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Abstract

The work aims at the experimental investigation and theoretical modeling of the physical
phenomena responsible for thermal bonding of polymer fibers in nonwovens and their
effect on such mechanical properties as the nonwoven stiffness, the yield stress, the stress
at failure, toughness, and the entire stress-strain curve. In the experiments two types of

nonwovens were explored: Polybutylene Terephthalate (PBT) nonwoven and
* Correspondence should be addressed to E-mail: ayarin@uic.edu. Phone: +1(312) 996-

3472. Fax: +1(312) 413-0447.



Polybutylene Terephthalate (PBT)/Polyethylene (PE) (80/20) nonwoven. Special
attention was paid to the effect of the bonding pattern (e.g. circular or rhombic) on the
nonwoven failure patterns in stretching. It was shown that failure happens at the
periphery of stiffened bonds. A theory of this phenomenon is given which predicted
tensile stress concentration up to 140% of the applied tensile stress in that area, which

was responsible for the failure modes observed experimentally.

1. Introduction

The inter-fiber bonding area and/or bonding patterns in nonwovens fully determine
such properties as the machine direction (MD) and cross-direction (CD) tensile stiffness
(Young’s modulus), elasticity, softness, compressibility, absorptivity, etc. These
properties are determined by such factors as melt temperature and the degree of
crystallinity and solidification when nonwovens are formed by meltblowing. When
nonwovens are formed by solution blowing, the degree of solvent evaporation and fiber
dryness and the degree of crystallinity dictate the final strength. In both cases of melt-
and solution blowing of nonwovens, further strength is achievable by means of point-
bonding, namely the thermal compression of bond area patterns across the nonwovens.
Such bonding is driven by sintering and adhesion of the polymer fibers at the bond

region, significantly increasing the physical strength of the nonwoven web.

The adhesion is the physical process of joining separate surfaces of materials (or
fibers in a nonwoven [1]) together through mechanical, chemical, or thermodynamic
bonding. In the present case of thermal point-bonding of nonwovens, the polymers

typically do not react and the adhesion and strength at such a bond point is driven by the



diffusion and entanglement of polymer chains through the surfaces in contact [1-5]. This
diffusion process is due to the thermodynamically-driven reptation of polymer chains,
resulting in their entanglement and formation of the adhesive strength at the interface [2,
5-7]. In several important experiments such as [3, 4], it was observed that the diffusion of
polymer chains is a two-step process. Initially, polymer chains quickly diffuse across the
surfaces in contact, interlocking and leaving what are referred to as “runners”, or un-
entangled sections of the polymers, at the surface [3, 4]. At this initial stage, most of the
adhesive energy is gained and afterwards the system slowly relaxes toward an
equilibrium with all ‘runners’ completely diffusing across the interface [3, 4]. A notable

theoretical work on the dynamics of the diffusion stages has been conducted in [8, 9].

Such understanding of the polymer diffusion and entanglement is already used
industrially in the creation of point-bonded nonwoven webs [1]. Accordingly,
experiments with bonds of various contacting areas were conducted and discussed in
[10]. It is understood that processing times and point-bonding times should be chosen to
allow melting of the crystalline regions in the nonwoven as well as a sufficient time for
reptation and entanglement of interfused polymer chains across the fibers. The effect of
thermal bonding on the microscopic level is akin to annealing at high temperature, past
the glass transition temperature, and is used to enhance mechanical performance at the
bond sight. Various works have demonstrated such a phenomenon associated with
thermal bonding of nonwovens as an increase in the crystal sizes [10]. In addition, the
explanation of the crystallization behavior of PE and PBT, as well as the crystallized

polymer structure and the degree of crystallinity is available in [11-16]. The changes in



the degree of crystallinity of several other polymer caused by thermal bonding are

available in [17].

Furthermore, it is understood that pressure due to point-bonding can increase the
melting point of polymers due to the Clapeyron effect [1, 18]. Thermal degradation at the
bond point has also been researched, leading to the conclusion that high bonding
temperatures or long bonding times will result in deterioration of modulus of elasticity at
the bond points [19-21]. A further decrease in Young’s modulus in a point-bonded
nonwoven web can also be explained by the issues related to poor polymer compatibility.
Adhesion between polymers is related to their miscibility, or often immiscibility of
polymers brought in contact. The adhesion between dissimilar polymers is typically weak
[2, 7]. To address these limitations, bi-component fibers have been employed with the

main aim of enhancing the mechanical strength of fibrous composite materials [19, 21].

In the existing works, such processing conditions as temperature, bond pressure, and
polymer micro-mechanics (reptations) and various other aspects of the point-bonding
process have been addressed. However, the failure patterns at the bond periphery and
their reasons remain mostly unexplored. In a point-bonded nonwoven, high-stiffness
(point-bonded) domains are imposed in an elastic material of lower stiffness (the
nonwoven web) as a means of increasing the overall mechanical properties. In this
situation, it is of significant interest to understand whether such a stiff inclusion can act as
a stress concentrator in the nonwoven web and lead to a premature failure due to over-

bonding. An insight in these phenomena is of significant importance.

Elastic problems related to stretching of material with an inclusion (understood in the

present work as a thermal bond) stem from the seminal work of Kirsch [22], who solved



the planar problem on uniaxial stretching of an elastic material with a circular hole. The
important developments motivated by mechanics of composite materials can be found in
[23, 24], which are the works which dealt with elastic inclusions. A more recent interest
to the problem is related to materials with nano-inclusions, where the stress field in an
isotropic plane under uniaxial stretching with a circular inclusion was calculated in [25].
The approach of the latter work does not imply the complex elastic potentials, which

significantly simplify calculations.

The present work aims at further understanding the effect of thermal point-bonding
inclusions on nonwoven webs as a means of increasing mechanical performance. Here,
experiments are conducted to understand the effect of point bonding in nonwovens on the
mechanical performance as well as on failure patterns. A theory is also given using the
complex elastic potentials (i.e. the Goursat functions) in the framework of the general
approach of the planar problem of the theory of elasticity dating back to Kolosov and

Muskhelishvili [26-28].

2. Experimental

2.1 Materials

Two meltblown nonwoven mats were chosen for this work, Polybutylene
Terephthalate (PBT) (which will be designated as PBT nonwoven) as well as a nonwoven
composed of a mixture of 80 % Polybutylene Terephthalate and 20 % Polyethylene (PE)
(which will be designated as PBT/ PE 80/20 nonwoven). The PBT nonwoven had the
basis weight of 100 GSM (gram per square) with the average measured thickness of 0.33

mm. The PBT/PE 80/20 nonwoven had the basis weight of 75 GSM with the average



measured thickness of 0.30 mm. The nonwovens tested were all cut into 15 mm x 90 mm

rectangular samples from the nonwoven sheets in the same direction.

In the present work, the as received nonwovens were pre-bonded using a standard
point-bonding process. As will be discussed in the following section, further bonding was
conducted by significantly larger circular and rhombic punches at the center of these
nonwoven strips to understand the effect of bonding and the corresponding rupture
pattern. Such an additional bond would be significantly stronger then the surrounding
bonds as corroborated by the rupture patterns elucidated by the following results. Thus, it
can be assumed that the minor pre-bonding had a minimal effect compared to the further

bonding process used in this work.

2.2 Thermal bonding
In the present work the nonwovens were further thermally bonded using the setup

depicted in Fig. la.
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Fig. 1. (a) Thermal bonding setup for the additional bond patterning with the aluminum
case attached and used for point bonding. (b) Schematic of the aluminum case with an
interchangeable thermal punch inserted. (c) Schematic of two types of thermal punches,
rhombic and circular. (d) The temperature controller (Watlow EZ-ZONE). (e) Example
of PBT nonwoven sample with a single circular bond pattern as well as a single rhombic

bond pattern formed by the setup of panel (a).

The main part of the setup was an Arbor press used to advance and compress a
nonwoven using an aluminum case containing interchangeable heated punches (either

circular or rhombic in cross-section) (cf. Fig. 1a and 1b). The diameter of the circular



punch was 12.60 mm and its surface area was 124.59 mm?, whereas the rhombic punch
had a length of 18.90 mm, width of 12.65 mm, and the total surface area of 119.54 mm?
(cf. Fig. 1c). The aluminum case and the interchangeable punch were heated using an
embedded cartridge heater (CSH- 201200/120V). A thermocouple (Omega model 5TC-
PVC-T-24-180) was embedded in the various interchangeable punches. A temperature
controller (Watlow EZ-ZONE) (cf. Fig. 1d) was also included. Using such a
configuration, the temperature of the front face of the interchangeable punches was

regulated to various constant set temperatures for thermal bonding.

The heated interchangeable punch (either circular or rhombic) was advanced and
contacted the central portion of the rectangular nonwoven samples and formed additional
thermal bonding patterns on them. The contact time of the punch with the samples was
maintained as 1 s. For the case of the PBT nonwovens, thermal bonding was conducted at
constant temperature of 190 °C, whereas for the case of the PBT/ PE 80/20 nonwovens,
the constant temperatures chosen were 110 °C as well as 120 °C. These temperatures
were chosen to ensure full thermal bonding (the melting point of PBT is 220 °C [29] and
of PE is 110-126 °C [29]). An example of a PBT nonwoven bonded with either circular or

rhombic punch is shown in Fig. le.

2.3 Tensile tests of bonded nonwovens

Tensile tests of the original and the additionally bonded samples were conducted
using an Instron machine (model 5942) with a 100 N load cell to obtain the entire stress-
strain curves of the as-received original PBT nonwovens and the PBT/PE 80/20

nonwovens, as well as those nonwoven samples which underwent thermal bonding as



described in sub-section 2.2. The samples were clamped firmly in place by pneumatic
clamps with an initial test length of 40 mm and advanced at a rate of 2 mm/min. For each

type of samples tested, 10 tensile trials were conducted.

The Young’s modulus and yield stress were determined from the acquired data
using the following phenomenological Green’s equation fitted to the acquired stress-

strain curves [30, 31]
E
c, =Ytanh (7 SWJ 1)

Here oyy is the tensile stress, &yy the tensile strain (with y being the stretching direction),
E is Young’s modulus, and Y - the yield stress. This equation implies perfect plasticity
and was fitted to the experimental data so that the elastic region was approximated first

with a minimum coefficient of determination R? of at least 0.999.

The toughness T of the nonwoven samples, i.e. the specific energy associated

with tensile deformation was found using the following equation
T=[o,de, )

2.4 Imaging
Images of nonwovens were taken by a DSLR camera with setting of f= 3.5 and

1/60 exposition time. All images were taken under the same conditions.
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3. Results and Discussion

3.1 Results of the tensile tests of the as-received nonwovens as well as the bonded
nonwovens

Tensile tests were conducted using the as-received PBT nonwovens and PBT/ PE
80/20 nonwovens. Several examples of the stress-strain curves for these nonwovens are

shown in Figs. 2-4.
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Fig. 2. An example of the stress-strain curve of the as-received PBT nonwovens
measured in tensile tests. The data is shown by the black curve, the phenomenological

Green equation (1) fit- by the red curve.
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Fig. 3. (a) An example stress-strain curve of the as-received PBT/ PE 80/20 nonwovens
measured in tensile tests. The data is shown by the black curve, the phenomenological
Green equation (1) fit- by the red curve. (b) A zoomed-in view of the elastic section

followed by the perfectly plastic section.

From the results obtained in the tensile tests, the average Young’s modulus E and
the yield stress Y revealed by the phenomenological Eq. (1) were found. Also, the
toughness T revealed by Eq. (2) for both the as-received PBT nonwoven as well as the
as-received PBT/PE 80/20 nonwoven was determined. In addition, the maximum stress at

failure o, was found. These results are presented in Table 1 and depicted in Fig. 4.

Table 1. Average mechanical properties of the as-received PBT and PBT/PE 80/20

nonwaovens.

. ) Average Average maximum
Nonwoven type ';‘Zgﬁ%i \E(czlli/lnPgai S’?‘r\égage(mgg) toughness T stress at failure o,
(MPa) (MPa)
As- received PBT 34.521+6.133 1.169+0.104 0.320+0.066 1.167+0.098

As- received PBT/PE

2070 27397410520 06460137  0.410+0.090  0.628+0.119
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Fig. 4. Mechanical properties in tension of the as-received PBT and PBT/PE 80/20
nonwovens. (a) Average values of Young’s modulus E. (b) Average values of the yield
stress Y. (c) Average values of the maximum stress (oyy, max). (d) Average values of the

toughness (T).

As seen in Table 1 and Fig. 4, the as-received PBT nonwovens revealed a higher
Young’s modulus E, the yield stress Y, and the maximum stress omax than those of the
PBT/ PE 80/20 nonwovens. On the other hand, the toughness (T) of the as-received PBT/

PE 80/20 nonwovens was higher than that of the as-received PBT nonwovens, which is
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related to a prolonged plastic deformation of the former prior to the failure. Furthermore,
the as-received PBT/ PE 80/20 nonwovens also revealed a section of a perfectly plastic
behavior at which the tensile stress practically plateaus and Green’s equation

approximates the data very accurately (Fig. 3b).

3.2 Results of the tensile tests of the thermally bonded nonwovens

Tensile tests were conducted with PBT nonwovens and PBT/ PE 80/20 nonwoven
samples modified by a single circular thermal bond as well as by a single rhombic
thermal bond. For the case of the PBT nonwoven, thermal bonding was conducted at a
temperature of 190 °C, as for the PBT/ PE 80/20 nonwovens the bonding temperatures
chosen were 110 °C as well as 120 °C. Several examples of stress-strain curves for these

nonwovens bonded with a circular and rhombic bond are shown in Figs. 5 and 6.
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Fig. 5. Examples of the stress-strain curves of the nonwoven samples bonded with an
additional single circular bond. (a) The PBT nonwoven bonded by a circular bond at
190 °C. (b1) The PBT/ PE 80/20 nonwoven bonded by a circular bond at 120 °C and (b2)
a zoomed-in view of the elastic region. (c1) The PBT/ PE 80/20 nonwoven bonded by a
circular bond at 110 °C and (c2) a zoomed-in view of the elastic region. The data is

shown by the black curves, the Green equation fit- by the red curves.
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Fig. 6. Examples of the stress-strain curves of the nonwoven samples bonded with an
additional single rhombic bond. (a) The PBT nonwoven bonded by a rhombic bond at
190 °C. (bl) The PBT-PE nonwoven bonded by a rhombic bond at 120 °C and (b2) a
zoomed-in view of the elastic region. (c1) The PBT/ PE 80/20 nonwoven bonded by a
rhombic bond at 110 °C and (c2) a zoomed-in view of the elastic region. The data is

shown by the black curves, the Green equation fit- by the red curves.

From the stress-strain curves obtained for the PBT nonwovens as well as the
PBT/PE 80/20 nonwovens, both thermally bonded with the circular punch as well as the

rhombic punch, the average Young’s modulus E, the yield stress Y, toughness T, and the
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maximum stress at failure o, were determined. These results are presented in Table 2.

In Figs. 7 and 8, the results for these mechanical properties for the as-received

nonwovens are compared to those of the thermally bonded nonwovens.

Table 2. Average mechanical properties of bonded PBT and PBT/PE 80/20

nonwovens.
Average Average yield Average Average maximum
Young's .
Nonwoven name modulus E stress Y toughness T stress at failure o,
Circular bonded PBT 36.847 +4.699 1.455+0.288 0.289+0.052 1.364+0.230
Rhombic bonded PBT 41.200+5.652 1.355+0.288 0.254+0.040 1.310£0.202
110 °C Circular bonded PBT/ PE 80/20 36.057 +10.346 1.117+0.194 2.222+0.395 1.127+0.193
110 °C Rhombic bonded PBT/ PE 80/20 41.657+7.787 1.209+0.240 2.527+0.638 1.198+0.263
120 °C Circular bonded PBT/ PE 80/20 37.856+7.382 1.273+0.216 2.477+0.890 1.260+0.215
120 °C Rhombic bonded PBT/ PE 80/20 40.932+5.401 1.241+0.224 2.410+0.626 1.226+0.197
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stress at failure. (d) Average values of toughness.
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Fig. 8. Mechanical properties of the as-received PBT/PE 80/20 nonwovens in comparison
with those bonded at 110 °C and 120 °C with a single circular or rhombic bond. (a)
Average values of Young's modulus. (b) Average values of the yield stress. ¢) Average

values of the maximum stress. (d) Average values of toughness.

From the results presented in Figs. 7 and 8, various conclusions on the effect of
bonding can be made. For the case of both PBT nonwovens as well as PBT/PE 80/20
nonwovens, an additional circular or rhombic bond will increase Young’s modulus, the

yield strength, and the maximum stress as compared to the as-received nonwovens.
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However, in the case of the PBT nonwovens, the additional bonds decreased the

toughness.

Such a decrease in the toughness of the PBT nonwoven samples can be explained
by the fact that a thermal bond acts as a stress concentrator inside the nonwoven sample.
As will be corroborated by the theoretical stress fields in sub-section 3.4, the increased
stresses at the bond periphery are observed when an inclusion of a higher stiffness (the
thermal bond) is added to the nonwoven. Due to such inclusions, the nonwoven stiffness
increased overall. However, the bonds acted as stress concentrators and led to an earlier
failure and as a result, a decrease in toughness. Furthermore, comparing the toughness of
the PBT nonwoven with a circular bond to that with a rhombic bond, the increased
stresses at the bond periphery of the rhombic shape compared to the circular one also led
to a further decrease in the toughness. Such phenomena will be further discussed in the

following sub-section 3.3.

For the case of the PBT/PE 80/20 nonwoven, a decrease in toughness was not
observed. In this nonwoven, bonding was conducted to only melting point of PE which
bonded the web of PBT. Such a bonding allowed for the high stresses at the bond
periphery to be alleviated in the PBT/ PE 80/20 nonwoven. This alleviation in the rupture
in the nonwoven was likely caused by the breaking of the PBT/PE 80/20 bond and a

slowed failure leading to an increase in the overall toughness of the nonwoven.

The overall increase in the yield stress, and the maximum stress as well as the
decrease in Young’s modulus in the case of the circular punch, as opposed to the rhombic
punch, is likely a manifestation of the fact that the area of the circular bond is slightly

larger than that of the rhombic bond (the area of the circular bond is 124.59 mm? and that
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of the rhombic one is 119.54 mm?). Accordingly, comparing the results for these two
types of bonds, one can conclude that a larger bonding area facilitates an increase in the
yield stress and the maximum stress values before failure, albeit decreases Young's

modulus.

Comparing bonding the PBT/ PE 80/20 nonwovens at 110 °C to that at 120 °C for
either circular bonds or rhombic bonds, one is tempted to conclude that the higher
bonding temperature results in a minimal overall increase in the mechanical properties.
However, due to the large standard deviation in the results obtained, no clear conclusion

can be made.

3.3 Rupture patterns

The rupture patterns at the bond periphery in the bonded nonwovens can be
clearly seen after tensile tests. The as-received PBT nonwoven before and after testing as
well as those with the circular- and rhombic-shaped bonds are shown in Fig. 9. The as-
received PBT/ PE 80/20 nonwovens before and after tensile tests as well as those with the
circular- and rhombic-shaped bonds at 110 °C and 120 °C are shown in Fig. 10. Only a

single sample of rupture of each nonwoven is shown here for the sake of brevity.

a)
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Fig. 9. Examples of the effect of stretching in tensile tests on rupture patterns. (a) The as-
received PBT nonwoven before and after tensile test, (b) the PBT nonwoven with a
circular bond before and after tensile test, and (c) the PBT nonwoven with a rhombic
bond before and after tensile test. The red and blue dashed lines encompass the bond

pattern implemented on the circular bonded as well as rhombic bonded samples.

a) pm

Fig. 10. Examples of the effect of tensile test on rupture patterns. (a) The as-received
PBT/PE 80/20 nonwoven before and after tensile test, (b) the PBT/PE 80/20 nonwoven
with a 110 °C circular bond before and after tensile test, (c) the PBT/PE 80/20 nonwoven
with a 120 °C circular bond before and after tensile test, (d) the PBT/PE 80/20 nonwoven
with a 110 °C rhombic bond before and after tensile test, and (e) the PBT/PE 80/20
nonwoven with a 120 °C rhombic bond before and after tensile test. The red and blue
dashed lines encompass the bond pattern implemented on the circular bonded as well as
rhombic bonded samples. Black dots and horizontal lines on the samples were drawn to

facilitate the experiments and do not represent holes.

From the failure patterns depicted in Figs. 9 and 10, it is seen that rupture in the

as-received nonwoven samples occurred at the center due to the elongation in tensile tests.
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However, for the bonded samples, the rupture happens around the bond periphery (see
Figs. 9b-c and 10b-e). Note that such rupture patterns around the periphery were
observed in all 10 samples in the tests conducted for the circular punches as well as the
rhombic punches in the PBT-nonwoven and also the PBT/PE 80/20 nonwoven. Such a
result further corroborates the results related to sample toughness discussed in sub-
section 3.2. There it was observed that failure at the bond periphery was due to the stress
concentration caused by the bonds. Furthermore, this phenomenon leads to a decrease in

toughness of the PBT nonwovens.

3.4 Theoretical prediction of the stress concentration and rupture location

The theoretical solutions of the problem on the stress distributions surrounding a
circular thermal bond obtained in Appendix and providing insights into the
experimentally observed failure patterns are illustrated below. As an example, the
parameter values used were: The ratio of the Young’s moduli of the bond and the
surrounding matrix Eo/E1=10, the Poisson’s ratios of the bond and the surrounding matrix
vi=1/2, vo=0.4, respectively, and the ratio of the stretching stress to Young’s modulus of
the matrix o/E1=0.1. In all the figures below the coordinates and displacements are
rendered dimensionless by the radius of the inclusion circle (the bond) R, and the
stresses-by the stretching stress o.

Fig. 11 shows the field of v and Fig. 12 shows the field of u in material 1 plotted

using Egs. (A19)-(A21), (A26) and (A27) from the Appendix.
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Fig. 11. The field of displacement in the direction of stretching y.
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Fig. 12. The field of displacement in the x direction, i.e. normal to the direction of

stretching.

Fig. 13 shows the displacement in the direction of stretching in the outer material

along the direction of stretching y plotted using Eq. (A29) from the Appendix
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The stress fields in the entire material 1 and the inclusion 2 plotted using Egs.

(A31)-(A41) from the Appendix are shown in Figs. 14-16.
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Fig. 15. The stress field oxy.
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Fig. 16. The stress field oyy.

The stretching stress oyy near the inclusion in Fig. 16 exceeds the stretching stress at
infinity by about 40%. These results show that a thermal bond acts as a stress
concentrator, which triggers rupture at its periphery. Comparing this prediction to the
experimental results, it is implied that such a stress concentration led to an early failure of

a bonded PBT nonwoven and as a result, decrease in its toughness. Moreover, the failure
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patterns at the bond peripheries in Figs. 9 and 10 are also in a qualitative agreement with
this prediction.

It should be emphasized that a dramatic increase in the crystallinity of the bond
point and the corresponding increase in the value of E> would likely lead to a further
increase in stress at the bond point periphery during stretching. Such an increase in the
stress would lead to an early rupture at the periphery, as the results of the tensile tests and
the theory demonstrate. This prediction also agrees with the work [1] where it was
demonstrated that there exists an optimum bonding temperature corresponding to a

desirable increase in the mechanical strength of nonwovens is reached.

4. Conclusion

The experimental investigation in tensile tests of the effect of the additional
thermal bonds on two types of nonwovens, PBT nonwoven and PBT/PE 80/20 nonwoven,
elucidated the effect of thermal bonding on the overall mechanical performance. It was
found that the addition of a bond, either circular or rhombic, increased the nonwoven
stiffness, the yield strength, and the maximum stiffness for both types of nonwovens
tested. However, when a PBT nonwoven was bonded, a decrease in toughness was
observed. Such a decrease was due to an increased stress at the bond periphery (the stress
concentration there) facilitating failure. A theory was also presented which demonstrated
that thermal bonds act as stress concentrators, increasing the tensile stress up to 140% at
the bond periphery. Such an increase in tensile stress can and does trigger failure at the

bond periphery as revealed by the failure patterns experimentally.
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In the PBT/PE 80/20 nonwovens, a further increase in the toughness of the
nonwoven samples was apparent, which was significantly different from the phenomena
observed in the PBT nonwovens. This occurred because during bonding of PBT/PE 80/20
nonwovens, only PE fibers melted and bonded the un-melted PBT fibers, interlocking the
web. Due to such interlocking, these bonds would compensate for the increased stress at
the bond periphery. Here, these bonds would most likely slowly rupture during tensile

tests and as a result, lead to an overall increase in the toughness of such a material.

Due to larger bonding area of the circular bond in comparison to that of the
rhombic bond, an increase in the yield stress and the maximum stress at failure was
observed in the former case. Such an increased area can also explain a lower Young’s

modulus resulting from the rhombic bonding.
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Appendix: The origin of the rupture pattern surrounding bonds

The origin of the failure patterns surrounding the additional thermal bonds can be
traced to the classical Kirsch problem and its extension discussed in the present section.
The Kirsch problem describing stretching of an elastic medium with a circular hole of

radius R along the y-axis by stress oyy=c at infinity is sketched in Fig. Al.
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Fig. Al. (a) Sketch of the Kirsch problem. (b) The polar coordinates and the complex z-

plane.

The corresponding stress field reads

2 4 2
Cp=o 1—R—2 +2 1+3F§ —43 cos 20 (AL
2 r 2 r r
o R2 (¢) 3R4
666=E[1+r—2j—5(1+ o ]cosze (A2)
4 2
crez—%(1—35 +25 jsinze (A3)

where the Cartesian xy, and polar r0 coordinate systems are introduced in Fig. Alb. It

should be emphasized that the planar Kirsch problem describes the plane-stress case, i.e.
c,, =0 (A4)
where z is the third Cartesian coordinate normal to x and y and should not cause any

confusion with the complex variable z=y+ix (with i being the imaginary unity introduced

in Fig. Alb). It should be emphasized that the non-standard introduction of the complex
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variable z is related to the fact that in Fig. Alb the angle 6 is reckoned from the axis of
stretching y, rather than from the x-axis. Still, z=re'®.

The corresponding Airy function U, which is the solution of the biharmonic
equation V*U =0 of the planar theory of elasticity, can be found from Egs. (A1)-(A3)

using the following relations [32]

" ror r2oe0? % a2’ " oarlroe
It reads
2 4
u=2|L_R?Inr|-2 r2+R—2—2R2 c0s 20 (A6)
2\ 2 4 r

The Airy function U is determined by the two Goursat functions (or the complex elastic

potentials) ¢(z) and y(z) as [26]
U =Re{zp+y] (A7)

Comparing Egs. (A6) and (A7), it is easy to see that

lo74 oR’? c R*
(P(Z):T'FET, X(Z)=— 2 InZ—Z( 2+Z—2j (A8)

It is convenient to introduce a new function y(z)=yx'(z) , i.e.

oo

which will be used below.

It should be emphasized that the same functions ¢(z) and \u(z) can be found using

Egs. (A1)-(A3) and the stresses

G,, =G, Sin’0+c,,sin 20+ o, Cos’ O (A10)
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o,y =(0, —099)%sin 20+ G, C0S 20 (Al1)

G,, =0, €0’ 0—0,,5iN 20+0,,sin” O (A12)
having in mind that

0, +0,, =4Re{o'} (A13)

O, — O, *+2ic, = (E(p "ty ) (A14)

Accordingly, the displacements along the y and x axes, v and u, respectively, are found as

[26]
. 1 —7
v+|u:£[1<(p—2(p'(z)—\p(z)} (A15)

where the shear modulus G is given by

G= Al6
2(1+v) (A1)
with E being Young’s modulus and v is Poisson’s ratio. Also,
R (A17)
1+v

for the plane stress problem (A4) [33].

Solution of the problem with a circular elastic inclusion can be constructed as a
linear superposition of three problems (Fig. A2). Problem (1) is a uniform biaxial
stretching with the dimensionless factors kx and ky to be found, and problems (I1) and
(11) being the Kirsch problems. Such a linear superposition is possible due to linearity of
the theory of elasticity and the fact that the boundary conditions for stretching at infinity
for the uniaxial stretching are satisfied by it. Moreover, it will be shown below that the

boundary condition at the interface of the inner material 2 and the outer material 1, which
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is the requirement that the displacements are identical on both banks of the interface
(since the materials are bonded), can also be satisfied by the choice of the factors kx and

Ky.

I II 11

2 7//% /kﬁ\e Lo
— 7 + + =) =2

o I kyG | (1 -ky)G

Fig. A2. Split of the problem on stretching of elastic material (1) with a circular elastic

inclusion (2) into a linear superposition of three problems (1), (11) and (111).

The uniform biaxial stretching in the inner material 2, as well as in the outer

material for problem I is given by the following elastic potentials

(k. +k,)o
4

z, w(z):WZ (A18)

0(2) =
Using Egs. (A8), (A9), (A15) and (Al18), and superimposing the solutions for
problems I, I, and 111, one can find the displacement field in the outer material in the case

of uniaxial stretching along the y-axis of an elastic material 1 with a circular elastic

inclusion in the following form



1-k )o 2 2 2 _ p4
u:g(kx—vlky)x+glm K, 2R, E—RTZ L z—F_e—3
E, 2G, 4 2z 4 oz z 2 7

k.o z, R? 1 R*) R® 1(- R*
- Re<k | —+—|-2)| = |+ —=—+=| Zi——=
2G, 4 2z 4 97, ) 2z 2 Z

where subscript 1 corresponds to material 1 and
zZ=y+iX, z,=X-ly (A21)

In the inner material 2, accordingly,

v:Ei(ky—vzkx)y (A22)

2

—vzky)x (A23)

X

(¢}
u :E—(k

2

With y=Rcosf and x=Rsin®, i.e. at the interface, Egs. (A19)-(A21) yield

3(11-k, )oK
V=E£l(ky—v1kx)y+ ( Ely) y+ Exlc

y (A24)

(&)

u=—(k, —vlky)x—(l_k”)c _3ko,

X (A25)
El El El

Equating Egs. (A22) and (A23) with Egs. (A24) and (A25), respectively, to satisfy the
condition of the identical displacements of both materials at the interface (the bonding
condition), one obtains a system of two equations for two unknowns, kx and ky, which

yields
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. E,[E, (-1+3v,)+E, (1—3v1)]2 (A26)
(E,+2E,) —[v,E, +E, (1-v,) ]

- EZ[(B—ZVZ)E1+E2(5+\/1)] 2 (A7)
(E,+2E,) —[Vv,E, +E,(1-v,) ]

In the case of very stiff inclusions when the ratio E, /E, — o , Egs. (A26) and (A27) are

reduced to the following ones

1-3v, S+v,

= B S =1 A28
3+2v,—V: Y 342v, —V! (A28)

X

Then, the displacements in material 1 along the stretching axis vy, i.e. at x=0, are found

from Egs. (A19)-(A21) as

o (1-k,)o[ (y 1 1 1) 1 1 1
v =Sk vk )ys s O Y 2l L 2y
o El( s ViKY 26, |4 2y) a2y )Ty 2TV

k.o y 1 1 1 1 1 1
- K| =St ooty S to 2 oo tS| Yo
2G, 4 2y 4 2y°) 2y 20"y

=0 (A30)

x=0

ul
The stress fields in the outer material 1 can be found as a superposition of the

corresponding stress fields for problems I, Il and II. Namely, for the combination of

problems I and 11, we obtain from Egs. (A8), (A9), (A13) and (Al4)

o, =Re {E(p "y 20 } (A31)
c,, =—Re {E(p "+y'— 2(p'} (A32)
G, =Im {E(p "y } (A33)

where primes denote derivatives by z, and
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o (k,tky)o (1-k )o (1-k,)o R? . R?
W':(kx—ky)ch(l—ky)chz_(1—ky)6(1+3F\;4J (A%5)
2 2z y

Accordingly, the stress field corresponding to problem 111 reads

o,, =—Re {21([) "+y'-20 } (A36)
s, =Re {Elcp "yt 20 } (A37)
G, =1m {Elcp "+y } (A38)

where primes denote derivatives by z1, and

ko koR? R?
v X + X — ":_k - A39
¢ ==t 7 P N 2 (A39)
o k oR’ N k,.c 1+ 3R* (A40)
v 272 2 z!

Adding Eqg. (A31) to (A36), Eq. (A32) to (A37) and Eq. (A33) to (A38), one obtains all
the fields of the stress components in the outer material 1.

In inner material 2, Eqs. (A18) yield

(P.:(kx +4ky)<’, 0'=0, W.:(kx ‘zky)" (A41)

which with Egs. (A30)-(A32)] yield the stress fields in these materials.
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