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[1] A partially covered cavity, or trench, located along the edge of two intersecting
metallic walls perpendicular to each other is considered. The cross section of the cavity
is a quarter ellipse and is slotted along the interfocal distance. The cavity is filled with
a double-negative (DNG) metamaterial that is isoimpedance to the material filling the
half-space above the trench. This two-dimensional boundary value problem is solved
exactly, in the frequency domain, when the primary field is either a plane wave of arbitrary
polarization and direction of incidence or an electric or magnetic line source. Numerical

results are exhibited and discussed.
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1. Introduction

[2] We consider the two-dimensional geometry of Figure 1
where a partially covered cavity is located at the corner of two
metallic walls perpendicular to each other. The cavity has a
cross section that is a quarter ellipse, and is slotted from the
focus to the center of the ellipse. The cavity is partially covered
by a thin metallic strip that extends from the focal line away
from the central line of the ellipse, as part of the metallic wall
under which the cavity is flush mounted. The cavity is filled
with a double-negative lossless metamaterial whose electric
permittivity and magnetic permeability are real and opposite to
the corresponding parameters of the quarter-space above the
cavity. Causality requires that the index of refraction of the
DNG material be negative and its intrinsic impedance positive.

[3] Two types of sources are considered. One is a plane wave
with arbitrary direction of incidence in the quarter space (x > 0,
y > 0) and polarized with the electric or the magnetic field
parallel to the z axis. The other one is an electric or magnetic line
source parallel to the z axis. This two-dimensional boundary
value problem is solved exactly, in the frequency domain. In
elliptic cylindrical coordinates, the primary and secondary field
components are expanded in infinite series of eigenfunctions
that are products of radial and angular Mathieu functions, where
the Stratton-Chu normalization is adopted [see, e.g., Stratton,
1941; Staff of the Computation Laboratory, 1967; Bowman
et al., 1987]. Since the angular Mathieu functions are the
same for positive and negative refractive index, it is possible
to determine analytically the modal expansion coefficients of the
secondary fields, by imposing the boundary conditions.

[4] The only two-dimensional problem involving radiation
and scattering by a cavity flush mounted under a metallic plane
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for which an exact analytical solution exists is that of a slotted
semielliptical channel [Uslenghi, 1992, 2004a]. A related
geometry is the cavity-backed gap in a corner [Uslenghi, 1999;
Erricolo and Uslenghi, 2005]. These geometries involve
materials inside and outside the channel that are isorefractive to
each other. Recently, the analysis performed by Uslenghi
[1992, 2004a] was extended to the case of a trench filled
with DNG metamaterial [4kgol et al., 2009a, 2009b]. The
present work is an extension of the geometry analyzed by
Uslenghi [1999] and Erricolo and Uslenghi [2005] to the case
of a corner cavity filled with DNG metamaterial.

[5] Numerical results are shown for fields both inside and
outside the cavity, for several cavity configurations and
different primary sources.

2. Geometry of the Problem

[6] A cross-sectional view of the structure in a plane z =
constant is shown in Figure 1. It is identical to that con-
sidered by Erricolo and Uslenghi [2005], except for the
material filling the trench.

[7] The metallic walls OA(x = 0) and OE(y = 0) are per-
pendicular to each other. The trench OBC is flush mounted
under the horizontal wall OE, and its cross section is a
quarter ellipse with semimajor axis OC and semiminor axis
OB. The wall OF is slotted along the slit of width OD equal
to half the interfocal distance d of the elliptical trench. The
trench is partially covered by the thin metal baffle DC.

[8] The rectangular coordinates (x, y, z) are related to the
elliptic cylinder coordinates (u, v, z) by

d
x = —coshucosv,
d
y:zsinhusinv, (1)

z =7z,
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Figure 1. Geometry of the problem.

where 0 <u < oo, 0 <v <27, —o0 < z < o0, Sometimes, it is
expedient to introduce the coordinates

& =coshu, n=-cosv, (2)
with 1 < ¢ <o and —1 <7 < 1. However, the advantage of
using (u, v) instead of (§, 1) is the removal of sign ambi-
guities since the pair (u, v) corresponds to only one pair
(&, ) but the reverse is not true. Curves with u (§) constant
are ellipses and curves with v (1) constant are hyperbolas.
The variable ¢ asymptotically approaches 2r/d, where r is
the distance from the origin. The variable v represents the
angle between the asymptote y = x tan v and the hyperbola
whose parametric equations are (1) when v is held constant.
Additional information on the elliptic cylinder coordinate
system may be found in the work by Stratton [1941].

[9] Outside the cavity, the electric permittivity is £ and the
magnetic permeability is x4, whereas inside the cavity the same
quantities become —e and —pu, respectively. Therefore, the
intrinsic impedance is the same inside and outside the cavity.
More generally, this type of analysis could be performed
under the less restrictive condition that the intrinsic impe-
dances inside and outside the trench be different from each
other. However, the formulas would become more compli-
cated because of the introduction of an additional parameter.

[10] The wave vector is k = |/ outside the cavity and

i inside the cavity. We define a dimensionless
parameter ¢ = kd/2 in the material outside the cavity and —¢
inside the cavity filled with DNG material. Causality, and
not just the radiation condition, dictates that in a DNG
metamaterial the signs of the square roots must be chosen so
that the refractive index is negative but the intrinsic
impedance is positive [see Ziolkowski and Heyman, 2001].

3. Plane Wave Incidence

3.1.

[11] Consider a plane wave incident perpendicularly to the
trench axis and polarized parallel to z axis, with primary
electric field

E Polarization

E' = 2B}, = zexp|jk(xcos o + y'sin o). (3)
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The incident field may be expanded in a series of elliptic-
cylinder functions [Bowman et al., 1987]

Ej.=V8r) j" x
m=0

1
5 Re! (¢, u)Se,(c, v)Sen(c, vo)
N e

m

+L)R0§n])(c, 1)S0,,(c, v)Sop(c, apo):|. 4)

N

The total electric field in medium 1 can be written as the
sum of a geometric-optics field E52 due to the corner
reflector without the trench and a diffracted field EY. due to
the presence of the trench

Ey: = Ef; + Ef.. (5)
The geometric-optics field is the sum of four terms

B = B, hor (©

+ EQF 4 EO1 4 pOAOE

where, referring to Figure 2, the field EYE corresponds to a
wave with incidence angle 27 — ¢, w1th respect to the
negatlve x axis, multiplied by a reflection coefficient —1, the
field EY! corresponds to a wave with incidence angle 7 —
multlplled by a reflection coefficient —1, and the field £ 249F
corresponds to a doubly reflected wave, i.e., a wave w1th
incidence angle m + ¢, and reflection coefﬁcient 1.

[12] When the even and odd functions of ¢, are separated
out in the various field components, it is found that the
overall geometric-optics field is

EY 78\/_2

Roz, ¢, u)Soy(c,v)Soy(c, o). (7)
21

The diffracted field can be written as

o -1 !
El = \/27r2( ) a;RoS)(c7 u) % Soy(c,v)Sox(c, wo). (8)

I

E O4,0F

Figure 2. Geometric-optics contribution for plane wave
incidence.
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The total electric field inside the trench is

\/“ RO(Z‘[‘)(_C.?ul) (1)
=38 Z o) Ro,, (—c, u)
=1 2, Roz, (—c,uy)
— Roj(—c,u)] x Sox(c, v)Sox(c, %0)- )

The magnetic field is obtained using the relation

j OE (1 7). OE(1 5.
Hys = J ( 12z, 9Eua 9)_
+cZ\/E2 — 1 ov ou

[13] The modal coefficients can be found by applying the
boundary conditions. The tangential component of the total
electric and magnetic fields in both media are equal across
u=0,

(10)

E]Z‘u 0

E2Z|u 07 H]V|u 0= H2V|u:0'

(11)

[14] Mode matching is possible because the Mathieu
angular functions inside the DNG material have a parameter
—c < 0 and are related to the Mathieu functions for ¢ > 0 by

Se,(—c,v) = Sen(c,v) (12)
Som(—c,v) = Sou(c,v), (13)
since the expansion coefficients depend on (+c)*. The

Mathieu radial functions have the same expansion coeffi-
cients as the Mathieu angular functions, but the arguments
of the various Bessel functions in the series expansions
contain the quantity cexp(fu) so that the Mathieu radial
functions for —c < 0 have different values from the Mathieu
radial functions for ¢ > 0. Therefore, applying the boundary
conditions yields the modal coefficients a; and b, as

R021 (—c, O)R021 (¢, 0)

= 14
a Al ) ( )
Roj)(c, )R}y (¢, 0)
b= — , (15)
A
where
4)
Ro5,/ (—c,u1)
A; = Roby(—¢,0)Rob) (—¢ .00 ———
Ro,, (—c,uy)
+Ro} (¢, )RS (—c, 0) — RoSY (¢, 0)RoSY (=, 0).  (16)

[15] Within the quarter space (x > 0, y > 0), the bistatic
RCS o“(¢) is, in general, given by [see, e.g., Bowman
et al., 1987]

ES|
(©($) = lim 2 |
o?(¢) = lim g

(17)
and in the case of this partially covered trench it becomes

2
o©) —~ a

=1 4Vp1

(18)
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which is obtained by evaluating Ro$)(c, u) in (8) with an
asymptotic expression of the Mathieu radial function
[Uslenghi, 2004b].

3.2. H Polarization

[16] The analysis is similar to that for E polarization,
hence only the results are given. The incident magnetic
field is

H =:H (19)
H = exp[jk(xcos ©o +ysinpp)]

— \/_Z eV (¢, u)Sen(c, v)Sen(c, vo)

+%Rofrf)(c, 1)Som(c, v)Som(c, o) | - (20)
Nat
[17] The total magnetic field in medium 1 is
H,, = HY + H{., (21)
where the geometric-optics field H5s is
HY =82 Z Rezz ¢, u)Sey(c, v)Sey(c, po),  (22)

corresponding to the sum of four plane waves that are
equivalent to those of Figure 2, provided that the electric
field is replaced with a z directed magnetic field and all
reflection coefficients are 1. Only the even Mathieu func-
tions of even order appear because of the boundary condi-
tions of the two metallic walls. The diffracted field due to
the slotted trench is

—8\/_2

clRezl)(c u) x Sey(c,v)Sex(c, vo), (23)

the field inside the trench is

2
Re}(—c,u)
Rey'(—c,u)
x Sey (e, v)Sey (e, vo),

Regll)(—c, u) — Reg;)(—a u)}

(24)

where the prime means the derivative with respect to u. The
electric field is obtained from

JjZ OH(1 ). . OHpp): .
E; = — . . . 25
12= R ( o “ + oV (25)
[18] The boundary conditions are
H]Z‘u:() = H22|u:07 E1V|u:0 = 7E2V‘u:07 (26)
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which yield the expansion coefficients

_ Re(=¢,0)Re}) (¢, 0)

= , 27
1 A, (27)
(4) (1)
R R
d = ey (¢,0)Rey, (QO)7 (28)
7AV;
where
4) (4) (4)y
A, = Rey (¢,0)Re;,” (—¢,0) + Rey,’ (c,0)
(4)r
R —
MR D(—c,0) - Rel! (—c,0)|. (29)
1y 21
Re), (—c,uy)

[19] The bistatic RCS o(¢) of the partially covered
trench is

2

©

C,
> ﬁ Sea(c, v)Sex(c, ¢o)
N.

=1 4Vp;

o (¢)
)

= 1287 (30)

4. Line Source Incidence

4.1. E Polarization

[20] Consider an electric line source parallel to the z axis
and located at (xg, o) = (1o, Vo) Whose primary electric field is
E' = :E = :H? (kR) (31)

- z 0 ’

where

R= \/x—xo

is the distance between the line source and the observa-
tion point (x, y) = (u, v). The incident field may be expanded in
a series of elliptic-cylinder functions [Bowman et al., 1987]

+(y =) (32)

E_=H (kR)

(¢ u<)Re£,?) (c,us)Sen(c, v)xSen(c, v)

(1)(0 u<)R 0(4)(C, us) X So,(c,v)Som(c, )|,
(33)

where u- (u-) is the smaller (larger) between u and .

[21] In the quarter space (x > 0, y > 0) outside the trench,
the total electric field £, may be written as the sum of the
diffracted field and the geometrical-optics field. The geo-
metrical-optics field EY; is the total field that would be
present in the absence of the trench and is the sum of the
fields due to four line sources, i.e., the primary line source
and its three images

EY = HY (kR) — HY (kRy) — HY (kRy) + HY (kRs),  (34)
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R =/ (x50l (0 +30)%, (35)
R =/ (x4 300+ — )2, (36)
R = /(x4 x0) (4 30)% (37)

[22] Referring to Figure 3, the image line S; is located
at (xo, —vo) = (up, 2 — vp), the image line S, at (—xo, yo) =
(ug, ™ — vp), and the image line S5 at (—xg, —yo) = (1o, ™+ V).

[23] By expanding the Hankel functions in series of
elliptic-cylinder functions and utilizing properties of the
angular Mathieu functions, it can be found that

Roy) (e, u<)R0S) (e, us) x Soy(c,v)Sox(c,vo),

21
go _
E}, =16 E ©
=0 Nz/

(38)

which involves only odd Mathieu functions of even order.
The diffracted field E{. due to the presence of the trench in
(x>0, y > 0) and the total field inside the trench are given
by, on consideration of the boundary conditions,

Roz, c, uo)Rogl)(c u) x Soy(c, v)Soy(c, o)

—162

(39)
Er=16% f(’o) Roy (—c, uo)
1=1 Ny
(4)
R —
[ RO l20 ) o) — Roff (—e.)
Ro,, (—c,u
X SOz[(-C, V)SOz](—C7 Vo) (40)

[24] The magnetic field is still related to the electric field
by (10). The unknown modal coefficients e; and f; are
determined by imposing the continuity of the total tangential
electric and magnetic fields across the interface £ = 1 or
u = 0, yielding

@) Roy (¢, u0)
e; = —Roy,/(—c, uo)R02, (—c, O)Rozl "(,0) x —2L222 0 (41)

3

 RoY(e,0)Ro} (¢, up)Ro (¢, 0)Roj; (¢, uo)

i e L@
where
Az = Rozl)(c uo)Rogl)( ¢, up) [Roglw(c7 0)
)
R —0C, ’ !
" ( O (200 pof(—c,0) — Rolf (e, 0>>
Ro,, (—c,up)
+Roj (=, 0)Rof} (¢, 0)]. (43)

4 of 8



RS4005

Se

83 S1..

Figure 3. Geometric-optics contribution for line source
excitation.

[25] The behavior of the field scattered by the DNG cavity
may be examined at large distance by considering

4 e Tkotin/4 ©
Elz‘uaoo JIm(c)<0 WP ((bv Uo, V0)7 (44)
where
©) (3 10, vo) Z e,Rozz ¢, up) X Soy(c,v)Soy(c, vo)

=1 21
(45)

is a far-field coefficient that depends not only on the angle
of observation ¢ but also on the source location (ug, Vo).

90

2

0

Figure 4. Polar plot of the normalized bistatic RCS o“(¢)
given by equation (18) on a linear scale for an E-polarized
plane wave incident at an angle ¢, = 7/4. Dash-dotted line,
¢ =2; and solid line, ¢ = 3. The values for ¢ = 1 are so much
smaller that they correspond to the origin in the scale used
for this plot.
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In the derivation of (45), Ro5)(c, u) in (39) was evaluated
with an asymptotic expansion for the Mathieu radial function.

4.2. H Polarization

[26] The derivations are similar to those for E polariza-
tion, hence only the results are given. For a magnetic line
source parallel to the z axis and located outside the trench at
(%0, o) = (ug, vo) = (€0, Mo) the primary magnetic field is

H' =:H =:H" (kR). (46)
Once again, the total magnetic field in medium 1, H,,, may
be written as the sum of diffracted field and the geometrlcal—
optics field. The geometrlcal optics field Hi. is the total
field that would be present in the absence of the trench and

is the sum of the fields due to four line sources, i.e., the
primary line source and its three images
HE =HP (kR) + H (kR ) + HY? (kRy) + H (KRs ), (47)

Re(Zp(c, u<)Reg) (c,us) x Sey(c, v)Sexu(c,vo)-

(48)

[27] The diffracted field H{. due to the presence of the
trench in (x > 0, y > 0) and the total field inside the trench
are given by

=16 —>Reél)(c uo)Reé,)(c u) x Sey(c,v)Sex(c,vo),
1=0 1¥p;
(49)
Z Rez, —c,up)
=0 NV,
Re( ) (—c7u1) (1) (4)
24 Re,,’ (—c,u) — Rey,' (—c, u)
(1) 21 21
Rey, (—c,ur)
x Seyi(—c¢,v)Sey(—c, vp). (50)

S - -y

‘1

0

Figure 5. Polar plot of the normalized bistatic RCS o"’(¢)
given by equation (30) on a linear scale for an H-polarized
plane wave incident at an angle ¢, = 7/4. Thick solid line,
¢ = 1; dash-dotted line, ¢ = 2, and thin solid line, ¢ = 3.
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90 ( r
0.05 {u-1,v-45§u‘?1 80)

(u=1,v=25m/180)
Si

L]
{u=1,v=107/180)

0

Figure 6. Polar plot of the far-field coefficient 1“(¢; uo, vo) given by equation (57) using a linear scale.
The results represent a line source at S (thick solid line); S, (dash-dotted line); and S5 (thin solid line).
In all three cases ¢ = 2. Units are (V/m)>.

[28] The electric field is related to the magnetic field by (25). where
The unknown modal coefficients g; and 4, are determined

by applying the boundary condition across u = 0, yielding Ay = Re(;l” (c uo)Reg‘? (—¢, o) [Re(;})' (c,0)

(4 @ _
Re;, (—c,0 Rey/ (—c,m1) | 1 4
& = Rell (e, O)Rel e uo)Re (—c.t0) x X240 s1) x (@7 Rely)(~c,0) — Rely)(—c, 0))
4 Re;, (—c,up)
(4) (4)
, —Re®(c,0)Re! (¢, 0 ] 53
Re (e, 0)Re (e, uo)Rel! (c; 0)Re (e, ) e (¢ 0)Rey " (—¢,0) (53)
h = , (52)
Ay
90 *Ss
=1,v=457/180
0.08 (te=d, ydSET1R0)

(u=1,v=25m/180)
Sq

.
{u=1,v=107/180)

0

Figure 7. Polar plot of the far-field coefficient 1/"(¢; uq, vo) given by equation (58) using a linear scale.
The results represent a line source at S; (thin solid line); S, (dash-dotted line); and S5 (thick dash line).
In all three cases ¢ = 2. Units are (V/m)>.
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Table 1. Normalized Bistatic RCS

bo c=1 c=2 c=3

10° 1.83634E-05 3.18010E-02 2.49653E-01
20° 6.57825E-05 1.19100E-01 1.01212E+00
30° 1.22011E-04 2.36298E-01 2.25958E+00
40° 1.61991E-04 3.40340E-01 3.74171E+00
50° 1.66586E-04 3.81127E-01 4.83292E+00
60° 1.32244E-04 3.27360E-01 4.72363E+00
70° 7.44216E-05 1.96273E-01 3.13648E+00
80° 2.13644E-05 5.86993E-02 1.00117E+00

[20] Similarly, the behavior of the field scattered magnetic
field by the DNG cavity may be examined at large distance
by considering

4 e*ﬂ‘ﬂff”/“ (
le|u~>oo JIm(c)<0 ~ WP (d)’ Llo,V()), (54)
where
(gb, U, Vo) Z g/ReZI ¢, up) X Sey(c,v)Sey (e, vo)

(55)

is a far-field coefficients that depends not only on the angle
of observation ¢ but also on the source location (i, vy).

5. Numerical Results

[30] The evaluation of Mathieu functions was accom-
plished using the Fortran code described by Erricolo [2006].
The numerical results described in this section were
obtained after summing the first 20 terms of the pertinent
series and using the acceleration method described by
Erricolo [2003].

5.1. Plane Wave Incidence

[31] The scattering effect of trench can be investigated
easily by looking at the normalized bistatic RCS as given by
(18) and (30). The value of ¢ is controlled by the frequency
and the focal distance d through

(56)

[32] What is important is the relative value of parameters
inside and outside the trench, not their absolute value. Since
the medium outside the trench is of infinite extent, it may be
safely assumed to be free space; however, this restriction is
not necessary for the validity of our calculations.

[33] The effect of the variation of ¢ is examined in Figure 4,
where an E-polarized plane wave is incident at an angle
o = /4. Three cases were examined: c =1, c=2, and ¢ = 3.
When ¢ = 1 the RCS is so much smaller than for the other
two cases that it simply appears as a point at the origin of the
polar diagram. The observed behavior of higher RCS values
when c is increased agrees with what is expected from scat-
tering theory.

[34] Figure 5 shows the effect of the variable ¢ values with
an H-polarized plane wave with same incident angle.
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5.2. Line Source Incidence

[35] The scattering effect of trench can be easily investi-
gated by looking at the square magnitude of the far-field
coefficient (45)

W (5110, v0) = [P (6510, o) [ (57)
for an E polarized line source.

[36] Figure 6 shows the far-field behavior for three dif-
ferent locations of the electric line source along the ellipse
u =1, for a corner gap with ¢ = 2 and u; = 0.5. Our results
1nd1cate that the most noticeable effect of an angular vari-
ation in the location of the line source is to change the
intensity of the far field pattern. Specifically, the intensity is
stronger when the line source is farther from both metallic
surfaces as one would expect. The direction of the maxi-
mum is scattered around the 50° direction and it varies
depending on the specific case.

[37] Similarly, the scattering effect of a magnetic line
source may be investigated by looking at the square mag-
nitude of the far-field coefficient (55)

W (30, v9) ’P (¢s uo,Vo)|2 (58)
for an H polarized line source, which is shown in Figure 7.

[38] One observes that a variation in the angular location
of the line source causes a variation in the intensity of the
far field pattern. Contrary to the E polarization case, the
intensity is stronger when the line source is closer to
the metallic surfaces. For each line source location, there are
two far field pattern maxima along the x and y axes, but the
one along the x axis is always stronger, as it was observed
for other cases that were not plotted in Figure 7.

[39] Table 1 provides some values of the normalized bistatic
RCS (18) for different values of ¢ and of the incidence angle
o, in all cases, v = 507/180 and u; = 0.5. These values were
obtained by summing the first 10 terms of the series and then
by comparing them with the sum of the first 20 terms of the
series. They are accurate up to the first six significant digits.

6. Conclusion

[40] An exact solution to the boundary value problem of a
trench of quarter-elliptical cross section filled with DNG
metamaterial, slotted along its interfocal strip and flush mounted
in the corner of two metallic walls perpendicular to each other
has been obtained by separation of variables in the frequency
domain, for both plane wave and line source excitations.
Numerical results have been shown for the far-field coefficient.

[41] Our result enriches the catalog of canonical solutions
for two-dimensional boundary value problems, and may be
useful in validating computer codes that have been devel-
oped for complex geometries and penetrable media.

[42] Acknowledgments. This work was partially supported under the
USA DOD/AFOSR grant FA9550-05-1-0443.
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