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An inverse scattering approach is presented to detect, localize and estimate the geometry of buried dielectric targets, in
a 2D scenario, by exploiting magnetic sources as transmitting antennas. Explicit formulas to compute the scattered field
from dielectric anomalies are derived for both homogeneous and half-space background scene. A linear inverse
scattering approach is formulated and analysed for both the scenarios; finally, the performance of the two proposed

approaches is tested against full-wave FDTD data simulating the exact scattering phenomenon.
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I. INTRODUCTION

This article investigates the detection, localization and geometry estimation (size and hopefully shape) of buried targets
by enabling airborne ground penetrating radar (GPR) subsurface imaging. GPR has been extensively used to detect
unexploded ordnance and landmines, as well as storage of weapons and adits. The novelty of this article is that it focuses
on deeper penetration compared to usual airborne GPR, with the aim to image tunnels, underground facilities and deep
targets, all of which interest civil and defence applications. To this end, systems radiating low frequency (of the order of
MHz) electromagnetic fields have to be used and, in such cases, the operating wavelength is large compared to the
dimension of the antenna. Since electrically small antennas have lower efficiency, electrically small loops loaded with
ferrite coils [1] are used to improve efficiency and operating bandwidth. Electrically small loops are also relevant for
subsurface imaging at low frequencies [2] as in the case of deep sounding in glacial inspection [3], Mars subsurface
prospecting [4], and Radio Frequency Tomography to image buried dielectric/conducting anomalies such as tunnels,
cavities and underground assets [5, 6, 7].

The search of underground objects using electromagnetic waves can be formulated as an inverse scattering problem [8,
9], where information about the buried targets is recovered from measurements of the scattered field collected by the
receiving antennas. Specifically, this search is a subsurface imaging problem where the level of difficulty is simplest for
the sole detection and localization of the target, then becomes more difficult to also estimate the object geometrical size,
until it reaches the highest level of difficulty for the additional accurate determination of the electromagnetic
nature/structure of the targets.

From a mathematical viewpoint, subsurface imaging is a special case of inverse scattering problem where, at microwave
and radio-frequencies, targets are reconstructed in terms of a spatial map of their electromagnetic features, usually given
in terms of dielectric permittivity [10, 11], electrical conductivity and, recently, magnetic permeability [12]. Inverse
scattering problems are non-linear and ill-posed [8, 9] and their solution under an exact formulation generally requires to
set up some optimization procedure (either deterministic or stochastic) [10, 13-15]. Non-linear imaging schemes still
suffer from reliability problems due to the occurrence of false solutions (e.g. the functional to be minimized has local
minima, which can trap the optimization procedure) [10, 13] and are computationally demanding in terms of both time
and memory resources. Hence, they cannot be used to image electrically large spatial region when the time to compute

an image is a constraint and the main aim is to obtain information about the location and geometry of the targets.



Moreover, for quantitative reconstructions, inverse scattering methods require the accurate knowledge of key elements at
the basis of the scattering model, such as the incident field and the Green’s functions pertinent to the scenario, which are
in turn challenging inverse problems when realistic scenarios are tackled [16].

Nevertheless, the detection and localization of buried objects is the primary concern in many practical applications and
can be successfully achieved by adopting imaging algorithms based on simplified scattering models, which neglect high-
order effects due to mutual interactions and, accordingly, linearize the scattering equations [17-19]. In fact, the majority
of subsurface imaging algorithms are implicitly or explicitly based on a linear assumption. This is because linear
imaging algorithms for scatterers localization and shape estimation work well far beyond the limits of validity of the

scattering linear models upon which they are based [20-22]. To summarize, a linear inverse problem has the following

advantages:
(i) Reliability because the problem does not have false solutions, contrary to non-linear inverse scattering
problems;

(if)  Existence of assessed regularization schemes able to counteract the effect of noise and uncertainties on data;
(iii) Possibility to set up strategies to design non-redundant measurement configurations [23].
(iv) Possibility to assess the reconstruction performance of the solution approach, which may be expressed in terms
of retrievable spatial variability of the unknowns so to give a more thorough interpretation of the tomographic
images .
Therefore, in this article we consider a linear imaging algorithm based on the Born approximation applied to subsurface
imaging [17, 18, 24]. One novelty is the adoption of magnetic filamentary currents as sources (which can model
accurately electrically small loops/coils) instead of the usual case of electric filamentary currents found in the literature.
Another novel aspect regards the investigation of the performance of two linear inversion approaches, which differ for
the choice of the background scenario. Initially, we consider a homogeneous background scenario, with the same
properties of the underground, and later we improve it by considering a half-space with a planar interface.
The paper is organized as it follows. In Section II, the problem is given a general formulation by adopting a simplified
model of the electromagnetic scattering. Section Il is devoted at presenting the linear inverse problem by assuming a
Green’s function pertinent to a homogeneous medium, whereas in Section IV the Green’s function relative to the actual
half-space geometry is considered. Section V presents the Truncated Singular Value Decomposition scheme [25] used to

invert the linear integral equation relating the unknown contrast function to the scattered field. Numerical results are



given in Section VI with the main aim of pointing out the performance of the linear inverse problem for the two

formulations, according to the degree of regularization used in the inversion. Finally, Conclusions follow.

Il. FORMULATION OF THE PROBLEM
A two-dimensional reference half-space scenario is assumed, with the two media separated by a planar interface at z=0,

as shown in Fig. 1. The upper medium (air) is free space, whereas the lower one (underground) has an equivalent

complex dielectric permittivity ¢, to account also for losses; the magnetic permeability is everywhere the one of free-

space i = L.
The source is an invariant z-directed filamentary magnetic current |, related to the electric current I, flowing in a air-
filled coil laying in the (x,y) plane by

|0 =+ ol ,NA/I (1)
where N is the number of turns, A is the cross-sectional area and | is the overall length of the coil.
A multi-monostatic measurement configuration is considered: the case of bistatic configuration, with a fixed offset A
between the source and the receiver, can be easily taken into account by simple modifications of the formulas given
below. The antenna system moves along the air-soil interface within the rectilinear observation domain X = [x =
—xu, X = xy]. The objects are assumed to reside in the investigation domain D = [x = —a,x = a] X [V = Ymin, YV =
Vmin + 2b].
Our frequency domain formulation requires that measurements be performed at different frequencies in the operation

bandwidth Q2 =[f. , f...]. Thetime convention exp(+ jwt) is assumed and omitted throughout the paper.

The unknown of the problem is the contrast function
x(xy)=e(xy)-e )
that accounts for the difference between the equivalent dielectric permittivity of the target(s) and the background

medium. The background equivalent dielectric permittivity &, is given by [9]

& =&, + i 3)
Jo

where ¢, and o, are the relative dielectric permittivity and the electrical conductivity of the underground, respectively.



The datum of the problem is the scattered magnetic field H,, defined as H, =H,, —H,,., where H,, is the total

inc? tot

magnetic field accounting for the reflection from the air/underground interface and the backscattering from the targets,

whereas H, . is the incident magnetic field. We assume a simplified scattering model based on the Born Approximation

c
(BA) [9, 24], implying that the total field in the investigation domain be equal to the incident field.

For the forward problem, i.e., the determination of the field scattered by a known target, the BA provides very accurate
results under the assumption of weak scatterers, i.e., objects whose dielectric permittivity values are slightly different
from the permittivity of the host medium and whose dimensions are small in term of probing wavelength [24]. This
simplification leads to casting the imaging problem as the inversion of a linear operator [17, 18, 20]. In addition, the
weak scatterer assumption can be relaxed by giving up “quantitative” reconstructions, while still achieving qualitative
information about the targets in terms of detection, localization and rough estimation of their shape, as shown by a large
number of numerical and experimental results [19, 20, 21].

Under the BA, a linear integral equation relating the magnetic scattered field to the contrast function is obtained as it
follows. The magnetic field scattered by the targets can be expressed as the magnetic field radiated by the equivalent

radiating sources

Jg(XY)=jo[ £(x,Y) =& |Epn (X, Y) = jox (X, Y)Epe (X.Y) (4)
where E; . represents the electric field radiated by the magnetic filamentary source within the investigation domain D in
absence of the targets. The incident electric field is

E.. =E,

inc

)2"‘ Ey’incy (5)

,inc
due to the z-directed nature of the magnetic source. The equivalent radiating (electric) sources, using (4) and (5), are

then rewritten as
Jeg = 107 (X Y) (EineR+ EyineI) = 3,00+, Y (6)
Therefore, the general formulation of the scattered magnetic field can be written as

H, (% ¥) = @[] Gre o (% Y. X0 ¥') Exire (X ¥) 4 G o (X Y X,V Ey e (X0 ¥) ] 2 (X y )XY (x,y) €Z (7)
D

where G, (%, y,x,y’) and Gme'yz(x, y,X,y") account for the Green’s function relating the z-component of the

magnetic field (i.e., the only component of the magnetic field present in this problem) to the equivalent electric sources.

Finally, we cast the problem as the inversion of the linear integral equation (7) whose kernel is dictated by the incident



electric fields and Green’s functions. These two quantities are dependent on the choice of the background scenario.

1H1. HOMOGENEOUS BACKGROUND SCENARIO
In the case of antennas directly in contact with the interface air/soil, it is possible to assume, as a first approximation, a
background scenario consisting of a homogeneous medium with the same electromagnetic properties of the
underground. This assumption leads to analytical straightforward expressions for the incident field and Green’s function.
Starting from the magnetic field radiated by the filamentary magnetic current [26], the incident magnetic field is

—1_ k2

Hz,inc(x” y’)z 4m0 : HéZ)(kSR) (8)

Wy

where H/ () is the Hankel function of second kind and zero-th order, K, = @,/&, 1, is the underground wave number

and R= w/(x'—xs)2 +Yy"? represents the distance between the source location (x,,0) and the sample point (x',y")in the

investigation domain. From eq. (8), the incident electric field can be evaluated as

OoH. . oH. .
Einc — . 1 le HZ incz — . 1 Z,Inc )2_ Z,Inc y (9)
Jos, ’ jos, oy’ ox'
yielding
oH,, "H? (kR
EX e =— 1 z,inc :_J Imoksy 1 ( S ) (10)
’ joe, oy’ 4 R
Similarly,
H Imoks (X'_XS) 2
e = J 2= HIY (KR) (11)

According to eq. (6), the equivalent current accounting for the target is

[ [N Imoks ,A X,_Xs A~
sy =ort) = n (k) 252Dy @

Then, the magnetic field scattered by the equivalent electric source (12) is evaluated by separately considering two
components of the equivalent electric current source given in (12). In particular, by exploiting vector potential theory
[26], the x-component and y-components of the electric current can be expressed as

JKq
4

H.p, (6,0 = [ G 1 (3,0, X, )3, (X, y)dx'dy’ = === [[ 3, (X, y')Hf”(kSR)%dx'dy' (13)
D D



X,
Ha, (%.,0)= HGme,zy(Xs,O,X',y’)Jy(Xﬂy’)dx’dy’ (X, Y ) HZ (K, R)( R ¥) gy (14)

D D

Finally, using (13) and (14), the general formulation of the scattered field is
X' '
H, (x,0)= ‘SHH<2> kR)[—( = )Jy(x’,y’)—%\]x(x’,y’)}dx'dy’ (15)

Using (12) to rewrite the equivalent electric sources yields

R2

jol k2 2 X X' i 1o [N
HZ(XS,O)— J 1mo s .” Hl(Z)(ksR)|: y2 ( —) }Z(X,y )dXdy

- JklaélmOHH(z) (kR) z(x', y")dx"dy"

The formulas above were obtained for single frequency and multi-monostatic configuration and with the antenna located
at the interface (y=0). Nevertheless, they are straightforwardly extended to the multi-frequency case, which is the case of

interest for the inversion model.

IV. HALF-SPACE SCENARIO
In this improved formulation, the half-space scenario with a planar interface, see Fig. 1, is explicitly accounted for and

spectral form formulas are obtained according to the guidelines given in [9, 17, 27, 28]. Similarly to the previous section,

we begin with the magnetic field radiated at (x’, y') in the underground by the impressed magnetic source |, located at

(X,,0) . After simple manipulations, similar to the ones presented in [28], we obtain

+00

H, e (X, y)=—1 a)goj i exp|[ ju(x, —x')]exp[-jw,y]du (x',y’)eD, (17)

mo
27 2 W, +EW,

where w, =/kZ —u® and w, =+/k?—u?, being K, = @./&,1, the wave number in the air. Then, the equivalent

electric current, in the presence of the target, is evaluated as
Jeq (X,’ y,) = ja))((x,1 y')[Ex,inc (X” y,) )2+ Ey,inc (X" y,) y] 1 (18)

where
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Finally, the scattered magnetic field at (X, Y,) is evaluated by exploiting the Green’s function expressing the magnetic
field in the upper medium radiated by an equivalent electric current located in the lower medium. In particular, for the
filamentary current directed along the x-axis, the magnetic field directed along z-axis is

H5|Jx (XS ! 0) = J-J.Gme,zx (Xs’ ys ’ Xl! yl) JX,eq (X’, y')dX'dy'
D

Magnetic Green's function from the target to the receiving point due to (equivalent) electric current

:J T+ . Lexp[]u’(xs—x’)]exp[—jw;y’]du' x

o ! !
5t 27 Wy + EW,

Equivalent Current

x component of the incident E field

Electric Green's function from the transmitter to the target due to a magnetic current

o0 1 Wgo . ' - ' o
W W, - — jw,y]du dx'd 1
° b 2 EW, + &W, eXpI: Ju (Xs X )JEXD[ w.y ] u dx'dy ( )

joy(x,y)xl,

+00 ]

_ jw5§|mo IIZ(X,’ y')ILexp[ju’(xs—X')]exp[—ngy,]dU'x

Ar? 5 W, + W,
Lﬁ%[ ju (= x) Jexp[ jw,y']dudxdy’

where Wy, =, /kozys —U'? . For the electric filamentary source directed along the y-axis,



HS‘JY (XS ’ 0) - .” Gre.zy (Xs' Yo X', y') Jyeq (X" y')dX'dy'
D

Magnetic Green's function from the target to the receiver due to (equivalent) electric current

:'[ '[ 27rgW +£0W eXp[Ju( )]eXp[—jWQy']du’x
D -

Equivalent current

y component of the incident E field

Electric Green's function from the transmitter to the target due to magnetic source

. , o1 u
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+00 ’
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Finally, by combining egs. (21)-(22), we obtain

H,(x,.,0)= Hgs. (%,,0)+ Hys, (,,0)

400 400

Ja)g - WW, +U'u
v .” (X IJ (&,W, +&,W )(85W0+50Ws)x 3)

exp[—J (w, +w,)y' Jexp| j(u+u’)(x —x')]dudu'dx'dy’

Formula (23) may be easily extended to other measurement configurations exploiting observation diversity such as:
single-view/multistatic one and multiview/multistatic configuration and to the case of an antenna system not close (in

terms of probing wavelength) with the interface air/underground (see Appendix).

V. TRUNCATED SINGULAR VALUE DECOMPOSITION AS INVERSION SCHEME

Under the Born approximation and for a two-dimensional and scalar geometry, the scattering phenomenon may be
modelled through a linear scalar operator

AryeX >H e€E (24)
where » and Hyg are the contrast function and the scattered magnetic field, respectively and X and g are assumed as

Hilbert spaces of square integrable functions. In particular, X is the space of the unknowns and is made up of complex
valued functions defined on the investigation domain D; E is the data space and is made up of complex valued functions

supported over A =X =xQ where X is the observation domain and Q the frequency band.



The choice of X and E as Hilbert spaces of square integrable functions accommodates the fact that no a priori
information is available about the unknown, other than the finiteness of its “energy” as dictated by physical
consideration. On the other end, it assures that E is “broad” enough to include the effect of uncertainties and noise on
data. Thus, the determination of the contrast function amounts to inverting equation (24). The linear operators defined in
eg. (16) and (23) are compact and accordingly the inverse problem at hand is an ill-posed problem [25].

For compact and non-symmetric operator (as the one at hand) the Singular Value Decomposition is a powerful tool to

analyse and solve the problem. Accordingly, we denote by {o,,u,,v,}.  the singular system of the operator A:

{o,}._, is the sequence of the singular values ordered in a non-increasing way, {u }" and {v } , are orthonormal

bases of the subspace that is the orthogonal complement of the kernel of Aand of the closure of the range of A,
respectively.

SVD provides a formal solution of the inversion of the functional equation, given by (24), as [25]

o=3 Hevde, (25)

n=0 O-n

where (--)_denotes the scalar product in the data space E .

The lack of existence and stability of a solution can be remedied by regularizing the ill-posed inverse problem [29]. For
its regularization, we exploit the Numerical Filtering or Truncated Singular Value Decomposition (TSVD), which is the
simplest within the large class of windowing based regularization schemes [25]. Accordingly, the finite-dimensional
approximate stable solution is

N (H
p-y e, (26)
n=0

n
It is clear that, in addition to the computational convenience that dictates the choice of the regularization algorithm to be
adopted, the key question is the choice of the regularization parameter N, . This choice depends on the noise level, the
mathematical features of the operator to be inverted and available a priori information about the unknown. Different
methods exist to select the regularization parameter as the Morozov discrepancy principle or the generalized cross
validation [30].

The regularization schemes, used to make stable the solution, impose constraints about the spatial variability of the

unknown that is possible to be retrieved and equivalently about the resolution limits achieved by the linear inversion



model. The horizontal resolution improves as long as the extent of the measurement domain increases and/or the
investigation point becomes closer and closer to the measurement domain [17, 28, 31]; in other words, the resolution
limits improve when the investigated source point is viewed under a large angle by the measurement domain.

The in-depth resolution limits as long as the work frequency-band increases and/or the investigation point becomes
closer and closer to the measurement domain. The effect of the extent of the measurement domain plays a secondary role

compared to the frequency band [17, 19, 28, 31].

VI. NUMERICAL RESULTS

Numerical analyses are presented for the two linear operators for the homogeneous and half-space background scenarios.

The test cases considered refer to a non-magnetic soil with dielectric permittivity given by &, =10 and conductivity
o,=0001 S/m. Referring to Fig.1, the targets are searched inside an investigation domain D of size 20x14 m?, which

a=10m, y,;, =1m, 2b=14m . The measurement line, at the air/soil interface, is centred

starts from the depth of 1 m, i.e.,
on the investigation domain and is 15 m long; in this domain we locate 7 antennas spaced by a distance of 2.5 m. The

operation frequency band for the inversion is Q=[5,15]MHz, with a frequency step of 1 MHz (11 discrete frequencies

are exploited).

The reconstruction results refer to three different cases with a rectangular object simulating the section of a tunnel filled
by air so that its dielectric permittivity is equal to the one of the free space. The tunnel has a cross section with extent
equal to 3 m along x-axis and equal to 2m along the y-axis (depth).

The first three cases consider a tunnel centred with respect to the measurement domain and whose position (depth) is at a
depth of 11 m (case 1); 8 m (case 2); and, 4 m (case 3). Scattered field data were generated with the Finite Difference
Time Domain code GPRMAX [32], where the half-space scenario has been explicitly accounted for so that no
approximations were made in their evaluation. Then, the scattered field data were Fourier transformed to the frequency
domain where the inversion approaches work.

The first two subsections discuss the performance of the formulations for the target centred with respect to the
measurement domain. The third subsection examines a comparison between the two formulations in the case of an
offset target. The final subsection shows how a proper reformulation of the inverse problem mitigates the effects of

faults in source elements by ensuring a reconstruction quality comparable to that achieved with the full dataset.



VI. A) Homogeneous scenario

Using the results of Section 111, we start by showing in Fig. 2 that the singular values behaviour has a smooth decay.
Here and in the following, we present the reconstruction results in terms of the normalized modulus of the contrast
function with respect to its maximum in the investigation domain; in fact, the use of the BA makes it not feasible to
achieve a quantitative reconstruction and thus the information that it is possible to retrieve is limited to the location and
geometry of the target.

The first results refer to case 1 and Fig. 3 depicts the reconstruction for four different thresholds used as regularization
parameter in the TSVD. In particular, TSVD thresholds refer to the number of terms N, retained in TSVD expansion

for the solution; for example, saying that the TSVD threshold is equal to -20 dB means that in the TSVD expansion (i.e.,
eq.(26)) only the terms corresponding to singular values larger than 0.1 times the maximum (first) singular value were
retained.

The true position and geometry of the tunnel is depicted in these figures and the following ones by the rectangular box
with black sides.

The reconstruction results point out that decreasing the TSVD threshold (i.e., increasing the number of terms retained in
the TSVD) improves the reconstruction. For thresholds equal to -10 dB and -20 dB, the tomographic approach is not able
to localize the tunnel; however, more accurate information about its position and the geometry is obtained with TSVD
threshold equal to -30 and -40 dB, where reliable information is achieved for the transversal extent of the tunnel.

The second set of results refers to the case 2 and is depicted in figure 4. For this case, the reconstruction with TSVD at
-20 dB already gives accurate information about the depth location of the tunnel also if the image appears blurred: the
results improve for the TSVD threshold equal to -30 dB where a geometry estimation of the target is possible; the
reconstruction with threshold equal to -40 dB is similar to the one of -30 dB.

Figure 5 depicts the results for case 3 with a shallower tunnel. In this case, the model error is higher due to the more
significant mutual interactions between the target and the interface that are not accounted in the homogeneous medium
model; this entails that more care has to be devoted to the choice of the TSVD threshold. For all the TSVD thresholds,
the results appear worse compared to the other two cases especially for the geometry estimation and the case with

threshold equal to -40 dB does not provide a reliable reconstruction.

VI1.B) Half-space formulation



Using the results of Section IV, Fig. 6 depicts the behaviour of the normalized singular values.

Case 1 results are given in Fig. 7; one notes that lower values of the TSVD threshold produce more accurate information
for the localization and geometry of the tunnel. Compared to Fig. 3 (homogeneous scenario), the half-space formulation
is able to achieve a good localization even with the TSVD threshold equal to -20 dB, which did not occur in the case of
the homogeneous scenario.

Case 2 results are depicted in Fig. 8, and a comparison with Fig. 4 indicates that good agreement between the two
formulations exists when the TSVD threshold is -30 dB.

Fig. 9 shows results for the shallower tunnel of Case 3. A comparison with Fig. 5 indicates that accounting for interface
remarkably improves the localization and geometry estimation, especially for the cases of the TSVD threshold at -20 and

-30 dB.

VI.C) The case of an offset tunnel

A tunnel centred at a depth of 8 m and at 4.5 m along the transverse direction is considered and Fig. 10 shows a
comparison between the two formulations. The Green’s function takes into account the refraction phenomenon within
the half space. As a result, a better position localisation and tunnel geometry estimations are obtained, especially by

comparing the results with TSVD threshold at -30 dB.

V1.D) The case of the faults in the source arrays

Finally, we deal with the effects of possible faults in some elements of the measurement array. As an example, we
assume the case of two faults, i.e., the two antennas, located at 5 m and 7.5 m, are not working. This fault is simulated
by setting to zero the corresponding data vector entry. For sake of brevity, we limit our exam to Case 2 (8 m tunnel
depth) and for the homogeneous medium formulation.

Fig. 11 shows results obtained with the TSVD threshold equal to -30 dB when we assume the full measurement array but
with the faults in the data; comparisons between Figs. 4.C and 11.A indicate that the reconstruction quality worsens
compared to when no faults are present. Conversely, the reconstruction quality is improved when the inverse problem is
reformulated by considering only the correctly operating sources, as shown in Fig. 11.B for the same TSVD threshold at

-30 dB.



VII. CONCLUSIONS

In this paper, the 2D problem of imaging underground structures using magnetic sources and receivers has been
addressed. The data collection is performed in a classical multi-monostatic scenario, the most used in GPR applications
for its simplicity, employing elementary loops as sources and by collecting the magnetic scattered field.

The inverse scattering problem is addressed by exploiting a linear inversion approach and by considering two different
background scenarios: a homogeneous one (with the same properties of the underground) and a half-space geometry.
The TSVD regularization scheme is used to obtain stable solutions of the inverse problem, where the regularization
parameter is the number of terms of the TSVD expansion.

The performance of the two inversion strategies has been evaluated by performing qualitative reconstruction starting
from the exact scattered field data, which are computed via a FDTD numerical code and then transformed to the Fourier
domain. The result of the analyses is that the two strategies are comparable when the tunnel is underneath the synthetic
aperture array; conversely in the case of shallower tunnel and of the offset tunnel the half-space model is superior
because it accounts for electromagnetic effects due to the air-earth interface more accurately. Finally, we have presented
a simple strategy able to account for faults in the transmitting or receiving elements based on a reformulation of the
linear inverse problem by explicitly introducing knowledge of faulty elements.

Future research activities will be concerned with the extension of the proposed approaches to the improved multi-
view/multi-static configuration [5-7] and the adoption of approaches able to account the inherent sparseness of the
ground-penetrating radar scenario [33] with the aim to estimate the geometry of the target with more accuracy and

resolution.
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Appendix
The case of a mono-static antenna system located at distance y, =—h (h distance along y of the antenna from the

interface air-soil) is easily to be accounted for by assuming the propagation in free-space similarly to the strategy

adopted in [34]; accordingly, the relevant scattered field integral becomes:

+00 +00

Ja)g . W w, +u'u
H (%, -h)=— 25" ” (x.y J.I (&,W) + 50, ) (&,W, +<90W)>< (27)

exp| - (w, +w,) y]exp[ (W +wj) h]exp[j U+u")(x, —x') |dudu'dx'dy’

where the additional term exp[ W, + W, h] accounts for the propagation in air (from the transmitting and receiving

side) from the interface to the antenna.
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Figure 1. Geometry of the problem
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Figure 2. Normalised Singular Values for the case of the homogeneous background scenario
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Figure 3. Case 1: Homogeneous space formulation (case 1). Reconstruction of the normalised contrast function for

four different TSVD threshold. A) -10 dB; B) -20 dB; C) -30 dB; D) -40 dB
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Figure 4. Case 2: Homogeneous space formulation (case 2). Reconstruction of the normalised contrast function for

four different TSVD threshold. A) -10 dB; B) -20 dB; C) -30 dB; D) -40 dB
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Figure 5. Case 3: Homogeneous space formulation (case 3). Reconstruction of the normalised contrast function for

four different TSVD threshold. A) -10 dB; B) -20 dB; C) -30 dB; D) -40 dB
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Figure 6. Normalised Singular Values for the case of the half-space background scenario
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Figure 7. Case 1: Half-space geometry formulation (casel). Reconstruction of the normalised contrast function for

four different TSVD threshold. A) -10 dB; B) -20 dB; C) -30 dB; D) -40 dB
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Figure 8. Case 2: Half-space geometry formulation (case2). Reconstruction of the normalised contrast function for

four different TSVD threshold. A) -10 dB; B) -20 dB; C) -30 dB; D) -40 dB
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Figure 9. Case 3: Half-space geometry formulation (case 3). Reconstruction of the normalised contrast function for

four different TSVD threshold. A) -10 dB; B) -20 dB; C) -30 dB; D) -40 dB
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Figure 10. Reconstruction of the normalised contrast function for a not centered tunnel. A) homogeneous Green’s
function, TSVD threshold equal to -20 dB; B) homogeneous Green’s function, TSVD threshold equal to -30 dB;

C) half-space Green’s function, TSVD threshold equal to -20 dB; D) half-space Green’s function, TSVD threshold

equal to -30 dB
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Figure 11. The effect of faults in array elements. A) The reconstruction when the fault elements are considered null
data in the full dataset formulation. B) The reconstruction by reformulating the problem assumed as data only the

remaining five working elements




