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Exact Radiation and Scattering for an Elliptic Metal
Cylinder at the Interface between Isorefractive
Half-spaces
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Abstract—An elliptic metal cylinder located at the interface of revolution [6], [7] and for cavities filled with isorefractive
between two isorefractive half-spaces, with its cross-sectional material in two dimensions [8], [9] and in three dimensions
major axis either parallel or perpendicular to the interface is [10]. Some of these results have been compared successfully

considered. The problems of scattering of an incident plane wave " . . . . . .
with arbitrary polarization and direction of incidence, and of with numerical solutions of integral equations formulations of

radiation from an electric or magnetic line source parallel to the same problems [11], [12], [13].
the cylinder axis are solved exactly. The particular case of a  In this work, the two-dimensional problem of a PEC cylin-
metal strip either parallel or perpendicular to the interface is der of elliptical cross section located at the plane interface
examined in detail. Several numerical results for far fields and | .wveen isorefractive half-spaces is considered. The major
surface currents are presented. . : AT )
axis of the cross-sectional ellipse is either in the plane of the
Index Terms—Electromagnetic radiation, electromagnetic nterface (hereinafter called “parallel configuration”, see Fig.
scattering, complex media. 1), or perpendicular to the interface (hereinafter called "per-
pendicular configuration”, see Fig. 2). The problem is solved
I. INTRODUCTION exactly for_ a primar_y plane_ wave \_/vith arbitrary polariz_ation
and direction of incidence in Section Ill, and for a primary
EW materials with interesting electromagnetic and elegjectric or magnetic line source parallel to the cylinder axis in
tronic properties have recently been introduced for a v&ection IV. The particular case in which the elliptic cylinder
riety of applications: materials with various types of anisotrop flattened onto a metal strip is discussed in Section V, and
for substrates, radomes, RAM, FSS such as ferrites, ceramiggme numerical results for the far fields (RCS) and surface
fiber composites, honeycomb structures; bianisotropic matgrrents on the cylinder are shown and discussed in Section
rials; chiral materials; metamaterials; etc. SOphiSticated CONE. The ana]ysis is conducted in the frequency domain, with

puter codes have been developed, both in frequency and tifisge-dependence factexp(+jwt) omitted throughout.
domains, to analyze the electromagnetic behavior of complex

value problems for structures of sufficient complexity to K S
provide challenging and meaningful comparisons. Until a few A
years ago, the only exact solutions known for penetrable
bodies involved the circular cylinder and the sphere. The recent
introduction of isorefractive materials, i.e. materials having __
the same refractive index but different intrinsic impedances;
has led to the development of several new exact solutions,
usually by the method of separation of variables, that provide
realistic tests for computer codes while enriching the catalog
of available canonical solutions.

Several problems involving two-dimensional isorefractive
bodies have been solved exactly [1], with particular attention
to the isorefractive wedge both in the frequency domain [ﬁ',g'
[3], [4] and in the time domain [5]. Exact solutions have
also been obtained for three-dimensional isorefractive bodies

structures containing such penetrable materials. The accuracy )

of such codes may be tested by comparison with other codes, . ! y

with measurements data, or with exact solutions of boundary-"¢, (4 & a2 a (U V)
I
I

Medium 1

Medium 2

1. Geometry of the problem for parallel configuration.

Il. STATEMENT OF THE PROBLEM
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by and
1 2x
Medium 2 Medium 1 n= dif @)
V=172
The surface of the PEC elliptic cylinder is the coordinate
surfaceé¢ = &1, whereas the interfacg = 0 corresponds to
v =0,2r for x > 0 and tov = = for z < 0.

In the perpendicular configuration, whose cross section is
shown in Fig. 2, the interface between mediumal > 0)
and medium 2z < 0) is the planer = 0; thus, the interface
corresponds tw = 7w/2 for y > 0 and tov = 37 /2 for
y < 0. The interfocal segmenk F; is now perpendicular to
the interface.

For either configuration, it is expedient to introduce the
parameter

kd
= —. 8
= ®)
as well as the reflection coefficiefi® and transmission coef-

ficient T" for the electric field when incidence on the interface

Fig. 2. Geometry of the problem for perpendicular configuration. occurs from medium 1:
1-— 2
R=12%,  T=-1 ©
medium 2, characterized by permittivitg and permeability +¢ +¢
2. The two media are isorefractive, i.e. where
= 7Z1/Z5; 10
E1f41 = Eal2 1) ¢ 1/22 (10)
so that the propagation constantand the wavelength are note that
the same in both media: 1+ R=T, 1 =R =(T. (11)
k =21/ = w\/Enun, (h=1,2) (2) The primary field is either a plane wave or a line source. For
o a plane wave incident from the first quadrant and propagating
whereas the intrinsic impedances in a direction that forms the angle, with the negative x-axis
Zn = /unfen, (h=1,2 3) and the angleér/2 — o) with the negative y-axis (see Figs.
_ _h nfens { ) ) 1 and 2), either the electric or the magnetic field is taken as
are, in general, different from each other. parallel to the z-axis and given by the phasor

A metallic elliptic cylinder straddles the interface between
the media. Its cross section in any plane=constant is an
ellipse with interfocal distancé} F»> = d and foci F; and F5 L
that lie in the planey = 0 of the interface. The rectangular V38 Z J {N Re| )(C €)Sem(c,m)Sem(c, cos ¢o)
coordinates(z,y,z) are related to the elliptic coordinates m=0 "

(u,v,z) by: + ﬁRog)(q &)Som (¢, n)Som (¢, cos po) | , (12)

edk (@ cos po+ysinpo) _

d m
x = — coshucoswv, 1) ] ) ]
whereRe, o,,” are the even and odd radial Mathieu functions

y= C—lsinhusin v, (4) of the first kind, Se om are the even and odd angular Mathieu
2 functions, andV,"(*’ are normalization coefficients; here and
r=z in the following, the Stratton-Chu notation is adopted [14],
where0 < v < o0, 0 < v < 2m, —00 < z < o0. Itis [15].
sometimes useful to introduce the coordinates For an isotropic electric or magnetic line source parallel
to the z-axis and located in the first quadrant(a§, yo) =
§ = coshu,n = cosv ) (ug,v0) = (€0,m0), the primary electric or magnetic field is

with 1 < ¢ < oo and—1 < 7 < 1. The inverse transformation given by the Hankel function of zero order and of the second
from cartesian coordinatds, y) to elliptic coordinateg¢, ) Kind:

is reported here for convenience: HéQ)(kr) _
g =
S TR (e € RS e € e e S e 1)+
\/4(3?2 +y2) +d%+ \/16(x2 +y2)?2 + d* — 8d?(x? — y?) m= O
2d° N(") Rol) (¢, £)RofY) (¢, €)Som ¢, m0)Som(e,m) |, (13)

(6)
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where¢. (¢-) is the smaller (larger) betweérandé, Re, old E! = TE;', (22)
are the even and odd radial Mathieu functions of the fourth ps
kind, andr is the distance of the observation point from the 4@
fine source: VBT 32 57 | B R c,€)Serm (. 1)Sem(cy 03 0)
NT’H/
r=/(z —20)2 + (y — y0)*. (14) O m=0
The solutions listed in the following sections are obtained by + h( ) Ro{ (¢, €)Som (¢, n)Som (¢, cos go) (23)

imposing the boundary conditions at the planar interface (i.e., Ny
continuity of the tangential electric and magnetic fields acroggere the modal Coeﬁ,C,eméez”(O) are given by:
the interface), zero tangential electric field at the surface of

the PEC cylinder, and the two-dimensional radiation condition (&) _  (e) _ yll (c,61)
e . . a1m = 2m — 4 (24)
at infinity for all fields generated by primary and secondary m (c ,51)
sources of finite extent. No details are provided, but the results ( ¢, 1)
can be verified by using the properties of Mathieu functions a§02n = Caé‘f}n = —CT 72 () (25)
0,," (C

listed in the appendix of [8]. For the case of perpendicular _ o
configuration, those properties must be supplemented by thd'he normalized bistatic radar cross section (RCS) for an

following: observation point in medium 0 < ¢ < ) is:
oo (e)
— a
Se2e1 (61— r2.0m2 = 0 (15) ) o) S [ L S (e, 08 9)Sern e, 08 o0)
SO?@(C? n)‘v:ﬂ'/2,3ﬂ'/2 =0, (16) m=0 N, )
0 a(o)
——Sea(c, ) =0, (17) + ™ S0, (¢, cos ©)So.m, (¢, cos . (26
v v=m/2,3m/2 NT(H) ( ©)Som ( ©0) (26)
ﬁSo%H(c, n) =0, (18) The magnetic field is given by
v v=m/2,37/2 j aEhz . aEhz .
. . . ﬂh: u — v 7(h:l,2)7
where? =0, 1,2, ... is any non-negative integer. cZpA\/E2 —n? v ou @

and the electric current density on the surfgce &; of the

metal cylinder is
The most general polarization of the incident plane wave Jp, = Hiole_g, 2 (28)
= =£,

is easily obtained by superposition of the solutions for E-h
polarization (electric field parallel to the z-axis) and HYWN€'€

IIl. PLANE WAVE INCIDENCE

polarization (magnetic field parallel to the z-axis). T Sem (¢, n)Sem (¢, cos o)
Hh”'f:fl Z (&) . (4)
m Rep, (C £1)
A. Parallel configuration with E-polarization. ‘ | e Som(c, n)SOm(C, cos o) (29)
If the incident plane wave has an electric fidid = 2E? h Nf,f)Ro(4)(c &) ’
parallel to the z-axis withZ given by (12), then the total h e
electric fieldsF;, in medium 1 andFs, in medium 2 may be wi B _1 30
written as G =¢ =1 (30)
E..=E! +E’+E, (19) B. Parallel configuration with H-polarization
E,. = E! + E3., (20) If the incident plane wave has a magnetic figld = 2H’

parallel to the z-axis withH! given by (12), then the total
where E7 and E! are the reflected and transmitted fields thahagnetic fieldsH; . in medium 1 andH,. in medium 2 may
would occur in the absence of the metallic cylinder, where@g written as
E;, (h=1,2) are the scattered fields due to the presence of

the cylinder. The field€] andE! are associated with reflected Hy: = Hi +H, + Hy, (31)
and transmitted plane waves, wherdas, must satisfy the H,. = H, + Hj_, (32)
radiation condition. where the fields in the absence of the metal cylinder are:

It is found that: .
H,+H, =

- 87T Z jm |: N RRenlz)( 7£)Sem(ca n)Sem(Ca COs 900)

m

E,+E] =

- 1+R
=8 Z i { ]\—;e) Re'V (¢, €)Sepm (¢, 7)Sem (¢, cos po)
m= m 1
1—-R ’ _F(O?R )( ,€)S0., (¢, m)Som (¢, cospo) | , (33)
o ROl (¢, €)S0m (¢, m)Som (¢, cos wo) | 4 (21) N
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whereas the scattered fields due to the presence of the cylindbere

are:
s e e Re (C 51)
Hp, = Cg %z = Cé %e = Re?ﬁ)(c ¢ ) (42)
b(ezn 20 1
o Z h Re(4)(c &)Sem (¢, m)Sem(c, cos o) © Regz)ﬂ(c, &1) 43
Nm C1,2041 = Ccz 2041 = 6 5@ v (43)
bl Rey,y (¢, 1)
h,m (4) _ (1)
+ (o) RO (C, f)SOm (C, n)SOm(C> Ccos <P0) ’ (h =1, 2)? C(lo%( _ chogz _ _CT Rofﬁ) (Cv 51) , (44)
(35) ’ Roy/ (¢,&1)
. - (1)
with modal coefficients © (o _  Royl(cé) (45)
(1y C1,2041 = 22041 = Ro® ;
pled —  ple) —(TM (36) 05041 (¢ €1)
1,m 2,m Re(4)/ (C 61) ) . - -
’g), ’ with £ =0, 1,2, ... a non-negative integer.
) =) = TROm (c, 51)’ (37) The normalized bistatic RCS,, r()/) for an observation
" " Ro' (¢, &) point in medium 1(— 7r/2 < p < 7/2) is given by (26) with
here and in the following, the prime on a radial function meartféf,),;(o replaced bycf ()
derivative with respect tq. The electric current density on the surface of the metal

The normalized bistatic RCSy; 1(¢)/A for an observation cylinder is given by (28) wherefls,|._. is still given by
point in medium 1(0 < ¢ < ) is given by (26) W|tha(e (0} (29) with h = 2, whereas
replaced byb!*)().

The electric surface current density on the metal cylinder is H, |£ T 8m
& = 2 92
lh = - HhZ|g:gl D, (h = 1a2)7 (38) f 77
where Z Seae( C( n)Se(il;(c oS )
1= N2i Rey, (¢, &1)

th|s—51 -

S )S ( ) + JC Se2£+1(0 77)8622+1(C, coSs Lpo)

em c, en(c, cos . n

-t Z lol (6? @y = Nz(ezﬂRe(ze)ﬂ(C’ 1)
Nm'Rey, (¢, &1) N CSOQg(C’ 1)S02¢(c, cos ¢g)

So., (¢ T)Som(c cos @g) oo @
* (7 )) (4)" 7 - ) (39) Ny, "Roy, (c,&1)
N’ Roy,” (¢, 1) So2¢+1(c,17)So2¢+1 (¢, cos o) (46)
with ¢;, given by (30). Nz(zllRo%H( o )

C. Perpendicular configuration with E-polarization

With reference to Fig. 2, the incident electric field is p perpendicular configuration with H-polarization
still given by (12), and the total field&;, in > 0 and F»,

in z < 0 by (19) and (20). The incident magnetic fieldZ! is given by (12), and the
In the absence of the metal cylinder, total magnetic fieldd4;, in z > 0 and Hs, in z < 0 by (31)
E 4+ E = N and (32) (see Fig. 2). In the absence of the metal cylinder,

Z im ["‘R()Reg,ll)(a €)Sem(c,n)Sem(c, cos o) H! 4+ H' =

(e) ]
m= Non 1— R(-1)™
= Ry VR 3 | S R e €05 (e 1) e cosi)
S Rl e, )80 (e S0 o) | @) A m
N?n 1 + R(_l)ﬂl

(1)
and E! is given by (22), whereas the scattered fields due toJr Nr(n(,)) Roy,’ (¢, §)8om (e, n)Som(c, cos po) |, (47)

the presence of the cylinder are
B — andH'! is given by (34); the scattered fields due to the presence
4 ) of the cylinder are

z

oo
VBT Y ;(:; Ref? (¢, €)Senm (e, m)Sem(e, cos po) 4O
(o) " Hy, = V8r Z " h(:; R m’ (€, §)Sem (¢, n)Sem (c, cos po)
c
+ ]\};Z; Rogi)(c, §)Som(c,m)Som(c,cos po) |, (b =1,2), (o)

(
" (41) + ]\’;—(*5}{0;? (¢,€)Som(c,n)Som(c, cos p())] , (48)
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where The scattered fields due to the presence of the cylinder are
1y
R s _
dge = dge =T 6?5)7/ (e 51)7 49) En-=
Re,, (¢,&1) %0 h o "
0 g ) 13 | R e R () Semcs S+
dy 2001 = C dyopy = T(zl)/i» (50)
Reze+1 (¢,61) ;LO) "
©) _ o1 o) - Rogz),(c &) N(O) ——=Ro,,’ (¢, §O)R0 (c &)Som (e, m0)Som(e,n) |, (h =1,2),
dig=C "dyg = TiR e.6) (51) 57)
02@ 1
Ro c,
dgul = dg)%eﬂ CTW, (52) Whereagjir’f“) are given by (24),(25).
Royey1 (6, 61) The surface current density on the metal cylinder is given
by (28) with:

The normalized bistatic RCS,, (¢)/A for an observation
pomt |n medium 1(— 7r/2 < p < 7/2) is given by (26) with

a{?:* replaced byc11e (), hv‘f_fl -

The surface current density on the metal cylinder is given = Re( ) (¢, &) S S
by (38) where Ha.|_,, is still given by (39) withh = 2, T Z NORD (e, ) em (¢, m)Sem (¢, 7o)
whereas

Rom (C §0)

+ —Som(c m)Som(c,m0) |, (h =1,2).
8 o ) b 9 )
Hileg, = Ty | 5 " NS R (¢, 1)
&G -1 (58)
>, l Segg(c 1)Seze(c, cos go)
(e)p . (4) . . . Lo
z:o Ny, 'Rey,’ (c,61) B. Parallel configuration with magnetic line source
Seaer1(c,m)Sezrq1(c, cos o) . . o
© For an isotropic line source that generates a magnetic field
N2ﬁ+1R621’+1(C &) ZH! with H! given by (13), the total magnetic field$; . in
~.So(c, 77)50213(0 €Os (o) medium 1 andH,. in medium 2 of Fig. 1 are still given by
NQ(E)RO (¢, &) (31) and (32), where now the reflected and transmitted fields
in the absence of the metal cylinder are
CSOngrl(C ,1)S02¢+1(c, cos gpo)] (53)
4 : B )
Ny RoS (e €1) H? = —RH® (k7), H'=(TH!,  (59)
IV. LINE SOURCE INCIDENCE with 7 given by (55). Consequently,
A. Parallel configuration with electric line source H! 4+ H! =

For an isotropic electric line source that generates an electric [1 — R i @
field 2E¢ with E¢ given by (13), the total electric fields, . E [ ©) Rey,/ (e, €<)Rey (¢, €5 )Sem (e, m0)Sem (e, n)+
in medlum 1 andEQZ in medium 2 of Fig. 1 are still given by ™= 0
(19) and (20), where now the reflected and transmitted f|eld§ Ro (e, €)RoM (¢, €5)S0m (¢, m0)Som (e, n) ] -
in the absence of the metal cylinder are (60)

E! = RH? (k7), E' =TE!, (54)
The scattered fields due to the presence of the cylinder are

where

F=/(x —20)2 + (y + %0)? (55) M. =

is the distance from the image line source(ag, —yo) to the Z h
(o
h

N

- Re(4 SO)Resi ( & f)Sem(c, UO)Sem(Q 77)+

observation point. Consequently,

. )
Brbes ROl (e Eo)RofY (e 80m (e ) Som m] (h=1,2),
14 R
4 Z |: C §<) (C7 £>)Se7n(6, 770)86777,(07 n)+ (61)
m=0
1 _(1)% (C €<) m (C §>)SO7n(C nO)SOm (C 77):| Whereb( are glven by (36) (37)
Ny The surface current density on the metal cylinder is given

(56) by (38) with:



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION 6

Hsyl A7 X
Wlemg, T 5T
4T C T an/E
th| —£ > Regﬁ) C,f
= \/ 51 Ch Z J\/'((E)Rvsé‘)(co)g)sem(c’ n)Sem(c, 770)
o Re (¢, &) m=0 [1Ym Depn (6 Q1
Z h(e)stem(cv n)Sem (¢, n0)+ Ro¥ (¢, &o)
m=0 Np, Rem (C’ 51) ~ SOm(C, n)SOm(C, 770) . (68)

N R (e,
Ro(Y (¢, &) RO (8

2o (680) g, (e m)Som(eno) | L (h=1,2). (62)
NERW (¢, &) ’

D. Perpendicular configuration with magnetic line source

For an isotropic line source that generates a magnetic filed

C. Perpendicular configuration with electric line source  parallel to the z-axis with? given by (13), the total magnetic
fields Hy, in medium 1 anngz in medium 2 of Fig. 2 are

An isotropic electric line source that generates an mmde@l\,en by (31) and (32) where the reflected and transmitted
electric field parallel to the z-axis with. given by (13), fields in the absence of the metal cylinder are
produces total electric field&,, in med|um 1 andEs, in

medium 2 of Fig. 2 that are given by (19) and (20). The H] = —RH(Q)(k?) H! =(TH! (69)
reflected and transmitted fields in the absence of the metal
cylinder are with 7 given by (64). Consequently,
El = RH{?(k7), ~ E.=TE! (63 HitH —1x 3
m=0
where 1—R(—-1)™
: S R (6 el e e o) ()
F=V(z+0)>+ (y—y0)? (64) . é\(]ml)
+RED™ S o @)
is the distance of the image line source located-at, yo) N© Roy,’ (e, 6<)Roy,’ (¢, €5 )S0m (e, 10)Som (e, n) |
from the observation point. Consequently, ’ (70)
1+ R(-1)™ The scattered fields due to the presence of the cylinder are
Bep=13 | De, £ Reld (e,65)
g% NS ) T H =
Sem(c,m0)Sem (¢, )+ o
- R-1)™ W 4y ﬂym?smmW@w%@W%mmH
TROm (C, §<)R0m (07 §>)Som(ca nO)SOm(C7 7])} . m=0
m (o)
d,’
(69)  ZhmRofd (e )RolY) (¢, €)Som e, m)Som (e m) | . (h = 1,2),
The scattered fields due to the presence of the cylinder are: ™ (71)
Ej, = Wheredéfz,;(o) are given by (49)-(52).
o hm 2 . The surface current density on the metal cylinder is given
4 Z Re( ¢, &0)Rel (¢, €)Senm (¢, 1m0)Sem (e, 1)+ by (38) with
m=0
—49
() Hy,| . X
C m 1z|e—= 1
ﬁﬁﬁmﬁ@f@mﬁkqa&m@mw%m@m>,mzlax G
" o~ | L= RED™ Rep (e, &)
(66) Senm (¢, n)Sem (¢, no)
mz::o N Rel (e.6) ’
Wherecgf)z;l(o) are given by (42)-(45). 1+ R(—1)™ Ro(4)( & )
The surface current density on the metal cylinder is given + N ( ) om(c,n)Som(c,mo) |, (72)
by (28) with: m
H, 4 —4§¢T

|: = X H2|: = ——X
£=6 NGRS zle=¢g JE -1

“1+R )™ Refy) (¢, &) o | Rel)(c,&)
o Sem (¢, m)Sem (¢, mo) — o ————Sem(c,1n)Sen (¢, m0)
LT men : 2 | Vo (e :

Rogﬁ) (c,%0)

=0
+1—RPDmR¢ﬂa®)
NROW (¢, &)

N?&?) RO%) (Ca 61)

Som(cv n)SOm (Cv 7]0) 9 (67) SOm(C, n)SOm(Cv 770)] . (73)
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V. THE PARTICULAR CASE OF THE STRIP
In the limit case of the metal strig;, the minor axis of

the elliptic cylinder’s cross section shrinks to zero and tH

major axis equals the interfocal distanterhus, the formulas

Fig. 3 shows the bistatic radar cross section, given by (26),
for the parallel configuration of Fig. 1, due to an E-polarized
ane wave incident at an angley = n/4 when{ = 1/2.

It is observed that the RCS is larger and shows a more

obtained in the previous sections apply to the case of a met@MPIex behavior with increasing values efFig. 4 shows

strip of widthd that is either on the interface between the tw

media, or perpendicular to the interface and protruding a wi
d/2 into each medium, when one sets= 1 (or u; = 0).
By using the relations

R, ) =0,  SRel(ce) =0  (74)
u u=0
it is seen that
(0) (e)
=0, =0, 75
h,m e1=1 h,m £=1 ( )
(0) (e)
c =0, =0, h=1,2 76
h,m e=1 h,m £1=1 ( ) ( )

{he bistatic radar cross section, for the parallel configuration
Fig. 1, due to an H-polarized plane wave incident at an
angle pg = m/4 when¢ = 1/2. This behavior is similar to
the one of Fig. 3. Fig. 5 shows the bistatic radar cross section,
for the perpendicular configuration of Fig. 2, due to an E-
polarized plane wave incident at an angle = 7/4 when
¢ = 1/2. Fig. 6 shows the bistatic radar cross section, for the
perpendicular configuration of Fig. 2, due to an H-polarized
plane wave incident at an angle = 7/4 when({ = 1/2.
The following four figures deal with the current induced
over the surface of a PEC cylinder with sige= 2 and due
to plane wave incidence. Fig. 7 shows the magnitude of the
current density/, for the parallel configuration due to an E-

For the H-polarization cases, it is useful to observe thgblarized plane wave incident at, = 7/6 when¢ = 1/3.
in formulas such as (39), (53), (62) ,(72) and (73) one Maghere is a jump in the value df/.| atv = 0 andv = T,

perform the substitution:

V& —1Re, 0@ (c,€1)

0
= — (4)

=0
(77)

VI. NUMERICAL RESULTS

which is due to the transition from medium 1 to medium 2,
as apparent from (29).

Numerical results are provided for bistatic radar cross

sections, induced currents and the particular case of the strip
derived in the previous sections. The computations of the
Mathieu functions are performed using software that is based,
in part, on some of the Fortran subroutines provided in [16].
However, since the subroutines in [16] apply the Goldstein-
Ince normalization [17],[18],[19], they were modified to ac-
count for the Stratton-Chu normalization [14],[15] used in
this work. Additionally, the subroutines taken from [16] were
translated to Fortran 90 so that computations at quadruple
precision could be run to verify the results. For all the series
involved in the following results, convergence was achieved
within the first 50 terms. In particular, each curve related to
a bistatic RCS was evaluated at 181 points, whereas the polar
plots for the induced currents were evaluated at 360 points.
The computation time for each figure on a personal computer
with a CPU that runs at 1.5GHz is about one minute.

In all the figures that follow (with the exception of the
results for the strip), the same elliptic cross-section with
size £, = 2 is used for both the parallel and perpendicular
configurations of Fig. 1 and 2, respectively.

Results are presented for various values of the parameter
given in (8), so that different cases for the size of the cross-
section versus the wavelength are examined. The effect of
different material is also accounted for by showing results for
different values of{ given by (10).

All results related to the plane wave incidence correspond
to a field given by (12) that implies an amplitude of 1 V/m in
the electric case or 1 A/m in the magnetic case.

The first four figures deal with the bistatic RCS for an
elliptic cylinder with size&; = 2.



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION

25

50 <
13
"
45+ L q
!
40} [ 4 20+
1
1
35 1 q
'
30+ ' g 15F
1
< - <
= ' s
e 1 %
o o

I

=

o
T

-

Fig. 3. Bistatic RCS for the parallel configuration when the source is afg. 5,

B

-40 -20 0 20 40 60 80
®

istatic RCS for the perpendicular configuration when the source
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Fig. 4. Bistatic RCS for the parallel configuration when the source is &g. 6.
H-polarized plane wave incident at an angl¢ = w/4 and¢ = 1/2. Results
correspond t@ = 1 (dashed line)¢ = 7 (solid line);c = 10 (dash-dot line).

Bistatic RCS for the perpendicular configuration when the source

is an H-polarized plane wave incident at an angle= 7/4 and¢ = 1/2.
Results correspond to = 1 (dashed line)c = = (solid line); ¢ = 10
(dash-dot line).



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION 9

270 270

Fig. 7. Polar plot of the current densily| induced over the surface of an Fig. 9. Polar plot of the current density.| induced over the surface of
elliptic cylinder with &, = 2 for the parallel configuration when the sourcean elliptic cylinder with; = 2 for the perpendicular configuration when the
is an E-polarized plane wave incident@g = w/6 and¢ = 1/3. Results source is an E-polarized plane wave incidentpgt = /6 and¢ = 1/3.
correspond t@ = 1 (dashed line)¢ = 7 (solid line);c = 10 (dash-dot line). Results correspond to= 1 (dashed line)¢ = = (solid line); ¢ = 10 (dash-
Observe the symmetry and the jumpvat 0, 7 due to¢ # 1 at the interface dot line). Observe the jump at= 7/2,37/2 due to¢ # 1 at the interface
from medium 1 and 2. between medium 1 and 2.

270 270

Fig. 8. Polar plot of the current density,| induced over the surface of an Fig. 10. Polar plot of the current densitys,| induced over the surface of

elliptic cylinder with ¢; = 2 for the parallel configuration when the sourcean elliptic cylinder withg; = 2 for the perpendicular configuration when the

is an H-polarized plane wave incident @ = n/6 and¢ = 1/3. Results source is an H-polarized plane wave incidentggt = 7/6 and{ = 1/3.

correspond te = 1 (dashed line)¢ = 7 (solid line);c = 10 (dash-dot line). Results correspond to= 1 (dashed line)¢ = = (solid line); ¢ = 10 (dash-

Observe the continuity at = 0, 7 at the interface between medium 1 and 2dot line). Observe the continuity at= 7/2, 37 /2 at the interface between
medium 1 and 2.
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Fig. 11. Polar plot of the current densily.| induced over the surface of Fig- 13. Polar plot of the current densiy. | induced over the surface of a
a cylinder with¢; = 2 for the parallel configuration when the source is arfylinder with &, = 2 for the perpendicular configuration when the source is
electric line located atéo = 6, vo = 7/4) and¢ = 1/2. Results correspond an electric line located at§o = 6,v9 = 0) and¢ = 2. Results correspond
to ¢ = 1 (dashed line)¢ = = (solid line); c = 7 (dash-dot line). Observe the to ¢ = 1 (dashed line)c = = (solid line); c = 7 (dash-dot line). Observe

jump atv = 0,7 due to¢ # 1 at the interface between medium 1 and 2. the symmetry and the jump at= 7/2 andv = 37/2 due to¢ # 1 at the
interface between medium 1 and 2.

270 270

Flg 12. Polar plOt of the current denSiWﬁ induced over the surface of an F|g 14. Polar p|0t of the current densiw,u‘ induced over the surface of

elliptic cylinder with §; = 2 for the parallel configuration when the sourcean elliptic cylinder with¢; = 2 for the perpendicular configuration when the

is a magnetic line located d€o = 6,v0 = 7/4) and( = 1/2. Results source is a magnetic line located @ = 6,v0 = 0) and ¢ = 2. Results

correspond ta: = 1 (dashed line)c = 7 (solid line); c = 7 (dash-dot line). correspond ta: = 1 (dashed line)¢ = 7 (solid line); ¢ = 7 (dash-dot line).

Observe the continuity at = 0, = at the interface between medium 1 and 2Qpserve the symmetry and the continuityvat= 7/2 andv = 37 /2 at the
interface between medium 1 and 2.
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Fig. 8 shows the magnitude of the current densityfor separately applying Shanks transform to the real and imaginary
the parallel configuration due to an H-polarized plane waymrts of the terms of the series involved, similar to what is
incident atpy = 7/6 when( = 1/3. Contrary to Fig. 7, there described in [20].
is no jump in the value ofi/, | acrosy = 0, 7, as can be easily The last numerical examples consider the current induced
seen from (39) and using the propeity,,(c, 77)\1):077T =0. over a strip by an H-polarized plane wave. Fig. 15 reproduces

Fig. 9 shows the magnitude of the current densityfor the results given in Fig. 4.18 of [15] for incidence at an angle

the perpendicular configuration due to an E-polarized plafi® = 7/2 and(=1. _ )
wave incident atpy = /6 when¢ = 1/3. There is a jump Figs. 16 and 17 examine the current induced over the surface

in the value of|J.| atv = 7/2 andv = 37 /2. Referring to of a strip that is iIIuminatgd py an H-polarized plane wave at
(46) and (29) withh = 2, it is easy to verify (using propertiesthree different values of incidencey, = 7/6,7/3,7/2 and
(15)-(16)) that the quantities under the summation symbols 4f§ Of d/A = 0.45 and d/A = 1.27. In all cases( = 1.

the same at = 7/2, 37/2 and that the jump is related to thelhese f'lgures reprodu.ce'F|g. 4.16a-c apd Fig. 4.16¢-d of [15],
different intrinsic impedances of the two media. Fig. 10 showW§SPectively. The qualitative agreement is good, but there exist
the magnitude of the current densify for the perpendicular guantitative _dlfferences betwee_n Fig. 4.16-c of [15] a_nd the
configuration due to an H-polarized plane wave incident §P Part of Fig. 16, as well as Fig. 4-16-a of [15] and Fig. 17.

po = 7/6 when¢ = 1/3. Contrary to the previous case, therd N results reported here have been verified and are correct.
is continuity in the value ofJ,| atv = /2, 37 /2. Therefore, the results presented herein are a correction to Fig.

The following four figures deal with the current inducecil_16 of [15] as well as to its source reported in [21].

over the surface of a PEC cylinder with sige= 2 and due ,,
to line sources. Fig. 11 shows the magnitude of the current|=~,
density J, for the parallel configuration due to an isotropic ‘“,

electric line located at¢, = 6,vp = 7/4) when¢ = 1/2.  ° *. |
There is a jump in the value df/.| atv = 0 andv = 7.
In fact, from (58), in a neighborhood af=0 orv = v the 2
contribution from the odd Mathieu functions is zero, since:®
So.(c,£1) = 0, and the presence af; determines the s
dependence upon the medium that causes the jump, whgi
¢ # 1. Fig. 12 shows the magnitude of the current density,
J. for the parallel configuration due to an isotropic magnetic, |
line located at(éy, = 6,vy = 7/4) when¢ = 1/2. Contrary

to the case of the electric line, this time there is no jump in
the value of|.J,| atv = 0 andv = =. In fact, from (62), °°/

in a neighborhood off = 0 or v = 7, the contribution from °* AN il
the odd Mathieu functions is zero, singe,,(c,+1) =0 and °2f
the dependence upon the medium disappears, regardless of e oo 150 100 1é0 P NPy

value of¢. Fig. 13 shows the magnitude of the current density

J. for the perpendicular configuration due to an isotropigg. 15. Magnitude of the total magnetic field on a strip for an H-polarized
electric line located a(fo = 6,19 = 0) when ¢ = 2. The plane wave incident at an angle, = 7_r/2, with ¢ = 1. Results correspond
curves represented are symmetric because of the symmetrifify= 0-5 (dashed line)e = 1 (solid line); ¢ = 2 (dash-dot line).

the geometry as well as for the location of the line source.

Similar to Fig. 11, there are two jumps: at= 7/2 and at

v = 31/2. In fact, using properties (15)-(16), the quantities VII. CONCLUSION

inside the summation symbols in equations (67) and (68) areThe new canonical boundary-value problems solved herein
continuous around = 7/2, 37 /2. However, the coefficients enrich the catalog of exact solutions while providing a good
outside the summation symbols are not the same and, heriestbed for the validation of frequency-domain computer
this causes a jump whep+# 1. Fig. 14 shows the magnitudecodes. When the two isorefractive media are the same, i.e.
of the current density/, for the perpendicular configuration¢ = 1, the solutions in this work become the known formulas
due to an isotropic magnetic line located(g§ = 6,vo = 0) for a metal elliptic cylinder immersed in a linear, homogeneous
when(¢ = 2. The curves represented are symmetric becausesoid isotropic medium [15].

the symmetry in the geometry as well as for the location of the

line source. Contrary to Fig. 13 there no jumpswat /2 VIII. A CKNOWLEDGEMENTS

and atv = 3m/2. In fact, using the properties (15)-(16), 0né The authors are thankful to the Reviewers for their com-

can easily see that the quantities inside the summation symiQlsnis that helped improve the quality of this paper.
in (72) and (73) are the same arouné= /2,37 /2 and that

the coefficients that multiply the summation symbols are the

same because of (11).
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) " : Fig. 17. Scattered magnetic fiel; . (z) due to an H-polarized plane wave
Fig. 16. Scattered magnetic field; . () due to an H-polarized plane wave . *: = - i L -
incident atgo — /6, dashed-lineo = /3, solid-line, andpo = /2 incident atpo = /6, dashed-linepo = /3, solid-line, andpo = /2
dash-dot line. The top part of this figure shol#; . (z)|? and the lower part dash-dot line. The top part of this figure shola#, (z)|* and the lower part
the shows the argument 6, . ()| whend/X — 0.45. the shows the argument 0ff; . (z)| whend/X\ = 1.27.



