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SUMMARY

Following work by Jacquet on the group GL;, we construct automorphic L-functions for
pairs of representations (717, 712) of the quasi-split unitary similitude group of order two, GUy 1,
given by a global zeta integral involving an Eisenstein series.

We show that this integral admits an Euler product expansion, and compute the values
of the local zeta integrals when all of the data is unramified at both the split and inert non-
Archimedean primes. We take a closer look at the theory at the inert non-Archimedean places,
where we classify the irreducible admissible representations, prove the existence of a local
functional equation and define the local Langlands factors.

Finally, we show that the global L-functions can be continued as meromorphic functions
in the whole complex plane and, assuming the existence of local functional equations at the
Archimedean and split non-Archimedean places, satisfy a functional equation of the form con-

jectured by Langlands.



CHAPTER 1

INTRODUCTION

Robert Langlands revolutionized the study of modular forms in the 1960s by introducing
his new approach based on the theory of automorphic L-functions. These functions encode the
properties of irreducible cuspidal automorphic representations of an algebraic group, and are
expected to satisfy a variety of deep number-theoretical conjectures.

More precisely, suppose that we are given a global field F, and let A be the ring of adeles of
F. Let G be a reductive algebraic group defined over F, 7t an irreducible cuspidal automorphic
representation of G(A) and r a finite-dimensional complex representation of the Langlands dual
group "G. Tt follows from a theorem by Flath that 7 ~ &, m, where the tensor product is taken
over the places of F, and T, is an irreducible admissible representation of G(F,). Moreover, with
the exception of a finite set of places S, including the places at infinity, we know that 7, must
be unramified. Thus to each 7, with v ¢ S we can, by Satake’s isomorphism, canonically attach

a semisimple conjugacy class t, in "G. With this data we can define an Euler factor at v by

1
 det(I—r(ty)qy")’

Ly(s, 7y, 1)

where gy is the cardinality of the residue field of F,.



Langlands’s most basic conjecture is that we can extend this construction to a function

L(S) 7'[,T) = H LV(S) T[V)T))
v

where the product is now over all places of F, and such that the resulting function is meromorphic
in the complex plane with only a finite number of poles, and such that it satisfies a functional

equation of the form
L(s,m, 1) =¢€(s,m,7)L(1 —s,m,7), (1.1)

where T is the contragredient representation of r and € is a monomial function of s.

In its full generality, this conjecture is still open, although it has been verified for many
particular choices of G and r. Most of the results have been obtained by using one of two main
methods: the method of Langlands-Shahidi, which develops the theory of local coefficients and
connects them to the global theory via Fisenstein series; and the Rankin-Selberg method, in
which L-functions are constructed from an adelic integral admitting an Euler product expansion,
where the local integrals give the expected corresponding local Euler factors.

In 1972, Jacquet used the Rankin-Selberg method to construct L-functions for a pair (71, 7)
of irreducible cuspidal automorphic representations of GL;. Working with pairs of represen-
tations is consistent with the theory outlined above, since we can think of (717,7;) as the

representation 7y ® 1y of GLy x GL;. Following work of Rankin and Selberg from the 30s and



40s on the convolution of two classical modular forms, Jacquet considered a zeta integral of the

form

J ©1(9)p2(g)E(s, g)dg,
Z(A) GL,(F)\ GL,(A)

where @1 and @, are cusp forms of 71 and 7, respectively and E(s,g) is a carefully con-
structed Eisenstein series. He then showed how this integral can be used to construct L-functions
L(s,7t, ) that are absolutely convergent for Re(s) > so, can be analytically continued as mero-
morphic functions of s in the whole complex plane and such that they satisfy Equation 1.1.
Since we are working with pairs of representations, Satake’s isomorphism attaches to the pair
of unramified representations (717,,7,,) a pair of semisimple conjugacy classes (t1,y,t2y). The
L-group of interest is then GL; x GL;, and the finite dimensional complex representation to
which Jacquet’s L-functions correspond is v : GL; x GL; — GLg4, where (g1,92) — g1 ® g2.

Following Jacquet, our main goal in this paper is to construct analogous automorphic L-
functions for pair of representations (717, 712) of the quasi-split unitary similitude group of order
two, GUjj, using the Rankin-Selberg method, and show that these L-functions satisfy the
fundamental conjectures from above. The group GUj; provides an interesting example since it
is closely related to GL; (it is a K-rational form of GL; x GL1), but unlike GL;, it is not split,
but merely quasi-split.

Following the exposition of the “L-function machine” in (Gelbart and Shahidi, 1988), we

note that obtaining our result requires us to go through the following steps:



1. Define a global zeta integral and show that it has an Euler product expansion and func-

tional equation.
2. Analyze the meromorphic behavior of the global zeta integral and its functional equation.

3. Prove the existence of a functional equation and meromorphic continuation for the local

zeta integrals.

4. Equate the local zeta integrals with the Langlands factors from above at the unramified

places.

5. Establish at all places properties of the local zeta integrals like the existence of a common

denominator and define Langlands factors L, (s, 7y, ).

In the remainder of Chapter 1 we discuss the unitary similitude group of order two and
establish some general results about its Eisenstein series. In Chapter 2 we will cover the
global theory and show that our zeta integral admits an Euler product expansion, satisfies
a functional equation and admits a meromorphic continuation to the entire complex plane.
Finally, in Chapter 3 we will deal with the local non-Archimedean theory by classifying the
irreducible admissible representations of GUj 7 over a non-Archimedean local field, matching
the local zeta integrals at the unramified places to the Euler factors described before and proving
the existence of a local functional equation at non-Archimedean inert primes. We will not deal
with the existence of the local functional equations and the choice of the local Euler factors at
the other primes, noting only that at the split non-Archimedean primes the problem reduces
to the more familiar setting of the split group GL> x GL1, whereas at the Archimedean primes

the theory is expected to get computationally thornier.



1.1 The Unitary Similitude Group of Order Two

Let F be a field and E a quadratic extension of F. For any F-algebra R, we define the

R-rational points of the unitary similitude group of order 2 to be

GU1,1(R) =¢ g € GLy(R®F E) | Tg° g=op(g) for p(g) € R* 5,
1 -1

where o is the generator of Gal(E/F). The map p : GUj 1(R) — R* is a multiplicative character,
which we will call the similitude character of GUy1(R).
The center of GUj 1(F), which we will denote by Z(F), is given by

Z(F) = ack”

We fix our choice of a maximal torus in GUy 1 (F),

T(F) = ae B Ne 5,
Aa?
and a Borel subgroup containing it
a x
B(F) = x€Fae EX,A e F*



The unipotent radical of B(F) is

N(F) = xeF

Note that while GUjy ; is not split, it is quasi-split.

We will make use throughout of the matrices

w = and €=

The Weyl group of GUj ; is of order two and is generated by the matrix w.
Let x : EX — C* and 1: F¥ — C* be characters!. We define a character x ®1 of the torus

T by

a
(x ®n) =x(an(A).
Aa°

There is an action of the Weyl group on the group of characters of GUj ; given by

(x@m)™ () = (x@n)(wtw™) = (x " @ xn)(t).

"Throughout we will call a character any group homomorphism to the multiplicative group of a field
(i.e. what are sometimes called quasi-characters). We make no assumption about whether characters are
unitary unless explicitly specified.



If R is an E-algebra, we can identify R ®f E with R & R via the map r ® a — (ra,ro(a)).
Note that then GL(R ®f E) ~ GL2(R @ R) ~ GL;,(R) x GL;(R), with (g1,92)° = (g2, g1), from

which it follows that g = (g1, 92) € GUy1(R) if and only if

92 g1 = p(g) , and g 92 = p(g) ,

or,

—1

1 1
g2 = p(g) Tgy! = p(g) det " (g1)g1.

Thus, for R an E-algebra, GUj1(R) ~ GL,(R) x GL;1(R). Hence the identity component of the
L-group, “G°, which only depends on the structure of the group over a separable closure, is
GL;,(C) x GL;{(C). The full L-group, "G, is then (GL,(C) x GL;(C)) x (o) where the action
of o on "G° is given by (g,A) = (W (Tg " )w, Adet(g)).

Suppose T is an N-dimensional complex representation of “G. Then, by the action of o on

GL, x GL; from above, it follows that

r((g,7),0) =7 (((e,1),0)(w(Tg™" ", Adet g), )



Let r((e,1),0) = J, and let p and x be the restriction of r to the GL; and GL; component of

LG® respectively. Then

X(N)p(g)] = Jx(Adet g)p(w(Tg "W ™),

or,

p(g) = x(det g)Jp(w(Tg W) = (xw,")(det g)Jp(g)] ",

where w, is the central character of p. Taking determinants on both sides, it follows that
(Xwg] )N =1, or, since there are no finite order algebraic characters of C*, that x = wp.

Thus we have

p(g) =TJp(g)] "

and so it follows that to determine a representation of "G, it suffices to specify a representation
p: GLy(C) — GLN(C), and pick a ] € GLn(C) such that J?> = e and | is in the centralizer of
the image of GL,(C) under p. In particular, the representation of LG that our automorphic L-
function will correspond to, is the one where we take p to be the contragredient of the standard
representation, p(g) = "g~', and ] = e.

We will denote by dg a Haar measure on G. While the group G is unimodular, B is not,

and the value of its modular character is given by




since

Aa° 1 Aa°® 1

1.2 Whittaker Models

Let 7t be an automorphic cuspidal representation of GUy 1(A) and \{ a nontrivial character
of A/F. By a Whittaker model W(7, ) we mean a nontrivial space of smooth K-finite functions

W on GUj 1(A) satisfying

If W is an element of some Whittaker model, we say W is a Whittaker function.

ProprosITION 1.1 (Existence of Global Whittaker Models). Let 7 be an automorphic cuspidal

representation of GU7 1(A) with central character w. For any ¢ € m, let

Then the space {W,, | @ € 7t} is a Whittaker model for 7, and ¢ admits the Fourier expansion

elg)=) W, g

agFx 1



10

Proof. The function

is continuous and satisfies F(x + a) = F(x) for any a € F. Hence we can think of it as a function

on the compact group A/F, which admits a Fourier expansion of the form

1 x
0 g =Y Cablax), (1.2)
1 acF
where
1 x
Ca:J ® g | b(—ax)dx.
AJF

Since 7t is cuspidal, it follows that Cy = 0. For a # 0,

Ca = J (@ g | b(—ax)dx
AJF : :
1T ax a
| o g | w(—ax) dx
AJF ] :
1 x a
SN g|wxdx.  (xax)
AJF : :

The result follows by substituting this expression for C4 in Equation 1.2 and setting x =0. [
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Suppose Py, is a nontrivial unitary additive character of a local field F,. We can define a

local Whittaker model W, (m,,\,) as a space of smooth K-finite functions W, on GUj(F,)

satisfying
1 x
Wy g | =b(x)Wy(g)
1
Note that for any ¢ € m,,
Wonlg) = lim JN,@ (wn'g) by (n') dn

N’ open, compact

is clearly in W, (m,,y), and so to show the existence of local Whittaker models it suffices to
show that at least one of these is not identically zero. However, we will later show that if
g € GLy2(F,), Wy(g) is given by the value of a certain Whittaker function of GL,(F,), and
so the existence of local Whittaker models for GUj 1(F,) follows from the existence of local
Whittaker models for GL;(F,).

Both of the following propositions follow directly from (Shalika, 1974).

PROPOSITION 1.2 (Uniqueness of Local Whittaker Models). There exists at most one local

Whittaker model for .

PRrROPOSITION 1.3 (Uniqueness of Global Whittaker Models). There exists at most one global
Whittaker model for 7.

In particular, if @ € 7t is a pure tensor, Wy (g) = [ [, Wov(gv)-
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1.3 Eisenstein Series

In order to be able to define Eisenstein series, we first need a way to vary characters
continuously as a function of a complex parameter. We begin with x, a unitary character
of Af/E* and 7, a unitary character of A*/F*.

A)

Consider the induced representation Indg(( A) (x ® 1) consisting of all smooth, K-finite func-

tions f on G(A) such that

“@ x (IN(a)I
g =

12
) damr),

Aa°

Given any such f, there is a natural assignment s — f; where fg € Indg((i‘)] (xXINC)F 2 @7 -

[1/2-s), given by

© ] - (e

) xtam e,

Aa®
Note that by Iwasawa decomposition, for any g € G(A) we have that g = bk, where b is an
element of the Borel subgroup B(A) and k € K. Moreover, f is completely determined by its
value on K and therefore this correspondence is actually a bijection.

Let f € Indg((AA)) (x ®1). We define the Eisenstein series

E(S)fag) = f(S,'Yg),
YEB(FI\G(F)
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where f(s,g) = fs(g). This is well-defined because f(byg) = f(g) for by € B(F), since x and n
are trivial on E* and F* respectively. This summation is not guaranteed to converge, but it
is a well-known fact from the general theory of Eisenstein series (Langlands, 1976) that there
exists an sy € R such that the above summation converges whenever Re(s) > so.

Let a € F. We will consider the integral

and note that by an argument identical to the one in the proof of Proposition 1.1,

E(9) =) calg)(ax).

aeF

The group G(F) admits a Bruhat decomposition G(F) = B(F) LI B(F)wN(F), and therefore

we may split up the summation defining the Eisenstein series into

E(S)fa g) = f(sa 9) + Z f(S,WTIg),
neN(F)

where the first term corresponds to B(F)\B(F) and the second to a summation over a set of

representatives for B(F)\B(F)wN(F) ~ wN(F).
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Unless a = 0, the contribution of the first term is zero, and combining the definition of Cq

and the previous display, we get

where we will later show that the integral of the second term is actually an intertwining operator.

Our next goal is to establish some properties of Eisenstein series, assuming that the sections
f are carefully normalized. In particular, we assume that f is a pure tensor f = [ [ f, such that
for almost all v, f, = L,(2s,xy)f5, where f} is the unique K(F,)-fixed vector that is identically

equal to 1 over K(F,), and such that at the remaining places v, one of the following is true:

1. f, restricted to K(F,) is independent of s, or

2. f, is of the form M (1—s)(hy), where hy € Indg 1! (x; °IN()[ 7 2@xmy|-[F172), olir,)
is independent of s, and M3 (1 —s) is the intertwining operator, suitably normalized as to

have M3 (s)M}(1 —s) be the identity.

PROPOSITION 1.4. Let f =[], f, as above. Then M(s)f, the image of f under the standard
intertwining operator, is meromorphic with only finitely many poles in C, namely those of

L(2s — 1,%), the Hecke L-function of the restriction of x to A*/F*.
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Proof. Let S be the finite set of places v where f, # L, (2s,x,)f5. Consider the global intertwin-
ing operator

M(s)f(g) = JN(A) f(wng)dn

and note that since f is a pure tensor, the expression above can be written as a product of local

intertwining operators

M(s)t(g) =TT | = flwng,)dn = Misitulg).

v IN(FR)

By the analysis of the local intertwining operators in Chapter Three, it follows that

s)f = (H M(s)fv> [ M)t

ves v¢ZS

= HM HL 1,x0)f

ves v¢gZS
: (H ) 117
)Xv

S v V&S

and therefore it suffices to show that

M(s)fy
L,(2s — 1>Xv)’

where v € S, is entire.
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Since

where the first integral converges absolutely for all s, it follows that the analytic behavior of
M(s)f, is fully determined by the second integral. Moreover, recall that g = bk, where we can
factor out the action of b out of the integral, and therefore the meromorphicity of M(s)f, can
be evaluated at g = e.

Since f, is right invariant by (_X],1 1) for x| > c,

and so the second integral evaluated at g = e equals

fv(e)j o (ORI dx.
[x|>1

Thus, if f,(e) is independent of s, it suffices to consider

f|x‘>] X\T] (X)|X|_ZS dx
LV(ZS - 1»XV) ’
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but the integral in the numerator has the same meromorphic behavior as L, (2s —1,%,), and so
the quotient is entire.

Finally, suppose that f, = M*(1 — s)h,. Then

M(s)f, M*(s)fy

L(2s—1,xy) v(2s—1,x,)L,(2s —1,%xy)
M*(s)M*(1 — s)h,
€(2s — 1,%)Ly(2 — 25, % ")
— hv
T e(2s—1,x)Ly(2—25,%0 )

where h,, is entire since its restriction to K(F,) is independent of s and 1/e(2s — 1, %)L, (2 —

2s, Xy 1) has the desired meromorphic properties. ]

It is well-known in the general theory of Eisenstein series that the poles of an Eisenstein
series occur at the poles of its constant coefficients. In particular, it follows that an Eisenstein

series normalized as above has only finitely many poles—those of L(2s — 1,%).

PROPOSITION 1.5 (Functional Equation of Eisenstein Series). The Eisenstein series E(s, f, g),

normalized as above, satisfies the functional equation

E(S>f) 9) = E(] — S, M(S)fa g)
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Proof. Recall that the constant term of E(s, f, g) equals

hx M(s)fy -
whereas that of E(1 — s, M(s)f, g) is
1 x
M(s)f(g) —i—J M(s)f [ w g| dx
A

Focusing on the second term, notice that

1 x - L(x;‘, —25) .,
JAM(f) w ] g | dx =M(f)(g) + L(x,2s — <VEL xv,Zs—U) (H L' 2= 28)f>

(HVV Xvy 28 — (M(fv))> (H I—(Xv1325)f3)
ves V¢S

= (HYV Xv y —28)Yv(Xvy 28 — ”M(M(f\)))> (H ]—(szs)f?z)
ves V¢S

:< M* o M*)( ) HLXV,ZS )y
ves VES

= f,

and therefore, that E(s, f,g) and E(1 —s, M(s)f, g) have the same constant term.
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This implies that E(s, f,g)—E(1—s, M(s)f, g) is a cusp form, but by a result from the general
theory of Eisenstein series, the spaces of cusp forms and Eisenstein series are orthogonal to each

other. Therefore, E(s,f,g) — E(1 —s, M(s)f,g) = 0, which was to be proven. O



CHAPTER 2

GLOBAL THEORY

2.1 Notation

Let E/F be a quadratic extension of number fields, with Gal(E/F) = (o). We let A be the
ring of adeles of F, Ag the ring of adeles of E, and fix a nontrivial additive character 1 of A

that is trivial on F.

2.2 The Zeta Integral

Let 71y and 7 be cuspidal automorphic representations of G with central characters w;
and w; respectively, let @7 and @; be cusp forms of 7y and 7, and let f be a section of
Indg((ﬁ)) (ov?1 w? NP2 @] - |]/2*5) with the normalization given in the section on Eisenstein

series. We can then define the global Rankin-Selberg zeta integral,

Z(S7(p1>(PZ)f) = (91(9)(92(59)E(Svf>9)d9'

JAG(F)Z(A)\G(A)

PROPOSITION 2.1 (Euler Product). Let Wy and W; be the Whittaker functions of ¢ and ¢,
respectively. Assuming @1, @2 and f are pure tensors, the global Rankin-Selberg zeta integral

Z(s, @1, @2, f) admits an Euler product expansion

Z(s, 1,02, ) = | (JN(F - )WI,V(Q)WZ,V(EQ)fv(Sa9)d9> ;

v

20
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where the product is taken over all places v of F.

Proof. For Re(s) sufficiently large, we can substitute the definition of E(s, f, g) into the definition

of the global zeta integral, to see that

r

Z(s, 1,02, f) = @1(g)e2(eg)E(s,f,g)dg
Je(Fz(anG(A)

r

_ 01(9)ealeq) D> fls,v9)dg
JG(F)Z(ANG(A) YEB(F\G(F)

.
= @1(9)p2(eg) > f(s,vg) dg
JGFZ(ANG(A) YEZ(A)B(F\Z(A)G(F)
.
= @1(g)p2(eg)f(s,g)dg
JZ(A)B(F)\G(A)
r

J @1(ng)e2(eng)f(s,g)dndg
JT(FN(A)Z(AN\G(A) JZ(A)BF\T(FN(A)Z(A)
.

= f(s,g)J @1(ng)e2(eng) dndg,
T(F)N(A)Z(A)\G(A) N(F)\N(A)

«

since Z(A)B(F)\T(F)N(A)Z(A) =~ Z(A)T(F)N(F)\T(F)N(A)Z(A) ~ N(F)\N(A).
Note that by Proposition 1.1, ¢@; and ¢; admit a Fourier expansion in terms of Whittaker

functions,

eilng)= Y Wilmgl= >
(FNT (FNT

Wi (tg)p(tnt™)
teZ(F (F) teZ(F )

(F

eleng)= Y Wilemg)= Y Wilerghplemnt e )
TeZ(F)\T(F) TeZ(F)\T(F)
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and, therefore, since

Pt Tetnt Te ) =P ((a — B)x),

where

it follows that

J ©1(ng)z(eng) dn dg
N(F)\N(A)

= Z Z Wi (tg)Wa(etg) JN( Ptntetnt e ) dn

tEZ(FI\T(F) T€Z(FI\T(F) FIAN(A)

= ) Wi(tg)W;(etg).
teZ(F)\T(F)

Hence

f(s,g) Y Wi(tg)W;(etg) dg
teZ(F)\T(F)

:J Wi (g)W2(eg)f(s, g)dg,
N(A)Z(ANG(A)

Z(Sa ©®1, P2, f) = J
T(F)N(A)Z(ANG(A)

since Z(A)\T(F)Z(A) ~ Z(F)\T(F) by the second group isomorphism theorem.
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Note that for @1 and @, pure tensors, W; and W, admit an Euler product by Proposition 1.3.

Therefore, if f = ®,f,,

2(s, 01027 = [T | Wi, () Wan(eg)fuls, g)dg |
N(Fy)Z(Fy)\G(Fy)

v
The results follows for general s by analytic continuation. O

We will denote by Z,(s, W1, W, f,) the expression

J Wi (9)Wan(eg)fu(s, ) dg,
N(Fv)Z(Fy)\G(Fv)

which gives the previous result the standard form

Z(s, @1, @2, 1)) = H Zv(s,WhvaZ,v» fy).
v

We will require a slightly more explicit form of the local zeta integrals for the unramified

computations. To that end, we have the following lemma.

LEMMA 2.2. Let Wy, W, and f, be as above. Then

Z0 (5, Wiy Way £) =J

J Wi, (tk)Way (etk) (s, th)dg ! (t) dt dk
K(Fv) Tl

where Ty ~ T(F,)/Z(F,).
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Proof.

Zy(s, Wiy, Way, fy) = Wi, (g)Way(eg)fy(s, g) dg
IN(FV)Z(FV)\G(Fy)

- J Wi, (bk)Wa, (ebk)f, (s, bk) drb dk
IN(FV)Z(Fy)\B(Fy) JK(Fy)

= J Wi, (tk)Way (etk) (s, tk)dg ' (t) dt dk
JTq (Fy) JK(Fy)

2.3 The Global Functional Equation

THEOREM 2.3. The integrals Z(s, @1, @2,f) and Z(1 — s, @1, @2, M(s)f) are absolutely con-
vergent for large enough (resp. small enough) Re(s). They can be analytically continued as
meromorphic functions of s in the whole complex plane, and as such they satisfy the functional
equation

Z(S) ©®1, P2, f) = Z(] — S, 91, Q2, M(S)f)

Proof. This is immediate from the functional equation of the Eisenstein series, the analysis of

the possible poles of the Eisenstein series and the fact that cusp forms are rapidly decreasing. [

Set

L(s,m x mp) = [ [ Lu(s, my x m2,),
v

where we will describe how to select the local factors L, in a later chapter. Then there exists

an sp € R such that for all s with Re(s) > sp, all of the local factors are holomorphic and
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their product is absolutely convergent. Hence L(s,7t) is holomoprhic on the right half-space

Re(s) > so. The same is true for the L-function

L(S,ﬁ] X ﬁl) = HLV(S»%LV X ﬁZ,V)-
v

The following theorem is conditional on the existence of a local functional equation at all

places v.

THEOREM 2.4 (Main Theorem). Under the above assumptions, the Euler products L(s, 7y X 713)
and L(1—s,7 X 71) are absolutely convergent for Re(s) large enough. They can be analytically
continued as meromorphic functions of s in the whole complex plane. As such they satisfy a
functional equation

L(s,m x m) = €(s,m x mp)L(1 —s,7 X 7).

Proof. We may assume without loss of generality that for each v, we may pick W ,, W5, and

f, such that

]—(537[1 X 7T2) = HZV(S)W],V)WZ,V)fV)'
v



Then

L(s,m x m) = Z(s, W7, W, f)

= HZV(] - Sawl,V)WZ,V) M*(S)f)> (H I—v“ - 33%1 X 7,:62)
vES

L —s,m x 70) > LI =s,m > 70)

Z
_ (F! Z,(1— S,W1)V,W2)v, M*(s)f)
ve

= Hev(s,m X 712)) L(1—s,7m x 7).

|
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CHAPTER 3

NON-ARCHIMEDEAN LOCAL THEORY

3.1 Notation

For the rest of this chapter and unless specified otherwise, let E/F be a quadratic extension
of local nonarchimedean fields with norm N : E — F, let Or be the ring of integers of F, @ the
maximal ideal of O and ord the @-adic valuation on F. We let q be the cardinality of the
residue field Op/@ and define an absolute value on F by [x| = q—°d®),

We will also make use of a maximal ideal @g of O with an associated ordg, a @g-adic
valuation on E, and an absolute value on E given by |x|g = qEOTdE(X), where qg is the cardinality
of Op/@k.

We will denote by G the group of F-rational points GUj 1(F), B the Borel subgroup of G,

and K the group GUj 1(OF), a maximal compact subgroup. We will sometimes use Hy (s) as

shorthand for the induced representation Indg (XIN()FV2 @] - [V/273).

3.2 Intertwining Operators

The existence of a nonzero local G-intertwining operator M : Indg (x1®@M1) — Indg (x2®mn2)

is equivalent to the existence of a nonzero linear functional A : Indg (x1 ®1n7) — C such that

A o | =87 x2(am(AA(P),

Aa® Aa®

27
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since given such a A we can define M(@)(g) = A(g - ).

Our candidate for such a functional is A(@) = fo (wn)dn. When defined, it is clear that
this integral satisfies the condition in the last display. Our next goal is to get an analytic
continuation of this expression.

In order to get an analytic continuation, we consider ¢ € Indg (xIN(-)I*®n|- 7). Note that

Alp) =| @(wn)dn

where the first integral is over a compact domain, and thus it is only the second integral that

can fail to converge. However,

‘[Ix>1(p (w (1)) dx:: ¢ <<_X71 (—1x)> (XL 1)> dx
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where Z is a local zeta integral Z(s, ®,T) of the type studied by Tate in (Tate, 1967), defined
by

Z(s,D,T) = J D (x)T(x)[x]* d*x
FX

for ® € S(F), a character T: F* — C and s € C. Thus the existence of an analytic continuation
for A follows from (Tate, 1967).

We can explicitly compute the value of the intertwining operator at the unramified vectors.

To this end we have the two following results:

ProroOSITION 3.1. Let x and 1 be unramified characters of EX and F* respectively. Suppose
©° is the unique K-fixed vector of Indg (xIN()5 2 @ 1| - [*t1/2) normalized so that @°(e) = e.

Then

L(ZS—],X) ~0

M(o) = L(2s.x) 07,

where @° is the unique K-fixed vector of Ind§ (x °|N(-)|=5*1/2@xn|-[**t1/2) such that ¢°(e) =

Proof. Tt is clear that M takes K-fixed vectors to K-fixed vectors, so it suffices to evaluate



Thus

©°(wn) = ¢°

We have

q—1 x(@)q'"*
q 1—x(@)q'*
1—x(@)q"% + (q— 1)x(@)q ™2

1—x(@)q'=2
1—qx(@)q® + (g —Dx(@)g
1—x(@)g2

1—x(@)q'2

30

(%) x| for x & OF.
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Finally, we can determine the action of T on @° from the following computation:

J f(wntg)dn = J fwtt Tntg) dn
N(F) N(F)

= 6g(t) JN(F) f(wtng) dn

= 6g(t) J f(wtw_1wng) dn
N(F)

— 55 ()¢ INCI @ xml - PO @) ij f(wng) dn

= 6]]3/2(t) (X—U|N(,)|—S+1/2 ®Xﬂ| . |25+t—1/2)(t) JN(F) f(WTlg) dn.

O]

ProprosITION 3.2. Let E/F be a global field extension of degree two. Let v be a place of F that

splits over E, and let x and 1 be unramified characters of Af/E* and A*/F*. Suppose ¢° is
: G(Fy) s—1/2 t+1/2 . o()

the unique K-fixed vector of Indy ;") (xv/N(-)| ® Myl - | ) normalized so that ¢°(e) = 1.

Then

L(X],VXZ,V)ZS —1) ~0
L(x VX2,v) 2s)

M(9°) =

b

where @° is the unique K-fixed vector of Ind§(x; °IN(-)[75*1/2 @ xyny| - 2741/2) such that
¢°(e) =e.

The proof of the split prime version of the proposition proceeds almost identically to the
previous proof.

Our next goal is to analyze the composition of intertwining operators. Since Indg (XIN()F V2 @

nl-[tt1/2) is irreducible for almost all s and t, the composition Mo M must be a scalar by Schur’s
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lemma. This calculation is important because it allows us to explicitly express the normalized
intertwining operator which we introduced in the section on Eisenstein series in terms of the
standard interwining operator.

Let A’ be the Whittaker functional

1 x
A'f = lim J Nf W P(—x) dx.
o

N—oo
1
LEMMA 3.3. Let f € Ind§ (xIN(-)]*""2 @ n| - |**/2). Then
(Ao M) = x(—1)y(2—2s,x AT,

Proof. Note that A’ o M is a Whittaker functional, so by Proposition 1.2, there exists A, a

meromorphic function of s and t such that
(Ao M)f = A(s, t)A'F.

By analytic continuation, we may assume without loss of generality that s is large enough for

M to be given by the integral expression from above. Then

.
y —1 —1
(Ao M)f = ngIclqu' J N f P(—x) dxdy
FJo y 1 X—y71

= lim J J o(x =y W)yl () dxdy,
FJo—N

N—oo
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where

Thus

fim | | ele—y T iy b dxdy = Ms,

N—oo

m | ebw(-xax

li
N—oo

or, making the change of variables y — y~',

jim | Xy 0(-y) |

N— o

plx — yNbl(—(x ) dedy = Ms,0) lim | @(xp(-x]dx

—00

Let @ = chym, where M is large enough that 1 is trivial on @™. Then, for N > —M,

J @l b (x— y)) dx = vol( @) chg ).

Thus we have

N—oo

fim vol(@™) | x(u)lyP* b (-y)dy = Als, ] voll @)

Hence

Mot = | xis 2e(-yldy =x(-Tv2 - 25,x7)

by Exercise 3.1.10 in (Bump, 1997). O
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Applying the lemma twice to A’ o M o M gives us the following result.

PROPOSITION 3.4. The composition M o M is given by multiplication by the scalar

Y(2—2s5,x " )y(2s — 1,%).

3.3 Classification of Admissible Non-Archimedean Representations

LEMMA 3.5 (Restriction to GL;). Let E/F be a quadratic extension of local (possibly Archimedean)

fields, G = GUj1(F) and B = Bguy, ,(F). Let m = Indg (x ®n). Then W‘GLZ(F) is contained in

F
7 = Indg 2"
GL, (F)

(xn ®n). If 7t is unramified, then so is 7’ and the restriction of a K-spherical
vector in 71 is given by a K, (r)-spherical vector in 7.

Moreover, for any ¢ € 7, the value of the restriction to GL; of the Whittaker function

associated to @ is given by the Whittaker function associated to ¢’ = (p‘GLz(F) in 7, i.e.

W@‘GLZ(F)(Q) - W(p’(g)

Proof. Let @ € m, let (“§) be a matrix in the Borel subgroup of GL;(F), and let g € GL,(F).

Then

R a ¥ IN(a)| _la] a *
0 = dp lbal m — 9BaL,(p) ’
b (ba)a™® b
a x a * 12 a ok
@ gl=e 9| =%, xn(am(d)e(g),
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and therefore @| e

Z(Fv)

The assertion about spherical vectors follows from the fact that Kgp,, 5 € K.

Finally, note that

= 1 / —1 (.7 1
Wolar,m(9) = lim JN,@ (wn'g) ¥~ (') dn
N’ open, compact

= lim J @ (wn/g) " (n')dn’
N’CNar, N/
N’ open, compact

since N = Nqrp,,(F,)- O

Let I = IndEG;(IN(-)If]/2 ®1-1'72). Note that the space of constant functions is a subspace of

I, since a function f is in the representation space of I if it is smooth and

1/2
il o| = ("5 " N@F 2N 1) = 1(9)
Aa°
which the constant functions satisfy. Moreover, since the action of G on the constant functions
is trivial, they clearly form an invariant subspace. However, by (Casselman, 1995), the length of
a composition series for [ is at most two, so therefore the quotient of I by the constant functions
must be an irreducible representation. The restriction of this quotient representation to GL; is
precisely the Steinberg representation, so we will call it the Steinberg representation of GUj

and denote it by St.
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Let 7t be a representation of G and x a character of EX. We define the twist of 7t by x as

(r®x)(g) = (x o det)(g)7(g).

THEOREM 3.6 (Classification of Irreducible Admissible Representations). Let 7t be an admissible

irreducible representation of G. Then one of the following is true:

e 71 is a supercuspidal representation,
e 71 is a one-dimensional representation of the form C(x odet) where X is a character of E*,

e Tt is a special representation, i.e. isomorphic to a twisted Steinberg representation St ®x

where ¥ is a character of E*, or

e 7T is isomorphic to Indg (x ®n) where x . £ |-

Proof. Consider the Jacquet module of 7t. If it is trivial, 7t is supercuspidal. Otherwise,
by Frobenius reciprocity, 7t is a subrepresentation of a parabolically induced representation
Ind§ (x’ ®1’). Thus it suffices to describe the irreducible subspaces of Ind§ (x’ ®n’).

Recall that Indgizig (x1 ®X2) is reducible if and only if X1X£1 — |- |¥', and that therefore,
by the preceding lemma, it follows that the restriction of Indg (x’ ®n’) to GL; is irreducible if
X|. # |- [*¥1. Hence Ind§ (x’ ®n’) is itself irreducible.

Recall that for g € G,

Tg°wg = p(g)w,
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2

or, taking determinants on both sides, N(det(g)) = (p(g))°. In particular, this implies that

det(g)/p(g) is of norm one, and that therefore for any character x of E* | we can write (xodet)(g)
as Xo(p(g))xi(det(g)) where xo is a character of F* and x; is a character of E*/F*.

Fix a character x and xo,%7 as above and consider v = Indg ()(%IN(-)IJ/2 @xol - 1'7%). Let

and note that

(x odet)(tg) = xo(p(t))x1(det(t))(x o det)(g)
=x0(A)x1(Aaa™?)(x o det)(g)

=Xo(M)x3(a)(x o det)(g)

1/2
:<|N|(A(|1)|) xi(@)IN(@)2xo (AN (x o det) (g),

and so it follows that C(x o det) C v. Moreover, since g - (x o det) = x(det(g))(x o det), this is
clearly an invariant subspace of v. This gives us the 1-dimensional representations of G.
Finally, consider the contragredient representation to v, and note that it contains the dual

of C(x~! o det), an irreducible representation isomorphic to St @x . O

3.4 The Unramified Computation (Inert Prime)

Our goal in this section is to explicitly compute the value of the local zeta integral at the

places that remain inert in the quadratic extension of the global field that we defined our group
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over, and where all of the relevant data is unramified. In particular, for all but finitely many
inert places, the conductor of the local character ¥ is O, W; and W, are the unique K-fixed
vectors identically equal to 1T over K of W(m;, ) and W(7m,, ) respectively, and f is equal to
L(2s, (wjw;)~")f°, where f° is the unique K-fixed vector identically equal to 1 over K.

To this end, we need an explicit expression for W7 and W,. However, we will later show
that we will only need to evaluate W7 and W, over a subgroup of GL;(F), and therefore we will
be able to make do with the restriction lemma from earlier in this chapter and the following

result for GL;.

THEOREM 3.7. Let 7t be an unramified infinite-dimensional representation of GL;(F). Then

GL;(F)

there exist unramified characters py, wy of F* such that @ = IndBGL -
2

)(}J.] ® W), and 7t is not a
special representation (i.e. pg] £ |- [F).

Moreover, if @94 is the largest ideal on which 1 is trivial, the unique right K-invariant

function in the Whittaker model of 7t that takes the value 1 at e is given by

172 g1 (@)°rd0)+1p, (@)erd(I)+1 d
We (%) X w (@)—p2 (@) if x € @,
‘I =
0 otherwise.
Proof. See Theorem 11 in Section 16 of (Godement, 1970). 0

PROPOSITION 3.8 (Unramified Computation — Inert Prime). Let m; and 7, be irreducible

unramified representations of G with central characters wy and w; respectively, W7 and W3
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the unique spherical Whittaker functions of 71y and 7, respectively that are identically equal to

1 over K, and f = L(2s, (wjw,)~")f° where we take f° to be identically equal to 1 on K. Then

1

WP, W3, f) =
Z,(s, Wy, Wy, f) det (1 —r(t1) @ v(t2)q~)

b

where t; is the conjugacy class associated to 7; in "G and

r:'G - GL,(C)

By (")) @ o= 644 (] a71)-

Proof. Note that f is K-invariant by construction and that therefore

ZUs WR W = [ | WE(C ) WE ()0 (s ()R8 (%)) d7yak
= f(s,e)J WP (Y ) W5 (7Y ) P e T (y) dXy,

yeFrx

where

f(s,e) =1L <Zs, (w1wz)*1) .
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Suppose M ~ Indg(cx ® B) and mp ~ Indg (y ® 8). For the rest of this proof, if x is a

character, we will write X to mean x(@). Then by Lemma 3.5 we have

J WE (Y)W (Y ) (wra)  ()lyl d*y
yeFrx

__‘” T ns(“ﬁ)n+1__ﬁn+1(Yé)n+1__6n+1
—;)((mwz) @ T 58

n

or, setting (wiwy) N@|® = X,

o n(aﬁ)n+1__3n+1(yé)n+1__5n+1
X
é ap—p Yo —96
B 1 ( oaBpyd  apd Pyd N Bo >
(xfp—PB)(vd—0) \T—apydX 1T—afdX T1T—py6X 1—p6X
_ ! ( xB(yd —39) B B(yS—19) >
(B —B)vd—8) \ (1T —apydX)(1 —aPdX) (T —BydX)(1—RoX)

_ 1 o — widX — wiydX + wiw BX? — (B — w1 ydX — w18X + wiwrafX?)
~ («B —B) ( (1= oBydX) (T — afdX) (1 — By8X) (1 — B6X) )
1 —-un(uzXZ
(1= oPydX)(T — afoX) (T — BydX)(1 — B6X)
L7 (2s, (wiwy)™)
T det(1—r(t) @ r(t2)q )"

Therefore

(s, e) 1 1

LW Wi To,8) = T Tworwn) ) det (1=t @ rt)q ¥ det (1 — (&) ®16)q )"
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3.5 The Unramified Computation (Split Prime)

Our goal in this section is to evaluate the local zeta integral where all of the data is unram-
ified, but the prime is split.

For this section only, suppose that E/F is a quadratic extension of global fields. Let v be a
prime of F that splits in E as v = wiw;. Recall that then G(F,) = GUj;(F,) is a subgroup of
GL,(F,) x GL;(F,) isomorphic to GL;(F,) x GL1(F,) via (g,A) — (g,Adet'(g)g). The image of
the torus T(F,) in GL;(F,) x GL;(F,) is {(( “ A ) ,?\) ‘ Ay ar,ap € FVX}, and therefore, as a
quotient of subgroups of GL;(F,) x GL:(F,), Ty(F,) = T(F,)/Z(F,) equals {((y 1 ) ,y) ‘ Yy € FVX}

Analogous to the restriction lemma (Lemma 3.5) from the previous section, we have a
restriction lemma for the split primes that allows us to express the Whittaker functions of

G(F,) in terms of those of GL;(F,).

LEMMA 3.9. Let ¢ € Indgf) (xy @ny). Then

ch (9» A) = anv,Z(}\)ch’ (9)

GLZ(FV)

where ¢’(g) = ¢(g,1) € Indg 7 1 (X1 @ X2).
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Proof. Note that

a x a *
(Xv ®nv) 7)\ = (Xv ®nv) v}\
b AAb— !

=1y (AN)Xv,1 (@)xv2(AD )

= MXv2(A)xv,1 ()55 (b))

and that therefore the character x, ® 1, defined with respect to our parametrization of T(F),
corresponds to the character x,1 ® X, ; ® MvXv,2 With respect to the standard parametrization

of the torus in GL; x GLj:

a
(x1 ®x2®n) y Al =xi(a)xa(bn(A).
b
We then have
WolgN = lim | o (engn) 4 (n)dn’

N’ open, compact

= T]va,Z(A) lim J @ (Wnlg, 1) w—] (TL/) dn’
N’CN ’
N’ open, compact

= TyXv,2(A) lim J o' (wn'/g) ' (n')dn’
N’CN ’
N’ open, compact

=MXv2(A) W (g).
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Note that the center of GL;(F,) x GL;(F,) is

Z(Fv) == ,)\ Z,}\ S F\>}<

and that therefore for any representation 7t of G(F,), the center acts by a pair of characters
(w/yw”):

m WA flg) = w/(z)w” (M) f(g).

PROPOSITION 3.10 (Unramified Computation — Split Prime). Let 7y and 7, be irreducible
unramified representations of G(F,) through which the center acts by the pairs of characters
(w], wy) and (w3, w)) respectively. Let W} and W5 be the unique spherical Whittaker func-
tions of 7y and 71, respectively that are identically equal to 1 over K(F,). Let w’ = wjw; and
w” = wiwj and suppose that f = L((w/(w”)?)7 1, 25)f°, where f"]K(FV) =1.

Then

1
~ det (Is — () ®r(t2)q*)

Z, (W7, W3, f,s)

)

where t; is the conjugacy class associated to 7i; in "G and

r: G - GL,(C)

(By (%)) 1o B (* ).
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Proof. Suppose 111 ~ Indg ((et1,002) @ B) and 717 =~ Indg ((v1,v2) ®8). For the rest of this proof,

if x is a character, we will write x to mean x(@). Note that then

OC(])rdV(y)Jr] - (xz(ordv(y)+1)>
1

we ((Y — ordy (y),,(1/2
P((Y1)5y) = (Bag) "™y ( p—

r rdy (y)+1 —(ordy (y)+1)
(Boxg)ordviu)t] fy[172 o YT — o T
o !

((X] O(2[3)ord\,(y)+1 _ ﬁordv(y)—&-]

oxoop —fB
|]/2 (aﬁ)ordv(y)+l _ Bord\,(y)Jr]

W BB

ke

and,

5 (Yé)ordv(y)+1 . 6ordv(y)+1
Wi ((Y1),y) =Wl 5% ,

where o« = x1xp and vy = vy1y32.

Additionally,

where
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Then we have

1
| weCows ) (wrt@n?) ey

v

o o , 2\ s (“B)n—&-l _ Bn-i—] (,Y(S)n—H _ én—H
—Z()(w(w)) o xp—p y6—-58

—1

or, setting (w’(w”)?)” (@)@l =X,

ixn(aﬁ)nﬂ _ (B)nﬂ (y&)nH _ (6)n+1

P—” B =P Yo —vy
_ 1 opyd xBd Byd RS
" (B —B)(yd—0) (1 —aBydX 1—aBdX 1—pydX Tz [55X>
_ 1 ( xB(yd —39) B B(vs—19) )
(af —B)(vd—8) \ (1 —aPydX)(1 —axPBoX) (1 —PydX)(1—R&X)

B 1 (oc[.’) — aP2X — Py X 4+ apdyEiXZ — B + af26X 4+ apZydX — oc2[53y62X2>
(B —B) (1 = oBydX) (1T — adX)(1 — BydX)(1 — B6X)
1 — ap?yd?X?
(1= aBydX) (T — xBX)(1 — BydX)(1 — B6X)
1 1
T L2, (w/ (@D det(ly — r(t) @ 1(t2)g )

3.6 The Local Functional Equation

The proofs in this section follow closely Jacquet’s work for GL; in (Jacquet, 1972), requiring

only some minor modifications for GUy ;.
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For any @ € S(E?), x a character of EX and n a character of F*, let

" (s,g) = (x odet)(g)(mo p)(g)lp(g)l® LX @ (y(0,1)g)x(y)IN(y)IF d*y

and note that for

we have

(x odet)(tg)(nop)(tg)lp(tg)l®* = x(Aaa °n(A)AF(x o det)(g)(nop)(g)lp(g)l®
LX @ (y(0, Ntg)x(y)IN(y)Fd*y = LX O (Aay(0,1)g)x(y)IN(y)IF d*y

XN eI | 0ly(0, DgyIN)F d*y,

and therefore

IN(a)]
Al

5"(s, tg) = x(an(A) ( ) o (s, 9);

or, 51 € He (s).

This gives us a convenient way to generate explicit examples of properly normalized local
sections f, and, we will later demonstrate that it will suffice to only consider such fo = f%fl’]
for the rest of this section.

Our first main goal in this section is to prove the following theorem.
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THEOREM 3.11.

e There is a sy € R such that whenever Re(s) > so, the integrals Z(s, W;, W,, fe) and
Z(1 —s,W;,W,, M(s)fg) are absolutely convergent.

o Z(s,Wq,W,, fp) and Z(1 — s, W;, W, M(s)fe) are rational functions of q~°. More pre-
cisely, they can be written as the quotient of an element of C[q~*,q*] by an element
of C[q~®], where the denominator is independent of the choice of W; € W(m, V),
W; € W(mp, ) and @ € S(E?).

e There exists a rational function of q~*, y(s), such that for all Wy € W(m, ), W, €

W(m, ) and @ € S(E?),

Z” - S)W1)W2) M*(S)f@)) = Y(S)Z(S)WBWZ) f(D)

To prove Theorem 3.11, we will require a series of lemmas.

LEMMA 3.12. Let 7 be an irreducible infinite-dimensional representation of G(F), and let
W(m, ) be the Whittaker model of 1. To each W € W(m, ) we associate a function @y :
F* — C by letting

(PW(X) = W‘GLZ(F) (X 1 ) .
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Then if 7t is a principal series or special representation induced from x ® 1,
lal'2(xn)(a)f1(a) + lal' /A (a)f2(a), if x[p # 1,0 Y,

lal"20xn)(@)f1(a) +]aln(a) ord(@)fa(a), if x|; =1,

lal'2(xn)(a)f(a), if x| =1-1,

lal'*n(a)f(a), Xp=1-1""

for some f, 1 and f; in S(F).

If 7t is supercuspidal, @w(a) = f(a) for some f € S(F).
Proof. Apply Lemma 3.5 to the table at the end of Section 10 of (Godement, 1970). O

We will denote by K(7t,) the space {@w | W € W(m,P)} (i.e. it is the Kirillov model of the

restriction of the representation 7 to GL;). Let

U(F) = acFxeF,,
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LEMMA 3.13. Let f be a function in S(F) and p a character of F*. Let i € {0,1,2}. Then
J f(a)ord(a)lal*u(a)d*a
FX

is absolutely convergent if Re(s) is sufficiently large. Moreover, it is a rational function of q—*.

Proof. Recall that f is a locally constant function of compact support, and so there exists a
¢1 € R such that f(a) = 0 whenever ord(a) < c¢;. If f vanishes at 0, there exists a ¢c; € R
such that f(a) = 0 whenever ord(a) > ¢;. Thus f(a) = 0 unless ¢; < ord(a) < ¢, and so the
integral expands into a finite Laurent series in q~*.

It remains to prove the lemma for f such that f(0) # 0. In fact, by linearity and the
translation invariance of the Haar measure, it suffices to prove it for the characteristic function of
the ring of integers of F, Tp,. If u is ramified, the integral vanishes. Otherwise, let p(@) = q—*°

and note that

| tor@ordallatua)ara = 3 g s,
8 n=0

where the right-hand side is absolutely convergent for Re(s) > — Re(sp).

Finally, note that this summation simplifies to

(1-=Xx)" if i =0,

X(1—=X)2 ifi=1,

XT+X)(1=X)3 ifi=3,
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where X = g%°q®, completing the lemma. O

PROPOSITION 3.14. For @1 in KC(7t7,P) and ¢, in K(m, V), let

Bs(e1, 92) J

. ¢1(a)p2(—a)laf'w ' (a) d¥a.

Then there exists a sp € R such that the integral above is convergent for any s with Re(s) > sg.
Moreover, Bs(@1, @2) is a rational function of q~° and can be written as a quotient of an element

of C[q~*, g*] by a polynomial in C[q~*] that does not depend on the choice of @ and @;.

Proof. By Lemma 3.12, we can write

@100) = X" (i ()1 () + s ord! (K2 () 2(x))

@2(=x) = X" (vi(x)g1 (%) + tord (x]v2(x)g2(x))

where s, t,1,j € {0, 1}, W, w2, v1, vy are characters of F* and fy,f2, g1,92 € S(F*).

Therefore

Bl ea) = | erlaloa-alaf e (@) d%a

= | hentaler A pvie @ d et s | (ngn(@lal " Rord (@)ume ) o) d*a

4 tLX(ﬁ g2)(a)lal"2 ord) (@) (myvaw ") (x) d¥a

+stj (f2g2)(a)lal*2 ord (@) (mavaw ") (@) d¥a
FX
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and so the result follows by Lemma 3.13. O

The bilinear form 5, by analytic continuation, is defined for almost all s and satisfies the
identity
Bs | & 1§ 02| =la/"Sw(a)Bs(e1, @2) (3.1)
for all a € F*, x € F and @1, @2 € K(m;, V).
Our goal is to show that any billinear form y on K(m, ) x K(m,) that satisfies Equa-

tion 3.1 is proportional to 3s. We separate our proof into three seperate lemmas depending on

whether both, one or neither of 71; and 1) are supercuspidal.

LEMMA 3.15. Let 'y be a bilinear form on S(F*) x S(F*) that satisfies Equation 3.1. Then 7y is

proportional to 5.

Proof. Since the action & of U(F) on S(F*) is irreducible (Lemma 2.9.1 of (Jacquet and Lang-
lands, 1970)), it suffices to prove that y(¢@, @) = cfs(@, @o) for at least one nonzero @y.

Let @o(u) = w™! (u)lOFx (u), and note that then

Bulieroo) = | olu)du

F
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For any u € Opx we have

u 0
Y& ®, 90| =v(®, o),
1
which implies that
Y000 = Y an| oluam)atu (32)
n=—oo F

where, for a given @, all but finitely many a, are zero. To prove the lemma it now suffices to
show that a, = 0 for all n > 0.

Without loss of generality, we can take { to be of order zero. Let

and note that then

Y(EM@) @, 90) =V(@, @o).

Hence, by letting ¢ be the characteristic function of @ ™Of and applying Equation 3.2 to

both sides, we have

a_mJ Pudo™ ™) du = a_n.
o
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If m > 0, the left-hand side vanishes and a_, = 0. If m = —1, we have a_1(1 — q)_] =a_
which implies that a_; = 0.

Since

1 x
J £ @ola) dx =J Wlax)@ola) dx = 0,
CD*]OF .] CD*]OF

it follows that

1 x
Y J g @(a)dx, @o| = 0.
@7101:

Letting @ be the characteristic function of ®™OF with m > 1, it follows that am = 0,
completing the lemma. O

LEMMA 3.16. Let v be a bilinear form on K(my,1\) x S(F*) that satisfies Equation 3.1. Then

7 is proportional to Ps.

Proof. Similarly to the previous lemma, by the irreducibility of S(F*) under the action & of

U(F), it suffices to prove that there exists a nonzero ¢, € S(F*) such that

Y(@1,92) = cB(@1, @2,58)

for all @ € K(my,).

Let
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and note that then

Y(@1, 02 — (07 @2) = V(@1 02) — v(@1, &) 1)
=v(@1,92) —v(E) @1, @2)

=v(p1 — &) @1, @2).

Since @1 — &(£) @7 € S(F*), it follows by the previous lemma that

Y(o1, 02 — &) @2) = cBl@1, 02 — EL)@2,5),

which, since we can choose @, and { such that @, — &€ 1)@, # 0, completes the proof of the

lemma. ]
LEMMA 3.17. Let y be a bilinear form on (711, ) x K(72,1) that satisfies Equation 3.1. Then
v is proportional to ;.
Proof. If either of 71y or 71, is supercuspidal, the result follows by the previous lemma. Otherwise,
by linearity and Lemma 3.12, it suffices to prove the result for the following pairs:

L @i(a) =xi(a)fi(a), p2(a) =x2(a)fz2(a);

2. ¢1(a) =xi(a)ord(a)fi(a), ¢2(a) = xa2(a)f2(a);

3. @1(a) =xi(a)ord(a)fi(a), p2(a) =xz2(a)ord(a)f2(a);

where x7 and x> are characters and f; and f, € S(F).
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Case (I):

Define @ such that

3 @i = @{ +xila)p;

for 1 =1,2. Then ¢{ vanishes for x small enough and so @ € S(F*). We have

a a
la'"Sw(a)y(er,02) =7 | & I 02

=v (¢1 +x1(a)@1, 95 +x2(a)92)

= (xix2)(a)y(e1, 92) + xa(a)y(@1,93) + x2(a)v(@71, 92) + v(@7, @3),

or,

(la'"Sw(a) — (xix2) (@) v(e1, 02) = x1(a)v(@1, ©3) + X2 ()Y (@], ©2) + Y(@], 93).

By a similar argument, we get

(la'fw(a) — (xix2) (@) B(@1, 92,8) = x1(@)B(@1, @3,8) +x2(a)B(@], 92,5) + B(@], 93, 8),

and the result follows since we know that 3 and y are proportional whenever at least one of

the vectors is in S(F*).
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Case (II):

Let p(a) =x1(a)fi(a) and define @ and @; by

£ o1 =@ +xi(a)er +xi(a)ord(a) +x1(a)ord(a)u(a),

£ 902 = @5+ x2(a) Q.

Then @1 and ¢; both belong in S(F*). From the the fact that y is bilinear and satisfies

Equation 3.1, it follows that

(lal'"fw(a) — (xix2) (@) v(@1, ©2) =Y(@], 3), +x1(a)y (@1, 93) +X2(a)y (@], 92)

+x1(a) ord(a)y (i, @3) + (x1x2)(a) ord(a)y (1, @2).

We can obtain a similar expression for (3, and note that all of the y(-,-) terms on the right are
proportional to the corresponding (-, ) terms by the previous case. Hence the result holds

for Case (II).

Case (III):

Let wi(a) =xi(a)fi(a) and define @ by

3 @1 = @i +xi(a)i + xi(a) ord(a) + xi(a) ord(a)ui(a)
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for i=1,2.
Then @ and ¢; both belong in S(F*). From the the fact that v, is bilinear and satisfies

Equation 3.1, it follows that

(la"fw(a) — (xix2) (@)v(e1, 92) =Y(@], ©3), +x1(a)y (@1, @3) + x2(a)y (@], ©2)
+ x1(a)ord(a)y(ur, @3) + x2(a) ord(a)y (@7, u2)
+ (xax2)(a) ord(a)y (w1, @2) + (x1x2)(a) ord(a)y(e1, u2)

+ (x1x2) (@) ord*(a)y (w1, 12),

with a similar expansion for 3. However, once again, all of the terms on the right hand side

are known to be proportional to 3 by the previous case, completing the proof. ]
We now return to the proof of Theorem 3.11.

LEMMA 3.18. There is an so € R such that for all s with Re(s) > sp and ® € S(E?), f%’il’] (g) =
0 for all g € G implies that f;‘();;)“’_] (g) = 0 for all g, where I is an endomorphism of S(E?)

described in the proof.

Proof. In fact, we will prove that M(s)f4 ! = yg'(s —1/2, w)f;‘g;}w”.

Replacing @ with g®, we see that it suffices to prove this for g =e.

Note that S(E?) = S(E) ® S(E), and so it suffices to consider the case when ®(x,y) =

Q1 (x)D2(y).
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1 x
H o |y, 1w W (Y)N(y)lF d*y dx
FJEX 1

:” ®(—y, —yx)w " (y)IN(y) d¥y dx
FJEx

w—‘(—nH 1 (y) D2(yx)a ' (y)IN()IF "y dx
FJEx

w%—nj ai(y) <L 3 (yx) dx) &' (y) N d*y

The Schwartz-Bruhat space S(E) is spanned by functions of the form chy;er and so we can
assume without loss of generality that @, (x) = chyter. Given u € E, define the r-part of u to

be
m T
o~ | = ]
0 ZuJ(DE _ZUJ(DE’
j:n j:n

and note that since @r is inert in E, we can identify @f and @g. Then

J chytop (xy)dx = vol(yq (u+@p)NF)
F
=q oW yol((e,'u+ @) NF)  (y = ey@p ™)

_ qfordE(‘J) ChF(er(uEg] ))qir

= IN(y)I72q " chr(0:(uey ")),
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and so,

[ o (J cbz(yx)dx) o~ ()N d¥y
EX F

:qTLX @1 (y) chr (0 (uey ")) (y)hyl 2%y,

which, since @(y) = ©1(y) chF(Gr(usg])) is a Schwartz-Bruhat function of E, is a Tate zeta

integral over E. Therefore, by the local functional equation in (Tate, 1967),

Le(s —1/2,w7") J
) Jex

G2 ), PR

|, ot e ety = s - 172,07

O]

LEMMA 3.19. There is a sp € R such that for all s € C, Re(s) > sg, there is a unique trilinear

form ys : W(m, ) x W(m, ) x Hy,-14(s) — C, such that if f = f$_]’],
Ys(Wi, W, £) = Z(1 — s, Wy, Wy, f0% )
for all Wy in W(m, ) and W, in W(m,, ). Moreover, for all g € G,
Vs(m(g)Wi, ma(g)Wa, 1(g)f) = vs (Wi, W, f),

where 1(g)f is the right translate of f under g~
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Proof. For all s with Re(s) large enough, any element of H,-1 ;(s) can be written as f%’i] 1 for
some ® € S(E?). If s and @ are such that fgjfk] vanishes, so does f;‘(’;')‘“f] by the previous

-1

lemma, and therefore also the integral Z(1 — s, W, W5, f;‘(’;’)‘” ).
For Re(s) sufficiently small, Z(1 — s,W1,W2,fi*();‘)w_]) is given by a convergent integral

against the invariant measure, and therefore

1

Z(1—s,m(g)Wi, ma(g)Wa, P48 ) = w(det(g))w ™ (pl))lp(g) 1 Z(1—s, Wi, Wa, 1508 ).

By analytic continuation this holds for almost all s, from which the second assertion follows. [

Since Whittaker functions are K-finite on the right, it follows that the linear form
e YS(W1 ) WZ) f)

is K-finite and therefore belongs to the contragredient of H,-1 ;(s), which is Hg,1(1—s). Hence
there exists a

g— 65(9)W1)W2)>

such that
a X : 1
65 9)W1)W2 = |N(G—)‘ 7S|b|57 w(a)6s(g)w1)W2)
Aa°

and

Vo(Wi, Wa, ) :J ROEATRIALE
B\G
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By the invariance property of vy from the preceding lemma, it follows that 05 has the

invariance property

8s(gh™", i (N)Wi, i (R)W3) = 8(g, Wi, Wa).
Thus by letting

pi(a) =W, ,

it follows that As(@1, @2) = ds(e, Wi, W,) is a bilinear form that satisfies Equation 3.1, and
therefore there exists a function c(s), defined for s large enough, such that A; = c(s)fs.

Therefore
Z(1 — s, Wy, W3, M(s)f) = c(s) JK f(k)Bs(mm (k) @1, m2 (k) @2) dk,

or,

Z“ - S>W1)WZ) M(S)f) = C(S)Z(S)thl)ﬂ-

To conclude the proof of Theorem 3.11, it remains to show that y(s) is a rational function of

g—*. To do that, it suffices to prove the following lemma.

LEMMA 3.20. There exists a choice of W7 € W(m, ), W € W(m, ) and f such that
Z(saWhWZ)f) =1

for all s.
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Proof. We begin by choosing W7 and W, such that

There exists an n > 1 such that W; and W, are invariant under translations by (l 1) for

x € @"OF.
Let
a b
K’ = € K|c=0mod @"Of ;,
c d
and note that for all k € K/,
y a b Y a b 1
w =W
1 c d 1 c d —d7 ¢ 1
y a—bcd' b
w
1 d
y ud™! bd™!
= w(d)W (ueoy)
1 1
uyd™’ T bu™
= w(d)W
1 1
uyd™
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Therefore

y -y .
JW1 k| W, k| [yl¥ d*y :J w(d)d*y = w(d) vol(OF).
yeoy

(vol(0F)) 2 (wiw,)(d) ifk €K/,

0 otherwise,

it follows that
Z(S)WI)WZaf) =1.

O]

Note that if we substitute the representation 7t; with 7t;, the central character wj is replaced
by w?, and there is a correspondence between the Whittaker spaces of the two representations
given by

Wi(g) = Wig)w; ' (det g).
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Then, since

Z(s, Wy, Wy, 5 1) = Wi(g)Wa(g)f8 "' (g) dg
JNZ\G

— Wi (g)Ws(g)w; ! (det g)w; ' (det g)w(det g)fy '(g) dg
INZ\G

= Wi (g)Wal(g)f$™ ' () dg,
INZ\G

we can see that the roles of the integrals Z(s, W;, W, f) and Z(1 — s, W;, W5, M*(s)f) are
interchanged when we replace 7r; with 7.

Finally, we summarize our results in a more precise form.

THEOREM 3.21. There exist Euler factors L(s, 77 x 72) and L(s,7t; x 7;) such that:

Z(s, W1, Wy, fo) = L(s,m; x m)Z'(s, W1, W2, fo)

Z“ - S)WMWZ) M*(S)fq)) = L(S,ﬁ] X 77[2)2,(1 - S>W1)W2> M*(S)f@)

where Z'(s, W;, W3, o) and Z'(s, W;, W5, M*(s)fg) are polynomials in C[q®, q~°].

e We can choose a family {(W7 i, W1, fo,)} such that

D Z'(s, W15, Wa, fo,) =1 <T€SP- D Z'(1— 5, Wi, Wy, M*(s)fa,) = 1) ~
i

i
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e There is a function e(s, 7 x 72,1) of the form cq™™ such that

Z“ _S)W1)W2)M*(s)f®)
L(] —S,ﬁ] X %2)

Z(S>W1)W2) f‘CD)
L(s, 7 X 713)

= €(s,m X M2, )

Proof. Recall that from the integral representation of fg it follows that

Z(s,m(g)W1,m2(g)W2, fgo) = w(det(g))lp(g)[*Z(s, W1, Wy, fo).

Combining this with the previous theorem, it follows that the subspace of C(q™*) spanned by
the Z(s, W;, W, fp) is actually a fractional ideal of C[q~%, g°].
Let P/Q be a generator of this ideal with P and Q relatively prime. We may assume that

Q(0) =1, and note that by the previous lemma it follows that P = 1. Then

is the unique Euler factor satisfying the first two conditions. Likewise, there exists a unique
factor L(s, 7 X 70).

Then, by Theorem 3.11, there exists a function of s, which we will denote €(s, ) x 72, 1),
such that

Z“ - S»WHWZ) M*(S)f) = €(S,7T] X TEZ)II))Z(S)WDWZ)f))

which, by the first two results, must be a polynomial in Clq*, q~*].



Thus by applying the functional equation twice, it follows that

e(s,m x m, Ple(l —s,m x 7, P) =1,

and therefore, that (7 x 77,1, s) must be a monomial.
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