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Summary

In this thesis we compute the Lascar rank for generic differential equations.
First we examine the case of generic linear differential equations. In this case,
we show that there is a definable bijection between the solution set of a generic
underdetermined system of £ linear differential equations in n > 2 variables and
A"*_ We explore how this result can be applied to non-generic linear differential
equations.

Next we consider the case of a generic non-linear differential equations. We show
that the differential tangent space above a generic point is given by a generic linear
differential equation. We compute the Lascar rank by utilizing the relationship
between differential tangent spaces and the underlying variety combined with our
result for generic linear varieties applied to the tangent space above a generic

point.
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Introduction

A differential ring is given by a pair (R, ) where R is a ring and § : R — R is an

additive ring homomorphism such that for =,y € R,
O(zy) = o(x)y + xo(y).

The ring of differential polynomials, R{X}, is a differential ring constructed by

extending the differential to the polynomial ring R[X,, X3, ...] via

5(Xn) == Xn_|_1 .



Differential algebraic geometry focuses on the study of solution sets of differential
polynomial equations; similar to algebraic geometry and the study of the solution
sets of polynomial equations. In the 1930s Ritt began studying differential poly-
nomials from an analytic perspective in [18]. Later, Ritt wrote a foundational
text for the subject of differential algebra [19] with some analytic assumptions
about the objects appearing. Kolchin expanded upon the work of Ritt by taking
a completely algebraic approach to the differential algebra in [6] and [7]. Kolchin’s
approach to the subject gave rise to the differential algebraic analogs of most no-
tions from classical algebraic geometry (e.g., Zariski topology, Hilbert polynomial,
Tangent Bundle). For instance, in classical algebraic geometry algebraically closed
fields are used as universal domains for the study of solution sets to polynomial
equations. In differential algebra the universal domains are differentially closed
fields.

Model theory is the study of definable sets (in first-order structures). The
framework of model theory is very general and often used to understand the
structure of definable sets. For instance, the definable subsets of a real closed field
are finite unions of intervals and points. The tools developed in model theory are
very general, however they have several nontrivial applications. One example of
this is Hrushovski’s proof of the Mordell-Lang conjecture for function fields [4].
Differential algebra is one of the best examples of a theory where the general tools
of model theory can be applied to produce interesting results.

The connections between model theory and differential algebra began in the

late 1950s with Robinson’s first order axioms for the theory of differentially closed



fields (DCF) in [20]. Robinson’s work shows that DCF has quantifier elimination,
hence the definable sets are given by the constructible sets in the Kolchin topology.
Blum gave a more concise set of axioms for DCF in [1] and showed that DCF is
w-stable. Lascar rank (RU) and Morley rank (RM) are notions of dimension
for definable sets and types coming from stability theory. These notions have
useful applications in several areas, including DCF. In our context, these ranks
are closely related to differential transcendence, in particular this relationship can

be seen in the following inequality

w-tds(X) < RU(X) < RM(X) <w- (tds(X) + 1)

Morley rank and Lascar rank have been studied intensely in DCF. For instance,
if RM(X) is a limit ordinal then RM(X) = RU(X) [16]. In general these two
ranks are not equal within DCF [5]. These notions of rank in DCF are used in
Hrushovski’s proof of the Mordell-Lang conjecture for function fields [4].
Computing the rank of specific differential polynomials can lead to interesting
results. In [3] Freitag and Scanlon compute the Lascar rank for the j-function
(over C) by applying several analytic results about the j-function; ultimately
they use this towards their result about intersections of elliptic curves with certain
isogeny classes. Another example is in [12] where Nagloo and Pillay compute the
transcendence degree of extensions of C(t) by solutions to certain classes of generic
Painlevé equations. Their rank computations for Painlevé equations utilize a series
of computations applicable specifically to Painlevé equations from the Japanese

school of differential algebra.



The objective of this thesis is to compute Lascar rank for generic differential
equations.

In chapter 2 we start with a review the preliminary materials needed for this
thesis. There are sections for fundamentals of model theory and differential al-
gebra; as well as a section on model theory of differential fields which connects
the ideas from the first two sections. Most importantly the last section contains
characterizations of forking independence in DCF.

Chapter 3 focuses on generic linear differential equations. In this setting we
think of the coefficients of the equations as independent differential transcenden-

tals over some differential field K. The main result of this section is the following

Main Theorem 1 (Theorem 31). Let n > k > 1. The solution set to a system of

k generic linear differential equations in n variables is in definable bijection with

Ak,

The definable bijection from the above theorem arises as a composition of maps
to reduce the order equations within the system; ultimately reducing to a system
of linear equations of order 0. In particular this shows that the Lascar rank of the
system is w(n — k). Moreover, by the Lascar inequality, w(n — k) is a lower bound
for the Lascar rank of the zero set of any system of k differential polynomials in n
variables. We observe that the maps used in the proof of theorem are rational maps
defined using the coefficients of the system. Thus it is possible to use the technique
more generally (in the cases where the coefficients are not generic) provided that
all of the maps are definable; the main issue is that (in the case that the coefficients

are not generic) some of the necessary maps could have vanishing denominators.
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We explore what these conditions are in the case of a single equation. Lastly, we
consider the example of equations with constant coefficients and show that these
conditions are met when the coefficients are algebraically independent over QQ.

Next, in chapter 4 we review the notions of differential prolongations, arcs, and
tangent spaces. The exposition of this chapter follows [10] with slight adaptations
to our setting. Differential tangent spaces and prolongations have several appli-
cations in differential algebra. For instance, they are used to describe a geometric
axiomatization of DCF [13]. They are also used in the proof of Zilber dichotomy
for DCF [15]. There are several connections between differential varieties and
their tangent spaces. For instance, a differential variety and the tangent space
above a generic point have the same Kolchin polynomial.

In chapter 5 we use differential tangent spaces to transition from non-linear
differential varieties to linear differential varieties. In particular we show that the
tangent space above a generic point of a generic non-linear differential equation
is given by a linear differential equations with generic coefficients. Therefore we
can use our result for linear differential equations (Theorem 31) to determine the
A-rank of this variety (the differential tangent space above a generic point). Using

this we compute the Lascar rank of the underlying variety.



Background

This chapter contains an overview of the background material needed for the
thesis. Each section focuses on introducing definitions as well as stating some
fundamental results. The areas covered are Model Theory, Differential Algebra,

and Model Theory of Differentially Closed Fields.

2.1 MODEL THEORY

This section provides an introduction to some fundamental notions and ideas from
Model Theory. Many of the definitions in this section are given with regards to

generality of model theory; in section 2.3 we will see many of the notions from this



section in the context that is most relevant to this thesis. For a more in detailed
exposition of these topics see the following textbooks [8] and [23].

Model theory examines mathematical structures through first-order logic.
Definition 1. A first-order language, L, consists of the following:

1. A set F of function symbols and a positive integer ny for each f € F.

2. A set R of relation symbols and a positive integer ng for each R € R.

3. A set C of constant symbols.
The ny and ng denote the arity of the corresponding functions and relations.

Many languages arise naturally in mathematics. Here are a few examples:

e The language of graphs is £ = {E'}, where E is a binary relation symbol.

e The language of abelian groups is £ = {0, +, —}, where 0 is a constant, and

+, — are binary function symbols.

e The language of rings is Lr = {0,1,+, —, -}, where 0 and 1 are constant

symbols, and +, —, - are binary function symbols.

Note that the sets F,R,C can be empty. In fact the empty language in which
all 3 sets are empty is also a first-order language.

The symbols of first-order language £ have no limitations imposed their mean-
ing. In order to give meaning to the symbols of a first-order language they must

be interpreted within a L-structure.



Definition 2. A L-structure, M, consists of the following:
1. A nonempty set M which is called the universe or underlying set of M.
2. A function fM : M"™ — M for every f € F.
3. A set RM C M™% for every R € R.
4. An element M € M for every c € C.

Many naturally occurring first-order languages are motivated by their corre-
sponding first-order structures, where the interpretations are intuitive. For exam-
ple given an algebraic ring R, we get a Lg-structure by taking the set R as the
underlying set, and interpreting the constants 0,1 to be the 0 and 1 of the ring,
as well as interpreting the functions +, —, - to be the usual addition, subtraction,

and multiplication for the ring.

Definition 3. Let L be a language. The collection of L-terms is constructed us-
ing the function and constant symbols of L as well as variables xy, z1, . .. according

to the following rules:
1. Every constant and variable is a L-term.

2. Given an n-ary function f and L-terms ti,... t,, then f(t1,...,t,) is a

L-term.

Terms are the basic elements that can be examine within first-order logic. Given
a L-structure M, and a L-term t(xy,...,x,), where x1,...,x, contains all of

the variables which appear in the term ¢. Then we can view t as a function,



tM oM™ — M. Where tM(@) is given by evaluating at @ in M (i.e., evaluating
the function composition by using the interpretation of the function symbols in
M after substituting a; for x; and substituting ¢™ for every ¢ € C which appears

in t.)

Definition 4. Let £ be a language. The collection of L-formulas is built up

using the following inductive construction:
1. t1 = t9, where t; and ty are L-terms
2. R(ty,...,t,), where R is a n-ary relation symbol and t, ..., t, are L-terms
3. =), where 1 is an L-formula
4. (1 AN bo), where Yy and 1y are L-formulas
5. Jx ), where x is a variable and i is an L-formula

Definition 5. Let ¢(T) be a formula and M a L-structure. Let @ € M, then we
define M |= ¢(a) by induction as follows:

1. If ¢ is t; = ta, then M = ¢(a) if t'(a) = t}1(a).
2. If ¢ is R(ty, ... tny,), then M = p(a) if (tM'(a),. .. t3' (@) € RM.
3. If o is 1, then M = p(a) is M = (a).

4. If ¢ is (Y N O), then M |= p(@) if M = ¢(a) and M = 0(a).

5. If pis (Y V), then M = ¢(a) if M = ¢(a) or M = 6(a).



6. If  is Jx (T, x;), then M |= ¢(a) if there isb € M such that M = 1(a,b).
7. If  is Vo 0(T, x;), then M = p(a) if M = (a,b) for all b e M.
If M = p(a) we say that M satisfies o(a).

Definition 6. Let M be a L-structure. We say that X C M" is definable if

there is a formula ©(z1,...,Zn, Y1, .., Ym) and b € M™ such that

X={aeM: MEp@b)}

We say that a set X is definable over A if there is exists a formula ¢(Z,y) and
b€ A such that ¢(T,b) defines X.

For A C M we have the following notions of closures for A:

1. Letb € M. We say that b is definable over A if {b} is definable over A. The
definable closure of A, denoted dcl(A), is {b € M : {b} is definable over A}.

2. Let b € M. We say that b is algebraic over A if there is a finite set X
such that b € X and X is definable over A. The algebraic closure of A,
denoted acl(A), is {b € M : b is algebraic over A}.

Example 7. Let K be an algebraically closed field of characteristic 0 (in the
language of fields). Then for A C K, dcl(A) is the field generated by A and

acl(A) is the algebraic closure of the field generated by A.

Understanding the definable sets of a structure is a key aspect of model theory.
The definable sets of a structure can be wildly complicated e.g., the natural num-

bers N in £ = {+,+,0,1} can define a universal Turing machine via a first order
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formula (and a Gddel encoding), hence the definable sets of this structure are not
computable. On the other hand the definable sets of a structure can be tame e.g.,
for Cin £ = {+,-,0,1} the definable sets are the Zariski-constructible sets (this

follows from Chevellay’s theorem).

Definition 8. Let L be a language. A L-formula with no free variables (i.e.,
every variable x; appearing is inside of a VYx; or z;) is called a L-sentence. A
set of L-sentences T is called a L-theory. A L-theory is satisfiable if there is
an L-structure M, such that M |=T.

For a L-sentence ¢ we use the notation T = ¢ if and only if M = ¢ for every
MET.

A L-theory T is a complete theory if for every L-sentence ¢, either T = ¢
or T | —¢.

Many concepts in model theory occur on of the level of theories (i.e., properties
shared by all models of a theory). A few examples of such properties are quanti-
fier elimination, elimination of imaginaries, w-stable, simple, o-minimal,

and NIP.

Definition 9. Let M be a L-structure and A C M. Let L, denote the language
obtained by adding constant symbols to L for every a € A. Let p be a set of L4-
formulas in the variables x1,...,x,. We call p a type over A if pUThs(M) is
satisfiable. We call p a complete type if ¢ € p or ¢ € p for all L4-formulas
¢ in the variables x1, ..., x,. We let SM(A) denote the set of all complete types

over A in n variables.
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Given a type p € SM(A), we say that p is realized in M if there is some
a € M such that M [= ¢(a) for all (T) € p.

For A C M and @ € M, we consider the type of @ over A given by

tp(a/A) = {o(T) € LaIM = o(@)}

Note that this is a complete type since for every L 4-formula either M = ¢(@) or
M E —¢(a).
We can view S2M(A) as a topological space with a basis generated by sets of

the form

[¢] :=={p e S (A): ¢ €p}

This is called the Stone Topology. It follows from the compactness theorem

that this topology is compact.

Definition 10. Let A be an infinite cardinal and let T' be a L-theory. We say that
T is \-stable if whenever M =T and A C M with |A| <\, then |SM(A)] < \.

We say that T is stable if it is stable some .

Definition 11. Let k be an infinite cardinal and let M |=T. We say that M is
k-saturated if for every A C M, if |A] < k and p € SM(A) then p is realized in
M.

r-saturated models exist for arbitrarily large x.* If M |= T is k-saturated, then

for all N = T with |N| < k, there is an elementary embedding of A/ into M.

*Note that often set theoretic assumptions are needed to show that x-saturated models exist
for particular x (i.e., k-saturated models exist for strongly inaccessible cardinals).
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It is common to let U be a k-saturated model for some sufficiently large x and

consider the models we are interested in as being embedding into this model.
Next we introduce the model theoretic notion of forking. Our presentation of

forking for types is based on [14, Chapters 2, 3]. There is a more general definition

of forking for formulas which can be found in the previously mentioned sources

(18], [23]).
For the rest of this section we make the following technical assumption that 7" is

a complete and stable theory in a countable language, and T has infinite models.

Definition 12. 1. Let p(T) € S,.(A). Then the class of p is

c(p) .= A{¢o(z,7) : there is some a € A such that ¢(T,a) € p}

Note that cl(p) is the set L-formulas which are represented in p.

2. The fundamental order for n-types is denoted

On(T) := ({cl(p) : p € Su(M), M =T}, Q)

3. For p(T),q(T) n-types over models of T', we write p < q if cl(p) C cl(q), and

p~qif cl(p) = cl(q).

4. Let p € S,(A). Then we define

Cp={cl(q): ¢ Dp,qe S,(M), where AC M and M =T}

13



Lemma 13. For any p € S(A), C, has a minimal element. We denote this class

by 5(p) i.e., B(p) is the least class of a type over a model which extends p.

Definition 14. Let A C B,p € S,,(A),q € Sn.(B) and p C q. Then we say that q

does not fork over A, or equivalently q is a nonforking extension of p, if

Bp) = Bla)-
We say that A is independent from B over C, denoted

Al,B

if for every finite tuple a from A, tp(a/BUC) is a nonforking extension of tp(a/C).

Remark 15. Nonforking is a notion of independence that generalizes the notion
of algebraic independence for algebraically closed fields. The following are some

basic properties of forking independence.
1. (Symmetry) A L. B if and only if B L, A

2. (Invariance) If o € Aut(U) and A |, B, then o(A) LU(C) o(B)

3. (Transitivity) Let C € B C D. Then A L, D if and only if A L, B and
Al,D.

4. (Exzistence) For all a, B, and C there exists b such that tp(a/C) = tp(b/C)
and b J/C B

14



Definition 16. Let T' be an w-stable theory. Let A C U and p € S,(A). The

U-rank of p is defined inductively (over the collection of ordinals) by
RU(p) =sup{RU(q)+1:3dB,AC B C M,q € S,(B),p C q and q forks over A}
We will often refer to this as the Lascar rank of p. We often write RU(a/A)
for RU (tp(a/A)).
Remark 17. Here are a few properties of Lascar rank:

1. RU(a/A) is an ordinal.

2. RU(a/A) =0 if and only if a € acl(A).

3. (Lascar inequality)

RU(a/A,b) + RU(bJA) < RU(a,b/A) < RU(a/A,b) & RU(b/A)

the & denotes the Cantor sum of ordinals.

4. Let X be a definable set. RU(X) =sup{RU(a/B) :a € X} where B is any

small set of parameters over which X s defined.

5. Let XY be definable sets. If f : X — Y 1is a definable bijection then
RU(X)=RU(Y).
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2.2 DIFFERENTIAL ALGEBRA

This section reviews some fundamental definitions from differential algebra. For
a more detailed exposition of Differential Algebra see [6], [7] and [19]. The pre-
sentation here is limited to the case of differential rings with a single derivation,
as this is the case we will need for this thesis (opposed to the more general setting
of rings with multiple commuting derivations). Throughout this section all rings

are assumed to be commutative.

Definition 18. Let R be a ring. A derivation is an additive map 6 : R — R

that satisfies the Leibniz rule,

d(ab) = d(a)b+ ad(b)

A differential ring is a ring with a derivation. When R is a field we call it a

differential field.

One example of a differential ring is to let R be any ring and equip it with
the trivial derivation 0 : R — 0. Another example is C*°, the ring of infinitely
differential real value functions on (0, 1), with the standard derivative.

The kernel of the derivation is called the ring of constants, denoted Cr (often
denoted by C' when R is implicit). That is Cr = {a € R : §(a) = 0}.

For a differential ring R we construct the ring of differential polynomials
R{z} by R{x} = R[xg, x1,...] with the structure that 6(z,) = z,,1. In this ring

we identify x,, as the nth derivative of z.
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Throughout this thesis we use the following notation for derivatives,
§(z) = 2',6%(z) = 2", and §"(z) = 2™ for n € N.

For f € R{z} \ R, the order of f is the largest n such that 2™ appears in f.

Definition 19. An ideal I in R{x} is a differential ideal if 6(f) € I for all
fel. Given AC R{x}, we will use [A] to denote the differential ideal generated

by A, and we use {A} to denote the radical differential ideal generated by A (i.e.,

{4} = VI4).

Let L D K be differential fields and a € L. We let Z(a/K) denote the differ-
ential ideal of differential polynomials in K{x} that vanish at a. We say that a
is differentially transcendental over K if Z(a/K) = {0}. Otherwise a is

differentially algebraic over K.

Theorem 20 (Ritt-Raudenbush Basis Theorem). Let R D Q be a differential ring
such that every radical differential ideal is finitely generated. Then every radical

differential ideal in R{x} is finitely generated.

Definition 21. Let K be a differential field. We say that X C K" is Kolchin
closed if there are fi, ..., f,, € K{x} such that

X={a€K": fila) = = fula) =0}

We refer to the topology generated by the Kolchin closed sets as the Kolchin

topology. The previous theorem tells us that an intersection of Kolchin closed

17



sets is given by a finite number of differential polynomials.

The Kolchin topology is the differential analog of the Zariski topology for alge-
braic geometry.
For X C A" we will use X to denote the Zariski closure of X. We will use X"

for the closure of X in the Kolchin topology.

Definition 22. An affine differential variety V defined over K is a Kolchin
closed subset of A" defined over K (i.e., the zero set of a collection of differential

polynomials over K ).

For I C K{z} and V C A", we have the following notions,

1. V{I):={a€ A" : f(a) =0 for all f € I'}

2. Z(V/K) = {f € K{z}: f(a) =0 for alla € V'}.
Theorem 23 (Differential Nullstellensatz). Let K be a differential field. Let
Y C K{x} be a set of differential polynomials. Then Z(V(X)/K) = {X}.

An affine differential variety V' is irreducible over K if it is not equal to the
union of two proper closed differential subvarieties defined over K. Every affine
differential variety over K has a unique decomposition into irreducible differential

subvarieties.

Definition 24. Let V' be an irreducible differential variety over K. We call a
point a € V generic over K if a is not contained in any proper differential

subvariety of V over K.

Next we introduce the notion of the Kolchin polynomial from [6].

18



Theorem 25. Let a be a finite tuple from an extension of K. Then there exists

a numerical polynomial wq K (t) with the following properties.

1. For sufficiently large t € N, w,/i(t) is equal to the transcendence degree of

K((67(a))o<j<t)-
2. The degree of w, i is < 1.

3. We can write wq K (t) in the following form

U)a/K(t) = dl(t + 1) -+ d2

where d; € 7, in this case dy is the differential transcendence degree of K{a)

over K.

4. If b is a tuple from K{a), then there is to € N such that for sufficiently large

t e N, wb/K(t) < wa/K(t+t0).

We call w,/x the Kolchin polynomial of a over K. The degree of w,/k(t) is
called the differential type of a over K, denoted A-type(a/K). Similarly, the
leading coefficient of wq/k(t) is called the typical differential dimension of a
over K, denoted A-dim(a/K). In general the Kolchin polynomial is not a dif-
ferential birational invariant, however the A-type and A-dim are both differential
birational invariants.

A result in [22] shows that Kolchin polynomials are well ordered under eventual
domination (i.e., f < g if and only if f(t) < g(¢) for all sufficiently large t € N).

Thus we can extend the notion of Kolchin polynomials to V' a differential variety

19



as follows

wy = sup{wy/r : @ € V'} where F is any field over which V is defined.

2.3 MODEL THEORY OF DIFFERENTIAL FIELDS

In this section we review model theory of differential fields which combines notions
from sections 2.1 and 2.2. For a more in depth exposition of Model Theory of
Differential Fields see [9, Chapter 2].

We focus on working within the theory of differentially closed fields (DCF). We
will use the language £ = {+,-,—,4,0,1}. The theory of DCF has the following

axioms
1. axioms for algebraically closed fields of characteristic zero.
2. Ve,y o(z+y)=0(z)+ d(y)
3. Va,y O(xy) = xd(y) + yd(x)

4. For any non-constant differential polynomials f(z) and g(z) where the order

of g is less than the order of f, there is a y such that f(y) =0A g(y) # 0.

For the rest of this thesis we will assume that all rings are characteristic 0. We

also let U = DCF be a k-saturated model for a sufficiently large .
Theorem 26. The theory DCF has the following model theoretic properties:

1. Quantifier Elimination,

20



2. w-stable,
3. Elimination of Imaginaries

One consequence of Theorem 26 is that the definable sets are the constructible
sets in the Kolchin topology.
Quantifier elimination also gives a bijective correspondence between complete

types over K, differential prime ideals, and irreducible varieties over K as follows
p— L ={f(x) e K{z}:"f(x) =0" € p} — V, :=V(I,)

The correspondence between varieties and types is given by V' + tp(a/K) where
a is a generic point of V. Thus for a € U, V(Ijpa/k)) is a differential variety over
K where a is a generic point.

The forking relation has several characterizations in DCF'; the following char-

acterizations are useful for our considerations:

1. If K C F and p € S,(F), then p does not fork over K if and only if V}, is an

irreducible component of V. over F.

2. Let K C Fi, Iy be differential fields, then Fj \LK F, if I} and Fy are
algebraically disjoint over K i.e., if @ € F7 is algebraically independent over

K then it is algebraically independent over Fy. For A, B,C' C U we write
A \LC B if Q(AC) \I—/Q<C’> Q(BC).

It follows from the first characterization that if ¢ D p is a forking extension,

then w,(t) < w,(1).
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These characterizations are used in [17] to prove the following facts:
1. RU(a/B) =w <= a is differentially transcendental over Q(B)

2. RU(A™) =wn
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Linear Differential Equations

3.1 INTRODUCTION

In this chapter we present our results for defining a bijection between differential
varieties given by linear differential equations and affine spaces. We are then able
to make conclusion about the Lascar rank of these varieties since it is preserved
by definable bijections. The main result is motivated by generalizing an algorithm
used to define a bijection between a generic linear differential equation of order 2
in 2 variables and A'. We first present that example then generalize the method to

a fully generic linear equation of arbitrary order in any fixed number of variables.
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The results are then further generalized to systems of generic linear differential
equations.

Upon understanding the algorithm in the context of generic linear equations we
analyze the process to see how it can be applied to define similar bijections for

certain non-generic linear equations.

3.2 GENERIC LINEAR EQUATIONS

The main result of this section is Theorem 31 which establishes a definable bijec-
tion between the solution set a system of generic linear differential equations and
A, where ¢ depends on the number of equations and variables in the system. We
begin by considering some warm-up examples to motivate the techniques applied

throughout this section.

Definition 27. A generic linear differential equation of order m in n variables

(over K ) is given by an equation of the form:

—_

n— m

Z ai7j$§j) +c=0 (31)

J=0

(2

I
o

where the coefficients a; j, ¢ are independent differential transcendentals (over K ).

Example 28. For a warm-up example we consider a generic linear differential

equation of order 1 in two variables.

a7’ + agxr + by’ +boy +c =0 (3.2)
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Now we apply the definable map (z,y) — (z,y) where z = x + Z—lly Thus,

b b\ b
T=z——y andx’:z'—<—1> y— —y.

ai ai

Substituting these expressions for x,x’ into equation (3.2) we get the following

equation in z,y

b1 a061

/
a1z + apz + (bo —m (—) — —) y+c=0 (3.3)

a1 a

In particular,
a1z + agz + ¢

/
b agpb
bo—ar () —

Thus y is definable from z. Therefore the solutions of equation (3.3) are pa-

Yy==-

rameterized by z, and there are no restrictions on the choice of z, so the solution
set is in definable bijection with A'. In particular, this shows that the solution set
of (3.2) has Lascar rank w.

From the Lascar inequality gives the follow bounds for the Lascar rank of this

variety

w<RU(z,y/K) <w+1.

Thus we see that in this case the lower bound is realized. The results throughout

this section will continue to realize the lower bounds from the Lascar inequality.

Example 29. Now we consider the case of a generic linear equation of order 2
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in 2 variables
asxy + a1y + agxo + box + byl + boxy + ¢ =0 (3.4)

Let V' denote the linear differential variety over K given by (3.4).
Now we apply the following definable map which reduces the order of equation

(3.4) in the variable x;.

b
(%o, 1) — (yo, 1), where yo = xo + a—2x1 (3.5)
2

The map (3.5) is a definable bijection. Moreover we represent equation (3.4) in

terms of the variables yo, x1 by making the following substitutions

b

To = Yo — —2371 (3 6)
a2
b by \'

The resulting equation is

" / b2 ' b2 / b2 " bg ! bg
asyYp+ar1yytaoyo+| b1 —2a2 | — | —a1— |23+ {(bp—a2| — ) —a1| —| —ap— | x1+c=0
a9 a9 a2 a2 a2

(3.9)

To keep the notation more compact we substitute by ; for the coefficients of xgj)
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in equation (3.9). That is

b\’ b
bl,l = bl — 2&2 <—2> — a1 (-2)
(05} (05}
b\ b\ b
a9 a9 a9

This substitution allows us to express equation (3.9) as

agyy + a1y + aoyo + b1 + byr +c =0 (3.10)

Now we apply another following definable map to reduce the order of equation
(3.10) in the variable yq.
a9 ’

(Yo, 21) = (Yo, Y1) where y1 = x1 + L (3.11)
1,1

Again we note that the map given in (3.11) is a definable bijection. To express

equation (3.10) in terms yo,y1 we make the following substitutions

a
Ty =1y — ﬁyg (3.12)
’ /
a a
A e A T (3.13)
b1 1 b1 1

This substitution allows us to express equation (3.10) as

/

a a

(al — by (b—Q) - bl,Ob_Q) Yo + aolo + 11y +bioyr +¢=0 (3.14)
1,1 1,1

27



Again, for ease of notation we will substitute a; ; for the coefficient of y(()j) m
(3.14). So
as '’ a
2 2
aig =a; —big <—) —b1o—
b1

1,0 = Qo

Thus equation (3.14) becomes the following linear equation of order 1 in the

variables yo, Y -

a1,1Yy + aroyo + brayy + by +¢=0 (3.15)

Thus by applying the composition of the maps (3.5) and (3.11) we see that the
solutions of equation (3.4) are in definable bijection with the solutions of (3.15).
In Example 28 we showed that the Lascar rank of (3.15) is w, hence the Lascar
rank of (3.4) is w.

In this case the bounds for the Lascar rank of (3.4) coming from the Lascar
inequality are

w < RU(z,y/K) <w+2
Again we note that the lower bound is realized.

Using the maps from example 29 for motivation we generalize the result to the

following lemma.

Lemma 30. Let n > 2. The solution set of a generic linear differential equation

in n variables is in definable bijection with A"~!.
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Proof. We prove this by induction on the order of the generic linear differential
equation.

For the case of order 0 the linear differential equation is

ap0xo + a1,0T1 + -+ Ap_10Tp—1 +c=0

We observe that

1
29 =—— (1,01 + -+ + Ap_10Tn_1 +C)
ap,o
so xg € dcl(xy, ..., x,—1). Thus this equation is dependent only on the variables
x1,...,Tn_1. oince the coefficients are generic the solution set is in definable

bijection with A"~1.

For the inductive step we start with a generic linear equation of order m and
apply definable maps and change the variables to end up with a generic linear
equation of order m — 1. The maps we want to use are generalizations of the maps
applied in Example 29.

First we apply the map

Aim
(o, T1y .-y Tp—1) — (Yo, X1, ..., Tp) Where yo = o + Z T (3.16)
i=1 dom
n—1 @
Note that 2™ = y{™ — Z “hm M4 Jower order terms in ;.
i—1 ag,m

1=
The lower order derivatives of zy will contribute to the lower order terms of
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Z1,...,%,_1, thus altering the coefficients of these variables. We apply the map
(3.16) to equation (3.1) and substitute yy for 5. We also make a substitution for
the coefficients where we let b; ; be the coefficient for xgj ) for i > 1. This gives the

following equation,

m n—1m—1
D a0y’ + 3D bigel +e=0. (3.17)
Jj=0 i=1 j=0

Thus the variables xq,...,z,_1 now all appear with order m — 1 in equation

(3.17).

We need to show that the coefficients of equation (3.17) are generic over K. We
show that the set coefficients is differentially algebraically independent over K.

Suppose not, then there is some differential polynomial p € K{Z} such that
(@00, ---,00m,b00,---,0n—1m—1) = 0. However the coefficients b, ; are given by
rational differential expressions in terms of a; ;. Therefore we can make this sub-
stitution and then clear the denominators. This gives a differential polynomial
relationship over K among the {a; ;} contradicting that the {a; ;} are generic over
K.

Next we apply the map

a’O,m /

(?/0, Ty ,=Tn—1) = (y0791, Lo, .. ~5Un—1) where y; =z + b Yo (3-18)
1,m—1
Note that xgm_l) = y§m_1) ao—’myém) + lower order terms in .

- bl m—1
Again we see that the lower order derivatives of x; will introduce addition lower

order terms in yo. By applying the map (3.18) to equation (3.17) and substituting
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by ; for the coefficients of y((]j ) we get an equation of the form.

1 m-—1 n—1 m—1
> bisy + >N bijad) +c=0 (3.19)
=0 j= i=2 j=0

Therefore the resulting equation has order m — 1 in all n variables. Again we
need to check that the coefficients of equation (3.19) are generic. When we applied
the map to produce (3.19) this introduced the coefficients b ;, which are given by
differential rational expressions in ag ; and b; j. Thus as above we see that if there
was a differential polynomial relationship among the coefficients of (3.19) then we
could express the by ; in terms of ag; and b, ; then clear the denominators from
this rational expression. Contradicting that the coefficients of (3.17) are generic.

The composition of the maps (3.16) and (3.18) give a definable bijection between
the solutions of (3.1) and (3.19). By induction there is a definable bijection
between (3.19) and A"~!. Therefore taking the composition of these two maps

gives desired definable bijection between (3.1) and A", O

Next we extend the result of Lemma 30 to systems of generic linear equations

with the following theorem.

Theorem 31. Let n > k > 1. The solution set to a system of k generic linear

differential equations in n variables is in definable bijection with A" *.

Proof. We prove this by induction on the number of equations in the system. The
base case of k =1 is done by Lemma 30.
Now we consider a system of k generic linear differential equations in n vari-

ables (i.e., the set of all coefficients appearing in the system is a differentially
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independent set)

:\
—
3
S

CL()’Z',]‘ZL‘ZQ) + Co = 0

-
Il
=)
.
Il
=)

(3.20)

—_

n—1 Mk—

-

) _
Ak—1,i,5%; + Cp—1 = 0
J=0

Il
=)

i

We reduce the first equation of the system (3.20) to an equation of order 0 by

applying the maps from the proof of lemma 30.

n—1

Z bo,i,09i +¢o =0 (3.21)

=0

Throughout this process we have applied several maps to the variables x; and
we must apply these to the other k£ —1 equations of (3.20). We make substitutions

for the coefficients of these equations so that the system is now of the form

n—1

Z bo,i,oyi +co =0

=0

n—1 m

Z Zl b1’i7jy§j) -+ C1 = 0

=0 j=0 (3.22)

|
—

n M —

[un

bk—l,i,jyzw +cp-1=0

j=0

Il
o

7
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From equation (3.21) we see that

n—1
1
Yo bo,0,0< Co ;1 0,i,0i) (3.23)

Hence, yg is definable from yq, ..., yn_1.

Therefore we can use equation (3.23) to eliminate yo from the other k — 1
equations of (3.22). Therefore we have a definable bijection between the solutions
of the system (3.20) and the solutions of a system of & — 1 equations in n — 1
variables. As in the proof of lemma 30 we see that the coefficients for this system
are still generic as any nontrivial differential algebraic relationship among them
yields a relation among the original coefficients by expanding their expressions in
terms of the original coefficients and clearing denominators.

By induction there is a definable bijection between the solutions of this system
of k — 1 equations in n — 1 variables and A" *. Taking the composition of this
map and the map constructed above gives the desired definable bijection between

the solutions of (3.20) and A™~*. O

Corollary 32. Let n > k > 1. Let V be the differential algebraic variety cor-
responding to a system of k generic linear differential equations in n variables.

Then V' has no proper subvarieties of rank w - (n — k) nor any subvarieties of

A-dimn — k.

Proof. Suppose towards a contradiction that W C V is a proper subvariety of
rank w- (n —k) (resp. A-dim n— k). By Theorem 31 there is a definable bijection

between V and A"~*. Under this bijection the image of W is a proper subvariety
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of A"7* with rank w-(n—k) (resp. A-dim n—k), but no such subvariety exists. [

Corollary 33. Let n > k > 1. Let V be the differential algebraic variety cor-

responding to a system of k generic linear differential equations in n variables.

Then V' has Lascar rank w - (n — k).

3.3 NON-GENERIC COEFFICIENTS

In the proof of Theorem 31 we do not need fully generic coefficients to construct
the bijection. Instead what we need is that in each application of (3.16) and (3.18)
the coefficient appearing in the denominator has not vanished. In this section we
present a recursive system of conditions that the coefficients of a system of linear
differential equations must satisfy in order to be able to utilize the process from the
proof of Theorem 31. We say that the coefficients for a system of linear differential
equations are sufficiently generic if they satisfy the conditions necessary to

construct a definable bijection to A"*.

3.3.1 ANALYSIS OF A SINGLE EQUATION

Let’s examine what occurs when reducing a linear differential equation of order 3

in two variables.

Example 34. Throughout this example we apply maps and make substitutions
similar to example 29 in order to reduce the order of the equation. At the end
we see what conditions the coefficients need to satisfy for all of the maps to be

definable and thus produce a bijection with A'.
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Notation: We use the subscripts of the variables to keep track of how many
iterations of the maps we have applied (i.e., the maps we use be such that z; —
Tiy1). Also we will be making the substitutions a;; (resp. b;;) for the coefficient
of .CEZ(j) (resp. 1y} ) where appropriate.

We start with a linear differential equation of order 3 in 2 variables
Qo 3Ty + o2y + a1 + aooTo + bosyy + bo2yh + boayy + booyo +c =0 (3.24)
Next we apply the following definable map to equation (3.24)
(20, Yo) + (21,Y0) where xy = 0 + Zz—éyo (3.25)

Note that in order to define the map (3.25) we require that ags # 0.

We can make the following substitutions

bo,3
To=T1— —Yo
ap,3
/
0,3 50,3 ,
To=Tr—\— ) Y%——Y
0,3 Qo

? (3.26)

Qa
" /
no__n b0,3 b073 / b073 "
To=2y = | — | Yo—=2(—) %~ —W%
aop,3 Qo3 Qo,3
" " /
ne__om b073 3 b0,3 / 3 b0,3 " b073 "
o =af = (== ) =3 =) w =3 =) w—
ap,3 ao,3 ap,3 ap,3

After applying this map and making the substitutions for the resulting coeffi-
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cients we write equation (3.24) in the following form
ao 32y + aooxy + ap 1] + aopr1 + biayy + b1y + bioyo +¢ =0 (3.27)

Next we apply the following map to equation (3.27)
aop,3
(21,90) = (21, 51) where yy = yo + ="} (3.28)
1,2

Note that in order to define the map (3.28) requires that by o # 0 .

Thus we make the following substitutions,

ao,3 ,
Yo = Y1 — b_131
1,2
/
Qa Q
o=t - (32 o - e (3.29)
1,2 1,2

1 /
Qo,3 ap,3 o3
1! ! ) / ) " ) n
yozyl_(_) 371_2(_ Ty — 77—
b2 b1 bi2

After applying map (3.28) and making the substitutions for the resulting coeffi-

cients we write equation (3.27) in the following form

al,gx’{ + a171flf’1 + a1,0T1 + b172y/1/ + b171y1 + bl,[)yl +c= 0 (330)
Next we apply the following map to (3.30)

b
(1, 1) = (w2, 1) where 9 = 1 + al—’zyl (3.31)
1,2

Note that in order to define the map (3.31) requires a; o # 0.
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Thus we make the following substitutions

by 2
T =T — —U1
a2
by 2 ' b1 2
ry=a,— (== - == 3.32
1 2 a1z Y s Y ( )

After applying map (3.31) and making the substitutions for the resulting coeffi-

cients we write equation (3.30) in the following form

CLLQZ‘/Q, —+ CL17113/2 -+ CLL()IQ + b2,1y£ —+ b270y1 +c= 0 (333)
Next we apply the following map to equation (3.33)
ayr2 ,
(T2, y1) = (w2,Y2) where yo = y1 + [ (3.34)
2,1
Note that map (3.34) requires by1 # 0 in order to be applicable.
Thus
Q12 ,
Y1 =Y2 — b—fcz
2,1
(3.35)

After applying map (3.34) and making the substitutions for the resulting coeffi-
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cients we write equation (3.33) as

a2,1$/2 + ag 02 + b2,1y§ +byoya +C =0 (3.36)

Finally we apply the following map to (3.36)

b
(22, 2) 1 (3, 2) where 5 = 23 + =y, (3.37)
2,1

Note that in order to define the map (3.37) requires asy # 0.

Thus we can make the substitutions

ba 1
Ty = T3 — a—yz
2,1
’ , (3.38)
x/ = a’:/ J— (%) J— %y/
2 a2 1 Q21 2
This simplifies to the following equation
a9 1Ty + ag03 + bsoya + ¢ =0 (3.39)

Note that if bso # 0 then in (3.39) ya is definable from x3. As in the end of
example 28 we see that the set of solutions is in definable bijection with A'.

To complete the entire process we require that all of the following coefficients
ap3,b12,a12,b21,a21 and bsy do not vanish. Fach of these coefficients can be ex-
pressed by a rational differential expression in terms of the original coefficients ag ;

and bo,; by unpacking the recursive substitutions we made throughout the process.
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Doing this gives the following conditions *

ao,3 7 0 (3.40)
bos )’ b
bio = bo2 — 3ap3 (£> _ B0z %03 #0 (3.41)
.3 .3
bo,3 bo,3 ! bo,3 "
a3 - (b0,1 —ap - <m> —2-ap2- <R> —3-aps3- <m> )
a2 = 7 ;
bo2 — 3ap3 (ﬁ) - ‘aOfQ,SO'S
/
bos)’ b
— 92 (boz — 3(1073 (E) _ aO’Q 073) a’:,3 / : 7§ 0
o3 ap,3 b072 o 3CL073 <ﬁ> . ao(f(;’go,a
(3.42)
apq1-b !
by = b1 — —l 12 2a1 <£) #0 (3.43)
a2 12
bao - !
a1 = a1, — 2’06—6“’2 — by - (%) #0 (3.44)
2,1 2,1
b b !
bso = b2 — B0 72l aga - (£> #0 (3.45)
a1 a1

Next we perform a recursive analysis to determine sufficient conditions for the

solution set of linear differential equation of the following form to be in definable

*We did not expand all of the conditions out to be in terms of the original coefficients. We
include this example to illustrate the point that it is possible to explicitly determine what the
necessary conditions on the coefficients for a given order and degree. If one wants to verify the
conditions for examples beyond the case of order two in two variables in this manner then the
use of computers is strongly recommended.
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bijection with A1,

n

Za ,,J%z +c=0 (3.46)

i=0 j=0

The strategy is to apply appropriate versions of the maps (3.16) and (3.18) to
reduce the order of the resulting equation on each application.

The purpose of map (3.16) is to make the variable of highest order unique;
we can denote this coordinate by xj . To reduce the order of x, we use the
map (3.18) which requires some non-zero ay;; where ¢ # i'. After k iterations of
applying these maps the composition of the maps will give a bijection between

the solution sets of (3.46) and an equation with the following form:

n m—k

SN apiall +e=0 (3.47)

=0 7=0
WLOG (up to applying a permutation of the coordinates) we may assume that

Ty is of the highest order and if some ay ; m—r 7# 0 then ay 1 m—r # 0.
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Then the coefficients ay; ; in (3.47) can be computed as follows:

Fori>0and 0<j7<m—k:

m—k (6=5)
. Z 14 Ak im—k
ak+1717] - akﬂmj - ak707£ ]
(=j

Ak.0,m—k
Fori=0and0<j7<m—Fk:

Ak4+1,0,0 = Ak,0,0

m—k—1 (£—j+1)
B 4 A,0,m—k
Qk+1,05 = Ak0,j — E Qp+1,1,¢ j—1 —

a ke
Pt k+1,1,m—k—1

(3.48)

In order to produce a bijection between the solution sets of (3.46) and a linear
equation of order 0 we need to apply m iterations of the maps which reduce the
order, hence need as,m—r 7# 0 and ag1m—¢ # 0 for 0 < ¢ < m. Note that such a

bijection will give the desired result of being a bijection to A"~

3.3.2 CONSTANT COEFFICIENTS

Example 35. In this example we consider the case where the coefficients of (3.46)
are all constants of the differential field K.

When working with constants all of the derivatives vanish, hence the conditions
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of (3.48) simply to the following

Fori>0and0<j3<m—=k:

. Ak im—k
Ak+1,i,5 = Akyij — Ak,0,5 A Ok
;U —

Fori=0and0<j3<m—k: (3.49)

Ak+1,0,0 = Qk,0,0

. Ak,0,m—k
ak4+1,0,j = Ak,0,5 — Qk+1,1,5—1 P
k+1,1,m—k—1

From this example we see that the coefficients are given by rational algebraic
expressions. Hence if all the coefficients are algebraically independent over Q,
then none the coefficients appearing the transformations will vanish. This proves

the following Theorem.

Theorem 36. Letn > 2 and let V' be a differential variety given by a linear equa-
tion in n variables with constant coefficients. If the coefficients are algebraically

independent over Q, then there is a definable bijection between V and A" 1.

We present one last example here to show that it is not always the case that

the lower bound from the Lascar inequality is always obtained.

Example 37. Consider the differential equation
¥+y =0 (3.50)

Note that here if we try to apply the reduction map (x,y) — (z,y) where z =
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x + vy, then we end up with the equation
Z=0 (3.51)

In particular we see that we do not have a y which we can use to reduce the order
of z. Hence we cannot perform further reductions and construct a map to an affine
space. Instead, what we see is that in equation (3.51) (in terms of z,y) there are
no restrictions on y and that z satisfies an equation of order 1. Moreover there is
no relationship between the variables, hence equation (3.51) (in z,y) has Lascar
rank w+ 1. Therefore, (3.50) has Lascar rank w + 1, which is the upper bound for
the Lascar rank of this equation coming from the Lascar inequality.

Moreover, this example can be generalized to
2 4 4 m = (3.52)

A similar argument shows that (3.52) has Lascar rank w + m, which is the upper

bound for the Lascar rank of this equation coming from the Lascar inequality.
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Differential Tangent and Arc Spaces

4.1 INTRODUCTION

This chapter is an exposition of differential arc and tangent spaces. Differential
arc spaces were originally developed in [15].

The presentation of differential arc spaces used for this chapter follows the
presentation in [11] and [10]. For differential tangent spaces we use [6] and [7].
The presentation in this chapter is adapted to the setting of differential rings
with a single derivation. Analogous definitions for the case of several commuting

derivations can be found in the cited texts.
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4.2 ARC SPACES

In this section we review the construction of Arc spaces in the algebraic setting.

For this section let S and T" be schemes and 7 : T" — S be a map of schemes.

Definition 38. LetY be a scheme overT', then we construct a set-valued functor
on the category of schemes over S, Rr;s(Y), given by S" — Y (5" xgT). Here
Y (S'xsT) denotes the set of (S"xsT') valued points of Y overT (i.e., Homp(S'xg
T,Y)). If this is a representable functor, then we denote the representing object
by Rr/s(Y); this is the Weil restriction of Y from T to S.

When T is finite over S and Y satisfies that every finite set of points is contained
in an affine open subset, then the Weil restriction is representable. We are working
in a setting where these conditions are satisfied, therefore we implicitly assume
these conditions hold whenever necessary.

The relevant setting is the following. Let k be a field and S = Spec(k). Let
T = Spec(k™) where

kM) = E[e]/(e™).

Let Y = X x; k™) where X is an affine variety over k. k™ is a k-algebra via
the natural map,

ar— a+0e+---+ 0.

Definition 39. The m'" arc bundle of X over k is Ryum) (X ®y k™) the
Weil restriction of X @, k™ from Spec(k(™)) to Spec(k). We will denote this by
A (X/E) or A X when k is implicit.
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Note that A,,X is not necessarily a reduced or irreducible scheme over k.

Example 40. Given a k-algebra, R, A, X (R) can be identified with X (Rle]/(e™)).
In particular, A, X (k) is identified with X (k™). Hence when X C A’ is an affine

variety we get equations for A, X C AU by the following process:

Let X = Spec(k[zy, ...,z /({fi}ier))

then

St U o>

St U o>

Iniilg) gl

Let f: X — Y be a regular map of varieties over k. Then we have an induced
map, A, (f) : AnX — A,Y given by f evaluated on X (k[e]/(e™*1)]). More
specifically, let X C A4 Y Cc A" and f = (f1,...,f.). Let b € A,,X(k) we can
view b as a point in A*(k[e]/(e™1)). Then A,.(f)(b) = (f1(b),..., f(b)) where
we compute f;(b) in kle]/(e™1).

For ¢ > m there is a natural map py,, : As = A, induced by the quotient map
E® — k(™ For a € X, the m™ arc space of X at a, denoted A,, X, is the fiber
over a of the map p, .

Next we give a summary of some basic properties for algebraic arc spaces; proofs
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of these lemmas can be found in [10].

Lemma 41. Let X be an algebraic variety over a field k and a € X (k) a smooth
point, then for any pair of natural numbers £ > m > 0 the restriction of the map

P AeX — A X to A X, (k) is surjective onto A, X, (k).

Lemma 42. Let f : X — Y be a reqular map of algebraic varieties over the
field k. Let m be a natural number and a,, € A, X (k) such that a = py(am)
is a smooth point of X and f(a) is a smooth point of Y. Let X be the fiber of
Pmtim * Am1 X = A, X over a,,, and Y the fiber of pmi1m * Amt1Y =AY
over Am(f)(an). Then there are bireqular maps ¥x : X — T,X and by : Y —

T)Y so that the following diagram is commutative

X Amt1(f)

Y
wxl l@by
dfa
TaX E— Tf(a)Y

Lemma 43. Let f : X — Y be a dominant map of algebraic varieties over the
field k. Suppose a € X (k) is a smooth point and f(a) € Y (k) is smooth on
Y, and df, has rank equal to the dimension of Y. Then for every m, the map
A (f) : ApXa(k) = AnYs) (k) is surjective.

Lemma 44. Let K be an algebraically closed field of characteristic zero and
X,Y C Z are irreducible algebraic varieties over k. If a € X (k) NY(k), then

X =Y if and only if A, Xo(k) = A,Y. (k) for all m > 0.
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4.3 PROLONGATION SEQUENCES

In this section we review the construction of prolongation sequences; continuing
towards the development of differential arc spaces as presented in [10].
Let R be a differential ring and let d be the derivation on R. We will use the

following notation

This ring is a R-algebra via the exponential map E : R — R,, given by

1 (64 (03
a— Z aé (a)n
0<am
Definition 45. Let X be an algebraic variety over a differential field K, the m™
prolongation 1,,X of X is the Weil restriction of X X gk, from Spec(K,,) to
Spec(K) (i.e., TnX = Ri,, )k (X xXp Kp)).

Note that when ¢ is the trivial derivation (i.e., § = 0), 7,,, and A, are the same.
For ¢ > m, the quotient maps K, — K,, induce maps m,, : 70 — T,,. We often

denote the map =, ¢ by m,,. We also have a map, V,, : X — 7,,.X given by

1
T Z aé“(w)na

0<a<m

In some situations we consider 7,,X under its canonical embedding into the
m times

iterated prolongation 7" X := To---o7X. The iterated prolongation has the
m times

3 m . m — . m+1
section map V™ : X — 7"X :=V o---0V. Then the map from K|[n|/(n)™"" to
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K&, &ml/((§)1<j<m) given by n = 37, &; gives an embedding 7, X — 77X

This embedding gives an extension of the map m,, : X — 7, X (for £ > m) to
{—m times

Tom X — 7mX given by T, 0 --- o 7.

We have the following lemma that taking prolongations and taking arcs com-

mute for algebraic varieties. The proof of this lemma is in [10].
Lemma 46. 7,,A,.(X) = A,7,,(X).

For a differential variety X over K and ¢ € N, we let X be the Zariski closure
of X and let 7,X be the Zariski closure of V,(X) in 7,X (K).

Note that X is determined by the its prolongation sequence
(Tom = Te X = T X [0 > m)

Observe that

X ={ae€ X(k):Vila) € nX(K), V{ >0}
Conversely, suppose Y is an algebraic variety and (X, C 7,Y'|¢ > 0) is a sequence
of algebraic subvarieties such that:

1. mgyq restricts to a dominant map from X,,.; to X, and

2. X,41 is a closed subvariety of 7X,, under the embeddings 7,Y in 7Y and

oY in 7Y

then there exists a unique differential subvariety X of Y such that 7,.X = X,.
This establishes an equivalence of categories between differential subvarieties and

prolongation sequences.
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Definition 47. Let K be a differentially closed field. Let X be an irreducible dif-
ferential over K and let X be the Zariski closure of X. Then the m' differential

arc bundle of X, A2 X is given by the following prolongation sequence
(A (m54) 2 A1 X — A X|s > 1)

For a € X the m'™ differential arc space of X at a is the fiber above a of

pm 2 AmX — X restricted to ASX .

The following definition and lemmas establish a connection between differential
arc bundles and the differential tangent space developed by Kolchin in [7] (which

we discuss in the next section).

Definition 48. Let a € X, then a is a smooth point if Vi(a) is a smooth point
on X, for every s and d(ms;)v,(a) has full rank for every s > t.

If a € X is a smooth point, then V (A5X,) = Apn(Xs)v,(a)-
Lemma 49 ([10], Lemma 2.11). Let X C A’ be a differential variety. If a € X
is a smooth point, then AL X, is canonically isomorphic to T2 X.
Lemma 50 ([10], Corollary 2.12). Let X C A* be a differential variety and a € X
a smooth point (as in Definition 48). Then waax, (t) = mwx(t).

In particular, for a € X smooth we see that AL X, has the same Kolchin poly-

nomial as X .

The (first) prolongation of a variety 7V is often useful in applications as gen-
erators for the differential variety can be explicitly computed. If V' C A" is a

differential variety over K, then 7V C A?" is generated by
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3?(;) (@uz(j) + f°(z) =0 for f € Z(V/K)

f(z) =0 and Z

i<n
j<ord(f)

where f(r) is the differential polynomial given by applying & to all of the

coefficients of f.

4.4 DIFFERENTIAL TANGENT SPACES

In this section we review the construction of differential tangent spaces. This is

based on the work by Kolchin in [7].

Definition 51. Let V' C A" be a differential variety over K. The differential

tangent bundle of V, is the differential variety given by

0 :
f(z) =0 and Z ax‘é) (ZE)Ci(]) =0, for f e Z(V/K)

We denote this by T2V C A*™. We also have the map for projection onto the first
n coordinates ©: TAV — V.
For a point a € V, the fiber of this projection over a gives the differential

tangent space over a which we denote by T2V .

Lemma 52. Let V be a differential variety. If W C V is differential subvariety,
then TAW C TAV for alla € W.

Proof. Since W C V, then Z(W) D Z(V). Therefore TAW C T?V; in particular
this holds on the fiber above a for a € W. O
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Definition 53. A point a € V is smooth if the differential tangent space over a

has the same Kolchin polynomial as V', that s

wy/k(t) = wray ke (t)

Note that this definition of a smooth point is different than the definition given
in the previous section (Definition 48). However both definitions hold on dense
open sets. In particular, if a € V' is generic, then wy (t) = wray (t) = waay, (1) In
fact, the result at a generic point a € V,wy (t) = wray (t) was originally shown by

Kolchin in [7].

4.5 APPLICATIONS OF DIFFERENTIAL TANGENT AND ARC SPACES

In this section we present a brief overview of some applications of the concepts
from this chapter. We want to give a sense of the different types of results that
have been shown by using these ideas.

Kolchin defined differential tangent spaces in [6] and [7] where he creates a
foundation for differential algebra by establishing differential analogs of algebraic
concepts. In particular this was part of his development of Lie Theory for differ-
ential algebra.

In [13] prolongations spaces are used to give geometric axioms for differentially
closed fields of characteristic 0. The authors show that a differential field K is

differentially closed if

1. K is algebraically closed.
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2. Let V.C K™ and W C 7 (V) be irreducible varieties defined over K such
that W projections generically on V. Let U be a nonempty Zariski-open
subset of W defined over K. Then there is a point of the form (a, Vi(a)) € U

where a € V' is generic over K.

These axioms were later generalized in [21] to produce a geometric axiomatization
of differentially closed fields with multiple commuting derivations.

In [15] the authors use differential jet spaces to prove Zilber dichotomy for
DC'Fy; the result that every type of Lascar rank 1 is either modular or nonorthog-
onal to Ck. In [10] differential arc spaces are used to prove a version of Zilber
dichotomy for differentially closed fields with multiple commuting derivations; the
results that every non-locally modular regular type is nonorthogonal to a regular
type which is the generic type of a definable subgroup of the additive group.

Another application appears in [2] where prolongation spaces are used to obtain
an effective version of uniform bounding for differential fields with multiple com-
muting derivations. They produce an upper bound for the degree of the Zariski
closure of the solution set to a system of differential polynomials. The bound
given depends only on the order, degree and number of variables appearing in
the differential polynomials. Their proof utilizes prolongations by bounding the
degree of irreducible components of 7,(V'). They also produce an effective differen-
tial Nullstellensatz, i.e., they give an algorithm for determining if f € {f1,..., f..}
with a bounded search space.

In chapter 5 we use differential tangent spaces to apply our results for linear

differential equations to non-linear differential equations. We do this by using
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the result that at generic points V and T2V have the same Kolchin polynomial.
In chapter 3 we computed the Kolchin polynomial for linear differential varieties
with sufficiently generic coefficients. Thus we can bound the Lascar rank of the

non-linear variety if the coefficients for the tangent space are sufficiently generic.
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Non-Linear Differential Equations

5.1 INTRODUCTION

In this chapter we combine the results of chapter 3 along with the ideas of chapter

4 to prove results for non-linear differential equations.

5.2 GENERIC NON-LINEAR EQUATIONS

The main result of this section is Theorem 57. We begin with a motivating

example.

Definition 54. A generic non-linear differential equation of order m and degree
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d in n variables (over K ) is given an equation of the form

> oy IT () =0

Zeldgd 1<i<n
0<e; ; 0<j<m

where the coefficients az are independent differential transcendentals (over K ).

In general a (non-linear) differential polynomial in n variables of order m and

i( (m+1) +k:—1>

k=0

degree d will have

many terms.

Example 55. Let p(z,y) be a generic differential polynomial of order 1, degree 2

m two variables over K.

p(z,y) = ao(@')? + 12’z + axx’y’ + asz'y + asr’ + asx® + agry’ + arry + agx
+ 619(?/)2 + a10y'y + any’ + ay’® + azy +au
(5.1)

Let (ap, 1) be a generic point of the differential variety V- = V(p(x,y)) over
K.
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Thus T2V is given by the following linear equation

P(w, z) = (2ap0 + arg + aza) + azaq + aq)w’
+ (a1 + 2as00 + agay + araq + ag)w
+ (agary + agg + 2a90d) + ajpay + agp)z’

/ /
+ (CLgOJO + arog + a1004 + 2(1120[1 + CL13)Z

Let us make a substitution on the coefficients to rewrite equation (5.2) as

Biw’ + Pow + P2 + Baz.

In order to use Theorem 31 to determine the Lascar rank of TV we need to show
that the coefficients (1, ..., By are generic over k(o). Thus we need to show that
the differential transcendence degree of K{c, 51, B2, s, Ba)/k{a) is 4.

Notice that i = 2apaf, + a1ap + asa] + azaq + ay, in particular the coefficient
ay is only used in the definition of By (i.e., ay does not appear in the definitions
of B2, B3, or By). Similarly as, a1, and a3 appear uniquely in the definitions of
Ba, B3, and By respectively. Also note that a4 does not appear in any of the ;.

Let a := (ag,aq,...) excluding ay,as, a1, a3, a14. Note that (ay,as, a1, a13) is
definable from (By, B2, B3, Ba) over K{a,a). The tuple (a4,as,ai1,a13) are inde-
pendent differential transcendentals over K{«,a), since a is a generic solution
of p(z,y) which contains ai4 (and ayy is not included in a). Therefore the dif-

ferential transcendence degree of (a4, as,ai1,a13) over K{a,a) is 4. Hence the
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differential transcendence degree of (1, e, Bs, B1) over K{«a,a) is 4. In particular
(81, Po, B3, Ba) are gemeric coefficients over K{a).

Therefore by Corollary 32 we see that T2V has no subvarieties of rank w. We
want to use this to see that RU(a/K) = w.

Suppose F D K and q = tp(a/F) is a forking extension of tp(a/K). Let W be
the differential variety corresponding to q. Then « is a generic point of W and
TAW C T2V. Moreover wraw = ww < Wy = Wray, Since o is a generic point
of V.and W and W C V is proper. Therefore TSW C T2V is proper.

Since T2V contains no proper subvarieties with A-dim 1 we see that T>W must

be finite rank. Hence W has finite rank, thus RU(a/K) < w as desired.

Now we want to generalize the previous example to arbitrary order and degree.
We start with the following lemma to show the coefficients for the tangent space

over a generic point are generic.

Lemma 56. Let V be a differential variety given by a generic differential equation
of order m in n variables. Let o € V' be a generic point. Then the coefficients of

the equation defining T2V are generic over K ().

Proof. Let f(x) be the generic differential equation for V' and let @ denote the
coefficients of f. Let a;; be the coefficient xﬁj ) in f. Note that we are looking at
the coefficients of the linear terms of f.

We make a substitution to write the equation defining T2V as

i i Big=’

i=1 j=0
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That is f;; = %{j)(a). In particular we see that a;; only appears in the
definition of 3, ;, since it is the coefficient of :EZQ ) in f.

Let @ be @ excluding the a; ; and c. We observe that the a; ; are definable from
the B;; over K(a,a). Also the a;; are independent differential transcendentals
over K{«,a) since « is a generic solution f(x) which is defined using ¢ and ¢ is

not definable over K (G, ). Therefore the differential transcendence degree of the

Bij over K(o,a) is n-(m+ 1). In particular the f; ; are generic over K(a). O

Theorem 57. Let n > 2 and let V' be a differential variety given by a generic

differential equation of order m in n wvariables. Let o € V' be a generic point.

Then RU(a/K) <w-(n—1).

Proof. Suppose F' O K and ¢ = tp(a/F) is a forking extension of tp(a/K). Let
W be the differential variety corresponding to q. The « is a generic point of W
and TAW C T2V. Also wraw = wy < wy = wray, since «a is a generic point of
V and W C V is proper. Hence TAW C T2V is proper.

By Lemma 56 the linear differential equation for T2V satisfies the conditions
of Theorem 31 over K (o). Thus by Corollary 32, T2V contains no proper subva-
rieties of A-dim n — 1. Therefore W must have Lascar rank < w - (n — 1), since

ww = Wraw- O]

5.3 FURTHER DIRECTIONS AND COMMENTS

As in chapter 3 the results of this chapter be applied to compute the Lascar rank

for non-generic differential equations. In this case the conditions we need to satisfy
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are that for some generic point a, the equations defining T2 are sufficiently generic
(over K{a)). One obstacle is that the coefficients for T2 depend on «. This poses
a challenge to giving a more precise characterization of when these methods can
be applied to non-generic equations. Given the large number of coefficients of
non-linear differential equations it would be interesting to see if there multiple
formulations of sufficient conditions to yield sufficiently generic coefficients for
the tangent space above a generic point. In particular, our proof of Lemma 56
ultimately relies on the coefficients of the linear terms being generic with respect
to the rest of the coefficients. Are there sufficient conditions that can be described
for other subsets of coefficients to produce a similar result? What can be done in

the case of a non-linear equation that doesn’t have any linear terms?
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