kLU
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k11
Z E (@ Py E [¥r (0), Y (01,1),]
kKLU
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We notice that the algorithm performs recovery from y diffj? that can be seen as a memoryless
Gaussian source. Each component has zero mean and the variance can be readily computed by
exploiting the previous lemma and the result obtained in ( 3.7).

k1nj
2—2 0’920

kq k; ki +k;
E [yzliﬂ",ij] = E [31121 + y% - 2yilyij] = Eafc + Ejff% —2E [Z/ilyij] = m ! 0923 -

m x

Hence, defining distortion as the squared error norm, the distortion-rate curve on the mea-

surements is

k1 4+ k; — 2k1q;
R

Now, we can recall the performance bounds presented in ( 3.23) and ( 3.26) concerning
CS recovery by means of an oracle and by means of the basis pursuit denoising algorithm
respectively. We also recall that we presented in ( 3.27) a result about the coherence of a
Gaussian sensing matrix. Putting all the results together, it follows that the reconstruction
error is bound as stated in theorem (16), where the lower bound assumes reconstruction by
solving a least squares problem when the support is told by an oracle and the upper bound is

given by the reconstruction performance of the BPDN algorithm.

4.2.5 Texas Difference algorithm

This is an improvement that we propose over the Texas Hold ’Em algorithm. Figure 4.2
presents a schematic representation of the algorithm. Albeit it maintains the original idea

of averaging the collected measurements, it is aimed at providing some performance gain by
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Averaging

J yc A|,1 §\<|,
1 » — | Recover |——— ]
J = Y, + | |
| |
|

Sensors

Y

| X,
T J | |
Y- B * o l—j )%
| yl,Z )/zl,z | - 2
@ ™G Recover —Tr > X,
I | |
' L L
X Xy W Xy
+@ (= Recover ——+—» > A X,

Figure 4.2. Texas Difference algorithm

avoiding any reconstruction of the common component and rather using it directly from the
measurements, in a fashion similar to the Difference algorithm. As it is conceptually close to
the Difference algorithm, it mainly targets situations in which the signals in the ensemble are
highly correlated, thus having innovations that are much sparser than the common component,
and few available measurements. It also differs from Texas Hold ’Em because it requires side
information, but since both this and Texas are well suited for networks with a large number of
sensors (so that the residual noise after averaging is small), the overhead due to side information

may be negligible or very small anyway.
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Algorithm 5 Texas Difference algorithm

Require: J,A = oV, k;

J

1
9,=3>Y,
e J]:l_]
Y1=-Y% 7Y

Recover 0; ; from ng
for j in 2:J do
%diﬂf,j =Y~ QlA
15 = Yaieey T Yra
Recover 6 1] fronrAl Yy

Qj =01—0;,+90;;
end for

4.2.5.1 A performance bound

Let’s derive a simple bound on the reconstruction performance of the algorithm to gain some

intuition about the conditions that make it effective, when compared to other algorithms.

Héj _QjH = HQ1 - é[,l +é[,j _QjHZ = HQM - é[,l —0r,; +é1,y”2

[or =) + (815 =003, < ona =l + |, 1],

Let’s analyse how the innovation components are recovered.

J J
. . 1 1
Uy =Y~ P =Yt Uy~ YT G U =Y 5D Uy
=1 =1
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7 7
N . 1 1
Y5, =Y 0ty =Y Y Y Y T Y jZﬂz,z =Y~ jzgu
=1 =1

J
Let’s call n = 7Zy”, i.e. the "noise" component in the measurements that is due to the
=1

averaging procedure, which does not exactly cancel out the innovation components. Hence,
Y = Afy;—nfor j € [1,J]. If we use a reconstruction procedure from noisy measurements

that has a performance guarantee of the type that the reconstruction error is proportional just

to the noise power, and we assume that HQIJ»H2 =n for all j € [1, J], we can write:

<C’-V1+6

'\/1—1-577
2 VI

ally=C =75~

16

o1, -0, <0l = ¢ | 3 S0t

where ¢ is the RIP constant of matrix A = ®W. Finally we can plug this result in the derivation

for the recovery error and we obtain

V1446
NG Ui

Y T )

This analysis points out a few interesting facts about the algorithm. Even if quantization or
other sources of noise are not considered by the analysis, the algorithm is still bound to a certain
reconstruction error. This does not happen for other algorithms (e.g. Difference) that we have
seen to be exact. Here, the limiting factor is the averaging procedure that imposes a floor on

the reconstruction error, that cannot be overcome by adjustments on the rate. However, this
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error floor decreases as so a network with a large number of sensors may indeed be limited

1
ok
by the quantization rate or other phenomena rather than the averaging procedure.

We have seen how the Tezxas Difference algorithm borrows ideas from both the Texas Hold
"Em strategy and the Difference procedure, so one may wonder whether it really improves
over those methods and when it may be interesting to use it. 7Texas Difference inherits the
averaging procedure from Texas Hold ’Em, that makes it suitable when the number of sensors
is large as already discussed. However, it improves over Texas when the signals are highly
correlated and few measurements are available because Texas may have difficulties in recovering
the common component. The idea of computing some differences to use the common component
in an implicit way is derived from the Difference algorithm. Tezxas Difference is able to run the
compressed sensing recovery procedures only for the the innovation components themselves,

whereas Difference has to recover a difference between two innovation signals, which is typically

less sparse.
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4.3 Performance comparison

We are going to test the performance of the algorithms outlined in the previous section
by running some simulations, under different conditions. It can be seen that the experimental
results follow our intuition, concerning the performance of the methods with respect to each
other. We remark that the y-axis, labelled Mean Square Error, actually represents the mean
MSE over all the J signals in the ensemble.

Figure 4.3 shows a scenario in which a very limited number of measurements is taken from
each sensor but the number of sensors is relatively high (J = 100). This is the best case for
the Texas Difference algorithm, which, in fact, outperforms all the others by a great margin.
It is also interesting to remark how the plain Texas algorithm has very bad performance due
to the constraint on the number of measurements. The exact algorithms perform very close to
each other, and, in particular, Difference is not able to improve over Intersection because the
sparsity of the innovation component is quite high compared to the sparsity of the common
component. In particular, since k. = 15 and k; = 10, the rule of thumb 2k; < k., that
we have given as an indicator of when Difference can be useful, does not hold. Figure 4.4 is
interesting because it highlights the error floor reached by the Texas Difference algorithm for
high values of rate R. As previously discussed this error floor is due to the averaging procedure:
no matter how fine measurements are quantized, the residual noise of averaging will prevent any
improvement of performance. This also happens for the Texas algorithm, albeit not evident in
that picture. Again, the poor performance of Difference is due to the strong contribution of

innovation components to signals. Figure 4.6 and Figure 4.5 are worth to be analysed together
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because they have very similar parameters and reveal some interesting phenomena. As first
comment, Texas performs poorly mainly because it needs more measurements to improve its
performance significantly. Then, it is interesting to notice how the increase in the number of
sensors from 10 to 100 significantly lowers the error floor for Texas Difference, which is also
the best method at low bitrates. At high bitrates the Difference algorithm is the best when
the number of measurements is limited (m = 60) and close to the other algorithms when more
measurements are available. Finally, Figure 4.7 shows a situation that is extremely unfavourable
to the Difference and Texas Difference algorithms because because of the high value of kj
compared to k.. However, this and the high number of sensors make Texas perform rather well.

Due to the fact that the various algorithms seem to perform differently depending on the
number of available measurements, we include a simulation of the reconstruction error as a
function of how many measurements are collected by each sensor. The result is reported in
Figure 4.8 and it confirms what we previously reported, i.e. Difference and Texas Difference
work are the best when few measurements are available, if the correct assumptions on the
signal are satisfied. However, they are outperformed by other algorithms when more and more
measurements are available. This fact should be regarded as an important point: thanks to
the improvements made possible by Difference and Texas Difference it is possible to reduce the
number of measurements that is needed to achieve a good reconstruction error. The benefits of
this fact are evident in terms of complexity of the system for measurement acquisition, as well

as in terms of data transmission.
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CHAPTER 5

A COMPRESSED-SENSING, MULTIPLE-DESCRIPTION SCHEME

OVER A PACKET ERASURE CHANNEL

This chapter will draw concepts from all the previous chapters in order to analyse a sys-
tem (e.g. a sensor network) that collects measurements of some quantity of interest by means
of compressed sensing, bundles them in packets and transmits the packets over a packet era-
sure channel. The channel is unreliable, it may lose a packet with probability pioss and using
a connection-oriented protocol that takes care of retransmission is not applicable because of
efficiency constraints (with one exception that will be noted in the following). This is an inter-
esting scenario to apply a multiple-description coding technique, whose job is to make the system
more robust to the channel unreliability. However, the technique must also be simple enough
to be implemented in a sensor network, that has very tight complexity constraints. Hence, the
CS-SPLIT method developed in chapter 3 seems to be a good candidate to solve the problem
because it fits the compressed sensing frame and it moves all the complexity to the receiver.
Moreover, an assumption is made on the joint distribution of the sensor data. We assume that
they follow the JSM-1 model, that we thoroughly discussed in the previous chapter, along with
some joint recovery algorithms. Most of the algorithms that we analysed require the use of side
information, i.e. the perfect knowledge of one of the signals in the ensemble. From a practical
standpoint, requiring side information just means that one of the signals will be sensed taking

more measurements to ensure a high quality reconstruction. This method causes some overhead
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to be present if compared to a scheme without the need of side information. Let’s call J the
number of sensors, my the number of measurements for signal 1, that we suppose without loss
of generality, to be our side information, and m the number of measurements for each of the

other signals. Then, a relative measure of the overhead can be:

OHppee = 22— (5.1)

that is simply the ratio between how many extra measurements are taken for signal 1 and the
total number of measurements taken from the ensemble if no side information was needed. We
will refer to that quantity as base overhead because it is the minimum amount of overhead that
system may have. In fact, as side information is critical we may decide that retransmission
should be performed unless at least one description is received. Clearly, this scheme increases
the total overhead because of retransmissions and the increase is more and more significant as

Ploss gets higher. We can easily compute the expected total overhead as a function of pi.gs by
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considering that every time a retransmission occurs we add 2L to the current overhead, starting

from the base overhead.

P (k total retransmissions) = P (OHtot,retr = k%) = (p%oss)k (1-pi)
m
(3]
m1 k
E [OHtot,retr] = Z kJ—m (p%oss) (1 - p%oss)
;L -
el
= Jm ploss Z k (ploss
k=1
mq > k
= R ( ploss ploss kz_l d |: ploss) :|
mi d ploss :|
= 7 (1 = Plogs) P [
Jm ( IOSS) IOSSd( loss) L= p12c)ss
— ﬂ ploss
Jm1— pl20$s
2
mp —m m
E [OH] = OHbase + E [OHtot,retr] = 17 + AM (52)

Jm Jm1—p2

The result agrees with the outcome of the simulations as shown in Figure 5.1. For clarity,
let us state explicitly how packets are formed and how CS-SPLIT is compared against a system
without any MDC strategy. When using CS-SPLIT, we collect m measurements from each
sensor and two packets of % measurements are formed with the first half and second half of the
measurement vector. Each packet is called a description because it can be decoded separately
according to the method and the performance discussed when presenting CS-SPLIT. Notice that
CS-SPLIT could be easily generalized to a higher number of descriptions. If no MDC scheme is

used, all the m measurements are grouped in a single packet.
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It is now interesting to discuss the performance, in terms of reconstruction mean squared
error, to actually verify if our multiple-description coding strategy is beneficial to the system.
Also, various reconstruction algorithms are compared to evaluate their relative performance.
The first interesting result from the simulations is the poor performance of the Texas Difference
algorithm. This is essentially due to the fact that the algorithm does not fit well the packetization
model used by the system. One of the key steps in the algorithm is averaging all the available
measurements to produce an estimate of the measurements of the common component. However,
when CS-SPLIT is used and descriptions may be lost by the channel, the receiver finds itself
with some non-homogeneous data. It might have received both descriptions from a few sensors,
but, for some, it only has the first description and, for some others, the second description
only. This condition makes it difficult to perform averaging because it makes no sense to sum
measurements coming from different rows of the sensing matrix. Hence, the best strategy that
the algorithm can adopt is checking which description is the most available and average using
those data only. It is clear that there is a forced waste of data, that limits the quality of the
averaging procedure and, hence, compromises the performance of the whole algorithm. Albeit
not present in the simulation results that will be discussed in the following, the Texas Hold
"Em algorithm is expected to suffer from the same problem since it relies on averaging as well.
Another interesting phenomenon that is evident in all the figures concerns the performance
of the algorithms in the system without MDC. All the algorithms display almost identical
performance. This is mainly due to the packet losses in the channel. When a packet is lost and

there is no alternative description, all the information from that sensor is lost and the MSE is
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capped to the maximum for all the algorithms. The MSE displayed in the figures is an average
quantity obtained from the MSEs of all the sensors, so in the average all the algorithms appear
to have the same performance because their relative differences when correctly operating are
much smaller than difference between the MSE of a correct reconstruction and the maximum
MSE. This phenomenon is less evident in the case with multiple descriptions thanks to the fact
that it less probable to all the descriptions are lost. However, when pj.ss increases, the same
tendency to compaction appears. The results clearly show that the CS-SPLIT method is able
to provide a performance gain to the system in terms of average MSE. Since the method has
very low complexity, it is indeed recommended to adopt it in a packet-loss scenario like the
one described. Figure 5.2 also confirms that the Difference algorithm suits well the multiple
description scenario. In fact, we have seen how it was able to improve over existing algorithms
when the number of measurements is limited. This is interesting if we consider that, when a
description is lost and only a single one is received, it may contain barely enough measurements
to make the recovery procedure work correctly. Hence, using Difference is a way to improve the
quality of the reconstruction in such a case. The figures use the same algorithm for both side and
central decoding to have a fair comparison among the algorithms. However, it seems reasonable
to suggest that, in practice, different algorithms can be used. For example, Difference seems

naturally suited to side decoding while Intersect or Sort to central decoding.
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CHAPTER 6

CONCLUSIONS

Compressed sensing is a new technique to acquire a signal in a compressed fashion. It is able
to go beyond the traditional Shannon-Nyquist paradigm and reduce the number of measurements
that are needed in order to reconstruct the signal exactly, by exploiting the sparse nature of the
signal. Since many signals of interest (such as natural images or sensors data, etc.) are sparse
or compressible in some domain, the theory of compressed sensing has recently gathered much
attention. Many interesting results concerning the validity of the theory and useful applications
have already been established and intense research is focused on expanding the theory and
adopting it for real systems and applications.

In the previous chapters we tried to analyse techniques to improve the robustness of sys-
tems adopting compressed sensing to errors, or channel losses, by means of multiple description
coding. We also considered the case of a distributed application of compressed sensing, e.g. in
a sensor network, that is able to leverage what is known as joint sparsity to improve coding
efficiency and multiple description coding to improve its error resilience. Aiming at understand-
ing if compressed sensing reconstruction could benefit from it, we also considered the topic of
consistent reconstruction. Experiments showed what the theory suggested, that is enforcing the
recovered signal to have measurements consistent with the quantization intervals, improves the
quality of the reconstruction only in a limited number of cases, such as when having many more

measurements than what is needed to perform a good-quality reconstruction. We discussed
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that the benefits seem to be small and limited to few cases, so the increase in complexity that
consistent reconstruction requires may not be worth it.

CS-SPLIT is the multiple-description scheme that has been proposed to increase the re-
silience of compressed sensing to losses. Its main idea is creating two descriptions by identifying
two sets of measurements. FEach description is decodable by itself, but if both descriptions are
available we are able to recover the signal from a greater number of measurements, thus improv-
ing the quality of the reconstruction. The scheme is extremely simple thanks to the democracy
of the measurements, which allows to simply form the descriptions by splitting the original vec-
tor of measurements into two halves. We have seen how it may be possible to packetize each
description in a separate packet and ensure that some reconstruction is always possible, unless
the network loses both the descriptions. It has been experimentally verified that this scheme of-
fers a gain of performance with respect to a scheme that doesn’t use multiple descriptions, when
the communication channel tends to be unreliable. In principle, many techniques have been
studied in the literature to create multiple descriptions, but before the advent of compressed
sensing. One of the most popular is the multiple description scalar quantizer (MDSQ) that cre-
ates two descriptions during the quantization process. We experimentally verified that applying
a MDSQ to the measurements (scheme that we referred to as CS-MDSQ) is less efficient than
using CS-SPLIT, that is able to leverage the democracy property of measurements. We also
characterized CS-SPLIT and CS-MDSQ from an analytic perspective by deriving bounds to the
rate-distortion function for both the methods. Although those bounds do not allow to explicitly

claim that one method is clearly better than the other, they do give some intuition on their



105

possible performance. In particular, we noticed how CS-SPLIT may outperform CS-MDSQ
when oracle-assisted recovery from measurements is adopted. Finally, the complexity balance
is so much in favour of CS-SPLIT to make it much more interesting than CS-MDSQ.

Low complexity is one the key requirements of sensor networks, that operate on small, low-
cost, battery-powered devices. Compressed sensing is a promising technology in this field as it
well suits the low complexity constraint (on the sensor side) and the underlying sparsity of the
data to be sensed. When considering a distributed scenario with many sensors, measurements
can be both intra-correlated and inter-correlated. Joint sparsity models allow to exploit inter-
correlation to reduce the overall number of measurements to be taken. We proposed two new
algorithms for joint reconstruction from measurements of a JSM-1 ensemble: Difference and
Texas Difference. Those algorithms are able to improve the quality of the reconstruction when
few measurements are available with respect to other existing algorithms. It is observed that this
is of particular interest when CS-SPLIT is also used. In fact, each description must be decodable
by itself and this requires that % measurements should be enough to perform recovery, but we
also don’t want to be forced to take too many measurements overall. Hence, it may happen that
% measurements are barely enough to provide a decent quality for the side decoders. However,

our joint reconstruction algorithms can improve the quality in exactly that situation.
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