Three-Dimensional Nonlinear Finite Element Modeling of Mammalian Cornea to Study

Mechanics of Spiraling

TALISA MOHAMMAD NEJAD
B.S., Sharif University of Technology, 2009

THESIS

Submitted as partial fulfillment of the requirements
for the degree of Doctor of Philosophy in Civil Engineering
in the Graduate College of the

University of Illinois at Chicago, 2014

Chicago, Illinois

Defense Committee:
Craig D. Foster, Chair and Advisor
Didem Ozevin
Eduard Karpov
Thomas Royston, Mechanical Engineering and Bioengineering

Philip M. lannaccone, Northwestern University's Feinberg School of Medicine



Acknowledgements

| owe my deepest gratitude to my advisor, Professor Craig Foster, for being such a
tremendous advisor and mentor for me. He provided me with every bit of guidance, assistance,
advice, and encouragement from the very beginning of my Ph.D. career. His joy and enthusiasm
for research was definitely motivational for me. | am also very thankful for the excellent example
he has provided as a researcher and as a person.

I would also like to express my great gratitude to my committee members, Professors
Eduard Karpov, Didem Ozevin, Thomas Royston, and Phillip lannaconne for their time and
valuable feedback.

| am greatly thankful to our collaborators at Children’s Hospital of Chicago Research
Center, Professor Phillip lannaconne, Steve lannaconne, and Dr. Jerry Rhee for our fruitful
collaboration.

Many thanks go to my colleagues, David Weed, Ahmed Alghandour, Hosein Motamedi,
Milad Parvaneh, Dipika Gongal, and Adam Tenant for providing a supportive and friendly
research environment. | would like to thank David Weed, who was always willing to help.

| express my kindest thanks to my close friends and relatives. | am so lucky to have such
wonderful people in my life. Special thanks go to Farzan Kazemifar for his continuous support,
help, and optimistic attitude.

Last but not least, 1 would like to deeply thank my family members for the never-ending
love and encouragement | have received over the years. | am specially greatly indebted to my

amazing parents, who constantly encouraged and supported me at every stage of my personal



and academic life. Without them, | would not have been able to achieve this. Finally, 1 would

like to dedicate this dissertation to my wonderful parents.



Table of Contents

LIST OF FIQUIES ...ttt et s e st e e e e ne e beebe e st e nreeeeenee e vii
LISE OF TADIES ...ttt b bbbt IX
SUIMIMIBIY ..t b et bt bt s bbbt st E e e b e et e bt et e et b e e bt e nbe e b e X
1 INEFOTUCTION ...ttt b e n e 1
1.1 BaCKQrOUNG .....ccoeeiiiieiice ettt sre et enaesra e 1

1.2 Motivation and ODJECLIVE..........cciiiiiicie e 4

1.3 Organization of the DISSErtation ...........c.ccoouriiieiiienesese s 6

2 Review of Finite Element models of the Cornea...........cccoooviiniiiciicce e 8
2.1 INTFOUUCTION ..ttt 8

2.2 MOAEIING BASICS......ciieiiiieitieie ettt 11

A R CT=To 441 YRR 11

2.2.2 Boundary COoNAItIONS.........ccoiiiiiiiiiieieie e 14

2.2.3 Material MOGEIS .......coooiiiiiiiii s 16

2.2.4 Parameter Measurement and Optimization ...........ccocoovieieienenc e 17

2.2.5 Summary of Finite Element Modeling ChoiCeS...........cccvcvevieiiivecicceee, 18

2.3 APPHCALIONS ...ttt 19

P2 T S YU (=T SR TRR 19

2.3.2  COMNEAI DISBASES .....ccuveuveieiiitisiesie ettt sttt b bbb 22

2.3.3  IMPACt aNd TTAUMA......coviiiiiiiiiieii e 23



2.3.4  Other APPHCALIONS ....c.viiiiiiiieieeiie et 24

2.4 CONCIUSION.....cuiiiiiiiiiee et bbb 25

3 Integral-averaged B Method for Nearly Incompressible Nonlinear Deformation............ 27
3L INEFOTUCTION ...ttt 27

311 NOTALION ...ttt 29

3.2 Review on the Selective Reduced Integration Methods for Linear FEM ........... 30

3.3 Review on Volume Average B Formulation for Linear Elasticity .................... 32

3.4 F FOIMUIALIONS ..ottt 34

3.5 Consistent B FOrMUIALIONS.........cccccviieiuiieriiiicreeieeee e 37

3.6 SHTINESS IMALIIX ... 44

3.7 NUMErICal EXAMPIES ....viiiieiiicie ettt 45

3.7.1 Three-dimensional BIOCK..........cccoiiiiiiiiic e 46

3.7.2 Incompressible Mouse Cornea Subjected to Pressure...........ccccovevvevverveennenn. 55

3.8 CONCIUSION.....ceiiiiiiiieee et 60

4 Finite Element Modeling of Spiraling on the Rat COrnea ...........cccceoeveienenc e 62
A1 INIFOAUCTION ...ttt bbbttt bbb 62

4.2 Spirals iN the RAt COMEA.........cccueiiiiiieiie et 66

4.3 Rat Cornea Finite Element Model............coooiiiiiiiiiic 70

4.3.1 Geometric Model of the Rat COMea ..........cccceviviiiiiiiiiceceee e 70

4.3.2 Boundary Conditions..........cceeeiererininieieie et 72



4.3.3 Assumptions on Fibril Orientations ...........ccccoooevieiininnieie e 73

4.3.4 Collagen Fibril BENAVION ... 76

4.3.5 Constitutive MOdel...........coviiiiiiiee s 76

4.3.6 Finite Element DiSCretization.............ccoviierieiiiineisiseeee e 81

4.4  Spiral Post-Processing and Measurements.........ccocvvevververeeseerieseeseeseeseesieenens 82

4.4.1 In-plane Strain Determination ..........cocvoveiieieienene s 82

4.4.2 Pathline Determination..........cccooiviiiriniiiiie e 83

4.5 ResUlts and MEaSUIEMENTS .........cceiiririiieieieiest et 84

4.5.1 Comparison of Observed Spirals and Simulation Results ................ccccvenee 85

4.6 DISCUSSION ...tttk b et bbbt ane s 89

4.7 Summary and CONCIUSION .......ccviiiiiiiiiiieiee s 93

5 Conclusions and FULUIE WOTK .........ccoeiiiiiieieieceeee e 96
5.1 CONCIUSIONS ...ttt bbb 96

5.2 FULUIE WOTK ..ottt 99

5.3 FiNal REMATIKS ......ooiiiiiiice e 100
Appendix: Stiffness Derivation  for B Method ............cccccevviiiveriiiiiiicceeecee s 102
6 RETEIENCES ...t 109
7 A I 1P PRTOUR PP 118

Vi



List of Figures

Figure 1 —X-ray image of the cross section of the MouSe eYe .........cccccvvveeveereiie v v, 1
Figure 2 — Different layers 0f COMMEa. .........ccooveiiiiieii e 2
Figure 3 — Common shell and solid elements used for FEA of cornea. ........c.ccccovenene. 12
Figure 4 — An example of FE mesh of the cornea using hexahedral elements................. 13
Figure 5 — Schematic of boundary conditions at the limbus used by researchers ............ 15

Figure 6 — An example of vertical displacement mapping of a mouse cornea subjected to
IOP obtained from FE SIMUIALIONS ......ccoiiiiiiiiieiiiiseseeie et 15

Figure 7 — Geometry of a block with 2 meters height and a square cross section of 1

Figure 8 — Deformed shape of an incompressible block subjected to side pressure and
fixed DOttOM dISPIACEMENT ... s 49
Figure 9 — Deformed shape of an incompressible block subjected to uniform pressure on
top and restricted 1N DOTEOM ........ooviiiiii s 52

Figure 10 — Deformed shape of an incompressible block subjected to uniform tensile

displacement on top and fully restricted displacement on bottom...........ccceevveevveie e 53
Figure 11 — Distribution of Kirchhoff vertical Stress............ccocooviriiiininciiieciees 54
Figure 12 — Distribution of Kirchhoff von MiSes Stress ...........ccocvvviiniieinineneinennes 54
Figure 13 — Plot of the reaction force versus displacement.............cccccovvveinincncinennns 55

Figure 14 — Vertical displacement at cornea apex versus number of layers of elements
through the corneal thiCKNESS..........c.oiiiii s 59

Figure 15 — Vertical displacement mapping of a mouse cornea subjected to pressure .... 60

vii



Figure 16 — Landmarks overlaid along the cell boundaries and logarithmic spirals fitted to
TOUP TAE COMMEBAS ...ttt ettt e b e b e e s e e s e s bt e seeeneesbeenbeaneesbeenteenee e 68
Figure 17 — Plot of r versus @for spiral fitting ...........cccoceiiiiiiiiiiic e 69

Figure 18 — Representation of pitch angle...............cco oo i 69

Figure 19 — Confocal image of cross section of a rat CoOrnea...........cccoevevveveiveneerieseene, 71
Figure 20 — Geometry used to create structure of the rat cornea.............cccecevvvevvevesnenne. 72
Figure 21 — Schematic of superior-inferior direction and nasal-temporal direction......... 74

Figure 22 — Schematic presentation of the predominant directions of collagen fibrils
ASSUMEM 1N TNE FAE COMBA.....evviiiiiieeiie ettt bbbttt nbesbennenneas 75
Figure 23 — Schematic representation of endpoints at elements............cccccecevvveiiiieieenne. 84
Figure 24 — Landmark points overlaid onto the cell boundaries, logarithmic spiral and
numerical curve fitted 10 COMEA ClL.......cviiiiiiieiecesce e e 88
Figure 25 — Landmark points overlaid onto the cell boundaries, logarithmic spiral and
numerical curve fitted 10 COMEA C2.......cviiiieieie e 88
Figure 26 — Landmark points overlaid onto the cell boundaries, logarithmic spiral and
numerical curve fitted 10 COMMEA C3-1 ......coviiiiiiiieciceeee e e 87
Figure 27 — Landmark points overlaid onto the cell boundaries, logarithmic spiral and
numerical curve fitted 10 COMMEA C3-2 ......coviiiiiieiesi e 87
Figure 28 — a) Mohr's circle showing the critical surface traction b) Critical direction in
010} (o= LIRS 0 Lot PSSP 92

Figure 29 — Emergence of a) spirals b) horseshoe patterns on the cornea................. 93

viii



List of Tables

Table 1 — Displacement results, in m, obtained at node A, for different numbers of
BlEMENTS PEI MBS ... ittt et e et e et et e e st e sse e beeneeereenteeneeaneennas 49
Table 2 — Evolution of the residual norm during the last time step in Newton-Raphson
(12T 2= U0 TSP PO PRSI 50
Table 3 — Displacement results under COMPresSiVe PreSSUNE. .......oovecvververeereereeseeseeneens 51
Table 4 — Materials constants assumed for anisotropic and nonlinear FE simulation of
(10T T DT o] [T T TP PR TR TPPR PR 58
Table 5 — Measurements of the logarithmic spirals fitted to cell lineage boundaries....... 70
Table 6 — Measurements obtained for creating 3-dimentional rat cornea structure ......... 72
Table 7 — Materials constants assumed for the rat cornea model ..., 79
Table 8 — Convergence rates studied for maximum vertical displacement and maximum
shear strain obtained from FE SIMUIALION. ........c.ooiiiiiii e 85

Table 9 — Pitch angles of the logarithmic spirals measured on the rat corneas................. 86



Summary

The cornea is a transparent tissue in front of the eye that refracts the light and makes
vision possible. A slight change in the geometry of cornea remarkably affects the optical power.
Biomechanical study of cornea can reveal much about its performance and function. In vivo and
in vitro studies have been conducted to investigate the mechanics of cornea and to determine its
characteristics. Numerical techniques such as the finite element method (FEM) have been
extensively implemented as effective and non-invasive methods for analyzing corneal mechanics
and possible disorders. The focus of this dissertation is to use finite element analysis for studying
biomechanical behavior of the cornea. This work also allows reviewing different applications of
FEM in studying corneal diseases, surgery predictions, impact simulations and clinical
applications.

The cornea is nearly incompressible and can undergo large deformation with very little
change in volume. Nearly incompressible materials require special treatment in finite element
analysis to relieve volumetric locking, an inaccuracy that arises from the incompressibility
constraints. Of the several methods to relieve locking, the B method is popular as no extra
variables or degrees of freedom need to be added. However, the literature is incomplete in the
details of the B method for large deformations. In the large deformation regime, the
incompressibility is treated by using an averaged value of the volumetric part of the deformation
gradient, and hence is often termed the F approach. In this dissertation, an F method is presented
to treat volumetric locking in the large deformation regime. A framework for relating the choice

of F to the resulting B is developed and stiffness matrices are proposed.



In some mammalian corneas such as mice and rats, the epithelial cells assort themselves
into patterns that resemble spirals [1], [2]. The patterned arrangement of the corneal epithelial
cells implies existence of some global processes or forces. However, a definitive explanation of
the cause of these spiral patterns has not been determined. Studying the generation of these
patterns is important as it may lead to greater understanding of corneal development and possible
disorders. We propose here that the stresses and strains on the cornea surface facilitate sliding of
epithelial cells into spiral patterns. In this dissertation, a framework for explaining the generation
of this poorly understood phenomenon is presented.

To this end, a finite element computer code is developed to perform three-dimensional
and large deformation modeling of mammalian cornea. The cornea model includes the effect of
preferentially oriented and dispersed collagen fibrils embedded in nearly incompressible matrix.
The deformation, stresses and strain distribution in the cornea subjected to pressure (intraocular
pressure) is investigated. An algorithm is devised to track the pathlines of critical strain
directions that tend to form spiral pattern. These patterns are finally matched with logarithmic
spirals obtained from confocal images of the rat cornea. We conclude that the mechanical

behavior of the cornea may cause the observed spiral patterns.
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1 Introduction

1.1 Background

The eye helps us process a great deal of information from the outside world to the human
and ocular disorders can greatly affect human life. Therefore, studying the components of the eye
and their mechanical behavior has long been an issue of interest.

The cornea is the transparent avascular tissue in front of the eye that acts like a barrier to
the eye and protects its front part from external injuries and inflammations. The transparency of
the cornea results from many factors, among which its cellular components have the greatest

effect. Figure 1 illustrates an x-ray image of the cross section of the mouse cornea.

Cornea

Figure 1 — It depicts an x-ray image of the cross section of the mouse eye. The illustrated mouse cornea has a
thickness of 300 microns at the apex and gradually decreases toward the edge. There is a liquid behind the cornea

(aqueous humor) that applies pressure to the corneal inner surface.



The cornea in many mammals (including human, mice and rats) consists of five
recognized layers. Three of the layers are thicker (epithelium, stroma, endothelium) and two
other layers are interfaces (Bowman’s membrane, Descemet’s membrane). Figure 2 depicts

different layers of the cornea.

- Epithelium
©, T8 L% ®e iAo B\ aTel
T o Bowman'’s
—_— membrane
ﬂ‘_ﬂ_’_/—‘-‘_ _-\h
Stroma
T e
T 7| Descemet’s
//’_7—\_'_ membrane
N .
- - - - - - - .;— -
Endothelium

Figure 2 — The cornea in many mammals consists of five layers that from anterior to posterior are the epithelium,
Bowman’s membrane, stroma, Descemet’s membrane and endothelium. The stroma is the thickest and stiffest layer

that is composed of collagen fibers embedded in nearly incompressible matrix.

The epithelium is the outermost layer in the cornea that is covered with tear. The
epithelium consists of cells that constantly reproduce and regenerate themselves. The epithelial
cells, as well as the endothelial cells play role in maintaining smooth and clear optical system
[3]. The epithelium lies on Bowman’s layer which is a basement membrane that is responsible

for adhesion of the epithelium to the anterior corneal stroma.



The stroma is the thickest layer in the cornea, and contributes most of the strength and
stiffness to the cornea. It is composed of collagen fibrils that are embedded in viscoelastic
matrix. The matrix is mainly composed of water and the mechanical response of the matrix is
considered to be nearly incompressible. The fibrils are arranged in parallel bundles called fibers
that form parallel layers called lamellae. The stromal collagen fibrils are flexible and have
remarkably high tensile strength. They are distributed in preferred and dispersed orientations in
the stroma. The density and orientation of collagen fibrils in the stroma influence the
biomechanical behavior of the cornea, and hence studying arrangement of collagen is important
[4]. In many mammals, collagen fibrils are oriented circumferentially (parallel to the edge of the
cornea) in the area around the edge of the cornea. The preferred orientation of fibers is weaker in
the central zone of the cornea and varies among mammalian species. For instance, collagen
fibrils are oriented along the horizontal and vertical directions in the human cornea. X-ray
patterns reveal vertical predominant directions for horse cornea, while showing circumferential
preferred orientations in pig and rabbit, and horizontal directions in the mouse cornea [4], [5].

The endothelium is the innermost layer of the cornea that consists of endothelial cells.
The density and topography of these cells continuously change throughout life. The endothelial
cells keep the cornea hydrated and transparent. The transparency of the cornea is critical for its
correct function. The endothelial cells have a unique function that allows pumping of fluids from
the stroma back to the interior of the eye [6].

The Bowman’s membrane that has a smooth anterior surface is between the epithelial
basement membrane and the underlying stroma layer [7]. The layer does not regenerate and is
composed of different types of collagen in an extracellular matrix. Descemet’s membrane is the

layer between the stroma and endothelium and is also composed of collagen.



Biomechanical study of the cornea can reveal much about its performance and function.
Investigating biomechanical properties of corneal tissue are of increasing interest in disciplines
such as refractive surgery. In vivo and in vitro studies have been conducted to investigate the
mechanics of cornea and to determine its characteristics. In some cases, the tissue is not
amenable to direct investigations, suggesting computational modeling as the preferred tool for
investigating the biomechanical behavior. Numerical techniques such as the finite element
method (FEM) have been extensively implemented as effective and non-invasive methods for
analyzing corneal mechanics and possible disorders. The finite element method is an
approximate technique for obtaining solutions for partial differential equations. It is a very useful
method in solving problems involving complex material properties and irregular geometries.

In this work, the application of finite element analysis (FEA) in investigating the
mechanical behavior of the cornea is studied. It is worth mentioning that finite element method
can also be applied to study a wide variety of problems, for instance, thermal, electrical, ionic

transport and other physical responses.

1.2 Motivation and Objective

During the generation of an organ, stem cells assort themselves into patterns as a result of
cell division, cell movement and cell death [8]. These processes operate in a typical reproducible
and conserved manner [9]. If two or more genetically distinct population of cells comprise the
tissue, the resulting distribution of cells can be visually distinguished.

In the cornea, the allocation of epithelial cells is followed by an assortment of cells such
that a distinctive pinwheel pattern is visualized in some mammal such as rats and mice [1], [2].
Also, the edges of patches of cells having similar lineages tend to form characteristic spiral
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curves. These patterns have been detected on the anterior surface of the cornea under both
normal and diseased conditions [10].

The absence of spiral distribution correlates with human eye disorders and abnormal
cornea structure and function [2]. Hence, the possibility that biomaterial properties contribute to
normal epithelial cell distribution may lead to a greater understanding of corneal diseases.

Studying the generation of spiral patterns on the epithelium is significant as it can give
insight into the development of the cornea and possible disorders. Our motivation in this work is
to investigate and explain this natural phenomenon that has not yet been fully understood.

The patterned assortment of the corneal epithelial cells suggests existence of some global
processes or forces. While some models have been proposed to explain formation of spiral
patterns, none have been able to completely explain this phenomenon. We assume here that the
stresses and strains on the cornea surface cause special assortment of epithelial cells into spiral
patterns. In this regard, we create a computer-based numerical simulation model for the rat
cornea, allowing determination of deformation, stress and strain on the cornea surface.

In this work, a large deformation model of the cornea including the stiffening effect of
collagen fibrils in a hydrated matrix is embedded in a finite element code. A constitutive model
for the finite deformation and anisotropic behavior of the cornea is proposed that includes the
oriented and dispersed distribution of collagen fibers in nearly incompressible matrix. The
cornea is subjected to intraocular pressure and the stress and strain distribution on the cornea
surface is examined. An algorithm is devised to track the directions of critical strains to drive the
development of spiral patterns. The pathline tracking procedure results in spiral-like curves that
are eventually fitted with logarithmic spirals with determined pitch angles. These angles are

finally compared to the pitch angles of the logarithmic spirals observed on the rat cornea surface.



1.3 Organization of the Dissertation

The remainder of the dissertation is organized as follows: Chapter 2 reviews the use of
FEM in assessing corneal mechanical behavior. Section 2.1 discusses the modeling assumptions
made in many finite element models of the cornea. The purpose of this section is to give
modelers an understanding of the different assumptions that have been used, so that they may
choose an appropriate model for their application of interest. Section 2.2 discusses different
applications in cornea mechanics. Finite elements have been used to model the response of the
cornea surgery, disease and treatments such as collagen cross-linking, trauma, and basic research
applications. Section 2.3 summarizes the review section and makes some suggestions on the
future of such modeling in the practice of ophthalmology and eye research.

Chapter 3 explains volumetric locking in nearly incompressible materials and proposes
an F method as a solution to treat the nonlinear incompressibility constraints. Nearly
incompressible materials such as the cornea require special treatment in a finite element context.
While solutions exist to this issue, the literature is incomplete in the details of the B method for
large deformations. A trilinear hexahedra with integral-averaged volumes for nearly
incompressible nonlinear deformation is developed. The choice of averaged F is related to the
resulting B and stiffness matrices are proposed. Section 3.1 discusses integral averages for F,
including two of several possible choices. Section 3.2 derives the B formulation consistent with
choice of B. The stiffness matrix is presented in Section 3.3, though the full derivation is
relegated to the Appendix (Section 7). This section is followed by numerical examples and some
calculations in Section 3.4.

In Chapter 4, a finite deformation model for the rat cornea is developed to explain special
assortment of epithelial cell into spiral patterns. Section 4.1 provides background to the problem
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under investigation. In Section 4.2 the generation of spiral patterns on the surface of the rat
cornea is discussed. In Section 4.3, an anisotropic and large strain finite element model of the rat
cornea is developed. This includes creating the 3-dimensional geometric model of the rat cornea
and an overview of the restrictions applied on the cornea limbus. The section is followed by a
review on the preferred orientation of collagen fibrils in some mammalian cornea as well as
assumption of predominant fibril directions on the rat cornea. Also, a structural constitutive
formulation including the stiffening effects of collagens in Neo-Hookean matrix is discussed.
Section 4.4 focuses on the spiral post-processing which includes the determination of in-plain
strains and developing an algorithm for tracking directions of critical strains. In Section 4.5, the
numerical simulation results are compared to experimental observations. The dissertation is
followed by a discussion on potential mechanical explanation for spiral formation in Section 4.6.

The dissertation is followed by a discussion and conclusion in Chapter 5, an Appendix on
derivation of stiffness matrix for the proposed B approach in Chapter 6 and finally list of

references.



2 Review of Finite Element models of the Cornea

2.1 Introduction

The cornea is the transparent, anterior part of the eye, which refracts light onto the lens
and is essential to vision. The curvature and thickness of the cornea play important role in
focusing light to the lens, and hence are largely responsible for its optic power [11].

In humans and many other mammals, the cornea consists of five layers: the epithelium,
Bowman’s membrane, the stroma, Descemet’s membrane and the endothelium [12]. Of the five
layers, the middle layer, the stroma, makes up about 90% of the cornea thickness in humans and
is the major layer contributing to the mechanical strength and stiffness of the cornea[13].

The stroma is a composite material consisting of matrix embedded with complex network
of collagen fibers. The matrix is a viscoelastic and nearly incompressible material [12]. The
collagen fibrils are bundled together to form fibers [14]. The fibers are stacked parallel to form
layers called lamellae [15]. The stroma, in human cornea, consists of about 300 lamella at the
center and about 500 at limbus [16]. The fibers act as reinforcement to the tissue and give it
mechanical strength along their orientation. The arrangements of collagen fibrils are important to
determining the mechanical strength of cornea. X-ray scatter intensity distribution data indicated
two preferred directions of collagen orientation at the center of the cornea, Nasal-Temporal and
Superior-Inferior [17], [18]. Near the limbus they tend to run in the circumferential direction
[18]. Approximately two-thirds of the fibrils are preferentially oriented in the cornea, with the
remaining third having more or less random orientation [19], [20]. This arrangement of the

collagen fibrils results in anisotropy of the cornea material.



Biomechanical experiments on corneal tissue have been performed both in vitro and in
vivo studies. Recently, the use of computational models based on finite element method has
proven to be an effective way to study the cornea mechanics and diseases related to it (Pandolfi
& Holzapfel 2008; Pinsky et al. 2005; Carvalho et al. 2009; Gefen et al. 2009). These models
have been successful in predicting the pre-operative and post-operative response for eye surgery
to treat myopia, hyperopia, astigmatism and keratoconus [15], [23]-[26].

The finite element method (FEM) is a numerical technique to obtain approximate
solutions for partial differential equations involving physical, thermal, chemical or other
phenomena. Generally these differential equations are impossible to solve analytically due to the
complex geometries and properties of the materials. The approach for solving the equations is to
simplify the form of the equation using simple interpolation functions and integrate the entire
solution to obtain the final results. This method is very useful in solving problems involving
complex material properties and irregular geometries.

To carry out a finite element analysis (FEA), a given body or system is divided into small
units called elements. These elements are interconnected at points called nodes. The nodes and
elements create a network referred as mesh. Each element is assigned specific material and
structural properties and analyzed under certain boundary conditions. Boundary conditions can
include forces, displacements, and temperatures. The analyzed solution of each element is
assembled together to give the global response of the system.

The accuracy of this method, in general, depends upon the number of elements used for
the analysis. The larger the number of the elements, the more precise the solution. However,

over-refinement of the mesh leads to large computational time and memory use in the computer.



The element shape and type of elements used also play important role in the accuracy of the
analysis.

The focus of this article will be the use of FEA for mechanical analysis of the cornea. We
will review how this method has been applied to examine the cornea under different loads such
as intraocular pressure, impact from a foreign object, or incisions. The method can also be used
to examine how the shape is affected by changes in material properties such as during
keratoconus. It is worth mentioning briefly, though, that the method can be applied to a wide
variety of problems. It has been used to study thermal, electrical, ionic transport and other
physical responses. Shafahi and Vafai [27] used thermal finite element model of eye to study its
response to thermal disturbances. Papaioannou and Samaras [28] used rabbit eye model to
simulate the temperature distribution and velocity field generated under exposure to millimeter
wave radiation. Jo and Aksan [29] performed simulation of conductive keratoplasty, a thermal
treatment for hyperopia and presbyopia, to predict thermal damage of the cornea tissue. Mandel
et al. [6] used the three-dimensional cornea model exposed to electrical field to evaluate
electrical properties of endothelial layer. Guimera et al. [30] also developed a non-invasive FEM
to predict the electrical properties of endothelium and study variations in permeability of
epithelium. Li and Pinsky [31] created multi-phasic mathematical model describing transport of
ionic solution and ionic species in human cornea tissue. We refer the reader to those papers and
references therein for further details on those topics of study.

The remainder of this Chapter is organized as follows: Section 2.2 discusses the modeling
assumptions made in many finite element models of the cornea. The purpose of this section is to
give modelers an understanding of the different assumptions that have been used, so that they

may choose an appropriate model for their application of interest. Section 2.3 discusses different
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applications in cornea mechanics. Finite elements have been used to model the response of the
cornea to surgery, disease and treatments such as collagen cross-linking and trauma, as well as
examining basic research applications. Section 2.4 summarizes the work and makes some

suggestions on the future of such modeling in the practice of ophthalmology and eye research.

2.2 Modeling Basics

The structural model of the cornea can be approached by creating a continuum model or
shell model. Continuum models explicitly model the geometry of the cornea in three dimensions,
though two-dimensional approximations are sometimes used. Shell-based models use the theory
of thin shell behavior to reduce the geometrical complexity. The modeled geometry is a surface,
with the thickness of the shell as defined parameter. Tensile and bending loads on the shell create
deformations in the shell in accordance with shell theory. While this reduces geometrical
complexity and increases efficiency of the formulation, shell theory is difficult to extend to
complex constitutive models. Anderson et al. [32] proposed a cornea model by using shell
analysis to develop a non-linear finite element model to study the mechanical behavior of the
cornea. Howland et al. [33], Pinsky and Datye [34], Li and Tighe [35] and Elsheikh and Wang

[36] also based their model on this method.

2.2.1 Geometry

The structure of the human cornea has non-uniform curvature with variable thickness
throughout [36]. It is thinner at the center and thickens towards the edge. Dubbelman et al. [37]

recorded the cornea geometry for the internal and external surfaces of the human cornea using
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Scheimpflug photography. Roy and Dupps [24] used the MRI to determine the geometric profile
of eye.

Some early models of the cornea, e.g. [38], use a two-dimensional axisymmetric
approximation of the cornea. This models the geometry as a surface of revolution, and is
efficient compared to three-dimensional models. However, it cannot capture the subtle variations
in the geometry of the cornea from a surface of revolution, anisotropies in the material that are
prevalent, or any loads that occur off center, such as an impact or incision. Figure 3 illustrates

common shell elements and 3-D elements used for FEA of cornea.

Figure 3— Common shell and solid elements used for FEA of cornea. a) Triangle and b) quadrilateral are common
shell elements. Each shell element node has 5 degrees of freedom (DOF) — 3 translational and 2 rotations (about two
orthogonal axes on the shell surface). c) Tetrahedra and d) hexahedra are common 3-D elements. Each element node

has 3 translational DOF.
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Pandolfi and Holzapfel [12] used the cornea geometry data published by Dubbelman et
al. [37] to create biconic interior and exterior surfaces for 3-D cornea model. Pandolfi and
Manganiello [20] used ellipsoidal shape to define the anterior and posterior cornea surfaces.
Nguyen et al. [39] and Nguyen and Boyce [40] also approximated the cornea surface to be
ellipsoidal according to digital image correlation (DIC) measurements of cornea surface profile.
Buzard [41] and Howland et al. [33] used axisymmetry to create their cornea model.

Salimi et al. [42] meshed the cornea model into triangular shell elements. For 3-D
models hexahedral elements are more commonly used [12], [16], though tetrahedral elements
may also be used. Linear tetrahedral and standard tri-linear hexahedral are known perform poorly
for nearly incompressible materials such as soft tissues. Tri-linear hexahedral elements can be
modified using techniques such as selective reduced integration [43], or higher-order elements

may be employed. Figure 4 shows an example of FE mesh of the cornea.

af X

Figure 4 — An example of FE mesh of the cornea using hexahedral elements
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2.2.2 Boundary Conditions

The viscous fluid filled inside the anterior chamber of the eye exerts pressure, called
intra-ocular pressure (IOP), on the cornea. Under physiological conditions, the IOP inflates the
cornea and gives it shape. A model developed for the cornea using entire eyeball allows
appropriate realistic displacement at limbus. Uchio et al.[44], Amini and Barocas [45] modeled
entire eye globe for the analysis. However, the whole eye model may not be efficient as it is
highly time consuming and not economical for developing and analyzing.

Alastrue et al. [15] analyzed the cornea model with limbus constrained against
displacement. Anderson et al. [32] compared the deformation pattern of the entire eye model to
the rigid cornea-limbus boundary. They proposed an approximate boundary condition, with
roller support at the edges inclined at 40° with respect to the horizontal axis, to represent the
cornea-limbus behavior. The results obtained from their boundary assumption were similar to the
results obtained for whole eye. References [21], [46], [47] adopted similar boundary conditions
to their cornea models. Roy and Dupps [24] created the whole eye model and compared the
displacement results with the cornea model with fixed sclera to show that the corneoscleral
limbus plays an important part in predicting response of the refractive surgery. Pandolfi and
Holzapfel [12] proposed a cornea model allowing rotation at the limbus and restricting
displacement at the edges. Pandolfi and coworkers [23] earlier had investigated the cornea
constrained against displacement and rotation, displacement only, and springs normal to the
cross section. Rotation at the limbus plays part in changing the curvature of the cornea. Figure 5
illustrates these boundary conditions. Figure 6 illustrates displacement results of FE simulation

of a mouse cornea subjected to 0P, with rotation at the limbus.
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NN

Figure 5 — Schematic of boundary conditions at the limbus used by researchers. a) The cornea is constrained against
displacement and rotation, as proposed in [15]. b) The cornea is fixed against displacement, but may rotate at the
edges, as in [12]. ¢) Springs normal to the cross-section. Researchers in [23] investigated boundary conditions (a),

(b), and (c). d) Cornea is allowed to expand along a given surface, as in [21], [32], [46], [47]. Forty degrees from

horizontal is taken as a typical angle.

Y-displacement
0.08
g0.0b
-0.04
-0.02

0.0

Figure 6 — An example of vertical displacement mapping of a mouse cornea subjected to IOP obtained from FE
simulations is shown in cross section. The wireframe on the bottom is the undeformed mesh and vertical
displacement colored by magnitude is shown on top. The cornea displacement but not rotation is restricted along the

limbus.
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2.2.3 Material Models

For creating a material model, the cornea material is often approximated as the stroma,
which is the major contributor of mechanical strength [12], [16], [40]. The stroma layer may be
modeled as a non-linear anisotropic viscoelastic material which undergoes large deformation.
Finite deformation theory is incorporated in the cornea model which successfully captures its
true non-linear response under deformation [12], [40].

Earlier finite element models were simple linear elastic models. One of the earlier models
developed by Vito et al. [48] considered stroma as a linear elastic, homogeneous and isotropic
material. Similarly Bryant et al. [49], Hanna et al. [50], Gefen et al. [22], Velinsky and Bryant
[51] also assumed cornea to undergo small deformation and used linear elasticity for their
analysis. Pinsky and Datye [34] developed linear material cornea model based on anisotropic
constitutive model using the predominant fiber directions in the cornea.

The first geometrically nonlinear models represented the stroma as a nearly
incompressible isotropic hyperelastic material. The Neo-Hookean model is widely used for
modeling tissues [12], [16]. Other hyperelastic models have also been used. Niroomandi et al.
used a simpler Saint Venant-Kirchhoff hyperelastic model [52]. Bryant and McDonnell created
2-D axisymmetric model to compare various isotropic and a couple transversely isotropic
constitutive models of cornea [53]. Of the models they compared, an exponential nonlinear
model best fit inflation experiments.

Many researchers used a base isotropic model for the matrix of the stroma, and additional
terms for the effect of the fibers as discussed below. Alastrue et al. [15], Hanna et al. [50] and
Pandolfi et al. [23] considered the matrix as a Mooney-Rivlin model. Nguyen et al. [39] and

Pinsky et al. [16] used a Neo-Hookean model as their matrix model.
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Anisotropic nonlinear hyperelastic models with embedded collagen fibers have been
frequently used in recent cornea models [12], [15], [16], [40]. Alastrue et al. [15] used a discrete
fiber model with embedded collagen fibers in two preferred orientations, nasal-temporal and
superior-inferior directions. Most other recent models do not simulate each fiber explicitly,
which is computationally expensive, but include a smeared effect of oriented fibers. Cristobal et
al. [54], Pandolfi and Manganiello [20] developed their models with two preferred directions at
center and circumferential at the limbus region. Pandolfi and Holzapfel [12] used distributed
model with two preferred orientations. Pinsky et al. [16] and Nguyen et al. [39] developed
continuous distributed fiber model with preferred orientation.

Nguyen et al. [39] created anisotropic cornea model taking into consideration viscoelastic

properties. Yoo et al. [55] also used viscoelastic ocular tissue model for their study.

2.2.4 Parameter Measurement and Optimization

Cornea tissue material properties are determined by various laboratory tests of cornea
specimens. The material parameters used for the cornea model are based on these studies.
Wollensak et al. [56], Hoeltzel et al. [38] and Zeng et al. [57] performed uniaxial tension tests on
cornea tissue to record stress-strain relation. Kohlhaas et al. [58] and Wollensak et al. [56]
extended these tests to study the effect of cross-linking of collagen fibril on the mechanical
response of cornea. Bryant and McDonnell [53], Elsheikh et al. [59], Anderson et al. [32]
conducted inflation tests on entire cornea to determine apical displacement at different pressure
values. It is worth noting that inflation tests tend to give different values for stiffness parameters
compared to tensile strip tests. While the reason for this is still not completely understood,
inflation tests are generally believed to more closely match the in vivo cornea behavior. Petsche
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et al. [60] examined the depth-dependent material properties of the stroma. However, there is still
experimental work to be done to fully determine the mechanical behavior of the cornea.

Determining model parameters from experiments is also generally nontrivial. Linear and
even nonlinear isotropic parameters can be easily fit from tension tests, though again there are
questions to the accuracy of those tests in vivo. Inflation tests or parameters for anisotropic
models are more complicated. Inverse simulation is a mathematical approach to determine
unknown model parameters to match observed or assumed physical responses. In the inverse
FEM, an optimization algorithm is coupled with an FEM to find a set of optimal parameters for a
given model to be used in the FE simulation. Such methods are important for determining the
physical properties of actual corneas.

Nguyen and Boyce [40] presented an inverse FEM to estimate bovine corneal material
properties using an in vitro inflation experiment and also to investigate the influence of
variations in these properties on the bovine inflation response. They determined a set of
anisotropic material properties minimizing the error between simulation results and experimental

measurements of surface displacement field.

2.2.5 Summary of Finite Element Modeling Choices

Different choices in finite element models of the cornea can affect the results. Two-
dimensional or shell models are efficient, but may not be able to capture the complex material
behavior of some applications accurately. While modeling the entire eye may avoid approximate
boundary conditions at the limbus, the computational time increases significantly. However,

modeling the changing IOP under impact may be difficult without a full model of the eye.
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Material models are also increasingly accurate and, at the same time, computationally
more expensive. While linear models are very efficient, they may be inaccurate over large
changes in deformation. Isotropic models may not accurately capture the behavior of the
complex material in the stroma, but may be adequate for problems that only require a rough idea
of the displacements. The depth of knowledge of the properties of corneal tissue is improving. In
applications with rapid load, the viscoelastic and dynamic properties of the cornea may be
important. For others, such as the long-term results of surgery, a quasi-static model is acceptable.
It is important to select a model that can simulate an application with the necessary accuracy.

However, a model with too much detail may become very expensive computationally.

2.3 Applications

FEA is a useful tool for studying corneal mechanical behavior and how it functions. FEA
has been widely used in modeling surgical effects on the cornea as well as studying corneal
diseases and eye trauma. In this section, different applications of FEA in simulation of corneal

surgery, disorders, impact and etc. are studied.

2.3.1 Surgery

The curvature of the internal and external surfaces of cornea significantly affects its
refractive power. Refractive eye surgery can improve the visual acuity for common refractive
maladies such as astigmatism, hyperopia and myopia. In several surgical techniques the dioptric
power of the cornea is improved by removing thin layers of biological tissues and adjusting the
curvature of the cornea using excimer lasers [23]. Laser-assisted in-situ keratomileusis (LASIK),

photorefractive keratectomy (PRK), and intrastromal photorefractive keratectomy (ISPRK) are
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three main types of refractive surgeries. Refractive surgeries on cornea periphery such as
conductive keratoplasty (CK) and intra-corneal ring (ICR) have recently attracted more interests.
These surgeries are mainly performed on hyperopic eyes which require steepening rather than
flattening of the cornea surface [47].

FEA has potential usefulness as a simulation tool for refractive surgery planning using
accurate in vivo corneal material properties and geometry data [24]. FEA has been extensively
used to model deformation of cornea for corneal surgery simulation and to predict mechanical
and refractive effects of the surgery [33].

Pandolfi et al. [23] implemented an FEM in astigmatic and myopic corneas to evaluate
the mechanical and refractive outcomes of laser refractive surgery. They computed the change in
the curvature and thickness of the human cornea exposed to laser ablation and evaluated the
corrected dioptric power for individual patient cases.

Roy and Dupps [24] proposed an FE model of the whole eye to give insight into
refractive surgery planning. They later presented an inverse FEM to determine the undeformed
state of the cornea [26]. They developed a 3-D patient-specific corneoscleral FE model to
estimate the surgical impact on corneal shape variations and the changes in corneal elastic
properties.

Niroomandi et al. [52] presented a novel numerical technique for actual surgery
simulation using an extended finite element method (X-FEM). The X-FEM method enhances
standard FE with defining additional degrees of freedom (those interested in further theory of the
X-FEM are referred to Belytschko et al. [61] among others on the subject). In their model, the

opening of the fracture induced by the incision in refractive surgery was reproduced using X-
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FEM method. Their presented FEM was able to simulate the complex constitutive model of the
cornea and to recover the scalpel cut discontinuities for the actual surgery simulations.

Nomograms in ophthalmology are sets of tables of corrected values or graphics used to
plan the surgical procedure, especially for incisional surgeries for astigmatism and similar
diseases [54]. Nomograms can manage the incision effect by revising the cut parameters such as
depth, length and optical zone in incisional surgery. Cristobal et al. [54] proposed a FE model of
limbal incision to predict the patient-specific optical power to be induced in the surgery. The
nomogram outcomes were compared to simulation results and in some cases, the nomograms
were revised accordingly.

CK is a sub-ablative thermal treatment in which thin electrodes are inserted into the
stroma to apply radiofrequency (RF) heating. The heat causes the peripheral corneal tissue to
shrink. Jo et al. [29] developed a 3-D FE model including the cornea, the aqueous humor and the
RF electrodes to investigate the resultant thermal damage during RF heating in CK procedure.
Fraldi et al. [47] also presented a viscoelastic FEA to study the mechanical response of the
hyperopic cornea to CK and assess the post-surgery stability of the applied refractive correction.
Hameed Sayed et al. [62] created a 3-D FE model to simulate the ISPRK technique for
correcting myopic corneas and predicting the treatment results. The simulation outcomes were
compared with the results from an earlier 2-D FE model developed by Bryant et al. [49] for the
same purpose. The model outputs were more correlated to the clinical data compared to the 2-D

model.
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2.3.2 Corneal Diseases

Finite element analysis has been widely used to study biomechanical interactions in
corneal maladies (e.g. keratoconus) and to better understand aetiology and treatment of the
diseases. FEM can be used to investigate the effect of variations in corneal material properties on
vision power in corneal diseases.

Keratoconus is a degenerative corneal disease characterized by irregular thinning and
bulging of the cornea structure and progressive topographic irregularity in the cornea. This shape
distortion leads to optical aberration that might be corrected in mild cases by using hard contact
lenses or glasses or may require corneal transplantation at more severe conditions [22]. Collagen
across-linking (CXL) is a new method for treating keratoconus. In this technique, the epithelium
is usually removed from the central zone of the cornea and a riboflavin solution is penetrated into
the stroma [26]. Under ultraviolet (UV) radiation, the riboflavin creates additional cross-linking
in the collagen fibrils, stiffening the cornea.

Gefen et al. [22] presented a 3-D linear anisotropic FE model of normal and keratoconic
corneas to investigate the mechanical behavior and optical performance. The analysis results
revealed that IOP level had a considerable influence in the optical power of the keratoconic
cornea while having little effect on refractive power of normal cornea. Roy and Dupps presented
a 3-D patient-specific FE model of a whole eye to study keratoconus progression [26]. The
model was able to demonstrate a patient-specific procedure for investigating the locally reduced
corneal elastic properties during the keratoconus development.

Carvalho et al. presented an FEM of a keratoconic cornea to predict the biomechanical
behavior and evolution of cornea in keratoconus [21]. Using shell elements, they investigated

how variations in IOP and material properties of the cornea (i.e. reduction in rigidity of cornea)
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can lead to a localized increase in corneal curvature. Foster et al. [63] examined the stiffening
effect of cross-linking on the collagen fibers in corneal tissue, fitting material parameters to

experiments on cornea strips.

2.3.3 Impact and Trauma

Ocular trauma can cause long-term vision disorders and is expensive to treat [64]. FEM
is a useful tool for simulating ocular trauma. It may offer possible solutions for reducing eye
impact injuries and designing protective tools against globe trauma. Impact of different
projectiles with the eye has been simulated using FEA to investigate the injury potential.

Stitzel et al. [64] offered a nonlinear FEM of human eye to predict the eye rupture injury
caused by high speed blunt impacts. The numerical model was verified with experiments to
predict the injury due to different types of impacting projectiles and loading conditions.

Weaver et al. implemented a numerical model of eye impact considering a variety of
blunt projectiles and loading conditions, based on many experimental impact tests [65]. They
investigated the effect of different projectile mass, size, material properties and velocity on
response of the eye to impact. The study results gave insight into predicting eye rupture in
various loading conditions and designing eye safety equipment.

Gray et al. studied the impact of paintballs on the cornea, with the aim of designing safer
paintballs [66]. To this end, they implemented a numerical model of human eye, orbit and
paintball into the CTH computer code (a 3-D finite-volume and large deformation numerical
hydrocode developed by Sandia National Laboratory) to study the physical mechanism causing
the eye impact injury. By varying material properties they concluded paintballs with less mass
could be safer for the eye.
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Uchio et al. also presented a 3-D FEA supercomputer simulation of eyeball traumatic
impact. They investigated the threshold of impact eye injuries caused by different size and

velocity bodies [44].

2.3.4 Other Applications

FEM can be used as a potential non-invasive tool in clinical applications for investigating
biomechanical behavior of the cornea and the characteristic measurements. FEM may be a
critical method for assessing corneal mechanical and electrical properties as well as 10P
measurements.

Applanation tonometry is among the most widely used contact tonometry techniques for
IOP measurements. FEM has been applied to examine applanation tonometry in order for
measuring IOP [42]. Ghaboussi et al. developed a computationally efficient numerical method to
accurately measure 10P in the cornea using a modified applanation tonometer [67]. They used a
combination of neural network and genetic algorithm to fit clinical applanation tonometry
outcomes (force and displacement history data) to that achieved from FE model.

As the heart beats, the intraocular pressure (I0OP) behind the cornea changes; the vibration
characteristics of the eye also vary with 10P. Salimi et al. developed a coupled fluid-structure
FEM of the eye and investigated the dynamic response of the eye to changing IOP [42]. They
validated the vibrational characteristics from simulation model with experimental modal analysis
(EMA) of a water filled spherical shell.

Rhee et al. developed a nonlinear anisotropic FE model of mouse cornea to study

formation of spiral patterns on the epithelium [10]. They compared the obtained numerical
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curves of maximum shear strain with actual spiral patterns observed in x-ray images of mouse

cornea. The presented work helped provide insight into possible development of cornea.

2.4 Conclusion

FEA is a powerful numerical technique for finding approximate solutions to partial
differential equations in complex structures. FEA may be used to simulate a wide range of
biological structures and body organs. In this work, different application of FEA in studying
mechanical behavior of the cornea was reviewed. The review includes studying a wide variety of
applications ranging from surgery to disease and impact simulation.

Based on the articles reviewed, FEA has been used to develop a better understanding of
the mechanics of the cornea in a variety of settings. It can be a noninvasive predictive method for
assessing corneal function and properties and studying related diseases. The FE models can be
used in clinical applications to investigate corneal malfunctions and present possible treatments.
FEA can predict the pre and post-operative responses of the cornea to refractive surgeries and
may be used as a patient-specific simulation tool in clinical applications for surgical planning.

In the future, FE models may become important tools in planning treatments. Initially, the
models will be used to improve procedural parameters such as incision locations and depths.
However, it will soon be possible to provide patient-specific cornea models that can be used to
plan individual surgeries and predict outcomes, such as optimal treatment times and
concentrations for collagen cross-linking.

Obtaining the parameters for the stiffness of individual corneas, especially in vivo,
remains challenging. A combination of investigations excised corneas and simple tests in vivo
corneas will be able to give reasonably data to approximate patient-specific cornea properties.
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Ongoing investigations on the complex mechanical properties of the cornea will continue to

create more realistic and accurate models for all these applications.
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3 Integral-averaged B Method for Nearly Incompressible

Nonlinear Deformation

3.1 Introduction

Many materials exhibit nearly incompressible responses over some part of their
deformation. Biological tissues, rubbers, metals undergoing plastic deformation, and soil under
undrained conditions are examples. To model these materials in a finite element context, care has
to be taken to use elements designed for nearly incompressible behavior. The fact that low-order
finite elements perform poorly for nearly incompressible media is well known. There are several
ways to view the problem, but one is that in standard elements have too many incompressibility
constraints, which overwhelm the shear response. While higher-order elements can relieve this,
even they do not behave optimally. And for certain classes of problems, such as some dynamic
problems or problems involving jumps in the displacement field, low-order elements are
generally preferred.

Many solutions have been proposed to relieve this volumetric locking effect in low-order
elements, particularly quadrilaterals and hexahedra. Reduced integration [68] can reduce the
number of volumetric constraints, but results in spurious non-zero energy modes, often called
hourglass modes. However, modification can control these modes [69]-[72] among others).
Mixed methods treat the mean stress as a separate variable. While effective, the extra set of
equations complicates the process and results in higher computation time [73]-[75] among
others). It should be noted that many times the extra variable may be condensed at the element

level, minimizing this extra cost. Assumed enhanced strain formulations add extra terms to the
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strain and can relieve locking, for example in [76], [77]. Variational multiscale methods [78]—
[80] and other stabilization techniques ([81] among others) have also been employed to relieve
locking, but also add extra complexity to the system.

Because they can be implemented relatively simply in a displacement-only framework,
so-called B methods have been highly popular. Discussed in [43] for linear elements, these
elements replace the volumetric part of the strain displacement matrix with a reduced-order
integration or averaged value. The reduced interpolation order of the volumetric term reduces the
number of constraints, relieving the locking. No extra degrees of freedom are added to the
system, though in some cases additional integration points are added. While these elements do
not formally satisfy the Ladyzenskaya-Babuska-Brezzi conditions [82], [83] that determine
whether locking should be relieved, they perform well in practice and their relative ease of
implementation has made the approach popular.

For the finite deformation case, these methods have been extended using a so-called F
approach. This approach takes a reduced order or average evaluation of the deformation gradient
F. Several variations on this idea have been proposed, including reduced integration scheme for
the logarithm of the volumetric deformation [84], reduced integration scheme for the volumetric
deformation [85], and an average over the reference of the Jacobian [86]. In another approach,
average Jacobian J is defined by relating it to a volume change parameter [87]. Most authors
choose to use the B modification for the gradient weighting function (virtual velocity gradient),
though some do not [85]. While it has not been emphasized in the literature, each choice of F
determines a corresponding B matrix. Many authors do not comment on the stiffness matrix.

In this Chapter, we develop an 8-node hexahedral element that averages the Jacobian

over the element. While the integration procedure adds some modest complexity to the
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computation time to the code, it avoids tracking variables at an extra integration point. Extra
integration points can add memory costs. They can also add significant complexity in
multiphysics problems or history-dependent materials, though we do not investigate those here.
We examine integral averages in both the reference and current configurations, and detail the
relationship between the choice of F and B, as well as explicitly deriving the stiffness matrix.

While beyond the scope of this dissertation, it bears mentioning the B method does not
work for linear triangles and tetrahedra, as the volumetric deformation is already constant in the
element. However, the concepts have been extended to these elements using a method termed
“F-patch”, where the volumetric deformation is taken as not constant over a single element, but a
small patch of neighboring elements [88]. Recently, a B approach has been applied to NURBS-
based finite elements as well [87], [89].

The remainder of this Chapter is organized as follows: Section 3.2 discusses integral
averages for F, including two of several possible choices. Section 3.3 derives the B formulation
consistent with choice of F. The stiffness matrix is presented in section 3.4, though the full
derivation is relegated to the Appendix. This Section is followed by numerical examples and,

finally a conclusion.

3.1.1 Notation

A few notes on notation: We employ the summation convention in this dissertation, that a
repeated index within a single term of an expression has an implied sum over the range of the
index. For Example A;; = tr(A), where tr(.) is the trace operator, and Ajj xj = bj is equivalent to Ax

=h.

29



Outer products are represented with the "®" symbol, e.g. for two matrices A and B, (A ®
B)ij = Aij Bw. For a matrix A and vector v, (A ® V)i = Ajj Vk, and for two vectors u and v, (U ®
V)ij = Ui Vj.

First- and second-order tensors are denoted with in bold, e.g. o or d. Third-order tensors
of matrices are written in calligraphic script, for example, B, and fourth-order tensors in
blackboard bold, such as C.

We use curly braces for second-order tensors converted to vectors in Voigt notation.
Kinematic quantities have doubled off-diagonal terms unless stated otherwise, while other

quantities do not. For example
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Similarly, fourth-order tensors converted to Voigt-form matrices are denoted with

brackets, e.g. [C].

3.2 Review on the Selective Reduced Integration Methods for Linear FEM

In standard elements, the strain field is volume preserving at all the integration points.
Therefore, in the Reduced Integration method, the number of integration points is reduced to
prevent the volumetric locking. In this method, the element stiffness matrix is calculated using
fewer numbers of integration points (usually one order of accuracy less). In full reduced

integration, the under integration results in spurious non-zero energy modes, often termed
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hourglass modes. While the global solution may still be adequate, the local variations can be
undesirable. Hourglass control can correct this, or selective reduced integration may be
employed.

In selective reduced integration, the stiffness matrix is separated into two parts: The
isochoric part (k*°), and the volumetric part (k”°!). The numerical value of the second part is
usually much larger than the first part [68]. The k"°! term is responsible for preventing the
locking behavior in nearly incompressible materials and therefore is treated differently. k¥°! is
calculated using fewer quadrature points (reduced integration points) to reserve volumetrically

stiff behavior. Whereas k'° is evaluated using full integration method.

The element stiffness is found from:

ke = keiso + keW)l — j-

ne

BTD°B dQ + f BTDV°'B dQ

ne
(2)

In three-dimensional analysis, D° and D¥°! may be written as:
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In which K is the bulk modulus and p is the shear modulus.

3.3 Review on Volume Average B Formulation for Linear Elasticity

As stated before, standard low order finite elements are not accurate for the analysis of
nearly incompressible materials as over-stiff response may be observed. A popular solution to

prevent incompressibility in these elements is the B method.

Strain-displacement matrix may be written in terms of nodal sub-matrices as:

B= [Bl' Bz, ey Bnen]

®)

In which n,, isthe number of element nodes

In 3D analysis a sub-matrix B, is:
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B, B, Bs]
B, B, B;
B, B, B;
0 B; B,
B, 0 B,

| B, B, 0.

(6)

aNg

In which B; =

fori=1, 2, 3and A; is the shape function at node a

Xi
In the B method, strain-displacement matrix B is split into an isochoric and a volumetric

part.

B, = BL + By

(7)
The isochoric part of B, is given as:
Biso = B _Bvol
a a a
(8)
In which the volumetric part is:
B, B, Bs
B, B; Bs
Bvol — l Bl BZ BS
¢ 31000
000
000
©9)

The over-stiff response is formed in the volumetric part. Therefore, in the B method in

order to circumvent this constraint, the volumetric part is modified as follows:

33



— 1|z
BZ‘”=§ B

(10)
According to mean-dilatation formulation, B; (&) may be derived as:
= eB;dn
Bi(§) = 2ent
Jpedn
(11)
N,
Bi B Oxl-
(12)

Similar to selective reduced integration, B can also be evaluated using a reduced

integration rule rather than volume averaging.

3.4 F Formulations

The basis of the F formulation for geometrically nonlinear material models is to replace
the dependence of the stress on the deformation gradient F with a dependence on a modified
deformation gradient F

t=1(F,..)
(13)

Here, T is the Kirchhoff stress, though the use of any stress measure may suffice. The

ellipsis is a reminder that the stress may also be a function of the rate of deformation, internal
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state variables, or other quantities. To relieve volumetric locking associated with nearly
incompressible materials, typically the volumetric part of F is replaced by an average or reduced
order approximation. To accomplish this task, F is typically split into a volumetric component

F¥°! and an isochoric component F*° such that

F = FVolFiso
(14)
Fvol — ]1/31 . Fiso = ]—1/3F
(15)
det F*%! =detF=1J ; detFs° =1
(16)

where 1 is the second order identity tensor and J = det F is the Jacobian of the
deformation. The Jacobian, then, is replaced with some modified J, resulting in a modified

deformation gradient
F = Frolpiso — (2)1/3 F
J
(17)
Fool= JU31 : detFol=]

(18)
Many forms for J have been proposed. Effective choices should reduce the order of the
volumetric strain interpolation to reduce the number of volumetric constraints. One of the
simplest for trilinear hexahedra (and their two-dimensional counterparts, the bilinear
quadrilaterals) is to evaluate the modified Jacobian at the center of the element, J = J(§ = 0), for
example in [84]. The drawback of this approach is that the deformation must be evaluated at an
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extra Gauss point. This extra data modestly increases memory requirements and increases the
complexity of the code. The complexity increases for more complex constitutive models such as
plasticity models, where internal state variables and other quantities must be tracked, and
multiphysics formulations, where mechanical quantities must be shared with quantities from the
other physics.

An alternative approach is to use an averaging scheme or stabilization procedure. We

adopt the former in this work. Specifically, we examine two possibilities

= fﬂoe ] d‘QO
- f_()oe d‘QO
(19)
,_ [ do2
Je 02
(20)

The first is a volume average of the Jacobian over the reference configuration 2,°¢, the
second a volume average over the current configuration £2¢. Since the reference configuration is
at times an arbitrary theoretical state, there is some logic to adopting the second. However, the
formulation for the former we will see is simpler, and for nearly incompressible materials, there
IS not a great difference between the volume in the current and reference configurations.

Note: As discussed in [84] for very nearly incompressible or completely incompressible
materials, hourglass modes may appear due to ill-conditioning of the stiffness matrix. These
modes can be alleviated by replacing F with an F, composed of F and F. The authors in [84] use
F=¢F + (1—¢) F, for some relatively “small” ¢ (originally suggested in [90]). Similarly, Doll
and coworkers [91] proposed a J= J& j(~=& . For models which use a volumetric penalty

parameter, however, these modes may also be eliminated by setting the volumetric penalty
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stiffness not too much higher than the shear stiffness. We do not perform a formal analysis of
appropriate penalty parameter values in this dissertation, but roughly three to four orders of

magnitude higher than shear stiffness parameters appear to be appropriate values in practice.

3.5 Consistent B Formulations

The appropriate function for the B follows from the chosen form for F. One can derive
the standard B matrix from the velocity gradient I using a pseudo-time derivative, as shown in
[92]. In a finite element context

{l = Bd
(21)
where d in this dissertation refers to the vector of element nodal displacements (we have
dropped the common superscript © to simplify the notation). We adopt a similar approach to

derive B, i.e.

M- Bd

(22)
First, we must derive an expression for the modified velocity gradient I
= FF
(23)
F—l — (4)1/3 F—l
J
(24)

The expression for F can be determined as
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(25)
Here we define (1) == . This quantity will depend, of course, on the choice of J. We

derive this quantity in a moment for the choices we have considered, but first note that for any

choice of |

o~
I
il
e
-

ST

I
]

| | Nt

-

= FF! +% (er(l) —tr(D) ) FF!

>§ ( tr(j — tr(l))

=l<

=1+ (r( - ()1

(26)
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where we use 1 as the second order identity tensor. Note that this has the familiar form of
the small strain B formulation where the volumetric part of the tensor is replaced with the

modified component.

For the choice of | = M,
fnoedﬂo
- d fﬂoe J df
T ( Jage 420 )
fﬂoej do
T e dt

_ f-QOe ]tr(l) d'QO

Tone 42
(27)
Hence
Joe 1 tr@) df2g
o0 =77,
e J r g
T Jage J 4%
(28)

Curiously, averaging J over the reference configuration results in tr(l) being averaged
over the current configuration.
Averaging J over the current configuration results in a somewhat more complicated

formulation. In this case




d f-Qoe ]2 d‘QO
= E _

T J 40

_(Jae 4% Jope 17 4% j do
T\ fpe J A2 (foge J d020)% Jge 7

(2 e Jtr(D) d Jage 72 d2 N a0
f_()oe Jda, - (fﬂoe J df2y)? [zoe] rd °

2 fﬂoe J2tr(D) do, fﬂoe Jtr(l) dn,

fnoe ]2 d'QO
fﬂoe ] d-QO fﬂoe ]2 d-QO fﬂoe]d-QO

o 2 fnoe J2tr(D) da, fﬂoe]tr(l) dn,
I\ T an, Toue] 422

(29)

Hence
2 fnoe J2tr(D) dn, fﬂoe Jtr(D) da,

I _
(D) =5 = Joge J7 2% Jage) 4%

(30)

In a finite element context, we can factor out the element nodal velocity vector implicit in

the equations from the finite element shape functions. Recall that

L= Nijdii
(31)

= tr(l) = N|,j d” =VN;,. d|
(32)
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Where d,; is the ith degree of freedom for element nodal displacement subvector d;. The

V operator in the dissertation is used with respect to the current coordinates. Therefore
I=1+1 (er(D)-tr(D) 1
3
= Bidi+; [(IQ VN;) di - (1® VN, ) di]
=[B,+(1QVN,)- 1Q VN, )] di
(33)
Here B; is the third-order tensor that relates the velocity gradient to the nodal velocity
subvector d,.
(B1)ija = Ny biq
(34)

In other words, it is the tensor equivalent of the standard updated Lagrangian B; matrix

(see, for example, [92]).
Gradients here are with respect to current coordinates. For a given choice of J, we only

need to calculate the appropriate VN;. For the Jacobian averaged over the reference configuration

fﬂoe Jtr(l) da,
Joe ] 40,

er(D) =

L%e]Vdi,dQO
Joe 1 400

Jage ] VN; d2 p
Joe Jd2%

=V_N1.d|

(35)
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where:

o Joe 1 VN df2
l =
Joge ] 442

Similarly, for the Jacobian averaged in the current configuration:

2 fﬂoe J?tr (D) dn, fnoe Jtr(l) dR,
Joe 774% [, o] df

er(T) =

2_&f_FVNPd,dQO L%e]VNPd,dQO
Joge 17 4920 Jo,et 400

2 [y JPUN Qo [, o J VN dDo)
T\ e 2 dag Jage] 4% '

Therefore:

o _ 2 Jage TVNIARy oo J VNG Ay
’ Jage J% 4% Jage] 442

With the correct expression for VN;, we can write

B, - B, +;(1Q VN, -1Q VN;)

In implementation, this expression is generally rearranged into a vector form such that

{B=5a
In this case, the nodal submatrix B, takes the form
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_](\)/"11\? 8 [N;1 Ny Nps] [Ni1 Niz Np3
0 0 I’ZN Ny; Nip Nps Ni1 Npp Nps
B, =|gn NI'3 + LNy Njp Nyg|— L [Nig Nig Nps
1,3 Vi 2 3 1o 0 0 310 0 0
N30 Ny 0 0 0 0 0 0
| N2 Npj O -0 0 0- -0 0 0-
(41)
The full B maybe written as usual as
B= [1_31» B, .., Enen]
(42)

where n,, is the number of element nodes (8 in this case, but we keep the notation for
generality).
We assume that the gradient of the weighting function, or virtual velocity vector, takes

the same modifications as that used in the physical velocity gradient. Hence the element internal

force vector may be written

Fon® = f B (z (F,.)} d0,
0

.

(43)

This derivation may also be carried out in a total Lagrangian setting, however, the
volumetric part does not separate out as cleanly and the formula is more complicated.

Note: It is not strictly necessary to use the same averaging for the virtual velocity

gradient as for the actual, or, in fact, any averaging. The authors in [85] use the standard B

matrix for the virtual velocity gradient, i.e.

fot = | BT (F..0yd0,
0N

e
0

(44)
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The resulting formulation is somewhat simpler, but is also asymmetric. As the authors
point out in that article, some materials have a asymmetric tangent stiffness already, and for
these materials little is lost. However, for materials with a symmetric tangent stiffness, the
proposed formulation creates a symmetric stiffness matrix, which has advantages in storage and

solution time.

3.6 Stiffness Matrix

The stiffness matrix may be derived by taking a directional derivative, or another pseudo-
time derivative. The derivation is relegated to the appendix, where the latter approach is taken. If
Nnaos 1S the number of degrees of freedom per node, the 1,445 X Mpq0¢ Nodal submatrix K7, of

stiffness matrix related the residual vector for node | to the displacements at node J has the form

§ = fﬂ _BT[C]B; + (VN; - T-VN))1
0

2 _ 2
+3(VN; - )Q(VN, — VN)) + 3 (VN - VN)®(VN, - T)

2Tk o Tkk dVN,
]

(45)
where CT is the tangent modulus between the convected rate of the Kirchhoff stress and
the velocity gradient, i.e.
¢ = C: D

(46)
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The formula is general, and can be applied for any choice of /. One simply has to

dVN . . . .
— L, For the Jacobian averaged in the reference configuration
]

calculate the derivative

dVN;,  Jo,e ] (VN; @ VN, = UN; @ VN;) d,

— VN, Q VN,
dd, Jage J 4% A/
(47)
For the Jacobian averaged in the current configuration:
dd] - fgoe J? dQy f_Qoe J? dQyg
4 (fﬂoe J2 VN, dQ ) ®(fgoe J? VN, dQ ) 2 fg ¢ J VN ® VN, d
f_QOe J? dQy f_QOe J dQq
) Jo e ] VN ® VN, d, (fﬂoe J VN, d9 ) ® (fﬂoe J VN, dQ )
f_()oe J dQ, (f_()oe J dQg)?
(48)

Clearly the second formula is more complex than the first. These formulas are derived in the

appendix.

3.7 Numerical Examples

In this section, the performance of the proposed B method is investigated by means of
numerical examples. Four numerical examples with nearly incompressible nonlinear elastic

material properties are presented.
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3.7.1 Three-dimensional block

In the first three numerical examples, a nearly incompressible nonlinear elastic block
fixed on bottom and subjected to three different loading conditions are presented. The block is 2
meters high with a square cross section of 1 meter. The quantity we compare is the displacement

at node A located at (1, 2, 1) meters.

Figure 7 — Geometry of a block with 2 meters height and a square cross section of 1 meter. The block is meshed
with 128 regular hexahedra (i.e. cubes) on the left and128 irregular hexahedra on the right. We focus on comparing

the displacement at node A using standard and B trilinear hexahedral elements under different loading conditions.

For this set of examples, the material model used is a Neo-Hookean model that follows
the decomposition of strain energy function into isochoric and volumetric components:
IIU(], Ciso) — (piso(ciso) + UU)

(49)
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In which U is the penalty function enforcing incompressibility constraints defined as
U@ =5 ¢ —1)?
(50)
where K is a generalization of the linear bulk modulus. The isochoric part may be defined
as

iso (Ciso) —Ho (e -3)
2

(51)

In which py, is analogous to the shear modulus and I;°° is the first invariant of the

modified right Cauchy-Green deformation tensor defined as:

Iliso = tr(CiSO) : Ciso — ]—2/3 C :C= FTF

(52)

The material parameters of ©,=60 kPa and K = 29980 kPa are used which correspond to
a generalized Poisson’s ratio of v = 0.499.

This set of examples investigates the performance of three-dimensional mean dilation 8-
node B hexahedral elements employed in our large deformation FE computer code under a side
pressure, compressive pressure and specified tensile displacement. The obtained displacement
results are then compared to standard 8-node hexahedral elements and 8-node hexahedral B
elements used in ANSY'S (solid 185). Solid 185 is an 8-node hexahedral element that has large
deformation and large strain capabilities and can be used in 3-dimensional simulation of fully
incompressible hyperelastic models. We use the default B option that employs “selective

reduced integration”.
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3.7.1.1 Block Subjected to Side Pressure

This example is used to assess performance of near incompressible limit material
subjected to a side pressure. Follower forces are used. In this block, displacement is fully
constrained in bottom and a side pressure of 2 kPa is uniformly applied to the front left edge.
Three meshes respectively consisting of 2, 16 and 128 elements are considered to investigate the
convergence. For each mesh, the solution for the two element shapes is obtained to ensure that
elements with nonconstant initial element Jacobians perform well (for clarity, the element
Jacobian is the volume ratio between the physical volume and the volume in the bi-unit cube in
the parent domain, and is different from the Jacobian of the deformation which we have been
discussing throughout this dissertation). For each mesh, regular and irregular hexahedra, and
each refinement, four cases are run: standard displacement elements with no special treatment of
the volumetric deformation, B elements with the Jacobian averaged in the reference
configuration, B elements with the Jacobian averaged in the current configuration and ANSYS
solid 185. The displacement results at node A located at (1, 2, 1) meters are obtained for each
approach and compared in Table (1). The convergence as a function of the number of elements

per mesh is investigated.
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Table 1 — Displacement results, in m, obtained at node A, using standard and B FEA method for different numbers

of elements per mesh

B Method B Method
J averaged in J averaged in ANSYS
Standard Method v refere%ce v currgnt Solid 185
configuration) configuration)

Element type Cubes Irreg. Cubes Irreg. Cubes Irreg. Cubes Irreg.
dx 2 elements -0.0001 | -0.0001 0.0007 -0.0024 0.0006 -0.0027 0.0003 -0.0029
(m) 16 elements [ -0.0021 | -0.0026 0.0044 0.0039 0.0045 0.0039 0.0044 0.0039

128 elements | -0.0030 | -0.0035 0.0029 0.0027 0.0029 0.0027 0.0029 0.0028
dy 2 elements 0.0065 0.0061 0.0970 0.0979 0.0975 0.0985 0.0979 0.0988
(m) 16 elements | 0.0154 0.0160 0.0675 0.0677 0.0673 0.0675 0.0678 0.0679
128 elements | 0.0293 0.0294 0.0669 0.0670 0.0667 0.0668 0.0670 0.0671
dez 2 elements -0.0798 | -0.0800 | -0.4674 | -0.4646 | -0.4717 | -0.4690 | -0.4658 | -0.4631
(m) 16 elements | -0.0938 | -0.0944 | -0.3087 | -0.3086 | -0.3091 | -0.3090 | -0.3085 | -0.3084
128 elements | -0.1279 | -0.1281 | -0.3260 | -0.3259 | -0.3263 | -0.3262 | -0.3259 | -0.3258

Figure 8 — Deformed shape of an incompressible block subjected to side pressure and fixed bottom displacement

obtained from FEA simulation using a) standard 8-node hexahedral elements b) mean-dilational 8-node B cubes

elements c) mean-dilational 8-node B irregular hexahedral elements. In cases (b) and (c), the deformation is shown

for J averaged in the reference configuration, but all the B methods exhibited very similar deformation. The

wireframe in black is the undeformed mesh and the solid surface with red wireframe shows the deformed shape of

the block.
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From the obtained results we can see that average volume B elements improve the
displacement results over standard methods in the analysis of large deformation nearly
incompressible materials. The displacement results obtained from both of the proposed
B approaches closely agree with ANSYS large deformation B method. Convergence of solution
with mesh refinement is also observed. The deformed shapes are shown in Figure 8. Since
refinement, perturbations in element shape, and type of averaging are satisfied, for remaining
examples we run only the irregular, 128 element mesh with the reference-averaged Jacobian.

Table 2 illustrates the evolution of the norm of the residual over the iterations for the last
loading step for ] averaged in reference configuration. This result indicates that the proposed

tangent matrix leads to quadratic convergence rate.

Table 2 — Evolution of the residual norm during the last time step in Newton-Raphson iterations with the proposed

B approach.
Iteration number | Norm of the residual
1 5.1099
2 1.7x10%
3 2.822x10™
4 1.657x10°®

3.7.1.2 Block Subjected to Compressive Pressure

This example is presented to assess performance of the proposed B approach in
simulation of a block with near incompressible limit material properties under pressure. In this
block, displacement is fully constrained in bottom and a pressure of 12 kPa is uniformly applied
to the top surface. The solution is obtained for 128-elements mesh with irregular hexahedra using
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three different element types: standard 8-node hexahedral elements, proposed mean-dilation 8-
node hexahedral B elements with J averaged in the reference configuration and 8-node
hexahedral B elements employed in ANSYS. Displacement results obtained from three
approaches at node A are displayed in Table 3. The displacement results obtained with the
proposed B approach almost match to the ones obtained using ANSYS trilinear hexahedra. The
deformed shape of the block under compression is also depicted in Figure 9.

As illustrated in this figure and the table, displacement results are larger with B elements
than with standard elements. The two B methods are quite comparable. As expected, using the B
scheme the volumetric locking behavior in the analysis of nearly incompressible materials is

relieved.

Table 3 — Displacement results obtained at node A using standard and B elements under compressive pressure.

Standard — rB Mderord ference ANSYS B Method
Method (J averaged in refe (Solid 185)
configuration)
d-x (m) 0.0226 0.0176 0.0181
128 taym| -0.0820 -0.1264 -0.1264
elements
d-z (m) 0.0152 0.0175 0.0170
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Figure 9 — Deformed shape of an incompressible block subjected to uniform pressure on top and restricted in bottom
obtained from FE simulation using standard 8-node hexahedral elements (on the left) and mean-dilational 8-node B
hexahedral elements (on the right). The solid surface with red wireframe is the undeformed shape and the wireframe

in black shows the deformed shape.

3.7.1.3 Block Subjected to Tensile Displacement

In this example, performance of the proposed B approach in the simulation of a nearly
incompressible block under tension is accessed. The top surface of the block is given a uniform
tensile displacement of 0.4 meters and the deformation is fully constrained in bottom. The
displacement solution is obtained for a 128-element mesh using 3 different element types:
standard 8-node hexahedral elements, proposed mean-dilation 8-node hexahedral B elements
with the Jacobian averaged in the reference configuration, and 8-node B hexahedral elements
employed in ANSYS. For standard and the proposed B approach, the deformed shape is

displayed in Figure 10. The displacements of the block are magnified by a factor of two in order
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to better visualize the volumetric locking in standard FEM. In addition to locking, the standard
mesh with irregular elements produces a notable asymmetry in the response. Figures 11 and 12
respectively illustrate the distribution of vertical and von Mises Kirchhoff stresses, respectively
on the block. Figure 13 depicts the plot of reaction force versus displacement using standard and
B trilinear elements. As shown in the graph, using standard FEM for nearly incompressible

materials, results in greater resistance to external displacement due to the tendency to lock.

Figure 10 — Deformed shape of an incompressible block subjected to uniform tensile displacement on top and fully
restricted displacement on bottom, obtained from FEA simulation using standard 8-node hexahedral elements (on
the left) and mean-dilational 8-node B hexahedral elements (on the right). The wireframe in black is the undeformed
mesh and the solid surface with red wireframe shows the deformed shape of the block, with displacements

magnified by a factor of two.
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Figure 11 — Distribution of Kirchhoff vertical stress t,,, obtained from FEA simulation using standard 8-node

hexahedral elements (on the left) and mean-dilational 8-node B hexahedral elements (on the right). The tensile stress

is notable higher in the standard example.
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Figure 12 — Distribution of Kirchhoff von Mises stress obtained from FEA simulation using standard 8-node

hexahedral elements (on the left) and mean-dilational 8-node B elements (on the right).
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Reaction Force vs. Y Displacement
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Figure 13 — Plot of the reaction force versus displacement using standard and B trilinear hexahedral elements

3.7.2 Incompressible Mouse Cornea Subjected to Pressure

In the final example, the incompressible behavior of a three-dimensional mouse cornea
subjected to pressure loading is studied by means of standard and B methods. An intraocular
pressure of 1.73 kPa is applied to the posterior side of the cornea. The cornea displacement but
not rotation is restricted along the center of the cornea edge. While some models of the human
cornea use more restrictive boundary conditions on the edges, the mouse cornea is thinner at the
edge than at the center, and hence the approximation used here is appropriate. Four different

meshes each having 2, 4, 6 and 8 layers of elements through the cornea thickness consisting of
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respectively 1360, 2720, 4080 and 5440 hexahedral elements are considered to assess
convergence.

The mouse cornea is a nearly incompressible soft biological tissue consisting of five
layers of which the stroma is the thickest and stiffest. For simplicity, only the stiffness of the
stroma is considered in the constitutive model development. The stroma is composed of oriented
and dispersed collagen fibrils embedded in nearly incompressible matrix. The material model
used is an anisotropic hyperelastic model adopted from Pandolfi and Holzapfel [12] for the
human cornea. The model follows the decomposition of the strain energy function into a
volumetric component and isochoric components of oriented fibrils distributed in Neo-Hookean
matrix:

Y(j,cls0) = wiso(cB0) +U())
(53)
In which U is the penalty function enforcing incompressibility constraints of the cornea defined
as:

U@) = 11log?J

(54)
where A is a positive penalty parameter. The isochoric component may be written
piso(l0) = Wip (110, 15°) + Wino i (1)
(55)
Wit (167) = B Uliszo ~2)
(56)
1550 = tr(Cis°)
(57)
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. 2
€% =]5C ; C=F'F

(58)
Vo (10,15 = 3 {explly @157 = 1)) - 1}
(59)
1507 = K 1550 + (1 — 3K) I
(60)
I =M-C5°-M
(61)

For a given unit orientation vector M. Here p, is the shear modulus analogue for the matrix and
k, and k, are materials parameters that define the stiffening effect of the fibrils. The values of
the material parameters used in the simulation are given in Table 4.

The unit vector M is the mean orientation of collagen fibrils in the reference
configuration. For the human cornea, fibrils are characterized by two mean orientations [12].

However, based on x-ray images, one mean orientation of collagen fibrils is assumed for the

mouse cornea [5] and accordingly the quantities involving Iés"*are removed from the constitutive
equations presented in [12]. The mean orientation is assumed to be horizontal (nasal-temporal)
near the center, and circumferential near the edge. There is a transition region in between, where
the orientation is linearly interpolated. The dispersion parameter x describes the ratio of
anisotropic fibrils to isotropically distributed ones in the cornea. For the mouse cornea, in the
region around the cornea center, we assume that approximately 80% of collagen fibrils are
oriented in horizontal direction and 90% have circumferential orientation around the cornea

edge. Again, in the transition region a linear interpolation of the two directions is assumed.
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Spheres with different radii of curvature for outer and inner surfaces of the cornea result
in varying thickness throughout. For the mouse cornea model, a thickness of 0.3 mm at the apex
and 0.1 mm at the edge was assumed. An initial cornea height of 0.84 mm and the distance from
cornea center to the inner and outer edges of respectively 1.33 mm and 1.39 mm were used.
Areas less than 0.45 mm from the center were assumed to have horizontal collagen fibrils, while
those outside 1.25 mm were assigned circumferential orientations. The transition zone was in

between.

Table 4 — Materials constants assumed for anisotropic and nonlinear FE simulation of mouse cornea.

2 (kPa) 1o (kPa) k,(kPa) k,
5500 60 20 400

The finite element simulation is performed using the standard 8-node hexahedral
elements and the proposed B approach, with J averaged in the reference configuration. The
convergence is studied by increasing the number of layers of elements through the thickness of
the mesh. The quantity of interest is the displacement in the vertical direction at the corneal apex.

The results of vertical displacement at the apex versus the number of element layers
through corneal thickness are shown in Figure 14. The results obtained with standard 8-node
hexahedral elements and with 8-node B elements are compared. Using the B method, all the
displacement values reach a converged solution with fewer layers, and the standard elements
appear to exhibit some locking. Figure 15 also illustrates the deformed shape of the cornea using
the standard and B FE simulation. This example demonstrates that the proposed method

functions well even with anisotropic materials.
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Displacement in vertical direction - # of layers in the mesh
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Figure 14 — Vertical displacement at cornea apex versus number of layers of elements through the corneal thickness
with standard and B elements obtained from nonlinear and anisotropic FEA simulation of mouse cornea subjected to

pressure.
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Figure 15 — Vertical displacement mapping of a mouse cornea subjected to pressure obtained from standard and B
FE simulation (the top and bottom figures respectively) are shown in cross section. The wireframe on the bottom is
the undeformed mesh and vertical displacement colored by magnitude is shown on top. The cornea displacement but

not rotation is restricted along the center of the cornea edge.

3.8 Conclusion

In this work, we have developed a B method for finite deformation nearly incompressible
materials, based on an integral average of the volumetric part of the deformation gradient. There
is an advantage in such formulations over reduced-order quadrature formulation in that the

deformation can be tracked at fewer integration points, saving memory and perhaps, modestly,

60



computation time. Though not considered here, the advantages are greater in history-dependent
materials and multiphysics applications. While integral-averaged F methods have been proposed
before, there appears to be little in the literature linking a given choice of F to the appropriate B
matrix in these cases, especially for integral formulations. The consistently derived stiffness also
appears to be lacking in most of the literature for integral-averaged F formulations, though it has
been derived reduced-order quadrature formulations.

We have examined two possible choices for the integral averaging of the Jacobian, over
the reference configuration and over the current configuration. While there may be some
justification for the current configuration as more ‘natural’, there formulation is more complex.
Since the volume change in nearly incompressible materials is small, one does not expect there
to be a great difference in the results. This observation is confirmed by numerical examples.

Since the formulation is general, it can be applied to other choices of J, including reduced
integration or logarithmic variations. The formulation is not limited to isotropic materials and
can be extended to inelastic materials with some work. Overall, numerical results are similar to

existing reduced integration methods.
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4 Finite Element Modeling of Spiraling on the Rat Cornea
4.1 Introduction

The cornea is the transparent, anterior layer of the eye that protects the eye and refracts
light. It is covered with a tear film that, together with the underlying tissue, provides almost two-
thirds of the refractive power of the eye [3]. The curvature and material composition of cornea
are largely responsible for its refractive power, and a slight change in its structure remarkably
affects the vision function.

In many mammals, including humans, mice, and rats, the cornea consists of 5 layers.
From the anterior to the posterior the layers are the epithelium, Bowman’s membrane, stroma,
Descemet’s membrane, and endothelium. The epithelium is the outermost layer of the cornea and
consists of cells that can reproduce and regenerate after an injury. The endothelium consists of
unrenewable cells that keep cornea hydrated and transparent. Permeability of the endothelium
can affect the transparency of the cornea and its ability to function correctly.

The stroma is the thickest layer of the cornea and contributes the majority of the
mechanical strength and stiffness of the cornea. It is composed of complex network of collagen
fibrils that are distributed in a nearly incompressible and viscoelastic matrix. The collagen fibrils
bundle together to form fibers that are stacked parallel to create layers called lamellae. The fibers
act as reinforcement to the cornea and provide mechanical strength along their orientation. The
collagen fibrils are distributed in all possible orientations in the plane of the cornea but have
preferred orientations around the center and the edge [17], [93]. For example, in the human
cornea, collagen is distributed along the inferior-superior and nasal-temporal directions around

the center and circumferential and radial around the limbus (a region at the corneal periphery
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where it meets the sclera). Fibrils exhibit horizontal preferred orientation at the center and
circumferential around the edge in the mouse cornea [4], [5]. The arrangements of collagen
fibrils play important role in the mechanical strength of cornea. The dominant orientations of the
collagen fibrils throughout the lamellae lead to anisotropy of the cornea material.

The cornea has a complex structure with non-uniform thickness throughout. The outer
and inner surfaces of the cornea have different curvatures. The central thickness of the human
cornea is thinner than the thickness around the limbus. However, in some animals such as mice
and rats, cornea is thicker at the center. The curvature and thickness of cornea are largely
responsible for the refractive power, and a slight change in corneal structure remarkably affects
vision. Hence, studying the mechanical behavior of the cornea is critical in investigating vision
and possible disorders.

In vivo and in vitro studies have been performed on the cornea to investigate the
biomechanical behavior of the tissue. Recently, numerical techniques such as finite element
method (FEM) have been widely used as an effective and noninvasive technique to examine the
cornea mechanics. FEM has been implemented to model deformation of the cornea for surgery
simulation and refractive surgery planning ®??. Some authors [21], [22], [63], used FEM to
investigate biomechanical interactions in corneal diseases such as keratoconus in order to better
understand the atiology of the illness and offer possible treatment solutions. Discussed in [27],
[29], FEM is implemented to study response of the cornea to thermal treatments and
disturbances. Some others [6], [30] used FEM to predict the electrical properties of the corneal
endothelium and study variations in the permeability. Various applications of FEM in studying
corneal biomechanical behavior, surgery predictions, clinical application, investigating related

diseases and the response of the cornea to impact have been reviewed [94].
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During the generation of an organ primordial cells are allocated to stem cell pools and
cells then assort themselves as a result of cell division, cell movement and cell death [8] . These
processes operate in a stereotypical manner in a reproducible and conserved manner (Landini &
lannaccone 2000). The resulting distribution of cells can be observed when two or more
genetically distinct populations of cells that can be visually distinguished comprise the tissues of
an animal. Aggregation chimeras [95] provide a system that allows such visualization. These
animals are produced by allowing the individual cells of early embryos of the mouse or rat from
two genetically distinct strains to mix prior to implantation. The resulting animal has two
genetically distinct lineages and these lineages can be observed microscopically utilizing a
variety of markers.

In the cornea, the allocation of epithelial cells is followed by an assortment of cells such
that a distinctive pinwheel pattern is observed in both mouse and rat [1], [2]. Moreover, the
edges of patches of cells of similar lineages trace out characteristic spiral curves that have been
established as logarithmic spirals [2]. The patterns of cell assortment correlate with the
distribution of nerves in the cornea [96] implying that there is some global process or force that
is responsible for the distribution.

In the same way as for other organ mosaic patterns, it was held that stem cell divisions
laying down a trail of progeny as the cornea expanded was responsible for the spiral assortment
of epithelial cells. However, a number of fine details of the timing and distribution of cells
makes that explanation unlikely [2]. Since the absence of spiral distribution correlates with
human disease states and abnormal cornea structure and function, the possibility that biomaterial

properties contribute to normal epithelial cell distribution is of significance.
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In this work, a large deformation model for the rat cornea that includes the stiffening
effect of oriented and dispersed collagen fibrils in incompressible matrix is developed and
implemented in a finite element code. The model proposed allows understanding the
biomechanical behavior of the rat cornea. The stresses and strains on the surface of the cornea
subjected to intraocular pressure are investigated. An algorithm is created that tracks the
pathlines of critical shear strains on the cornea surface. The directions of critical strain, in
particular, tend to form spiral-like curves that are matched with logarithmic spirals with
determined pitch angles. The resulting angles are compared to the pitch angles measured in
logarithmic spirals observed on the rat cornea images.

The remainder of this Chapter is organized as follows: Section 4.2 discusses the special
assortment of epithelial cell into spiral patterns on the surface of the rat cornea along with
observations and measurements of those patterns. In Section 4.3, an anisotropic and large strain
finite element model of the rat cornea is developed. This includes creating the 3-dimetional
geometric model of the rat cornea and an overview of the restrictions applied on the cornea
limbus. The section is followed by a review of the preferred orientation of collagen fibrils in
some mammalian cornea as well as assumption of predominant fibril directions on the rat cornea.
Also, a structural constitutive formulation including the stiffening effects of collagens in Neo-
Hookean matrix is discussed. Section 4.4 focuses on the spiral post-processing which includes
the determination of in-plain strains and developing an algorithm for tracking directions of
critical strains. In Section 4.5, the numerical simulation results are compared to experimental
observations. This Section is followed by a discussion on potential mechanical explanation for

spiral formation in Section 6 and finally a conclusion in Section 7.
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4.2 Spirals in the Rat Cornea

Rat chimeras were produced as described previously by amalgamation of two 8-cell
morulae, one of which ubiquitously expresses enhanced green fluorescent protein (eGFP).
Chimeras were perfused with 4% paraformaldehyde in Phosphate Buffered Saline (PBS), a
physiological saline solution, and eyes were enucleated and kept in 4% paraformaldehyde at 4°C
overnight. Corneas were dissected then relaxed with small radial incisions and imaged on a
Zeiss 510 META confocal microscope. Since confocal microscopy uses a variable pinhole in
front of the photomultiplier tube, light outside of the focal plane of the objective is blocked from
detection. Varying the diameter of the confocal pinhole allows for a change in the thickness of
the focal plane. Imaging relaxed corneas, which now lie flat and parallel with the plane of focus,
allowed for easy optical separation of epithelium fluorescence without interference or
contribution from cells in the stroma or endothelium by simply adjusting the focal plane and its
thickness to match that of the epithelium. Because the scale of the corneas is much larger than
the field of view of the microscope’s objective, multiple images were taken using a computer
controlled stage and automatically stitched together in software.

Landmarks on the images were picked along cell lineage boundaries and coordinates of
edge landmarks were recorded. Using an initial guess of the spiral center, angle () and radii (r)
were calculated for each landmark from this initial center. The polar coordinate data of
landmarks were then fit using exponential curves of the form r = ae” which in Cartesian
coordinates represent logarithmic spirals.

The exponential equation used to fit the landmark data was used to calculate radii of the fit at the
original angles of the landmarks. Total error between the fit and the original landmarks was used

to optimize the spiral’s center using Microsoft Excel’s solver to minimize the total error by
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varying the coordinates of the spiral’s center position. The radii and angles were then
recalculated and refit with exponential curves using this optimized center. A total of 12 edges
were analyzed with three edges per image for four images representing four corneas from three
rats of ages 10 months, 13 months, and 16 months old and demonstrated in Figure 16.

Figure 17 demonstrates the landmark points and the matching logarithmic spirals in the
polar coordinates for cornea C3-1 (r versus @ plot). The variable b of the exponential function fit
to the landmarks is related to the curvature of the spiral and therefore is more useful as a unique
descriptor of the patch edge. A smaller value of b describes a spiral with a tighter curve with less
increase in radius with each increment of angle around the spiral. Likewise, a larger value in b
describes a spiral with a looser curve where each increment in angle means a larger change in the
radius. A related, but simpler description of each spiral fit is the pitch angle, which represents the
angle of inclination between the tangent of the spiral and that of a circle (see Figure 18). Hence a
pitch angle varying from zero to /2 would be a curve that relaxes from a circle of radius a at a
pitch angle of zero to a straight radial stripe at a pitch angle of n/2. Spiral pitch angles reported
for each fit are calculated as z/2 — Atan(1/b). A negative pitch angle describes, a spiral which
moves clockwise toward the center, while spirals that move counterclockwise inward have a

positive pitch angle.
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Figure 16 — Confocal images of cornea belonging to a) 10 months rat (C1), b) 13 months rat (C2), c) and d) 16

months rat (respectively C3-1 and C3-2, right and left corneas of the same animal). For each rat cornea, three sets of
landmarks are overlaid along the cell boundaries that resemble spiral patterns. These points are fitted with

logarithmic spirals (red curves) and the pitch angles are measured. Scale bars on each cornea are 500um.
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Figure 17 — r versus @plot of landmark points and the matching logarithmic spirals in the polar coordinates for

cornea C3-1

Figure 18 — Schematic representation of pitch angle of a logarithmic spiral
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Table 5 — Results of the measurements of the logarithmic spirals fitted to cell lineage boundaries for the four

sampling rat corneas

Cornea label C1 C2 C3-1 C3-2
Spiral # 1 2 3 1 2 3 1 2 3 1 2 3
b -0.369 | -0.921 | -1.225 | 0.555 | 0.688 | 0.636 | 0.498 | 0.434 | 0.417 | 0.446 | 1.049 | 0.413
Pitchangle® | -203 | -42.7 | -50.8 | 29.0 | 345 | 325 | 265 | 234 | 226 | 24.0 | 464 | 22.4

4.3 Rat Cornea Finite Element Model

4.3.1 Geometric Model of the Rat Cornea

The first step in the numerical modeling effort is development of a dimensionally correct
cornea model. The rat cornea was cryosectioned and the sections were mounted on slides before
confocal imaging. Figure 19 illustrates the provided confocal image of the cross section of a rat
cornea. The figure was analyzed to obtain precise measurements (given in Table 6). As seen in
the table, the interior and exterior surfaces of the image were fit to spheres of different radii and
centers. This leads to non-uniform thickness throughout the cornea being greatest at the apex
(nearly 175 microns). The three-dimensional structure of the rat cornea was created based on the

obtained measurements (see Figure 20).
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Figure 19 — Confocal image of cross section of a rat cornea used to construct the geometry of the cornea for the

finite element model [2]. In the zoomed-in image, Epi. is the epithelium, Str. is the stroma, and End. is the

endothelium.
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of Cone Anterior Cornea
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Figure 20 — Two-dimensional representation of geometry used to create the three-dimensional structure of the rat
cornea

Table 6 — Measurements obtained for creating 3-dimentional rat cornea structure

Description Calculation (mm)
Anterior Radius of Curvature 2.767
Posterior Radius of Curvature 2.869

Thickness (at apex) 0.175
Corneal Height 5.223
Height of Cone for model 1.610
Radius of Cone for model 2.250

4.3.2 Boundary Conditions

There is a viscous fluid behind the cornea, the aqueous humor, that exerts pressure, called
intra-ocular pressure (IOP), to the cornea. Under physiological conditions, the IOP inflates the
cornea and gives it shape. Some authors [44], [45] have modeled the entire eyeball to consider
more realistic displacement at the cornea edge. However, the proposed models may be time
consuming and not economical. Some others offered an approximate boundary condition, with
roller support at the edge inclined at 40° with respect to the horizontal axis, to represent the
cornea-limbus behavior in human eye [21], [46], [47]. In this work, the displacement boundary is
setup to restrict displacement along the center of the cornea edge and allow rotation at the limbus
(similar to model proposed by [20] ). Since the rat cornea is thinner at the limbus than at the
center, the approximation used is appropriate.

A constant intraocular pressure of 1.7 kPa [97] was uniformly distributed to the inner

surface of the cornea. In order to maintain the correct direction (normal to the cornea surface)
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and magnitude of the pressure with respect to the changing surface, a follower forces technique

was applied [92].

4.3.3 Assumptions on Fibril Orientations

The density and orientation of collagen fibrils in the stroma greatly affect the
biomechanical behavior of the cornea, and hence studying arrangement of collagens is crucial to
developing an accurate model [4]. Recently, X-ray scattering has been successfully used to
investigate the predominant orientations of the collagen fibrils in the cornea [4], [17], [93]. In
many mammals, collagen fibrils are oriented circumferentially (parallel to the edge of the
cornea) in the region around the edge of the cornea. The dominant orientation of collagen is
weaker in the central zone of the cornea and differs among mammalian species. For example,
collagen fibrils are oriented along the horizontal and vertical directions (superior-inferior and
nasal-temporal, Figure 21) in the human cornea. X-ray patterns revealed vertical predominant
directions for horse cornea, while showing circumferential preferred orientations in pig and
rabbit [4] and horizontal directions in the mouse cornea [5].

Second harmonic generation (SHG) is a useful tool for studying collagen fibril
orientations throughout the tissue thickness. The advantage of this approach is that orientation of
collagen fibrils can be seen as a function of depth. Latour and coworkers performed SHG
microscopy profiles of the rat cornea and provided depth images of collagen directions
throughout the cornea thickness [98]. Using the depth profiles of the central cornea, average of
the predominant orientations of collagen fibrils in the entire thickness of the rat cornea was

calculated. This analysis revealed four preferred directions of collagen fibrils around the center
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of the rat cornea: nasal-temporal, superior-inferior, nasal-superior to temporal-inferior, and

superior-temporal to nasal-inferior.

Superior

Temporal « » Nasal

Inferior

Figure 21 — Schematic of superior-inferior and nasal-temporal directions [17].

While the images obtained only cover a small (about 335 microns) portion of the cornea,
these directions are assumed to be predominant throughout the central region of the cornea.

To summarize the discussion on modeling of collagen fibrils in the rat cornea, for
numerical purposes, the predominant directions are assumed by introducing three zones in the
cornea as follows:

1- Central zone (r < Rj,) :

In the central cornea, it is assumed that collagen fibrils demonstrate four predominant
orientations, aligned in 0°, 90°, 45° and 135° with respect to the horizontal direction.

2- Limbal zone (r > Ryy0):

In the region around the edge of the cornea (limbus), it is assumed that collagen fibers are
highly aligned in circumferential directions [99]. This is in agreement with preferential

circumferential orientation of fibers reported in many other mammals [4].

3- Transition zone (Rj, <r < Rout)
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In this area the orientation of collagen fibrils between the central and limbal zones is
linearly interpolated.

Figure 22 demonstrates the schematic exhibition of the predominant orientations of the
collagen fibrils in the three presumed regions of the rat cornea. In this cornea model,
R;, and R, are respectively assumed as 0.75 mm and 1.75 mm. These values are approximate,
extrapolated from x-ray images of mouse corneas [5], adjusted to the dimensions of the rat

cornea.

Figure 22 — Schematic presentation of the predominant directions of collagen fibrils assumed in the rat cornea for
numerical purposes. The collagen fibrils are assumed to have varying preferred orientations depending on the three

regions defined on the cornea: Central area, transition zone and corneal edge.
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4.3.4 Collagen Fibril Behavior

The type I collagen forms fibers that run throughout the stroma, reinforcing and stiffening
it. These fibers have well-documented nonlinear behavior, becoming stiffer with increasing
strain. This behavior has been explained by the fact the molecules unwind at low strains, with
relatively low resistance. At higher strains, the molecule cannot unwind further, and the
backbone of the molecule is stretched, increasing resistance. Several models have been proposed
for stress-strain relationship of collagen fibers ([63], and references therein). In this
investigation, we do not model each fiber explicitly, but fit the overall effect of the fibers with an

exponential function which stiffens with increasing strain, following [12].

4.3.5 Constitutive Model

The corneal tissue demonstrates highly nonlinear mechanical behavior. This suggests
using nonlinear material models for the cornea. In the present work the material model used is an
anisotropic hyperelastic model adopted from Pandolfi and Holzapfel [12] for the human cornea.
The model follows the decomposition of the strain energy function into a volumetric part and

isochoric components of oriented fibrils distributed in Neo-Hookean matrix:

‘I’(], Ciso) — q/iso(ciso) + UU)

(62)
In which U is the penalty function enforcing incompressibility constraints of the cornea

defined as

U@) = 11log?J
(63)
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Here A is a positive penalty parameter, and as it approaches infinity the constraint
condition is fully satisfied. A very high value of A, however, could lead to an ill-conditioned
stiffness matrix. J is the Jacobian, which is the ratio of the volume in the current configuration to
reference configuration (J = det(F), F is the gradient of deformation).

The isochoric component is expressed as combined strain energy density of hydrated

matrix (¥ o) and anisotropic collagen fibrils (¥f5p,):

iso( friso _ wliso iso iso iso jiso jyiso jyiso jyiso
P0(€°, My, Mg, Mg, M1o) = Wraarine (I°) + Wipra (110, 10, I, 15, 11

(64)
Strain energy density of matrix is presented by an incompressible and isotropic Neo-

Hookean model as:

) — Uo (Iliso - 3)
2

l‘Uririgtrix (Iliso
Iliso =tT‘(CiSO)
) 2
Ciso = ]—§ C
C=F'F

(65)
Here u, is the shear modulus analogue for the matrix, I:5° is the first invariant of the

modified right Cauchy-Green tensor €*° which is the deviatoric part of the second order

symmetric right Cauchy-Green tensor €. Note that det(C) =J? and hence det (€*°) =1.
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Strain energy density of fibril associated with four families of collagen fibrils is

expressed as:

L Lexplk, (15" — 1)?] - 1}

iso iso jyiso jiso jyiso 7yisoy _—
quibril(ll '14 '16 '18 '110)_Zi=4,6,8,10 2k,

(66)
1507 =k 1% + (1 — 3K) I%°
(67)
I5° =M, - C¥*° - M,
(68)
Here M,,M,, Mg, M,, (considering i = 4, 6, 8, 10) are the unit orientation vectors

defined in the reference configuration that represent the mean orientation of collagen fibrils in
the four directions as described earlier. 1159, 50, IE5°, I15° are pseudo-invariants that describe the
stretch in the directions of respectively M,, M, Mg, M.

The dispersion parameter « € [0, g] describes the ratio of anisotropic fibrils to
isotropically distributed ones in the cornea.
_ ! 1-6
k=3 01-6)
(69)
Where 6 is the percentage of the predominant fibril orientation. For the rat cornea model,
in the region around the cornea center, it is assumed in here that approximately 80% of collagen
fibrils are oriented in horizontal direction and 90% have circumferential orientation around the

cornea edge. In the transition region, linear interpolation of the two values is assumed. This may

be written as:
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r< Ry => 0=80%

r> Ry => 6 =90%

Ry <7< Rpy => 0=—"T0%_*01+0.8

Tout — Tin

(70)
Also, k; (stress-like parameter) and k, (dimensionless parameter) are material parameters

that define the stiffening effect of the fibrils and are determined from mechanical tests. The
values of the material parameters used in the simulation are given in Table 7 (based on material

parameters suggested in [12]).

Table 7 — Material constants assumed for the rat cornea model (based on data obtained in [12])

2 (kPa) 1o (kPa) k,(kPa) k,
5500 60 20 400

It is worth noting that k, and especially k; need not to be the same for all orientations,
but we assume it is the case in this model. Clearly, the model is based on limited data and is
imperfect. Improvements will be made as more detailed data on the rat cornea is available.

The total stress developed in the cornea due to penalty function, matrix and fibril is

expressed as
S = Spenaity + Smatrix T Srivrit
(71)
where S is the Second Piola-Kirchhoff stress for the cornea in which the constituents are derived
from

au _
Spenaity =252 =21 € logJ
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(72)

¥ ibri ~1/3 1,
Smatrix = 2 fbl:PLoI3 / (1_ gllcl)

ac
(73)
awisi"ri . % . aliiso*
Sribrit = 2 % =2 Yi=46810 K1 exp[kz( I - 1)2] (Iilso - 1)T
(74)
where
aliiso* -1/3 1 -1 1 -1
e =k (1= s en) v -390 (Mem -2 ¢ ) |
(75)

In these equations, 1 is the second order identity tensor, i.e. 1;; = §;;, where §;; is the

ijs
Kronecker delta. The "®" symbol represents the outer product, e.g. for two vectors U and V, (U
® V)ii= U; Vj and for two matrices A and B, (A ® B)iju = Aj; Bu.

The fourth order tangent modulus tensor D resulting from the above equations is stated at

D= Dpenalty + Dpaerix + Dfibril

(76)
— 92 Upenalty —_ -1 -1
Dpenalty_4T—2,llo (— L |OgJ + C'QRC )
(77)
. . _act.
in which L = ¢ sa fourth-order tensor
D = 4 9 ¥maerie — 2o 5P L+ 17 CcC'®C1-19C1-C1®1
matrix — ac? - 3 (2 3 1 - - )
(78)
62 lyisiori
Dgipris =4 %
(79)
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- s0* arse” _ o
Dyipriy = 4ky Xiza6,810 exp(ko (17 — DA {1+ 2k, (1 - 1) ac ® ac
PR 92 ]iiso*
+ (Iilso - 1) acZ }
(80)
where
92 Iiiso* 92 I{'so 2 iiso
acc = e Y7350
(81)
2o 1 3 10c-1 — L “1gy -1 -1
(82)
1% _ 1.3 -1_ 1 1 -1 -1 1
= L {M®MCT - S [ CT'®CTI A CTIOM®M,; - I; L)

(83)

4.3.6 Finite Element Discretization

The geometry is meshed using 8-node hexahedral elements. The elements are arranged in
a radial pattern to better capture the spiral patterns near the center.

In the analysis of nearly incompressible materials (such as cornea), very little change in
volume is observed under large deformations. Standard 8-node hexahedra are known to exhibit
volumetric locking behavior. Many solutions have been proposed to relieve the incompressibility
constraints, among which the B method is a popular solution to relieve volumetric locking. In
these elements, the volumetric part of the strain-displacement matrix, B, is replaced by a reduced
-order integration or averaged value (Hughes, 1980). In the large deformation regime, the
gradient of deformation, F, is replaced by a modified deformation gradient F to treat

incompressibility constraints (called F method). Discussed in (Foster and Mohammad Nejad, in
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review), we modify the volumetric part of the deformation gradient using an averaged integral.
The integral-averaged F approach leads to a so called B element.

The proposed averaged-volume trilinear B elements (with Jacobian averaged in the
reference configuration) were used in meshing the structure of the rat cornea model. The mesh
was next refined throughout the thickness to assess convergence. A radial mesh being finer at the
center and coarser around the edge for better tracking of spirals in the central area was generated.

Four different meshes each consisting of 4, 6, 8 and 10 layers of elements respectively having

1792, 2988, 3584 and 4480 hexahedral elements were investigated.

4.4 Spiral Post-Processing and Measurements

4.4.1 In-plane Strain Determination

The initial assumption taken is that the epithelial cells align to the direction of maximum
shear strain vectors as they migrate toward the center of the cornea. Here, determination of these
vectors is briefly discussed.

The strain used in the finite element model is the Eulerian logarithmic strain defined as

g =log (FFT)

(84)
To analyze the effects of the deformation of the stroma on the epithelium above, we

restrict ourselves to the strain & in the plane of the cornea surface. If & and &, are the principal
strains in the surface, then the maximum shear strain is

& — &
2

€12 =

(85)
82



And if n; and n, are the principal strain direction vectors belonging to respectively

&; and £,, the two perpendicular maximum shear strain direction vectors are defined as

TS
V2

(86)
The resulting shear strain vectors point along the surface of the cornea.

As previous work on mouse cornea [10] demonstrated, directions of maximum shear
strain do not always fit observed spirals well. Hence, we examine in this work a linear
combination of shear and tensile strains creating critical directions, which is fully justified in
Section 6. The critical direction may be written as a combination of the principal in-plane

directions.

Rl
=
al|la
)
N

)
P

Il
5
H |+

(87)

In this equation, ¢ >1 indicates a positive effect of tension on this critical direction. The larger
the value of c, the greater the effect of tension over shear. Including this factor in the proposed
path determination algorithm leads to a curve that can be fitted with logarithmic spiral having

smaller pitch angles, similar to the spirals observed on the mouse and rat corneas.

4.4.2 Pathline Determination

To quantify the spiral patterns on the cornea surface created by the vector field critical
strains, an algorithm was devised to track the pathlines of in-plane critical strain directions. In
this procedure, starting from an arbitrary point on any element, critical strain vectors are traced

to the adjacent element.
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Within each element, the spiral pattern is approximated using a straight line by averaging
the strain, requiring only the determination of two endpoints in each element in space (refer to
Figure 23). The endpoints are found by matching the equation of the critical strain direction in
the element to the equations of the element edges (similar to the approach used in [100], [101]).
The endpoints are next connected together toward the center of the cornea, forming a curve that
resembles spiral patterns. As the mesh refinement is performed, more accurate spiral-like curves
are obtained. Since there are two critical strain directions, we select the one that matches the

spiral we wish to fit, either clockwise inward or counter clockwise inward.

Figure 23 — Schematic 2-dimensional representation of the approach used for finding the endpoints at each element

Observed in the x-ray images of the rat cornea, spiral patterns mainly tend to form around
the central cornea zone. Therefore, for simulation purposes, cornea mesh was specifically refined

around the central region in order to capture the spirals there more accurately.

45 Results and Measurements

To verify convergence, two quantities are examined, the maximum displacement in the
vertical direction, and the maximum logarithmic shear strain. These are shown in Table 8. As
observed in the Table, the maximum displacement converges rapidly toward a single value. The

maximum shear strain also converges, but with a slower rate as expected.
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Table 8 — Convergence rates studied for maximum vertical displacement and maximum shear strain obtained from

FE simulation. The maximum vertical displacement converges more rapidly.

: # of elements in the . Maxim_um . . .
# of layers in the mesh mesh displacement in vertical | Maximum shear strain
direction (mm)
4 1792 0.23603 0.10705
6 2688 0.24124 0.10746
8 3584 0.24126 0.10772
10 4480 0.24127 0.10788

4.5.1 Comparison of Observed Spirals and Simulation Results

As explained earlier, four adult rat corneas (two from the same rat) were sectioned and
imaged with confocal microscopy. Landmark points were overlaid onto the cell boundaries that
resemble spiral patterns. These points were fitted with logarithmic spirals and the spiral pitch
angles were measured. For each rat cornea, the logarithmic spiral with median pitch angle was
selected to be compared to the finite element simulation results.

The pathline determination algorithm was performed to trace the pathlines of in-plane
critical strain directions obtained from finite element simulation. For each rat cornea, these
directions were tracked starting from a point close to the beginning point of the logarithmic
spiral fitted to the observed patch edges. However, the pathlines of maximum shear strains did
not fit the observed logarithmic spirals well in all of the sampling corneas. In some cases, in
order to find the best fit to the observed logarithmic spirals, the pathline tracking algorithm was
modified by considering a combination of the effect of shear and tensile strains. The details will

be discussed in Section 4.6. Table 9 demonstrates the constants used to fit the simulation curves
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to the logarithmic spiral observed at each cornea and the measured spiral pitch angles. Figures
24-27 demonstrate the landmark points overlaid onto the cell boundaries, the logarithmic spirals
fitted to the landmarks and spiral-like curves obtained from numerical simulation respectively on

rat corneas C1, C2, C3-1 and C3-2.

Table 9 — For each rat, the pitch angle of the logarithmic spiral observed on the cornea is measured. The constant (c)

is selected to fit the simulation curve to the observed spiral.

Cornea Label Pitch Angle (°) c
C1 -42.7 1.00
C2 32.5 1.45
C3-1 23.4 2.00
C3-2 24.0 2.00
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Figure 24 — Cornea C1: Landmark points overlaid onto the cell boundaries are shown in blue, the logarithmic spiral
with -42.7° pitch angle fitted to the landmarks is shown in red and green curve is obtained from FE simulations

(c=1). The figure on the right demonstrates the zoomed-in view of the central part of the rat cornea on the left.

Figure 25 — Cornea C2: Landmark points overlaid onto the cell boundaries are shown in blue, the logarithmic spiral
with 32.5° pitch angle fitted to the landmarks is shown in red and green curve is obtained from FE simulations

(c=1.45). The figure on the right demonstrates the zoomed-in view of the central part of the rat cornea on the left.
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Figure 26 — Cornea C3-1: Landmark points overlaid onto the cell boundaries are shown in blue, the logarithmic
spiral with 23.4° pitch angle fitted to the landmarks is shown in red and green curve is obtained from FE simulations

(c=2). The figure on the right demonstrates the zoomed-in view of the central part of the rat cornea on the left.

—

T

Figure 27 — Cornea C3-2: Landmark points overlaid onto the cell boundaries are shown in blue, the logarithmic
spiral with 24° pitch angle fitted to the landmarks is shown in red and green curve is obtained from FE simulations

(c=2). The figure on the right demonstrates the zoomed-in view of the central part of the rat cornea on the left.
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4.6 Discussion

In young rats, the cornea inflates as the 10P increases. Though we have not explicitly
modeled it, the cornea may also grow during this phase. The resulting deformations are likely
similar. In either case, the epithelial cells must move and grow to maintain coverage of the
cornea. The cells do not appear to fracture, and hence must stretch and slide past each other as
they move to cover Bowman’s membrane. The shear strains in the membrane facilitate this kind
of sliding. As the cells slide past, like cells tend to have stronger adhesion ( [102] and references
therein), and tend to stick as unlike cells continue to slide past.

However, pathlines of maximum shear strain do not fit observed spirals well in most
cases. We hypothesize that normal strain influences the ability of cells to slide with respect to
each. Such behavior is observed in soils and other materials, though typically the normal
component is compressive in these cases. In the cornea, larger tension on cell boundaries,
tending to pull the cells apart, may facilitate sliding.

While there is discussion of both tensile and shear deformation in the cell in tissue
mechanics literature, there is little discussion of how normal strain might influence shear
deformation. The deformation of epithelial cells under tension in [103] suggests, however, the
tension-facilitated shear may be at work in cell deformation. Before fracturing in tension, the
cells exhibit noticeable distortion. In pure shear sliding, which is sometimes seen in metals, the
slip planes would be at 45° from the maximum tensile stress. In the figures presented, the angle
appears lower, approximately 21° from the plane of maximum principal stress. This suggests that

a mix of shear and tension lead to the critical slip direction in these cells.
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Unlike the stroma, the epithelium is more or less isotropic, at least in the plane of the
cornea surface. Hence stresses and strains are coaxial. If we consider a linear effect of tension on
shear motion, then motion most likely occurs, overall, on the plane of maximum

|T|+ ao

(88)
where 7 is the shear stress and ¢ is the normal stress. Using Mohr’s circle (Figure 28 — a),

we can see that the critical direction is + (Z — E) from the direction of the smaller principal

strain, where tan o = a. Therefore, as shown in Figure 28 — b the critical direction
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Hence

(90)
The last identity comes from some trigonometric manipulation. Since we are more

concerned with directions in this study, we will focus on manipulating c rather than a. However,
a linear relationship between the effect of normal and shear strain leads to a critical direction that
is a linear combination of the two principal directions.

This evidence for this type of model is, of course, preliminary. The cells in [103] are not

corneal epithelial cells. The relationship between normal and shear strain may be nonlinear,
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though a linear model may be a good first approximation. Cell boundaries have fairly random
orientations, and hence the normal and shear stress vary across a line of moving cells. In this
work, we are attempting to understand the tissue-level slip patterns of the cells, but multiscale
efforts may reveal the variation that different initial configurations create with regard to the
patterns observed. In this regard, the cell motion over time may have a significant effect. On a
planer surface under uniaxial tension, the 45° slip lines would only become apparent after large
deformations. Similarly, motion of cells in the cornea creates an evolution of patterns that has
not been fully investigated. Although the sample size here is quite small, the spirals seem show a
tendency to tighten over time. This type of behavior makes sense as the cells continue to arrange
of time. Further investigation is necessary to confirm this observation. Cell growth, division, and
death along with the viscous behavior of the cell matrix, may also influence the deformation
patterns.

It is worth noting that, with or without a tensile component, there are two critical slip
directions. If the majority of cells throughout the cornea tend to slip in one dominant direction,
clockwise or counterclockwise, the cells will spiral (see Figure 29 a). Presumably, there is no
preferred direction and initial perturbations determine the orientation of the spirals. If cells in one
section start to slide in a different direction, and cells in a different part of the cornea start to
slide in the other, different patterns, such as horseshoes, can emerge (Figure 29 a). Such patterns

have been observed in corneas.
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Figure 28 — a) Mohr's circle showing the critical surface traction, located at ’2—[ — a from the major principal strain on

Mohr's circle, or half that in physical space. b) Critical direction in physical space as a function of the principal

directions.

a) b)

Figure 29 a) If the majority of cells in all parts of the cornea tend to slip in one dominant direction, clockwise or
counterclockwise, the cells will spiral. b) If cells in one section start to slide in a different direction that other cells,

different patterns, such as horseshoes, can emerge
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4.7 Summary and Conclusion

During the generation of an organ, stem cells assort themselves into patterns as a result of
cell division, cell movement and cell death. These processes operate in a typical reproducible and
conserved manner. If the organ is comprised of two or more genetically distinct groups of cells,
the distribution of cells can be visually distinguished. In some mammalian corneas such as mice
and rats, the allocation of epithelial cells is followed by a special assortment of cells under both
normal and diseased conditions. The edges of patches of epithelial cells having similar lineage
often form distinctive spiral patterns that can be visualized. Studying the generation of such
patterns is important as it can reveal greater understanding of corneal function and possible
disorders. This dissertation proposes a framework for explaining the special arrangement of
epithelial cells into spiral patterns due to the effect of stresses and strains on the cornea.

Confocal images of four adult rat corneas (two from the same rat) demonstrating spiral
patterns were provided. Landmark points were overlaid onto the patch edges. Logarithmic spirals
were fitted to the points and the spiral pitch angles were measured. For each rat cornea, the
logarithmic spiral with median pitch angle was compared to the finite element simulation results.

It was assumed in this work that shear strains in the tissue facilitate the sliding of
epithelial cells past each other and cause special assortment of cells into spiral patterns. An
algorithm was devised to track the pathlines of critical strain directions obtained from finite
element simulation. The resulting curve matched the observed logarithmic spirals well for
sampling rat cornea C1. The algorithm was modified considering a combination of the effect of
shear and tensile strains for other rat corneas samples. In the corneas C2, C3-1 and C3-2, a
proper combination of shear and tension were selected to fit well to the observed spirals.

Interestingly, the selected combination was the same for cornea C3-1 and C3-2 as they both
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belong to one rat. This confirms that in the same animal, corneal epithelial cells form similar
patterns. However, sometimes the patterns could be clockwise in one cornea and counter
clockwise in the other.

This work presented a framework for studying the development of spiral patterns in the
rat epithelium. Using the finite element method as a basis, this framework included a detailed
structural and constitutive representation of the rat cornea. A continuum finite deformation
model considering material and geometric nonlinearity of collagen fibrils and incompressibility
of hydrated matrix was developed. The proposed model included a B method to treat
incompressibility constraints of the cornea in the large deformation regime. The model involved
the effects of preferentially oriented and dispersed collagen fibrils throughout the rat stroma.
Based on the simulation results, a mesh of ten layers achieved converged values of strain, though
the displacement convergence was much faster. Good agreement between the simulation curves
and logarithmic spirals fitted to confocal images of the rat cornea were obtained. This supported
the proposed assumption that shear and tensile strains facilitate sliding of epithelial cells.

There are some factors affecting the motion of epithelial cells that were not considered in
our numerical model. Variations in the spiral development due to the cell growth and division in
the organ were not included in our model. The spiral may also evolve with age. Dynamic motion
of the cornea caused by the changing intraocular pressures was lacking in our model. The
material parameters used in this rat cornea model were based on limited data, and improved
understanding of the structure of the rat cornea would modify results mildly.

A future direction is to use the change in shape of the surface of the stroma as an input
condition to model the rearrangement of epithelial cells over time. Cellular finite element models

of tissues exist that account for the adhesion of the membranes, the viscosity of the cellular fluid,
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and even cell growth and division. More detailed models of the shear and tensile behavior of
cell-to-cell adhesion would need to be developed, as well as the attachment to the basement

membrane.
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5 Conclusions and Future Work

5.1 Conclusions

Finite element analysis is a useful technique for finding approximate solutions to partial
differential equations in complex problems. FEA has potential usefulness to simulate a wide
range of biological structures. In this dissertation, different application of FEA in investigating
biomechanical behavior of the cornea was reviewed. This included reviewing various
applications ranging from predicting refractive surgeries to studying corneal diseases and
simulating eye impact and trauma.

This dissertation focused on presenting a framework for numerical modeling of the
cornea to investigate tissue mechanics. Using the finite element method as a basis, this
framework considered the microstructure of the cornea, in particular, collagen fibrils that provide
the cornea with unique optical and mechanical properties. An anisotropic, finite-deformation
model of the cornea considering stiffening effect of collagen fibrils in a nearly incompressible
matrix was developed.

Low-order finite elements perform poorly in the analysis of nearly incompressible
materials. Higher order elements can treat this; However, they do not behave optimally and
might be computationally expensive. Many solutions exist to relieve this constraint, among
which the B method has been highly popular due to the fact that it retains a displacement-only
approach to the solution to the problem. In B elements, the volumetric part of the strain-
displacement matrix is replaced with a reduced-order integration or averaged value. The reduced
interpolation order of the volumetric term reduced the number of constraints, treating the

locking. The averaged volumetric approach has the advantage that deformation is tracked at
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fewer integration points than reduced-order quadrature formulations. In this dissertation, a B
method was developed to prevent the volumetric locking associated with incompressibility
constraints of large deformation nearly incompressible materials. The proposed model was
extended to large deformation regime by defining an integral average of the gradient of the
deformation (F approach). While integral-averaged F methods have been presented before, there
is little in the literature linking the modified deformation gradient to the appropriate strain-
displacement matrix. In this dissertation, a framework was developed that related the choice of
volume averaged F (J averaged over the reference configuration or current configuration) to the
resulting B and derived the proper stiffness matrices. The performance of the proposed method
was investigated using numerical examples. The examples demonstrated that the proposed B
approach could relieve the incompressibility constraints. The approach also exhibited the
quadratic convergence rate that ensures a more efficient numerical formulation. Furthermore, the
formulation offered was general and can also be extended to anisotropic and inelastic materials.
In addition to treating the incompressibility constraints of the hydrated matrix, the finite
element model included a detailed structural and constitutive representation of the rat cornea.
The model included the effects of preferentially oriented and dispersed collagen fibrils
throughout the corneal stroma. For the rat cornea, in the central region, four preferred
orientations of collagen fibrils were assumed (aligned in 0°, 90°, 45° and 135° with respect to the
horizontal direction). It was presumed that 80% of the fibrils demonstrate preferred orientations
and the remaining 20% were randomly distributed in the central cornea. For the region around
the edge of the cornea (limbal area), 90% of collagen fibrils assumed to show circumferential
orientations while the remaining demonstrate dispersed orientation. In the area between the two

zones, the preferred orientations of collagen fibrils were linearly interpolated.
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Due to the highly nonlinear mechanical behavior of the cornea, a hyperelastic constitutive
model considering geometric and material nonlinearity of collagen fibrils was presented. For
simplicity, only the stiffness of the stroma was considered. The strain energy density function
was decomposed into a volumetric component of a penalty function and deviatoric effects of
anisotropic fibrils and Neo-Hookean matrix. Four unit orientation vectors for the assumed fibril
families were defined in the reference configuration.

The cornea structure was meshed using the proposed trilinear B hexahedra with integral-
averaged volume. The intraocular pressure exerted by the aqueous humor behind the cornea, was
uniformly applied to the posterior side of the cornea. A Follower forces technique was
implemented to maintain the correct direction (normal to the surface) and magnitude of the
pressure with respect to the changing surface. The cornea displacement was restricted along the
center of corneal edge while allowing rotation at the limbus.

The mesh refinement was performed throughout the cornea thickness to assess
convergence. Based on the simulation results, a mesh of ten layers achieved converged values of
strain, though the displacement convergence was much faster. The mesh was also refined near
the center for better tracking of spirals.

Spatial assortment of epithelial cells tends to form characteristic spiral curves on the
anterior surface of the cornea. Studying the generation of such patterns is important as it can
reveal greater understanding of corneal function and possible disorders. While some models have
been proposed to explain formation of spiral patterns, none have been able to completely explain
this phenomenon. This dissertation proposed a framework for explaining assortment of epithelial

cells into spiral patterns due to the effect of stresses and strains on the cornea.
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To this end, four adult rat corneas (two from the same rat) were sectioned and imaged
with confocal microscopy. The images revealed spiral patterns. Landmark points were overlaid
onto the original cornea patch data. The patch edges were compared to logarithmic spirals and
the spiral pitch angles were measured. For each rat cornea, the logarithmic spiral with median
pitch angle was compared to the finite element simulation results.

The assumption taken was that during maturation, shear strains in the tissue facilitates the
sliding of epithelial cells past each other. Yet, the pathlines of maximum shear strains obtained
from numerical simulation did not fit observed spirals well in all of the sampling corneas. So, we
hypothesized that normal stresses influence the movement of epithelial cells as they tend to pull
the cells apart and facilitate sliding. This was also implied from the images of the slip planes of
epithelial cells under tension [103]. Accordingly, our pathline tracking algorithm was modified
considering a combination of the effect of shear and tensile strains.

The distribution of shear strains was obtained on the cornea surface from our finite
element simulation. The pathlines of critical shear strains were tracked and demonstrated on top
of the cornea surface together with the observed logarithmic spirals. In some cases, the observed
logarithmic spirals fit well with pathlines of maximum shear strain directions, while in many

other cases they fit pathlines of critical strains considering a mix of shear and tension well.

5.2 Future Work

There are some factors affecting the motion of epithelial cells that were not considered in
our numerical model. The spiral patterns observed on the surface of mice and rat corneas seem to
tighten up over time. Variations in the spiral development due to the cell growth and division in
the organ were not included in our model. Considering two critical slip directions, if majority of
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cells tend to slip in one dominant direction, cells assort into spiral patterns. However, if a group
of cells slide along a critical direction and cells in other part slide in another direction, different
patterns might form. Indeed, horseshoe patterns and other shapes have been observed in some
corneas. In our models, we always chose a single critical strain orientation to match the spirals.

A future direction is to use the change in shape of the surface of the stroma as an input
condition to model the rearrangement of epithelial cells over time. Cellular finite element models
of tissues exist that account for the adhesion of the membranes, the viscosity of the cellular fluid,
and even cell growth and division. More detailed models of the shear and tensile behavior of
cell-to-cell adhesion would need to be developed, as well as the attachment to the basement
membrane.

As the heart beats, the intraocular pressure behind the cornea changes and hence
suggests considering dynamic motion of the cornea. This dynamic effect was lacking in our
finite element model due to the complexity of the constitutive model used. A linearized model of
the cornea is already being developed as an approach to account for the dynamic behavior of the
cornea.

Finally, the material parameters used in the cornea model were based on limited data and
are imperfect. Many researchers are developing experiments to capture the material structure and
behavior of the cornea with greater accuracy. As this data becomes available, better cornea

models can be constructed.

5.3 Final Remarks

While there is still some work to be done, the model presented lays much of the
foundation. This dissertation offered a continuum finite strain model of mammalian cornea
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considering material and geometric nonlinearity of collagen fibrils and incompressibility of
hydrated matrix. The proposed finite element model could investigate biomechanical behavior of
mammalian cornea.

Spiral patterns observed in nature have enchanted many scientists’ attention throughout
the years. However, a general explanation for development of such patterns is lacking. This
dissertation tried to provide more information about generation of these fascinating patterns in a
particular system based on the mechanical behavior of the system. A framework for studying the
development of spiral patterns in the epithelium was presented and good agreement between the
simulation curves and logarithmic spirals fitted to confocal images of the rat cornea were
obtained. The numerical modeling effort was especially fruitful in explaining formation of spiral

pattern on the surface of mammalian corneas.
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Appendix: Stiffness Derivation for B method

As mentioned previously, the stiffness matrix may be derived using a directional
derivative or a pseudo-time derivative. Here, we take the latter approach. We examine the nodal

subvector of the element internal force vector

-

BT {r}da, = f

Bl :tdn,
0e°

.
(91)
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The time derivative of the nodal subvector of the element internal force vector, then can

be written
) d _.
I ZLeE(B’ :T) df,
0

(94)
Examining the quantity inside the integral
% (B[:1), = % [ (BDijaij] = (ﬁl)ija Tij + (B1ija Tij
(95)
For convenience, for the remainder of the derivation, we will move the nodal subscript of
B, and B, tensors to superscripts, e.g. (BDija = Bl’]a
We examine the second term first. Recall that 7 is a function of F rather than F. Hence,
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(96)
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Taking the second and third quantities one at a time
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Next we evaluate
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Adding up all these quantities, we find that

= (Bl:1)= [B] [C7] B, + (VN,.T.VN; )1
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And hence the nodal sub-matrices of the element stiffness matrix may be written
¢ = f BT[C*]B; + (VN,-T-VN))1
00°
2 S 2 _
+3 (VN - 7)Q(VN, — VN)) + 3 (VN - VN)Q®(VN, - T)
Zrkk - dW
+— (VN - VN)®(VN, — VN)) 4 Lk “(vN,®PN, + —d ) 1%
]
(103)

The first term is the common “material stiffness” with the modified B matrix, and the
second term the standard geometric stiffness. The remaining terms arise from the modifications
to the derivatives introduced by modifying the B matrix. The final term, of course, depends on

the form of VN;. For the Jacobian averaged over the reference configuration
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The process for the Jacobian averaged in the current configuration is the same, though the

calculations are more tedious. The resulting derivative in the current configuration may be

calculated as
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