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SUMMARY

In this thesis a new electromagnetic scattering problem is solved analytically. The structure
considered is a parallel-plate waveguide in which a slotted wall is inserted. Exact expressions of
the electromagnetic field and surface current densities in the whole structure, for the character-
istic modes of the parallel-plate waveguide (TEM mode, TE and TM modes) are theoretically
evaluated. Numerical calculations of the surface current densities on the metallic posts and

parallel plates are performed too, with the assistance of Fortran 90 subroutines.

vil



CHAPTER 1

INTRODUCTION

A new scattering problem is presented in this thesis. In order to solve it analytically,
the well known concepts of the electromagnetic field in a parallel-plate waveguide are used,
together with the general results obtained in previous works by professor Uslenghi [1], [2] about
exact solutions to scattering problems in particular structures, with cavities and metal edges.
The entire analysis is conducted in phasor domain, with time dependance factor e/“!, omitted
throughout. The structure, described in detail in Chapter 2, is a parallel plate waveguide with a
slotted wall inserted; all the metallic parts are assumed to be PEC and the dielectric materials,
both on one side and the other of the slotted wall, isorefractive. In Chapter 3 the scattering
of a wave with normal incidence to the slotted wall is solved; the analysis is performed for
an E-polarized field, that in the structure corresponds to the TEM mode of the parallel-plate
waveguide, but also for an H-polarized field since its expression is needed for the TE mode
analysis (done in Chapter 5). The scattering analysis of TM modes is performed in Chapter 4
and likewise for TE modes in Chapter 5, the results of normal incidence are used, together with
the formulas of [2] concerned with the oblique incidence of a wave on a structure truncated by
a metal plane. In Chapter 6 numerical results are presented for the surface current densities on
the metal slotted wall in the three cases and, in addition, on the metal parallel plates for the
TM case. All of that thanks to the code developed by professor Erricolo on the computation

of Mathieu functions, that was used in addiction to a short part of code that puts together

1



the values of Mathieu functions needed in order to evaluate all the surface currents derivated

theoretically.



CHAPTER 2

HISTORY AND DESCRIPTION OF THE PROBLEM

In Figure 1 is shown the three-dimensional structure analyzed. The metal parallel-plates
extend to the infinity along the x direction and stand respectively on the plane z = 0 and z = b.
The electromagnetic wave, in case of normal incidence (both for E and H polarization) propa-
gates towards the negative y-direction; same thing for TE and TM modes with the difference
that the propagation vector presents a component along the direction z, alternatively positive
and negative.

The slotted wall is in the plane y = 0, the dielectric materials in the two parts of the structure,
divided by the wall, are isotropic, linear and homogeneous. They have respectively permittiv-
ity €; and €2, permeability p; and po and intrinsic impedances Z; and Zs. It’s necessary that
the two materials are isorefractive to perform the analysis, otherwise the canonical solutions

obtained by professor Uslenghi [1] couldn’t be used. Isorefractivity [3] means that:

€1U1 = €212

but in general



The slotted wall is treated like a particular case of an elliptic cavity, shown in Figure 2.
To perform the derivations it’s therefore necessary to introduce the elliptic coordinates (u, v, z),

that are related to the Cartesian system by
x = — coshucosv

Yy = §sinhusinv

where 0 < u < oo and 0 < v < 2mw. Three other variables are introduced for semplicity:

kd
& =coshu, n=cosv and ¢ = ) where d is the interfocal distance and k is the wave number.



Figure 1: Slotted wall inserted in a parallel plate waveguide in with reference system

v=12r

Figure 2: Semielliptical cavity



CHAPTER 3

SOLUTION FOR THE TEM MODE

3.1 Normal incidence, E-polarization solution (TEM mode)

It’s considered a plane wave, normally incident on the slotted wall
E'=:Ey,

Ei, = eIk

with the wave number k = w, /€1 2011 2.
According to the electromagnetic theory [4], the electric field, incident in general with an angle
¢o with respect to the negative z-axis, can be expanded in a series of elliptic-cylinder wave

functions

E = \ﬁz )Rel (c §)Se; (e,n) Sey (¢, cosdg) + Rol (¢, &) So; (¢,n) So; (e, cos ¢o)

NZ(O) (c)
(3.1)

where Rel(l), Rol(l) are even and odd Mathieu functions of the first kind, Se;, So; are even and

(€),(0) (c)

odd angular Mathieu functions and NV, are normalization coefficients, all according to
the Stratton notation [4].

In this case of normal incidence, according to the current reference system, ¢g = 3.

6



Considering the properties of the even Mathieu angular functions:

Sem (¢,1m) = (—1)"Sen (c,n)

v=m+vo V=10

Forv():g:

Sem (¢,0) = (=1)"Sey, (¢,0)

S€2l+1 (C, 0) =0

In the same way for odd Mathieu angular functions

Forvozg:

Som (¢,0) = —(=1)"So, (¢, 0)



Soa (c,0) =0

After these considerations the incident electric field can be written in the following way:

= Ver Z [ NG )Rezl (c.€) Seat (e, m) Sea (¢, 0) +

(3.2)
+ (O) RO;L (¢, &) Sogr41 (¢, n) Sogr11 (c, 0)]
Nyipq(0)
The electric field that would be reflected by the metal plane y = 0 is
R 1
E{z = Z |:7R6$) (67 6) SeZl (C7 77) Ste (Ca 0) -
N2l (c)
(3.3)
—(TROSL (¢, &) Soat1 (¢,m) Soa41 (e, 0)]
Nyji4(€)
So that, the sum of the two terms is
1
Ejl" = 4v/2x Zg V' Rkt (€:8) Soasa (1) Sonn (6,0) (3.4)
21+1(
and the diffracted electric field is
EYf, = 4v/2r Z N( ( : o (ROl (¢.€) Souer (em) Soms (¢,0) (35)
2141\€¢

Where R0(4)

a1 15 the radial Mathieu function of 4th type is used for the satisfaction of the

radiation condition at infinity, since it asymptotically tends to zero.



The total electric field in the first medium is the sum of the previous terms and therefore

can be expressed as follows

8

[Rom (:6) + ) (€) Rogily (¢,€)] Somya (em) Somya (¢,0) - (3.6)
l= l+1

In the second medium, inside the cavity, the expression for the total electric field is:

e = j(—1 ! e R0(4) (C 51)
E(z) =4V2m Z %7)65 )(C) LROSL (c,€) — Rogl”ﬂ (¢,§) Soat1 (¢,n) Soary1 (c,0)

=0 2l+1(c) Rogzrl ¢, &
(3.7)
The magnetic field components are obtained in the following way

(e J 9
H =—————F9, 3.8
126~ g T ou 4 (3.8)

e -7 0
H((1,)2)u = ———F——=7 Fa2:- (3.9)

cZ1/€2 —n? Ou

(e)

The unknown coefficients a; ’ (c) and bl(e) (c) are determined by imposing the boundary condition
of continuity of the total tangential electric and magnetic field on the interface u = 0, or
analogally, £ = 1. The boundary conditions, according to the current reference system, can be

written:

B =B| (3.10)
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Where Sogy1(c,n) = —Sog41(c, )

v=2T—1g

(3.11)

ie. H =H .,

Notice that in equations (Equation 3.10) and (Equation 3.11), n = cos v|,—o+ = cos 2m — v|,—o-
From (Equation 3.6) and (Equation 3.7) into (Equation 3.10):
b9 (c) = a (c) (3.12)

Where

Rol}, () =0 (3.13)

was used. Starting from the (Equation 3.9) into (Equation 3.11),using (Equation 3.6), (Equation 3.7)

and (Equation 3.12): the following result is obtained:

1

(c) = 3.14
a;”’(c) CR"éﬁl(C’ﬁl) _a +<)Rog‘l‘)+1/(c,1) (3.14)
Rob)). (c61) Rol)) ,/(c,1)

VA o .
where ( = Z1 and the apix prime means ”derivative with respect to u”
2
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3.1.1 Limit cases

The first limit case is if medium 2 is a PEC, that means there’s no cavity, Zo = 0 hence

¢ — oo and
Zo=0 Z5=0

The second limit case is the one of interest, it means if the cavity & = &; of is removed to infinity,
therefore that medium 2 fills a half space and since is not an active medium and (Im[c] < 0).

P hysically corresponds to the slotted wall.

: - (4) _
Since &lgnoo Royy (¢,61) =0

(1)
@ =y = Rl (3.15)
§1—00 ! §1—00 1 R “ 1 .
(1+¢) 09141 (c,1)

This result leads to the following expression for the electric field components:

Eﬁ) =4 Z 7(() ) ROS)H (¢,) - ROSZA@EC & Roggrl (¢,6) | Soary1(c,m) Sozi41 (¢, 0)
o T G NGO L+ ORof] (e 1)
(3.16)
© = gDt RoyL(el)
Es. foo 4\/%2 NO Roy, (¢,€) Soa41 (¢,n) Sozy1 (c,0)

= N3i11(©) (1 + QR0 1 (e,1)
(3.17)
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Notice that the diffracted electric field in the first and the transmitted electric field into medium

1 are symmetrical with respect to the plane y = 0:

(Efz

3.1.2 Surface current densities

(3.18)

— E(e)
51 — 00 _ _ 2z fl — 00 _ _ _
£=&0,v="0 £=£0,v=(2m—vo)

The surface current densities depends on the magnetic field components at the surface,

according to the electromagnetic theory:

I
Il
>
X
s

So in the different parts of the structure, referring to Figure 2 the current densities are defined:

FG(v = 0); 7 = o; S = —Higlo—o? (3.19)
AB(v = 7); o = —i; I\ = Higlyert (3.20)
FE(v = 2); fi = —; JS) = —Haglomon? (3.21)
AC(v = 7); = B IS = —Hoelyer? (3.22)

CDE(§ =&); n=—u; I\ = —Hoylece, 2 (3.23)
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As consequence:

[ 27 (—1)!
J1Z V0 ch 21 Z 502l+1 ¢, 0) Rog+1 (c,&) + ale)( )ROglle (075)] (3.24)
21+1
G o) [Ro® © () Ro® _ 5O
€21 o P02+1(¢,0) | Royyy (¢,€) + a7 (c) Royy), (e, f)} =1,
1=0 Vor+1
(3.25)
(4)
€ Ro (C) fl)
J5 01 (€)Som 41 (c,0) | """ Roly), (¢,€) — Roy) , (c,€)
52 _ 1 (1) +
=0 21+1 R021+1 (¢, &1)
N (3.26)
4
Rogyyy (¢,61)
o 1 (©)S0s11 (¢,0) | """ Roig} , (c.€) — Rog}, (c.6)| =
o1 2ol
1=0 2z+1 0941 (¢, 61)
- JQ(E) v=21
(3.27)
i ODG R m+1@250

Where in (Equation 3.28) the Wronskian property for radial Mathieu functions was used, that
is:

m#@@ &%(@ m#%@ m&%@ (3.29)
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On the concave corners C and E:

g5 = J = J9 =0 (3.30)

2
V=T U=Uu1 V=27 u=u1 V=T, 2T u=u1

The current densities near the sharp edges A and F, using (Equation 3.13) it’s seen that

er) ~ 7K
Flv=0-1 0 Z1,/€2 -1
(3.31)
Jz(e) ~ 7K
? lo=2me—1 ZoA /§2 -1
Where K is a constant.
Set £ =1+ 0 ,where 6 << 1, then ! L For v = 0,2m, x d§ d(1+5)
= 7W Pl ~ , = s 7'(" —_ = — — —
\/527_1 V26 2 2

5 + w, where w = = — 5= 55 is the distance from the edge F.

1
The currents in (Equation 3.31) diverge as — as the edge is approached, as expected.

o

A similar reasoning rules also for the edge A, this means that the edge condition at A and

F is satisfied.
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The surface currents,considering no closed cavity (§; — oo) :

(e) 4 2 = j(—1)!
U on  eZi\| €1 Z - Ng 02141 (¢, 0)

1
Roél-)i-ll (c,1) Rogll) (6, €)
4 +1\&
(14 &)RoS 7 (¢,1)
(3.32)

RoS}),, (e,6) —

0o . (1)
© 4 [ o §(=1) Royy/ (¢, 1) (4)
J. . = — E ° SOQ[+1 (C, 0) Ro (Ca 5) (333)

The surface currents expressed in(Equation 3.32) and(Equation 3.33) are numerically calculated

in Chapter 6.

3.2 H-polarization solution

The method of analysis for an H-polarized field is analog to the E-polarization.

An incident magnetic field is given:

H' =zH,,

Hy, = ejky

The expression can be expanded in Mathieu functions

Hi, = V&r Z — R (e€)Ser (e.m) Se (e, cosd) + g —Rol") (¢, ) So (e, ) Sou (e,cos o)
C) N7 (e)
(3.34)
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Given ¢ = 5 and considering the properties of the even and odd Mathieu angular functions

given in the previous secton the magnetic field can be rewritten:

Hi =8 Z Rezl (¢c,&) Seq (c,m) Seg (¢,0) + TROS)H (¢, &) Sog41 (¢,n) Sog41 (¢, 0)

21 2041
(3.35)
The magnetic field that would be reflected by the metal plane y = 0 is
H{,=+V8 Z [ ( )Re2l (c,&) Seg (c,n) Seg (¢,0) —
Ny (e (3.36)
- %ROSL (¢,§) Soay1 (¢,n) Sogr41 (c,0)
Ny 4q(0)
So that the sum of the two terms is
Hit" = 4v/2 Z ———Rel) (¢,€) Ser (¢,n) Se (c,0) (3.37)
Ngz (¢)
and the diffracted magnetic field
HY{, = 4v2r Z N(e ( “ o (c)Rely (¢, €) Seai (c,n) Sez (¢, 0) (3.38)
21

Where the radial Mathieu function of 4th type is used for the satisfaction of the radiation

condition at infinity. Therefore the electric field in the first medium is:

H" = Hi, + H], + HY,
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That leads to:

M~ 4v2r Z [R U, &)+ a ()ReSP (c,€)| Sex (c,) Sea (c,0) (3.39)

N

Whereas the total magnetic field inside the cavity is:

Rte (c,&1)
Regl) (07€ )

a :4\/%50: (1) 5™ (c)

Rely (c,€) = Rely (c, f)] Sey (¢,n) Sex (¢, 0)
(3.40)
To find the coefficients al(h)(c) and bl(h)(c) the boundary conditions at the interface between the

two mediums are applied, in the same way of the E-polarization case:

a" = g (3.41)
u=0
By =By (3.42)
Considering that:
iz OH,

E, =

/€2 — 2 du

Starting from (Equation 3.42) and using the following property

) _
%Rel (c,§) o= 0



the result obtained is:

M(e) = 1

a Regll)/ (c, fl)) (Regll) (c, 1)>
&t N T2 _ 1 _|_ et 7 7
‘ (Reg)/ (c,&1) ( < Reg) (c,1)

Finally considering the cavity removed to infinity (§; — 00)

1
a(h)(c) _ lbl(h)(c _ Regl) (c,1)
: ¢ (1+ C)Regll) (c,1)

18

(3.43)

(3.44)

(3.45)



CHAPTER 4

SOLUTION FOR THE TM MODES

4.1 Oblique incidence, E-polarization (TM modes)

The propagation of an electromagnetic wave in the parallel plate waveguide, according to
the current reference system that fits with the one of the elliptical cavity from [1], shown in
Figure 1 is analyzed. The position of the parallel plates and the direction of the wave, with
respect to the system is indicated in Figure 3, notice that the infinite direction is along the
r-axis, that means in the solution of the Maxwell equations to carry out the expression of the
field in propagation in the waveguide, no dependance on the x directions is considered, e 0.
Solving Maxwell’s equations in the parallel-plate waveguide with this reference system leads to

two systems of equations, the first for the TM solution (E-polarization) and the second for the

TE one (H-polarization).

.
0’H, 0°H.
57 T g T ez =0
OH, _ 41
8; = jwek, (4.1)
OH. .
— 8; = jwek,

19



0’E, O°E
57 T o T HeEs =0
OF .
8; = —jwuHy
oF,
- = —jw,qu
\ Oy

20

(4.2)

The solution to the differential equations system (Equation 4.1), it means E-polarized field

for a wave propagating along the negative y-axis, according to the reference system can be

written as:
oY = -y cos(Bz)elkty
Eg(f) = ﬁ:sin(ﬁz)ejkty
o)k j
Eg ) = Et cos(Bz)elkty
where:

Y = \/? is the intrinsic admittance of the medium;
1
B% + k? = k2, k; is the wave number in the propagation direction;
n
B = %, from the boundary condition of zero electric field on the PEC plates;

n = (0,1,2...) is a number, that defines the mode of propagation.

(4.3)
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The electromagnetic field can be schematized as two plane waves, both propagating in the
negative y direction but in opposite z directions. This is analytically and geometrically shown

respectively in(Equation 4.4) and in Figure 4.

g - Y (cPhewts= 4 ebv=s7)
2
E© - — % (ejk’ty'i-ﬁz _ ejkty—ﬁz) (4.4)

z

B _ ke (ejkty+/3z + eﬂwy%z)

[\

\

N k
The first plane wave is propagating in direction &} = —Etg) — %2 forming the angle 0y
~, k
with the negative z-axis, whereas the second plane is propagating in direction k4 = —?ty) + % z
forming the angle 0yo with the negative z-axis.
g
cos by = T
(4.5)
) k
S1n 901 = ?t
Opo = — =
COS Up2 2
(4.6)
) k
Sin 002 = ?t

The positive direction of z-axis enters the plane yz, in fact the Hg(f) component, for both plane

waves is negative and has opposite direction; the direction of E(¢) is clearly shown in Figure 4.
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Starting from the TEM-solution results for E-polarization and using the method used in [?]for
the general three-dimensional oblique problem the electromagnetic field expression can be de-

veloped in the following way: From (Equation 3.6) and(Equation 3.7) using (Equation 3.12):

B =4, =250, =509 (€mo )
where v = (1,2) and, from
Ve e Z [ROQ,H (¢.) + i () Roly; (¢,€)| Souus1 (e.m) Sos1 (e,0)
=0
(4.8)

Rogg-l (C, &1 )

(1)
Roy .y (¢,&1

U (e.msc) = V/2m Z Dy

Ng.(c) ! ROSZA (c,€) — ROQAZL (¢,€) Soary1 (¢,m) x
—o V2l+1

X 8021+1 (C, 0)]
(4.9)

Applying the equations (22), (23) in [2], dividing each component by 2 and adding them it’s

obtained:

2

e 1 2 e . R

El( ) — 3 E [_kz cot O, sin kz cos HothU (§ n; ¢sin B, ) + 2 sin Oy, cos kz cos O, U, U (&,m;csinby,) 2
v=1

(4.10)

2iYs
ksinbg,

cos kz cos by, (2 x Vi) Ul(e) (&,m; csinbp,) (4.11)
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Considering [ = (1;2) and the same for v:

k sin 901 = ksin 902 = kt

kid
csinfy; = csinfbgy = % =7

kcosbyp =B
kcosbps = —
cot 901 . ﬁ _ _COt 902
ko kky k
Therefore:
. 28 o 2k e R
B = k;kf sin B2V (€.m:7) + 7 cos B, (€.m:7) 2 (4.12)
. —-27Y] R e
El( ) = 7‘7 ! COS 52 (Z X Vt) Ul( ) (577777) (413)

ky

In ellyptic-cilinder coordinates:
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That leads to the following results for the electric and magnetic field in the first medium:

o 8 2 . ox j(=1) :
B9 = _]?5 P smﬂzz 3((0)7)502[“ (7,0) {u X [Ro(l)/ZH—l (7,8 +
v N 1=0 Vo1 7

+a? () RoWrai 1 (,€) } Soga41 (v,m) + 0 [Rog)ﬂ (1:6) + " (1) Rojy (7 @] 8

) k e (=1
X %SO(%H (v,m) } + 8V 27‘(’? cos fzZ E % [R(J;Zq (v, +
1=0 Vort1

+ 4/ (7) Roly'y (7€) } Soait1 (v,1) S0241 (7, 0)
(4.14)

j(=1)! X (1)
e g ,0 X | R &)+
41 ~ £2 — 2 e Noi1 (7) 021+1 (7, 0) {u [ 02141 (7,6)

e 0 R 4.15
+ al( )(V)Roé?ll (%f)]%SOmH (v;m) =0 [R02l+1/(1) (7,8 + (4.15)

+ al(e) () Roar1/™ (v,€)Soar11 (1) }
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0 . : . .
Where the apix ”prime” means 0 Electric and magnetic field in the second medium are
U

expressed as follows:

(4)
. 8 | Rogylq (1561)
Eé) — kﬁ 52 5 sin Bzz i(= (77) So2i41 (7,0) {U ?ﬁrl Roglt-)&-l/(%f)
Y 2l+1 ’Y) R02l+1 )61

Roélll (775) - Rogl%rl (77 61)

N 0
_Rogﬁkll(’y’g)]‘sozl'f'l (v,m) +0 %502#1-1 (%77)}

(1)) (3) [ Robyyy (.61)
+ S\ﬁ— cos Bz% Z 1= a7 0) ?Sq Roé}ll (7,€)
1=0 N21+1 (v)  [Royyy (&

- Roéﬁl (7, 51)] Soo141 (7,m) So2141 (7, 0)
(4.16)

RoS),, (,61)
RoS},, (7,61)

HY = 8‘];/1 \/TCOS ﬁzz I ( (7) Sozi+1 (7, 0) {U Ro 2l+1 (7€)

21+1 7)

Roél_ﬂ (’V 51)

*502z+1 (v.m) —
| Ro® (1)

2l+1 (7:€)

RoS), 1 1(7,€) = RO, (7, g)]s@m (7,m)

(4.17)
Following the same lead of the TEM solution it’s possible to analyze the behavior of the elec-

tromagnetic field considering no cavity that means £&; — oo, from (Equation 3.15):

1)
. . Ros,’ 11 (c, 1)
o)), =70 =

e = e = 0 ol (1)
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Hence from (Equation 4.15) and (Equation 4.17):

(e) _ 8N \/7 —1)! @
H S ,0) | R L&) —

Bl —oo Y £2 —n? o8 ﬁzz N21+ (") o21+1(7,0) o241 (1,¢)

" (4.18)
Ro!! /(c,1) 4 9
2l+1(4) Rogli—l (7,6) %SOmH (v,m)
(1 + OR021+1 (c;1)
© 8jvi [ on = (- Rol)y/ (c,1)
H N Sogiy1 (7,0) x

)
= cosﬁzg 5o ,0
Bla—o g V-2 £t Nogyr ()7 .0)

(14 ¢Q)RoS,7 (¢, 1)

x RoS), (7, &5 502z+1 (v, m)
(4.19)

4.2 Surface current densities

Considering the same case of no closed cavity (§; — c0), according to the same reasoning
of the TEM solution, the surface current densities in the two sides of the structure can be

expressed as:

Rogi—)i-l (77 E) -

e 8 [ om o~ J(=1)
J© = —/—5—=cosBzy ———_So ,0
o~ 7z N =7 P ; Novgr ()7 .0

Ro$) 7 (e, 1) A
- 2 +1(4) Oélll (77 5)
(1+ C)ROQZH/ (c,1)

(4.20)
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. 1)
(e) . 8 27 ](—1)l RO2I+1/ (")/’ 1) (4)
Joe =———/ 55— cos Bz ————— 50941 (7,0) Ro (7€)
2 |y=0,x VZa N & —n? ; Noryr ()" (1+ C)Rogﬁll (7, 1) 2

(4.21)
Since the propagation constant
2 2
Vo () m - ()
b kb

is zero at cutoff frequency, to have propagation it’s necessary that

kb > nm
It’s arbitrarily chosen:

kb= mv2 (4.22)

So that only the lowest E-mode, for n = 1, that’s the fundamental mode. Given this

parameter it follows that:

é:ﬁ:—:siné? = sin 6
A A G 01 02
kt & L. .
Hence v = cz = ﬁ The current densities on the plate are evaluated too, in the case of no

closed cavity (§; — o0):
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. . . A ~ rr(e) ~r7(e€)
J! ) =2x H® =z X [qu |2=0i61—s00 + O, z=0;E1HOO}

Rog)+1/ (7,6) —

8 21— j(-1)
70 S \/7 > Soai41(7,0)

(4.23)
1)
Ro /(c, 1
_ 2[+1(4§ ) Ro gll-)i-ll( f)] Sog4+1 (7,1)
(1+ ¢)Rogyy/ (e, 1)
(1)
R02l+1/ (77 1) (4)
g — \/7 So 7,0) Royy 11 (7, €)
2¢ U:0,£1—>00 62 - 77 =0 NQH—I 2 ( (1 + C)Rogll_);_ll (77 1) .
(4.24)
J© __8 \/Ti S Sog141(7,0) Rol}’ (7,6) —
(1) .
Ro c 1 0
- 2Hl(4§ ) Rojy., (%5)] Foo02+1 (1,1)
(14 ¢)Royy 4/ (¢, 1)
1)
Roy/ 11 (7, 1)
) \/27 SOZZ—H (7,0) 2l+1(4) %
z:0;51—>oo £2 —n? =0 N2l+1 (1+ C)R021+1/ (7, 1) (4.26)
X Roélﬂ (v, 5) 502l+1 (v>m)
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CHAPTER 5

SOLUTION FOR THE TE MODES

5.1 Oblique incidence, H-polarization (TE modes)

The solution to the differential equations system (Equation 4.2) for a wave propagating
along the negative y-axis, according to the reference system and considering the boundary

condition of zero tangential electric field on both planes z = 0 and z = d can be written as:

Eg(ch) = sin(Bz)elky

ngh) _ _% cos(Bz)elky (5.1)
J

Hz(h) = % sin(fz)elkty

Following the same principles of E-polarization solution, the electromagnetic field can be
schematized as two plane waves, both propagating in the negative y direction but in opposite
z directions. This is analytically and geometrically shown in (Equation 5.2) and in Figure 5 .
g1 (ejk:tywz _ ejkty—ﬁz)

2j

(h) _ BY ( ikiy+Bz ks 7,8z)
Hy"’ = ——— (™Y Ity 5.2
Y 2k e +e (5.2)

g _ kY (et — cob=s2)
2k

30



31

In the same way of E-polarization the first plane wave is propagating in direction kj =

k
——tg) — éz forming the angle 6y; with the negative z-axis, whereas the second plane is propa-

k k

gating in direction kj; = _E@ + %2 forming the angle 6y with the negative z-axis.The positive

(h)

direction of z-axis enters the plane yz, in fact the E; ' component, for the first plane wave
is positive and has the same direction of x,whereas the second one is negative and has the
opposite direction; the direction of E( is clearly shown in Figure 5, as well. The procedure

to analyze the scattering solution follows the same principles of the E-polarized field. From

(Equation 3.39) and (Equation 3.40), obtained in Chapter 3:

U (€ i) = 12 (N U [Rel) (06)+ ol R ()] Sear(es) Sea (60)  (53)
1=0 Vo

Re$)1 (¢, &1)

(h)
UM (&, m;c
2 Reg)/(c &1)

"(c)

Rte (c,&) — Rte (c, 5)] Seg (¢,n) Sey (c,0)

= 2l
(5.4)
Applying the formulas of paper [2] for H-polarization, for both the plane waves, dividing by

two j and subracting the components it’s obtained:

w_1f 2 ; W) (¢ e osi
E" = 2] < o O (sinkzcosfor) (2 x Vi)U, (5,77,65111«901)) +

1 2 . . .
% (ksin oos (sinkz cos 1) (2 x Vt)Ul(h) (&,m; csin 002)>
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1 /25Y
g - = <‘2 cot By cos kz cos 901VtU (f n; csinfpy) + 25Y sin 61 sin kz cos 901U (f n,csm001> —

l 2]
1 /25Y
“5 T cot 0p2 cos kz cos g2 VU, (f n; csinfpa) — 27Y sin g sin kz cos 902U (‘f 7; csin fp2)
J
(5.6)
Like in the E-polarization solution it rules that:
k sin 901 = ksin 902 = kt
kid
csin g1 = ¢sinfyy = % =7
kcosbpr =
kcosfps = —f
cot Og1 B ﬁ B _COt 602
ko kke k
Therefore in the first medium it’s obtained
B = L singz (2 x V) U (€.5) (5.7)
(5.8)

5 Gin 82U (€,m:7)

2Y
Hl(h) = B cosﬁthU (§ ;) +
kk;
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Equations (Equation 5.7) and (Equation 5.8), in a more general form are in a paper by Arora,
Poort and Uslenghi, that is under review [5], [6].

The expressions in ellyptic-cylinder coordinates can be expressed as follows:

8 21 > . )
B = 7‘7 . smﬁzz N(e Sear (v,0) { —a [Reg) (7.€) +ay"” () Rely (7,€) 5 0c2t (vm) +

+ [Reg})/(%g) +a” ()Rel1 (v, 5)] Seay (7, n)}
(5.9)

8Y 2 = (=1 .
H{" = Tﬁy/ fﬁg cos Bz ) ((67))5621 (7,0) {u [RGS)/ (7.€) +af" () Rey) 1 (v, 5)} Sea (v,m) +
v K =0 Ny (7)

smﬁzxﬁz [Re;) (7,€) +
1=0 NQZ

0 [Rel) (0.6) + a ()Rl (1,6)] 5 Sea (v, m) } TpLL

+af () Rely) (1,€) | Sea (7.m) Sea (4,0)

(5.10)
Same equations rule for the second medium, but using U2(h):
. () (4)

n _ 8j 2r ' o [ Rey) 1 (v, 61)
E§ — g smﬁzz ((e)) b( )( )Sea (7,0) { —u{?i)il%e;) (7,€) —

v " =0 Ny (7) Rey'1 (v, &)

(4)
| Rey 1(7, €
R (19| 2 Sew (v + 0 | Sea ) ol (3 )~ Reldr (9,6 Sew ()
Re2l /(77 gl)

(5.11)
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4)
(n _ 8YpB T Rey ' 1(7,61) (1)
H" = 5 €OS E v)Se , | —=~——""Res,’ 1 (v,£) —
2 k:'y 5 B (e 21 (’7 ) { [ eg)/(’y,fl) 2l (7 5)

( )
MR%? (3.8) — Relf) (7,) | 5-Sear (7,1) }+

~ Rey)1 (3, s)}Sem -+l o)
IRANE

—1)! ReW) ,
+ 8v/2 —Smﬁz Z ( (>) bl(h) MRGB;) (7,€)
=0 Ny Rey'1 (v, &)
- Rezl (’7 g) Ste (’Y’ 77) Ste (77 O)
(5.12)
Considering no closed cavity case: (§; — o), from Chapter 3 (Equation 4.3)
() L) Rejy (7.1)
a () = Zbl (V) =- (5.13)
(1+C)Rey) (4,1)

Follows that, from (Equation 5.10) and((Equation 5.12))

(h) 8V [ 2 — (-1) 1)
ng fsoo oy \/;COSﬂZZ N(e) a )Segl (7,0) [Rezz 1(v, &)+
o (5.14)

Re(l)/ fy,g
+%1)R€$)’ (7, ) } Sear (v,m)
CRte / (77 51)

(h) 8,3
e cosﬁzzN( —Sew (1,0) [Rel)r (7,6) - -
5.15

Re;l (7, 1)
— 2 D> Re S ,
Regll)/ (7’51) 2[ /( 5)} €21 (7 77)
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5.2 Surface current densities

In the case of H-polarization the surface currents on the wall, considering the cavity removed

to infinity:
) 818 | 2w — (-1) (1)
J = cos Bz Se ,0) |Regy 't (77, €) —
HES R atal) el ) [Rel)r (7.€) -
1) '
Re , 1
S ) T
<1+C)R€2l (’Y, 1) §—>007’U77T
8Y: prs — (-1
J5 :_;B\/Tcos/a’zz ((e)) Sear (7,0) X
E—soou=r vV~ =0 Noy” (7)
o (1)( N (5.17)
ey’ (7 (4) (h)
Res,'1 (77,€) Sear (v, —1) = J,,
TR 1) e
Like for E-modes, k; = \/m = ,/1— (%) is zero at cut-off, so to have just the

first H-mode in propagation it’s needed that kb > nm. The same value chosen for E-modes

kb = 7r\/§, so that

Bk
ko k v2
_ ke e

It’s possible to express the surface current densities on the plates (z = 0), & — oc:

I Y T [ LA

2=0;¢1 *)oo:|
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8Yﬁ
(h) = —Hy, = \/7 S€2l ’Y, ) Re (’Y 5)
J1§ (2=0;61 —00) ! (2=0;61 —00) ZN(e 21
1)
R ,1
- - ((Zt) : Regll)( ,f)] 87862[ (v,m)
(L+¢)Rey (v,1) 1)

8Y2ﬁ \/7 ¢
(h) _ _ Se o )
e (2=0:61—>00) o (2=05¢1—00) — 7 Z N 21 (1,0) 1+¢

(1)
R 1
o B (0 1)

(4) 9
Res,” (7,€) = Sea (v,1)
Rel) (v,1) dv

(5.19)

8Y1 8 \/T (- M
(h) =H = Sear (7,0) | Rey) ' (7, €) —
M| o) ~ Tl o) — Ry VE P ; N () [ .

Rl (3,1)
(1+ OReSY (7,)

Rel)1 (v, €) ] Sear (v,1)
(5.20)

SYQﬂF
(h) = Hye E 5621 (7,0) x
J2 (Z:O7£1—)OO) (Z 0; 61*)00 - /r] N(e)

¢ Regz)( 1)
1 +¢ Rezl (7,1)

(5.21)
Rel)1(7,€) Sear (7.1)
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Figure 5: Plane waves components of H-polarization solution
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CHAPTER 6

NUMERICAL RESULTS

The surface current densities, theoretically derived for the three cases, are numerically
calculated in this section. To do this, an algorithm that produces as output the values of
Mathieu functions for the given variables is required. This algorithm was developed by professor
Erricolo and written in Fortran 90 language, the algorithm is explained in [7],[8],]9]. With the
support of these Fortran subroutines, a short piece of code was written to put together all the
terms needed to evaluate the various currents. Every result was written in a text file, read by
the software Matlab2018b and displayed in different graphs, to show the variations of amplitude
and phase of the surface current densities with respect to the impedances Zi, Zs, the ¢ or ~

parameter, and with the elliptic-cylinder coordinates £ and n. The parameters given are:

Z1 = Zy=1207 Q2

with Zj that stands for the intrinsic impedance in vacuum.

A
= —=0.5:1.0;2.0
C Z2 b) b)

c =0.1;0.5;1.0;2.0; 5.0; 10.0;

The graphs are plotted in function of &, over the range (1 < £ < 5) with steps of A{ = 0.1.
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6.1 Surface current densities for TEM case

Respectively in Figure 6 and Figure 7 are shown amplitude and phase of the surface current
densities J; and J,2 derived in (Equation 3.32), (Equation 3.33), for ¢ = 0.5 and various values
of ¢, indicated in the legend.

In Figure 8, amplitude and phase of J,; and J,o for the three given values of  are repre-

sented.

6.2 Surface current densities for TM case

The expressions for the first TM mode of J,; and J,2 in (Equation 4.20) and (Equation 4.21)
are practically similar to the TEM, but they are also function of the variable z through a cosine
relation: cos Sz = cos %z
So, some chosen cases are shown in Figure 9, Figure 10 and Figure 11 of the currents as functions
of £ and %, that means a 3D graph is needed to fully represent that double dependance.

For what concerns the surface current densities J¢; and Jeo of (Equation 4.23) and (Equation 4.24)
they are evaluated with the same procedure of J, in the TEM case, with the difference that
they depend also on the variable 7.

In Figure 12 and Figure 13 7 is kept fixed at 1 and ¢ is 0.5, moreover the parameter + is
nothing else but the ¢ indicated in the legend divided by v/2 as consequence of having chosen
the first mode, see (Equation 4.22).

Since the results for the surface current densities J¢; and Jgp are evaluated just for 5 fixed

values of 7 it’s not possible to have a graph showing how they change keeping fixed &, v and ( for
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every values of the angular coordinate. However the values of the currents for the 1 considered

are:

V2 V2
n ( ) 9 707 92

;—15)
’J@’ — (0.0030; 0.0051; 0; 0.0051; 0.0030)
B(Je1) = (—0.3134; —0.1493; 0; —0.1493; —0.3134)

’J&’ — (0.0017;0.0013; 0; 0.0013; 0.0017)

®(Jez) = (0.9902; 0.9904; 0; 0.9904; 0.9902)

\V)

for(=1,v= \2[,523.0 .

Same kind of analysis is done for .J,; and J,2 of equations (Equation 4.25), (Equation 4.26).
The graphs are reported in Figure 15, Figure 16 and Figure 17 for the same parameters of J¢1
and J¢2.

Like for the results of the surface current densities J¢1 and Jgo, the densities J,; and J,2
are evaluated just for 5 fixed values of 7, so it’s not possible to have a graph showing how they
change keeping fixed £, v and ( for every values of the angular coordinate. However the values
of the currents, amplitude and phase for the n considered are:

V2. V2
2

n=(1;7;0; ;—1;)

Jvl

= (0.0086; 0.0069; 0.0018; 0.0069; 0.0086)
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®(J,1) = (—0.0776; —0.1298; —0.6622; —0.1298; —0.0776)

Jy2| = (0.0016;0.0021; 0.0026; 0.0021; 0.0016)

®(Jy2) = (0.9838;0.9837;0.9834; 0.9837; 0.9838)

S

for (=1,v= ,€=3.0

6.3 Surface current densities for TE case

The expressions for the first TE mode of J,; and J,2 in (Equation 5.16) and (Equation 5.17),
in the same way of to the TM, they are also function of the variable z through a cosine relation:
cos Bz = cos %z

So in Figure 18, Figure 19 and Figure 20 the currents as functions of £ and % are reported, in

a 3D graph showing the double dependance.
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Figure 13: TM mode:Amplitude and phase of Jeo for ¢ = 0.5 : left side for v = (
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CHAPTER 7

CONCLUSIONS

A new scattering problem has been presented in this thesis. The analysis is performed
considering a parallel-plate waveguide with a slotted wall inserted. Exact solutions, concerning
the expression of electric and magnetic field and surface current densities are given for the
TEM mode and for the TM and TE modes, using two important results obtained by professor
Uslenghi’s research. Numerical calculations of some the surface current densities in the various
cases are performed with a code developed by professor Erricolo, and the most remarkable

results are shown in the graphs.
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