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SUMMARY

In this thesis, electromagnetic scattering of a mode propagating inside a parallel plate waveguide by
posts of different cylindrical cross-sections is considered, in the phasor domain. The analysis is con-
ducted for both TM and TE modes and exact solutions are obtained for various cylindrical posts. In
particular, exact expressions for surface current densities on PEC surfaces and numerical results of the

same are provided.

For the case of both circular-cylinder and elliptic-cylinder post, solutions are first obtained when
the linear, homogeneous and isotropic material of the post is isorefractive to the surrounding medium.
The case of PEC posts is a special case of the previous solution and is obtained by considering intrinsic
impedance of the post to be zero, Z;, = 0. It should be noted that the case of metal strip is the limiting
case of a post of elliptical cross section and is obtained when the elliptic-cylinder post collapses onto a

strip.



CHAPTER 1

INTRODUCTION

Electromagnetic scattering theory enables one to investigate and explain electromagnetic field be-
havior in the presence of material objects. The nature of electromagnetic fields, and especially of surface
currents and far fields is of interest in a myriad of applications. In general, scattering means re-radiation
of the incident field from an object, which is also known as scatterer. The re-radiated field may change
the properties of the incident field like amplitude, polarization and direction of propagation. The scat-
tered field carries the information about the properties of the object which interacts with the EM field
and this forms the basis of classical applications of electromagnetic scattering like remote sensing, radar

etcetera.

Historically, the boundary-value problem has been solved for diffraction from simple shapes such
as circular cylinders and spheres. The problem of diffraction of a normally incident plane wave by a
homogenous dielectric circular cylinder was solved by Rayleigh (1). A more general case of scatter-
ing of plane wave obliquely incident on homogenous and isotropic circular-cylinder was analyzed by
Wait (2), in which he proved that whether the incident field is E-polarized or H-polarized, the scattered
field contains a cross-polarized component which always vanishes in the particular case of normal inci-
dence. Uslenghi (3), extended Wait's result to penetrable cylinders of arbitrary cross section, in which

he proved that polarization decoupling can be achieved if the cylinder is made of homogenous material,



which is either isorefractive or anti-isorefractive to the surrounding medium.

In this work, scattering of a mode propagating inside a parallel plate waveguide by a cylindrical post
located inside the waveguide and oriented perpendicularly to the waveguide plates is analyzed , in the
phasor domain and with a time-dependence factor et /! omitted throughout. The analysis is conducted
for both TE and TM modes. The case of TEM mode is a trivial case and is similar to the case of scatter-

ing of a normally incident plane wave from the cylindrical post.

Three different shapes of the cross-sectional area of the post are considered: circular, elliptical, and
segment (corresponding to a flat strip as a limiting case of a post of elliptical cross section). The analysis
consists of three steps. First, a propagating mode is decomposed into the sum of two plane waves that
are obliquely incident on the cylindrical post. Second, the scattering of each plane wave by a post of
infinite length is determined. Finally, it is verified that the superposition of the two scattered fields yields

an overall scattered field which satisfies the boundary conditions on the two plates of the waveguide.

Exact solutions are presented for metallic posts of all three cross-sectional shapes. For circular
cylinder and elliptic cylinder posts, a solution is also given when the linear, homogeneous and isotropic

material of the post is isorefractive to the surrounding medium.



The geometry of the problem can also be viewed as infinitely long cylindrical posts of different
shapes being perpendicularly truncated by two metal planes. In a similar work, Uslenghi (4) investigated

scattering by metallic cylinders perpendicularly truncated by a single metal plane.



CHAPTER 2

GENERAL THEORY

In this section, the general theory of the problem is developed. Considering a combination of two
plane waves traveling inside a parallel plate waveguide and obliquely incident on a cylindrical post, gen-
eral solutions are derived in curvilinear coordinates for both E- and H-polarizations. Curviliniear coor-
dinates are chosen over rectangular coordinates because solutions in case of cylindrical cross-sectional

posts are easier to express in curvilinear coordinate systems.

2.1 E-polarization

Consider the incident plane wave

E©) = (—X% cos 6y cos ¢p — J cos Oy sin Py — 2 sin Oo)efjki‘i‘l (2.1a)
H@ =Y (—%singo+ 9 cos)e T¥kr (2.1b)
where,
k= —%cos 6y cos ¢g — ¥ cos By sin ¢y — Z sin O (2.2a)
r=xX+yy+z2 (2.2b)
k'-r=—xcos 6 cos ¢y — y cos By sin ¢y — z sin 6 (2.2¢)



Solution in curvilinear coordinates

Consider a cylinder with generators parallel to the z-axis and truncated by a metal plane z = 0. In

Figure 1: Plane wave incident on a cylinder truncated by a flat surface

curvilinear orthogonal coordinates (u1,u»,z) with i X 1l = Z, assume that the total field and the incident

field at normal incidence (6 = g) on the untruncated (infinite) cylinder are given by :

EY%p =1 (uy,up:k) (2.3a)

E = bl 23



then the total field for E-polarization in the geometry of Fig. 1is (4) :

2 6
E© = cos sin (kz cos 6y) V, ul® (u1,up;k sinBy) +2 sin Oy cos (kz cos By) u’ (uy,uz;k sin6p)2

~ ksin6
(2.4a)
-27jY
H© = ,J cos (kz cos6y) (£ x Vt)u(e) (uy,up;k sin 6p) (2.4b)
k sin 6,

where V, is the transverse gradient operator.

Parallel Plate Waveguide

Consider propagation inside the parallel plate waveguide of Fig. 2.

z=h

>

P—
=

Sy

=0

Figure 2: Side view of parallel plate waveguide



In case of E-polarization and ¢g = 7 :

E©—E9% 4+ E3 (2.52)
H') = H§ (2.5b)
where the exprssions of H, (6),E£€) and Ez@ are as follows :
Hy(e) = —Y cos(Bz)e /h* (2.6a)
EY = i sin(Bz)e /kx (2.6b)
o) kK iy
EZ( ) = i cos(Bz)e Jhix (2.6¢)
with,
B2+ k2 =K (2.7a)
mm .
B:T,m:0,1,2,3,...(m:01sthe TEM mode) (2.7b)
Using Euler’s formulas
1 . .
sin(Bz) = — (e/Pi—e77PY (2.8a)
2j
(2.8b)

1 . .
cos(Bz) = 5 (e/PitemIP3)



in (2.6) we obtain,

@ _ Y _jkx-pz) ¥ jkx+B2)
gl L - Lo
T tae

() _ =B —jhx-p2) . B —jtkxtBa)
B =7pe ok

() _ ki _jx—pBo), K —jkx+Be)
E; 2ke + 2ke

(2.9a)

(2.9b)

(2.9¢)

Figure 3: Two incident plane waves, (a) Plane wave 1 is propagating in the direction IA<’] and makes an angle 0,

with the negative z-axis. (b) Plane wave 2 is propagating in the direction IAc’z and makes an angle 0gp with the

negative z-axis.



Equations (2.9) show that the electromagnetic field is a superposition of two plane waves, as shown in

Fig. 3, where :

Kaw
Il
=
|
IS

Kgs

|
=T =T
=

_l’_
™ =™
[\ )

02 =T — Oo1
cos6, = — cosO; = —E

k

. ) k
sin6, = sin@; = é

_ . projection of k!

bo N

/ o~
Pro) by
plane z = constant

Figure 4: Top view of parallel plate waveguide

(2.10a)

(2.10b)

(2.10c)

(2.10d)

(2.10e)
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It follows that for an arbitrary ¢ the incident fields can be rewritten as,

1

2 N

£ = 2 Z (—% cos By, cos Pp — J cos By sin Py — Z sin 901)e’jkkf'f

=1
(2.11a)
]ﬁ N Aol : ke j ki (x coso+y singy)
== (£ cosgy + ysingy) sin(fz) + 2L cos(Bz) |e/™ J
@i _ Y o ; ok
H —2( xs1n¢o+ycos¢o)2e !

=1 (2.11b)
=Y cos (B z) (—£singy + § cos @) e/ (¥eosdoFysingo)

At z = 0,b, the electric field becomes parallel to Z and the boundary conditions are satisfied.

Atn=0 (B = 0, TEM mode),

E©i|,_o = ek (xcostotysingy) (2.12a)
H'|,—g = ¥ (—£ singy + § cos gy) e/ (xcosto-tysindu) (2.12b)
If ¢0 =T,
. j k ;
EV gz = ]/f“in(ﬁ 2) + - Zeos(Bz) | e/ (2.13a)
ﬂ(e)i’%:n =_3Y cos(ﬁz)e_jk’x (2.13b)

which coincide with (2.6).

In this case of E-polarization, the expressions for total incident fields (2.11), which are a combination
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of two plane waves are found by dividing the expressions of each plane wave by 2 and adding them.

In curvilinear coordinates the solution will be :

k
E© =P sin(B2)V,u i, i k) -2 2 cos(B)u i k)  2140)
t

H = leiy cos(B2)(2 x Vi) u® (ur, up; ky) (2.14b)

o t



2.2 H-polarization

The incident plane wave for H-polarization is :

HWi =y (—% cos By cos ¢y — ¥ cos Oy sin Py — 2 sin )

EMi = (% singy — 9 cos (])o)e_jk'%i‘f

Solution in curvilinear coordinates

_ikk
e IRk T

12

(2.152)

(2.15b)

We assume that the total field and the incident field at normal incidence on the untruncate (infinite)

cylinder are :

Hz(h)lw = Y u™ (uy,up; k)

Hz(h)i|ZD _ Yejk(xcos Po+y sin @)

then the total field for H-polarization in the geometry of Fig. 1 is (4)) :

EW = s, Sin (kzcos6p) (2 x Vi) ul™ (uy,uz;k sin @)
S 0
2jY 6
HM — % cos (kz cos 6) V, u™ (uy,uz;k sin6p)
S 0

+2jY sin 8 sin (kz cos 6p) u™ (uy,up; k sin 6)2

(2.16a)

(2.16b)

(2.17a)

(2.17b)
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Parallel Plate Waveguide

In case of H-polarization, for propagation inside the parallel plate waveguide of Fig. 2 :

HD =Pz 1+ g2 (2.18a)
EMN =E"5 (2.18b)
where the exprssions of E ( ),ngh) and HZ@ are as follows :
EW =sin(Bz)e k> (2.19a)
m _ JY (h)
H" = TV X [Ey (x,y)y]
X vy zZ
— l J d J
P (2.19b)
0 E, 0
Y[ oEM L dE
ok dz “\ox
H = —jYi cos (Bz)e Ik~ (2.19¢)
(2.19d)

k .
oY =y é sin (B z) e 7k~
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B and k; are given by (2.7). Note that m = 0 yields zero fields (there is no TEM mode for H-polarization).

Hence :

== 2.20
B=- (2.20a)
Bb=mm, (m=1,2,3,...) (2.20b)
It can be easily verified that i
EM._0p=0 (2.21)

Using Euler’s formulas in equation (2.19a), (2.19¢) and (2.19d) we obtain,

() _ 1 —j(kx—Bz) _ 1 —j(kx+B2z)

Ey 2 e —2]_ e (2.22a)
wm_ 1B —j(kx—PBz) 1B —j(kx+B2z)

HW =—Y~— ! — Y= ! 2.22b

2 k€ +2]‘ [ ( )

(h) _ 1 ki —j(kx—Bz) 1 ki —jlkx+Bz)

HY =yl ik — YL ik 2.22
R R 2,0 k€ (2.22¢)

Just like the E-polarization case, plane wave 1 propagates in the direction k!, makes an angle 6, with

the negative z-axis and plane wave 2 propagates in the direction ki, makes an angle 6, with the negative



z-axis. Equations (2.10) remain valid for H-polarization.

So, the incident fields can be rewritten as,

; 1 R R
EM = F (% singp — ¥ cos @) [e*Jkkl 'Z—e*fkkz'l]
J

_ 2i (XA sin o — 9 COS¢()) |:e+jk,(xcos¢o+y singy) (ejﬁz _e*jﬁz)

1
=5 (% singp — P cos@p) 2 j sin(B z)e
J

+j ke (x coso+y singg)

E(h)i — (XA sin ¢y — § cos ¢0) sin (B Z)eJrjk, (x cos g+ singy)

Wi

Y
=7

{

k

- E()E cos @p + Ysingy)

— {i()ﬁ cos Py + Jsingp) +

_ Y bk (xcosgy+ysingy)

2j

{ - i (£ cos o + Psingy) [e‘fki"i Ty e‘jki‘é"]

k[ S i
s| ,—ikki-r
+ T z} e

k oy
e

+kt2[e_jki€'i T e_jk’%'r} }
k

E(h)i _ Ye+jk,(xcos¢o+ysin¢0) [

If ¢() =T,

JB

—— cos
k

(Bz)(%cos ¢y + Fsingg) + % sin(B z) z]

E<h)i|¢0:n = $sin(B2) o ki

ﬂ(h)i‘%:ﬁ' =Y

—jB
k

A

X COS

(B2) + 2sin(Bo) | et

15

(2.23a)

(2.23b)

(2.24a)

(2.24b)
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In this case of H-polarization, the expressions for total incident fields (2.23), which are a combination of
two plane waves are found by dividing the expressions of each plane wave by 2j and subtracting them.

In curvilinear coordinates the solutions will be :

1[|-2
EW = o {k sin(kzcosBpp)(Z x Vt)u(h)(ul,ug;kt)
J L ke (2.25a)
1 |-2 . N
2l sin(kz cosBp2)(Z x V,)u(h)(ul,uz;k,)}

1 (2jY
HM = 2][ ]i 003901cos(kzcos601)V,u(h)(u1,u2;kt)
t

+ 2jY sin6y; sin(kz cos 901)u(h)(u1,u2;k,)2]

(2.25b)
1 (2jY
= — J2 cos Bp2cos (kzcosbya) V, u(h)(ul,uz;kt)
2J kl‘
+ 2 Y sinBy; sin(kz cos Oog)u(h)(ul,uz;k,)ﬁ]
Using equations (2.10) in (2.25) we obtain,
n _ 2J 5 ()
EVY = k—sm(ﬁz)(z x Vo) u' (uy,uz;k;) (2.26a)
t
2
H" =y k]lj cos (B 2) Ve ul™ (uy,up: k;)
! (2.26b)

2k . A
+ 7t sin (B z) u™ (uy,u2; ki) 2



CHAPTER 3

SCATTERING BY A CIRCULAR-CYLINDER POST INSIDE A PARALLEL PLATE

WAVEGUIDE

Projection of ki on
any plane z =constant

L A
Mj %

Two metal plates
atz=0andz=b

p=a

Figure 5: Top view of a circular-cylinder post inside a parallel plate waveguide

In the section, exact solutions are obtained for the case of a circular-cylinder post inside a parallel
plate waveguide. The geometry of the problem is shown in Fig. 5, here a is the radius of cylinder and ¢g

is the incidence angle. The problem is solved for both isorefractive and metallic circular-cylinder posts.

17
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The procedure is detailed below, separately for E- and H-polarizations.
In case of a circular-cylinder post , we consider circular-cylinder coordinates (p,¢,z) :

X = pcoso (3.1a)
y = p sin¢ (3.1b)
7=2z (3.1¢)

where ) < p <o, 0 < ¢ <27, 0<2z<Db

9 o
Vt_p%+ﬁﬂ
> P9 s9
2xV, = p8¢+¢ap

E-polarization

3.1
The general solution in case of E-polarization is :

W (p,0:k) = Y " C (kp s ka) cos n(0 — dy)
n=0

(3.2a)

(3.2b)

3.3)
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where €9 =1, €,>1 = 2.

In general,

0 (kpska) = Tu(kp) +ai HY (kp) forp > a (3.42)
L kpska) = b (kp) forp < a (3.40)

where J,, is the Bessel function of first kind, it represents oscillatory behavior of the fields and is anal-
ogous to sin(kp ). J, is chosen over the second kind of Bessel function Y}, because it is non-singular
at p = 0, which is required in expressing finite fields inside the cylindrical post. H E,Z) is the Hankel
function of the second kind, this represents an outward-travelling wave and is analogous to e ~ /P (5).

aﬁf) and b,(f) are the modal expansion coefficients and the superscript (e) stands for E-polarization.

3.1.1 Isorefractive Post

We assume that the post is made of a material that is isorefractive to the surrounding space, i:e its
wavenumber is k but its intrinsic impedance Z;, = Y, I'is different from Z. The incident field is given
by (2.11) as follows :

. ; k . »
E€@ = |- J]f (£ cosy + ¥ singy) sin(Bz) + éﬁ cos(pB z) | ek (¥ coso+ysingo)

HY" =Y cos (Bz)(—%singy + ¥ cosdp) ekt (xcosgo+y singy)
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The z component of the incident and scattered electric fields and of the total electric field inside the post

take the following forms after transformation :

e)i 2k oo .n
E = =T cos(B2) Y enf"Julkip) cosn(9 — go) (3.52)
n=0
e)s 2k, - .n (e
EOS = “eos(B2) Y en ' HP (k. p) cosn(d — o) (3.5b)
n=0
e)in 2k, - .n (e
g — 7’ cos(Bz) Y, €nj b(,,>Jn(ktp) cosn(¢ — ¢o) (3.5¢)
n=0

Since there is an impedance shift at the boundary of isorefractive circular-cylinder post, we use Maxwell’s

equations
VxH=jkYE (3.6a)
VXE=—jkZH (3.6b)
to obtain:
(e)i,s (e)i,s
(e)i.s Y aEp 0E;
H = j— - _
SRS T 6)
(e)i,s (e)iss
E(e)i,s _ 1 laHz ) . 8H¢ (3.8)
P jkY \p 9¢ 2z '

Since H, = 0 in the case of E-polarization, (3.8) reduces to the following form :

. . &H(e)i,s
EY = L ( i ) (3.9)
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Substituting (3.9) in (3.7) we get,

. (e)is (e)i,s
@is _ Y (9 (j9H,"\ JE
H, _Jk<8z<kY 9z 9p (3.10)

Considering that the z variation of all field components is such that 8‘9—22

= —B2, we obtain :

. 2 . (e)iys
H(e)l,S — <B> H(e)t,s _ Z aEZf
ap

<
=~

hence :

(e)i
@i . YkOJE;
(e)s
(e)s Yk aEZ
gos __ Yk > 3.11b
o J kt2 ap ’ pza ( )
and similarly :
H(e)in _ Yink aEZ(e)m <a (3.11¢)

The modal expansion coefficients can be determined by imposing the continuity of tangential compo-

nents of electric and magnetic field across the interface p = a, such that :

( (3.12a)
(e)in _ r4(e)i (e)s
H'" = Hy'' + H, (3.12b)
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the modal expansion coefficients are found to be :

—1)J, /
ay) = (fg), SALTILLL) B (3.13a)
Jo(kea)Hy ' (kea) — xJ)(kya)Hy ' (kea)
e —2j
b = J (3.13b)

wkia(Ju(kia)HY (kia) — xJi(kia) HY (ki a))

where,

1= 2
=35
Y4
X = 7
If there is no post (Z = Z;,) then,
@) =1 =0 (3.14a)
) =1 =1 (3.14b)

Also, it should be noted that the case of a PEC circular cylinder (Z;, = 0) is a particular case of an

isorefractive circular-cylinder :

Jn(kia)

4y (3.15a)
HY (kia)

(a(ne))x%w = -

(B) 50 = 0 (3.15b)
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3.1.2 Maetallic Post

For a PEC cylinder,

Ju(ka)

(2)
H,”’(k 3.16
19 (ka) (kp) (3.16)

¢ (kpika) = Ju(kp) —
Utilizing the general theory for E-polarization by substituting (3.2) in (2.14) we obtain,

E(e):—zkﬁsm Bz) {PZS,,] Cn (k;pskya)cosn(¢ — @)

_kz:’ Y nj" ¢ (kip s kia) sinn(¢p — ¢0)} (3.17a)
t n=1

+ 2 cos (B2): Zenj E (ki k) cos (9 — o)

HY =_2jy cos(ﬁz){ﬁkpz nj"C,(le)(ktp?kta) sin n(¢ — ¢o)
tP =1

(3.17b)
+¢ZSnJ Cn (kip s kia)cosn(¢ — (PO)}
/ d
where ' represents Ik p)
Surface current densities
On the cylinder (p = a),
l(e)!p:a = px ﬂ(6)|p—a
(3.18)
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On the plates (z=0,b),
T o = £2x H| g

= F2jY { Zenj 5" (ki p ki a) cos n( — g) (3.19)
(="

+<13kiinj e kzp;kta)sinn(q)—d)o)}
where,

T (kra)HP (kya) — Jo(kea) HP (kia)
HY (kia)

£ (kyas kea) =

Y B
ﬂk;aHElz)(k,a)

At the junction between post and plates (p =a;z=0,b),

4y 1 = g, "

wkia ) 22 2)(k )

N p—a cop = cosn(¢p — @) (3.20a)

1 00 5
1) m0n.pa= £2jY pY e ——g——cosn(6 — ¢)
(_1)m n=0 ﬂk,aHn (kta)
(3.20b)
4Y 1 o €, j"
L cos n(¢ — ¢o)

o HY (kya)

::Fﬂ:k,a FA)Z
1m

therefore, J(¢) is continuous across the junction. This continuity of surface currents is a verification of

the exact solution.



3.2 H-polarization

The general solution in case of H-polarization,

u (poik) = ¥ e0i" C0(kp ka) cos n(6 — do)
n=0

where, €9 = 1, €,>1 = 2
In general,
G (kpika) = Ju(kp) +at () HD (kp) forp > a

¢P(kps ka) = b (k) Ju(kp) forp < a

3.2.1 Isorefractive Post

The incident field is given by (2.23) as follows :

EM = (% sin@y — 9 cos @) sin (B z)et % (xeosdotysino)

HMi=y P cos (B z)(& cos @o + Psingo) + % sin(Bz) 2| etski (xcoso+ysingo)

- k
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(3.21)

(3.22a)

(3.22b)



The z component of the magnetic field takes the following form after transformation :

ni  2Yk . - n
HZ(’) = Lsin(Bz) Z €nj" In(kep) cosn(¢ — ¢o)
n=0
s 2Yk . - -
Hz(h)‘ = L sin (B z) €n] V) H (2>(k p)cosn(dp — o)
n=0
n_ 2k &
H" = St sin(B2) X €0 by Ju(kip) cosn(g — do)

E(h)i,s _ 1 8Hf,’1) b B 8Hz(h>i=“
¢ kY \ oz 90

h)i,s
H(h)i’s— laE _ 8Eq())
P k p d0¢ dz

Since E; = 0 in case of H-polarization, (3.25) reduces to the following form :
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(3.23a)

(3.23b)

(3.23¢)

(3.24)

(3.25)

(3.26)

Substituting (3.26) in (3.24) and considering that the z variation of all field components is such that

2 .
3872 = —[32, we obtain :

i LPEY 1 om®
¢ k2 9z jkY dp




hence :

wi  jk oH™

(
E = >
¢ Y2 dp I
. (h) s
(h)s jk JH;
E = >
¢ Yk} dp p=d

and similarly :

(in __Jk o HM™ ,
¢ Yk} dp -
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(3.27a)

(3.27b)

(3.27¢)

The modal expansion coefficients can be determined by imposing the continuity of tangential compo-

nents of electric and magnetic field across the interface p = a, such that :

Hz(h)in _ Hz(h)i + Hz(h)s
(h)in __ (h)i (h) s
E¢ = E¢ + E(p

the modal expansion coefficients are found to be :

RO (Xo—1)In(kia)Jy(kia)
Jn(k,a)HE,Z)/(k,a) —xOJ,’,(kta)ngz)(k,a)
Bl _ —2jXo

ﬂk,a(]n(k,a)Hg,z),(k,a) — )(()J,g(k,a)ng)(kta))

(3.282)

(3.28b)

(3.292)

(3.29b)



where,

If there is no post (Z = Z;,) then,
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(3.30a)

(3.30b)

Also, it should be noted that the case of PEC circular cylinder (Z;, = 0) is a particular case of the

isorefractive circular cylinder :

(a(nh)))a):o ==

(b(rf))X()ZO =0

3.2.2 Maetallic Post

For a PEC cylinder,

(D (kpka) = Ju(kp) — —nka)_
(ka

J)(kea)
HY (kia)

(3.31a)

(3.31b)

(3.32)
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where  represents %
Utilizing the general theory for H-polarization by substituting (3.21) in (2.25) we obtain,

£ =2 sin(p)| - £

. 0
, ’ ¢a} . 0" 01 1 pikia) cosn(o — o)

@
e‘Q"

n "¢k ps ke a) sinn(e — o) (3.33a)

gk

= 2J'Sin(ﬁZ)[kl5

b
\ |

1

+ ¢ Z €] Cn (kip; kia) cos n(¢p — ‘PO)}

H" — Y[Zﬁcos(ﬁz)< J ¢ o ) ZSnJ ¢ (ki p s ke a) cos n(¢ — ¢o)

kk; 8p pIo
+% sin(Bz)2 Z €n " CW (k p s ki a) cos n(¢ — ¢0)}
n=0
:Yﬁc ZS C "(k; p s kya) cos n(¢p — ¢o) (3.33b)
k ”l] n [p ¢ o '

- 2 G pita) sinalo — o)

+ Y% sin(Bz)2 Z £, " ¢V (ki p s ko) cos n(9 — go)

Surface current densities

On the cylinder (p = a),

sinn(¢ — ¢o) (3.34)
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where,

¢ (kyaska) =
e irk,aHS,Z)/(k,a)

On the plates (z=0,b),

l(h)’z:o,b =+2Zx ﬂ(h)|z:0,b

) 1
:iykﬂ p Zgnj ¢ (ky p s ks a) cos n(@ — ¢o) (3.35)

(="

'O)
=
‘m

i "k, p: ks a) sin n(9 — go)

At the junction between post and plates (p =a;z=0,b),

8 | |y nit
AR P = ey - 3.36
I p=a, 200 Tk a2 e Z,;an),(kta sin o) (3.36a)
() 8jB L IR L
I obpsa=TFY PY —m,——sinn(d — ¢) (3.36b)

mkk? a2 (—iyn| oot Hi (kia)

therefore, J(®) is continuous across the junction.



CHAPTER 4

SCATTERING BY AN ELLIPTIC-CYLINDER POST INSIDE A PARALLEL PLATE

WAVEGUIDE
Projection of k! on
any plane z =constant
y
Po
-
LB LB -~
X
Two metal plates
atz=0andz=b

=g

(§=4u)

Figure 6: Top view of an elliptic-cylinder post inside a parallel plate waveguide
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In this section, exact solutions are obtained for the case of an elliptic-cylinder post inside a parallel
plate waveguide. The geometry of the problem is shown in Fig. 6, here ug is the surface of elliptic-
cylinder post and ¢y is the incidence angle. The problem is solved for both isorefractive and metallic
elliptic-cylinder posts. The procedure is detailed below separately for E- and H-polarizations. For an

elliptic-cylinder post, we introduce elliptic-cylinder coordinates (u, v, z) :

X = 5 coshu cosv (4.1a)
d . .

y = > sinhu sinv (4.1b)

z=17z 4.1¢)

where 0 < u <o, 0 <v<2mand 0 <z <bh.

Some authors use,

& = coshu (4.2a)

n = cosv (4.2b)
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where 1 < & <owand —1 <n < +1.

Note, however, that 17 is not a monotonic function of v, so that :

;u =E2 1 (4.3a)

P p) — for0 <v<m
i AR (4.3b)

+ forr <v<2nm

4.1 E-polarization

An E-polarized mode can be considered as a sum of two plane waves, whose projection of k' on any
plane z = constant forms the angle ¢o (0 < ¢o < 7) with the negative x - axis, whereas k' forms the

angle 0y = 0 or Oy = O¢, with the negative z - axis, where :

plane wave 1: g = 0g; = arccos? (4.4a)
plane wave 2 : 90 = 902 =T — 901 (4.4b)
g = an (m=0,1,2,3,...) (4.4¢)

hence,

. _ . _ kt
sinBp; = sinBpy = ¥
cosBp; = — cosByr = %

k is the wavenumber, f3 is the longitudinal wave number (in the direction of the z - axis) and k; is the
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transverse wave number.

In the absence of a post, the total field is the incident field, which is obtained from (2.11) :

. k . »
E©i = Jﬁ (£ cos@p + 9 singy) sin(fz) + éﬁ cos(Bz) |e/* (x cos gy + singo)

H " =Y cos (Bz) (—% sin@y + 9 cos ¢) e/ (¥ coso+ysindo)

where Z = Y ! is the intrinsic impedance of medium inside the waveguide.
If the post is a circular cylinder, we have a rotational symmetry. So the expressions can be made simpler

by considering ¢9 = 0, in which case :

E g =0 = _kﬁ sin(B z) + *ZCOS(BZ) e/l (4.52)
H 5 —0 =Y cos(Bz) e/ ™ (4.5b)

The incident field (2.11) can be written in terms of Mathieu functions :

; k
)i — Zx/ﬁi [cos(ﬁz)f—

27 27 0 J d
B = J R Ycos(ﬁZ)(ﬁa ﬁa)z (4.6b)
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where,

Z: Z A‘]](e)R@r(r:)(3@&)Sem(Y;n)Sem(y,COS(])o)

e j 4.7
]m
+WR0£”1) (7,&)Som (77,1 ) Som (y,cosdp)
kd .. .
V=5 (d = interfocal distance) (4.8)

Re,(n1 ) , Ro,(n1 ) are the radial Mathieu functions of the first kind. Se,,, So,, are the angular Mathieu func-
tions; the subscripts e and o indicate the even and odd functions respectively. Nn(,e) ") are the normal-
ization coefficients. This notation used is from Stratton, 1941(6).

If an elliptic-cylinder post is present (with surface u = ug or & = &), then the total field inside the
waveguide and outside the post (#yp < u < oo) is the sum of incident field (4.6) and the scattered field
(E°,H"):

E=E+E and H=H+ H'.

The scattered field (E*, H*) is given by (4.6) upon replacing ¥ with ¥'*, where,

s (e)

o | Am
Z = Z J WRe;(,f)(y,g)Sem(y,n)Sem(y,cos¢0)
m=0 m . wo)
+ Nirzlo)Ro’(:ll) (%é )SOm(%rl )SOm(}/,COS¢O)
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and Re,(flt ) , Rof,f) are the radial Mathieu functions of the fourth kind.

Solution in curvilinear coordinates

For& > &

énkz=i[

m=0

"(1,8) + aly) Rely) (1,& >>Sem<m>5em<v,cos¢o>}

+Z[ (Roy ( m+a£f>Ro£f>w,é>>sOm<y,n>SOm<y,cos¢o>}

(4.10)

Foré < &

(O k) = X [T (61 Rl (180 Sen (v Sem (o050
m=0 N @4.11)

+ Z [ Re,SRw,é>>Som<y,n>30m<y,cos¢o>}

4.1.1 Isorefractive Post

We assume that the post is made of a material that is isorefractive to the surrounding space, i.e. its
wavenumber is k but its intrinsic impedance Z;, = Y, ! is different from Z. The total field inside the

post is given by (4.6) upon replacing ¥/ with Y and ¥ with Y;,, where,

] oo ()
Y = Y | 2R (1,.8) Sew (7.1) Sem (7.c0560)

m=0 : 4.12)

(o
bm
+WR0’("1) (%5 )SOm(%n )SOm(’}/,COS(PO)
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Note that Nn(f)’ ©) are functions of 7, that has the same value inside and outside the isorefractive post.

Also, note that the radial functions of fourth kind are excluded in (4.12), because the terms of the series

must remain finite in the special case of a circular post.

The modal expansion coefficients can be determined by imposing the continuity of the tangential com-

ponents of electric and magnetic fields across the interface u = u¢, such that :

E" = E'+E

ﬂl\l}’l — ﬂiv + ﬂs

v

the modal expansion coefficients are found to be :

o (x — )Ry (1.&) ReSJR’ (1)

"R (7,60 Rely) (1) - ARl (%éo)Rem (1. &)
a9 — (x—l)Rom (7, 50) Rom (r.%)

" RoY (1.80) RO (1,&) — A Ro (v.&0) Roly (¥,&0)
&) _ —J

U RN (1,60 Rl (1.&) — 2 ReW) (1,E0) el (7. &0)
o) —j

Ro%) (1,€0) RSy (,&) — 2 RO (¥, &) RO (1, &0)

where,

(4.13a)

(4.13b)

(4.14a)

(4.14b)

(4.14c)

(4.14d)



38

In the case when there is no post (Z = Z;;) :

@9, a1 =0 (4.152)

B, by, =1 (4.15b)

Surface current densities on the parallel plates

On the plate z = 04 :

1(6) ‘ o

PIN X R (4.10)

Uo

=
S
el
N
v&
IA

1) Outside the post (u > ug) :

. 2jY d e
I, = ” ZO{ W (1.6) + al) Rel) (1.€)] Sewm (7:1) Sew (7,08 ¢o)
+ iy RO (1:8) + ali) Roil” (7.8)] Sow (7.1) Som (7,05 )

4.17)
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e 2jY e
W)= 20{ D (7,6) + alf) Reld (1,6)] Sely (7.1) Sem (v,c0500)
+ -y [Rob (1.8) + i) ROl (1,8)] 805, (7.1 Som (1,050

(4.18)

where ’ on the radial function means % and ' on the angular function means %.
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ii) Inside the post (u < up) :

e 2jYi 2 & [
J,g)‘z:o: v £ _ 2 Z [N(e) bgn)Re,(n])’(%é)Sem(y,n)Sem(}/,COS(])o)
" " 4.19)
+ Ai(o) by Ro,(nl)'(%é ) Som (77,1 ) Som (7,cos @y )]
¢ 2jYin 2r ind e
J(v)‘z:o: 2 _ 2 Z p’ bsn)Re;(nl)(%g)Se,’n(y,n)Sem(}/,cosgbo)
Yy V& -n = LNY
" " 4.20)
+ I\j(()) b(,f;) Rog,,l) (v,&)So,, (v,n )Som(y,cosqbo)}

For the current densities on the plate z = b-, multiply the RHS of (4.17 - 4.20) by

m

—cos(Bz) = —cos(mm) = —(—1)",

where m is the integer in (4.4).
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4.1.2 Metallic Post

The case of a PEC post follows as a particular case of isorefractive post by considering Z;, = 0.
Therefore, by substituting Z;, = 0 in the equation (4.14), the modal expansion coefficients take the

following form :

(1)
do) —_ Re(fz) (7.%0) (421a)
PEC Rey’ (7,60)
(1)
agz) _ RO(rZ) (v,60) (4.21b)
PEC Row’ (1,80)
ol =0 4.21c)
PEC
b =0 (4.21d)
PEC
Surface current density on surface u = ug of the PEC elliptic-cylinder post
(e)l — 0 x H )‘
= u=uy — U=uy
L2jY | 2m d &%
A COS(ﬁZ)ﬂ(Z*Z)M:uO
2jY 2n
=—Z— 5 cos(Bz)
Y & —
<% | [Resu (1.8) + ) Rl (1.8)] Sew (v) Sem (1.c050)
m=0
+ Lo [RoW (1,€) + d) ol (7,€) ] Sow (7.1) Som (7,c03 )

(4.22)
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Note that at the junctions between the PEC cylinder and the plates, J, = 0 and the current normal to the

junction is continuous in crossing the intersection line.
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4.2 H-polarization

Similar to the E-polarized mode, an H-polarized mode can also be considered as a sum of two plane
waves. So equations (4.4) are valid for this case as well. In absence of the post, the incident field can

obtained from (2.23) :

gmi _y ]f cos (B z)(£ cos @y + singy) + %t sin(B z) £ o Hiki (x cosdo +y singo)

E(h)i — ()? Sin¢0 _)A) cos ¢0) sin (ﬁ Z)e+jk, (x cosgp—+y singp)

where Z = Y ! is the intrinsic impedance of medium inside the waveguide.
If the post is a circular-cylinder, we have a rotational symmetry. So the expressions can be made simpler

by considering ¢g = 0, in which case :

. j k, ;
HO g0 =¥ |22 in(p2) + 2 cos(p )| (4.230)

EV|g—0=—F cos(Bz)elt* (4.23b)
The incident field ( 2.23 ) can be expressed in terms of Mathieu functions :

HMi = ZYM% [sin(ﬁz)ﬁ + k,y\/gz—inz cos(Bz) <ﬁ8u + 9;\})] i (4.24a)

. 2j | 2=m d )\ ¢
(h)i _ J . s A
E T\VE— sin(Bz) < s + vau) ) (4.24b)
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If an elliptic-cylinder post is present ( with surface u = ug or & = &), then the total field inside the
waveguide and outside the post (up < u < oo) is the sum of incident field (4.24) and scattered field
(E°, H*):

E=E +E and H=H'+ H’

The scattered field (E*, H*) is given by (4.24) upon replacing ¥ with Y'*. Where, ¥/ and ¥'* are defined
in the equations (4.7) and (4.9) respectively.

Solution in curvilinear coordinates

For§ > &o:
ek = X[ )<Re£i)<y,5>+a£:)Re,Si‘>(y,s>>Sem<y,n>5em<y,cos¢o>}
m=0
+ Z { '(r.¢) +a£;’>Ro£2‘><y,é>>SOm<y,n>sOm<y,cos¢o>}
4.25)
For& < &
DG k) = X [ (6l Rl (18 Sen (v S (rcosn)
m=0L N (4.26)

Refn“w,é>>Som<y,n>Som<y,cos¢o>}

j (0)
R
mZ:'I Nn(;))

4.2.1 Isorefractive Post

Assuming that the elliptic-cylinder post is made of isorefractive material, we can obtain the total

fields inside the post by replacing ¥ with Y in (4.24), where ¥ is defined in (4.12). The modal
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expansion coefficients can be determined by imposing the continuity of the tangential components of

electric and magnetic fields across the interface u = u, such that :

H? = H' + H’, (4.272)
EY = E' 4+ E}, (4.27b)
where each field component is as follows :
H' :2Y\/2ﬂ%sin(ﬁz)z (4.28a)
k N
HS :2Y\/27r;'sin([iz)z (4.28Db)
) k in
H" =2Y,V2x ?’ sin(Bz) Y (4.28¢)
;27 2n d \
£,=0a 7 oos(Bz)5— ), (4.284)
2 T . J ¢
Ev=7 B sm(ﬁz)ﬂz (4.28¢)
in 2] : J .
E" :7 R sm(ﬁz)ﬁz (4.28f)



the modal expansion coefficients are found to be :

49 (20 =Rl (1,6) Rem '(1.%0)

"R (r.&0) RN (1, »;o> ZoRe'Y w,ezo)Rem (7.&)
40 _ (20 = 1) Rolw (7.&) Rom '(1.%)

" RoY (1.&0) RO (1,&0) — xoRo%) (v.&0) Ro'y (1, &)
ple — —Jj X0

" RN (r.&0) R (1.80) — xoReW (1,E0) RelY) (1.&)
b(,Z) —JjXo

" RO (140 R0 (7.80) — 20RoW (1.E0) RO (7.E0)

where,

SEN

Xo =

In the case when there is no post (Z = Z;;) :
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(4.29a)

(4.29b)

(4.29¢)

(4.29d)

(4.30a)

(4.30b)
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Surface current densities on the parallel plates

On the plate z = 0+:

f(h)‘zzozzxd(h)‘zzo
Zﬁ Y ) 9 A 9 Zi+zs 7,/[2”0 (431)
o\ e it -l I
Ym Zm 7”3”0
i) Outside the post (u > ug) :
2BY .
I =~ kﬁy £ Z [ W (1.8) + ai) Rel) (7.€)] Sep, (v,1) Sew (7,c05 o)
+- [Rofrf)(%é)+a5ﬁi)Rof3)(%é)]So,’n(%n)Som(%cos%)

p

4.32)

2BY

Jg’h) ‘ z=0 = 2 Z
ky

+F[Ro,<n> (7:) + al ol (7,6)] Sow (7.1) Som (7.cos ¢o)

A

S[Rels (7,6) + ali) Rely" (7,6)] Sew (7:1) Sew (7,c0500)

(4.33)



where ’ on the radial function means % and ' on the angular function means a%

ii) Inside the post (u < up) :

_ Zﬁ Yiy

h
)‘2:0_ k}/

J

2n = ™ e
- ZO[NJ@bﬁn)ReSJ)w,é>Se:n<y,n>5em<y,cos¢o>

jm

m

2BYs 2r = J" e
N =5 e ZO[N(e)b(m)Rer(nl)/(%é)Sem(%rl)Sem(%COS%)

jm

m

For the current densities on the plate z = b-, multiply the RHS of (4.32 - 4.35) by

—cos(Bz) = —cos(mm) = —(—1)"

where m is the integer in (4.4).

o bl Row’ (7,€) S0y, (7.1 )Som(%cos%)]

+ N© b Roﬁ,,l)’(%é )Som (Y,M )Som(y,cosq)())]

48

(4.34)

(4.35)



4.2.2 Metallic Post
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The case of a PEC post follows as the particular case of the isorefractive post by considering Z;, = 0.

Therefore, by substituting Z;, = 0 in (4.24), the modal expansion coefficients take the following form :

(4.36a)

(4.36b)

(4.36¢)

(4.36d)
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Surface current density on the surface u = up of PEC elliptic-cylinder post

*(h)"l:uo =i x H(h)‘u:uo
2\V2mY k. B8 2BY ‘n 9 i s
:—thsln(ﬁZ)(Z‘i‘Z)‘u:uo‘f‘Z ky 58—772 COS(Bz)a—V(Z_;_Z)}M:uO
4.37)
(h) _2pY 2n S U o /
T i = g \e-r cos(Bz)mZ:,O e [Rew’ (v,&) + an' Rew’ (7,£)] Sey, (7,1) Sew (7,08 ¢)
+A{(o) [Roﬁ,f)(y,é) +a(n3)R0,(,?)(%§)]Soé(y,n)Som(y,cosq)O)]
4.38)
2\V27Yk | © [ m .
Iy = = 5 sin(B2) Y [1\;(6) [RelY (7,€) + a's) Rel (7,€)] Sem (7,1) Sewm (7,008 o)
m=0 m
+1\f(0) [Ro,(nl)(%é) +a(,f1’)R0;(,f)(y,§)]Som(y,n)Som(y,cosqso)]

3

(4.39)

Note that at the junctions between the PEC cylinder and the plates, J,, = 0 and the current normal to the

junction is continuous in crossing the intersection line.



CHAPTER 5

SCATTERING BY A METALLIC STRIP POST INSIDE A PARALLEL PLATE

WAVEGUIDE

An additional simplification occurs when the elliptic-cylinder post collapses onto a flat metal strip
of width d, i.e. when uy = 0 (§y = 1). In this section, exact solutions are obtained for the case of strip
post inside a parallel plate waveguide. The problem is solved for metallic strip post and the procedure

is detailed below separately for E- and H-polarizations.

5.1 E-polarization

In case of E-polarization, the modal expansion coefficients are found by substituting & = 1 in
(4.21). Furthermore, in this case :

R (1.1) = 0 (5.1)

which implies that,

a') =0 (5.2)
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Therefore, the modal expansion coefficients take the following form :

(1)
e R m 9 1
a)| = D (5.32)
strip Re;, (’y, 1)
A =0 (5.3b)
strip
P9 =0 (5.3¢)
strip
[l I (5.3d)
strip

Surface current density on the surface of the metal strip

The expression of surface current density in the case of a metal strip is obtained by substituting (5.3) in

(4.22) and using (§y = 1) :

2jY | 2= °° jml
1], g == 20 P2 eos(B) B | Sew (7,1) Sew (7,c056y)
|u070 Y 1 n mz::O n(1 () (% )
+% [Rob”" (7,€) Som (7.11) Som (7,c0590 )
(5.4)
Note that

RO (1,1) = 0 (5.52)

Ry (7,1) = 0 (5.5b)

Re'y Rely)' —Rely) Roly)' = — | (5.5¢)

Rog) Rogn) _Ro )Rogn) = (5.5d)
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r V=1
1 x
T— V=21 — vy
0O=vy=m
Figure 7: Metal strip of width d
Sewm (M), _ap_y, = Sem (€M), (5.5¢)

Som ()], np_yy = —Som(c;1)],_,, (5.50)



5.2 H-polarization
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In case of H-polarization, the modal expansion coefficients are found by substituting § = 1 in the

(4.36). Furthermore, in this case :

ReW (1,1) =0

which implies that,

a(,fz) =0

strip

Therefore, the modal expansion coefficients take the following form :

strip
(o) _ Reg?p/ (% 1)

strip a Re(,ﬁ)/ (’)/, 1)

Strip

Strip

(5.6)

(5.7)

(5.8a)

(5.8b)

(5.8¢)

(5.8d)
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Surface current density on surface of the metal strip

The expression of surface current density in the case of a metal strip (§y = 1) is obtained by substituting

(5.8) in (4.38) and (4.39) :

28Y o [
Wm0 = ffy P uw[Refnlw,é)}Se,;w,nmemw,cos%)
e (5.9)
jm—i—l 1 .
- [ ] Soy, (7,1) Som (7,0 ¢ )

N Rof;”’(y,l)

2V2nYk . -
I oo = = s Z[ D (1,6)] Sewm (7,1) Sem (7,05 9o)

(5.10)
Jm+1 1
— N e ] Som (7,1) Som (7,08 90)
Ivm Roy, (’}/’1)




CHAPTER 6

NUMERICAL RESULTS

The surface currents are computed from the exact solutions given in Chapters 3, 4 and 5 for E- and
H-polarization, respectively. The computation is carried out in MATLAB R2017a, with the aid of the

results for Mathieu functions calculation provided in (7)) (8)) (9).

For the case of a PEC circular-cylinder, the radius of the cylinder is a = 0.79 A, the angles of inci-
dence are ¢p = 7, 6p; = 38.2° and the plate separation is b = 1.27 A. The angle of incidence 6y, is such
that the quantization number is m = 2. Fig. 8 shows p and z directed surface currents on the parallel
plates and the cylinder respectively and Fig. 9 shows ¢ directed surface currents on both parallel plates
and the cylinder for the case of E-polarization. It is important to note that there is continuity between J,
on the parallel plates and J; on the cylinder across the junctions. Also, it is noteworthy that in case of
E-polarization, Jy on the cylinder completely vanishes. Fig. 10 shows p and z directed surface currents
on the parallel plates and the cylinder respectively and Fig. 11 shows ¢ directed surface currents on both
parallel plates and the cylinder for the case of H-polarization. Once again, we observe the continuity in
the currents J, and J; on the parallel plates and the cylinder respectively, across the intersection lines.

But unlike the case of E-polarization, here Jy 7# 0 on the cylinder.

For the case of a metal strip, the width of the strip is d = 0.47 A, the angles of incidence are ¢y =

—%. 601 = 38.2° and the plate separation is b = 0.63 1. The angle of incidence 6y, is such that the
56
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quantization number is m = 1. Fig. 12 shows p and z directed surface currents on the parallel plates
and the metal strip respectively and Fig. 13 shows ¢ directed surface currents on both parallel plates
and the strip for the case of E-polarization. It should be noted that there is a continuity between J, on
the parallel plates and J; on the metal strip across the junctions. Also, Js on the plate vanishes in the
case of E- polarization, which is similar to the cylindrical case. Fig. 14 shows J, and J; on the parallel
plates and the strip respectively. Fig. 15 shows J, on both parallel plates and the strip for the case of
H-polarization. Once again, we observe a continuity in the currents J, and J; on the parallel plates and
the strip respectively, across the junctions. But unlike the case of E-polarization, here Jy # 0 on the

strip.
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Figure 8: | J,/, | on PEC Surfaces in case of cylindrical post (E-polarization)
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Figure 9: | J4 | on PEC Surfaces in case of cylindrical post (E-polarization)
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Figure 10: |J, /.| on PEC Surfaces in case of cylindrical post (H-polarization)
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Figure 11: |J4 | on PEC Surfaces in case of cylindrical post (H-polarization)
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Figure 12: |J,/. | on PEC Surfaces in case of metal strip post (E-polarization)
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Figure 13: | J, | on PEC Surfaces in case of metal strip post (E-polarization)
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Figure 14: |J, /z | on PEC Surfaces in case of metal strip post (H-polarization)
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Figure 15: |J, | on PEC Surfaces in case of metal strip post (H-polarization)
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CHAPTER 7

CONCLUSION

Exact analytical solutions have been derived for scattering of a mode propagating inside a parallel
plate waveguide by a cylindrical post located inside the waveguide. Three different shapes of the cross-
sectional area of the post are considered: circular, elliptical and strip. The solution is obtained when
the linear, homogeneous and isotropic material of the cylindrical or elliptical post is isorefractive to the
surrounding medium; hence, the solution for a PEC post is a particular case of the more general solution.
The analysis for both TE and TM modes with numerical results are presented for each one them.

Some of the results reported in this thesis were orally presented at two conferences (10) (11J).
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