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Abstract

The Stroh formalism is employed to study Rayleigh and Stoneley waves in exponentially
graded elastic materials of general anisotropy under the influence of gravity. The 6x6
fundamental matrix N is no longer real. Nevertheless the coefficients of the sextic
equation for the Stroh eigenvalue p are real. The orthogonality and closure relations are
derived. Also derived are three Barnett-Lothe tensors. They are not necessarily real.
Secular equations for Rayleigh and Stoneley wave speeds are presented. Explicit secular
equations are obtained when the materials are orthotropic. In the literature, the secular
equations for Stoneley waves in orthotropic materials are obtained without using the
Stroh formalism. As a result, it requires computation of a 4x4 determinant. The secular
equation presented here requires computation of a 2x2 determinant, and hence is fully
explicit. A Rayleigh or Stoneley wave exists in the exponentially graded material under
the influence of gravity if the wave can propagate in the homogeneous material without
the influence of gravity. As the wave number k—>, the Rayleigh or Stoneley wave

speed approaches the speed for the homogeneous material.
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1. Introduction

Surface waves in elastic half-space x, >0 in which the material property depends on the
depth x, have been of interest in recent years [1-12]. Some of them studied anti-plane
shear surface waves that are possible only for certain special anisotropic elastic materials.
For a general graded material, anti-plane shear surface waves for large wave number
were considered by Achenbach and Balogun [11] for isotropic elastic materials and by
Ting [12] for anisotropic elastic materials.

Rayleigh type surface waves in exponentially graded orthotropic materials were
investigated by Destrade [3]. He showed that the quartic equation for the Stroh
eigenvalue p is, after properly modified, a quadratic equation in p2 with real coefficients.
He also showed that the displacement and the stress decay at different rates with the
depth x, of the half-space. Vinh and Seriani [7] studied the same problem and added the
influence of gravity on surface waves.

There were several studies on the influence of gravity on Rayleigh waves [7, 13-14],
Lamb waves [15] and Stoneley waves [16, 17]. Only special anisotropic materials such
as orthotropic materials have been considered. Rayleigh waves in exponentially graded
elastic materials of general anisotropy under the influence of gravity were investigated in
[18].

In this paper we study Rayleigh surface waves and Stoneley waves in exponentially
graded anisotropic elastic materials under the influence of gravity. The influence of
gravity is an important factor in studying surface waves on the earth generated by an
earthquake. Since the earth need not be orthotropic, we consider the materials of general
anisotropy. Basic equations for surface waves in an exponentially graded elastic material
of general anisotropy under the influence of gravity are presented in Section 2 using the
Stroh’s formalism [19-21]. The 6x6 fundamental matrix N is no longer real. The
imaginary parts come from the inhomogeneity of the material and the influence of gravity.
General solutions for the displacement and the stress function are presented and the Stroh
eigenrelation for the eigenvalue p is obtained. In Section 3 we show that the coefficients
of the sextic equation for p are real even though the matrix N is complex. The

orthogonality relations of the right and left eigenvectors are established and the closure



relations are obtained from which we re-define the three Barnett-Lothe tensors. They are
not necessarily real. Rayleigh surface waves are considered in Section 4. With the three
Barnett-Lothe tensors, the secular equation for the surface wave speed can have several
different forms. For the special case of orthotropic materials, explicit secular equation
for the surface wave speed is obtained. Stoneley waves are investigated in Section 5.
Secular equation for the Stoneley wave speed is presented. Again, explicit secular
equation for the Stoneley wave speed is obtained when the materials are orthotropic.
Since the analysis recover the case of homogeneous materials without the influence of
gravity when the wave number k is very large, if a surface wave or a Stoneley wave exists
for homogeneous materials without the influence of gravity, it exists also for the
exponentially graded elastic materials of general anisotropy under the influence of
gravity when the wave number k is very large. As k— o, the wave speed for the
exponentially graded elastic materials of general anisotropy under the influence of
gravity approaches the wave speed for the homogeneous materials without the influence
of gravity.

In the paper, all equations are derived in such a way that, when the material is
homogeneous without the influence of gravity, they recover the known equations in the

literature.

2. The Stroh formalism
In a fixed rectangular coordinate system Xx; (i=1,2,3), let g be the gravitational
acceleration that is in the direction of the x,-axis. The equation of motion can be written
as [16, 22]
Oi1,1 T 0122 T 0133 +,5gu2’1=bﬁ?,
Oy1,1 +Oap 0 + 0233 — el +uz3) =Pk, (2.1)

0311 + 0322 + 0333 + PgUp 3=00%,

where o is the stress, u, is the displacement, p is mass density which depends on x,,
the dot denotes differentiation with time t and a comma denotes differentiation with X; .
The sign convention for g here follows [16, 22]. The sign convention in [13, 14]

employed the opposite direction for the gravitational acceleration so that the g here is —g



in [13, 14]. For the problem to be studied here, o; and u; do not depend on x3 so that

(2.1) can be written as
i1 + i + PR Yy = P, (i=1,2,3), (2.2)

where Y is an anti-symmetric matrix

0
Y=|-1 0 0. (2.3)
0 00

Consider a steady wave propagating in the direction of the x;-axis with wave speed v
so that
u=u(x; —vt, xp). (2.4)
This means that
W=v2u,,. (2.5)

The equation of motion (2.2) can then be written as

- )
(i1 + pgYypug — pv-u;) 1 +(052) 2 =0, (2.6)

assuming that p is independent of x;. Equation (2.6) tells us that there exists a stress
function ¢ such that [20]

. ~ 2
op + g —pvup = —¢in G =@ (2.7)

The stress-strain relation is

A~

O = Cijksuk,y (2.8)
Cijks = Cjiks = Csij = Cijske» (2.9)

in which Cy;, is the elastic stiffness that depends on x,. The Cj; is positive definite
and possesses the full symmetry shown in (2.9). The third equality in (2.9) is redundant
because the first two imply the third ([21], p.32). From (2.8) we have

i1 = Ok + Rigg 2., 210

;2 = Ryug 1 + T 2,
where
Ok =Cirtr R =Cik2, Tk =Ciopa- (2.11)



The matrices Q and T are symmetric and positive definite. Substitution of (2.10) into

(2.7) leads to
ot el R
{ Y, J o0) Lo ollo) T 0l (242

If we multiply both sides by the matrix

0 T‘lJ
1 -RT!
we have
1§I ﬁl u, 10 Oflu u,
N3+ov°T Ny L6 Y 0o (9,
where [23]
Ny =T R7, Ny=T"!, Ny=RI'R -0 (2.14)

N2 is symmetric and positive definite while —1§I3 Is symmetric and positive semi-definite.
Equation (2.13) is a matrix differential equation for the displacement u and the stress
function ¢. The elastic stiffness éij-ks and the mass density p can depend on x,

arbitrarily. For elastostatics for which v=0, C

ijks can depend on xy also ([21], p.150). If

g=0, p can also depend on x;.
We assume that the elastic stiffness @ijks and the mass density p depend on x,
exponentially as

ox,

Ciiks = Cijpse "%, p=pe %2, (2.15)

where Cijks: P and « are constants. The exponential factor « can be positive or negative.

Equation (2.13) reduces to

8 o el o
PPN+ v NI Loy ree Y 0/[o] L[6,] (2.18)

where Nj, N, and N5 are constants. Let

= 220, (2.17)



Equation (2.16) simplifies to

NV IS NN S 219
Ny+ ol N o, | Yy o]lo] 0,200 @

which is a system of partial differential equations in u and ® with constant coefficients.

A general solution is

u= aeik[ x—vt+(p—if})x,] ,

(2.19)
D= beik[x1 —vt+(p—iff)x,] ’
in which p, a and b are constant, k is the real wave number and
p=alk. (2.20)
Substitution of (2.19) into (2.18) leads to
NE = pg, (2.21)
N, +ifl N, J H
N= CE=| . 2.22
[N3+Xl+ihY N —im 5=lb (2.22)
In the above,
X=p?, h=polk. (2.23)

When =0 and h=0, (2.21) recovers the Stroh eigenrelation for homogeneous materials
without the gravity. However, unless g and h both vanish, the 6x6 matrix N is complex.
From (2.17) and (2.19),, the stress function is

¢ = be/Hl KV pHiB)x,] (2.24)

Equations (2.19); and (2.24) tell us that the displacement and stress decay exponentially
at different rates with the factors k[Im(p)—/] and k[Im(p)+/], respectively. This was first
discovered by Destrade [3] for orthotropic materials. For the displacement and stress to

vanish at x, = oo we must have

Im(p) >|A. (2.25)
It is not difficult to show that exponentially graded materials are the only ones for

which the matrix differential equation (2.13) has a closed form solution.



3. The Barnett-Lothe tensors
Despite the fact that the 6x6 matrix N is complex, it is shown in [18] that the coefficients

of the sextic equation in p are real. Introducing the 6x6 symmetric matrix

{0 IJ
=10 ol (3.1)

IN=IN)Y or N=JN'J, (3.2)

it can be shown that

where the over bar denotes the complex conjugate that applies to the terms i and ih only.
We then have
N-pI=J(NT - p)J (3.3)

so that the sextic equation for p is
N - pl| = ‘NT —pI‘ =[N p1/=0. (3.4)

It tells us that the sextic equation has no imaginary part. This completes the proof.

The & in (2.21) is the right eigenvector. Let n be the left eigenvector of N, i.e.
n'N=pn' or N'm=pn. (3.5)

Since the coefficients of the sextic equation in p are real, if a complex p is an eigenvalue

S0 is its complex conjugate p. Let

where &" is not necessarily identical to &. Taking the complex conjugate of (3.6) and

using (3.2) we have
NT(JE") = pJE"). (3.7)

In view of (3.5), we may take

n=J¢" = {E’J (3.8)



Likewise, if n" is the left eigenvector associated with p, we have
M) 'N=pm"" or N'n"=pn". (3.9)

Taking the complex conjugate of (2.21) and pre-multiplying the result by J we obtain

JNE = pJE. (3.10)
Again, use of (3.2) leads to
N (J&) = p(JE). (3.11)
In view of (3.9), we may take
« = |b
n =J§ :{_J' (3.12)
a

When =0 and h=0, a*, b*, €*, n" are @, b, &, 7, respectively.

Assuming that all eigenvalues are complex, let p,, (n=1,2,3) be the eigenvalues with
a positive imaginary part. The associated right and left eigenvectors are &, and n,
(n=1,2,3). The remaining eigenvalues are p, (n=1,2,3) and the associated right and left
eigenvectors are &, and m, (n=1,2,3). The right and left eigenvectors associated with
different eigenvalues are orthogonal to each other. We can normalize the eigenvectors
such that

N E= 5, mE=0 m)'E;=0, () E= gy, (3.13)
where &;; is the Kronecker delta. Let

A =[a}, ap, a3], B=[by, by, bs],

(3.14)
A"=hi. a3 a3] B =|b]. b3, b3]
The orthogonality relations (3.13) can be written as, using (3.8) and (3.12),
=*\7 — %7 *
AT AL 615
B A B B
or
B A+A")Y B=1=B"A* +ATB",
(3.16)

B Y A*+(A*) ' B*=0=B"A+A’B.



The two 6x6 matrices on the left of (3.15) are the inverse of each other. Their products

commute so that
A AY|BH @AY .
B B*| B? Al '

ABYH! +A*BT =1=B@A*) +B*AT,

or

AAHT +A*AT =0=BB") +B*B’.
These are the closure relations.
Extending the definition of Barnett-Lothe tensors [24, 25], let
S=i2AB*)! -11=-i2A"B” -1,
H=2AA") =-2iA*AT,
L=-2BB") =2iB*B’.
They are not necessarily real. It can be shown that
H=-H!, ©L-=17,
so that H and L are hermitian. We can re-write (3.19) as
S=i{AB") -A"B”],
H=AAR" —A*AT],

L=-B®B") -B*B’],
or

{S H}_A A¥ {il 0}(§*)T A"
L s"] | B l0 -] BT AT |

It is readily shown that, using (3.15) and (3.17),
{s HJ{S HJ r OJ
L ST|-L sT] o 1

HL-SS=I=LH-S7s”,

or

SH+HS! =0=LS+57L.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)



If H and L are non-singular, the last two equations in (3.24) can be written as

H!s+STH ! =0=s '+ IS,

10

(3.25)

It can be shown that SH, LS, H'S and SL™! are skew-hermitian. If they are real, they

are skew-symmetric.

When A is non-singular, we write the last equation in (3.16) as

BA HT +BA! =0.
Hence the impedance tensor
M =—BA™!
is hermitian. Writing (3.27) as
M =—i(A'BD ) [AA") T
and using (3.19) we obtain
M=H'I+iS),

where use has been made of (3.25);.

4. Rayleigh surface waves
4.1 General anisotropic materials.
The stresses computed from (2.7) using (2.15), (2.19); and (2.24) are

oy = ik[~(p +if)b; + Xa; +iYyay M H v HHPHA)x:],
Oi = iklye BV PHA]
On the other hand, the stresses obtained from (2.10) using (2.15) and (2.19), are
o1 = ikl QOy + (p ~ i Riglage™ 11~ (PHO],

Oy2 = ik[Ry; +(p — i Ty Jage v+ (prib)x],

Equations (4.1) and (4.2) are consistent if

b=[R” +(p-ipTa,

and
D—-iW)a =0,

D=Q-XI+ AT+ pR+R" )+ p°T.

(3.26)

(3.27)

(3.28)

(3.29)

(4.1)

(4.2)

(4.3)

(4.4)
(4.5)
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In (4.4), W is an anti-symmetric matrix

0 W3 —Wz
W=BR-R)+hY=[-w; 0 w | (4.6)
W2 _Wl 0

For a non-trivial solution of a from (4.4) the determinant of (D-iW) must vanish. It can
be shown ([21], p.23) that

D —iW|=|D|-w/ Dw =0, (4.7)
where, from (4.6),
wi ACy6 —C2s)
w=|wy [=| ACs6-Cr4) |, (4.8)

w3 ] LACip —Cep)th

and Cop is the contracted notation of Cijks- Equation (4.7) provides an alternate proof
that the coefficients of the sextic equation in p are real [18].

For a surface wave propagating in the direction of the x;-axis in the half space x,>0,
the surface traction at x, =0 must vanish. The surface traction o;, at x, =0 can be
obtained by superimposing three solutions of (4.1), associated with three p,, (n=1,2,3).
We have

(072)x,=0 = ik(Ba); 17", (4.92)
where g is a constant to be determined. Likewise, the displacement at x, =0 can be
obtained by superimposing three solutions of (2.19), associated with three p,, (n=1,2,3).
The result is

(W), —o = Aqe™ 170, (4.9b)
The surface traction vanishes if
Bq=0. (4.10)

Equation (4.10) has a non-trivial solution for q if

B|=0. (4.11)

This is the secular equation for the wave speed v.
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As in the case of homogeneous materials without the influence of gravity, (4.11) is
not the only secular equation available [20, 21]. From (3.19), (3.27) and (3.29) alternate
secular equations are

IL|=0, M|=0, [I+iS|=0. (4.12)
The secular equations are the vanishing of a 3x3 determinant for general anisotropic
materials and 2x2 determinant for orthotropic materials.

Equation (4.9) shows that there are three components for the surface wave solution
associated with i, g, qs. If the surface traction can vanish by superimposing two
solutions, we have a two-component surface wave. Surface waves in an orthotropic
elastic material are two-component surface waves. There are special anisotropic elastic
materials for which a surface wave can propagate with only one component in a
homogenous material without the influence of gravity [26, 27]. It is shown in [18] that
one-component surface waves can propagate in an exponentially graded anisotropic
material under the influence of gravity.

It should be pointed out that the surface wave solutions for anisotropic elastic half-
space with exponentially graded materials under the influence of gravity involve two
parameters p=alk and h=pg/k. =0 when =0, which means that the material is
homogeneous. However, =0 also when k=c. Likewise, h=0 when there is no
gravitation, but h=0 also when k=w. Thus the solution recovers the solution for a
homogeneous material without the influence of gravity when the wave number k is
infinity. It tells us that, if a surface wave exists for a homogeneous material without the
influence of gravity, it exists also for the exponentially graded elastic material of general
anisotropy under the influence of gravity when the wave number Kk is very large. It also
tells us that, as k— o, the surface wave speed approaches the surface wave speed for the
homogeneous material without the influence of gravity.

We next apply the above results to orthotropic materials.

4.2 Orthotropic materials.
In the special case of orthotropic materials we can ignore the anti-plane deformation.

For the in-plane deformation (4.4) has a non-trivial solution for a if
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Ci1 — X + g8 + Coop” (Cia +Ce)p —il(Cr2 = Cee) B+ ] _

ID—iW|= ' 3 5
(C1p +Cg6)p +i[(C1p — Cg) B+ h] Cop =X +Cpff" +Copp

(4.13)

By inspection, it is obvious that (4.13) is a quadratic equation in p2 with real coefficients.
We have
p* —Ep*+P =0, (4.14)

P ={(Cy; — X +Cg6")(Co6 — X +Caof8") =[(C12 = Co6) B+ h1*} (C22Cog).  (4.150)

E =Cy(Gg — X) = C6(2Cyp + X)1/(C22Ce6) — 28, (4.15b)

where
Go =(C11Cay = Cir)/Coa. (4.16)
When h=0, this recovers the eigenrelation given in [3]. If p; and p, are the eigenvalues

with a positive imaginary part,

pi+p3=E, ppy=—IP. (4.17a)
Hence
pL+py =iN2P-E. (4.17h)

P>0 when p; and p, are complex. If one of p;, p, is purely imaginary while the other
one is real, P<0. This can happen to one-component waves and supersonic waves. We
do not consider P<O0 here.

To derive the secular equation using (4.11) we need to find the eigenvectors b; and
b, associated with p; and p,. The matrix B=[by,b,] is a 2x2 matrix. One way is to
compute b from (4.3) after finding a from (4.4). This approach would lead to a
polynomial in p of degree three for b. Another way is to find the eigenvector & from

(2.21). For orthotropic materials, (2.21) has the expression

—(p—iﬂ) —1 1/C66 0 al
—C1p/Cyp —(p-ipP) 0 1/Cy || ay
(N-pDE = =0. (4.18)
X—GO ih —(p+iﬂ) —C12 /C22 bl
| —ih X -1 —(p+ip) 11Dy |
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Let K" be the adjoint matrix of (N—pl). This means that Kij is the cofactor of (N—pl)j.

K; K;
a=y , b= : (4.19)
L Ki2 K;

in which yis an arbitrary factor and i = 1, 2, 3 or 4. If we choose y=-1and i=2 we have

We can choose

2 .

ihp™ +Gip+iG

b= ! 2|, (4.20)
sz—G3

where
G| =G —(1+C/Cp)X,

Gy = AlGo —(1=Cia /C) X1+ h(f* = C1p/Cy), (4.21)
Gy =(Go—X)(1 - X/Cg5) ~ X +h(23—h/Céq).
There is no need to normalize the eigenvector in computing the secular equation, which is

2 . ) .
ihpi +Gipy +iGy  ihpy + Gipy +iG
|B|= 74 21 1 2 2 21 2 2 ~0, (4.22)
Xpi = Gs Xp3 = G3

or, after using (4.17) and deleting the common factor ( p;— p»),
G{(X\JP = G3)+(XGy + hG3)2A/P — E =0. (4.23)

We will not consider the degenerate case p;= p, here. The degenerate case can be
studied separately [28, 29]. It should be noted that (4.23) is real even though the
eigenvectors b; and b, employed in computing (4.23) are complex. It should also be
noted that the secular equation (4.23) is fully explicit. The X, which is pvz, is the only
unknown. The wave is dispersive because it depends on the wave number k. In the
special case h=0, (4.23) reduces to (2.15) in [3].
When the material is homogeneous without the influence of gravity, f=h=G,=0 so
that (4.23) simplifies to
XA[P -Gy =0, (4.24)

CapX[Co(Ci1 —X) =(C11Cr = Cy = Cp X)4[Cn (C6 = X). (4.25)

or
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This recovers the secular equation (12.10-17) in ([21], p. 481). It is a cubic equation in X
when both sides of (4.25) are squared.

5. Stoneley waves
5.1 General anisotropic materials.
Interfacial waves in two joined elastic half-spaces are known as Stoneley waves [30].
The analyses presented so far apply to the half-space x, >0. The same analyses apply to
the half-space x, <0 if we replace p by its complex conjugate p because the
displacement and the stress must vanish at x, =—o. The eigenvectors associated with p
are, according to (3.6), £"=(a",b"). For the Stoneley waves, the displacement and the
surface traction at x, =0 must be continuous.

The surface traction and displacement at x, =0 for the half-space x, >0 are given in
(4.9a,b). We write (4.9a,b) are

(G12)x,=0 = ik(Byyaqpy)i ™77, (5.1a)
(Wy,=0 = A(1)Q(1)€ik(x‘_w), (5.1b)

where the subscript (1) denotes the material in the half-space x, >0. The surface

traction and displacement at x, =0 for the half-space x, <0 are

(Gi2)x,=0 = ik(B?z)q(z))i ekba=vD), (5.2a)
(Wy,=0 = A?z)Q(z)eik(xl_w), (5.2b)

where the subscript (2) denotes the material in the half-space x, <0. The continuity of

surface traction and displacement at x, =0 demands that
By =Bode) Apdn =Aede): (5-3)
Equation (3.27) for the material (1) can be written as
Bayaa) =MmAmaa): (5.42)
The corresponding equation for the material (2) is
Bode =-MaA i) (5:4b)

where
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My, =iB{y)(A) . (5.5)

Imposition of the continuity condition (5.3) leads to

M)+ MGy Bayan =0 (5:6)
A non-trivial solution for A jyq( exists if
This is the secular equation for a Stoneley wave to propagate. When £=0 and h=0,
ME) = M(z) and (5.7) recovers the secular equation for Stoneley waves in homogeneous
materials without the influence of gravity [31]. Since the matrix M(1)+M>(k2) IS hermitian,
its determinant is real. Thus the secular equation (5.7) has no imaginary part. Again,

(5.7) for Stoneley waves is the vanishing of a 3x3 determinant for general anisotropic

materials and 2x2 determinant for orthotropic materials. We discuss the latter below.

5.2 Orthotropic materials.

In the special case of orthotropic materials we will show below that the secular
equation (5.7) is explicit in which the wave speed v is the only unknown.

For the material (1) we have to compute M=—iBA~! from (3.27). This means that
we have to find the matrices A=[a;,a,] and B=[by, b,] and the inverse of A. They are
all 2x2 matrices. Since the inverse of the matrix A is required, it is best if the elements of
A have simple expressions. Again, there is no need to normalize the eigenvectors in

computing BA™. Choosing i=3 and y = —C,,Cq in (4.19) we have,

2 2 .
oo {szp + fJ b rzp3 —ieyfp” —dip ~idy

—(np+im)

; (5.8)
—ezp2 +iejp+eg

where
f=Ce6=X+Cpf*, n=Ciy+Ces, m=(Cy—Cee)B+h,

do = Cee(fBf +m), di =Cge(n—f), (5.9)

eg =Cof —Copfim, e =Cxp(fn—m), ey =CrCeg.
Hence
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A{szp12+f szP%ﬂ“f‘

(5.10a)
—(np; +im) —(npy +im)
expi —iex ot —dipy —idy exp3 —ier 3 — dypy —idy
B-= , ) . (5.10b)
—eypi +ieppy teg —eyp) +iejpy teg
It can be shown that
Al =(p1 = p2)(F + Fp), (5.11a)
F =n(Cyp\JP + f), Fy=mCyK, (5.11b)
K=2/P-E. (5.11c)
in which use have been made of (4.17). Therefore
. 2
1 1 |~(mpp+im) —(Cppr +f)
Al I 2 2 22 . (5.12)
npy +im Copi +f
The impedance tensor for M given in (3.27) can now be computed. The result is
U+U V+V Z+Z
1= 0, My = 0 My =-My =i 9, (5.13)
F+F() F+F0 F+F0
where
U=ey(nP - pm)K, Uy =ey(m— )P +m(dy-e,E) —dyn,
V=(erf +eoCoVK , Vo =—e1(f +CppV/P), (5.14)

Z :eznw/; —(egn+eym), Z zezm\/?.

M, and M,, are real while M, =—-M;, are purely imaginary, proving that M is
indeed hermitian.

For material (2), we have to compute M’ from (5.5). The derivations from (5.8)
through (5.14) for material (1) hold for material (2) if we replace p;, p, by the complex
conjugate p;, p,. The resultis
V-Vy o

U-U, . Z-Z,
My =-Mp =i

M = Moy = .
W"r_r' "2 F_F, F - F,

(5.15)

. * * . * % . . . *
Again, M;, and M, are real while M, =—-M,, are purely imaginary, proving that M

is hermitian.
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With (5.13) and (5.15), the secular equation (5.7) is

(U+U0] _{U—Uoj (V+V0] J{V—Voj
F+FO (1) F—FO (2) F+F0 (1) F—FO (2)

2
) (Z+ZO] _(Z—Zoj o 5.16)
F+FO ) F—FO )

This is an explicit secular equation. It has no imaginary parts. The only unknown in the

secular equation is the wave speed v, which is implicit in Xy and X0y where
Xy = p(l)vz and X5 = p(z)vz. Different secular equations have been presented in [16,
17] where the secular equations are the vanishing of a 4x4 determinant. They are not as
explicit as (5.16). Moreover, as we will show below, (5.16) recovers easily the secular
equation for the special case of homogeneous isotropic materials without gravity.

When the material is homogeneous without the influence of gravity, f=h=0 so that

m=dy=¢;=0. Fy, Uy, Vyand Z, all vanish. The secular equation (5.16) simplifies to

(9,10, ELHE, - e

_ Cee[Con(Cii - DVK
\JC22(Cr1 = X) ++/C6(Ces — X)

_ Cyo/Ces(Ces —X)VK
\C22(Cpy = X) +4/C6(Co6 —X) '

Co6/C22(C11 —X) —C24/Ce6(Cee — X)
\C2(Cp1 = X) ++/Ce6(Cs — X)

where

m S

=

(5.18)

Z_
=

1
 CCes

K {(\/sz(cn ~X) ++/Ces(Ces —X))2 —(Cp + C66)2J-

With (5.18), (5.17) provides an explicit secular equation for Stoneley waves in two
homogeneous orthotropic half-spaces without the influence of gravity.

It should be noted that, for orthotropic materials, only the elastic stiffness Cy;, C»,
Cy and Cgq are needed in the secular equations. No simplification is gained for

hexagonal materials if x; or x, is the symmetry axis.
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For cubic materials we set C;; = Cy, in the secular equations.
For isotropic materials (also for hexagonal materials with x5 being the symmetry axis)

we impose the conditions Cj; = Cy, and 2C¢ = Cy; — C),. Equation (5.18) simplifies to

U _CCesMA+5) XA
F () A+Cgs  1-45

V. C1Ced(A4+0) X6

, (5.19)
F CA+Ced 1-45

Z _CelC11i4=(C1 =2C)0l _,» X

F Cp A+ Cysd 6 1-48

where
A= 1-(X/Cy)), 6=~1-(X/Cg). (5.20)

The (U/F), (VIF), (Z/F) in (5.19) are the elements of the 2x2 hermitian matrix M. The
first equalities in (5.19) are deduced from (5.18) that were computed from the M shown
in (3.27). The second equalities in (5.19) are obtained from the first equalities by
multiplying the denominator and the numerator by (4 — ). They recover the expressions
of M given in [31] who employed the M shown in (3.29) in which the Barnett-Lothe

tensors H and S are computed from the integral formalism [24]. Let
k=1—-AS5, R=[2—(X/@] —445, pu=Cy. (5.21)

Substituting the second expressions of (U/F), (VIF), (Z/F) in (5.19) into (5.17) and

deleting the non-zero common factor —(x; zcz)“1 we obtain
iR Ky + 1Ry Ky = X\ X (4,5 + 4,6))
2625 —(X/ ] [26 = (X/ 9], =0. (5.22)

In the above, the subscripts 1 and 2 refer to materials (1) and (2), respectively. This
recovers the explicit secular equation for Stoneley waves in two homogeneous isotropic
elastic half-spaces presented in [31 - 33].

We introduced R in the secular equation (5.22) for Stoneley waves to call readers’
attention that R=0 is a secular equation for Rayleigh waves [33]. A Stoneley wave
becomes a Rayleigh wave when material (2) in the half-space x, <0 is a void. In this

case M’fz):o, and the secular equation (5.7) for Stoneley waves reduces to the secular



20

equation (4.12), for Rayleigh waves. In the special case of homogeneous isotropic
materials without the gravity, M?z):o means that all terms in (5.22) vanish except the

first term. The vanishing of the first term demands that R, =0 or, from (5.21),,

[2—(X/Cg6)]* —4/1—(X/Cy1)4[1-(X/Cg) =0, (5.23a)

for material (1) in the half-space x, >0. This is one of the expressions for the secular

equation for Rayleigh waves ([21], p.482). If we multiply (5.23a) by (4 + &) we obtain

(X/C4s)y[1—(X/Cyy) —[4(1= Cys /Cyy) = X1 = (X /Cg) =0. (5.23b).

This is another expression for the secular equation for Rayleigh waves in homogeneous
isotropic elastic half-space ([21], p.482). Equation (5.23b) can be deduced from the

secular equation (4.25) for orthotropic materials by specializing it to isotropic materials.

6. Concluding remarks
We have extended the analysis presented in the literature for Rayleigh waves and
Stoneley waves in exponentially graded orthotropic elastic materials with the influence of
gravity to general anisotropic elastic materials. The analysis involve two parameters
p=alk and h=pg/k that are related to the inhomogeneity of the materials and the influence
of gravity, respectively. When £=0 and h=0, all equations recover the known equations
in the literature for homogeneous anisotropic elastic materials without the influence of
gravity. Since =0 and h=0 when the wave number k—, if a Rayleigh wave exists for
homogeneous anisotropic elastic materials without the influence of gravity, a Rayleigh
wave exists for the exponentially graded elastic materials of general anisotropy with the
influence of gravity at least for a very large k. The same can be said of the Stoneley wave.
We presented secular equations for Rayleigh wave speed and Stoneley wave speed
for exponentially graded elastic materials of general anisotropy with the influence of
gravity. For the special case of orthotropic materials, explicit secular equations are
obtained in (4.23) for Rayleigh waves and in (5.16) for Stoneley waves. The
corresponding secular equations when the materials are homogeneous without the

influence of gravity are deduced in (4.24) and (5.17), respectively.
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It is known that one-component surface wave can propagate in a special homogenous
anisotropic elastic material without the influence of gravity [26, 27]. It is also known that
one-components Stoneley wave can propagate in an anisotropic elastic bimaterial [34].
The problem of one-component surface waves in an exponentially graded anisotropic
material with the influence of gravity has been addressed in [18]. The question is open if
one-component Stoneley waves can propagate in an exponentially graded anisotropic

bimaterial under the influence of gravity.
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