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SUMMARY

We study the incompressible Hall-MHD system, an important model in plasma physics
akin to the Navier-Stokes equations, using harmonic analysis tools. Chapter 1 consists of an
introduction of the Hall-MHD system and its derivation from a two-fluid Euler-Maxwell system,
along with a review of the mathematical preliminaries.

Chapter 2 concerns the well-posedness of the Hall-MHD system. For completeness, a proof
of the global-in-time existence of the Leray-Hopf type weak solutions is included. In addition,
we include a proof of the regularity criterion in (Dai, 2016), which is of particular interest as
it highlights the dissipation wavenumbers formulated via Littlewood-Paley theory. We then
exploit the regularizing effect of diffusion and use a classical fixed point theorem to prove local-
in-time existence of solutions to the generalized Hall-MHD system in certain Besov spaces as
well as global-in-time existence of solutions to the hyper-dissipative electron MHD equations
for small initial data in critical Besov spaces.

Long time behaviour of solutions to the Hall-MHD system is studied in Chapter 3. We
reproduce the proof of algebraic decay of weak solutions to the fully dissipative Hall-MHD
system in (Chae and Schonbek, 2013); we then present our study of strong solutions to the
Hall-MHD systems with mere one diffusion featuring the Fourier splitting technique. Under
certain moderate assumptions, we show that the magnetic energy decays to 0 and the kinetic
energy converges to a certain constant in the resistive inviscid case, while the opposite happens

in the viscous non-resistive case. Inspired by (Cheskidov et al., 2018), we study the long time
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SUMMARY (Continued)

behaviour of solutions to the Hall-MHD system from the viewpoint of the determining Fourier
modes. Via Littlewood-Paley theory, we formulate the determining wavenumbers, which bounds
the low frequencies essential to the long time behaviour of the solutions. The fact that the
determining wavenumbers can be estimated in a certain average sense suggests that the Hall-

MHD system has finite degrees of freedom in a certain sense.



CHAPTER 1

INTRODUCTION AND PRELIMINARIES

This chapter is divided into three parts. In Section 1.1, we give an overview of the Hall-
magnetohydrodynamics (Hall-MHD) system including its basic properties. We then derive the
Hall-MHD system from a two-fluid Euler-Maxwell system in Section 1.2. Section 1.3 consists

of introductions to the mathematical tools featured in this thesis.

1.1 An introduction to the Hall-magnetohydrodynamics (Hall-MHD) system

The incompressible Hall-HMD system, describing the evolution of a system consisting of a
magnetic field b and charged particles, i.e., electrons and ions, whose collective motion under b

is approximated as an electrically conducting fluid with velocity field u, can be written as

ut 4+ (u-V)u— (b-V)b+ Vp = vAu, (1.1)
b+ (u-V)b— (b-V)u+diV x ((V x b) x b) = puAb, (1.2)
V.ou=0, V- b=0. (1.3)

Here the coefficients v, p and d; stand for the fluid viscosity, magnetic resistivity and ion

inertial length, respectively. We are interested in the Cauchy problem on Q = T3 or R?, i.e.,



given divergence-free initial data (uo, by) : ()% — (R?) ? we would like to solve for the unknown

functions

u(t,z) : [0,T) x Qs R3, b(t,z): [0,T) x Q+— R and p(t,z) : [0,T) x Q — R.

We notice that it is sufficient to solve for u and b, as the scalar pressure p can be recovered

from (u,b) by solving the Poisson equation

3
—Ap = Z (@u]aju’ - @b’ajbl) on ().

ij=1

If b = 0, the Hall-MHD system reduces to the Navier-Stokes equations in hydrodynamics,

whereas the case u = 0 corresponds to the following electron-MHD (EMHD) equations

by + d;V x ((V x b) x b) = uAb, (1.4)

Vb=0, (1.5)

which highlight the Hall term d;(V x ((V x b) x b)), the essential nonlinearity of the Hall-MHD
system. The presence of the Hall term, an intrinsically three dimensional term which is both
quasilinear and of the highest order in System 1.1 - 1.3, distinguishes the Hall-MHD system
from the conventional MHD system in highly nontrivial ways. In many situations, it is easier
to first study the EMHD equations and then extend the results to the Hall-MHD system by

incorporating the fluid parts of the equations.



The Hall-MHD system is a vital model with applications in a wide range of topics in plasma
physics and astrophysics, e.g., solar flares, star formation, neutron stars, tokamak and geo-
dynamo. In particular, it is indispensable to the interpretation of the magnetic reconnection
phenomenon, a fundamental process in plasma physics involving topological reorganizations of
the magnetic field lines accompanied by energy transfers from the magnetic field to the plasma
in the forms of kinetic energy, thermal energy or particle acceleration. For the ideal MHD
system (v = u = d; = 0), the possibility of magnetic reconnection seems ruled out by Alfvén’s
theorem, which asserts that the topology of the magnetic field lines is preserved as the magnetic
field lines are frozen into the MHD fluid. This can be seen by applying Kelvin’s circulation

theorem to any material surface & moving with the MHD fluid, which yields

d
=[] B-ds =
= //S ds =0,

that is, the magnetic flux through any material surface advected by the fluid is conserved. It is
thus necessary to take the Hall effect into account to explain the violation of Alfvén’s theorem,
especially in the collisionless setting where v = p = 0.

Equation 1.4 - 1.5 can be seen as the small-scale limit of the Hall-MHD system. At spatial
scale ¢ < d;, the ions and electrons become decoupled as the ions are too heavy to move,
simply forming a neutralizing background, rendering the system determined entirely by the
electrons. In this case, the magnetic field lines are frozen into the electron fluid only. There

are several applications of the EMHD equations in the study of celestial objects, e.g., accretion



flows around black holes and strongly magnetized neutron stars known as magnetars. We refer
to (Galtier, 2016; Lyutikov, 2013) for more physical backgrounds.

In this thesis, we include several variants of the Hall-MHD system and the EMHD equations.
Replacing the Laplacians A by generalized dissipation terms (—A)® and (—A)? leads to the

following generalization of the Hall-MHD system —

ur+ (u-V)u—(b-V)b+ Vp = —v(—A)%, (1.6)
b+ (- V)b — (b-V)u+d;V x (V x b) x b) = —pu(—A)Pb, (1.7)
V-u=0,V-b=0. (1.8)

Similarly, we have a generalized version of the EMHD equations

by + d;V x ((V x b) x b) = —u(—A)Pb, (1.9)

V-b=0. (1.10)

Besides the fully dissipative case (v, > 0) of the Hall-MHD system, we also consider the
viscous, non-resistive case (v > 0, u = 0) and the inviscid, resistive case (v = 0, > 0).
Included in this thesis are a few of our results concerning the solvability of the Hall-MHD
(or EMHD) system and the long time behaviour of the solutions. More specifically, we have
obtained results on well-posedness for a class of generalized Hall-MHD and EMHD systems, on

temporal decay of solutions to the generalized Hall-MHD systems with mere one dissipation



term. In addition, we study the long time behaviour of solutions to the Hall-MHD system from
the viewpoint of determining Fourier modes.

As the Hall term introduces a new scale into the standard MHD system, the Hall-MHD
system (or System 1.6 - 1.8), unlike the standard MHD system, lacks a genuine scale invariance.
However, one can still try to extrapolate from the scaling property of the fluid-free system,
as the EMHD equations or System 1.9 - 1.10 is invariant under the scaling transformation
b(t,x) — ba(t,z) := b(A\>t, Ax) or b(t,x) — by(t,x) := N2P~2b(\?Pt, \x), respectively. This is
one of the key heuristics in our studies.

Besides the scaling symmetry above, the EMHD equations enjoy a number of symmetries,
which the Hall-MHD system also enjoys. Notably, the Hall-MHD and EMHD systems are

invariant under
1. the translation (u,b) — (u,b)(t — to,z — x0,y — Yo, 2 — 20), V(to, Zo, Yo, 20) € R x Q.
2. the rotation (u,b) — (OTu, OTb)(O(z,y, 2)7) for any rotation matrix O.

3. the reflection about any hyperplane, e.g., the reflection about {y = 0}:

ul(x,—y,z) _bl(x7_yaz)
(u’ b) = _UQ(:B’ -Y, Z) bz(xa Y, Z)

’LLS(Z‘,—y,Z) _bg(:E?_yaz)

4. the time reversal (u,b) — (—u, —=b)(—t,x,y, 2).

5. Galilean transformation (u,b) — (u —u, b)(t, (x,y, z) + tu).



The fundamental conserved quantities in the inviscid, non-resistive setting of the Hall-MHD
system are energy and magnetic helicity. Assuming sufficient regularity and spatial decay
of a solution (u,b), multiplying Equation 1.1 and Equation 1.2 by w and b respectively and

integrating by parts lead to the following energy identity

; /&2 2 2 /&2 i /&2 i
u b dl‘ = 1% u d.’E 1% b dCC,

as the flux from the Hall term vanishes due to the identity

/b-Vx((be)xb)dx:/(be)~((be)xb)dx:().
Q Q

For the EMHD equations, the energy identity is just

1d/ 9 / 9
—— b|*dx = —p | | Vb~ da.
550 .10 [ v

Intuitively, we can already see that the energy identities imply temporal decay for solutions in
the energy space. We omit the details pertaining to the conservation of magnetic helicity as we

do not intend to cover related results in this thesis.

1.2 Derivation of the Hall-MHD system from a two-fluid Euler-Maxwell system

In (Acheritogaray et al., 2011), the Hall-MHD system was derived from the two-fluid isother-

mal Euler-Maxwell system for ions and electrons consisting of



1. (Conservation of species)

omi + V- (nu;) = 0 and 9ne + V - (neue) = 0,

where n; and u; are the density and velocity of the ions, while n, and u. those of the

electrons, respectively;

2. (Conservation of momenta)

m; (Op(niu;) + V(nju; @ ug)) + V(nif) = en;(E+u; X B) — eanine(ui — Ue);

Me (O(netie) + V(nette @ ue)) + V(neh) = —ene(E + ue x B) — ennine(ue — u;),

with m; and m, being the ion and electron masses, respectively, e the elementary charge,
7 the resistivity due to ion-electron collisions, # the common ion and electron temperature,

FE the electric field and B the magnetic field;

3. (Gauss’ laws)

eV-E=pand V-B =0,

with the constants €y being the vacuum permittivity and p = e(n; —n.) the charge density;

4. (Faraday’s law of induction)

B+ V x E =0;



5. (Ampere’s circuital law)

¢ 20,E —V x B = —pgj,

where the current density j = e(n;u; — neue), the constant pg satisfying eguoc? = 1 is the

vacuum permeability and c is the speed of light.

In order to convert the above two-fluid system into dimensionless form, we introduce the
units ng, uwg, Eo, By, %o, to, po and jo for particle density, particle velocity, electric field,
magnetic field, spatial length, time, charges and current, respectively. which are satisfy the

following relations

0
xo = uolo, U = ot Eo = ugBo, po = eno.
T

The dimensionless two-fluid Euler-Maxwell system is written as
8tni + V- (mul) = 0, &me + V- (neue) = O,

(Or(nju;) + V(nu; @ w;)) + V(n0) = oz2ni(E +u; X B) — fnine(u; — ue),
€2 (0s(neue) + V(neue @ ue)) + V(ned) = a*ne(E + ue X B) — fnine(ue — u;),
*?X°V-E=p, V-B=0,

7
HB+VXxE=0 ¢20FE—-VxB=— '

. -1
p=n;—ne, Jj=mn "(nju; —nee),



where the parameters «, 3, v, €, A and 7 are defined as follows

2 .

9 Me 9 eEpxg _e“nnougo _ug \2 €0l ~Jo
e = y O = ) B - y V= ) - 9 29 n= .
m; 0 0 c e*noTg engug

We assume that the electron to ion mass ratio €2 — 0, the scaled Debye length A> — 0 and

the ratio of fluid velocity to the speed of light v — 0 while satisfying 6722;\72 = 1, which lead to

1. (Generalized Ohm’s law) V(n.0) = a*n.(E + ue x B) — Bnine(ue — u;),
2. (Quasi-neutrality) p =0, i.e., ne = n; = n,
3. (The standard magnetostatic Ampere’s law) V x B = j.

Denoting the ion velocity u; by u for simplicity, we write the resulting system in the following

manner —

on + V- (nu) =0,
d(nu) + V(nu @ u) + V(2n) = o’nj x B, (1.11)

V x B=j,

HB+V x E=0,

(1.12)

i x B fn.
n? /) (1.13)
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Letting the Lorentz force in Equation 1.11 be of order 1 by setting a?n = 1, we further rewrite

Equation 1.11, Equation 1.12 and Equation 1.13 as

O(nu) + V(nu ® u) + V(2nb) = j x B, (1.14)
1.
2= n(u — ue), (1.15)
1 jxB B .

in which only two parameters % and % are present. If ﬁ — 1, then the velocities of ions and

electrons are different and the Hall term shall appear in the resulting system, where as whether

B

-1 — Lor 0 determines if u = 1 or 0 in Equation 1.2. Assuming that the fluid is incompressible,

we obtain the Hall-MHD system as Equation 1.1 - Equation 1.3.

1.3 Mathematical preliminaries

Littlewood-Paley theory, originally due to J.E. Littlewood and R. Paley in the 1930s, has
been applied to the analysis of partial differential equations and borne numerous results in the
last three decades. Together with the paradifferential calculus, introduced by J.-M. Bony in
1982, they constitute a powerful set of tools in the study of nonlinear PDEs. We refer to the

virtuoso survey articles (Bahouri, 2017; Cannone, 2004) for a more detailed overview.

1.3.1 Littlewood-Paley theory

We shall give a comprehensive review of Littlewood-Paley theory, a fundamental tool in our

study of the well-posedness and long time behaviour of the Hall-MHD system, by including
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both the homogeneous and the inhomogeneous versions of Littlewood-Paley decomposition on
R™ as well as the version on T".

To start, we choose a radial cut-off function x € C§° (R";[0,1]) in the frequency space,

satisfying
1, for [¢] < %,
x(§) =
0, for [¢] > 1.
Let Ay = 29 with g € Z. We define
0 = x (§) = x(© and w40 = v (3"9).

Notice that functions in {14 (&) }4=z have annular supports that are almost disjoint, i.e., suppt;N
suppy; = () for indices i, j satisfying |i — j| > 2. Moreover, }  14(£) =1 on R3/{0}.

The homogeneous version of the dyadic partition of unity {¢4(£)}4=z is then defined as

Pq(8) = 1(8),

while the nonhomogeneous version {¢q(£)}o2_; is given by

wq(f)a fOI‘ q Z 07
pq(§) =

X(£)7 for ¢ = —1.
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Let u € .#/(R"). Denoting h := F~ !4 and h := F~ly, we introduce the inhomogeneous
dyadic blocks A, and the inhomogeneous low frequency cut-off operators S, as

A= F Hpg0) = )\"q/ h(AMy)u(x — y)dy, for g € N,

n

Acui= 7 xi) =37 [tz - )y,

Squ = Z Agyu,
q

'<q

while the homogeneous dyadic dyadic blocks and low frequency cut-off operators are defined as

n

Agu = FHpgi) = A" / h(Xy)u(x —y)dy,

Squ=F 1 (x (A9 )a)= A”q/ h(A\y)u(z — y)dy.

n

For A, and S, we restrict u to .7 (R") := {u €. (R™) : limy_, oo Squ = 0}, the space for
which the homogeneous Littlewood-Paley theory makes sense.
The operators introduced above map LP to LP with norms independent of p and ¢g. Formally,

we have the decompositions

i Ag=Id and > A, =1Id;

q=-1 q€Z

in the inhomogeneous case, the identity makes sense in .#/(R").
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With minor changes, the above formalism can be adapted to the periodic domain T". Given

u € '(T"), we can decompose it into Fourier series

i 1 )
U(ZL‘) = Z fbkezkﬂc’ with ﬂk = W u(:ﬁ)e—zk-xdx.
kezZm | ‘ Tn
We define the periodic dyadic blocks AJ™" as
; 1
_ o kx|
AT = Z pq(k)uge™™ = T e hE" (y)u(z — y)dy,

keZm

where hL™ (2) = > czn @q(k)e™™®. In turn, the low frequency cut-off operator on T" is defined

as SPT = 0o, AP
When there is no confusion about which variant of Littlewood-Paley theory we use, we shall

just write the Littlewood-Paley projections of u as u, or Aju. In addition, we introduce the

following notations —

Q Q
U<Q = Zuq, upQ) = Z Ug, Ug = Z Up.

g=-1 q=P+1 lp—q|<1
We notice the following quasi-orthogonal relations for the Littlewood-Paley decomposition

ApAg =0, if [p—gq| > 2.

For a function whose support in the frequency space is an annulus or a ball, we have the

following observations on the action of derivatives.



14

Lemma 1.3.1 (Berstein’s inequalities). (Bahouri et al., 2011) Let n be the space dimension,
seRT, qeZ and r,p € [1,00] satisfying 1 < p <r < oco.
If supp u € Cy = {£ € R™: [¢| ~ A}, then || D%ul|, := SUP|a|=s |0l ~ A¥||u|r-

_1
p

1
If supp 4 € By = {£ € R™ : €| < A} then ||ul|, < G )Huup.

In view of the above lemma, we realize that Littlewood-Paley decomposition provides alter-
native definitions of classical spaces in terms of conditions on the dyadic blocks of functions. For
s € R, the nonhomogeneous Sobolev spaces H*(R™) can thus be characterized via Littlewood-

Paley projections —

lalles = Y APlAqull3 |

g=>—1
while the norms of L2-based homogeneous Sobolev spaces H* (R™), which are Banach spaces if

and only if s < 3, can also be give by

lull e = | Y A2 Agull3

qEZL

Littlewood-Paley theory also provides us with a characterization of homogeneous and non-
homogeneous Besov spaces Bf,’q(]R”) and B, (R") with s € R and p,q € [1,00]. We have
B, (R") = {u € (R : |lul s zny < oo} and B3 (R") = {u € AR : |ull gy ny < oo}

with
AT Aul |, for g € [1,00),

lulls gy = § \W=~1

sup AJ||Ajullp, for ¢ = oo,
[j>=1



and

have the following calculations —

15

D AFNAjullg |, for g € [1,00),

HUHB;(](RR) = JEL
suIZ) N[ Ajullp, for g = oco.

\ J€E

Recalling the cut-off function (&), we consider the action of the heat flow over a function

with annular support in the Fourier space. Let u € .%’/ be such that suppt C suppy. We then

ety =71 <e‘t|§|2¢(§)
=g(t,) *u, with g(t,z) :=

a(©))
[ ertugeierag,

n
2

(2m)

Denoting by A¢ the &-Laplacian and using the fact that
[ (0a=agre=e) uge g

(2m)2

(L+J2[*)"g(t,z) =
1

_(%)% /n eir-f(ld — Ag)” <w<§)e—t|5|2) e

and the fact that v is supported in an annular region, we can show that there exist constants
(1.17)

C,c > 0 such that ||g(t,-)||;1 < Ce™, from which we can deduce

e ull e < Ce™ N ul| 1o

by rescaling.
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Given s > 0 and u € Y};(R”), we have, by (1.17)

Y A s —eMN2ty— A
15 Aset qugm;ce N Agull.

By the definition of the homogeneous Besov spaces and the integrability of the Gaussian func-

tion, it holds that

e, <5
Lp_z

JEZ

s Y
<llullgs, D t3NC N S Jull g -
JEZ

s 5 4A
t5Aje “Hm (1.18)

Invoking the definition of the Gamma function, we may write

A

Using the identity e'® = e2%¢22, we have

o0
|Ajull, < C /0 t3 02N A Aju, dt < OXS iggt%HetAUHLp,
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which, along with (1.18), implies the norm equivalence || - || Brs, ™ SUPo t2 et - || v In fact,

as proven in (Bahouri et al., 2011), for s > 0 the homogeneous Besov spaces Bp_’ q can be

characterized by the heat flow as

B = {u € @) s 31l o

oy

In this thesis, the following generalization of the heat flow characterization of the L°°, /*°-based

Besov spaces is particularly used

Lemma 1.3.2. (Cheskidov and Dai, 2020) Let f € Bgom for some s < 0. The following norm

equivalence holds.
| fll s =sup t2a He_t(_A)afHLoo, where o > 0.
00,00 t>0

More generally, the following lemma, proven in (Kozono et al., 2003; Miao et al., 2008),

shall be used.

Lemma 1.3.3. i) For a > 0, the following inequalities hold.

e A" fll e < C| fllLee,
A _ 1
Ve A fllpee < Ct2a | f| oo,

a _ 1
[VPe 2 fl| oo < Ct72a || f| oo
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ii) For a > 0 and so < s1, the following inequalities hold.

_tH—A) _ (s
e t(—A) f”BZ%,oo < Ot 2l SO)||f”BZS,oo>

VRt A" fll gy < Ctmaalor =0t R £y

1.3.2 Paradifferential calculus and commutator estimates

Using Littlewood-Paley decomposition, we can formally write the product of two tempered

distributions u,v € .’ as

uy = E UpUq.
P

The paradifferential calculus provides us with a decomposition of the above sum into three

parts

uv = E U<q—2Vg + E UgU<q—2 + g Ugq
q q q

=T,v + Tyu+ R(u,v),

with T,,v and T,u denoting the parts in which the dyadic blocks of u are of significantly lower
and higher frequencies than the dyadic blocks of v, respectively, while the remainder R(u,v)
denotes the part in which the dyadic blocks of v and v are of comparable frequencies.

Recalling that (&) = 0 if [¢] < 2 or |¢] > 2, we further observe that

(ugv<g—2)p =0if p>qg+20rp<qg—3, (ugvgs1)p =0"forp>gq+3.
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For a generic convection term u - Vv, the above observation along with Bony’s paraproduct

decomposition yields

Aq(u - Vo) Z Ag(u<p—2 - Vup) + Z Aq(up - Vocp_o) + Z Aq(ty - Vup). (1.19)

lp—q|<2 |p—q|<2 p>q—2

Similarly, for the term u x (V x v), the following decomposition holds —

Ag (ux (V xv)) Z Ag (u<p—2 x (V x vp)) Z Ag (up x (V xv)<p_2)

lp—q|<2 [p—q|<2

—I—ZA Uy x (V xvp)).

p>q—2

(1.20)

To facilitate the estimation of the nonlinear terms, we introduce several commutators. For

the inertial/convection terms, we define

[Agusp—2 - V]vp = Ag(ucp-2 - Vp) —u<p—2 - VAguy, (1.21)

which enjoys the estimate in the following lemma —

Lemma 1.3.4. Let V - u<p,_9 = 0. For ri,73 and r3 € [1,00] satisfying % = % + %, it holds

that

1[Aq, ugp—2 - VIvplley S llvpllrs Y Apllug s

p'<p—2
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Proof: By the definition of A, integration by parts and the fact that V - u<,_2 =0,

Ay Tl =3 [ 1Oyl =) (uzp2(0) ~ wzp2(0) Toy )y

==X [, Vh Qe = ) (ugp-2(y) = ugp-2(2)) p(y)dy,

Using a change of variables and the first order Taylor’s formula, we have

1
[aruzpa - D@ <53 [ [ 121 19B ({2 Vtsy-al = 72) gl = 2)lddr

We use the fact that the norm of the integral is less than the integral of the norm, along

with Holder’s inequality to obtain the following bound on the L™ -norm of the left hand side —

1
1[Ag; u<p—2 - V]vpl|,,, 9\2/0 /R3 2L VA AN Vusp-2(- = T2)]I,, [[op(- = 2)][lrsdzdr.

The desired result then follows from the above estimate and the translation invariance of the

Lebesgue measure.

To handle the Hall term, we introduce

[Ag,u x VX]v=Ay(u x (V xv)) —ux(V X)),

[Ag, (V xu)x]v=A((V x u) xv) — (V X u) X v,
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More specifically, for the terms b<,_2 x (V x h;,) and (V X b<,_2) X hy, the above commutators

take the forms of

[Ag, b<p—2 X VX]hy = Ag(b<p2 X (V X hp)) = bepa X (V X Aghy), (1.22)

[Ag, (V X bep2)X]hp = Ag((V X bep-2) X hp) = (V X b<p2) X Aghy. (1.23)

Associated with the above commutators are the estimates in the following lemma, whose

proof is omitted here due to its resemblance to that of Lemma 1.3.4.

Lemma 1.3.5. (Dai, 2016) Let r € [1,00]. Let the vector fields b and h vanish at infinity and

V - b<p_2 = 0. The following estimates hold -

1[4g, b<p—2 x VX]hpllr S 1Bplle D Aprllbp oo
p'<p—2

114, (V x bep-2)xThplle S IBplle > Apllbylloo-
p'<p—2



CHAPTER 2

WELL-POSEDNESS RESULTS FOR THE HALL-MHD SYSTEM

2.1 Some existing results on the well-posedness of the Hall-MHD system

We briefly review the mathematical results concerning the solvability of the Hall-MHD
system. (Acheritogaray et al., 2011) proved global-in-time existence of Leray-Hopf type weak
solutions on periodic domains, which was extended to case of the whole space by (Chae et al.,
2014), where local-in-time existence of classical solutions in the space (H*)? with s > % was also
proven. Local well-posedness in Sobolev spaces has also been established via the Littlewood-
Paley approach by (Dai, 2020). (Chae and Lee, 2014) proved global well-posedness for small

5N\ 2 L1 .3
initial data in (H %) as well as in 32271 X B22717 in addition to the following blow-up criteria.

Theorem 2.1.1. Let s > % be an integer and ug, by € HS(’]I‘?’) with V -ug =V -bg = 0. Then

for the first blow-up time T* < oo of the classical solution to System 1.1 - 1.3, it holds that
Lim sup([|u(t) |7+ + [16(t)[|F:) = oo,
t /T

i) if and only if

T*
/0 (lulBao + 95 3m0) dt = oo

it) and if and only if

HUHL‘?(O,T*;LP(T?’)) + HVbHL'Y(O,T*;LE(’]I‘?’)) = 00,

22
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where p,q, B and vy satisfy the relation

w
\)

3 2
—+-<1, —+— <1, withp,f € (3,].

i
S
=
=2

Local and global well-posedness results for large or small initial data can also be found in the
works by (Danchin and Tan, 2019), (Kwak and Lkhagvasuren, 2018), (Benvenutti and Ferreira,
2016), (Wu et al., 2017) and (Chae et al., 2015). For a variety of regularity criteria, we refer to
(Dai, 2016; Fan et al., 2015; He et al., 2016; Wan and Zhou, 2015; Ye, 2017). Partial regularity
for the 23-dimensional Hall-MHD system were studied in (Chae and Wolf, 2016). As seen in
(Chae and Wolf, 2015), in sharp contrast to the steady-state solutions to the Navier-Stokes
equations and to the MHD system, solutions to the stationary 3D Hall-MHD system are only
known to be partially regular, with the singular set being compact and of Hausdorff dimension
no more than 1, which is alluded to by the absence of a satisfactory bound on the determining
wavenumber in Section 3.3.3.

On the other hand, there are striking ill-posedness results in the irresistive setting due to
(Chae and Weng, 2016) as well as (Jeong and Oh, 2019). Recently, (Dai, 2018) proved the

non-uniqueness of weak solutions in the Leray-Hopf class via a convex integration scheme.
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2.1.1 Global existence of Leray-Hopf type weak solutions to the Hall-MHD system

Recalling the low-frequency truncation operator S, introduced in Section 1.3, we approx-
imate Equation 1.1 - Equation 1.3 by the following system with initial data u}’ = Syuo and

b = Snbg —

ur + Sy ((SNU . V)SNU) — SN ((SNb . V)SNb) + SyVp = vSyAu, (2.1)
b + Sy ((Syu - V)Syb) — Sy ((Syb - V)Syu)

+ d;Sn (V X (V . (SNb® SNb))) = /LSNAI). (2.2)

We notice that the pressure is given by p = Zl<j?k<3(—A)*18j8k(ujuk — b7b¥) and the system
consisting of Equation 2.1 - Equation 2.2 is in fact a system of ordinary differential equations,
written as
u Fl(u,b)

= . (2.3)
b F%(u,b)

By Picard-Lindelof theorem, we can show that there exists a time T > 0 such that the above

system has a unique maximal solution (u",b") € C* <O,T N;Li N(R3)> , where Lg’ N(R3) =
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{f € L2(R3) : V- f =0, supp fe B)\N} . This amounts to showing that Fi and Fi are locally

Lipschitz for finite N € N, which straightforwardly follows from the estimates below —

ISxnAullzz < NV ul| 2, |SyAb] g2 < A2V |b] 12,
1Sx ((Sxvu - V)Syw) |2 < AN [[SnulloollSnulla < AVAE [Jul22,
1S5 ((Swb - V)Sab) g2 < A% [1b]22, 1S Vpllze < A% ([ul2s + [1b]32)
1Sx ((Swu - V)Sxb) llz2 < A% Jlull g2 Bllz2, [1Sn ((Sxb - V)Swu) g2 < A% Jull2[b]] 2

1SN (V % (V- (Snb® Swb)))[|2 < A2 [[b] 2.

Moreover, the uniqueness of (u”, b"V) implies that (u™,b") = (Syu®Y, SxbY) since (Syu®, Syb™)
also solves the same system.
We multiply Equation 2.1 and Equation 2.2 by u" and b", respectively. The smoothness

of (u?,bN ) allows integration by parts on the two equations, which we sum up to obtain

t t
2 2
1™ 1172 + 16V (@117 +2V/0 [Vu™ ()] d7+2u/0 VoM (7|2 A7 =llug 72 + 11991172

<|luoll7» + 1boll7--

The above bound then ensures that T = +oo. It also implies that the sequence {(uN oY) } NeN

is uniformly bounded in L* (O, 00; (LQ(RS))2> nL? <0, 00; (Hl(R3))2) .
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To proceed, we need to derive a time compactness result. For the convection terms we have,

by duality and Gagliardo-Nirenberg inequality, that

1 3
15w (@™ - V)u®) [[g- S o™ @ u]| 2 S Iz S eIE: V]|
1 1 3 3
15w (@™ - )8M) [ S o™ @ 0N o S ™l N0 IE [V 22 VY122

1 3
1 (@ - 2)8™) [ g S IO N2 (198 2

15w (- 0 s S I I 1, [ |2 |96V 5,
Similarly, it follows that
199V 1 < a2, [V 2, + [N ]12, 952,
As for the Hall term, it holds that
8w (% (V- 0% @ 5))) [ yme < (6% @6V o < 16V e < 16V 907 22

4
Therefore, the sequence {(uf",b))} oy 18 uniformly bounded in Lj . (0,00; H™t x H2(R?)) .

For T > 0, {(uN, bN)}NeN is compactly embedded in L? (O, T; (L2

loc

(RS))2> by virtue of Lions-
Aubin lemma. We can thus extract a subsequence, which we relabel as (u, "), such that
1. (uN,bY) 5 (u,b) in L™ <0,T; (L2(R3))2> ,

2. (uN,bN) — (u,b) in L? (O,T; (Hl(R3))2> ,
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3. (u,bN) = (u,b) in L2 (o,T (L2 (R%)) )
4. (u,bN) = (ug,by) in L3 (0,T; H™ x H72(R3)),
for some (u,b) € L? (0, 00; (HI(R?’))z) with (u, b) € Lloc (0,00; H™1 x H7%(R?)).
To show that (u,b) is a weak solution to Equation 1.1 - Equation 1.3, we just need to verify

the weak convergence of the nonlinear terms. Recalling that the sequence {uN } Nen 1s bounded

in L2(0,T; L} (R?)) for any T > 0, we have, by Gagliardo-Nirenberg inequality,

[ uHL?(o,T;LfOC(W)) < [lu® uHL2(OTL2 R3)) [Vu™ — VUHLQ (0,T;L2(R3)) *

from which we infer that

(0,T;L2 =0.

Jim o @ —u@ o r e @)

It follows that

T T
/ / uN @ Ve dedt —>/ / u®u: Vedxdt, Yo € (@(R3))3.
0 JR3 0 JR3

Similarly, we have b¥ @ bY 2 b @b, u¥ @b 2 u®b, and VY @ u¥ 2 b @ .

As VbV — Vb in L2 (0,T; L*(R?)) and b — b in L? (0,T; L2 .(R3)), it is clear that

/ (VN @b™)) - (Vxop d:cdt—>/ / L(b®b)) - (V x @) dadt, Yo € (2(RY)’.
R3 R3
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We have thus reproduced a proof to the following result.

Theorem 2.1.2. (Acheritogaray et al., 2011; Chae et al., 2014) Let (ug,bg) be a divergence
vector field in L?>(R3). Then there exists a weak solution to the Hall-MHD system, (u,b) €

L (0, 00; (LQ(RS))Q) N L? (O, 00; (Hl(RS))2> , which satisfies the energy inequality
2 2 ! 2 ! 2 2 2
[u(®)lz2 + 16@)]z + 21//0 IVu(r)|[z2 dr + 2#/0 IVB(T) |22 d7 < [uollz2 + [[bollZ2-

2.1.2 A low-modes regularity criterion for the Hall-MHD system

In what follows, a weak solution (u,b) to the Hall-MHD system is said to be regular on the
time interval [0, 7] if (u,b) € C <O,T; (HS(R3))2> for some s > 3. Concerning the regularity
problem, an interesting result is the condition on the integrability of certain low frequency parts
of the solutions, proven in (Dai, 2016). Here we replicate the result along with its proof as it
demonstrates the robustness of the application of Littlewood-Paley theory in fluid dynamics.
Regularity criteria of this type have also been obtained for the Navier-Stokes and MHD equa-
tions as well as for the chemotaxis-Navier-Stokes system in (Cheskidov and Dai, 2015; Dai and
Liu, 2020) using the same wavenumber splitting approach first formulated by (Cheskidov and
Shvydkoy, 2014) based on Kolmogorov’s 1941 theory of isotropic turbulence. A review of results
in this direction is given by (Dai and Liu, To appear).

To start, we define the time-dependent dissipation wavenumbers in terms of the conditions of
smallness of the dyadic blocks of each individual solution in certain spaces critical in the sense

of scaling invariance. The prototypical concept of a wavenumber that separates the inertial
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range from the dissipation range was due to (Kolmogorov, 1941). As we shall see in Section 3.3,
the notion of the dissipation wavenumber is intimately connected to that of the determining

wavenumber.

Definition 2.1.3. Let (u, b) be a weak solution to the Hall-MHD system. Let x := min{yu, v, d;l,u}.

We define the dissipation wavenumbers associated with v and b as

Ay(t) = min { ), : )\;1|]up||oo < cok, Vp > q},
Ap(t) = min { g A bylloc < com, V> a},

where ¢y > 0 is some small constant to be specified later and )\g_q with § > s > 0 represents

a certain kernel. We let Q,(t) and Qy(t) denote the integers such that A,(t) = Ag, () and

For simplicity, we denote f(t) := |lu<q, ) ()l By  + Ab(D)l[b<q,) (D)l By .- We proceed to

state and prove the regularity criterion.

Theorem 2.1.4. (Dai, 2016) Let (u,b) be a weak solution to the Hall-MHD system on [0,T].

Assume that (u(t),b(t)) is reqular on [0,T) and

T
/0 (lu<gu @iz . + MO lb<gy®lsr ) dt < oo,

then (u,b) is a regular solution beyond time T.
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Proof: Multiplying Equation 1.1 by AgsAgu and Equation 1.2 by )\gsAgb, respectively,

integrating by parts, summing over ¢ > —1 and adding the two equations, we have

5o 3 (gl + IhalB) < — 32 N2 (Vg + I Vb13)
-1 921 (2.4)

+ 10+ o+ I3+ 1y + 15,

where

Z)\QS Ay(u-Vu) - uyda, Z)\QS/ Ay(b-Vb) - uydr,
qg>—1 qg>—1

Is= > A¥ | Ag(u-Vb)-bydr, Ij=- Y )\25 (b Vu) - by da,
-1 IR g>—1

I = — A2 [ A((V xb) xb)-(V xb,)dz.
5 q;l T Jen a(( ) xb)-( 7)

To eventually obtain the regularity criterion, we shall prove a Gronwall-type inequality

th Z A2 (lugll3 + 11gl13) < max{Qu, Qu}f(t) D A2 (lugll3 + Ibgl3) . (2.5)

q>—1 q>—1
To this end, we will estimate the terms I, Io,..., I5, with the goal of showing

5

D Ml S max{Qu, Qo F(1) D A5 (Ilugl3 + llugll3) +cor Y AT (llugll3 + 1bgl13) . (2:6)

k=1 g>—1 q>—1

where Qu, Qp, f(t), co and k are as previously defined.



We divide I; into three terms using Bony’s paraproduct decomposition

h= Z Z A /R3 Ag(ugp-2 - Vup) - ugde

g=>—1|p—q|<2

+ Z Z )‘gs /R3 Aq(up - Vu<p2) - ugdz

g2—1|p—q|<2

+ Z Z Ags/RS Ag(up - Viip) - ug d

q>—1p>q—2

=111 + i + I13.

We then rewrite I;; using the commutator (1.21).

I = Z Z )\38/ Ag,u<p—2 - Vuy - ugdz

3
e>—1p—q<2 7E

+ Z )\(215/ U<qg—2 - VUg) - ug da

(
q>—1 R?

+ Z Z )‘38 /RS((USP2 — u<q-2) - VAqup) - ug da

q=—1|p—q|<2

=:I111 + I112 + T113.

Integrating I112 by parts, we notice that it vanishes due to the fact V - u<4_9 = 0.

31



We split I111 into three terms by the wavenumber Q.

L = Z Z AQS/ [Ag, u<p—2 - V]uy - ugdz

1<p<Qu+2[g—p|<2

+ Z Z )\25/ [Ag, u<q, - V]up - ugdz

P>Qu+2 lg—p|<2

+ Z Z )\25/ [Ags w@up—2) - VIup - ugda
p>Qvu+2 |q p|<2

b
=Dy + I + T

By Lemma 1.3.4 and Holder’s inequality, we have

Bul< Y IVuspallsllupllz Do Allugllz

1<p<Qu+2 lg—p|<2
SR Y Mllwllz D Allugllz
—1<p<Qu+2 lg—p|<2
SQuf(t) Y Npllugll3.
g>—1

Similarly, I En enjoys the following estimate.

1l < Y IVusploclluplle D A llugllz

P>Qu+2 lg—pl<2
SQuf) D Mluplla D Alugll:
P>Qut2 lg—p|<2

SQuI) D AP lugll3

q>—1

32
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We estimate I 1ﬁ11 using Lemma 1.3.4 and Holder’s inequality.

1l < Y duwlls D0 Arlluglle Y Aplluple

Pp>Qut2 lg—p|<2 Qu<p'<p—2
Seor 3 Muplle 3 Alluallz 3 X
p>Qu+2 lg—p|<2 Qu<p'<p—2
1 1 2
Scok Z Ay lupl2 Z Ay gl Z Ay —p
P>Qu+2 lg—p|<2 Qu<p'<p—2
Seok > AT |ugll3.
g>-1

For I113, we have the following.

FESEIDS Z Z )\35/ [u<p—2 — u<q—2| [VAqup| lug| dz

3
~1<q<Qu [p—q|<2 R

D DD S S A

a>Qu [p—q|<2

=Ry + Iy,

For the low frequency part I35, we have

b
DS D >0 A ugp-a — ucgallallupllzfluglloo
—1<¢<Qu |p—q|<2

SQuft) Y Y Arllugp-2 —uzg-all2llupllz

—1<¢<Qu [p—q|<2

SQuF) Y AP lugll3:

—1<¢<Qu
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The high frequency part I §13 can be estimated as follows.

B Y Y A2 gy — ucgallallupllzllugllo
>Qu lp—q|<2

Seor Y Y A2 lugy g — ucqallaflupllz
q>Qu |[p—q|<2

Saor Y > AET(|lup-sllz + [[up-allz + up-1ll2 + lupll2) llupll2
>Qu |p—q|<2

Seor D AT g3
g=—1

We omit the estimate for Iy as it is identical to that for I17.

113 is split into two terms

Lis = Z Z )‘gs/Rg Aq(up - Viip) - uq da

—1<q<Qu |p>q—2

+ Z Z )\35/R3 Aq(up - Viip) - ug d

q>Qu p>q—2

b
::113 "‘ Ifg

I §3 can be estimated as follows.

b ~
sl < D Allluglloe Y Ilupll2ll V|l

—1<q<Qu p>q—2

SQuft) D> D AX|upl3a)

—1<g¢<Qu p>q—2

SQuF(t) D A llugll3.

q>—1



For I§3, we have.

< Y Alulloo Do Nupll2ll Vil

7>Qu p>q—2

25421, 112 \25+1
Seor > 0 Nl

q>Qu p>q—2

Scok Z )\§S+2H7~Lq”%-
q=—1

By Bony’s paraproduct decomposition, we have

>y /\25/ Ay(b<p—2 - Vby) -uyda

q>—1|p—q|<2

- > )\25/ Ay(by - Vbep 2) - uy da

q=—1|p—q|<2

- Z Z )‘28 q(bp 'V?’p)'uqdm

q>—1p>q—2

=:I91 + Io9 + Io3.

To estimate Io1, we rewrite it using the commutator (1.21)

In==> > /\25/ [Ag,b<pa - Vb, - ugdz

q>—1|p—q|<2

- > )\23/ (b<ga - AgVby) - ugda

q=—1|p—q|<2

N Z Z )\25/ (b<p—2 — b<g—2) - AgVbp) - ugdz

q>—1|p—q|<2

=:I211 + I212 + I213.
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We postpone the estimate for Is12 as it cancels a part of Iy.

We can further split I1; into three terms using the wavenumber Qp.

I = — Z Z )\28/ [Ag,b<p—2 - V]by - ugdx

1<p<Qp+2 lg—p|<2

- > ) AQS/ [Ag,b<q, - Vby - ugde

p>Qu+2 |g—p|<2

Z Z /\ / Aq’b(pr 2] V]bp'“qu

p>Qp+2 |g—p|<2

b
=Dy + By + Iy

By Lemma 1.3.4 and Holder’s inequality, we can estimate I5;; and 1511-

Bul< Yo Y0 APIVb<p-zllollbpllzllugl2

1<p<Qp+2 |g—p|<2

SQuf) Y Xlbplla Do Alluglle

1<p<Qp+2 lg—p|<2
SQuf (1) Y A2 (IIbgll + llugll3) 5
q>—1

Bl < >0 DT AZ|Vb<g,llsollbpllallugll2

p>Qp+2 ‘q—p‘ﬁ?

QI S Xl S Ao

p>Qp+2 lg—p|<2

SQuI) Y N2 (gl + llug3) -

q>—1
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ISH is estimated with the help of Holder’s, Young’s and Jensen’s inequalities.

15,1 < > AEIVbQy -2 o lpll2ugll2
p>Qp+2 [g—p|<2

S nlbl S Nl Y Al

p>Qp+2 lg—p|<2 Qu<p’'<p—2
)
Seor Y Nllbpllz >0 Mlluglla D ApAd,
P>Qp+2 lg—p|<2 Qy<p'<p—2
Scok Z )\;SJHprH2 Z )\Z—H”“q’b Z )‘P’—P/\(SQb—p’)‘Z:l
P>Qp+2 lg—p|<2 Qp<p'<p—2
ok > AT ([1bgll3 + llugll3) -
g>—1

For 1513, we have

Bul< Y3 A [ Iea - o) 14,b lugldo

—1<¢<Qu [p—q|<2

FX T [ lbspa = bege )14,y o

¢>Qu [p—q|<2

:31513 + —7513'

For the low frequency part 1513, it holds that

b
Bis< > ) AP Mlb<ya — begallallIbpll2lluglloo
—1<¢<Qu |p—q|<2

SQuft) Y > AZlb<p-a — begall2llbyll2

—1<q<Qu |p—q|<L2

SQuF(t) Y APllbgll3.

g>—1

37



For the high frequency part 1313, we have

Bis <Y 3 AE|b<pos — begollal|Vbyll2llugll
¢>Qu [p—q|<L2

Scor D D AT Ib<p-z — begzlal|Vpl2
4>Qu |p—q|<2

Scor Y A7 2 lbglI3.
q=—1

We omit the estimate for Ioo, as it is in the same vein as Iq1.

Splitting I»3 by the wavenumber @,,, we have

Ips = Z Z /\35 s Ay(by - Vbp) - ug d

—1<q<Qu p=g—2

+ Z Z Ags/RSAq(bp'vgp)‘uqu

q>Qu p>q—2

=I5 + L.

The estimate for I3 is as follows.

1Bsl < Y D AUl Vbl lluglleo

—1<q<Qu p>q—2

SQuf) D, D AT Il Vbl

—1<g<Qu p>q—2

SQuf(t) D Ny lbgll3.

q>—1



I§3 is estimated as follows.

11551 < 37 ST A2 b, 2l Vb2l uglleo

q>Qu p>q—2

Scor Y D AT byl Vbpllz

q>Qu p>q—2

Seon 3 L AT IBIENS

G>Qu p>q—2

Seok > AT [b,|I5.
g>—1

We have the following decompositions, similar to the case of I.

Is=>" Z)\QS/Au<p2Vb)bda:

q>—1|p—q|<2

+> Y )\QS/Aup Vb<p ) - by dz

q=—1|p—q|<2

+ ) Z)\2S/AupVb by dz

q>—1p>q—2

=:I31 + I3z + I33,

In=> > )\25/ (A, u<pa - Vb, - by dx

g>—1[p—q|<2

+Z)\25/ Ucq 2 - Vby) - by dx

q>—1

+ Z Z )‘25/ (u<p-2 —u<q2) - VAgbp) - by da

q=>—1|p—q|<2

=:I311 + I312 + I313.

39
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Using the wavenumber ,, we can estimate I31; in the same way as [117, whereas we
know that I312 vanishes by the divergence-free condition. For I313, we can explicitly calculate

(u<p—2 — u<q—2) for |p — g| <2 and obtain

I313 < Z Z /\35 /d |tup—3 + Up—2 + up—1 + up| [V Agby||bg| d
¢-1lp—q<2 7K

S Y X [ uVAB b do

1<p<Qu+2 |g—p|<2 R

Y [ Jual VA do

p>Qu+2 [g—p|<2 R

b
=il313+ I§13'

; b
We estimate I35 as

b
Lis< > D AP lup-alloclibyll2libgll2

—1<p<Qu+2 |g—p|<2

SQuf) Y Y ATlbpl2lbgl

—1<p<Qu+2|g—p|<L2

SQuf(t) D A2 lIbgll3.

q>—1
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For I:§13a we have

Bis< >0 > 2wyl lbpll2]1bg 12
P>Qu+2 |g—p|<2

Scor S0 A S0 A2 by bl

P>Qu+2 lg—p|<2

Seok > AT ||bg|l3.
q>—1

We can estimate I3 in a similar manner as Is1; and Is3, so we do not include the details
here for the sake of conciseness.

We can split I33 using the wavenumber Q).

I33 = Z Z A7 /RS Aq(up - Vby) - by d

—1<p<Qu q<p+2

+ Z Z )‘38/R3 Ag(up - Vby) - b d

p>Qu q<p+2

=:1331 + I332.

By Holder’s, Young’s and Jensen’s inequalities, we have

| I331] < Z Z A?f”“p”oovap‘b”quQ

—1<p<Qu q<p+2

SQuF) Y Y AT NlIbplla bl

—1<p<Qu g<p+2

SQuFM) Y Albpllz Yo Nlallbgll2s=;

—1<p<Qu q<p+2

SQuf(t) D AZ|Ibgll3-

g>—1



To estimate I339, we use Holder’s, Young’s and Jensen’s inequalities.

ss2l < ) > AP luplloo | Vhpll21bll2

p>Qu q<p+2

Seon 30T A ol

p>Qu q<p+2

Scor Y AT bl D AT allbgll2 -,
P>Qu q<p+2

Scor Y A2 2 lbg3.
q=—1

By Bony’s paraproduct decomposition, we have

Iy=— Z Z )‘38 /R3 Aq(b<p-2 - Vup) - by dx

q=—1|p—q|<2

N Z Z )‘38 /R3 Aq(bp - Vusp-2) - by da

q=—1|p—q|<2

B Z Z )‘gs/RsAq(bp'Vﬂp)‘qux

q>—1p>q—2

=g + Iyo + 143

42
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We rewrite 141 as

Iy =— Z Z )\28/ [Ag, b<p—2 - V]uy, - by dx

g>—1 |p—q|<2

IR / (b<q—2 - AgVuy) - byda

q=—1|p—q|<2

N Z Z /\28/ (b<p—2 —b<g—2) - AgVup) - by dz

q=—1|p—q|<2

=:I411 + Ia12 + Li13.

We omit the estimates for 1411, I40 and I43 as they are analogous to those for Is11, I311 and
I»3, respectively. We can also see that I3 can be estimated the same way as I213 upto an
integration by parts.

As previously noted, Is12 and I412 cancel each other in the following manner.

Io1o + Ini2 = — Z Z A8 / (b<g—2 - AgVup) - (bg + ugy) dz

q>—1|p—q|<2

- ) A25/ (b<ges - AgVby) - (ug + by) dz

q2—1|p—q|<2

N Z )‘25/ (b<g—2 - V(ug +bq)) - (g + bg) dz = 0.

q>—1
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To estimate I5, which results from the Hall term, we apply Bony’s paraproduct decomposi-

tion.

ed Y Y N [ A (Vx8) (Vx ) ds

q=—1|p—q|<2

bl S [ Ay X (VX beya)) - (7 by) da

q=—1|p—q|<2

+di Yo Y )\gs/RgAq(bpx(in)p))-(beq)d:c

q>—1p>q—2

=:I51 + Is2 + I53.

Using the commutator (1.22), we can rewrite I5; as

Bv=ds 3030 N2 [ (Byibeyax OxIby)) - (V x by)do

3
¢>—1|p—q|<2 R

s 32 [ (g x (V) (V x )
¢>—1 R

tdi Y, Y Ags/ ((b<g—2 — bep_2) X (V X Agby)) - (V x by) dz
R3

g=—1|p—q|<2

=:I511 + Is12 + I513.

By the basic algebraic property of the cross product, I512 = 0.



We further partition I51; by the wavenumber Q.

Ij=d; Y. > X"S/ [Ag, bep2 X VX]bp)) - (V X by) dz:

1<p<Qp+2 |g—p|<L2

+di > ) >\25/ [Ag, b<g, X Vx]by)) - (V x by) dz

p>Qp+2 |g—p|<2

+d; Z Z /\25/ [Ag, by p21 X VX]bp)) - (V x by) da
P>Qp+2 |g—p|<2

b
=Ty + Ly + Iy

By Lemma 1.3.5, we have

Bul<di Y IVb<pallcllopllz D AT bgll2

1<p<Qp+2 lg—p|<2
SAIVh<@lloe D Alibpllz D Asllbgll2
1<p<Qp+2 lg—p|<2
SQuf(t) Y A2 bgll3-
q>—1

To estimate 1, Eh;117 we recall Lemma 1.3.5,

50 <di > A2 Vg, lalbplle Y lbgll2

p>Qyt2 lg—pl<2

Sdi 0 AT b lallbglloe Do 1Byl
a>Qy —1<p'<Qp

<cgk Z )\2s+1|\b ||2>\Qb Y Z Vbl
7>Qp —1<p'<Qs

Seon 3 A kgl Y0 AL lIby 2y P AN
>Qp —1<p'<Qyp
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By Young’s inequality and Jensen’s inequality,

S ASN—
I5] Scor S AZ 2013 + cor ST AL by Ay AN
>Qp >Qp \—1Zp'<Qy

Seok > AZT2||bg|I3.
q>—1

We estimate 1, gn as follows.

1l <di D Vb p-2lleollbplls D A2l Vgl

p>Qp+2 lg—p|<2

Sdio Yo bl Yo AFbllz Y 1Vl

Pp>Qp+2 lg—p|<2 Qp<p'<p—2

1 1 B
Seor Y AT bl Yo ATHbgll: YD A—prd,
p>Qp+2 lg—p|<2 Qu<p’'<p—2

Scor Y AT b5
q>-1

As for I59, we observe that it enjoys the same estimate as I511. Therefore, we omit the
detailed estimation.

We divide I53 into two parts using the wavenumber Q.

Ay % (V % by)) - (V % bq)‘ do

Is3 < Z Z)‘gs/.

3
—1<p<Qy+1 g<p+2 R

Iy

3
p>Qp—1q<p+2 R

Ag(by % (V % by)) - (V % bq)‘ da

=531 + I532.
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The estimate for I53; follows from the definition of f(¢) and Hélder’s inequality.

Ii< D 0 Albpll2l Vopllool Vbl

—1<p<Qyp q<p+2

Q) Y D ATIbllz2lbll2 A,

—1<p<Qyp q<p+2

SO D D AlbelleAsllbgllzNs— Ao

—1<p<Qp q<p+2

SQuf(t) Y A3 lbgll3.

q=>—1

The estimate for I539 is as follows.

Iga < ) > A2|[bpll2l Vbpllosl Vg2
p>Qp q<p+2

Scok Z Z Ab)‘p”bp||2)‘23||bqu2

p>Qp q<p+2

Seor 3 S0 AT Bl bl Ay A,
p>Qp q<p+2

Seor 37 N, 2

g>—1

Summarizing all the estimates above, we obtain the desired inequality (2.6). We can choose
a sufficiently small ¢g, so that Inequality 2.5 holds.

By Definition 2.1.3 and Lemma 1.3.1, we have

s

3_
Au < (cor) M ugulloo £ Ad NG, llug. 2.
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which indicates that

=
N

]| s

Similarly, we can deduce that

Njw

.
Ay S bl

By the fact that s > % as well as the definitions of @), and @), it holds that

| &

(lullzs + 1bll7) < C o, v, diy ) £(2) (1 +log (ullzzs + [1bllzz+) (lullzzs + 1bl7s) -

N
Q.

t

Hence, we can conclude that if f(t) € L'([0,7]), then (u,b) is bounded in H* x H*(R3) for
5> % beyond time T.

a

We also note that via a similar analysis as above, it can be shown that the Hall-MHD system

is locally well-posed in H*! x H*21(R3) with s1 > sp > 5. We refer readers to (Dai, 2020) for

the result and its proof.

2.2  Well-posedness results for a class of generalized Hall-MHD system in Besov

spaces

Exploiting the regularizing effect of the dissipation terms —(—A)® and —(—A)?, we can
overcome the seemingly singular Hall term and establish local well-posedness for a class of
generalized Hall-MHD system 1.6 - 1.8 in the Besov space B;o(%g‘*'”) X Bgo(,if*”) (R?) for suitable

choices of indices «, 8,1 and .
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Theorem 2.2.1 (Local well-posedness). For (ug,by) € B (20‘ ") i BQOS%.E_W)(RS), there exists

a unique local-in-time solution (u,b) to system 1.6 - 1.8 such that
(u,b) € L*(0,T; B2 x B 272 (RY))

with T = T(y, w, d;, HUOHB’@“””’ HbO”B’W’m)’ provided that the parameters a, 5,v1 and o

satisfy the following constraints

~1 > max{1, %},

vy > max{2, 71-&-1)/3}

)

<a<m,

o2

o2

< B < .

We proceed to prepare for the proof of Theorem 2.2.1. Viewing the convection terms and
the Hall term as perturbations to the generalized heat equations, we introduce the notion of

the mild solutions.

Definition 2.2.2 (Mild solutions). A mild solution to System 1.6 - 1.8 is the fix point of the

map

S(u,b) := , (2.8)
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where S1(u,b) and S2(u,b) are given by the following Duhamel’s formulae -

t
S1(u, b) :=e VA g (z) — / e V=) EAPY L (@ w)(s)ds
0

, (2.9)
+ / e V=R PY L (b @ b)(s)ds,
0
8 ! o
So(u, b) :=e =2 p (2) / e MI=)ER Py L (4, @ b)(s)ds
0
t
+ / e M=) =2 Py . (b @ u)(s)ds (2.10)
0

¢
- di/ e Ht=9) (=) 7 (V- (b®b))(s)ds.
0

In (2.10), we have applied the vector identity V x (V- (b® b)) =V x ((V x b) x b) to the Hall

term.

To further simplify notations, we view the integrals in expressions (2.9) and (2.10) as bilinear

forms.

Definition 2.2.3 (Bilinear forms). Let f, g € S. The bilinear forms By (-, -), Bs (-, -) and B(-, -)

are defined as follows.

Balf,g) = /O IEABY (1 @ g)(s)ds;

Bs(f,9) = /0 = -8) py (f ® g)(s)ds;

Bs(f,9) =d; /0 RECRIENR (V- (b®b))(s)ds.
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In view of the above, we can write the formulae (2.8), (2.9) and (2.10) as

S1(u,b) =tg(z) — Ba(u,u) + Ba(b, b),
(2.11)

Sa(u, b) :BO(;L‘) - Bﬁ(u’ b) + Bﬁ(ba u) — %ﬁ(b’ b).

Given the mild solution formulation (2.8), a traditional approach is to find a fixed point
by iterating the map (u,b) — S(u,b). In order to do so, it is essential to find a space £ such
that the bilinear forms B, (-, ) and B,(-,-) are bounded from £ x &£ to £. We shall use the
following lemma, proven in (Lemarié-Rieusset, 2002) as a simple consequence of Banach fixed

point theorem.

Lemma 2.2.4. Let £ be a Banach space. Given a bilinear form B : &€ x & — & such that
|1B(u,v)|le < Collullellvlle, Yu,v € &, for some constant Cy > 0, we have the following assertions
for the equation

u=1y+ B(u,u). (2.12)

i). Suppose that y € B:(0) := {f € £ : || flle < e} for some e € (0, ﬁ), then the equation
(2.12) has a solution uw € Ba:(0) :={f € £ : || flle < 2e}, which is, in fact, the unique solution
in the ball By, (0).

it). On top of i), suppose that § € B:(0),u € Ba-(0) and u = §+ B(u,u), then the following

continuous dependence is true.

—alle < —————||ly — ylle- 2.13
Ju=alle < 7—pgllv = vle (2.13)
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It can be seen from inequality (2.13) that to ensure local well-posedness, it suffices that
Cy = CT* for some a > 0, while global well-posedness would require Cy to be bounded above
by a time-independent constant.

We work within a framework based on the concepts of the “admissible path space” and
“adapted value space”, as formulated in (Lemarié-Rieusset, 2002). The idea is to first identify
an “admissible path space” &p in which we may apply Lemma 2.2.4, then characterize the

“adapted value space” E7 associated with &p. In our case, we consider the space

Er={f:fed&, 67t(7A)gf€5T, 0<t<T}, o=aorp.

We define the Banach spaces X7 and Yp and the admissible path space £p := X7 x Yrp.

Xp={f R" 5 L®®R%:V.f=0and =t 2.14
r=1f:RT=>L*[R’):V-f=0and sup ¢ £ ()|l oo sy < 00 (2.14)
o<t<T
Vi ={f:RT 5 L®(R*): V- [ = =
7T=3f:R" = L*R’):V-f=0and sup ¢ £ @) oo sy < 00 (2.15)
o<t<T

By formulae (2.9) and (2.10) along with the characterization of homogeneous Besov spaces

in terms of the heat flow Lemma 1.3.3, we have the following inequalities -

i le s
llullx, Siglgt 20 [tolloo + (|1 Ba(u, u) | x4 + [[Balb, b)[| xr

<Cylluoll 5-@a-r) + 1 Ba(u; w)|lxz + [1Ba(b; )l x7,
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28—y ~
1b]]y Ssupt [bolloc + 1Bs(u, b)llyz + 1Bs(b, w)llyz + 1B5(b, 0) [y

<Cullboll g-28-22) + 1B (w; b) vz + B (b, w)llyy + IB5(b, b) [ vz--

Clearly, Bgoﬁig““) X B&Sggiﬁ)(]R?’) is an adapted value space corresponding to the admissible
path space Er given by Definitions 2.14 and 2.15.

As an intermediate step to Theorem 2.2.1, we prove the following proposition.

Proposition 2.2.5. Suppose that the parameters o, 3,71 and o satisfy the set of conditions

2.7. If (u,b) € Er for some 0 < T < oo, then ||S(u,b) — (i, bo)| € Er. In particular,
15 (u, ) = (ii0, bo) llez < CT*||(u,b)||2, (2.16)

for some a >0 and C = C(v,pu,n) > 0.

Proof: First, we remark that the constraints on the parameters indeed yield a non-empty
set, since the combination a =1 —46,8 =2 — 26,71 = 1 and o = 2 with i <6< % clearly
satisfies (2.7).

To prove (2.16), it suffices to show that the bilinear forms are bounded from r x &r to
Er, with bounds dependent on v, i1, d; and T. To this end, we invoke the property of the Beta

function. More specifically, for & > 1 and 6 € [0.«], we have

t 1
/ (t—7) a7 adr = tl—é—gB(l _04 —) <Ctimama, (2.17)
0 (6 (6%
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Let v1 > 1 and 4 < a < 1. Via integration by parts, Holder’s inequality, identity (2.17)

and Definition 2.14, we have the following inequalities.

t

2a-7 _1

[Ba(u, u)l|x, <Cy sup ¢z L/)@-—s) 2 [|u(s)l|oo[lu(s)lloods
o<t<T 0

t

20—

<Cylullk, sup tt?Q“ﬂ/‘u~—s)‘zts—2+Zids
o<t<T 0

—1
<C, 1% ||ull, -

Similarly, the following estimates are true provided that 7 > 1, & < a <, B <8 <7

(r1+1)B
and yp > =

200 — t 1
1Ba(bb)]|x, <Cy sup £752 / (t = 5)7 7 b(5) oo |B(5) locdls
o<t<T 0

2a— t .
<G, ||bl[%, sup tgaﬂ/ (t_s)—is—u??ds
0<t<T 0

J2 1+l 9
<C,T% 2 |bl%,.-

To bound the term ||Bs(b, u)||y;, we further require that 8 > 3 and v >

@R

26-72 t _ 1
1B3 (b, u)|ly; <Cy sup ¢ 27 /Kv—$2ﬂu@wmmwmm@
o<t<T 0

28— t 1 ol l
<Cpllullxy |bllyy sup ¢ 2 / (t—s) 255 *Femtaids
o<t<T 0

xn_ 1
<Cu T2 2 |lul| xp 1]l vz -

We note that the term ||Bg(u,b)||y can be estimated in an identical manner.
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Finally, we integrate by parts twice to estimate the Hall term. We end up with the condition
£ > 1 along with all the constraints from previous estimates.

t 1
1B5(,0)lvy: <Ca SlthTt T /0(75—3) 116(3)0o[b(5) | cds

28— t 1 ~
<Chalb3, sup t 7 / (t—s) b5 2 Hds
0<t<T 0

22 9
<Cpua, T % [|bly;.-

O
Proof of Theorem 2.2.1: By inequality (2.16), Lemma 1.3.3 and Lemma 2.2.4, there

exists a solution (u,b) € & provided that the initial data (ug, bp) and the time T satisfy
1CT* (Culluol o) + Cht, Iooll g2 ) < 1.

It remains to be shown that (u,b) € L>(0,T; B (2a M) B(;%E_W)(R?’)). By (2.9) and

Lemma 1.3.3, it holds that

— 2o —vT(—A)*
[S1u(t)]l 4-2a—m) = sup 7 2 |[le Syu(t)|| e
00,00 0<r<T

2a—y fV(Tth)(fA)“uOHLOO

20— T+t 1 oM
s Pl [ e s
0<r<T 0

20— T+t L gy
+osup o ||b||YT/ (7 4+t 5)- 252 Fds.
o<r<T 0



Estimating with the help of (2.17), we have

_ 44271
1S1u(®)ll 3-co—n S sup ot (He A g poe + (T4 1) T2 [[ul,
o<r<T

11 427
(T )R, )

ol y-aa ) + T2, D),

In a similar fashion, the following inequalities follow from (2.10) and Lemma 1.3.3.

28—
1526t p-zp—n0) = sUP 7 T e Syb(1) | oo

o<r<T

< 252 (] gmnlr+)(-0)°

S sup T % | |le” b()HLoo
o<r<T

T+t 1
A et
0

5 T+t 1 _om
+HbHYT/ (rt+t—s)bs 2 Hds).
0

The integrals can be evaluated thanks to (2.17), which yields the bound on Ssb.

28—"9 - _A\B
I826(0) a0 S sup 727 ([l bl
? T

1+ 47222

_1+ll:l
+(r+1) 5 ullxp [bllvz + (7 4+ )75 IIbII?/T)

S e il TORST

The inequalities above imply that

(u,b) € L*(0,T; B2 x BL-I(R?)).



o7

O
However, the well-posedness of the standard Hall-MHD system, i.e., the case a1 = ag = 1,

is unattainable as the above method breaks down in this case.
An interesting byproduct of the proof is a small data global well-posedness result for the

hyper-resistive electron-MHD equations, i.e., System 1.9 - 1.10 with 1 < § < 2..

Theorem 2.2.6 (Global existence for small data). Let 1 < 8 < 2. There exists some ¢ =

e(p) > 0 such that if | bol| < ¢, then there ezists a solution b to the generalized

BIE D (re) =

EMHD equations, i.e., System 1.9 - 1.10 with v = 0, satisfying
. B—1
b€ L*(0, +00; BX22"(R?)) and supt 7 ||b]|poe(ms) < oo
>0

We recall that System 1.9 - 1.10 possesses the property of scale invariance. We can see that
the space L™ (0, o0; B;{Zﬁ‘z) (Rg)) is the largest critical space according to the scaling property.
Unfortunately, our pathway to small data global well-posedness fails just when 5 = 1, leaving
the question of the standard EMHD equations’ solvability in its largest critical space Bgom(]R?’)
unanswered.

We proceed to prove Theorem 2.2.6 by finding a ball B C Y7 where the solution map S is

a contraction mapping. We have the following two propositions.

Proposition 2.2.7. Let € (1,2) and v2 = 2. For 0 < T < oo, the map Sy satisfies

1526 = bollv;. < CBII5 (2.18)
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Therefore, there exists some €1 > 0, such that Ss is a self-mapping on the ball
Bz, (bo) = {f € Yr:|If —bollyy <e1},

provided that [|bol| 5-25-2) sy < 1.

(R?)

Proof: The inequality (2.18) follows from the following estimate.

282 [1 1
H%(bab)HYTéiggt 28 /O(t—S) 71[6(s) loo [|6(5) [l oods

1

28-2 [t 1 9.2
<[blR, supt 5 [ (¢ - 5B Has
t>0 0

<CpualIbl3:-

Since it is assumed that b € B, (50) and ||bl| < €1, it follows from inequality

B2 (r3)

(2.18) and lemma (1.3.3) that

1526 = bolly;, < ClBl3; < C(lIb = boll3;, + Ilboll¥,) < Cei.

Proposition 2.2.8. Let 1 < 8 < 2 and v2 = 2. For any T € (0,00], there exists some

g9 € (0,e1) such that if ”bOHB;(iE‘Q)(M) < g9, then the solution map S is a contraction mapping

on the ball

Be, (bo) =: {f € Y : [|f = bollvy < e2}.
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Proof: Let b,b € B., (50). Clearly, the following inequalities hold.

1520 — S2blly; =[B3(b, b) — B (b, b)llyr
<[IBs(b,b) — By (b, b)llyy + B (b, ) — Bs(b,0)]lv,
<Ch,g; max{[[bllyz., [16llv HIb — by,

SCMvdiEQHb_ BHYT'

We can ensure that S, is a contraction mapping by choosing e < 1/2C,, 4,.
O
Proof of Theorem 2.2.6. As a result of Proposition 2.2.8, we know that for some €9 > 0,

S5 has a fixed point, which is a mild solution to System 1.9 - 1.10, in
B, (bo) =: {f € Y : | = bollvy < €2, T = 400},

provided that HbOHB*@B*?)(Rs) < e9.

To see that the solution b is in L*(0, oo; B;o(,if‘z) (R3)), we just calculate

28—-2 _ _A\8
15260 s- S sup 7P <He M g
00,00 P
T+t 1 9
+||b||%T/ (T+t—3)_58_2+ﬁds)
0

Slboll a5 + Bl



CHAPTER 3

LONG TIME BEHAVIOUR OF SOLUTIONS TO THE HALL-MHD

SYSTEM

The Section 2 of this chapter was previously published as M. Dai and H. Liu (2019), Long
time behavior of solutions to the 3D Hall-magneto-hydrodynamics system with one diffusion,

J. Differ. Equations, 266, 7658—-7677.

3.1 Temporal decay for the fully dissipative Hall-MHD system

Let (u,b) be a strong solution to System 1.6 - 1.8. Multiplying Equation 1.6 and Equation
1.7 by w and b, respectively, integrating by parts and adding the resulting identities lead to the

following differential energy equality —

< (03 + 1) 13) = — (VIVou@) I3 + ulI Vb)) (3.1)

N | =

Integrating in time further leads to the integral energy equality —

t t
lu(®)]13 + \Ib(t)\|§+2V/0 HV‘XU(S)H%dSJr%/O IV7b(s) 13 ds = [lu(0)]3 + [[b(0)]3.

Heuristically, the above equalities already seem to imply decay of the total energy. For
dissipative systems satisfying certain energy inequalities, it is classical to establish decay results

via the Fourier splitting technique, which was first employed to obtain algebraic decay rates

60
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for solutions to parabolic conservation laws and the Navier-Stokes equations in (Schonbek,
1985; Schonbek, 1986a; Schonbek, 1986b). A thorough review of researches in this direction
can be found in (Brandolese and Schonbek, 2018). Via the Fourier splitting technique, algebraic
decay in L? for weak solutions to the fully dissipative case of System 1.1 - 1.3 was obtained in

(Chae and Schonbek, 2013). We shall reproduce the result here for the sake of completeness —

Theorem 3.1.1. For (ug,by) € (L OLQ(R3))2 with V -ug = V - by = 0, there ezists a weak

solution (u,b) to System 1.1 - 1.3 such that

lu@®I3 + b1 < (1 +2)72.

To apply the Fourier splitting technique, we need the following lemma concerning the bounds

on 4 and B, which is particularly relevant to the decay of the high frequency parts.

Lemma 3.1.2. Let (u,b) be a mild solution to System 1.6 - 1.8. Assume the initial data (ug, by)

belongs to (Lz(R?’))Q. If 1 > 0 and additionally by € L'(R3), then we have

1+ ¢

b(t, &) S 1+ P

If v > 0 and additionally ug € L*(R3), then we have

a(t, ) S 1+l
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In particular, let « = =1 p,v >0 and (up, by) € (L1 N LQ(R3))2, then

jat, )] + b(t.€)] < (1 ; |1£|) |

Proof: Taking Fourier transform of Equation 1.7 yields
b+ [€*°b = G(t,¢)

where G(t,&) = —u-Vb+b Vu—F (V x ((V x b) xb)). Thus, we have

~

t
b(t) = eIt (0) + / P 1=9 G (5. £)ds.
0

s a consequence of the vector identit Xb)xb=b- B VAL V- (brbd) — Vw, it
A q f th dentity (V x b) xb=b-Vb— V4 )
holds that V x ((V xb) x b) =V x (V- (b® b)), which leads to

G5, D (Ieluibd| + ¢ lvivd] )

irj
S(€lluollzllboll2 + €[ [boll?)

SIEN + (€D
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It then follows that

) ) -
|b(t, €)| S!b(0)|+C|§(1+|§y)/0 o€ (E=5) g

1+ [¢]
€127

<C|lbo|l1 + C (1 — e 7

1+ ¢
<1+ .
€[2A—1

The estimate for 4 can be established in a similar way.
O
Given Lemma 3.1.2 along with the energy equality, we proceed to prove Theorem 3.1.1.
Proof: For the Leray-Hopf type weak solutions in the case @ = § = 1, we rather have the

energy inequality

| &

(lu(®13 + I()3) < = (@IVu@®)3 + ul Vo)) -

N |
Q.

t

The Fourier transform of the differential energy inequality along with Plancherel’s theorem

yields

li ()12 NI . V€2l 2 23 2
sr (18013 +160IE) < = [ (viePlat.OF + ulelbe. ) ac. (3:2)

Introducing the set

S= {6 H[E] < <2min{u,31/}(1 +t)>%}7
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we rewrite (3.2) as

(la(t)I3 + 16@)13) < - /8 (vIePlatt, O + ulglbte, 1) ag

&l e

1
2

= [ (eP1aOF + uiePlbe. ) de

and then discard the low frequency part to obtain

& (hang+161g) < - 2 [ (1o + 1o o) de
3 ~ 7 N ~
<= o (= ol - [ (la.oF + b)) ac).

We infer from the pointwise bound in Lemma 3.1.2 that

d . ; 3 (1 ; ! LY’
= (Hu(t)ug + Hb(t)ug) T (Hu(t)l!% + Hb(t)Hé) S- (l—i-t)/s <1 + \£I> d¢

<—(14+1)7%2

Multiplying both sides of the above inequality by (1 + )3, we have

S (o (a3 +15013)) < ~1+ 0%

The desired result follows from integrating in time and dividing both sides of the above

inequality by (1 +t)3.
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3.2 Temporal decay for the Hall-MHD system with mere one dissipation

As a continuation of (Chae and Schonbek, 2013), in (Dai and Liu, 2019a), we further studied
the long time behaviour of solutions to the generalized Hall-MHD system without either the
velocity dissipation or the magnetic dissipation term. In these cases, the energy inequality

becomes

| &
| &

(a3 + 1B()113) < vIIVull3 and 2 — (lu(®)] + [b(1)]13) < wllV7BII3,

N =
o,
N =
o,

t t

respectively, which, at a glance, only implies decay of the total energy but seems to reveal little
about the behaviours of the individual energies. It is not obvious whether or not the kinetic
energy and magnetic energy might oscillate in a way that compensate each other, despite that
their sum decays. Using a strategy similar to that in (Agapito and Schonbek, 2007) for the
MHD system without magnetic diffusion, we demonstrate that such compensatory oscillations
do not occur in either case.

In order to study the energy decay problem for System 1.6 - 1.8 with mere one dissipation
term, we introduce the cut-off functions ¢ and % in the Fourier space. In the inviscid resistive
case v = 0, > 0, we take functions ¢(§) := e~I€” and P(&) == 1 — p(&). Obviously, ©b and
¢Z) represent the low and high frequency parts of b, respectively. It follows from Plancherel’s

theorem that

o)z = 1512 < Nb() 12 + 4b(2)]l2-
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Corresponding to the viscous non-resistive case v > 0,u = 0 are ¢(§,t) = e~ €77t and

P&, t) :=1— (£, t) instead. We split [|u(t)||2 as

[u@)l2 = lla(®)lly < lle@)a®)ll; + ¥ @a)l, -

We will need the generalized energy inequalities in the following lemma to estimate the

above low and high frequency parts.

Lemma 3.2.1. Let > 0, p(&) = e 6P and ¢(€) = 1 — @(€). Let E(t) be a weight function
such that E(t) € CY(R;Ry) and E(t) > 0. Then, a weak solution (u,b) to System 1.6 - 1.8

satisfies the generalized energy inequalities —

O

t
— 2/ <u - Vb(r), eQM(t_T)(_A)ﬁﬁ_lgo « F Lo b(T)> dr

t
+ 2/ <b - Vu(r), eQMt_T)(_A)Bﬁ_lgo « Froxb(r))dr

t
24, / (VX (V- b@b)(r), 2 D F 1w 7w b(r) ) dr,

(3.3)
. . ¢ . 2
E@IWHOIB <EGvH)IE - 20 [ B |lefvio)] or
t t
+ [ E@wb)3dr 2 | B(r) (u-Vb(r),¢%(r) ) dr
[[rmionces oo

+2 /: E(7) <m(r), ¢26(T)> dr

Y /:E(T) (7 (Vx (V- (b 1)) (1).47(r) ) .
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Proof: The estimates will be established formally for classical solutions. Multiplying Equa-

tion 1.7 by eQM(t_S)(_A)Bﬂ_lcp * .7 Lo x b(s) and integrating over R? yields

<bt, ezN(t*s)(*A)ﬁﬁflgo w« F 1o« b(8)> + u <Vﬁb, ezu(t*‘g)(*A)ﬁﬁA(p s« F 1o« Vﬁb(s)>
+ <u - Vb, 62“(t_5)(_A)6ﬁ_1<p x F Lo« b(s)> - <b - Vu, 62“(t_s)(_A)Bﬂ_1gp * F Lo« b(s)>

i (V5 (V- (b x b)), A F ol 270 5p(s) ) = 0.

Using the fact that 0, (e“(t_s)(_A)Bﬂ_lcp> = u(=A)? (e“(t_s)(_A)ﬁf_lap> , we rewrite the

first two terms in the above equality as

L |0 g 50, (0 515) )
+u <e“<t—5)(_A)5ﬁ_1g0 «b(s), (—A)P (e“(t_s)(_A)Bﬁ_lw) * b>

~ga | F b0

Integrating over the time interval [s,t| yields the generalized energy inequality for the low
frequency part.
We take Fourier transform of Equation 1.7, multiply it by ¥2bE (t) and integrate in space

to infer

/ 2 2c 2
531 [ @R — 5 [ Bowlas - um [ 16w

+ B(t) <u/-%, ¢213> .0 <m,¢2g> + dE(t) <3> (V x (V- (bx b)) ,¢2B> -
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Integrating the last equation over [s, t], we obtain the generalized energy inequality for the high
frequency part.

O

Analogous computations shall produce the generalized energy inequalities for the velocity

u in the following lemma.

Lemma 3.2.2. Let v > 0, p(§,t) = eIt and P&, t) =1 — (& t). Let E(t) be a weight
function such that E(t) € C*(R;R) and E(t) > 0. Then, a weak solution (u,b) to System 1.6

- 1.8 satisfies the generalized energy inequalities —

2

Hf_lgo * u(t)”i < |[er =R 1 u(s)H2

t
— 2/ <u - Vu(r), eQV(t_T)(_A)aﬁ_lgo « F 1o« u(7)> dr (3.5)

t
+2/ <b-Vb(T),em’(t_T)(_A)aﬁ_lcp*f_lgp*u(T)>dT,

B0 @a(o)l <B(s)v(s)a(s)[f —2v [ B llelvilr)|3dr
+ [ Bl - 2v [ E@@ @, b))
—2 / B(r) (u- Vu(r), ¢*a(r) ) dr +2 / E(r) (b Vb(r), v%i() ) dr.

(3.6)
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3.2.1 The inviscid resistive case

For strong solutions to the inviscid resistive Hall-MHD system, i.e., System 1.6 - 1.8 with
v =0 and g > 0, the magnetic energy ||b(t)||3 vanishes eventually despite the lack of velocity

3
diffusion, provided that w(t) is bounded in W'’ '3 (R3). Our result states as follows.

Theorem 3.2.3. Let (u,b) be a global strong solution to System 1.6 - 1.8 with v = 0 and p > 0.

Assume ug € L3(R3), by € LY(R3) N L%(R3) and one of the following two conditions —

3

(i) we L®(0,00; W' ™75 (R3)) with 8 € [1/2,1];

3

(ii) b€ L®(0,00; WP (R3)) and u € L®(0, co; W' 75 (R)) with 8 € (0,1].
Then, we have
lim [[b(#)]3 = 0, tlggoHU(t)H% =C

t—o00

for some absolute constant C.

In view of the generalized energy inequalities, we establish decay for low and high frequency

parts separately. We estimate the low frequency part ||@b(t)||2 in the following proposition.

Proposition 3.2.4. Let (ug,by) € (LQ(]R?’))2 and (u,b) be a strong solution to System 1.6 -

1.8 withv =0 and p > 0. For ¢ = e‘|5‘2, it holds that

Jim [[ob(t)[|2 = 0.
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Proof: The generalized energy inequality (3.3) implies

bl <

t
—|—2/
S

t
+2/
S

t
+2di/
S

=1+ 1T+ 11T+ 1V.

2

<u - Vb(T), eQu(t_T)(_A)Bgf—lgo « F 1o« b(7)>‘ dr
)

(b Vu(r), 2D 7w 3w b(r)) dr

(VX (T (p@b)(n), D gl 7 g b<7>>\ dr

One can see immediately that

lim sup I = lim sup He_mg'w(t_s)gpl;(g)‘ —0.

‘2
t—o00 t—o00

2

By Parseval’s identity, the fact that ¢? is a rapidly decreasing function and Holder’s in-

equality, we have, for p € [2,00] and 8 € (0, 1], that

(- 901, R ER) 1 b)) <[l @B, e oy )
< |[(@eB)(r), g Fe 2 N2 g i(r) )|

|§|Bef2u|£\2ﬁ (t*T)(}(T)

<|@enm) e

2p
p—2
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/

Setting p = % and p' = %, which is compatible with p > 2 since a € (0,1], we apply

Hausdorff-Young and Sobolev inequalities. It follows from the boundedness of ||u(t)||2 that

(- Fb(r), 2D 271 (02) b)) S @ B) ()

[GRZIR
Shu(@ll2ll 2 [19°8(7)1l

Sl 20V 5 < [V70(r)]3-

Via a similar strategy as above, we have
(b Vu(r), 7D 271 (2) wb(r))| S IV7b(r) 3

As for the Hall term IV, we notice that H{]Z_BQDQHP is finite for any p > 1 and g € (0, 1].

Hence, for g = % — 2 and p > 2, which is again compatible with g € (0, 1].

3
p

<V x (V- (b®b))(7), e2u(—A)5(t—7)y—1(gp2) * b(r)>‘
=[(&x (¢ @aB)@), P2 7))

=[ (%617 x (¢ - @@ B)(7), DBl )|

<|ler=e?| |e@ni)

L |[lgr78)|

p—2 2

Sl 12l V7B() 12 < 1V 7(7) 13
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Combining the last three inequalities yields

t
II+IH+IV§/ IVPb(7)||3dT.

Thanks to the fact that Vb € L>(0, c0; L2(R3)), it follows that

t
lim (I7+ 11+ IV) < lim lim / |IVPb(7)|3dr = 0.
t—o00 $—00t—00 s

Therefore, we conclude

Jim b0z = Jim 7+ (0, =0

The decay of the high frequency part ||[b(t)]|s is as follows.

Proposition 3.2.5. Let uy € L3(R3), by € L' N L*(R3) and (u,b) be a strong solution to

System 1.6 - 1.8 with nu =0 and p > 0. Let (&) =1 — e~ 1€ Under one of the following two

conditions

3

(i) ue L®(0,00; W' 75 (R?)) with 8 € [1/2,1];
(i7) be L=(0,00; WIP2(R3)) and u € L=(0, oo; W5 (R3)) with 8 € (0,1],
it holds that

lim [[43() 2 = 0.
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Proof: We start with estimating the last three integrals on the right hand side of the

generalized energy inequality (3.4), recalled here,

BOIHOIE <EGI6IE - 20 [ B |leusen)|Lar+ [ Blobrigr
49 / "B (6 Vu(r), vb(r) ) dr —2 / "B (- Vb(r). vb(r) ) dr
~ 2, [ B (# (% (V05 0) (0,077 r
=Jo+ 1+ J2+ I3+ s+ Js.

In order to estimate J3 where no cancellation presents, we need the additional assumptions

on u and b. First, we have by using Holder’s inequality and Plancherel’s theorem

E(r) <b/-v\u(7),¢21}(7)>‘ dr

= [ B@|{l ¢ b@uln), viefin) | ar

< [, B |lertemu)], [v?lerbe]|, or

~

S [ B (a9 2+ 16912 u()ll) [V75(7) odr.

Ifuew ™ ’%, it follows from Holder’s inequality and Sobolev embedding that

6V P u()ll2 < bl s IV Pulls < IV7BILIIV! " ull s

_6
3-2



Under condition (i), it follows from Hoélder’s inequality and the Sobolev inequality that
luV'=Fb(7) ]2 < lull 2 IV bl _s_ IS HVl_BUH%IIVBbIIz-
Meanwhile, under condition (ii) |uV'=?b(7)||2 can be estimated as
[V =20()ll2 < Jfulr)[l2] V' 70(7) -

Therefore, assuming condition (i), we have

/S t E(r) <b/.%(7), ¢26(7)> dr

< [ BOIVuly 19 lar 5 [ BV
whereas assuming condition (ii), we have

/3 t E(r) <b/.%(7),¢213(7)> dr

<[ Bo (uvﬁbrbuvl Sully + () 2 927 oo ) IV 2B(7) a7

1 t
<([ o) ([ 19oeiar)* + [ BV b
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To deal with Jy4, observing the cancellation (u - Vb, b) = 0, we have

/StE( ) ‘<u Vb(T) dT _/ E(r <u/ﬁ)(7_)7 (02 — 1)3(7_)>’ dr
:/5 B(r) |(u @ b(r), (4 - 1)%(T)>‘df

t
< [ 50 @] [T Jer-1e2 -], o

6
3-28

Noticing that 9% —1 = —2e 6" 4 ¢=2€1* and |||¢|1 =5 (2 — 1)|lp is finite for any p > 1 and 8 < 1,
we continue the estimate with the help of Sobolev inequaity as
t . . t
| B (@0 0%m)| ar < [ Bl s 19960

t
< / E(r)[VPb(r) |2dr.

Utilizing the cancellation (V x ((V x b) x b),b) = 0 and the fact that H|£|2_5(1,Z)2 - 1)Hp is

finite for p > 1, we have the following estimate for Js.

di/:E(T) (F (VX (V- (@) (7),0%(n)| dr
—d; /:E(T) (7 (Vx (V- (@) (7), (* = 1)b) (7)] a7

<di [ B [(@ = 1ig1 7 (7 x (V- (p@ b)) (1), [615) ()] dr
< tET 2-B(y? 1

s/ B e o]
/ B [b()l2lIb() | s [978(7) l2dr

/E WIVPh()||2dr.

Gene], 7] 4
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Under condition (i), combining (3.4), (3.7) and the last three inequalities yields

2
7')H dr
E'(r (1)
B
+ [ 25 b ar +/ B V7l
Under condition (ii), combining (3.4), (3.8) and the estimates for J3, Jy and J5 yields
- E(s), & " E(r) WNIE: YE(T) | 5 |12
b3 < b 2—2/HﬁbHd / | a

+/: g((;)HV*Bb(T)\%dT—%Ett)(/:E2(T)dfr>%(/:HVBb(T)H%dT)é.

OIS g b — 20 [

(3.9)

The above equation remains to be taken care of. We apply Fourier splitting technique to

handle the second and third terms on the right hand side of (3.9). Defining the ball B(t) =

{€ e R? : |¢] < G(t)} with the radius G(t) to be specified later, we infer

~o [ 28 |lepuicn|ar+ [ ZD i igar

<—o [ S0 [ Jipuicr] aear + / Fo [, o Pasar
L[ED ] W) Pagdr

< [[EOBEOE0 [ ipacar+ [ 0 [ it pagas

Setting




which indicates that E'(t) — 2uE(t)G??(t) = 0, we estimate (3.9) as

otz [0 [ wie)Raar

lwb(t)]3 < B0

+ /: ;EE((;) IVl + 55 </t EQ(T)de (/t ||V5b(7)||§d7>;

Since 1% < 1, we can bound the second term with the help of Lemma 3.1.2,

/B(t) ‘wé(ﬂ‘?dg §/B(t <1 " |§|215 1) s /B(t) <1 " \§|4152) 4

5—48

G(t)
5/ (1+r2=4F)r 2dr<52ﬁ—|—6 28,
0

Thus, we have

||¢z3<t>||§sEEj))\wB(s)H% (2) ([ 197130 )

o / ()W) [3dr + C (3 +'5)

with various constants C' which independent of ¢, s and ¢.

77
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Now, we first pass the limit ¢ — oo,

N . E(s). e 2
2 2 B 2
Jim [0 < fim 23 be) I3 + Jim - ([ 1970t )

c [t 3 5-4p
. ~ B 2
+t15?oE(t)/s B[ Vb(r)3dr +C (% +°7 )

1
c o 2
: e(s—t) 2 B 2
<im0l + 7 ([ 19 s
5—48

+c/ IVBb(r)|2dr + C(e3F + 730

<C(e¥ 47 )+ \% (/ \|vﬁb(7)\|§d7> g c/ IV°b(r)||3dr;

s

and then pass the limit s — o0,

. 212
Tim [[b(1)]3

3 5—48 C o0 % o0
. 22k o B 2 B 2
<lim (C’ (625 +e 28 ) + NG </ v b(T)”2d7'> +C/S v b(T)HZdT>

S§—00 s

3 5—48
<C (825 +e 28 )

Since € > 0 can be chosen arbitrarily small, it follows that tl_i>m |9b(t)]]2 = 0.

Proof of Theorem 3.2.3: Combining Proposition 3.2.4 and Proposition 3.2.5 yields

lim ||b(¢)||5 = 0.

t—o00

This convergence along with the basic energy law implies that tlim |u(t)||3 = C for some con-
—00

stant C.
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3.2.2 The viscous non-resistive case

In the viscous, non-resistive setting v > 0, = 0 and § > 0, the kinetic energy ||u(t)]|2
decays to zero while the magnetic energy converges to a certain constant, provided that b is

bounded in W1=®%°(R3),

Theorem 3.2.6. Let ug € L' N L2(R3), by € L*(R3) and (u,b) be a global strong solu-
tion to System 1.6 - 1.8 with p = 0, v > 0 and 0 < o < 1. Assume additionally that

b€ L>(0,00; W= (R3)). Then, we have
- 2 _ : 2 _
lim (@[3 =0, lim [b(t)]3 = €

for some absolute constant C.

We estimate the low frequency part ||pa(t)||2 and high frequency part ||(1 — ¢)a(t)||2 sep-
arately by taking o(¢,&) = e~I€P*t The following proposition concerns the decay of the low

frequency part.

Proposition 3.2.7. Let (ug,by) € (LZ(R3))2 and (u,b) be a strong solution to System 1.6 -

1.8 withv >0 and p=0. Let ¢ = elelee, Then, it holds that

lim {lp(t)a(t)]|2 = 0.

t—o00
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Proof: The generalized energy inequality (3.5) implies

t
vz f
s

t
vz f
s

=1+ 1I+111.

|7 e xu(t)]; <

<u Vu(r), e TIEA) g g 4 u(s)>‘ dr

<b - Vb(r), e TR 2l 1« u(s)>‘ dr

It is clear that

limsup I = limsup [le /€™ =)o (s)a(s) |3 = 0.

t—o00 t—o00

As o € [0,1], the fact that ¢? is a rapidly decreasing function of |¢| along with Holder’s

inequality leads to

(u- Vu(r), @A) F () s u(s) )|
< [{lel@eu)(r), e =) 2a(s) )|
< (@@ u)(r) e~ IR e as) )
<[ wewml, et o [lere 5 ae|.

By Hausdorff-Young inequality, the boundedness of ||u(t)|3 and Sobolev inequality, we have

[(u- Vu(r), A7) wcu(s))| Sl @ W)@l _o liEam)]ly
Slu()lalu(r) | s IV u(r)2

Slu(n)ll2I V()5 < IV u(n)]3.
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Applying a similar strategy as above, we have

(b Vb(r), A0 u(s) )| < |l R @B)(r), e 2 i) )|
<|FEDE|_ e, a1
S @ b) (1) 1€l () || la(r) 2

IO [[1€1e* @, lulm)ll2 < H1le* ()]l

Combining the last two inequalities yields

t t
H+III§/ ”Vau(T)‘%dT—i-/ 1€1©*(7) ]|, dr.

Straightforward computation shows that

o0
_ 2c A2
le*(r)I = [ lePe P rag s [ ate e
0

5 o0 2 5
:7’_2&/ wre ™™ dw < 77 2a.
0

which, together with the fact that V@u € L>(0, oo; L?(R3)) and the basic energy law, yields
. . . t o 2 _5
lim (I7+ I17) < lim lim (HV u(T)||3 +7 4a> dr=0, for0<a<l.
t—o0 s—00t—00 s
Therefore, we conclude

lim flo)a()]e = lim [[Z 7 o(t) « u(®)], =
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The decay of high frequency part is given by the following proposition.

Proposition 3.2.8. Let ug € L'(R3) N L%(R3), by € L*(R?) and (u,b) be a strong solution to
System 1.6 - 1.8 with = 0 and v > 0. Assume that b € L°(0, 00; W=%>®(R3)). Then, for

¢ =1—e P it holds that
lim [ (t)a(t) ]2 = 0.

t—0

Proof: We start with estimating the last three integrals on the right hand side of the

generalized energy inequality (3.6), recalled here,

E@®)|p®at))3 <B(s) \|¢(8)ﬁ(8)\§—21// E(T)H!f\"@b(f)ﬁ(T)H%dT+/ E'(7) |l (r)a(r)||3dr
— 2w [ E(r) (¢/(r)a(r), d(r)a(r)) dr + 2 / B(7) (b Vb(r), ¥ (r)a(r) ) dr
—2 / E(r) (- Vu(r),v*(r)i(r) ) dr

=Jo+J1+Jo+ J3+ Jy+ JI5.

Recalling that ¢ =1 — e~ 167t and Y = |€]*@p, J3 can be estimated as

/E(T){<¢'(T)ﬁ(7)7¢(7)ﬂ(7)>\d7:/ E(r) [(lg*¢(r)a(r), w(r)a(r))| dr 610
s s 3.10

< [ E@Iveutr) Bar.
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In order to estimate J4 where no cancellation is present, we need the additional assumption

b € L>®(0, 00; W!=%) Using Holder’s inequality and Plancherel’s theorem, we have

/ ()| (590 vt ) ar < / )| (je1e)- BB wRleatn) )| ar
</ B et @b, v ar
<f BB o[V () (3.11)
</ BBl 7)o 977

< / E(r)[Vou(r)||pdr.

To deal with J5, we observe the cancellation (u - Vu,u) = 0 and obtain

/:E(T) |(u=Vu(r), v*a(r))| ar :/:E(T) (w=Vu(r), (¢* = V)a(r)) | dr

_ / B @ e u, @ - 1)%@»] dr

< [ b [, [ ], Wer==w -l 5, o

Noticing that 92 — 1 = =2~ "t 4 ¢=26P*t anq |[|¢|' (2 — 1)||p is finite for any p > 1 and

a < 1, we continue the estimate with the help of Sobolev inequality as

6 [|VPu(T)||edT

3—2a

t T mT, 2a(r T t T)NUAT )2 |[wl™
[ B0 (e, an)ar 5 [ BRI oo

< / E(r)[Veu(r)|2dr.
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Combining (3.6) and (3.10) — (3.12) yields

Bs), f
vz -2 [

+/
S

which has the same form as (3.9). Therefore, we can apply the same Fourier splitting strategy

w3 < adllervamigar+ [ 2 waiBar

1

S ivuriar+ o ([ Boar) ([ Iveuian)’

as that in the proof of Proposition 3.2.5 to obtain that tlim [a(t)]|2 = 0.
—00

g
The statement of Theorem 3.2.6 follows from the two lemmas above and the basic energy

equality.

3.3 Determining wavenumbers for the Hall-MHD system

A recurring idea in this thesis is to separate the high frequency and low frequency compo-
nents of the solutions. The Fourier splitting technique used in the previous section has already
revealed that low frequencies play a crucial role in the temporal decay of the solutions. Natu-
rally, we can study the long-time behaviour of the solutions within the framework of frequency
localization via Littlewood-Paley theory. For the Navier-Stokes equations, (Cheskidov et al.,
2018) devised a determining wavenumber, which bounds from above the low frequencies that

determine the long-time behaviour of the solutions; we adapt this notion to System 1.1 - 1.3.

Definition 3.3.1. Let u, and b, denote the g-th dyadic blocks of u and b on T3, respectively.

Let & := min{u,v,d; *u} and 6 > 1. Let r € (2,3) and ¢, be a constant depending only on r.
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We define the determining wavenumbers corresponding to a weak solution to System 1.1 - 1.3
(u,b) as
1+%’

: -1+2 -
Ay (t) =:min {Aq A Tl < ek, VYD > g Ag lu<qgllr < crk,q € N} ,

Ap(t) =:min {)\q : )\]‘Z,q||bp||C>o < R, YD > q; |lb<glloo < rk,q € N} .
Given two weak solutions to System 1.1 - 1.3 (u,b) and (v, h), we define
A o(t) := max{Ay(t), Ay(t)} and Ay p(t) := max{Ay(t), An(t)}.

The integers Qu,»(t) and @y n(t) shall be such that Ag, ) = Aww(t) and AQyn(t) = Ap i (t).

In the above definition, the conditions on the low frequency parts are reminiscent of those
for the dissipation wavenumbers in Definition 2.1.3.

In view of the Galilean invariance of the equations, we assume throughout this section that
the two weak solutions (u,b) and (v, h) are such that the velocities are of zero mean and the

magnetic fields have the same mean, i.e.,

1

1 1
T o u(t,z)de = — [ v(t,z)der =0 and — (b(t,z) — h(t,z))dz =0.

’T3| T3 ‘T3| T3

The observation that the long time behaviour of the solutions are largely governed by the

low frequency parts is reinforced by the following theorem, which states that two solutions
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coinciding on Fourier modes lower than the determining wavenumbers share the same long

time behaviour.

Theorem 3.3.2. If two weak solutions (u,b) and (v, h) satisfy

(1200 (®): b<gy,(®) = (vequu (B hzqy 0 ®)) Ve >0,

in addition to aforementioned assumptions, then

lim ([lu(t) —v(®)l[r> + [[b(t) = h(t)]|2) = 0.

t—o00

3.3.1 An analysis of the electron-MHD system

As a part of the proof of Theorem 3.3.2, we first focus on the Hall term and prove an
analogous result for the EMHD equations. Given two weak solutions b and h to System 1.4 -

1.5, we can show that their difference m := b — h formally satisfies

my — pAm = —d;V x ((V xm) x h) — d;V x ((V x b) x m). (3.13)

Analyzing the above equation using harmonic analysis tools yields the following theorem.

Theorem 3.3.3. Let Ay(t), Apn(t), Apn(t) and Qpp(t) be as in Definition 3.3.1. If b and h have

the same mean and

b<@y () (t) = h<q, (L), VE >0,
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then

Jim [[b(t) — ()] 2 = 0.
Proof: Multiplying Equation 3.13 by Agm, integrating by parts and summing over g lead
to

1d
s O Imalld+ D7 Alimgll3 =d; Y /T Ay((V xm) x h) - (V x mg)da
q>—1

g=>—1 g>—1

+d; ;l/w A (V% ) x m) - (V x my)da
=1+ J.

We further apply Bony’s paraproduct decomposition to I and J —

I'=d; Z Z /Jl‘3 Ag((V X mp) X hep2) - (V x mg)da

q=—1|p—q|<2

+d; Z Z /[r3 Ag((V X mep2) X hy) - (V X mg)da

q=—1|p—q|<2

+di > > . A ((V x 1) X hy) - (V x my)dz

q>—1p>q—2

=0 + I + Is;
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1=t Y [ Afingya x (Vb)) (5 xmg)da

q2—1|p—q|<2

2 Y S [ Aty x (VX beya)) (V% mg)da

q=—1|p—q|<2

+di > Y AsAq(mpx(vap))-(vaq)dx

q=—1p=>q—2
=J1 + Jo + J3.
We then proceed to estimate the terms Iy, Is, I3 and Ji, Jo, J3. As for 11, we rewrite it using

the commutator (1.22) and notice that ;2 in the following expression vanishes.

Il :dl Z Z /]Tg ([Aq,hgp,Q X Vx]mp) . (V X mq)dx

q=—1|p—q|<2

i Y [ g x (7 xmg)) - (7 x o

g>—1

+diy, ) /T (hzg2 = hep2) X (V X (my)g)) - (V x mg)da

q=—1|p—q|<2

=:I11 + 12 + I13.

Taking into account that m<q,, = 0, we split [;1 by the wavenumber.

Iy =d; Z Z /TS ([Aq’hSQb,h X VX]mp) (V xmg)dz

7>Qp,n [p—q|<2

+d; Z Z /11‘3 ([Aq’ h(Qb,th*m X Vx]mp) (V xmg)dz

a>Qb,n |p—q|<2

=:I111 + I112.
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By Lemma 1.3.4, Holder’s inequality, Definition 3.3.1, Young’s inequality, we estimate 1111

as follows.

L] <dil| Vi<guloe > lImpllz Y IV xmgll2

P>Qp—2 lg—p|<2
Sdillh<quallos > Apllmplla > IV x mglla
p>Qp—2 lg—p|<2
Ser Y [Vmgll3.

q>—1

We estimate 112 using Lemma 1.3.4, Holder’s inequality, Definition 3.3.1, Young’s and Jensen’s

inequalities.

Lol <di > IV xmglla Yo Il > Al

4>Qu.n lp—q|<2 Qp,n<p'<p—2
<d; Z IV x mgl|2 Z V|2 Z 1l oo Apr—p
a>Qp,n lp—q|<2 Qp,n<p'<p—2
e D IV xmglla D> IVmlla Y AL,
a>Qb,n lp—q|<2 Qp,n<p'<q
Serp > (IVmgll3.
g=—1

For p,q € Z satisfying |p — ¢| < 2, it is true that |h<q—2 — h<p_2| < Z?:o |hg—il|. Since

mg = 0,Vq < Qp 5, the following generic bound is true -

Rl S 3 30 [ hacall¥ % my)olIV < gl

>Qu,n [p—q|<2



The sum is then split by the wavenumber @)y, ,.

Ralsd Y X [ IheallV < (mp)allV xmglda

Qb,n<q<Qp,n+2 [p—q|<2

+ d; Z Z /3|hq2|\V>< (mp)q||V><mq|d$
>Qun+2 p—ql<2’ T

=:I131 + I132.

1131 is estimated as follows.

Iiz1 <dillh<q, [l Z IV x mgl2 Z IV x mpll

Qp,n<q<Qpn+2 lp—q|<2
Sep Y IVxmglla Yo IV xmyll2
Qp,n<q<Qpn+2 lp—q|<2
Scerp Z vaqH%-

Qp,n—2<q<Qp,n+2

1132 is estimated with Holder’s inequality, Definition 3.3.1 and Young’s inequality.

L <di Y Nhg-2llllV xmgllz D IV 5 mp2

a>Qpn+2 [p—ql<2
e Y IV xmglla Yo IV xmyll
¢>Qpp+2 Ip—q|<2

Sern Y Vmgl3.

g>—1

90
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As m<q,, = 0, it is perceivable that Iy consists of only high frequency parts and can be

written as follows.

I, =d; Z Z /11‘3 Aq(hy x (V x m(QbJ“p_z})) - (V xmg)dz.

p>Qp,n+2 [p—q| <2

Let § > 0. Holder’s inequality, Definition 3.3.1, Young’s and Jensen’s inequalities lead to

Ll <di Y hplle Y IV xmgllz Y IV xmyl

p>Qu,n lp—q|<2 Qp,n<p'<p—2
1 4
Sdio Yo IVxmglls Y D AV < myllAy g, Bl
¢>Qp,n—2 [p—q|<2 Qp,n<p'<p—2
Sep D IV xmglla > > NIV xmyl
>Qp,n—2 [p—q|<2 Qp,n<p'<p—2
Sen > IV xmglla Yo IV xmylaX)
q>Qp,n—2 Qp,n<p'<q
Serp > [IVmgll3.
g>—1

I3 is split into three terms as follows.

L=d; Y 3 /W Aglhy x (V x 1i0y)) - (V x myg)da

Qu,n<q<Qp,n+2 q—2<p<Qp,n

Y% /Tg Ayhy % (V % 10p)) - (V x mg)da

Qb,n<q<Qp,n+2p>Qyp,n

ta Y Z/T?,Aq(hpx(fonp))-(meq)dx

¢>Qu,n+2p>q—2

=131 + I3o + I33.
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Invoking Definition 3.3.1 and applying Holder’s, Young’s and Jensen’s inequalities, we can

estimate I31, I3 and I33 as follows.

sl <di D IVxmgllz Y IBpllecllV X ]l

Qp,n<q<Qyp p+2 q—2<p<Qyp,n
Serp > IV xmglla D IV x my |2
Qb,n<q<Qp,n+2 q—3<p<Qp,n+1
Serp > IVmglf3,

Qp,n—35q¢<Qp,p+2

Il <di Y. [Vxmylls 3 Ipllecl ¥ x vt

Qu,n<q<Qp,n+2 p>Qp. 1
)
Serp Z |V x quQ Z IV x mPH2>‘Qb,h—P
Qp,n<q<Qp,p+2 p>Qp 1
Serp Y [[Vmgll3,
qg>—1

sl <di Y IV xmgllz Y IhpllocllV < 12

q>Qp,n+2 p>q—2
1)
Serp Z IV x mgll2 Z IV % mp”QAQb,h*P
q>Qp,nt2 p>q—2
e S IVmgl2
q=>—1

Thus, the estimation for I is completed.
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J1,J2 and J3 remain to be estimated. We can write J1, whose low frequency parts vanish

due to m<q,, =0, as

J1 =d; Z Z /T3 Aq(m(th’p_Q} X (V x b)) - (V x mg)da.

P>Qp,n+2 [p—q|<2

Recalling Definition 3.3.1, we can estimate J; using Holder’s, Young’s and Jensen’s inequalities,

provided that § > 1.

[l <di Yo Mlbpllee D APIV xmgllz Y Imyll2

p>Qp, p+2 lp—q|<2 Qp,n<p'<p—2
4 d —0

=d; Z IV mgll2 Z Z )\P'”mplHQ/\P*Qb,thP”OW\;J

>Qu,n [p—q|<2 Qp,n<p'<p—2
e > IV xmglla D Apllmyll2A0

a>Qp.n Qp,n<p'<q
Serp > (IVmgll3.

g=>—1

Jo can be partitioned into two terms by Qp -

=i 3% [ Ay x (7 b)) - (V xmy)da

a>Qb,k |p—q|<2

+d; Z Z /11,3 an (mp x (V x b(Qb,hu’D*?})) (V x mq)dx

q>Qb,h |p—q|<2

=:Jo1 + Jo9o.



To estimate Jo1, we apply Holder’s and Young’s inequalities.

[ Jo1| <dil| Vb<quullse >, IV xmgllz D [Imyll2

>Qp,n Ip—q|<2
<dihorlbcgunloe S [Vmgls 3 s
>Qbp,n |p—q|<2
<cr Z [Vimygl|2 Z Apllmpl|2
7>Qb,n lp—q|<2
Seon S I3

g>—1

For Jyg, Holder’s inequality, Definition 3.3.1, Young’s and Jensen’s inequalities yield

(ool <di Y NIV xmgllz Y lmplla D Apllbylls

7>Qu,n lp—q|<2 Qp,n<p'<p—2
—1 1-6
S Z AgllV < myl2 Z Apllmpll2 Z )\p*Qb,h)\p/_Qb,h
4>Qu n [p—q|<2 Qp,n<p’'<p—2
Serp Y (IVmgll3.
g>—1

Taking advantage of m<g, , = 0, we write J; as

[Jal=di > > AF /Tg Ag (i x (V x by)) - (V x mg)da,

q>Qp,n P>q+2

94
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which can then be estimated as follows.

sl <di Y7 Aplbpllocllmypllz D 11V % mgll2

p>Qp p+2 q<p—2
—6y6
<cri Y IV xmgllz > AN, llmplle
a>Qpn p>q+2
<cou y o IV xmglla D0 NplmpllaAy, -
a>Qpn p>q+2
Se Y 1Vmgll3.
q2-1

Let ¢, = 1 — (2u) L. Assembling all the estimates above leads to

d
S B S = S0 Mgl S A3 S lmgll,

g>—1 q>—1 a>Qu,n

since we have assumed that

1

5] S (b(t,z) — h(t,z))dz = 0.

Therefore, the desired outcome in Theorem 3.3.3 follows from Gronwall’s inequality.
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3.3.2  Analysis of the full Hall-MHD system

Let (u,b) and (v,h) be two weak solutions to System 1.1 - 1.3. Let 7 be the difference
between the pressure terms. Straightforward calculations show that the difference (w,m) :=

(u —v,b — h) formally satisfies the following system of equations.

we—vAw=—(u-V)w—(w-V)o+ (b-V)m+ (m-V)h -V, (3.14)
my — pAm=—(v-V)m — (w-V)b+ (b- V)w+ (m-V)v

—d;V x (Vxm)xh)—d;Vx((Vxb) xm). (3.15)

Via the same strategy as that in the proof of Theorem 3.3.3, we shall eventually prove the
following inequality —

d
3 UlellZz + ImllZ2) < = (IVwllz: + [Vml2) - (3.16)

To this end, we consider System 3.14 - 3.15 localized in the frequency space. We multiply
the equations by Azw and Agm, respectively and integrate by parts. Summing over ¢, we

obtain the following inequalities —



For Equation 3.14, we have

QdZWWWZVW%—Z/AuWuW—Z/A

q=—1 q=>—1 q>—1
—l—Z/ q(b-Vm) - wqda:—i-Z/
q>—1
=A+B+C+ D,

and for Equation 3.15,

S gl Y Nl

q>—1 q>—1

< - Z A (v-Vm)-mgdx — Z Ag(w - Vb) - mgda
T3

—1—2/ Ay(b- Vw) qux—i—Z/ Ag(m - Vo) - mgde
g>—1 g>—1
—diZ/ AV % m) x h) - (V x my)da
=171
—diZ/ A ((V x D) xm) - (V x mg)da
qg>—1 T3

=E+F+G+H+I1+J.
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w - Vv) - wedz

(m - Vh) - wedz

Since the estimates for I and J are as those in the proof of Theorem 3.3.3, our tasks are then

to control the remaining terms A, B, ..., H.

Proposition 3.3.4. For the term A, it holds that

Al S v Y (Vw3

q>—1
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Proof: Bony’s paraproduct decomposition leads to the following -

A=- Z Z /11‘3 Ag(ugp-2 - Vwp) - wed

q=—1|p—q|<2

- Z Z /1r3 Aq(up - Vwgp—2) - wedz

q=—1|p—q|<2

-2 > /11‘3 Aq(up - Vip) - wedw

q>—1p>q—2

=:A1 + Ay + As.

According to Definition 3.3.1, we then separate the low and high modes of A;.

A1l < Z Z )‘35 /11‘3 |Aq(usp—2 - Vwp) - wo|dx

P>Qu,v |q—p|<2

< Z Z )‘28 /11‘3 |Aq(u<q..,., - Vwp) - wg|dx

P>Qu,v |g—p|<2

+ > > AﬁSAB\Aq(up,.va).wqydx

P'>Quw p>p'+2 |g—p|<2

=:A1 + Aia.

To control the low frequency parts, we use Definition 3.3.1, Lemma 1.3.1, Hélder’s and

Young’s inequalities.

Aur Sllu<g,lle > Mpllwpllz Y [wl| 2r
P>Quw lg—p|<2

1—-3 3
Serv Z Apllwpll2 Z )\Qu;)‘5||wq||2
p>Qu,’u |q—P|S2

Serv Y (Vw3

q>—1



The high modes are estimated as follows.

A Z [ [ Z Apllwpll2 Z ||wq||T2fT2

P'>Quv p>p’'+2 lg—p|<2
1—-3 3

e 30 AT ST Mllwgll ST A e

P'>Quw p>p'+2 lg—p|<2

1—3

Serv Z Z Apllwp2 Z )‘quqHZAp/fq

P'>Qu,w p>p'+2 lg—pl<2
Sev Y Vg3

q>—-1

It follows from the condition w<g, , = 0 that

Az =— Z Z /11‘3 Ag(up - Vwep-2) - wedz.

p>Qu,v+2 |q—p‘§2

Recalling Definition 3.3.1, we then estimate Ay using Holder’s and Young’s inequalities.

Aol < 30 gl D Apllwgllze Y llwglle

p>Qu,v+2 Qu,u<P/Sp+2 |qu|§2
_3 143
Serv Z Ap " Z )‘p/r||wp’||2 Z [[wgll2
p>Qu,v+2 Qu,v<p,§p+2 |qu|§2
3
Serv Z Agllwgll2 Z >‘p’||wp’||2)‘;uq
Q>Qu,v Qu,v<p/§q

Serv Y Va3

qg>—1

99



Separating the low and high modes of A3 with the wavenumber @, , results in

Az =~ Z Z )\gs /11‘3 Aq(up - Vo) - wedx

P=Qu,» ¢<p+2

N Z Z )‘38 /T3 Ay(up - Vi) - wedx

P>Qu,v q<p+2

=:A31 + Asa.

We have no difficulty in controlling the low modes, which are rather meager.

[Az1] SAwolluQ., o llrlwQ., 112 > [[wg]| 2r
Qu,v <qgQu,v+2

2-2 :
ServAua” [ wg,, |2 E Ag [[wgll2
Qu,v <q§Qu,v+2

Sev Y IVugli.
Qu,v <q§Qu,v+2

100

Let » < 3. The high modes are estimated using Holder’s, Young’s and Jensen’s inequalities.

[As2l < Y MupllelIVapllz Y gl 2=

r—2
P>Quw q<p+2
93 3
<c,v Z Ap " lwpll2 Z Ag [[wgll2
p>Qu,v q<p+2
_1+§
Serv Z Apllwpll2 Z Agllwgll2Ag—p "
p>Qu,'u q§p+2
Sev Y Vg3
g>—1



Proposition 3.3.5. For the term B, it holds that

1Bl Sev Y Vg3

g>—1

Proof: As a result of Bony’s paraproduct decomposition

B=-> > /Ts Ag(wep—2 - Vo) - wedz

¢2—1|p—q|<2

N Z Z /[F3 Ag(wp - Vuep_o) - wedx

q>—1|p—q|<2

-3 Y [ Adwy Vi) wyda

q>—1p>q—2

=:B1 + By + Bs.

Since w<gq, , = 0, By consists of only high frequencies.

Bi=- Z Z )\25 /TB Ag(w<p—2 - Vo) - wedz.

P>Qu,v+2 |g—p|<2

101
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Let 1 — % < 0. We can estimate B using Definition 3.3.1, Holder’s, Young’s and Jensen’s

inequalities.

|B1] < Z Apllvpllr Z pr’Hffr2 Z [[wgll2

P>Qu,v+2 Qu,v<p'<p—2 lg—p|<2
9_3 3
v 30N Mlugle S Nl
p>Qu,v+2 Qu,v<p/§p72 \q—p\S2
93 3
Serv Z Ap " lwpll2 Z )‘;/”wp’||2
p>Qu,v+2 Qu,v<p/§p_2
1-3
Serv Z Apllwpll2 Z )‘p’pr’Hw\p_;/
p>Qu,v+2 Qu,v<p,§p_2
Sev > Vg3
q>—1

Splitting By with the wavenumber ), , results in

By =-— Z Z /TS Ag(wp - Vugp—2) - wedx

Qu,v <P§Qu,v+2 |q_p|§2

B Z Z /TS Ag(wp - V’USQM) “wgdx

P>Qu,v+2 |g—p|<2

_ Z Z /T3 Ag(wp - Vg, . p2]) - wedz

p>Qu,v+2 ‘qu‘SZ

=:B91 + B2z + Bas.
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Let r > 2. The estimate for the low modes |Ba1| + |Baz| are as follows.

Bt + 1Bl £ 3 Mgl 2 3 Mgl S Al

P>Quw lg—p|<2 P'<Qu,v
3 9_3
Serv Z Ap llwpll2 Z [[wall2 A"
P>Qu,v lg—p|<2
9_3
Serv Z Apllwpll2 Z )\q||qu2)\Qu;—p
P>Qu,v lg—p|<2
Serv Y Vg3,
g=>—1

The estimate for Bas follows from Definition 3.3.1 and Hoélder’s inequality.

Basl < D Mwpllz D Mol Y lwgll 2

P>Qu,v+2 Qu,u<p’§p*2 |q—p|§2

<o S Jwl S AT S Al

P>Qu,p+2 Qu,v<p'<p—2 lg—p|<2

cor Y Mlwpls 3 Alwls Y A

p>Qu,v+2 |q—p|§2 Qu,v<P/§p_2

Serv ) Vg3

g>—1

3

S
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Similar to previous terms, |Bs| is bounded above by the estimates for the low modes and

for the high modes.

EYESD SHD D (RN UM SR R E

P=Qu,v+1q<p+2

t Z Z /T3 [Ag(wp - Vvp-1) - wg| da

Pp>Quv+1q<p+2

=:B31 + Bso.

The term Bsp, consisting of scarce low modes, can be controlled with ease.

By Shupllwg,,lollvgu.lls Y0 llwgll 2
Qu,'u <q§Qu,v+3

2-3 3
Servhuy”lwg,, ll2 > Agllwgllz
Qu,v <¢I§Qu,v+3

Serv Z ||qu\|§-
Qu,v<q§Qu,v+3

Let -1+ % > (0. We can estimate B3y using Holder’s, Young’s and Jensen’s inequalities.

B3y < Z Apl|vpllr{|wpl|2 Z quH%

p>Qu,v+1 q§p+2
23 3
Sev D A Tlwplla D A lwgll2
p>Qu,v+1 q<p+2
—142
Sepv Z Apllwy|l2 Z )‘quq”ﬁ‘quw
p>Qu,U+1 l]SP+2
Sev Y Vg3
g>—1
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Proposition 3.3.6. For the term C, it holds that

CI S eri Y (Vw3 + [[Vmgl3) -

g>—1

Proof: Bony’s paraproduct decomposition yields

= Z Z /11‘3 Ag(b<p—2 - Vmy) - wedz

q=2—1|p—q|<2

+ Z Z /1r3 Aq(bp ) Vm§p—2) - wedw

q=—1|p—q|<2

+ )Y /ESAq(bp-vmp)-wqu

q>—1p>q—2

=:C1 4+ Cy + Cs.

Moreover, we rewrite C; using the commutator (1.21) as

G = Z Z /TS [Ag, b<p—2 - V]my, - wedx

q=—1|p—q|<2

+ Z Z /T3 (b<g—2 - VAgmy) - wydz

g=—1|p—q|<2

+> 2 /T ((b<p2 = bg-2) - VAgmy) - wydz

g=—1|p—q|<2

=:C11 + C12 + C13.

As we shall see later, Ci5 cancels a part of the term G.
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Taking into account that m<g,, = 0, we split C1; using the wavenumber Q) .

Cyy = > > /w [Ag,b<p_ - V]m, - wedz

Qu,n<p<Qp,n+2|g—p|<L2

+ Z Z /T3 [Aq, b<Qy - V]my, - wedx

p>Qb,h+2 |q—p| <2

+ Z 2 /T3 [Aqab(Qb,h,p—ﬂ - V]my, - wedz

p>Qp,n+2 |g—p|<2

=:C111 + Ch12 + Crs.

By Definition 3.3.1, Lemma 1.3.4 and Young’s inequality, the following estimate holds.

Crual + 1Cial <Vb<quulloe > llmpllz Y llwgll2
p>Qb,n lg—p|<2

<Mpallbquulioc D llmpllz Y Juwgllz

p>Qp, 1 lg—p|<2

Serk Z Apllmpll2 Z Agllwgll2

pz—1 lg—p|<2

Serk Y (IVwgl3 + [Vmgll3) -
q>—1
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As a result of Definition 3.3.1, Lemma 1.3.4, Holder’s and Young’s inequalities, the following

estimate for C'113 holds true.

|C13| < Z [mpll2 Z w2 Z Ap (10 [l oo

P>Qb, 1 lg—p|<2 Qv n<p'<p—2

6 —
<crn Y lmplla DT NMwglla > A, A

P>Qp. 1k lg—p|<2 Qb n<p'<p—2

5 —
<err y o Mlmplla Yo Adlwglla D0 A,

p>Qp,n lg—p|<2 Qp,n<p'<p-2

<eri Y ([Vwgll3 + [IVmgl3) -
g>—1

|C13] is bounded above by two terms as follows.

[GEIPS Z Z /TS(‘bq—S’ + [bg—2| + [bg—1] + [bg)|V Agmpwq|dz
q=—1|p—q|<2

S Z Z /11‘3 |bg||V Agmpwg|dz

—1<g¢<Qp 1 [p—q|<2

+ Z Z /Tg\quVAqmpwq]dx

a>Qb,h [p—q|<2

=:C131 + Ci32.



We estimate Ci3; in the following fashion.

Cist < Y Ibgllscliwgllz Y 1Vmylle

—1<q<Qy,n lp—q|<2
Serk Z Agllwgll2 Z Aplimpll2
g>-1 lp—q|<2

Serie Y (IVwgll3 + [Vmgll3) -
q>—1

C132 enjoys the following estimate, thanks to Definition 3.3.1.

Ci< 3 lbglloollwglls 3 [9my o

q>Qb,n Ip—q|<2
<crk Z Agllwgl|2 Z Apllmp|l2
g>—1 lp—q|<2

Serr Y (IVagll3 + [ Vmgl13) -
g=—1

Since Vm<g, , = 0, the low frequency part of C vanishes and it can be seen that

Cr = Z Z /]1,3 A(I(bp ’ vm(Qb,h,p*Z]) - wqdz,

P>Qp,n+2 [p—q|<2
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which is estimated using Holder’s, Young’s and Jensen’s inequalities as

Cal < >0 Mbplloe D Nwgllz Y- Apllmyle

p>Qp p+2 lp—q|<2 Qp,n<p'<p—2

S Y Illee Do Adllwglla D0 ApllmallzAg A

P>Qp,n+2 lp—q|<2 Qp,n<p' <p—2
Serk Y Agllwglla > S Mlmpllah?,
>Qbp,n lp—aq|<2 Qp,n<p'<p—2

Serk Y (IVwgll3 + [[Vmgl3) -
g>—1

We split C'5 into low and high modes.

Cs = Z Z /TS Aq(by - Vi) - wedz

p=Qyp,n ¢<p+2

+ > Y AsAq(bp-vmp)-wqu

P>Qp,n ¢<p+2

=:C31 + Css.

Cs1, made up of the scarce low frequencies, is estimated as follows.

|Cs1| <116y plloo VPG r1lla D Ilwgll2
q<p+2

<erkdguatilma, il Y Agllwgll2h—
q<Qp,n+2

<crK Z (vaqH% + vaqH%) :

qg>—1

-4
P—Qb,n
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For Css, we recall Definition 3.3.1 and apply Hélder’s, Young’s and Jensen’s inequalities.

Cs2l < D plleclVitpllz Y Iluwgllz

p>Qu,n q<p+2
1y—6
<¢rk Z Apllmpl|2 Z Agllwgll2A, )\p—Qb’h
p>Qu,n q<p+2

<eri Y (IVwgll3 + [[Vmgl3) -

q>—1

Proposition 3.3.7. For the term D, it holds that

DI S ek Y (IVwgll3 + [1Vmgl3) -

g>—1

Proof: Bony’s paraproduct decomposition yields

D= Z Z A /[r3 Aq(myp - Vhep2) - wedz

q=—1|p—q|<2

+ Z Z )‘28 /1r3 Ag(mep—2 - Vhp) - wgdz

g=—1|p—q|<2

+ Z Z )\gs /11,3 Ay(my - Vhyp) - wqdz

q>—1p>q—2

=:D1 + Dy + Ds.



Utilizing the wavenumber @), ,, we split D1 into three terms.

Dy = Z Z /IF3 Ag(my - VhSQb,h) - wedx

Qb n<P<Qp,n+2 |qg—p|<2

+ Z Z /11‘3 AQ(mP ) VhSQb,h) wqdx

p>Qp n+2 [g—p|<2

" Z Z /11-3 AQ(mP ) Vh(Qb,h,,p—Q}) : wqu

P>Qp,n+2 |g—p|<2

=:D11 + D12 + Di3

We can estimate |Dy1| + |D12| without difficulties.

D11l + |Dua| <[Vh<qyullo Y lmpllz Y llwglla
p>Qb,n lg—p|<2

ek > Mlmpllz D w2

p>Qb,n lg—p|<2

Serk Z Apllmp|l2 Z Agllwgll2

p>Qb,n lg—p|<2

Seon 3 (IVwgll3 + 11Vmyl13)

g>—1
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By Definition 3.3.1, Holder’s, Young’s and Jensen’s inequalities, we have

Dul< S Amplle 32 wills S0 Al

P>Qp,nt2 lg—p|<2 Qb <p'<p—2
2 -5 -1 -1
<o Y Rlmls 3 lele Y Mg,
p>Qp,n+2 lg—pl<2 Qb,n<p’'<p—2
2
Se Y Mllmpla D0 Agllwalla D A,
p>Qp p+2 lg—p|<2 Qp,n<p'<p-2

Seri Y (IVwgll3 + [Vmgl3) -
q>—1

It turns out that Dy consists of only high modes, as m<q,, = 0.

Dy = Z Z )\gs /IF3 A‘I(m(Qb,mp—Q} 'Vhp) - wqdz.

P>Qp,n+2 [g—p|<2

Using Holder’s Young’s and Jensen’s inequalities, we estimate Do as

Dol < D> Mlhplle Do lwgllz D llmyll2

P>Qp,n+2 lg—p|<2 Qp,n<p'<p—2

-6
Ser D Adllwglla Y- Imwlld g,
q>Qp, 1 Qv,n<p’'<q

Ser D0 Mllwgllz Y Apllmy 22520
a>Qp.n Qp,n<p'<q

Serr Y (IVwgll3 + 1 Vmgll3) -
q=-1
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We divide Ds into the low modes, which are rather few, and high modes.

D3 = Z /3 Aq(me,h-H ) Vth,h) - wqdx
a<Qun+2” T

+ > ) AgAq(mp-Vhp)-wqu

p>Qp,n ¢<p+2

=:D31 + D3o.

D3 satisfies the following estimate.

Dy <[IVhg,,llee Y. llwgllalima, ,+1ll2
~1<q<Qy 1 +2

Serrdguarillma,aillz D Agllwglla
—1<q<Qp,n+2

<cyK Z (I\quH% + ||qu||g) :

g>—1

The estimate for Dss follows from Definition 3.3.1, Holder’s, Young’s and Jensen’s inequal-

ities.

D3y < Z [V hplloo 7722 Z [[wgll2

p>Qu,n q<p+2

~ 6
Serk Z Apl|pll2 Z qu”Q)\Qb,h_p

p>Qu,n q<p+2

—1446
Serk Z Apllmpl|2 Z Agllwgll2A, 1)\Qb7h—p

p>Qb,h q<p+2

<crk Z (||qu||% + ||quH%) :

g>—1



Proposition 3.3.8. For the term E, it holds that

Bl Sk Y [Vmgll3.
g>—1

Proof: By Bony’s paraproduct decomposition,

E=- Z Z /TS Aq(vp - Vmepp) - med

q=—1|p—q|<2

N Z Z /[r3 Ag(v<p-2 - Vmy) - meda

q=—1|p—q|<2

-3 Y [ A Vi) mida

q>—1p>q—2

=:E) + E> + Es.

Utilizing the wavenumber )y, E1 is split into two.

By =- Z Z /T3 Aq(vp - Vimepg)medz

P<Qu,v |[g—p|<2

N Z Z /11‘3 Ay(vp - Vimey_2)mgda

P>Qu,v lg—p|<2

=:F11 + Eio.
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By Definition 3.3.1, Holder’s, Young’s and Jensen’s inequalities, F1; and F1s are estimated

in the following ways.

Y lmgllz

Bul < Y lupl Vol 2o

P<Quv lg—p|<2
—-143 143 1-3
<D0 Tl Yo A T mplla D A T lImgll2
P<Qu,v p'<p—2 lg—p|<2
1 _3
By Agllmglla Y A8t Hmp'IIQAq_Tp/
q<qu+2 p'<q
Serk Y ([ Vmgl3;
qg>—1

Bl < 3 ol Vmep ol 2o

Y lmgllz

p>Qu,v Iq—p|S2
~142 1432 1-2
<D vl Yo A Tmplla D A T limgll2
P>Qu,v p'<p—2 lg—p[<2
Z Allmallz Y Ay llmyy Hqu T
(]>qu /<q

Serk Y [Vmgl3.

qg>—1
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Rewriting F» using the commutator in 1.21, we have

Ey = Z Z /11‘3 [Ag, v<p—2 - VImy, - mgda

q=—1|p—q|<2

+ Z Z /11‘3 v<g—2 - VAym) - myda

q=—1|p—q|<2

T Z Z /11‘3 (v<p—2 —v<g—2) - VAmy) - myda

q=—1|p—q|<2

=:E91 + E99 + FEog,

where Eoo vanishes as V - v<,_2 = 0.

Splitting Eo; by the wavenumber @, ., we have

En= ) > /S[Aq,v<p2 - VImy, - mgdz
T

—1<p<Qu,v+2 |g—p|<2

+ Z Z /11‘3 [A‘PvSQu,v - V]m,, - myda

p>Qu,v+2 |q—p|§2

+ Z Z /1r3 [Aq,v(Qump,Q} - Vimy, - mgda

p>Qu,v+2 |Q*p|S2

=:E911 + E212 + Eoi3.
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Using Definition 3.3.1, Lemma 1.3.4, Holder’s and Young’s inequalities, we can estimate

Eos11.

Eml< Ym0 w3 Avllewls

_1§pSQu,u+2 |q—p|§2 p'<p—2
3 93

Seee Y Mlmlz D lmallady 7
—1<p<Qu,v+2 |q—p|§2

Serk Z Apllmp||2 Z Aglimall2
—1<p<Qu,v+2 lg—p|<2

ek Y [Vmglf5.
g=-1

The term E919 can be estimated in a similar fashion.

| Ea12| < lrmp|| 2 [lm24]|2 Apr[lop I
r—2

P>Qu,v+2 lg—p|<2 P’ <Quv

3 9_3
Sen S Almgla 30 Nl
P>Quv+2 lg—p|<2

Serk Z Apllmpll2 Z Agllmgll2

P>Qu,v+2 lg—p|<2

Serk Y [ Vmgll3.
q>—1



118

The estimate for Fo13 follows from Definition 3.3.1, Lemma 1.3.4, Holder’s and Young’s

inequalities.

Baal < D0 dmpllze D lmgllz Y Aplluglls

P>Qu,v+2 lg—p|<2 Qu,o<p'<p—2
3 2-3
<con D Mllmplle D lmgll: YD A
P>Qu,v+2 lg—p|<2 Qu,v<p'<p—2
9_3
Seen D Mlmpla D0 Adlmgla >0 AT
P>Qu,v+2 lg—p|<2 Qu,o<p'<p—2
Serk Y [ Vmgll3.
g=—1

Explicitly writing out (v<p—2 — v<¢4—2) leads to

|Eas| < Z Z /Eg(’vq—ii‘ + |vg—2| + [vg-1] + [vg]) [V Agmp|Img|da
q>—1|p—q|<2

S Y Y [ mlvamlimd

_1§qgQu,v |p—q|§2

+ 3% [ livamlms

¢>Quv [p—q|<L2

=:F931 + Ea39.



The estimate for Ey31 is as follows.

Em S Y lealilmgll 2 S [Vl

—1<¢<Qu,v lp—ql<2
<crk Z Agllmagll2 Z Apllmpll2
—1<g<Qu [p—q|<2
<c K Z Agllmgll2 Z Apllmpll2
—1<¢<Qu,v lp—ql<2
S,Cr/i Z vaqH%
g=-1

By Definition 3.3.1, Holder’s and Young’s inequalities, Es30 can be estimated as

FEaza < Z [[vgllr[[mg]] 2r Z IVmp||

> Qu,w lp—q|<2
Serk Y Allmalla Y Apllmyll2
@>Qu,v [p—q|<2
Serk Z Agllmagll2 Z Apllmp||2
Q>Qu,v |p—q|§2
Seri Y [ Vmg3.
q>—1

We separate the low modes and high modes of E3 using the wavenumber @, .

E3=— Z Z /IF3 Aq(vp - Viny) - myde

- 1§p§Qu,v q<p—2

- Z Z /T3Aq(vp‘vmp)-qux

P>Quv ¢<p—2

=:E31 + Eso.
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With the help of Definition 3.3.1, Holder’s, Young’s and Jensen’s inequalities, we can esti-

mate the terms F3; and FE3o as follows.

Bal< 3 ol Vmyllz 37 limgl 2

—1<p<Qu,v q<p—2
2_3
<crk Y A Tlmpllz Yo Imgll e
~1<p<Qu g<p-2 .
23 3
e Y A Tllmpllz Yo AglImyll2
—1<p<Qu,v q<p—2
31
e Y Nlmylla D AgllmgllaAis,
—1<p<Qu,v q<p—2
<crk Z ||quH%§
g>—1

B < Y2 Noplle[IVmpllz Y il 2

P>Qu,v q<p—2
93
<o D0 Ay lmplls Do gl 2
P>Qu,v q<p—2
9_3 3
ek Y A Tlmpllz Y Mg Imylla
P>Qu,v q<p—2
31
<eri Y Mlmplla D Aglimglladg—,
P>Qu,v q<p—2

<cow 3 AZF|Vmg 3.
q>—1



Proposition 3.3.9. For the term F, it holds that

IF| Sk Y (IIVwgll3 + [[Vmyll3) -
g>—1

Proof: By Bony’s paraproduct decomposition, we have

F=- Z Z /11‘3 Ag(wp - Vbep2) - myda

q=—1|p—q|<2

N Z Z /ﬂ% Ag(wep—2 - Vbp) - mgdz

g=—1|p—q|<2

- > AgAq(wp-pr)-qux

q>—1p>q—2

=:F + F> + Fj.

Using the fact that m<q,, = 0, we split [ into two terms.

Fes S5 [ S Vo) ms

P>Qp,nt+2 |q—p|<2

- Z Z )‘Zs /11‘3 AQ(wP ) vb(Qb,mp—Q}) - mgdx

p>Qp,n+2 |q—p|<2

=:F11 + Fio.
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To estimate Fi1, we use Definition 3.3.1, Holder’s and Young’s inequalities.

1Fuil <IVb<quullso D limgllz D llwpllz

q>Qb.n lp—q|<2
<[1b<@p,p lloo Z Aqllmyll2 Z Apllwpll2
q>Qb.n lp—q|<2
ek > Aglmglla D Apllwyll2
q>Qp.n lp—q|<2

<crk Z (||qu||% + ||qu||g) :

g>—1

By Definition 3.3.1, Holder’s and Young’s inequalities, Fio satisfies the following.

Fiol < Y0 dmgllz Y wpllz Y Aplibylls

>Qp,n lp—q|<2 Qp,n<p'<p—2

< D> Admglla Yo Mllwpllz D Ao by llee

>Qb,h lp—q|<2 Qp,n<p' <p—2

Scrk Z Aqllmagll2 Z Apllwyll2 Z )\gup
a>Qb,h Ip—q|<2 Qb,n<p'<p—2

<ce Y (IVwgl3 + [Vmg3)
q=—1

F, is split into two parts based on the wavenumber Q) j, as well as the fact that m<q, , = 0.

Fy=- Z Z /11‘3 Ag(wep—2 - Vby) - mgdz

Qb,h—2<p<Qp,1 |g—p|<2

- Z Z /TS Ag(wep—2 - Vbp) - meda

P>Qp,h |g—p|<2

=:F5) + Fya.



It follows from Definition 3.3.1, Holder’s, Young’s and Jensen’s inequalities that

|| < Z Apllbp|lso Z lImqll2 Z [[wp |2

Qu,n—2<p<Qp,n lg—p|<2 p/<p—2
Serk Z Aglimall2 Z [[wp |2
Qb,n<q<Qp,n+2 p'<q
Serk Z Aglimall2 Z )‘p’pr’HZ)\;/l
Qy,n<q<Qp,n+2 p'<q

Serk Y (IVwgll3+ 1Vmgl13) -

g>—1

We estimate Fpo with the help of Holder’s, Young’s and Jensen’s inequalities.

[Fool < D AIVBlloe Y limglla Y llwyllz

P>Qb,h lg—p|<2 p'<p—2

—6 A0S 0 —
< D Imgll2Ay A0 D A lbelle D Apllwpllzny!

a>Qu,n [p—ql<2 p'<p—2

6 —
<cor 0 Agllmglla D Apllupllady_ At

q>Qb,n —1<p’<q

<cri Y (IVwgll3 + [[Vmgl3) -

g>—1

As m<q,, =0, we split F3 into two terms.

Fy=— > ) /TSAq(mp-pr)qux

P<Qp,n Qb,rh<q<p+2

Y ¥ /TSAq(QZ)p-pr)qua:

p>Qp,n Qb n<q<p—+2

=:F31 + F3s.

123



124

The estimate for F3p is as follows.

Bl < Y0 IVbsllooll@pllz Y lImgll2

p<Qyp,n Qp,n<q<p+2

Serk Y Mllwplla YT Imgll2

p<Qp,n Qp,n<q<p+2

Serk Z Apllwpll2 Z )‘quq||2)‘q_1

p<Qp,n Qp,n<q<p+2

Serk Y (IVwgll3 + 1 Vmgl13) -

g>—1

We use Holder’s, Young’s and Jensen’s inequalities to estimate Fjo.

Faal < Y 1Vpllocli@pllz D lmgll

p>Qb,h q<p+2

<crk Z Apllwpll2 Z [[mq]l2

p>Qp,n q<p+2

<err Y Mllwglla D Agllmall2Ag?

p>Qp,n q<p+2

<eri Y (IVwgll3 + [[Vmql3) -

qg>—1

Proposition 3.3.10. For the term F, it holds that

Gl Sk Y (IVwgll3 + [[Vmylf3) -
q>—1
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Proof: Using Bony’s paraproduct decomposition, we have

G= Z Z /]1‘3 Ay(bp - Vwep-2) - mgdz

q=>—1|p—q|<2

+ Z Z /11‘3 Ag(b<p—2 - Vwp) - myda

q=2—1|p—q|<2

+ Z Z /11‘3 Aq(by - V) - mgda

q>—1p>q—2

=:G1 + G2 + Gs.
Taking into account that m<q, , = 0, we separate low modes and high modes of G by the
wavenumber @ j,.

Gy = Z Z /TS Ag(by - Vwgp-s) - meda

Qb,n—25p<Qp,n |qg—p|<2

+ Z Z / Ay(by - Vwep2) - mgdz
p>Qun lg—pl<2” ™

=:G11 + Gia.

Thanks to the fact that ¢ = Qpn + 1 or Qp 4 + 2, we can control G1;.

Gul< D0 Ml Do Aplwgllz Yo lmgll2

Qp,n—2<p<Qp,n —1<p'<p-2 Qb,n<q<Qp,n+2
<¢k > Mlimgllz D Apllwyll2A;
Qu,n<q<Qp,n+2 —1<p'<q

Serk Y (IVwgll3 + [1Vmgl3) -
g>—1



Using Definition 3.3.1, Holder’s, Young’s and Jensen’s inequalities, we have

G2l < D Mbplle Y- Mpllwgllz D llmgll

P>Qp.h —1<p’'<p—2 lg—p|<2

<en YL 30 Al D0 Agllmll2A;!

P>Qp,n —1<p'<p—2 lg—p|<2

—149
<crk Z Apllmyp|l2 Z )\p’HwP/H?)‘p )\Qb,h_p
p>Qp 1 —1<p'<p—2

Serr Y (IVwgll3 + [[Vmgl3) -
q>—1

Rewriting G2 using the commutator notation yields

Gy = Z Z /1r3 [Ag; b<p—2 - V]wp - mgdz

g=—1|p—q|<2

" Z Z /11‘3 ((b<g—2 - V) Aqup) - mqda

q=—1|p—q|<2

+ Z Z /11‘3 (b<p—2 — b<g-2) - VAqup - mgdz

a=—1|p—q|<2

=:Ga1 + G2 + Gos.
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We further split G21 into three parts by the wavenumber @ 4.

Ga1 = > > /1r3 [Ag; bp—2 - V]wp - mgdx

Qb,n—2<p<Qp,n+2 |g—p|<2

+ Z Z /]1‘3 [Afb bSQb,h ) V]wp - mgdz

P>Qp,n+2 [g—p|<2

+ Z Z /1r3 [Afbb(Qb,h,p—Q} - V]wp - mgda

P>Qp,n+2 [g—p|<2

=:G211 + G212 + Ga13.

Using Definition 3.3.1, Holder’s and Young’s inequalities, we can estimate |Ga11| + |G212|-

|Gont| + |Gara| <[ Vb<qyullo D llwplla D lImyll2

p>Qp,n—2 lg—p|<2
Slb<@uullee Y Mpllwplls D lImgll
p>Qp,n—2 lg—p|<2
Serk Z Apllwpll2 Z Aglimall2
p>—1 lg—p|<2

Serk Y (IVwgll3 + 1Vmgl13) -

p>—1

The estimate for (G913 is as follows.

(Gausl < D0 wpllz Yo Allbyle Y lImgll2

p>Qp,n+2 Qn,p<p'<p—2 lg—pl<2
1 )
Serk Z Apllwpll2 Z Aqllmagll2A Z )‘P’—p)‘Qb,h—p’
g=—1 lg—p|<2 Qn,p<p'<p—2

<crK Z (||quH% + vaqH%) :

p>—1
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As noted before, G2 and C15 cancel each other.

Ci2 + G2 = Z Z /11‘3 (b<g—2 - V)(Aqwp - mg + Agmy, - wg)dz

q=—1|p—q|<2

= Z Z /1?3 (b<g—2 - V)Aqup - (mq + wg)dz

q=—1|p—q|<2

+ Z Z /11‘3 (b<g—2 - V)Agmy(wg + mg)dz

q=—1|p—q|<2

N Z /11‘3 (b<g—2 - V)(mg + wgq) - (Mg + wq)dz

g>—1

=0.

Since m<g, , = 0, Ga3 consists of mostly high modes.

Gul S0 X [ IV Auymlds

q=—1|p—q|<2

S Z Z /11‘3 |bp ||V Aqupmyg|da

Qp,n—2<p<Qp 1 |qg—p|<2

+ Z Z /Ts]prVAqumﬂdx

p>Qb,h lg—p|<2

=:Go31 + Ga32.



By Definition 3.3.1, Holder’s and Young’s inequalities, we have

G S S0 Ibpllscrsliewglls S gl

—1<p>Qp,n lg—p|<2
Serk Z Apllwpll2 Z Agllmall2
p>—1 lg—p|<2

<crk Z (||qu||% + ||quH%) :

p>—1

G939 is estimated as follows.

Gaz S D Iplloodpllwpllz D llmgllz

P>Qp, lg—p|<2
<crk Z Apllwpl|2 Z Agllmall2
p>—1 la—p|<2

Serr Y ([IVwgll3 + [ Vmgl3) -
p=>—1

We divide G'3 into two terms using the wavenumber Qy .

Gs = Z Z /Jl‘3 Ay(by - V) - mgda

Qp,n—2<p<Qp,n ¢<p+2

+ Z Z /Lr3 Aq(by - V) - mgdx

p>Qp,n qSp+2

=:G31 + Ga2.
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We can estimate G31 in the following way.

Gal < > bl Vapllz Y [lmgllz

Qp,n—2<p<Qp,n q<p+2
-1
Serk Z Apllwpll2 Z Agllmqll2A
Qp,n—2<p<Qp n+1 q<p+2

Serr Y (IVwgll3+ 1 Vmgl13) -

p>—1

Meanwhile, by Definition 3.3.1, Holder’s, Young’s and Jensen’s inequalities, it holds that

(Gaal < Y bpllool Vapllz D llmgll

p>Qp.n q<p+2
5 -1
<crk Z Apllwpll2 Z )‘quqHW\Qb%h—p q
P>Qpp—1 q<p+2

<crk Z (||qu||% + ||quH%) :

p>—1

Proposition 3.3.11. For the term H, it holds that

H| S ek Y [[Vmgl3.
q>—1



Proof: By Bony’s paraproduct decomposition, we have

H= Z Z /TB Ag(my - Vocy_o) - myde

q>—1|p—q|<2

+ Z Z /1r3 Ay(m<p2 - Vup) - mydr

q=—1|p—q|<2

+ 3 3 [ Ay V) myde

qg>—1p>q—2

=:Hy + Hy + Hg.

By the wavenumber @)y, ,, the term H; can be split into three parts.

Hy = Z Z /Lr3 Ag(my - Vucp—a) - mgda

—1<p<LQu,v+2 |g—p|<2

i Z Z /1r3 Aq(myp - Vvsq,,,) - mgde

P>Qu,v+2 [g—p|<2

’ Z Z /’JT3 Aq(mp ' VU(Qu,u,p—Q]) : qux

P>Qu,v+2 |g—p|<2

=:Hy1 + Hi2 + His.
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We can estimate Hi; with the help of Definition 3.3.1, Holder’s and Young’s inequalities.

|Hi| < Z ||77”Lp||%”2 Z [[mqll2 Z A llvp |l

—1<p<Qu,v+2 lg—p|<2 —1<p/<p-2
3 9_3
Seek Y Mpllmlle Y mgllz Y AT
—1<p<Qu,v+2 lg—p|<2 —1<p'<p—2
93
Serk Z Apllmp|l2 Z Agllmagll2 Z AQu;—p
—1<p<Qu,»+2 lg—p|<2 —1<p’<p-2
Serk Z [Vmg|[2.
q>—1

To estimate Hi2, we have Definition 3.3.1 and applies Holder’s and Young’s inequalities.

[Hizl <[Vo<quulle Y Impllze > llmgll

P>Qu,v lg—p|<2
-1+2 2-2
Shuw " [[v<Qu, lIr Z Ap r||mpHr% Z Imqll2
p>Qu,v \qu|§2
Serk Z Apllmp||2 Z Aglimallz
p=—1 lg—p|<2

Serk Y [ Vmgla-
q>—1



As a result of Definition 3.3.1, Hélder’s, Young’s and Jensen’s inequalities, we have

Hisl < Y0 Ampllze D0 dmgllz D Apllolls

p>Qu,v+2 |q—p|§2 Qu,v<plgp72
2 2-3

e Y Nlmplle Y lmglle Y. A

P>Qu,v+2 lg—p| <2 Qu,v<p'<p—2
Serk Z Apllmpll2 Z Agllmall2

p>—1 lg—pl<2
SCT"J Z HVTnQHQ

g>—1

Hs is split into low modes and high modes.

Hy = Z Z /T3 Aq(mep—2 - Vup) - mgda

*1§p§Qu,v |(I*p|§2

T Z Z /11‘3 Ag(m<p-2 - Vup) - medz

P>Qu,v [q—p|<2

=:Ho; + Hoo,

which are estimated by Definition 3.3.1, Holder’s, Young’s and Jensen’s inequalities.

Hal < 30 190l 30 malle D7 Iyl 2,

—1<p<Qu,w lg—p|<2 p'<p—2
2-2 3
e Y At Y dmalle Y A lImy
—1<p=Qu,v lg—p|<2 p'<p-2
31
e >0 3 Mgllmalls D AyllmylaAy
—1<p<Qu,v lg—p|<2 p'<p—2

Serk Y ([ Vmgllz;

q>—1
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Hool < ) Vol Y limgllz D llmy ] 2

P>Qu,w lg—p|<2 p'<p—2
143 9_3 3
SO llvlle DDA Tlmgllz Yo Anlmyll
P>Qu,v lg—p|<2 p'<p—2
s+1-2

Serk Z Z Agllmall2 Z )‘p’”mp’H?)‘q_p/ "

P>Qu,v [g—p|<2 p'<p—2
Serk Y | Vmglla.

g>—1

We also divide Hs into two parts.

Hj3 = Z Z /11‘3 Ag(my, - Vop) - mgda

- 1§p§Qu,v q<p+2

+ Z Z /11‘3 Aq(my - Vop) - mgda

P>Qu,v ¢<p+2

=:H31 + Hss.

By Definition 3.3.1, Holder’s, Young’s and Jensen’s inequalities, we have

Hal < Y (V0lellils Y llmgll 2,

—1<p<Qu,v q<p+2
23 3
Sek > N Tlmplle Yo Agllmglle
_ISPSQu,v“’l QSZH-?
< —143
~Crk Z Apllmp|l2 Z AqlimaqllzA,—p
—1<p<Qu,v+1 q<p+2

e 3 IVl

g>—1
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For Hss, the following estimate holds.

Hial < 3 Vvplilisllz Y lImgll 2,

P>Qu,v q<p+2
9_3 3

Serk Y X Tlmplla > Adllmgll
p>Qu,v*1 QSP-G-?

< 143

~Crk Z Apllmpll2 Z )\quq”Q)\q—p
p>Qu,v*1 qu+2

Serk Y [[Vmgla-
q>—1

O
Summing up all the previous estimates from the proof of Theorem 3.3.3 and from Proposition

3.3.4 — 3.3.11, we choose a suitable constant ¢, to obtain

d
7 2 Ulwal3 +lmgl3) < = D> A7 (llwll3 + llmall3) < Y (lwqll3 + mqll3)-

g>—1 g>—1 g>—1

As a result of Grénwall’s inequality, (||wl|3, + [[m||3.) decays exponentially as ¢ — oo, which

leads to Theorem 3.3.2.

3.3.3 Bounds on the averages of the wavenumbers

As alluded in (Kolmogorov, 1941), the degrees of freedom pertaining to turbulent flows
should be finite. For the 2D Navier-Stokes equations, estimates of the number of the determining
Fourier modes were obtained by (Foiag et al., 1983) in terms of the Grashof number, and later
improved by (Jones and Titi, 1993), whereas (Constantin et al., 1985) estimated the number

of determining modes for the 3D Navier-Stokes equations assuming uniform boundedness of
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solutions in H'. An incomplete list of references concerning the study of finite dimensionality
of Navier-Stokes and MHD flows include (Eden and Libin, 1989; Constantin et al., 1988; Foiag
et al., 2012; Foiag et al., 2001).

We denote by (A,) the time average of the determining wavenumber A, (¢) corresponding
to the fluid component u of a Leray-Hopf solution to 1.1 — 1.3. Then, as shown in (Cheskidov
et al., 2018) for the 3D Navier-Stokes equations, (A,) can be bounded above by the average

energy dissipation rate e := (||Vul|72). Indeed, suppose Ay (t) > Ao, then either
_143 143
(Au(?)) a ||uQu(t)Hr > CrR, Or (/\SQu(t)fl) T HUSQu(t)*IHT > Crk.
By Lemma 1.3.1 and the condition (Au(t))fu% lug, @ llr = ¢k, we have

3_3 3
crk <A TATHEY HuQu

2.

It follows that

1
Ag < (o) Aullug, 12 S Vull2,

which leads to

Au(t) S IVu(®)]3-

Similarly, the condition (ASQu,l)ng lu<gu—1llr > ¢k yields

1 1
crk < §A5,v||U§Qu—1||2-
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It follows that

1
Ai < (err) " Agu-tllu<qu-ill2 < [Vull2.

Hence, in this case we also have

Au(t) S IVu(®)]3-

Unlike solutions to the stationary Navier-Stokes equations, the steady-state solutions to
the Hall-MHD system are only known to be partially regular, which hinders us from finding a
satisfactory upper bound on the wavenumber Ay(t) corresponding to the magnetic component
of a Leray-Hopf type weak solution (u,b). In particular, it seems hopeless to bound Ay(t) by
the average magnetic energy dissipation rate (||Vb|[2,). At this moment, we can only restrict
our attentions to strong solutions, for which we can bound Ay ;(t) in an average sense.

Indeed, whenever Ay(t) > Ao, it must be that one of the conditions in Definition 3.3.1 is
unfulfilled, i.e., [|bg, ) llc > cri o1 |lb<g,#)—1llcc > crh.

The inequality [|bg,(1)llcc > ¢ implies that

Ap(0)[1b@y (1) llso > errlp(t).
By Lemma 1.3.1, one has

2
IVOl% = [Vbg,wll5 > (erriby(t))
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Meanwhile, if [[b<q,#)—1llcc > ¢k, then
1
A (Dlb<qyt-1lloc > errelo(?),
which, by Lemma 1.3.1, results in
2
VB3 > V<, )13 2 (M)

Summarizing the above inequalities, we conclude that if (u,b) is a Leray-Hopf type weak
solution, then

(Au) S (IVullz2) < oo,

while if (u,b) € L>(0,00; (H*(T?))?) with s > 5, we have by Theorem 2.1.1, the following

bound —

NI

(A1)

S IVl 20,700 (r3)) < 00

As for the wavenumber Ay(t), we are still seeking a more satisfactory bound. In 2%—dimension,

a better bound is expected; further studies along this line could be proven worthwhile.
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