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SUMMARY

0.1 Rational Points and Integral Points by Height

Let X C P™ be a smooth projective variety over a number field F. If X (F) is infinite,
one can try to measure its size by a height function. For example, given P € P"(Q), one can
write P = (ag : ... : ap) with a; € Z and gcd(ap, ...,a,) = 1, and define the height of P as

H(P) = max|a;|. Then, for X C P?, one defines

N(X,B) = #{z € X(F) : H(z) < B}.

For certain varieties X, the Batyrev-Manin conjecture and its refinements predict precise
asymptotic formulas for N(X°, B) as B — oo, where X° C X is an appropriate Zariski open
subset of X. A very accessible survey on counting integer and rational points on varieties
is (1). When the variety is a bi-equivariant compactification, approaches from dynamics and
harmonic analysis on adele groups can be used. For example, the papers (2) and (3) prove
Manin’s conjecture for wonderful compactifications of semisimple groups. In this paper, we
study (D, S)-integral points on the wonderful compactification of a semisimple adjoint group
by extending the techniques used to prove cases of the Batyrev-Manin conjecture.

Let X be a smooth projective variety over a number field F', and let D C X be a divisor.
To discuss integral points, we choose models X, D of X, D over the ring of integers O of F.
Let U = X\D. We denote by U(Op) the Op-valued points in U. For example, if D = () and

one chooses a proper model X over Op, then since Op is a Dedekind domain, the valuative



SUMMARY (Continued)

criterion of properness implies that X'(Op) = X (F'). So rational points on projective varieties
over number fields are in this sense a special case of integral points.

To state our result, let G be a semisimple adjoint group of rank at least 2 and let X be the
wonderful compactification of G. Assume that S and D are such that the set of (D, S)-integral

points is Zariski dense. Let
b = rk Pic(X\D) + >, cgdv
Here d, is the dimension of a certain simplicial complex defined in (4).

Theorem 1 With the notation above, the number of (S, D)-integral points of bounded height

on X with respect to —(Kx + D) is asymptotic to

cBlog(B)""1(1 + o(1)), B — oo,

for some positive constant c.

0.2 Outline of paper and method of proof.

The proof relies on a strategy developed in the earlier papers on rational points and integral

points for split groups. We introduce the height zeta function Z(s) = >, cc(ryruor s) (@) ~°

Or,s
for a complex parameter s. By a Tauberian theorem, it is sufficient to establish certain analytic
properties of the function Z(s). In particular, we prove its convergence for Re(s) > a(\) and

then establish its meromorphic continuation in some half-plane Re(s) > a(\) — 0. This is

achieved by rewriting the expression in terms of the spectral decomposition of L2(G(F)\G(A)).

vi



SUMMARY (Continued)

One of the terms in the spectral expansion is a sum, over a finite set of automorphic characters,
of products of local v-adic integrals and adelic integrals. For the semisimple case, unlike the
case of commutative groups, automorphic forms like Eisenstein series have to be considered.
As in the case of rational points, uniform estimates need to be established.

The rest of the paper is organized as follows. In section 2, we review some background and
set up notation. In section 3 we write out a spectral expansion for the height zeta function and

establish the required analytic properties.

vil



CHAPTER 1

BACKGROUND AND NOTATION

Let F' be a number field. Let Val(F') be the set of normalized absolute values of F. For
v €Val(F), we let F, be the v-adic completion of F'. Its absolute value is denoted by |[.|,. For
finite places v of F', denote by O, the ring of v-adic integers and by m, its unique maximal
ideal. The residue field O,/m, is denoted by k,, and we write g, for its cardinality. We fix a
uniformizing element w; one has ||, = ¢, !. We fix an algebraic closure F of F. and denote

the absolute Galois group of F' by I'r. We denote by A the adele ring of F.

1.1  Algebraic groups.

We will need to use various results from the structure theory of reductive groups over fields
of characteristic zero. A good reference for the theory of algebraic groups is (5). Although
we will mostly be concerned with semisimple groups with trivial center, the facts recalled here
apply to any connected reductive group GG over F. There exists a maximal torus 7" in G, and
T remains maximal over every field extension of F'. There exists a finite Galois extension F of
F such that T splits over E - we fix this extension and let " denote Gal(E/F'). For each place
v of F, Tf, is a maximal torus in G'p,. There is a unique maximal split subtorus of T, in Gf,;
denote it by S,. Let X*(S,) denote the set of characters of S, and let ®(GF,,S,) denote the
subset of X*(S,) consisting of the roots of S, in Gg,. A choice of minimal parabolic in G,

determines a set X (S,) of positive characters, a set ®(GF,, S,) of positive roots in X*(S,), and



a set A(GF,,Sy) of simple roots. Choose a Borel subgroup in Gg and denote by A(Gg,TE)

the corresponding set of simple roots. We define constants k,, for a € A(Gg,Tg) by

Za>0,a€<1>(G’E,TE) o= ZaeA(GE,TE) Ra Q.

There is a perfect pairing (,) : X*(S,) x X.(Sy) — Z. For a simple root § € A(GF,,Sy),
v v
define a cocharacter 0 by («, 0) = —d,9, where dn9 is 1 if and only if o = 6.

1.2 Cartan decomposition

Our computations require the Cartan decomposition. If v is archimedean we set FC = {z €
R :z > 0} and F, = {z € R:z > 1}. If v is non-archimedean, we fix a uniformizer w, of
F,, and set I, = {w™" :n € N}, FY = {@" : n € Z}, and S,(F,)" = {a € S,(F,) : afa) €
F, for each a € ®*(S,)}. Then for each place v, there is a maximal compact subgroup K,
of G(F,) and a finite set Q, C G(F,) such that G(F,) = K,S,(F,)TQ,K,. That is, for each
g € G(F,), there exist unique elements a € S,(F,)" and d € Q, such that g € KyadK,. If F,
is archimedean, or if G is unramified (i.e., quasisplit, and splits over an unramified extension),
then G(F,) = K,S,(F,)"K,.

1.3 The *-action

In this subsection, let & be an arbitrary field of characteristic 0. Let G be a connected
reductive group over k. Let S be a maximal split torus in G and T" a maximal torus containing
S. Then Gys is split, and so T} is contained in a Borel subgroup B of Gs. Let (X, ®,®V, A)
be the based root datum of (Gys, B,Tjs). As the action of I' =Gal(k®/k) preserves Tjs, T

acts naturally on X = X*(T') and X"V = X,(T). These actions preserve ® and V. We recall



the x-action. If o is an element of I', then there is a unique element w, in the Weyl group
W(Ggs, Tys) such that wy(o(A)) = A. The x-action of I" on A is defined by o * a = w, (o),
for o € A. We refer to I' acting by the *-action as I'*. If G is split, then the *-action is trivial.
If G is quasi-split, then the x-action is the restriction to A of the natural action of I' on X*(7).

If £’ is a field extension of k over which T splits, then we identify X*(Tjs) with X*(Ty), etc.
Restriction from Ty to Sy defines a surjective homomorphism res: X*(Ty) — X*(Sk/). Let
®(Gys, Ty ) be the associated root system and ®(Gy, S) := res(®) — {0} be the restricted root
system (in general not reduced). The set of simple roots A(Gyr, Ty) € ®(Gyr, Ty ) determines a
set of simple restricted roots Ay = res(A)\{0}. Here 0 denotes the trivial character on S. The
restriction map A — A U{0} is surjective. Let Ay denote the set of elements of A that restrict
to the trivial character on S. The fibers of the restriction map A — Ag — Ay are precisely
the orbits of the *-action on A — Ay. Furthermore, G is quasi-split over k if and only if A is
trivial, in which case the number of I"*-orbits is precisely the cardinality of A. For all this, see
(5), Prop. 25.28. We will apply these considerations when k = F, and k¥’ = E,,, where F' and

E are number fields, and v and w are places of F' and E, respectively, such that w|v.

1.4 The Wonderful Compactification

Let G be a semisimple adjoint group and let X be its wonderful compactification. For the
construction, a useful reference is chapter 6 of (6).

Here are some of the properties of the wonderful compactification that we need, working
initially over an algebraically closed field. Let B be a Borel subgroup of G and let T be a

maximal split torus of G contained in B. Let r denote the rank of G, and denote the simple



roots by aji, ..., a,. The compactification X is smooth, and the boundary X\G is the union of
r nonsingular prime divisors with normal crossings. Via the isomorphism defined in (6) (Prop.
6.1.11), the Picard group Pic(X) of X is identified with the Picard group of the flag variety
G /B, which is isomorphic to the weight lattice of G, and so Pic(X) is a free abelian group
of rank r, generated by the fundamental weights. This isomorphism identifies the boundary
divisors with the simple roots. We shall write Dy, ..., D,, for the corresponding boundary
divisors. Since the simple roots span the root lattice, we see that the Z-span of the boundary
divisors is a sublattice of Pic(X) with index the order of the center of the simply connected
cover of G.

Now we consider the case over number fields. Let G be semisimple adjoint over a number field
F, and let X be the corresponding wonderful compactification. The Galois group I' = Gal(F/F)
acts on Pic(X7). The bijection between the set of simple roots and the boundary divisors if I'-
equivariant (see, for instance, the proof of Theorem 8.1 in (7)), and so Pic(X) is freely generated
by the line bundles corresponding to the orbits of the simple roots under the x-action. The
F-irreducible boundary components of X are the divisors of the form Dy =} acy Da for I'-
stable subsets J C A(Gz,T5). We denote the set of boundary divisors of X by .A. The closed
cone Eff(X) C Pic(X)g of effective divisors on X is generated by the boundary components of
X, ie., Eff(X) = @, c 4 R>0D0.

A dominant weight A is called regular if A = Y -\ Mmaws with all mg > 0 where {wq : o €
A} is the set of fundamental weights. The globally generated line bundles correspond to the

dominant weights, and the ample line bundles correspond to the regular dominant weights. An



anticanonical divisor for X is given by —Kx = > (ko + 1)D,. Here k, is defined by setting
the sum of positive roots to be A Kaa.

1.5 Height functions

For the theory of height functions, see sections B.6. and B.8. of (8) and the paper (4).
Let X be the wonderful compactification of G. We fix an integral models X and D over Og,
for each boundary divisor D. This defines, for all places v ¢ S, local height functions Hy ,
for all line bundles L. For places v € S, we fix a v-adic metric on each line bundle L of X.
As explained in (4), we have then defined an adelic metrization on each line bundle L. Define
H : Pie(X)c x G(A) = C by H(s, (g.)2) = [T, Ho(s, 90).

1.5.1 Reducing to the simple case.

The adjoint group G decomposes into simple factors, G = G1 X ... X Gy,,. Each G; is also
adjoint, and the wonderful compactification of G is X = X7 x ... X X,,,, where X; denotes the
wonderful compactification of G;. By the Bruhat decomposition, G; is geometrically rational
(see, for instance, (9), Prop. 5.1.3), and hence so is X;. Therefore ((9), Prop. 5.1.2) Pic((X1)zx
X (Xm)p) = @it Pic((X;)x). The height functions on the product are expressed as products

of height functions ((8), exercise F. 15). Therefore, we will assume that G is simple.

1.5.2 Maximal compact subgroups.

For each nonarchimedean place v of F', there exists a compact open subgroup K, C G(F})
such that for all L, Hy , is bi-K,-invariant. Moreover, one may take K, = G(O,) for all but

finitely many v ((2), Prop. 6.3.). Let K =[], K, and let Ky =[] K,.

v<o0o



1.5.3 Measures.

For each v € Val(F), let dg, denote the Haar measure on G(F},) such that K, has volume
1 whenever v < oo. Then the collection {dg, : v € Val(F')} defines a Haar measure, say p, on
G(A). Since G is semisimple, then G(F') is a lattice in G(A). Thus, by replacing dg,,v € F,
with a suitable multiple of it, we may assume that p(G(F)\G(A)) = 1.

1.5.4 Domains of convergence.

Let 7g be the subset of C" consisting of vectors (si, ..., s,) such that s; = s; whenever o;
and «; are in the same Galois orbit. For € € R, let 7. denote the set of s = (Sa)a € Ti such
that Re(sq) > ko + 1 + ¢, for all a. For each subset R of C, we set 7 (R) to be the collection

of s = (54)a With s, € R for all a. We set TX = {s: Re(sq) > ko + 1 +¢, forall a ¢ Ap}.

1.5.5 Integral points.

Let S be a finite set of places of F' containing the archimedean places. Fix a model U over
the ring o g of S-integers in . The S-integral points of U are the elements of U (0 s), in other
words, those rational points of U(F') which extend to a section of the structure morphism from
U to Spec(opg). For v ¢ S, let u, = U(op,), and let 6, be the characteristic function of the
subset u, C X(F,). A point z € X (F) is an S-integral point of U if and only if = € u, for every
place v of F such that v ¢ S. This condition is equivalent to the condition that [[,¢g 0v(z) = 1.
For v € S we set §, = 1. For g € G(A), we define dp s(g) = HU¢S 0v(gv). For v ¢ S, §,(gy) is 1

if and only if the local height with respect to D is 1.



1.6 Eisenstein series

As a function of G(A), the height zeta function Z(s,.) is a function in L?(G(F)\G(A)).
Writing down its spectral expansion requires a great deal of notation. A useful reference is (10)

1. Let G be a reductive group over F. If v is finite, define K, to be G(O,) if this latter
group is a special maximal compact subgroup of G(F,). This takes care of almost all v. For
the remaining finite v, we let K, be any fixed special maximal compact subgroup of G(F,).
We also fix a minimal parabolic subgroup Fp, defined over F', and a Levi component My of
Py. Let Ay be the maximal split torus in the center of My. For each archimedean place v of
F', we choose a maximal compact subgroup K, C G(F,) such that G(F,) = K,Ay(F,)K,. We

set K = [[ K,. It is a maximal compact subgroup of G(A). We also set Ky =[] K, and

<00
Ky = HU| o Ko

2. Fix a parabolic subgroup P defined over F' that contains Fy. Let N = Np be the
unipotent radical of P. Let Mp be the unique Levi component of P that contains My. Then
the split component, Ap, of the center of Mp is contained in Ag. Let X*(Mp)r be the group

of characters of Mp defined over F', and define ap;, =Hom(X*(Mp)p,R). For A € X*(Mp)p,

we have a map

Hyp : Mp(A) = aprp, exp(Hy (m), x) = [, [x(m0)]o-

Let Mp(A)! be the kernel of the homomorphism Hyy,. Using the Iwasawa decomposition

G(A) = Np(A)Mp(A)K, we define a morphism

Hp : G(A) — apm,, nmk — Hp,(m) ((n,m,k) € N(A) x Mp(A) x K)



3. Let W be the restricted Weyl group of (G, Ag). Then W acts on the dual space of ag.
For a pair of standard parabolic subgroups P, Pj, let W (ap,ap,) be the set of distinct linear
isomorphisms from ap onto ap, obtained by restricting elements in W to ap. Two parabolic
subgroups P and P; are said to be associated if W (ap,ap,) is not empty. This defines an
equivalence relation on the set of parabolic subgroups in G. If P and P; are associate, then
M = M;. Moreover, w preserves M = M, where w € W(ap,ap,). In view of this fact, it is
therefore natural to expect a relationship between representations of G induced from P and
those induced from P’. Suppose that P is a parabolic subgroup. There is a finite number of
disjoint open subsets of ap, called the chambers of ap. We shall write n(Ap) for the number
of chambers.

4. Let M be the Levi factor of some standard parabolic P of G. Let Lgusp (M(F)\M(Ap)")
be the space of functions ¢ in L?(M (F)\M (Ar)') such that for every parabolic Q C P we have
fNQ(F)mM(F)\NQ(A)mM(A) ¢(nm) dn = 0 for almost all m. There is a G(A)-invariant orthog-
onal decomposition L2 (M (F)\M(A)') = @, L2 (M(F)\M(A)"), where o ranges over

irreducible unitary representations of M(A)!, and L2 (M(F)\M(A)) is M(A)-isomorphic

cusp,o

to a finite number of copies of o. An irreducible unitary representation of M (A)! is said to be

cuspidal if L2 (M (F)\M(A)) # 0.

cusp,o

5. We define an equivalence relation on the set of pairs (M, p) with M a Levi factor
of some standard parabolic subgroup of G and p is an irreducible unitary representation of
M(A)! occurring in L2 (M (F)\M(A)'). A cuspidal automorphic datum is defined to be an

cusp

equivalence class of pairs (P,o), where P C G is a standard parabolic subgroup of G, and



o is an irreducible representation of Mp(A)! such that the space Lguspﬂ(M p(F)\Mp(A)!) is
NONZEro.

The restricted Weyl group W of (G, Ag) acts naturally on ap, and a}, . For any s € W,
fix a representative ws in the intersection of G(F') with the normalizer of Ag. The equivalence
relation is defined as follows: (P’,¢’) is equivalent to (P, o) if there is an element s € W (ap, apr)
such that the representation s~1o’ : m — o’ (wsmw;yt), for m € Mp(A)!, of Mp(A)! is unitarily
equivalent to 0. We write X of the set of cuspidal automorphic data xy = {(P,o)}. For any
X € X let P, denote the class of associated parabolic subgroups consisting of those parabolic
subgroups P with a Levi subgroup M and a representation p such that (M, p) € x.

If M is the Levi factor of some parabolic subgroup and y € X, set L2 (M (F)\M(A)!), =

cusp

@D (m1,p)ex) V- This is a closed subspace of L%, (M(F)\M(A)"). It is zero if P ¢ P, for every

cusp

parabolic subgroup P that has M as a Levi factor. Then we have

L usp(M(F)\M(A)) = D ex Léusp (M (F)\M (A)")y.

cusp

6. Any class x = {(P,0)} in X determines an associated class of standard parabolic sub-
groups. For any P, let II(Mp) denote the set of equivalence classes of irreducible unitary
representations of Mp(A). If ( € af and © € II(Mp), let m¢ be the product of 7 with the
quasi-character z — e¢(HP(@) for - € G(A).

If ¢ belongs to iap, then 7 is unitary, and so we obtain a free action of the group ia} on
II(Mp). Then II(Mp) becomes a differentiable manifold whose connected components are the
orbits of ia},. We can transfer our Haar measure on ia} to each of the orbits in II(Mp). This

allows one to define a measure dm on II(Mp).
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7. Let m € II(Mp). We will define certain representations of G(A) induced from 7. First
we describe the space of the representation. Let H]OD(TF) be the space of smooth functions
¢ Np(A)Mp(F)\G(A) — C which satisfy the following conditions:

(i) ¢ is right K-finite, i.e., the span of the set of functions ¢y, : © — ¢(zk),z € G(A), indexed
by k € K, is finite dimensional.

(ii) For every = € G(A), the function m — ¢(mz), m € Mp(A) is a matrix coefficient of 7.

(iii) If we define [[¢||* by the equation |[¢||* = [ fMp(F)\Mp(A)l |¢p(mk)|> dm dk, then
18] < oo.

Let Hp(m) be the Hilbert space completion of H) (7). Now we describe the action of G(A)
on this space. More precisely, we will define representations Ip(m¢) of G(A), one for each
( € ap, as follows. For each y € G(A), Ip(m¢)(y) maps a function ¢ of Hp(m) to the function
given by (Ip(¢)(y)9)(x) = (ay)elHrr)HPE)) e~ (tor)(Hp(x),

For ¢ € Hp(m) and ¢ € ag, define ¢¢(z) = gb(x)eC(HP(“")), x € G(A). Recall that the function
ePP(HP()) is the square root of the modular function of the group P(A). It is included in the
definition so that the representation Ip(m) is unitary whenever the inducing representation is
unitary, which is to say, whenever ¢ belongs to the subset iap of apc- The above equation
can be rewritten as (Ip(m¢)(y))(#)(z) = d¢(vy)dp(zy)'/26p(x)~1/2. We have put the twist by
¢ into the operator Ip(m¢)(y) rather than the underlying Hilbert space Hp(7), so that Hp(7)
is independent of (. We remark that Hp(m) = {0} unless there is a subrepresentation of the
regular representation of M(A)! on L?(M(F)\M(A)!) which is equivalent to the restriction of

7 to M(A)L.
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8. Note that Ip(7¢) is a representation of G(A) on a space of functions on G(A), but the
functions in the representation space Hp(m) are not left invariant under G(F'). The functions
in the space are left invariant under P(F'), however. We will average the functions to make
them invariant under G(F'). We are now ready to define Eisenstein series. They provide an
intertwining map from Ip(7¢) to the regular action of G(A) on functions on G(A).

Suppose that m € II(M). For ¢ € HY(m) and ¢ € (a})c, we formally define E(x,¢,() =
> ep(FnG(F) 9c(2)6 p(yx)/2. This expression is defined by a sum over a noncompact space.
In general, such an expression does not converge. For any P, we can form the chamber (a},)* =
{Ae€ap:AY)>0forall @ € Ap} in a}. Here Ap is the set of roots of (P, Ap), where Ap
is the split component of the center of Mp. As before, suppose that = € II(M), ¢ € HIOD(W),
and ¢ € a*137(c. It is a theorem of Langlands that if ¢ lies in the open subset of a}’c with
Re(¢) € pp + (a})™, then the sum that defines F(z, ¢, () converges absolutely to an analytic
function of (.

The set of points ¢ for which Ip(¢) is unitary, i.e. such that ¢ belongs to the real subspace
tap of a},(c, is never inside the domain of absolute convergence of the Eisenstein series. It is a
theorem of Langlands that the series E(x, ¢, () have analytic continuations to this space. More
precisely, if ¢ € H%(7), then E(z, ¢, () can be analytically continued to a meromorphic function

of ( € ape. If ¢ € iap, then E(z,¢,() is analytic. We denote the value of this analytically

continued function at ¢ = 0 by E(z, ¢).
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9. We need more notation to write down a spectral decomposition of the height zeta function.
Suppose that P is fixed and that y € X. Suppose first of all that there is a group P; in P which

is contained in P. Let v be a smooth function on Np, (A)Mp, (F)\G(A) such that
U, (m, k) = (amk),k € K,m € Mp (F)\Mp,(A)},a € Ap, (F)\Ap, (A)

vanishes for a outside a compact subset of Ap, (F')\Ap, (A), transforms under K, according
to an irreducible representation W, and, as a function of m, belongs to LZ . (Mp, (F)\Mp, (A)").
The function ™ (m) := 26 P (F)Mp(F)\Mp(F) ¥ (0m), for m € Mp(F)\Mp(A)!, is square
integrable on Mp(F)\Mp(A)'. We define L?*(Mp(F)\Mp(A)'), to be the closed span of all
functions of the form ¢, where P, runs through those groups in P which are contained in P,
and W is allowed to vary over all irreducible representations of K. If there does not exist a
group Py € P which is contained in P, define L?(Mp(F)\Mp(A)'), to be {0}. Then we have

an orthogonal direct sum decomposition L*(Mp(F)\Mp(A)') = @, 5 L2 (Mp(F)\Mp(A)!),.

XEX

Given x € X, let Hp(m), be the closed subspace of Hp(7) consisting of those ¢ such that for
all z the function m — ¢(mz),m € Mp(F)\Mp(A)! belongs to L?(Mp(F)\Mp(A)')y. Then
Hp(m) = @xex Hp(m)y. Suppose that W is an equivalence class of irreducible representations
of K. Let Hp(m)y Kk, be the subspace of functions in Hp(m), which are invariant under
KoN K, and let Hp(m)y i,,w be the space of functions in Hp(m),, k, which transform under
K according to W. Each of the spaces Hp(7)y i, w is finite-dimensional. We shall need
orthonormal bases of the spaces Hp(m),. We fix such a basis, Bp(m),, for each 7 and x, in

such a way that for every ¢ € ia*, Bp(n¢)y = {¢¢ : ¢ € Bp(m)y}, and that every ¢ € Bp(n)y

belongs to one of the spaces Hp(7)y,k,,w-



CHAPTER 2

HEIGHTS ON THE WONDERFUL COMPACTIFICATION

2.1 Spectral expansion.

To study the distribution properties of (D, S)-integral points we will establish analytic

properties of the height zeta function Zg p : 7 x G(A) — C, which is defined by

Zp.5(s,9) = 3eqr) On.s(9) H (s, 79) "

Proposition 1 Given g € G(A), the series defining Zp s(.,g) converges absolutely to a holo-
morphic function for s € Tso. For all s in the region of convergence, Zs p(s,.) € C°(G(F)\G(A)),
and for all integers n > 1 and all & € U(g),d"Zs p(s.) € L?>. Moreover, in this domain, we

have an equality

— 1 / s N—1 T 4 / T
Zople0) = 3 s S L st H s (2 Eo R A
(2.1)

Identical to the proof of (2), Proposition 8.2; it suffices to observe that Zg p is a subsum of
the series defining the height zeta function for rational points considered in (2).
Let X be the set of unramified automorphic characters of G, i.e., continuous G(F)-invariant

homomorphisms G(A) — S which are invariant under Ky on both sides. Only these charac-

13
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ters can contribute to the rightmost pole. By (3) Lemma 4.7(2), the number of automorphic
characters that are invariant under this compact open subgroup is finite.

When we set g = e, the identity in G(A), we obtain

2600 = ST [ aots. o) oloo) doc+ 5(s) (22)

XEX v
where S°(s) denotes the subsum corresponding to infinite dimensional representations (re-
stricted to g = e). The innermost sum in the definition of S°(s) is uniformly convergent for
g in compact sets (see the first half of the proof of Lemma 4.4 of (2)). Therefore, we may

interchange the innermost summation with the integral over G(A) and find that S°(s) equals

b
1
22 n(Ap) /H(Mp)(

2.2 Complexified Height Function.

Ee, 6) / 55.0(9)H(s,9)VE(g.9) dg) dmp.
$€Bp () G(4)

When G is split, the local height functions can be described in terms of roots. Since E is
a splitting field of T', the group Gg is split. Given a boundary divisor D, of the wonderful
compactification of Gg, the local heights are given at all places w by Hp,, ,(g) = |c(t)|w, where
g = kitky for ky and ko in G(Og,,) ((2) Proposition 6.3).

1

In general, Hp,(P) = (I[,, Hp o, (P)Pw BT (see (8) Remark B.8.3). For unramified

places the equation becomes Hp ,(P) = Hp . (P). For almost all places v, g, € G(F},) can be
written as kyt,k,, with t, € Sy(F,)* and ky, k), € K., and Hp, »(9y) = Hp, »(tv) = |a(ty)|o-

Thus, for such places (which we denote by Sr) dy is given by 8,(gv) = [ e 4,, [@(to)]o-
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Considering arbitrary line bundles, we see that the local complexified height function on
G(F,) has the following explicit form: Hy(s,g,) = HaEA(GEw,TEw) |a(ty)]3>. Right now the
height function is written in terms of roots of Tg,. We will express the height function in
terms of roots of the maximal split F,-torus S,. Some of the roots of T, , when restricted
to Sy, will have the same behavior. Given 6, € A(Gp,,Sy), let 1,(0,) denote the number of
g € A(Gg,,Tg,) with r,(8) = 6,. For each 0, € A(GF,,Sy), there is a simple root 8 in
A(Gg,Tg) such that (¢} (5)) = 0,. We define local parameters by requiring that sg, depend

only on the Galois orbit of § in A(Gg,,TE, ). Then, for s € Tg and g, € G(F,), we have

Ly (0v)s0,
Hv(svg’u) = H |ev(tv) v( )so . (23)
G’UEA(GFU ,Sv)

For v ¢ Sp, d,(g,) = 1 if and only if, when g, is written as kit, ks, we have 6,(t,) = 1 for all
0, € A(GFE,, Sy) such that 6, is the restriction of a root of T, in a Galois orbit corresponding

to D.

2.3 Integrals from one dimensional representations.

2.3.1 An L-function

In this section we review some of the notation defined in section 2.8 of (2). Fix a simple root
a € A(Gg,Tg) and let T', be the stabilizer of « in T'. Let E,, be the field of definition of «, i.e.,
the fixed field of I',. We then have a morphism & G,, — T defined over F,, and consequently
a continuous homomorphism p Gm(Ag,) > T(Ag,). Let N : T(Ag,) — T(AFr) be the norm

map, as defined in (2), section 1.6. Let ¢, be the composite
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b0 = Nody:Gm(Ag) — T(Ag,) — T(Ap).

If x is a character of T(Ap)/T(F), then &, (x) = Xx © ¢o is a Hecke character. For w €
Val(Eq), define & (X)w by &a(X) = HwEVal(Ea) Ea(X)w-

Let o« € A(GE,TEg), and let © =T - a be the orbit of a. The Hecke L-function L(s,&s(x))
depends only on the Galois orbit O, and not on the particular 3. For this reason, we denote
the L-function L(s,&g(x)) by L(s,&o(x)). Suppose (Eqy)w/F, is unramified and that &q(x)w
is unramified. Let Ly (s, &0(X)w) = (1 — a(X)w(®w)qy®) ™!, where w,, is a prime element of
(Es)w- Then with the above notations, Ly(s,&q(X)w) = (1 — xu (6 (wv))q;l“("”)s)*l.

2.3.2 Infinite product

Theorem 2 Let x = ®)x, be a one-dimensional unramified automorphic representation of
G(A). There exists a function fs,, which depends only on (sa)aga,,, is holomorphic in 7'_D1/2,
D

uniformly bounded in T

1 ja4er Jor any € >0, and such that

/ 50.5(9)Hs(s,9) " x(g) dg = [ L% (s0 — ko €0(x)) - fon(s):
G(Aspusy) D¢ Ap

Here, given an orbit O, there corresponds a subfield of E. We let Sp be the finite set of
places such that if w ¢ Sp, then w does not lie above any place v € Sp. Fix a place v of F
such that v ¢ Sp U Sp. For each 0, € A(GF,,Sy), there is a simple root 5 in A(Gg,TE) such

that 7, (¢ (5)) = 6,. We require that sy, depend only on the Galois orbit of 8 in A(Gg,Tg).
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v

Starting with an element s = (sq)a € Tg and v ¢ Sp, we obtain a tuple s’ = (sj)
indexed by A(GFE,,Sy) by setting Sy ((a)) = Sai this is well-defined. For s, t € Te and v ¢
Sp, we set (s,t), = > 5 ca(Gp,.5.) Soto- For any vector a = (aq)a € T(N), we set t,(a) =

Hoeacc, s.) 6V (c,)%. By the Cartan decomposition,

/ 505 Hs(s,9) X0 dg= 3 Su(w)Hy(s, w) My (w)vol(K,wkK,).
G(Aspusp) weSy (Fy)t

The above sum is equal to

where

bos) = Y bulte(a))ar © xu(t(@) (vol(Koty(a) Ky) — 65, (ts(a)).
acT(N)

First, we must bound the infinite product

—(s—2p,a),
[ogspus, Sacrn 0o (to(@)an = x (to(a)).

This expression is equal to
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H H Z Xv 9\/ CL9 (59 Kg)agl(0)

’UQSDUSF e A, — ‘ADv aO_O

= H H (1= X0 (0Y () g (S Ro)UO)~1,

'U¢SDUSF fc A, —-ADU

By (2) Proposition 2.9, this infinite product is equal to

[loca—a, L5 (sp — ko, E0(X))-

Now we turn to - ¢ g, bu(s). Let 0 = (Re(sa))a. Observe that in the definition of b,

we may assume that a # 0. Since for each v ¢ S U Sp,

{ala # 0} = Upea(ap, 5. fa - ag # 0},

we have

S gspuse 1008 € S oespuse 20 Sanso do(to(@)as TV (ol (Kot (a) Ky) — 615, (t(a)))]
<< ZU%SDUSF qv_l ZOA%AD Zaa7£0 q;<o7a>v(53v (t'U (a))

_ oca—Fkg)agl(d —(op—rg)agl(B)
=Zv¢sqv129¢,41,(2a9 1%( o) ))Hg;éeggAD(Zaﬁ 0 Qv pnene )

qv—(Ua—fie)aol(@)

Hﬁ¢AD (1 —d

= Y v¢SpUSK a0’ >0 Ap —(op—ra)l(B ))
—3/2
K D¢ Ap 2ovgspusy P <.

We need to show the existence of a C' > 0 such that |1+ a,| > C > 0 for all v. For this,
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1 1 1
‘1 + a"U’ 2 HGG.AD 1 +qU—O'/3+H,g Z H9¢.AD 5 2 7’
with r = |A(GEg,Tg)\Ap|. For s € T£/2+E the estimates are uniform, i.e. the quotient
HU&S IU(X)

H’U%SDUSF (1 + a’U)

is holomorphic in 72 This completes the proof.

—1/2+4¢€"

2.3.3 Local integrals for places in Sp.

We turn to places v € Sp. If v € Sp ¢ Sp, then by Proposition 4.4 in (4) the rightmost pole

Ko

is at max,¢ .4, o
e

. Such integrals will not contribute to the rightmost pole of the height zeta
K

function. If v € Sp N Sp, the analysis in (4) shows that the rightmost pole is at maxaea )\—a

(e}

and that the order of the pole is 1+ dim Cj A(D). They also establish analytic continuation to

the left of the pole.

2.4 Integrals from infinite dimensional representations.

Lemma 3 (1) Let H be a connected reductive group over a number field F'. Let v be a place
of F' such that H(F,) is not compact modulo center. Let w be an automorphic representation
of H(Ap). If m, is one-dimensional then m is one-dimensional.

(2) Let F be a non-archimedean local field. Let G be a connected reductive group over F'.
If the F'-simple factors of the derived group of G are F'-isotropic, then any irreducible smooth

representation V. of G(F') is either one-dimensional or infinite-dimensional.

For (1), see Lemma 6.2 in (11). For (2), see (12), Proposition 3.9.

For the integrals
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fG(A) 6S,D(9)H(Sv g)_lE(97 Qb) dg7

We will follow and briefly sketch the argument presented in section 4.5 of (13). At any
finite place v we let C°(G(F,)) denote, as usual, the space of functions on G(F),) that are
locally constant and of compact support. For archimedean v we require such functions to be
smooth and of compact support. The set C2°(G(F,)) forms a convolution algebra H(G(Fy))
with respect to the measure dg,. For each place v we define idempotents &, as in section 4.5 of
(13). The global Hecke algebra H(G(A)) is the space of finite linear combinations of functions
Ry, where ¢, € H(G(Fy,)) and ¢, is &, for almost all v.

Since § - H is invariant on the left and right under the compact open subgroup K, for each
non-archimedean place v, there is an associated idempotent & = ®! . &, in the Hecke

algebra &’

v

vonarch. H(G (ky)) such that & x (6 - H) = (0 - H) x §. By a theorem of Harish-
Chandra, ZWGKOO &w * Hoo converges in the topology of C®°(G) to Hoo. Therefore, we may

rewrite the integral above as

/G(A)( Y tw&)H(s,9) ' E(g,¢) dg= /G(A)(ﬁw ® &) * H(s, 9) " E(g,¢) dg

WeKeoo WeKoo

- Z /G(A)H(%S)_l(fvv@{o)*E(g,¢) dg.

WeKeo
We define M¢(g,¢) = (£ % E)(g,¢). For groups of rank at least two we will use uniform

bounds on matrix coefficients obtained by Oh in (14). The same result is expected to hold in
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general by adapting the proof of Theorem 4.5 in (2). We shall use the following result - see
(13), Lemma 4.7. Suppose we are given a strongly orthogonal system S, in G(k,) for each place
v. We continue to use the notation in section 4.5 of (13). Let £ be a non-trivial idempotent in

the global Hecke algebra.

Lemma 4 There is a constant C¢, depending only on the idempotent &, such that

|Me (g, ¢)| < Cen/dimHp (1) y, ko, * MAXge Bp () Hp () 1w LE (€ D)} - 1T, Es. (90)-

Proposition 2 Let r denote the rank of G. Given € > 0, there is a constant Cg¢ ., depending

only on € and the idempotent &, such that

|Me (9, 0)| < Ceer/dmHp (), 160, W - MAXGE B () Hp () sy e L (€5 D)}

1L HOUGA(GFv 5 10, (1) ;lv(e)/(QT)-f—e.

First, we fix a place v of F. Each root § € A(GF,, Sy) forms a strongly orthogonal system.
By Theorem 5.9(3) of (14), for every € > 0, there is a constant C, such that for every a € S;F,
&s(a) < Cclb(a)ls 1/24re, Multiplying these inequalities over all simple roots of G over E and
taking the rth root gives the result.

Let ¢ be an automorphic form of G(A) in the space of an automorphic representation
which is right invariant under the maximal compact subgroup K. We must bound the infinite

product [], I,(s, ¢), where

- —1y(0v)/(2r)+e
IU(S7 90) - fG’(FU) 5S,D(gv)Hv(S,gv) ! HGHEA(GFU ,Sv) ‘61)(151]) v (6)/(2r)+ dgv
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2.4.1 Local integrals.

Proposition 3 For all v ¢ S, the integral I,(s, ) is holomorphic for s € T_1_yy). More-
over, for all € > 0 there is a constant Cy(¢) such that |1,(s,¢)| < Cy(e€) for all 8 € T_1_1 /(2p)4e-

(2) For v € Sy and O in the universal enveloping algebra the integral

Loo(s,p) = / O(Ho(s,90)7") [ 10u(ts)], @4 ag,
G(Fy) 0,A(Cry,Sy)

is holomorphic for s € T_1_1/@y). Moreover, for all € > 0 there is a constant Cy(0,¢€) such

that I, (8, ¢r,)| < Cy(0,¢€) for all 8 € T_1_1/(2r)4e-

We will only prove the first part; the second part is similar. Locally, every two local integral
structures give rise to essentially equivalent height functions; so, we replace the local integral
structure so that the resulting height function is invariant under K, a good maximal compact
subgroup. Let g be the vector consisting of the real parts of the components of s. The local

height integral is majorized by

I D 6s6)(@)H (o, 0) () g, V=
0,€A(Gp,,Sy) 1=0

o0
H —(06, =Ko, +1/(21)—€)lly(0v)
E Qv .
0,€A (G, ,Sy) 1=0
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2.4.2 Infinite product.

Proposition 4 The infinite product Isp(s, ) = [l,¢s.0sp, Lv(S, @) is holomorphic for s €
7'_Dl/(2r). Moreover, for all € > 0 and all compact subsets K C ’7'_]31/(2T)Jre there exists a constant

C(e, K), independent of m, such that for all s € K, |Is p(s, )| < Cle, K).

For each vector a = (aa)a € T(N), we set ty(a) = [y caap s0) 0 (coy)%v. Let € > 0.

Is p(s, ) is bounded by

[[ >at@izt@) [ (o)),

U%SDUSF a GUEA(GFU,SU)
Therefore, to establish the convergence of the Euler product over places v ¢ Sp U Sp it

suffices to bound

Z Z qi 2ogap, 9u (50, —Ro, +1/(2r))lo (0y) €]

v¢SpUSE (aa)ENA\AD
Corollary 4.1 I5p(s,¢) has an analytic continuation to a function which is holomorphic on
7:D1/2 N T_1-1/@2r)- Suppose ¢ is an eigenfunction for A. Define A(p) by Ap = A(p)p. Then
for each integer k > 0, all € > 0, and every compact subset K C T 1/(2r)+e NT_1-1/(2r)+e> there

exists a constant C = C(e, K, k), independent of ¢, such that for all s € K,

|15,p(s,9)] < CA(0) *lo(e)]. (2.4)
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The following proposition shows that infinite-dimensional representations will never con-

tribute to the right-most pole of the height zeta function.

Proposition 5 The function S° admits an analytic continuation to a function which is holo-

morphic on ’T_Dl/% N T_1-1/2,, where 1 is the rank of G.

We need to show the convergence of

EI;(E% EP n(Ap)_l ZWGKM fH(Mp)(Z¢€BP(W)XOHP(W)X,KO,W A(o)™"|E(e, ¢)|\/dimHP(7T)X,K07W
X MAX ge Bp (m) N Hp (m)y 1w 1 L (€ P)[}) drr

for r large. The proof of this is in the proof of Theorem 4.10 in (13)

2.4.3 The leading pole

‘We have shown that

Zs,p(sA) = X yexc) Jaw) 9s.0(9) H(sX, 9)~'x(g) dg + f(s)

with f holomorphic for Re(s) > a(\) — d, for some 6 > 0. For y € X(G) the integral

fG(A) 8s.0(9)Hs(sA, g) " x(g) dg admits a regularization of the shape

H LS(S)\a - Ha:fa(X)) : hX(S) ) H H Lv(S)\a - Kvayga,v(Xv)) : hx,v(s)a

a€EAN)—Ap(N) veESP\SpNSE a€Ap(N)

with h, and h,, holomorphic for Re(s) > a(\) — 4, for some 6 > 0. It follows that only

X € X5, pA(G) contribute to the leading term at s = a(\). We can rewrite this contribution as

| Xs,0 7G| fgayxens 0s,0(9)H (sA, g)~" dy,
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where G(A)Kerr = Myexs b A(c) Ker(x) is the intersection of the kernels of automorphic
characters, and where x s p A (G) denotes the finite set of automorphic characters that contribute

to the main pole. Following the proof of Theorem 6.4 in (15), we conclude the following theorem:

Theorem 5 The number of (S, D)-integral points of bounded height on X with respect to X is

asymptotic to

cB*W log(B)"™M~1(1 + o(1)), B — .

In the case of the log-anticanonical line bundle, recall that D = [ D,. Also, —Kx =

acAp

Ka + 1

3 = 1. Thus the right-most pole for
(04

K
Y alba +1)Dy. Then maxaeca, )\—Z = maX,¢A,,
—Kx — D is at s = 1. In this case, each place v € S contributes, to the pole at s = 1, a pole

of order 1+ dim C#(D). The order of the pole at s =1 is

b = rank(Pic(X\D)) + >_ g, (1 + dimCE*(D)).
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