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SUMMARY

This thesis is based on work done on two different problems. The first problem is
regarding restricted tangent bundles of the Grassmannian to rational curves. Let n > 4,
2 <r <n—2ande > 1. We show that the intersection of the locus of degree e morphisms
from P* to G(r,n) with the restricted universal sub-bundles having a given splitting type
and the locus of degree e morphisms with the restricted universal quotient-bundle having
a given splitting type is non-empty and generically transverse. As a consequence, we
get that the locus of degree e morphisms from P* to G(r,n) with the restricted tangent
bundle having a given splitting type need not always be irreducible.

The second problem is regarding the Betti numbers of the moduli space of sheaves
on the projective plane. Let r > 2 be an integer, and let a be an integer coprime to r.
We show that if ¢; > n+ |[=*a® + 2 (r* +1)], then the 2nth Betti number of the moduli

space Mp= ¢, (,)(r, Op=(a), c;) stabilizes.

vii



CHAPTER 1

INTRODUCTION

In this thesis, we study the following two items:

e the locus of restricted tangent bundle of the Grassmannian to rational curves with
a given splitting type, and
e the Betti numbers of the moduli space of stable sheaves on P? with a fixed Chern

character.

We show that

Theorem (Corollary 3.3.7). When 2 < r < (n — 2), the locus of morphisms f from P*
to G(r,n) of degree e > 1 with the restricted tangent bundle having a specified splitting
may not always be irreducible.

Moreover, we also show that

Theorem (Theorem 4.4.1). Assume that the rank r > 2 and the first Chern class a are
coprime. If c; > N + |"=*a® + 2(r> + 1)|, then the 2N'th Betti numbers of the moduli
space of stable sheaves on P of rank r, first Chern class a, and second Chern class c,

stabilizes.

1.1 Rational curves and the Grassmannian

Rational curves play a central role in the study of algebraic geometry of projective

varieties. Let X be a non-singular projective variety over an algebraically closed field K
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of characteristic zero, and let C' C X be a rational curve. We can study vector bundles
on X by studying their restrictions to rational curves. This approach is often useful due
to Grothendieck’s theorem which tells us that given any vector bundle £ on P* of rank
r > 1, there exists a unique collection of integers a, < --- < a, such that £ is isomorphic
to the direct sum of the line bundles Op:(a;), for 1 < i < r. We call this collection of
integers a,, - - - , a,, the splitting type of £.

The two bundles which are especially important to study are T'x|c and N¢/x because
they help us in understanding the deformations of C' in X and in understanding the
geometry of the tangent space of smooth rational curves on X. These vector bundles
have been studied by Eisenbud and Van de Ven (1), (2), and by Ghione and Sacchiero (3),
(1), (5) who characterized the possible splitting types of the normal bundle of rational
curves in P3 and showed that the locus of rational curves in P3 with whose normal
bundles have a specified splitting type is irreducible of the expected dimension. Ran (6)
determined the splitting type of a generic genus-o curve with one or two components
in P as well as the way the bundle deforms locally with a general deformation of the
curve. More recently, Coskun and Riedl (7), (8) showed that the locus of nondegenerate
rational normal curves in P" of fixed degree having a specified splitting type of the
normal bundle can be reducible when n > 5.

In a similar vein, Verdier (9) and Ramella (10) showed that the locus of nondegenerate
rational curves in P" with a given splitting type of the restricted tangent bundle is
irreducible of expected codimension. Strgmme (11) examined a nice compactification of

this locus as a certain Quot scheme and computed the Chow ring of this compactification.



In this paper, we study the locus of degree e morphism from P* to the Grassmannian
variety with a specified splitting type of the restricted tangent bundle.

Let G(r,n) denote the Grassmannian variety of r-dimensional subspaces of the n-
dimensional vector space K®". The Grassmannian variety has two special vector bundles,
the universal sub-bundle S of rank r and the universal quotient bundle Q of rank n —r.
Given a 7-dimensional subspace A of K", let py € G(r,n) be the point corresponding

to this subspace. Then, we have

Slp, =4 and Ql,, =K""/A

Moreover, these vector bundles fit together in an exact sequence

0%8—>Ogan)—>Q%o

Additionally, the tangent bundle to the Grassmannian variety G(r,n), denoted T(, 1),
is isomorphic to §* ® Q. We denote by Mor.(P*, G(r,n)) the scheme parameterizing
degree e morphisms from P* to G(r,n). We know (see Lemma 2.1.2) that this scheme
is a non-singular quasi-projective variety of dimension r(n — r) + ne. We denote by
M (bs) the locus of morphisms f in Mor.(Pg,G(r,n)) with f*(Q) having splitting type
0<b, <+ < by, and by M'(as) be the locus of morphism f with f*(S*) having
splitting type a, > --- > a, > 0. We first show that

Proposition [Proposition 2.1.6]. The loci M (bes) and M'(as) are smooth of the expected

codimension.



This follows as a consequence of a Corollary due to Le Potier (12)[Corollary 15.4.3].
We then show that
Theorem [Theorem 3.2.9]. Let n > 4 and 2 < r < n—2. The intersection of the loci
M(be) and M'(ae) is nonempty and generically transverse.

Note that the locus of degree e morphisms f from P* to G(r,n) with f*(Tg(, )
having a specified splitting type is stratified by the intersection loci M (be) N M'(ae)
coming from possible splitting types {ae} and {be} of f*(S*) and f*(Q) respectively. We

know that M (be) is the union of M (b,) where 0 < b/ < ---<b/_ . bl +---4+b,_ . =e

n—rs

and b} + - +by,_, > bj+ -+ +byy forall 1 < j <n—r. Similarly, M'(as) is the union
of M'(a,) where a] > --->a] >0,a;+---+a, =eanda, +---+a] >a, +--+aq
for all 1 < i < r. Thus, there exists intersection loci M (be) N M'(al) which are closed
in the locus of all morphisms with restricted tangent bundle having a specified splitting
type. Consequently,

Corollary [Proposition 3.3.4, Corollary 3.3.7]. The locus of morphisms f with f*(T¢(yn))
having a given splitting type can be reducible in general, and it has at least one irreducible
component coming from a closed intersection loci M (be) N M'(as).

For example, (as a consequence of Corollary 3.3.7 and Lemma 3.3.8) the locus of
morphisms in Mor.(P*, G(2,4)) with restricted tangent bundle having splitting type ¢,,
Ca, Cg, ¢y With ¢; < ¢, < ¢y < ¢y and ¢, + ¢, + ¢3 + ¢4 = 4e has at least two irreducible
components.

This is in sharp contrast with the results of Verdier (9) and Ramella (10) who have

shown that the locus of morphisms f in Mor.(P*, P") with the restricted twisted tangent



bundle f*(Tpn(—1)) having splitting type a,, -+ ,a, with a; > --- > a, > o and a, +
-+ 4 a, = e is a nonempty, smooth, irreducible subvariety.

1.2 Betti numbers of the moduli space of stable sheaves on P?

Let X be a smooth projective surface over an algebraically closed field K of charac-
teristic zero, and let H be an ample divisor on X. Given a torsion-free, coherent sheaf

F on X, we define its H-slope pug(F) and discriminant A(F) as follows:

pnlF) = ST and AR =

ch, (F)? — 2chy(F)chs(F)
2cho(F)?

—

We denote the Chern character of the torsion-free coherent sheaf F by v = (r, ¢, A(F)),
where 7 is the rank and c is the first Chern class. We say that F is H-slope (semi)stable if
for all subsheaves £ of smaller rank, we have pg(€) < pp(F). We denote by Mx g(7v),
the moduli-space parameterizing H-slope semistable sheaves with Chern character ~.
These spaces were constructed by Gieseker (13) and Maruyama (14), and play a central
role in many areas of mathematics including algebraic geometry, topology, representation
theory, etc. For example, they are used to study linear systems on curves and in the
Donaldson theory of 4-manifolds.

Given a Chern character «, assume that all H-slope semistable sheaves with Chern
character v are H-slope stable, and that such stable sheaves do exist. Then the moduli-
space Mx m(7) is a smooth projective variety of dimension 1 — x(v,7), where x denotes
the Euler characteristic. A crucial step to understand the geometry of such moduli

spaces is by scrutinizing the cohomology groups associated with them. Consequently,



determining the Betti numbers of these spaces are of utmost importance. The general
philosophy of Donaldson, Gieseker and Li is that the geometry of the moduli space
Mx m () behaves better as A tends to infinity. O’Grady (15) showed that Mx g(7) is
irreducible and generically smooth if A is sufficiently large. Li (16) showed the stabi-
lization of the first and the second Betti numbers of My g () when the rank is two. In
this paper, we look at the special case when X = P? and H = ¢, (Op=(1)). We show that
Theorem (Theorem 4.4.1). Assume that the rank r > 2 and the first Chern class aH
are coprime. If c, > N+ L%cﬁ +5(r* + 1)|, then the 2N th Betti numbers of the moduli
space Mp= g (r,aH, c,) stabilizes.

The following theorem due to Coskun and Woolf (17) tells us how to compute these
stable Betti numbers by describing their generating function.

Theorem ((17), Corollary 7.7). Let X be a rational surface, and H be a polarization on
X such that Kx - H < 0. Assume that all semistable sheaves of rank r and first Chern
class c are stable. Then the Poincaré polynomial of Mx p(r,c, A) stabilizes as A — oo,

and the generating function for the stable Betti numbers is given by

Consequently, we can determine the Betti numbers for a large collection of such moduli
spaces Mx g(y). We list of the first few stable Betti numbers when X = P? and

H = Op=(1) in Table 1.
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bstabi |1 2 6 13 29 57 113
TABLE I: Table showing the first few stable Betti numbers for P2

Given a collection of smooth projective varieties Xy for d > o, with Poincaré polyno-
mials Py(t) = Y 74, ai,dtd respectively, we say that {P;} stabilizes (see Definition 2.2.1)
if for all 4 > o, there exists an integer d,(i) depending on i such that for all integers
d > dq(i), we have a; 4 = a; 4+,. We know (see Corollary 2.2.4) that the Poincaré polyno-
mials {P;} stabilizes iff for each i > o, the coefficient of ¢* in the series (1—q) > Py(t)q®
is a polynomial in ¢. Additionally, the generating function of the stable coefficients is
given by taking the limit of this series as ¢ — 1. Hence, to understand the stability of
the Betti numbers or equivalently, the Poincare polynomials, it is enough to study the
series (1—q) Y 2, Pi(t)q%.

The stability of the Betti numbers and the Poincaré polynomials have been studied
extensively by several mathematicians. For instance, Macdonald,’62 (18) showed stabi-
lization of the Poincaré polynomials for the family of symmetric products of a smooth
projective surface X, and determined their sum

(1) (1 4 ge3)hsX)
(1 — ) (1 — qt2)P=(X) (1 — qt4)




Similarly, Goéttsche,’90 (19) studied stabilization of the Poincaré polynomials for the
family {X™} comprising Hilbert scheme of n points on a smooth projective surface X,

and showed that

=) Pxw(t)d" =] 1)
n=o m=1

When the rank is one, the moduli space Mx g(1,c, A) is isomorphic to Pic®(X) x x4l

The Kinneth formula yields

i o
=Y Puyyeae =+ T (™ 2¢™, 1)
A=o m=1

Therefore, the Betti numbers of Mx r(1,c, A) stabilizes as A tends to infinity. In the
special case when X = P2 and H = Op=(1), the stabilization of the Betti numbers of
Mp: 0,.(1)(1,¢, A) was shown by Ellingsrud and Strgmme, ’87 (20). Furthermore, they
computed explicit formulas to describe the Betti numbers. We list the first few Betti
numbers in Table II.

Stabilization of the Betti numbers of Mp= ¢,.(,)(2,—1,¢c;) was worked out by Yosh-
ioka, 94 (21). We list the first few Betti numbers in Table III .

Similarly, stabilization of the Betti numbers of Mp= ¢,.(,)(3,—1,¢c.) was shown by
Manschot, ’11 (22), and furthermore, analyzed the rank 4 case building on the work of
Mozgovoy (23). We list the first few Betti numbers in Table IV.

Upon scrutinizing entries of Table III and Table IV, we deduce that in the rank 2

case, if c; > N + 1 then b,y stabilizes, and in the rank 3 case, if ¢, > N + 2 then



Cs ‘bo b, by bs bg by bix by big big  bao
1 ‘ 11

2 ‘ 1 2 3

3 ‘ 1 2 5 6

4 ‘ 1 2 6 10 13

5 ‘ 1 2 6 12 21 24

6 ‘ 1 2 6 13 26 39 47

7|1 2 6 13 28 49 74 83

8 ‘ 1 2 6 13 29 54 94 131 150

9 ‘ 1 2 6 13 29 56 105 167 232 257

10‘ 1 2 6 13 29 57 110 189 298 395 440

TABLE II: Ellingsrud and Strgmme’s table for rank 1

e | by by by b bs big b by b bis b b bay b bag

1

\
\
2|1 2 3
3 ‘ 12 6 9 12
41 2 6 13 24 35 4
5] 1 2 6 13 29 ;1 85 13 129
6|1 2 6 13 29 57 106 175 262 337 370
7 ‘ 1 2 6 13 29 57 113 200 342 527 746 922 1002
8 ‘ 1 2 6 13 290 57 113 208 372 625 995 1464 1978 2390 2556

TABLE III: Yoshioka’s table for rank 2 and ¢; = —1

Calbo b by b bs b bz by big big b b by ba

101

1 2 6 12 24 38 54 59

1 2 6 13 28 52 94 149 =217 273 298

\
|
‘125810
|
|
|

oo [ |w

1 2 6 13 29 56 108 189 322 505 744 992 1200 1275

TABLE IV: Manschot’s table for rank 3 and ¢, = —1

b, stabilizes. We expect these kind of inequalities to hold in general. If we apply our
Theorem (see Theorem 4.4.1), we get that in the rank 2 case, if ¢, > N + 2 then b,y

stabilizes, and in the rank 3 case, if ¢, > N + 5 then b, stabilizes. We loose a little bit
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because our inqualities work for any rank and any first Chern class. However, we can
get the actual inequality if we fix the rank to be 2 and the first Chern class ¢, = —1 (see
Proposition 4.4.2).

Stabilization of the Betti numbers of the moduli space have been studied for other
surfaces as well. For example, Yoshioka (24), (25) and Gottsche (26) computed the Betti
and Hodge numbers of Mx g (y) when X is a ruled surface and the rank is two. Yoshioka
(24), (27) observed the stabilization of the Betti numbers for rank two bundles on ruled
surfaces. Gottsche (28) extended his results to rank two bundles on rational surfaces
with polarizations which are K x-negative. The stabilization of the Betti numbers is
known for smooth moduli space of sheaves on K3 surfaces. By works of Mukai (29),
Huybrechts (30), and Yoshioka (31), smooth moduli spaces of sheaves on a K3 surface
X are deformations of the Hilbert scheme of points on X of the same dimension. In
particular, they are diffeomorphic to the Hilbert scheme of points, and hence, their Betti
numbers stabilizes. Yoshioka (32) obtained similar results for moduli spaces of sheaves
on abelian surfaces. A smooth moduli space of sheaves My () on an abelian surface X
is deformation equivalent to the product of the dual abelian surface of X and a Hilbert

scheme of points on X. Consequently, the Betti numbers stabilizes.



CHAPTER 2

PRELIMINARIES

In this chapter, we will set-up notations and go over preliminary results. We split
this chapter into two sections. Section 2.1 deals with rational curves and Grassmannain
varieties while Section 2.2 deals with Betti numbers of the moduli space of sheaves on

the projective plane.

2.1 Rational curves and the Grassmannian

Let K be an algebraically closed field of characteristic zero. Let £ be a vector bundle
on P* of rank r and degree e. Grothendieck’s theorem tells us that there are uniquely
determined integers a,,--- ,a, with a, < --- < a, and a, + -+ + a, = e such that £ is
isomorphic to &]_, Op: (a;). We call this collection of integers the splitting type of £. We
say that £ is balanced if aj —a; < 1 for all 1 <id,j <.

Let n > 2 and 1 < r < n—1. We denote by G(r,n) the Grassmannian variety
of r-dimensional subspaces of the n-dimensional vector space K®*. We can think of
G(r,n) as a subvariety of P(A\" K®") = P(7)=* via the Pliicker embedding, which given
r linearly independent vectors vy, -- ,v,, it sends the subspace spanned by the v;’s to
the point [v, A --- Awv.]. We see that the Grassmannian variety G(r,n) is a smooth
projective variety of dimension r(n — r). For example, when r = 2 and n = 4, let

Ty 2, L1z, L1y, Lag, Loy, Ty, denote the co-ordinates of P(A*K%4), then G(2,4) has

11
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dimension 4 and the image of G(2,4) under the Pliicker embedding is given by the zero
locus of the homogeneous polynomial =, &5, — T1,3%T2,4 + T4 4 %2 5.

The Grassmannian variety has two special vector bundles, the universal sub-bundle
S of rank r and the universal quotient bundle Q of rank n — r. Given a r-dimensional
subspace A of K" let py € G(r,n) be the point corresponding to this subspace. Then,
we have

Slp, =4 and Ql,, =K"/A

Moreover, these vector bundles fit together in an exact sequence

o—)S—m’)g; — 3 90—5o0

7n)

Moreover, the tangent bundle to the Grassmannian variety G(r,n), denoted Ty ), is
isomorphic to S$* ® O.

Given integers e > 1 and n > 1, we can look at the locus of degree e morphisms from
P* to P". A degree e morphisms f from P* to P” is uniquely determined upto scalars by
a collection of n + 1 homogeneous polynomials on P* of degree e, namely the functions
xz; o f for o < i < n, where z;’s are the co-ordinate functions of P"®. Thus, this locus
of degree e morphisms can be identified with a open subvariety of the projective space
P(H°(Op: (e))®™1). Hence, this locus is smooth of dimension n + (n + 1)e.

Similarly, in a more general setting, given e > 1 and 2 < r < n — 2, we can look
at the locus of degree e morphisms from P* to G(r,n). We denote by M the scheme

More(P*, G(r,n)) parameterizing such morphisms. Similar to our previous case, it is
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natural to expect that M is a smooth quasi-projective variety of dimension r(n—r)+ne.
Our next goal is to show that this is indeed the case.

We glean the following Lemma 2.1.1 from the universal property of Grassmannian

Lemma 2.1.1. A degree e morphism P* —— G(r,n) corresponds uniquely to a vector

bundle E of rank r and degree e together with a surjection (9%1” — F.

Proof. Given a morphism ¢ : P* —— G(r,n), we take £ = ¢*(S*), where S is the
universal sub-bundle, and we clearly have a surjection v,, : OH?I” — p*(S*).
Conversely, given a surjection v : (9]?,?1" —— FE where F is a vector bundle of rank
r and degree e, let s,, -, s, form a basis for image of HO((’)I%I”) in H°(F), we have a
morphism ¢, : P* —— P(7) with co-ordinates given by s;, A---As; for1<i, <.+ <
ir < n, and we see that the image lies in G(r,n) because the co-ordinates satisfy Pliicker

relations, and the resulting map has degree e because E has degree e. O

Subsequently, using Lemma 2.1.1, we can think of a morphism from P* to G(r,n) as

r,e

which parameterizes quotient sheaves of
OS%”/IP“/K’ p q

an element of the quot scheme Quot
(’)1?1” of rank r and degree e. Strgmme (11, Theorem 2.1) showed that this quot scheme

is an irreducible, rational, nonsingular, projective variety of dimension r(n —r) + ne .

r.e

In particular, we can think of M as a subscheme of Quot 5. .
Op* /P /K

Lemma 2.1.2. M is an open subscheme of the quot scheme Quotge@n/?l/K. Therefore,
]Pll

M is a smooth quasi-projective variety of dimension r(n —r) -+ ne.
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Proof. Note that any coherent sheaf E on P* has a unique decomposition £ = E' ¢ T,
where E' is locally free and T is torsion. Given any 1 < i < e, let X; be the image of

the map

r.e

Quot’’s.) P! X - (; imes ) -+ X P —— QUOtOI;?l”/IPI/K

n X
og" /P /K

which sends (E',z,, -+ ,z;) to E' & T where T is the structure sheaf of the closed
subscheme of P* defined by {x,,--- ,x;}. We see that X; is closed and irreducible because

it is the image of a proper irreducible variety. We have

dim(X;) <r(n—r)+nle—i)+i<rin—r)+ne

Since every coherent sheaf F of rank r and degree e which is not locally free lies in some

X;, we conclude that M is the complement of the union of the X;’s for 1 <1i <e. O

Let S be a smooth variety and X be a smooth projective variety. Let £ be a coherent
S-flat sheaf on S x X. For every s € S, let my; C Og ¢ be the ideal sheaf of the point s,

and let & be the induced sheaf on X. We have an exact sequence

0 — (Ts8)" =my/m; —— Og/m2 O 0

Tensoring with &£, we get an exact sequence

0— TS RE — E/mE —— E —— o0
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This exact sequence gives rise to an element w € Ext*(Es, TsS* ® £;), a posteriori, a
linear map

w:TsS —— Ext*(&, Es)

We call this linear map w, the Kodaira - Spencer infinitesimal deformation map at the

point s € S.

Definition 2.1.3. We say that the sheaf £ defines a complete family parameterized by
S if the Kodaira - Spencer infinitesimal deformation map is surjective at every point

sesS

In our case, we have a canonical map

d: M xP"—— G(r,n)

which sends a pair (f,z) to f(x). Let S denote the universal bundle over G(r,n). We
can look at the pullback vector bundle ®*(S*) which is clearly M-flat and coherent. We

have

Lemma 2.1.4. The family of vector bundles parametrized by M via &*(S*) —— M xP*

s a complete family.

Proof. Let E = Op: (a,) ®--- @ Ops(a,;) and K = Ops(—b,) ® - - - ® Ops (—b,,—), where

deg(FE) = —deg(K) = e, and consider the exact sequence

0o— K—— 0 — E——o0
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We first observe that if f is the morphism corresponding to OE‘,?I" —— E, then &*(S§*)|; =

E. We look at the following commutative diagram

Ty (M) —————— Ext*(&*(S")|f, 2*(S7)|f)

Hom(K,FE) Ext*(E,E)

where the vertical maps are isomorphisms, the top horizontal map is the Kodaira-Spencer
map, and the bottom horizontal map is obtained by applying Hom/(e, E) to the exact
sequence

0o— K—— 0 —— E——o0

Since the next term in the long exact sequence is Ea:tl(O%l”, E) = H'(E)®" = o, the
bottom horizontal map is surjective. Hence, the Kodaira-Spencer map is surjective, and

so the family is complete. O

Let X be a smooth projective curve, and let £ be a coherent torsion free sheaf on X

of degree d and rank r. We define the slope of £ to be

u(€) :g
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We say that £ is stable (respectively semistable) if for all nonzero proper subsheaves F
of smaller rank, we have u(F) < p(€) (respectively p(F) < u(€)). Given any coherent

torsion-free sheaf £ on X, there exists a unique filtration

0= CE CéE,C---CE=E

such that &;/&;_, is semistable for all 1 < ¢ < [ and moreover, we have u(&;/&—_,) >
w(&iv1 /&) for all 1 < i <[—1. This filtration is called the Harder-Narasimhan filtration
of £.

We will now use the following corollary due to Le Potier to conclude that the locus

of quotient vector bundles in M of given splitting type has expected codimension.

Proposition 2.1.5 ((12), Cor 15.4.3). Let X be a smooth projective curve of genus g.
Let Eg be a complete family of vector bundles of rank r and degree d parametrized by a

smooth variety S. For integers l,r; > o and d;, set

&

Hi = —

Ty

The points s € S such that the Harder-Narasimhan filtration (if it exists) has length 1
and such that the Harder-Narasimhan grading gr;(Es) of Es has rank r; and degree d;,

fori=1,--- 1, form a locally closed smooth subvariety of codimension

D ririlpwi—pi+g—1)
1<j
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Observe that when g = o, we have E; = @]_, Op:(a;) for some integers a,,--- ,ar,
and so,
Z riry(p — pj — 1) = ext’ (B, E,) = Z max{a; —aj — 1,0} (2.1)
1<j i,
Now we fix two collection of non-negative integers a; > --- > a, > 0 and 0 < b, <

-++ < by such that a, +---+a, = b, +---+ by, = e > 0. Let M(bs) be the locus
of morphisms in M with the restricted universal quotient bundle being isomorphic to
Opi(b,) ® - @ Op:(by_r), and let M'(ae) be the locus of morphisms in M with the
restricted universal sub-bundle being isomorphic to Opi(—a,) ® -+ ® Op:(—a,). Our
goal is to show that the intersection locus M (be) N M'(a,) is nonempty and generically

transverse, a posteriori, has an irreducible component of expected codimension

Z max{a; —a; — 1,0} + Z max {b; — b; — 1,0}

1<ij<r 1<i,j<n—r
We see that

Proposition 2.1.6. The locus M (bs) is smooth of codimension

Z max {b; —b; — 1,0}
ihj

Similarly, M'(ae) is smooth of codimension

Z max{a; —a; — 1,0}
'7j
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Proof. The first part of the Lemma follows from Lemma 2.1.4, Proposition 2.1.5, and
equation Equation 2.1.
To conclude the second part, we note that the canonical map

n—

T T
Quot — Quo 0% /P /K

o /pr /K

which sends [(9]?,?1" —— F] to [Oﬁ?ln —— K*], where K is the kernel of the map
Oﬁ?ln —— FE, induces an isomorphism between Mor.(P*,G(r,n)) and Mor.(P*,G(n —

r,n)). Hence, the second part of the Lemma follows from the first part. ]

Therefore, we need to show that the intersection of M (be) and M’(ae) is nonempty,
and we need to find a point in M (be) N M'(ae) where the intersection is transverse. We

show these in section 3.1 and 3.2.

Definition 2.1.7. Given a collection of non-negative integers a4, --- ,a;, we define its

polygonal line to be

m(aly"' ,al):(ai,ai—kaé,--- 7a;++al,)

where aj,--- ,a] is a rearrangement of the a;’s such that a; > --- > a/. Additionally,
given another such collection b,,--- ,b with rearrangement b, > --- > b/, we define
inequality

P(be) > Plae) if Zb]’ > Za]'-, forall1 <i<|
Jj=1 Jj=1



20

Note that if £ is a vector bundle of rank r on P* with splitting type a, > --- > a, > o,
then B(a,, - ,a,) is the tuple consisting of the degrees of the subbundles appearing in
the Harder-Narasimhan filtration of £.

It follows as a consequence of Proposition 1.2 due to Ramella (10)

Proposition 2.1.8. Given two collection of non-negative integers o < by < - < by,

and o < b, <o < b withb, + -+ by =b, +---+b),_,. =e. We have

M(by) D> M(bs) iff B(bg) < P(b)

Similar result holds for M'(as).

Since M is stratified by M (b, ) for all possibleo < b, < --- < b,_, with b,+- - -+b,,_ =
e, and by M’(ae) for all possible a, > -+ > a, > o with a, + --- + a, = e, Proposition

2.1.8 yields the following Corollary.

Corollary 2.1.9. The closure of the locus M (be) in Mor.(P*,G(r,n)) is

M(be) = U M)
0<b; <-<b),
b1+"'+bn7r:€
PB(be)>P(be)

Similarly, we have

Mad= | Ma)

a!>->al>0
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2.2 Betti numbers of the moduli space of sheaves on P2

Let X be a smooth projective surface over an algebraically closed field K of charac-
teristic zero, and let H be an ample divisor on X. Throughout this thesis, we are going
to assume that all sheaves are coherent and torsion free. Given a sheaf F, we define the

H-slope of F as

- ch,(F)-H
pE(F) = W

Additionally, we define the Chern character of F as v = (r,c, A) where r is the rank, ¢

is the first Chern class, and A is the discriminant defined as

ch,(F)? — 2chy(F)cha(F)
2chq (F)2

A(F) = (2.2)

We define a sheaf F to be up-semistable if for every nonzero proper subsheaf £, we have
wp(E) < pg(F). Likewise, we define a sheaf F to be py-stable if the inequality is strict.

Given any sheaf F, there exists a unique filtration

o=F, CF CFC---CFH=F

such that the subquotients F;/F;_, are pg-semistable for all 1 < i <[, and moreover,
we have pp(F;/Fie1) > pp(Fip,/F;) for all 1 < i@ <1 —1. We call this filtration the

Harder-Narasimhan filtration of F (see (33)[Section 1.3]).
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Furthermore, given any pg-semistable sheaf F, there exists a filtration

o=F, CFH CFC---CFH=F

such that the subquotients F;/F;_, are stable and have H-slope pg(F) for all 1 <i <.
We call such a filtration, a Jordan-Holder filtration of F (see (33)[Section 1.5]). Up to
isomorphism, the direct sum of the subquotients F;/F;_, for 1 <i <[ does not depend
on the Jordan-Holder filtration. We say two pp-semistable sheaves are S-equivalent if
the direct sum of subquotients appearing in their corresponding Jordan Holder filtrations
are isomorphic.

Given a Chern character v = (r, ¢, A), we denote by Mx g () the moduli space of S-
equivalence classes of pp-semistable sheaves with Chern character . These spaces were
constructed by Gieseker (13) and Maruyama (14). When X is smooth projective surface
and H is ample divisor with Kx - H < o, the moduli space Mx g(7) is smooth at every
stable sheaf F because ext?*(F,F) = hom(F,F ® Kx) = o. Consequently, assuming
Mx g (7) is nonempty, if all ;1g-semistable sheaves with Chern character  are pg-stable,
then Mx g (7) is a smooth projective variety of dimension ext*(y,v) =1 — x(v,7). We
denote by Mx g (7v) the moduli stack of i y-semistable sheaves with Chern character .

Given a rank r and first Chern class ¢, assume that Mx g (r, ¢, A) is nonempty smooth

projective variety for all A > o, for example when r - H? and ¢ - H are coprime. Let
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v = (r,¢, A) be the Chern character. To understand the Betti numbers of Mx g (v), we

look at the Poincaré polynomial

2(1—x(v,7)) '
Py =Y bilMxu()t

=0

Intuitively, stabilization of the Betti numbers, or equivalently the Poincaré polynomials
mean that for each ¢ > o, the Betti number b;(Mx g (7)) becomes the same for sufficiently
large A.

In general, consider a collection of polynomials Py(t) = > 4 ai,dt" indexed by in-
tegers d > N, for some integer N. We look at the corresponding collection of shifted

polynomials Py(t) = 5 bjat’, where b; g = ajis,d-

o
J=—54d

Definition 2.2.1. We say that the collection of polynomials {P;(t)}4>n stabilize if for
each j there exists an integer d,(j) such that for all d > dy(j) we have b; 4 = bj 44, In
this case, we define the stable limit to be Ps(t) = >0 B!, where B; = j,d for any

J

d > do(j).

In our case, we fix r and ¢ and look at the collection of polynomials Py, , (rc )
for A > o. If this collection of polynomials stabilize, we say that the Betti numbers of
Mx p(r,c, A) stabilize.

Consider the generating function

Flg,) =Y Palt)g’ (23)
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We have

Proposition 2.2.2 ((17), Proposition 3.1). The polynomials Py(t) stabilize iff the coef-
ficient of t* in (1 — q)F(q,t) is a Laurent polynomial in q. Moreover, if the polynomials

stabilize, the stable limit is obtained by evaluating (1 — q)F(q,t) at ¢ = 1.

The proof of Proposition 2.2.2 due to Coskun and Woolf (17) essentially follows from

the following Lemma.

Lemma 2.2.3. For any j > o, the coefficient of t 7¢% in (1 — q)F(q,t) is zero for

d > do(§) iff bjg = bjars for all d > do(j) — 1.

Proof. Let us define b; 4 = o for j < —s4. It follows from equation Equation 2.3 that

Flgt)= >  bjat'q"
d>N,j<o

whence,

(1—q)F(g,t) = Z (bj.a— bja)t! q*
d>N, j<o

Additionally, let

and assume that the polynomials Py(t) satisfy Poincaré duality i.e. t%¢Py(t™*) = Py(t)

for d > o, then we have
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Corollary 2.2.4 ((17), Corollary 3.2). The polynomials Py(t) stabilize iff the coefficient
of t' in (1—q)F(q,t) is a Laurent polynomial in q, and in this case, we get the generating

function for the stable coefficients by evaluating (1 — q)F'(q,t) at ¢ = 1.

Let K,(varg) denote the Grothendieck ring of varieties over the field K, which we
think of as a quotient of the free abelian group of varieties of finite type over K by the

scissor relations

where X is a disjoint union of locally closed subvarieties Y and Z. Multiplication in
K, (vark) is defined as

[(X]- Y] =[X xY]

As a consequence of Hironaka’s resolution of singularities (34), the Grothendieck ring
K,(varg) is generated by the classes of smooth projective varieties. The Poincaré poly-

nomials for smooth varieties induces (35) the virtual Poincaré polynomial map

P(t) : Ko(varg) — Z[t]

Let L denote the class [A'] in K,(varkg). Consider the ring R = K,(varg)[L™*]. We

have a Z-graded filtration § on R, where for any given variety Y, we have

YL e §@ iff dim(Y)+a < —i
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We define the ring A~ to be the inverse limit
A7 = lim R/(§ @50 R) (2.4)
220

Since L and L! — 1 for ¢ > o are invertible in A~, we have a well-defined map from
RI{(L* —1)]i > o}] to A~. Our notion of dimension extends from K,(vark) to A~.
Similarly, the virtual Poincaré polynomial extends to R and A~ where it takes values in

ZIt,t7*] and Z((t~*)) respectively.

Definition 2.2.5. We say that a sequence of elements a; in A~ for i > o stabilize to a

iff the sequence a;L=%™(@) converges to a.

Given any smooth projective variety Y of dimension d, it follows from Poincaré
duality that
Pyy(t) = t**Pyy(t™*) = Pyjp-a(t™) (25)
Therefore, we have

Lemma 2.2.6. Given a collection of smooth projective varieties [X;] of dimension d;,

if they stabilize in A~ then their respective Poincaré polynomials also stabilize.
Moreover, we know

Proposition 2.2.7 ((17), Proposition 3.6). A sequence of elements a; € A~ for i > o
converges to a iff the generating function (1 — q) ZDO a;q* is convergent at ¢ = 1, and

in this case, evaluating the generating function (1 —q) ) ;< a;q" at ¢ =1 yields a.

In particular, we see that
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Remark 2.2.8. If for all N > o, there exists Ag(N) > o such that the coefficient of
L Ng2 in (1 —q) Zizo[Xi]L*diqi is zero, then for all N > o the coefficient of L™V
in (1—gq) Zizo[Xi]L*diqi is a Laurent polynomial of ¢ of degree at most Ay,(N). As a
result, it follows from Proposition 2.2.7 that the generating function (1—¢q) )_ i[Xi]]L_di q
is convergent at ¢ = 1, whence Lemma 2.2.6 yields the Poincaré polynomials of [X;]
also stabilize. Consequently, it follows from equation Equation 2.5, Lemma 2.2.3, and

definition 2.2.1 that the 2Nth Betti number of X 5 stabilize when A > Ay (N) — 1.

Given a smooth projective surface X, we have the following equality of generating

functions due to Gottsche

i[X[A}]]L_quA = ﬁ (i[x(n)m—m—l)n qmn>

A=1 m=1 \n=0

Vakil and Wood (36)[Conjecture 1.25] conjecture that the sequence [X (4]L724 converges
in A~. Using above equality, this conjecture implies that the sequence [X [ANL—24 also
converges. This conjecture is known in the case when X is a rational surface. Coskun
and Woolf (17) showed that when X is a rational surface and H is an ample line bundle,
and Ky -H < o, the sequence [Mx g (r,c, A)|L—*(24—x(0x)) converges to the same limit

in A~. They studied the generating function

o0

GX,H,T,C(Q) = Z [MXJL[(T, c, A)]L_rz(2ﬂ—x(ox))qrA
A=o0

Using Proposition 2.2.7, they showed convergence of the generating function (1—¢)Gx #rc(q)

at ¢ = 1 and evaluated it.
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In the special case when X = P2 and H = Qp=(1), we define generating function

Gr,c(Q) = Z [MPz,H(T, C,A)]Lr2(172A]qrA (26)

A>o0

To study convergence of this generating function, we look at the blow-up of P? at a point
and study convergence of a similar generating function on the blow-up.

Given any integer e > o, we denote by F. the Hirzebruch surface P(Op: ® Op: (e)).
The Picard group of F. is the abelian group generated by F which is the class of a section
of the canonical map 7 : F, —— P* and F which is the class of fibers of m, satisfying

the relations

E?=—e, FE-F=1, F?=0

The canonical class of F. is Kp, = —2FE — (e +2)F. Since —KF, is effective, Kp, - H < o
for every ample divisor H. The nef cone of F, is spanned by F' and F + eF. In the
special case when e = 1, we think of IF, as the blow-up of P? at a point p. We denote by

FE the exceptional divisor and by F' the fiber class.



29

We are going to look at the moduli stacks Mp= g (7, ¢, A) and My, gip(r, ¢, A) where
v = (r,¢, A) is Chern character on P2 and 5 = (r,¢, A) is Chern character on F,. We
define generating functions

Gr,c(Q) = Z[./\/lﬂ»r_,’H(r7 C7AH]L7'2(1—2A)QTA

A>o0

and (2.7)

Coskun and Woolf have shown that

Theorem 2.2.9 ((17), Theorem 5.4, Corollary 5.5). The generating function (1 —

o 1
=1 (1— *i)3

q)Gr.c(q) converges at ¢ =1 to [ ]| . Similarly, the generating function (1 —

q)Grz(q) converges at g =1 to [ L

=1 (1—L—%)4"

Our goal is to determine lower bounds for the stabilization of the Betti numbers for
the moduli space Mp= g (r,c, A) in the special case when r and c¢- H are coprime. The
way we do this is by relating the stabilization of the Betti numbers with the convergence
of the generating function (1 — ¢)Grc(¢q) at ¢ = 1. A key ingredient in this method is
to relate the classes of the moduli stack and the moduli space in A, which was shown
by Coskun and Woolf, where A is the quotient of A~ by relations [P] = [X][PGL,]

whenever P —— X is an étale PG L,-torsor.
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Proposition 2.2.10 ((17), Proposition 7.3). The moduli stack and moduli space of pug-
stable sheaves on X, denoted M% () and Mx y(v) respectively, are related in A as

follows:

(M5 (7)) = (L — )Mk g (7)] (2.8)

By our assumption, r and ¢ - H are coprime, a posteriori, all pp-semistable sheaves
are pp-stable. As a consequence, we can use Proposition 2.2.10 to relate the moduli

stack and the moduli space.



CHAPTER 3

RESTRICTED TANGENT BUNDLE OF GRASSMANNIAN TO

RATIONAL CURVES

In this chapter, we study the locus of restricted tangent bundle of the Grassmannian
to rational curves with a given splitting type. More precisely, we show that this locus
is stratified by intersection loci M (be) N M'(ae) which are nonempty and generically

transverse.

3.1 The intersection locus is nonempty

In this section we show that the intersection of the locus of degree e morphisms from
P* to G(r,n) with the restricted universal sub-bundle having given splitting type and
the locus of degree e morphisms with restricted universal quotient bundle having given
splitting type is non-empty. In particular, we want to show that given two sequences of
non-negative integers a, > --- > a, > oando < b, <--- < b, such that a; +---+a, =

b, +---+ b, = e > o, there exits an exact sequence of vector bundles

0 —— Ops(~b,) © -~ & Ops (—byy) —— OF* —— Ops(a3) - @ Ops (a,) — 0

By dualizing the sequence if necessary, we may assume without loss of generality that
(n—r) <r.
Before doing the general case, we would like to do the case r = n —r = 2. We have

a, > a,, by <b,and a, +a, =b, + b, =e.

31
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Proposition 3.1.1. There exists an exact sequence

0 —— O(=b,) ® O(=by) —— 0% 1 O(a,) ® Ola,) — o

Proof. Note that we must have a, > b,, otherwise

b, + b, > 2b, > 2a, > a, +a,

which is a contradiction. We define

_ytn o
x(ll ya1 0 xalflh ybl 0 ‘Tal b1 ya2
v = u =
o x% y* 0 0 —gb>
xbl _yb2

where z and y denote the co-ordinate functions of P*. The minor corresponding to the
first two columns of v is %1% and the minor corresponding to the second and third
column of v is y** 7%, Since these two monomials do not vanish simultaneously on P*,
we conclude that v is surjective.

Similarly, by looking at the minor corresponding to first and fourth row, and the
minor corresponding to third and fourth row, we conclude that v is injective.

Finally, one can check that v ou = o. O

Now we discuss the general case when (n —r) < r. We define
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Definition 3.1.2.

0, ifj<o 0, ifi <o
AQ) = a, +---+aj, ift1<j5<r B(i) = by + -+ b, ifi1<i<n-—r
a, +---+ap, ifj>r b,+---+by, ifi>n—r

To describe the matrices, we need to use the following lemma.

Lemma 3.1.3. Leta, > --->a, >0 ando < b, <--- < by be two sequence of non-
negative integers with (n —r) < r and A(r) = B(n—r). Then for allo <1 < (n—r),

we have A(2r —n+1) > B(l).

Proof. Let s(I) = A(2r —n +1) — B(l) for any 0 <[ < (n —r). Clearly, s(o) > o. Let
1 <l, < n—r be the least integer such that s(l, — 1) > o and s(l,) < o.
Since s(ly) = s(lo — 1) + @or—n+1, — bi,, we must have ay,—p4;, — b, < 0. This in turn

implies that

ar <o < Qor—n+tlo+1 < Aor—n+ly < blo < blo+1 < <bpy

which gives

S(n - T) = S(ZO) + (azr—n+lo+1 - blo+1) +-- 1+ (ar - bnfr) S S(ZO) <o

But we know s(n —r) = o, thus we have a contradiction. O
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The description of the matrices depend on how the A(j)’s and B(i)’s are ordered.

For example, let r =n —r = 5 and let’s assume the following order

B(1) < B(2) < A(1) < A(2) < B(3) < A(3) < B(4) < A(4) < B(5) = A(5)

For ease of notation, let us define s;; = A(j) — B(¢) for any given integers 4,j. Let x

and y denote the co-ordinate functions of P*. Then the first matrix v is given as follows

% y™ o o 0 0 gy o gSay e o 0
o x% y* 0 0 o} 0 0 0 o}
0 o a2 y* o 0 0 0 33y =3 0 (3.1)
0 0 o x% Yy o 0 0 0 xiay 934
o} 0 0 o x% y% 0 0 0 0
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The second matrix u is given as follows :

b1

—y ) 0 0 )
0 0 AGEL TRIRARE 0 0
0 0 x¥22y 523 0 0
0 0 0 3753»3 y733,4 0
0 0 0 0 rieay s
(3.2)
0 0 0 0 —xbs
b —ybe 0 0 0
0 xb2 —ybs 0 0
0 0 b3 —qyPa 0
0 0 0 —gba —ybs

It is easy to see that the v is surjective, u is injective, and v o u = o.

We now proceed to define the matrices v and u in general. We define two increasing
sequences of non-negative integers {4;};>, and {ji};>, recursively in the following manner:

We define i, = 0, and j, to be the largest non-negative integer such that j, < r and
A(jo) < B(1). For each [ > 1, we define 4; to be the largest non-negative integer such
that 4y < n—r and B(3) < A(j;—, + 1) and j; to be the largest non-negative integer
such that j; < r and A(j;) < B(i; + 1). It follows that for I > o, we have j; = r and
iy = n —r. We define o to be the least positive integer such that j,4+, = . It follows

from Lemma 3.1.3 that in general, there are two possible orderings:
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if a;, > b,, we see that i, = j, = 0 and we have:

if a, < b,, we have:

Al) < < A(Jo) < B(1) <+ < B(in) S Ao +1) < -+ < A5 <

B(Zl“‘l)gSB(Z2)§A(]1+1)§§A(]2)<<

Blia+1)<---<Bn—r—1) <A(ja+1) < <Alr—1) < Alr) = B(n—r)

We define the first matrix v,«, as follows: we have a r x (r + 1) block matrix and a
r X (n —r — 1) block matrix comprising the matrix v,x,. The r x (r + 1) block matrix

has diagonal and super-diagonal entries defined as follows:

(%R :xai, for i = L0007 Vi it :yaiv for i = 1,000,155

All the remaining entries of this block are zero. The r x (n —r — 1) block has non-zero

entries only in rows j,+1,5, +1, -, jo + 1, and all other rows have all zero entries. For
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0 <! < a—1, the row j; + 1 have non-zero entries in columns r 4 2 +¢; upto r + 1 + 41,

and zero entries for all other columns. The non-zero entries are:

A(ji+1)—Bl(ig+1), B(i+1)—A(j)

— _ A(Gi+1)—-B(e B(i —A(j,
vjl+177’+2+il = Y R 7Ujl+177"+1+’il+1 = (ji+1) (G144) (4144) (41)

Yy
The row j, + 1 has non-zero entries in columns r + 2 + i, upto n, and zero entries in all

other columns. The non-zero entries are:

Alja+1)—Blia+1), Blia+1)—A(ja)

Yy y "y Vjgt+1,n = l‘A(]aJﬂ)iB(niT?l)

B(n—r—1)—A(ja)

Vjo+1,r+24iq — T Y

We now proceed to define the second matrix u,y(n,—r). The matrix u comprises of
three blocks, a (j, + 1) x (n — r) block u1 consisting of the first j, + 1 rows of u, a
(r—jo—1) X (n—r) block u2 consisting of rows j,+2 upto r of u, and a (n—r) x (n—r)
block ug consisting of rows r 4+ 1 upto n of w.

The matrix u1 has non-zero entries in the first column and zero entries in all remain-

ing columns. The non-zero entries are:

2 A1), B(1)—A(1)

Uin = _yb17u2,1 = (—1)%z Yy y s Ujot1,1 = (_1)jOJrlfL‘A(jO)yB(l)iA(jO)

The matrix u2 has non-zero entries in columns 4, + 1,45+ 1, -+ ,iq + 1 and (n—r), and

zero entries in all other columns. For any 1 <[ < «, the column ¢; + 1 has non-zero
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entries in rows j;_, +2,--- ,j;+1 and zero entries in all other rows. The non-zero entries

are:

W), taiys = (—1)7m 727U $2) g A +2) =Bl Blik ) —Algi— +1)
Uiy +3,0+1 = (—1)t2 370 H2) p AU +2)=Bli) o Blat1)= Al +2)
Ujy a1 = (_1)Jl+1f(]lfl+2)$x4(]l)*B('Ll)yB(qu)fA(]l)

The (n —r)th column has non-zero entries in rows j, + 2 upto r, and has zero entries in

all other rows. The non-zero entries are:

(_1)ja+2_(ja+2)$A(ja+1)_B(n_7’_1) B(n—r)—A(ja+1)

Ujo+2,n—r = Yy E

)r—(ja +2) xA(T—l)—B(’n—T—l) B(n—r)—A(r—1)

o Upp—r = (—1

Y

The non-zero entries of matrix u3 are along the diagonal, the sub-diagonal, and in the

(n — r)th column. The diagonal entries are:

Uptig =

The sub-diagonal entries are:

Ur+1+4,4 = (_1)67;3352" for i = L sn—=r—1
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where (3; denotes the number of A(j)’s lying strictly in between B(i) and B(i —1). We

by .
also have Uupqq p—r = (—1)Bn—r="""" " All other entries are zero.

Proposition 3.1.4. The matriz v is surjective, u is injective, and v ou = 0. In partic-

ular, we have an eract sequence

u v
0 — &7 Op: (—b)) Opl" ®;—, Opr (a;) —— 0

Proof. 1t follows from the definition of v that every entry in the ith row of v is either
zero or a monomial of degree a; in z and y, where z and y are the co-ordinate functions
of P*. Hence, v defines a morphism from OH?I” to ®]_, Op: (a;).

Similarly, it follows from definition of u that every entry in the jth column of w is
either zero or a monomial of degree b; in x and ¥, a posteriori, defining a morphism from
@17 Ops (—bj) to OF",

To show v is surjective, we look at two r X r minors of v, the first one consisting of

the first r columns and the second one consisting of columns 2,--- , (r + 1)

(Up,g)1<pg<r and (Vpg)i<p<ra<q<r+

The determinant of first one is %9 and second one is y*** 7%  which do not vanish

simultaneously at any point of P*.
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Similarly, to show u is injective, we look at two (n — ) X (n — ) minors, the first
one consisting of rows (r + 1),--- ,n and the second one consisting of row 1 and rows
r+2,---.,n

(Up,g)r+1<p<n,i<q<n—r and (Upg)p=1,r+2<p<n1<g<n—r

Bat+Bn—rtn—r+1.b1++b

The determinant of first one is (—1) n— and for the second one

is (—1)" Tyt Fber which do not vanish simultaneously at any point of P*.
Before we begin proof of third part, we would like to explicitly write down the S/s

used in the description of the matrix u. Recall that 3; is the number of A(j)’s lying

strictly in between B(i) and B(¢ —1). Thus, when we are in first case where a, > b,, we

have
Ji— Ji—1, ifi=44+1,1<I<«
fi= r—jo—1, ifi=n—r
0, otherwise

and when we are in second case where a, < b,, we have

jOa 1fZ:1
Ji— Ji-1, ifi=i4+1,1<I<«
Bi =

r—Jja—1, ifi=n—r

0, otherwise




41

Let v, denote the pth row of v, and u, denote the gth column of u. Our goal is to show
that for any 1 < ¢ < (n —r), we have vy, - uqg = o for every 1 < p <r, and hence we can
conclude that v - u = o.

We first analyze the case when a, > b,. Now wu, has nonzero entry in the first and
(r+2)th row, and v, is the only row in v with nonzero entries in the respective columns.

We see

Uy Uy =2 - (—y?) 4 pA B BO) L phy o gang by qaagbe
Thus, for any 1 < p <7 we have v, - u, = o.
For2<g<n—r—1and q# i, +1, -+ ,in + 1, ug has nonzero entry in (r + ¢)th
and (r + 1 + ¢)th row. By construction, u, 4, = —y% and u,4q1,,4 = 2%. Let A(j;) <

B(q) < A(j; + 1) for some 0 <[ < « as per our chosen ordering, then the (r + ¢)th and

(r + 1 + ¢)th columns of v have nonzero entry only in row j; + 1, and the entries are

A(ji+1)=Blg—1),Blg—1)—A(j

Vji+1,r+q = T Yy

Vit * Ug = xA(jl+1)—B(Q—1)yB(Q—1)—A(jz) . (_ybq) + xA(jl-&-l)—B(q)yB(q)—A(jl) . gba

— _l,A(szrlJ*B(q*l)yB(q)*A(jl) + xA(jﬁl)*B(q*l)yB(q)*A(jz) =0

Hence, forany 1 <p<rand2<¢g<n—r—1,q¢#i,+1, -+ ,in+1, we have v, -u, = 0.
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Suppose ¢ = i; + 1 for some 1 <[ < o, by construction w;,4+, has nonzero entries in

Tows j;_, +2,--+ ,ji+1, 7+ 1+4 and r+ 1+ (i; + 1). By our chosen ordering, we have

B(i) < A(ji— +1) < < A(j) < B(ig+1) < Ay + 1)

Clearly the rows j;_, +1,---,j; + 1 of v are the only ones in which there is a nonzero

entry in the columns corresponding to the aforementioned rows of u. We have

A(ji—1+1)—B(4),, Blig+1)—A(ji—, +1)

w
Vi1 Ujypqg =Y 2 (]

+ xA(jlﬂ-i-l)—B(il)yB(il)—A(jzﬂ) . (_ybz)

= AU +1)=Bi), Bliu+1)=Alji—1) _ LAl +1)=B(i), Blit+1)=Alji—)

Yy Y =0

Vjrr - Uippy = T (_1)jl+1_(jl—1+2)$A(jl)_B(il)yB(il"‘l)_A(jl)
+ xA(]'erl)*B(inrl)yB(inrl]*A(jz) . (_U]’z*jzﬂxbz

_ (_1)jl*jlflfll,A(szrl)*B(iz)yB(ilJrl)*A(jl)

+ (_1)3'1—3'171H:A(J'l-i-l)—B(iz)yB(il-i-l)—A(jz) =0
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Forc=2,3,--- ,j1— ji_., we have

Vj_i+c  Ui4+1 = x%i-ate . (_1)Jlﬂ+C*(Jzﬂ+2)xA(szl+C*1)*B(lz)yB(lerl]*A(JzﬂJrC*l)

+ yajl,ﬁ—c . (_1)jzﬂ+C+1—(jzﬂ+2)$A(j171+0)—3(i1)yB(il-ﬂ-l)—A(jlﬂ-i-C)

B(i;+1)—A(j;—,+c—1)

)C—2xA(jlﬂ+C)—B(iz)y

—(—1

+ (_1)Cfle(jlﬂ+C)*B(Z’z)yB(ilﬂLl)*A(jlﬂJrC*l) —0

Hence, for any 1 <p <rand g =4, + 1 for 1 <! < o, we have v, - uq, = o.
By construction, u,_, has a non-zero entry in rows j, +2,--- ,7,7+ 1 and n. The
rows vy, of v such that there is a non-zero entry in any of the columns corresponding to

non-zero rows of u,_, are p = jo, + 1,--- ,r. We have

Vjotr * Un—r = yaja+1 . (_1)ja+2*(ja+2):L-A(]‘oﬁ’l)*B(n*’l‘*l)yB(nf’r‘)fA(jaJrl)

t gAUat2)=Bln—r—1)y Bln—r-1)-Alja) . (_ybn-r)

— J;A(ja+1)fB(nfrf1]yB(nfr)fA(ja) _ xA(jaJrl)fB(nfrfUyB(nfr]fA(ja) -0

Similarly,

Ur . uTL*T — xa'r' . (_l)T—(ja+2)xA(?"—l)—B(TL—T‘—l)yB(n—T)—A(’I‘—l) + yaT . (_l)ﬁnf'rxbnfr
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Recall that 8, . =7 — jo — 1 and A(r) = B(n —r). Thus, we have

Uy Upy = (_1)rfjanxA(r)fB(nfrfUyB(nfr]fA(rfl] + (_l)rfja71xbn,Tyar

_ (_1)r—ja—2xB(n—7’)—B(n—r—1)yA(r)—A(r—1) + (_1)r—ja—1xbn,ryar

_ (_l)r—ja—sznﬂyw + (—1)r_jo‘_1a:b”*TyaT -0

For any 2 < ¢ <r —j, — 1, we have

e . (—q)ate=liat2) Aliatem1)~Bln—r—1), Bln—r)=Aljo+c-1)

Vjo+c " Un—r = Yy
+ yaja+c . (_1)ja+c+1_(ja+2)xA(ja"FC)_B(n—T—l)yB(TL—T)—A(ja+C)

_ (_1)072$A(ja+c)73[n7r71) B(n—r)—A(ja+c—1)

Y

+ (_1)C*lmA(ja+C)*B(n*7'*1)yB[n*T)*A(ja+C*1) —0

Thus, we have v, - u,— = 0 for any 1 <p < 7.

We now analyze the case a, < b,. Observe that for i, +1 < ¢ < (n —r), the proof
of the fact that v, - uy = o for any 1 < p < r is exactly same as above. We only need to
work out the cases 1 < g <14,.

By construction, the column u, has non-zero entries in rows 1,2,--- ,jo+1 and r+2.
The only rows of v which has non-zero entry in corresponding columns are 1 < p < j,+1.

We have

2 A1)

Uy - Uy = - (_ybl) + yal . (—1) T yB(l)fA(l)

— _xalyb1 + :L‘alybl —0
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For 2 < ¢ < j,, we have

and lastly

(_1)jo+1xA(jo]yB(1)7A(jo) + xA(jo‘i’l)*B(l] B(l)fA(jo) . (—l)ﬁlxbl

o
Vjor * Uy = 2707 y

= (—1)lotrgAbot1)y BOI=AlUo) 4 (_q)dogAliot1)y B(1)=Al0) —
Thus, vy, -u, =0 forall 1 <p <.
For 2 < ¢ <i,, observe that u, has non-zero entry in row r +1+¢—1 and r +1+gq.
Clearly, jo + 1 is the only row in v with non-zero entry in the corresponding columns.

We have
Vjot - Ug = xA(jo"!‘l)_B(q_l)yB(q_l)_A(jo) . (_ybq) + xA(jo""l)_B(q)yB(q)_A(jo) . pba

_ g Alio+1)=Bla—1) Bla)-Aljo) 4 pAljo+1)-Bla-1)y Bla)-Alio) _ g

Thus, vy -ug =0 forall 1 <p <rand2<gq<i,.

In conclusion, we have v o u = o. O

Recall from section 2.1 that M (be) is the locus of morphisms in Mor.(P*, G(r,n))

with the restricted universal quotient bundle being isomorphic to Op: (b, )®- - -BOpa (by—r-),
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and M'(a,) is the locus of morphisms in Mor.(P*, G(r,n)) with the restricted universal

sub-bundle being isomorphic to Op: (—a,) @ - -+ ® Op:(—a,). We see that
Corollary 3.1.5. The intersection of the loci M (bs) and M'(ae) is nonempty.

Proof. 1t follows from Proposition 3.1.4 that we have an exact sequence
u v
0 —— @] Op: (—bj) —— Op" —— @, Ops(a;) — 0 (3.3)

The surjection v in equation Equation 3.3 corresponds uniquely to an element of Mor.(P*, G(r,n)),
say ,. Moreover, it follows from our identification of v and ¢, in Lemma 2.1.1 and from
equation Equation 3.3 that ¢}(S) is isomorphic to @]_, Op: (—a;) and ¢}(Q) is isomor-
phic to @?__f Op: (bj), where S is the universal sub-bundle and Q is the universal quotient

bundle of G(r,n). Hence, the intersection of M (be) and M’(ae) is non-empty. O

3.2 The intersection locus is generically transverse

In this section, we are going to show that there is a point in M (bes) N M’ (ae) where
the intersection is transverse. As a consequence, we see that M (b,) and M’ (ae) intersect
generically transversely.

More precisely, we want to show that there exists an exact sequence

0 — &) Ops(—bj) C 0% gl Opi(a) — 0 (3.4)
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where a; > -+ > a, > 0,0< b, < - <by, (n—7)<r,and a, + - +a, =
b, + -+ by, = e, such that M (b,) and M'(ae) intersect transversely at the morphism
¢y corresponding to the surjection v (see Lemma 2.1.1).

For ease of notation, let £ = O(a,)®---®O(a,) and K = O(—b,) D --- D O(—bp_).
Applying Hom(K, e) and Hom/(e, F) to equation Equation 3.4, we obtain two long exact

sequences

0 —— Hom(K,K) —— Hom(K,O%") —— Hom(K,E) —— Eat'(K,K) —— o
and

0 —— Hom(E,E) —— Hom(0O%", E) —— Hom(K,E) —— Ext*(E,E) —— o
(3.5)

We observe that
Remark 3.2.1. To show that M (b,) and M’(a,) intersect transversely at ¢,, it is enough
to show that the kernels of the maps Hom (K, E) —— Fxt* (K, K) and Hom(K, E) ——
Ext*(FE, F) intersect transversely.

Let W, be the kernel of the map Hom(K, E) —— Ext*(K, K) and W, be the kernel
of the map Hom(K,E) —— FExzt*(E, E). Using elementary linear algebra, we deduce

the following Lemma.

Lemma 3.2.2. The subspaces W, and W, of Hom(K, E) intersect transversely iff they

span Hom(K, E).
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Proof. Note that W, and W, intersect transversely if and only if

codim(W, C Hom(K, E)) = codim((W, N W,) C W,)

Furthermore, it is a known fact that for any two subspaces W, and W,, we have

codim((W, N W,) C W,) = codim(W, C (W, + W,))

Our assertion follows from these two equations. O

We infer from the exact sequences in equation Equation 3.5 that W, is the image of
the map
Hom(K,O0%") —— Hom/(K, E), and W, is the image of the map Hom(O%", E) ——
Hom (K, E).

Consider the map

VU : Hom(K,O0%") x Hom(0%", E) —— Hom(K, E)

given by ¥ (¢, 1) = pou+voyp. Clearly, W, and W, span Hom/(K, E) iff ¥ is surjective.

Consider the bilinear map of vector spaces

& : Hom(K,0%") x Hom(O%" E) —— Hom(K, E)
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given by @(p, 1) = 1) o . We see that & is a bilinear smooth map, so we can look at

D&, ,)- Identifying the tangent spaces with the original vector space, we get a map

D, ) : Hom(K,0%") x Hom(O%®", E) —— Hom(K, E)

given by D®, ,,)(¢,1) =1 ou + v o ¢. Therefore, we have D&, ) = ¥ which yields
Lemma 3.2.3. The subspaces W, and W, intersect transversely iff D@, ., is surjective.

We want to show that there exists a pair (u,v) with u injective, v surjective, vou =
o, and D®, ) is surjective. Before we proceed to show this, we make a couple of

observations.
Proposition 3.2.4. The map @ is surjective.

Proof. Let P = (P; )y« (n—r) be an element of Hom(K, E). We need to find elements
A € Hom(K,0%") and B € Hom(O%", E) such that P = Ao B. Clearly, P, ; is a
homogeneous element of degree a; +b; and hence, there exists homogeneous polynomials

R; ; of degree b; and @Q; ; of degree a; such that

Pyj=a" Rij+Qij-y"
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Consider the matrix A = (A4;;)rxn and B = (B j)yx (n—r) defined as follows :

x%, ifi=j R;;, if1<i<r
Aij = Qijr, fr+1<5<n B;j = ybi ifi=r4j
0, otherwise 0, otherwise

Let A; denote the ith row of A and B; denote the jth column of B. It follows from

construction that A; - B; = 2% R; j + injybj = P;;. Hence, ¥(A,B) =AoB =P. O
Proposition 3.2.5. When K or E is balanced, then D®, ) is surjective.

Proof. Let K = O(—b,)® --- ® O(—b,,_) is balanced. Then, we have

Ext'(K,K)=H' (P, K*® K)=H°(P",K*® K® O(—2))" by Serre’s duality

Clearly,

K'oK® O(—Z) = @LJOU)Z — bj — 2)

Since K is balanced, b; —b; —2 < o for all 1 <4,j <n —r. Hence, Ext'(K,K) =o0. It

follows from exact sequence stated earlier (see equation Equation 3.5) that the map

Hom(K,0%") —— Hom(K, E)
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is surjective, and hence the map

D, ) : Hom(K,0%") x Hom(O%®", E) —— Hom(K, E)

is also surjective.

We argue similarly when F is balanced. O

We now proceed to show that there exists a pair (u,v) with D&, . is surjective.

Before tackling the general case, we look at special case when r =n —r = 2.

Proposition 3.2.6. When n = 4 and r = 2, then there exits a pair (u,v) with u

injective, v surjective, vou = o, and D®, , is surjective.

Proof. Recall that in Proposition 3.1.1, we constructed a pair (u,v) with v surjective, u
injective, and v o u = 0. Let P be an element of Hom/(K, E). We can think of P as a
2 x 2 matrix P = (P; ;) whose (4, j)th entry P; ; is a homogeneous polynomial of degree
a; +b;.

We need to find a 4 x 2 matrix R = (R; ;) and a 2 X 4 matrix @ = (Q; ), where R, ;

has degree b; and @; ; has degree a;, which satisfies the equation

P=voR+Qou
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Comparing the entries of the matrices, we get the following equations

1 1 1—b1, b1 by b,
P1,1 =z R1,1 + ya R2,1 + ¢ ) R4,1 - Q1,1y + Q1,4x
1 1 l_bl bl l_bl b b
P1,2 = R1,2 + R2,2 + Yy R4,2 + Q1,2xa Y — Ql,gx ? = Q1,4y ?
by by
P2,1 = $a2R2,1 + ya2R3,1 - Qz,ly + Q2,4x

a a a,—b,, a b b
P2,2 = 2Rz,z +y 2R3,2 +Q2,2-73 oty _Q2,3$ B _Q2,4y ?

We solve these equations from bottom to top. First, set R; ., Qs 2, Q2 5 to be zero, and
solve R, ,, Q). , for the equation P, , = 2R, , — Q274yb2. Then, set R, = o0, and solve
for R, ., @5, in the equation Pz,l—QM:::b1 =1 R, —Qz,lybl. Then, set R, ., Q1,2, Q1,5
to be zero, and solve for R, ,, @, , in the equation P,, —y* R,, = 2 R, , — Q174yb2.
Finally, set R,, = o and solve R, ,,Q,, in the equation P,, — y" R,, — Q174xb1 =
TR, , — Q1,1yb1.

This shows that the map D@, ,) is surjective. O
We now proceed to the general case.

Proposition 3.2.7. Given anyn > 4 and 2 < r < n — 2 satisfying (n —r) < r, there

exists a pair (u,v) with u injective, v surjective, vou = o, and D®y, ) is surjective.

Proof. Recall that we constructed matrices v and u in the paragraphs preceding Propo-
sition 3.1.4, and proved that v is surjective, u is injective, and v o u = 0. We just need

to show that D&, ., is surjective for this pair (u,v).
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Let P be an element of Hom(K, E). We can think of P as (F; ;) whichis a r x (n—r)
matrix with P; ; being a homogeneous polynomial of degree a; 4+ b;. We need to show
that there exits elements R € Hom(K,O%") and Q € Hom(O%", FE) such that P =
vo R+ Q owu. We can think of R as (R; ;) which is a (n —r) X n matrix with R; ; being
homogeneous polynomial of degree b;, and @ = (Q; ;) a r X n matrix with Q;; being
homogeneous polynomial of degree a;.

Observe that by comparing both sides of equation P = v o R + ) o u, get that for
any i, j, we have

Pij=2%R;j— Qai,ﬁjybj + other terms

We try to solve these equations in the following order

PT,n—T»"' vPT,hPr—l,n—ra"' 7Pr—1,1v"' aP1,n—r"" 7P11

in the following manner :
Assume that all equations for P;; where i > i, or i =i, and j > j, are solved. As

mentioned earlier we have equation

P, j, = 2% Ry, j, — Qay, 5, yPio + other terms

where the "other terms” has a bunch of R, ’s and ),/ g/’s occurring in them, some

of which are already determined in some previous equation, and some are not. If they
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are not determined, then set them to be o. Then we solve for R;, j, and Qa,_ g, in the
equation
P;

— other terms = x%o R, j, — Qaio Bio ybjo

050

We claim that we can solve for all the equations P,.,_,,---, P, , in aforementioned

method. Suppose not, consider the first P; , for which a conflict occurs. Only possible

0:Jo
conflict at this step is that R;,j, or Qa, s, has been already determined at some
previous step. But this is not possible, because by construction of the matrices u and v,
we have that in each column of v in which % appears, all the entries below x% in that
column are o; similarly, in each row of u in which —y% appears, all the entries to the

right of —y% in that row are o; and hence, R;, j, and Qa,, p; does not appear in any of

the previous equations. ]
As a corollary, we get

Corollary 3.2.8. There exists an exact sequence

o—— @)

"7 Opi (—bj) —— O —— @1, Ops (a;) —— o

such that the loci M (bes) and M'(ae) intersect transversely at the morphism @, corre-

sponding to the surjection v.



55

In particular, the loci M(be) and M'(ae) intersect generically transversely and has

an irreducible component of codimension

Zmax{ai —aj—1,0}+ Zmax{bi —bj — 1,0}

i?j i?]

Moreover, if either of the splitting type {ae} or {be} is balanced, then the intersection

18 transverse.

Proof. The first assertion of the corollary follows from Remark 3.2.1, Lemma 3.2.2,
Lemma 3.2.3, and Proposition 3.2.7.

The second assertion follows from the first one and Proposition 2.1.6.

The third assertion follows from Remark 3.2.1, Lemma 3.2.2, Lemma 3.2.3, and

Proposition 3.2.5. O
In summary, it follows from Corollary 3.1.5 and 3.2.8 that

Theorem 3.2.9. The intersection of the loci M (bs) and M'(as) is nonempty and gener-
ically transverse. Furthermore, if either of the splitting types {ae} or{be} is balanced, then

the intersection is transverse.

3.3 Analyzing the locus with restricted tangent bundle having fixed split-

ting type

In this section, we are going to show that the locus of morphisms in Mor.(P*, G(r,n))
with the restricted tangent bundle having fixed splitting type need not always be irre-

ducible. This is in sharp contrast with the results of Verdier (9) and Ramella (10),
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who have shown that given a collection of integers a,,--- ,a, with a; > --- > a, and
Y i, a; = e, the locus of morphisms ¢ in Mor.(P*,P") with the restricted twisted tan-

gent bundle ¢*(Tpn(—1)) having splitting type (a,, - ,a,) is empty if a, < o, else it is

nonempty, smooth and connected of codimension

Z max{a; —a; — 1,0}
2

Recall that given a morphism ¢ : P* —— G(r,n), the restricted tangent bundle
©*(Te(r,n)) is isomorphic to ¢*(§*) ® ¢*(Q), where S and Q are the universal sub-bundle
and universal quotient bundle of G(r,n). Now let us fix a splitting type c,,- -+, ¢, (1)

for the restricted tangent bundle ©* (T, ,)). We define

Definition 3.3.1. A filling for the splitting type {c;},<;<,(n—r) to be a 7 x (n—r) matrix

A with entries a; ; = ¢; for some [ depending on ¢, j such that

e Forall1 <i<r—1and1<j<n—r—1,wehave a;; <a;y,j and a;; < a; ji1.
e Forall 1 <4 <7 —1 we have a;,— < @jy1n—r, and for all 1 < j <n —r —1 we have
Qp g < Qp j41-

e For all 1 < ¢ < 7 — 1 the difference a;1,; — a;; is independent of j, and for all

1 < j <n—r—1 the difference a; j+, — a;; is independent of 4.

Moreover, we define



o7

Definition 3.3.2. A collection of integers «,,---,q, is non-negative if «; are non-
negative integers for all 1 < ¢ < v. A collection of integers a,,--- ,q, is increasing if

C¥1§"'<C¥z/-

The exigency of these definitions is due to the following Lemma.

Lemma 3.3.3. A filling for the splitting type {ci}<i<y(m—r) uniquely determines the

non-negative increasing splitting type of ©*(S*) and ¢*(Q).

Proof. Let ¢*(S*) be isomorphic to @;_, Op: (a;), and let ¢*(Q) be isomorphic to @?:f Op: ().

We can determine the a;’s and b;’s uniquely by the following equations

1
e = 2 ais
17]
1 n—r
ai:n—r Zai’j_e forall1 <¢<r
Jj=1
1 T
bj:; Zai,j_e forall 1 <j<n—r
=1

Conversely, given a splitting type {ae} for ¢*(S*) and {be} for ¢*(Q) with 0 < a; <

-<arand o <b, <+ < by, we define a filling whose (4, j)th entry is a; + b;. O

Let {ae} and {a.} be two non-negative increasing splitting types for ©*(S*), and let
{be} and {b.} be two non-negative increasing splitting types for ©*(Q). If {ae} is different
from {a_} (i.e. the corresponding vector bundles are not isomorphic) or {be} is different
from {b.}, then the intersection of loci M (be) N M'(ae) and M (b.) N M'(al) must be

empty because a morphism ¢ : P* —— G(r,n) uniquely determines the splitting type

for ¢©*(S8*) and ¢*(Q). Hence, it follows from Lemma 3.3.3 that
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Proposition 3.3.4. The locus of morphisms ¢ in Mor.(P*, G(r,n)) with the restricted
tangent bundle having the splitting type {ci},<i<r(n—r) 15 stratified by the loci M (be) N
M'(ae) where {ae} and {be} are non-negative increasing splitting types for ©*(S*) and

©*(Q) arising from the distinct fillings for {ci/},<i<r(n—r)-

Recall that given a collection of non-negative increasing integers a,,- - , @, we de-
fined its polygonal line (see Definition 2.1.7) to be P(aw) = (aw,ap + @y, -+, +

Definition 3.3.5. We say a filling {a; j},<i<r, 1<j<n—r of a splitting type {ci},<i<y(n—r)
to be minimal if the following holds:

Let a,,--- ,a, be the non-negative increasing splitting type of o*(S*) and by, - -+ , by,
be the non-negative increasing splitting type of ¢*(Q) uniquely determined by the filling
(see Lemma 3.3.3). Then for every possible non-negative increasing collection of integers

!/ / / !/
ay,---,a,and bl,--- b _

, with a] +---+a) =b] +--- +b)_, = e satistying P(a,) >
P(ae) and P(b.) > P(be) with atleast one of the inequality being strict, the matrix

{aj +bl}h <i<r 1<j<n—r is not a filling for {c;}.
It follows as a consequence of Corollary 2.1.9 that

Lemma 3.3.6. Suppose {ae} and {be} be the non-negative increasing splitting types for
©*(8)* and ¢*(Q) respectively arising from a minimal filling of a given splitting {c;}, then
the loci M (be) N M'(as) is closed in the locus of all degree e morphisms with restricted

tangent bundle having splitting type {c;}.

Hence, we see that
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Corollary 3.3.7. The number of irreducible components of the locus of degree e mor-
phisms from P* to G(r,n) with the restricted tangent bundle having a given splitting type
s bounded below by the number of distinct minimal fillings of the given splitting type. In

particular, this locus need not always be irreducible.

Proof. The proof follows from Proposition 3.3.4 and Lemma 3.3.6, Corollary 3.1.5 and

3.2.8. 0

For example, let r = 2, n = 4 and e = 6. The locus Morg(P*,G(2, 4)) of degree 6
morphisms from P* to G(2, 4) has dimension 28. Consider the splitting type 3,5, 7,9 for

the restricted tangent bundle. We have two possible fillings

and
79 5 9
Corresponding to the first filling we have non-negative increasing splitting types (a,, a,) =
(1,5) and (b,,b,) = (2,4), and to the second filling we have (a,,a.) = (2,4) and
(by,b5) = (1,5). Since both the fillings are minimal (see Lemma 3.3.8), the locus of
morphisms in Morg(P*, G(2,4)) is the disjoint union of the loci M(2,4) N M'(1,5)
and M(1,5) N M'(2,4). Now the loci M(1,5) and M’(1,5) have codimension 3 in
Morg(P*, G(2,4)) which follows from Proposition 2.1.6. Similarly, the loci M (2, 4)
and M'(2,4) have codimension 1 in Morg(P*, G(2,4)). It follows from Corollary 3.1.5
that the locus M(2,4) N M'(1,5) is nonempty. Similarly, M(1,5) N M’(1,5) is also

nonempty, and since M (2, 4) and M (1, 5) are disjoint, the intersection M (2,4)NM’(1,5)
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must be proper subset of M’(1,5). Moreover, since M(2,4) has codimension 1 in
Morg(P*,G(2,4)), the intersection locus M (2, 4) N M'(1,5) must have codimension 1
in M'(1,5), and hence, it must have codimension 4 in Morg(P*, G(2, 4)). Similarly, the
intersection locus M (1,5)NM’(2, 4) has codimension 4 in Morg(P*, G(2, 4)). Hence, the
locus of degree 6 morphisms from P* to G(2,4) with restricted tangent bundle having
splitting type 3,5,7,9 has codimension 4 and has atleast two irreducible components
arising from the two distinct fillings.

We see that Proposition 3.3.4 exhorts us to determine the possible fillings of a split-
ting type as a key step towards understanding the locus of morphisms in Mor.(P*, G(r,n))
with restricted tangent bundles having the given splitting type. To this end, we have

the following Lemmas.

Lemma 3.3.8. Let 1 = 2 and n = 4, and let {c,,cs,¢4,¢,} be a splitting type of the

restricted tangent bundle with ¢, < c; < ¢g < ¢y. Then {cy, cs, ¢4, ¢4} has two possible

fillings

c, Co ¢, Cy
and
Cy C4 Cs Cy

Moreover, both the fillings are minimal.

Similarly, we have
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Lemma 3.3.9. Let r = 3 and n = 5. A splitting type {c.,--- ,ce} of the restricted

tangent bundle with ¢, < --- < cg has exactly one filling except when {c,, - ,ce} =
{er,en + A -+ ey + 5N} for some integer A in which case there are two possible fillings
C, c+ A c, ¢+ 3\
¢ +2)\ ¢ +3A and ¢+ A F4A
1+ 4\ ¢ +5A ¢+ 2\ ¢ +5A

Additionally, all the fillings are minimal.

Proof of Lemma 3.3.8 and 3.3.9. We will briefly sketch the proof of Lemma 3.3.9. One
can prove Lemma 3.3.8 in a similar fashion.

Let r = 3 and n = 5. Given a splitting type {c,,--- ,cg} of a restricted tangent
bundle ¢* (Tt (), there is at least one filling (since p*(Tg(n)) = ¢*(S*) ® ©*(Q)), say
A, which is a 3 x 2 matrix. After subtracting the (1, 1)th entry from every other entry

of A, we get a new matrix of form

0 A
P2 P2+/\
pP3 P3t+A

for some non-negative integers A, p,, p; with p, < p;. We now look at every possible
permutations with the (1, 1)th entry being zero and the (3, 2)th entry being p, + A, and

force the conditions of definition 3.3.1 which gives us some equations which must be
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compatible. This gives us all the possibilities. A similar brute force method works for
r=2and n =4.

The proof of minimality of the fillings in the cases r = 2, n =4 and r = 3, n = 5
are in a similar flavor. The key idea is to use the fact that the (1,1)th and (r,n — r)th
entries are the same for every possible filling. For instance, when r = 3, n = 5, let
{er, -+ et ={ci,ei+ A -+, er +5A) and let {ae} and {be} be the corresponding induced
splittings. For any {a_} with P(al) > B(a.) and {b.} with P(b.) > P(bs), we must have
ay + b, = az + b, and since a; > az and b, > b,, we get a; = ag, by = b,. This gives
bl =b, and al + a] = a, + a,. Since we must have a] +b! = a, + b,, we get a/ = a; for

allizl,2,3andbj’-:bjforallj:1,2. O

Using a similar method as in proof of Lemma 3.3.9, we deduce that when r = 4 and
n = 6, a splitting type of the restricted tangent bundle of the form {c,, ¢, ¢z, ¢5, ¢35, ¢5, ¢4, ¢4}

with 0 < ¢; — ¢, = ¢3 — ¢, = ¢4 — ¢4 has three possible fillings

1 G 1 Co c Cy
Co Co 1 Co c Cy
, and
C3 Cg Cy €4 Cs Cy
c, Cy Cy €y Cx Cy

However, in general, we found it impossible to determine all possible fillings using this
brute force method.
Additionally, we observe from these special cases that the number of fillings seems

to increase as we increase r,n and e. We don’t know how the fillings of a given splitting
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type depend on r and n, but we can provide a very crude upper bound for the number

of possible fillings.

Lemma 3.3.10. The total number of distinct fillings of a splitting type {ci},<i<y(n—r) Of

r(nf'r)72> ]

the restricted tangent bundle is bounded above by ( AR

Proof. Tt follows from definition 3.3.1 that every filling must have the same (1, 1)th and

(r,n — r)th entry. Furthermore, we see that every filling is uniquely determined by the

entries (1,2), ---, (1,n —r). Hence, a clumsy upper bound for the total number of
fillings is the number of choices for these entries, which is (T(:’:sz). O

On a more positive note, we see that

Lemma 3.3.11. If the splitting type of the restricted tangent bundle * (T (. p)) is bal-
anced, then the splitting type of the restricted universal sub-bundle p*(S) and the splitting

type of the restricted universal quotient bundle p*(Q) must be balanced.

Proof. Let us choose a filling for the splitting type of the restricted tangent bundle, and
let a,,--- ,a, and b,,--- , b, be non-negative increasing splitting types of ©*(S*) and
©*(Q) respectively. Since the splitting type of the restricted tangent bundle is balanced,
we must have (a, + b,_-) — (a; + by) < 1, which yields a, —a, < 1 and b, — b, < 1.

Hence, the splitting types of ¢*(S) and ¢*(Q) must be balanced. O

In conclusion, the locus of morphisms in Mor.(P*, G(r,n)) need not always be ir-
reducible. For example, when r = 2 and n = 4, and let c,,c,,c3, ¢, be non-negative
increasing splitting type of the restricted universal tangent bundle, with ¢, < ¢q. It

follows from Lemma 3.3.8 that this locus has at least two irreducible components.



CHAPTER 4

BETTI NUMBERS OF MODULI SPACE OF SHEAVES ON P

In this chapter, we determine bounds for stabilization of the Betti numbers of the
moduli space of stable sheaves on P? when the rank is atleast two and it is coprime to

the first Chern class.

4.1 Estimating the Generating Functions when the rank is one

In this section, our goal is to analyze the generating functions G, .(¢q) and @1’5(q).
More precisely, we are going to show that when A > 2N the coefficient of L™V¢? in the
generating functions (1 — ¢)G, ¢(¢) and (1 — q)@lyg(q) is zero. As a consequence, we are
going to show that the 2/Nth Betti number of Mp- g (1, ¢, c;) stabilize when ¢, > 2.

Recall that given a smooth projective surface X with an ample divisor H on X,
the moduli space Mx g (1,c,c,) is isomorphic to Pic®(X) x Xleal where Pic(X) is the
abelian variety of line bundles on X with first Chern class ¢, and X™ is the Hilbert
scheme of n points on X. The Betti numbers of X™ were computed by Géttsche (19).
Using the Kiinneth formula, Coskun and Woolf (17)[Proposition 3.3] showed that the
Betti numbers of Mx m(1,c,c,) stabilize as ¢, tends to infinity. In the special case when
X =P?, the moduli space Mp= f(1, ¢, c;) is isomorphic to P? lea], Ellingsrud and Stromme
(20)[Theorem 1.1, Corollary 1.3] computed the Betti numbers of P>/ and showed that
the 2Nth Betti number stabilize when ¢, > 2/N. In this section, our goal is to re-derive

this result in a flavor similar to the higher rank case.

64
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We infer from equation Equation 2.7 that

and

We have

Proposition 4.1.1. For A > 2N, the coefficient of L~ Ng? in (1 — q)G1.c(q) is zero.

Same for (1 — Q)GT,G(Q)'

Proof. We have the following equality of generating functions due to Géttsche (37)[Ex-

ample 4.9.1]

[e o] [e o]

p2)A, A _ L
2 B =] i =gt g

Replacing ¢ with IL.72¢ in above equation, we get

o e (Al —2A A _ T !
Z:[(IP )L q 1;[ (1 —L*(mfl)qm)(l —L-mgm)(1 _}L*(erl)qm)

A=o0 m=1

Note that we have

[(Mp2 (1, ¢, A)] = (L. — 1) [(P*)<]
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Thus, we get

m=1
= 1 > 1 > 1
= m];lz (1 — ]Lf(mlfﬂqml) mgl (1 _ L—2m2me) ml:lo (1 _ L*(m3+1)qm3)
o0 [e.e] o0 [ee]
— H L_(ml_l)alqmlal X H Z L_mzazqmzaz X
m.=2 \a;=0 Mo=1 \Q2=0
oo o0
H Z Lf(m3+1)a3qm3a3
mg=0 \o3=0

Each non-zero term contributing to the coefficient of L™ ¢4 in (1 —q)G, ¢(q) arises from

a pair of equations

5y 02 O3
A= Z m(])agj) + Z mgj)a(j) + Z mga)am
Jj=1 Jj=1 Jj=1
1 . . 52 . . 63 . .
_N = Z _(m(lj) — 1)04(13) + Z —mg)agj) + Z —(mgj) + 1)04%1)
j=1 Jj=1 j=1

where agj),a(zj),a(j) > o for all j > 1, and m\) > 2, my) > 1, my) > o for all j > 1.

Therefore, we see that

61 63 51
A—N = Za(lj) — Zaéj) < Z(m(lj) —1)aV < N
Jj=1

J=1

J=1

Hence, for A > 2N the coefficient of L™N¢? in (1 — q)G1,c(q) must be zero.



67

In a similar fashion as above, we use the following equality of generating functions

due to Gottsche (37)[Example 4.9.3]

o0 %) )
IF[A
AZO nl;l (1 —Lm=gm)(1 —Lmgm)2(1 — Lm+1gm)

Replacing ¢ with L™2¢q and using the fact [Mp, g+r(1,¢, A)] = (L— 1)*1[F[1A~]], we obtain
the following equation

(1—(])(}' 5 = H (Z L~ (mi—1)a, mlal) % H (Z ]Lm2a2qm2a2) %

m,=2 \ ;=0 ms=1 \Q>=0

10_°[ (i L(m3+1)a3qm3a3)

mg=0 \z=0

Each non-zero term contributing to the coefficient of L™N¢4 in (1 —¢)G 1,é(q) arises from

a pair of equations

0, 62,1 52 2 53
IO ML MCRERD WCICES s it
Jj=1 Jj=1 Jj=1
5, . 5aa 5
N = Z —(mgj) _ 1)a(1j) + Z —m(zj’l)a(zj’l) + _mgj,z)a(zj,zJ + Z —(méj) + 1)agj)
Jj=1 Jj=1 j=1 Jj=1
where a(lj),a(zj’l),a(zj’z) ( > o for all j > 1, and m1 > 2, m(J ”,m( 2) > 1, mé) >0
for all j > 1. Therefore, we see that
61 ) 3 ) 61 . .
A-N=Y o)=Y ol <3 (m —1)al) < N
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Hence, for A > 2N the coefficient of L=N¢4 in (1 — q)élvg(q) must be zero. O
As a consequence of above Proposition 4.1.1, we have the following:
Proposition 4.1.2. When ¢, > 2N, the 2N-th Betti number of Mp= g(1,c,c,) stabilize.

Proof. Note that all pp-semistable sheaves of rank one on P? are pp-stable, because
the rank is coprime to the first Chern class. As a consequence, we can use Proposition
2.2.10 due to Coskun and Woolf and the fact that c, =rA + “-*¢? to get the following

equality of generating functions

(1—q) ) [Mp g(NIL" 0V g% = (1 = L7) (1 — ¢) G cq)

where v denotes the Chern character (r, ¢, A).
Each term contributing to the coefficient of L™N¢% in (1 —L7*)(1 — q)G,.c(q) comes

from a pair of equations

d=A—N=e¢—N'

where € € {—1, 0} accounts for the contribution of the coefficient coming from (1 —L7*),
and (A, N') accounts for the contribution coming from the terms in coefficient of L~V'¢2
in (1 —q)G,c(q). It follows from Proposition 4.1.1 that for the coeflicient of L~N'¢4 to
be nonzero, we must have A < 2N’. Consequently, we must have d < 2N. Hence, for

d > 2N, the coefficient of L™N¢% in (1 —L7")(1 — q)G1.c(q) must be zero. Therefore,
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using Remark 2.2.8, we conclude that the 2Nth Betti number of Mp- (1, ¢, c,) stabilize

for ¢, > 2N. ]

4.2 Estimating the generating function C?ﬁg(q) when rank is at least two

In this section, our goal is to show that there is a constant C, depending only on r
and ¢ such that when A > N + C,, the coefficient of L™N¢4 in (1 — q)@n@(q) is zero.
We are going to show this in a couple of steps. First, we are going to use Mozgovoy’s
theorem (23)[Theorem 1.1] and estimate a generating function in A~ expressed in terms
of the classes of the moduli stack My, r(7). Then, we are going to use Joyce’s theorem
(38)[Theorem 6.21] to relate the classes of the moduli stacks Mg, pir(y) and My, r(7)
in A~. Lastly, we are going to use key ideas of Coskun and Woolf (17) and Manschot
(22), (39) to derive our estimate (see Proposition 4.2.5).

Throughout this section, we are going to assume that r is at least two. We recall
two theorems due to Mozgovoy (23) and Joyce (38) respectively.

Let Mg, p(v) denote the moduli stack of torsion free pp semistable sheaves on I,

with Chern character v = (r, ¢, 4). We define generating function

Hyo(q) = ) Mg, p(r,c,A)lg™? (4.1)
A>o0
Let Zp:(q) = (71) be the motivic Zeta function for P*. Then, we have

1—q)(1—Lgq
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Theorem 4.2.1 ((23)[Theorem 1.1). If r { ¢ - F, then Mg, p(v) is empty, and hence

H, .(q) = 0. Otherwise, we have

H,lq) = ﬁ [12 )] I] 2 @™ d")
=1 k=1i=—r

Before proceeding to Joyce’s theorem, in a similar vein as in Proposition 4.1.1, we
would like to show that for A > N, the coefficient of L™V¢? in the generating function

(1= q) X psoMp, p(r,c, A)JL70724)gr4 vanishes.

Proposition 4.2.2. If A > N, the coefficient of L™Ng? in the generating function

(1—q) Z [MFl,F(r, c, A)]er(l_m)qm

A>o0

1S zero.

Proof. Clearly we can assume that r | ¢- F', because otherwise by Mozgovoy’s theorem

(Theorem 4.2.1) we have [Mp, p(r,c, A)] = 0. Observe that

(1—q) ) IMp, p(rc, AJL7028g8 = (1 — g7 H,. o (L7*"q) (4.2)
A>o0
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Moreover, we have the following equations

rT—1 2 r—1

1 1 L= 1
(L—1) H (1—L)(1—Litt)  (1—L7) H (1L 92

=1 1=1
o r—1 oo
IT11 = 1 x
e 1 _ T —rk+e k)(l —L- rk+2+1qk) P (1 _ Lf(rkﬁr'r)qkl)
oo r—1
11 : x
_ T —(rka—1i) yk2 )2
ko=11=—r+1 (1 L : q 2)
oo

1
H (1 _ Lf(rksf'r)qk:s)

ky=1

Therefore, we have

(1 _Q)erHr,c(L_erI) = (i L_TO“) ﬁ (i }L_m2> ﬁ (i ]L—(Tkl+7")oc3qk1a3) %

;=0 i=1 \Q2=0 ki=1 \a3=0

o0 r—1 o0 2 [e o] [e o]
ko=1j=—r+1 \Q4=0 kg=2 \a5=0

Each non-zero term contributing to the coefficient of L~Ng4 in (1 — QL™ H, (L72"q)

corresponds to a pair of equations

02 T—1 63
A= ijl (42) +Z Z k=) ( Jz,J, +a(12:J2 +Zk13 (Js)
Ji=1 J2=1j=—7+1 J3=1
_ :—ra1+Z—z b 4 li2)y +Z (rk\) + r)ali)+
Ji=1
53

Z Z —(rk} (J2,d) ])(aijz’j’l) + aé(ljzd,z)) + Z —(rkéﬂé) _ T)aéjs)

J2=1j=—r+1 Jj3=1
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where all the a’s are non-negative integers and all the §’s and k’s are positive integers

except kéjg’) which is at least 2, for all 1 < j; < 6,. We see that

0o r—1 03
rA— N S Z Z j(aijzyj,l) + aijmj@)) + Z TOééjg’J

J2=1j=—T+1 J3=1

Since j < r —1 and kéj3) > 2, we see that (rks =) —j)>1and (rk§j3) —r) > r. Hence,

we have

dq

Z Z jla J°7J1 +a32’32 +Zm‘]3 <(r—1 Z Z rkad _j( (42,51 +a£j2,j,2))

Ja2=1j=—r+1 J3=1 J2=1j=—r+1

+Zrkfs —r)als) < (r—1)N

.73:1

Hence for A > N, the coefficient of L~N¢? in (1 —¢q ) 2 AsoMpE, F(rc, A)Lr*(—24) rA

is zero. O

We now proceed to state Joyce’s theorem. Let X be a surface. Given a Chern charac-
ter 7, the ample cone of X admits a chamber decomposition where for all ample divisors
H in a given chamber the moduli stacks M x g (7y) are isomorphic. When the ample
divisor H crosses a wall, certain sheaves in M x g () become destabilized and other un-
stable sheaves may become semistable. Joyce gives an inductive formula for computing
the change in the classes [Mx g ()] in term of the possible Harder-Narasimhan filtration
for unstable sheaves.

Let H, and H, be two ample line bundles on X. Let Mx g, (v) (respectively

Mx m,()) denote the moduli stack of torsion free pp, (respectively pp,) semistable
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sheaves on X with Chern character v = (r,¢, A). Let v, -+, be Chern characters
such that ZEZI ~v; = . Assume that [ > 2, and consider the following conditions for all

1<i<1—

7 l
A) p, () > g, (i) and g, (Y 9) < pa () )
j=1 J=i+1
i l

B) par, (i) < o, (i) and pp, () 5) > pa () )
j=1 J=i+1

Let u be the number of times that Case B occurs. We define

1, ifl=1

SH(ye - Hay He) = (—1)%, if 1> 2, and Case A or B occurs forall 1 <i:<1l—1

0, otherwise
(4.4)
Theorem 4.2.3 ((38),Theorem 6.21). If H, and H, are ample line-bundles on X sat-

isfying Kx - H; < o0 and Kx - H, < 0, then we have the following equation

!
Mx m,(v)] = Z SH(yay -+ s Hyy Hy )L™ Zaicy<i X(05:24) H (Mx m, (i)l
ZéZl Yi=Y =1

In our case, we would like to take X =F,, H, = F and H, = F + F. Clearly, since
Ky, = —2F — 3F, we have Ky, - H, < o and Ky, - H, < 0. However, H, is not ample

and so we cannot use Joyce’s theorem (Theorem 4.2.3) as stated. Luckily the following

observation due to Coskun and Woolf (17)[Corollary 4.4] saves the day.
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Remark 4.2.4. Joyce’s theorem (Theorem 4.2.3) holds if H, and H, are nef, as long as

the sum on the right side of equation is convergent.

Moreover, Coskun and Woolf shows (17)[Corollary 5.3] that we can use Joyce’s equa-
tion in our case. Hence, we have

Y Me (g =) Y Sy, w L E+ F) LT sz )00
A>o0 A>o0 Zé:l P—

!
(H[Mm ,F(%’)]) q4

=1

(4.5)

Let v; = (74, ¢4, 4;) for all 1 < ¢ < [. Further, we define p; = % forall 1 <7 <.
We would like to manipulate equation Equation 4.5 so that the left hand side term of
equation Equation 4.5 becomes @m(q) and get rid of A from the right hand side term

of equation Equation 4.5.

It is easy to see that

- > Xy :_é (Z X(v5,7) +x(%,7j)) —; (Z X(v5,7) —x(%w))

1<i<j<l i<j i<j

We now list down some equations expressing the various Euler characteristics
o x(vj, i) — x(vi,v3) = rirj (py — i) - K,
o x(v,7) =7*(1 —24), and x(v,7) =ri(1—24;) for all 1 <i <.

o i X)X () = x (1) = ey x( %)
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Using the above equations we get

l

—mez— 2(1—24)+ er(l—zAi)—gznm(uj—m-KFI (4.6)

1<J =1 1<J
We now replace ¢ by L7*"¢ in both sides of equation Equation 4.5, multiply both sides
of Equation 4.5 by L™, and use equation Equation 4.6. We get

D Mp, pr(ILT0AgA =% N Sy, FE+F) X

A>o0 A>o0 Zl =y
1=1

l
]LZ’I‘ 1—2A)+2 57 2 (1—24;) L 3 2 iy TiTs (1 —pi) K, >

!
(H[Mmf(%‘)]) g4

=1

(4.7)
Note that we are yet to get rid of A from right hand side term in equation Equation 4.7.

To do that, we need to use Yoshioka’s relation for discriminants (25)[Equation 2.1]

! ! L i1 2
rA= ; rid; — g o (Z;Zl 7“]-) (Z;:l rj) (; TiCj — chi) (4.8)

It follows from Yoshioka’s relation that the difference rA — ZEZI r;4A; depends only
on (r,c) and (r;,¢;) for 1 < i < I. So we rewrite the first exponent of L. in equation

Equation 4.7

r’(1—2A)+= Zr 1—24;) 7"—|—Z7° r(rA— Zn i Z (r4r)A; (4.9)
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Using equation Equation 4.9 back in equation Equation 4.7 yields

2

ér,c(Q) = Z Z SE(yy, - s FyE + F)Li(r2+zé:1 r7) L35 Zi<y mimi (i —pi) Ky o

A>0 5l y—y
l
ra-y ! Tifq —(r+r;
(L7rg) & (H[MFI,F(%)] (L r ’)Q)

=1

riA;

(4.10)
Observe that all the terms except the last one involving products on right hand side
of equality in equation Equation 4.10 depends only on (r,¢) and (r;,¢;) for 1 < i <[,

and the last term depends only on the A;’s for 1 < ¢ < [. Therefore, we have

GT,C(Q) = Z S‘“(’Yl, LG F, E 4+ F)Li (rz—"—z’li:l rf) Lfé Z'L<j riry(pg—pi)-Kr, %
S =y
riAi

l I
(Lrg) & Zim ik > (H[MFI,F(%)] (Lf(wn)@
4

Ay e, i=1

(1.11)

Recall that we previously defined in equation Equation 4.1 the generating function

Hr,c(Q) = Z [MIFI,F(T? C, A)]QTA

A>o0

The second summation term in equation Equation 4.11 can be expressed in terms of

H, .(q) as follows
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Therefore, we have

1 2

Gr,c(@) = Z Sy, s FVE + F)]Li(ﬁ_zim r?) L3 i<y T (g —ha) Ky g
S (rie)=(re)

(Lfrq)TA*Zf;zl Ay ﬁ L7s H,,.. (L=(+ri)g)
= (4.13)
It follows from the definition of S*(v,,- - ,v; F, E + F) in equation Equation 4.4
and from Mozgovoy’s theorem (Theorem 4.2.1) that all the terms on right hand side of
equality of equation Equation 4.13 depends only on (r,c¢) and (r;,¢;) for 1 < i <I. Our

next goal is to analyze the exponents of each of these terms further and show that for

A > N the coefficient of L™N¢g4 in (1 — q)ém(q) vanishes.

Proposition 4.2.5. There is a constant C, depending only on r and c such that if
A > N +C,, then coefficient of L~Ng? in (1 —q)(}r,c(q) is zero. Moreover, we can take

Co to be L(r* +1).

Proof. Our approach is to look at each summand of (1 — q)CN}’m(q) corresponding to a

equation
l

(re) =Y (rise)

=1

and find a lower bound for A corresponding to the term

2

(1= q)S"(Ya, - v F, E + FYL3 (P =Ximam?) 1,73 Zucy rami(mg—pi)- Ky 5
o (4.14)
(L_rq)r =D i Ty H L7 Hm,ci (L—(T-H"i)q)

=1
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If | = 1, then equation Equation 4.14 becomes

(1—q)S*(v; F, E+ F)L" H, (L"*"q) (4.15)

It follows from Proposition 4.2.2 and equation Equation 4.2 that for A > N, the coeffi-
cient of L™ V¢4 in (1 — q)LTsz(L_”q) is zero.

Assume | > 2. We would like to estimate a lower bound for A/ such that the
coefficient of L™Ni¢4! in L7 Hri’ci(L*(””)q) is zero, and then use that to figure out
a lower bound for A in equation Equation 4.14. It follows from Mozgovoy’s theorem

(Theorem 4.2.1) that

Ti—1 oo ri—1

LT?HM,CZ‘ (Li(wﬁm)Q) ]L] H H ZIF’I ~(rk=d) )
k=1 j=—r;
1 i 1 s 1
~GoL) U o) U { G LR

Pl (1 — L-(rk=dgk)2 | (1 — L-(rk—ri)gk)

Thus, we get

. 2
L' Hy, e, (L™"g (Z L "1) (H (i L_mz) ) X
a1=0 Ji=1 \@=2=0
- 2
= - —(rk+ri)as kog P S —(rk—jz)oy Skoy
[T X1t q IT |2z 1

k=1 Q3=0 Ja=—T;+1 \Q4=0

00
Z L—(rk—ri)ag) qka5 }
05=0
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Each nonzero term contributing to the coefficient of L7 ¢4 in L' H,, . (L—(rtrilg)

arises from a pair of equations

é ri—1
AZ(:Z ) 4 Z jAe JJ27 (,Jz, )+ EU)
Jj=1 Jo=—Ti+1
ri—1 )
— z—nalJrZ—j Jrt) 4 ffr?) +Z{ U4 r)ald) +
1=1
( Z —(rk(j) _jz)( (Jrj=s1 )—1—04( J2,2 ))) _ (rk(j) —n)aéj)}
Ja=—Ti+1

where all the a’s are non-negative integers, d and the k’s are positive integers. Hence,

we get

1 ri—1
rAl — N/ < Z ( Z jal ,Jz, (ijz))) —|—riaéj)

J=1 \Jz=—ri+1
Since j, < 1r; — 1 and k) > 1, we see that j, < Ti(T]{(j) — j»). Moreover, because [ > 2

we have r; < (r — 1), and so r; < r;i(rkl¥) —r;). These two inequalities yield

ri—1
Z( Y julaliin +a£j,j2,z)))+mu<rN/

J=1 \J2=—T;+1

In summary, we get rA! — N/ <N/ < (r —1)N/, a posteriori, A/ < N/.
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Going back to equation Equation 4.14, we see that each non-zero term contributing

to the coefficient of L™V'¢4" in equation Equation 4.14 arises from a pair of equations

z I
Al'=e+ (T'A—Z?”Z'Ai) —i—ZAi’
l I l
—N’ :é (rz—er) —é ( ‘Tirj(ﬂj_ﬂi)'KFl) - (V’A—Znﬂz) +;—N¢/

=1

where ¢ € {0, 1} which accounts for contribution to the coefficient coming from (1 — ¢),

and (A!, N/) accounts for the contribution of terms to the coefficient of L= "¢ coming
from terms of coefficient of L=Ni ¢4 appearing in L7 H,, ., (L~("+")q). Since A! < N/

for all 1 <7 <[ and e < 1, we see that
1 l 1 l
AISN/+1+; 2-27‘? —; ZriTj(Hj—Mi)‘KFl +2(T‘—1) ’I“A—ZT‘ZAZ
1=1 1<) 1=1
(4.16)
Clearly, to bound A’, we need to bound the last term in above equation Equation 4.16.

We are going to show later (in Lemma 4.2.6) that

l
2(r —1) (TA - Z TiAi) + (Z v (g — i) - KFI)

1<j

is bounded below by a constant x which depends only on (r,c) and r; for all 1 < i </,

except when | = 2 and pp(7v.) — pr(y:) = —1. Thus, we have

l
1 1
A’gN’+1+2(r2— E rf)—;@
=1
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We would like to scrutinize the special case when | = 2 and pup(v,) — pp(y.) = —1.
Note that it follows from Mozgovoy’s theorem (Theorem 4.2.1) that H, . only depends
on whether or not r | ¢- F. Let r = r, + 1y, ¢ = aE + bF, ¢, = ria, E + b, F and
¢ =120, E+b,F. We will denote H,, ., by H,, for i = 1,2 because we are assuming that
ri | ¢; - F for i = 1,2. Tt follows from equation Equation 4.4 that for S*(v,,v.; F, E+ F)
to be nonzero, we must have ugp(v.) < ppir(v2), or equivalently, we have b, > b%.

Furthermore, we see that

1
—;rlrz(MQ —y) - Ky, = ryra(as —ay) +rby — b

and
T rolas —a
TA — r1A1 - T2A2 = ;7«2 (a,2 —_ 0/1)2 — (a2 — al)b2 + bM
Using these equations together with the fact that a, —a, = —1, we see that equation

Equation 4.14 transforms to

rirs

2
(1 — q)Li(ﬂ_rf—Tg)L—hrzq s b%qbz HLT?H’Q (]L_(T+Ti)q)
=1

whenever b, > b% and is zero otherwise. Adding all these terms for b, > b% yields

2
LA rird)rr e [2r2] H L7 H,, (L7 g) (4.17)
=1
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Each nonzero term appearing in the coefficient of L™ ¢4" in equation Equation 4.17

arises from a pair of equations

Al = Tz b& 4 ’Vbrz

o J*AHA;
1
N === r) — s = Ny = Ny = =N/ = N,

where (A/, N/) accounts for contribution coming from terms of coefficient of LN g4

in L H,,(L~("*")g). We have shown before that we must have A! < N/ for i = 1, 2.

Hence, we must have

A/<Nf+%+<{bﬂ_b%)
- 2

In conclusion, we have

A< N' +C,

l 2

where C, is the supremum of o, the terms 1 + 3 (7“2 - i ri) — K corresponding to

Il >2and r, +---+r =7, and the terms 72 + (P’QW — b%) corresponding to [ = 2,

z
ry+ry =7, and pp(y.) — pr(y) = —1.

It follows from equation Equation 4.26 that « is bounded below by —(r—1). Clearly,

(7"2 — Zl r2) is bounded above by r* — r. Hence, we see that

i=1'1

!
1 1 1
1+ — 7'2—5 Pl —=k < = (r*+1)
2 ; 2 2
1=1

Clearly (P’T—ﬂ — b’"—2> < 1 and =" is bounded above by £, whence the terms

s T 2r

corresponding to r =, + 7, and pp(v.) — pr(7:) = —1 are bounded above by g + 1.
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In summary, we can take C, to be (> 4 1). Hence, for A" > N’ + 1(r> + 1), the

coefficient of L™'¢4" in (1 — q)@rjc(q) is zero. O

Lemma 4.2.6. The following expression

l
2(r —1) (rA — Z m-A7;> (Z rir; (@ KFI) (4.18)

1<]

is bounded below by some constant k which depends only on (r,c) and r; for 1 < i </,

except when | = 2 and pp(vs) — pp(y.) = —1.

Proof. We can assume that r; | ¢; - F' for each 1 <14 < [, otherwise the entire summand
(equation Equation 4.14) vanishes due to Mozgovoy’s theorem (Theorem 4.2.1). Let
c=akF + bF and for each 1 <1 <, let ¢; = r;a; F + b;F'. Note that every term in the
generating function ém(q) is invariant under the action of tensoring by line bundles,
whence, we can assume that o < a,b < (r — 1). Furthermore, we define s; = Zé:z b; for
all 1 <77 <L

Following Manschot (39)[Proof of Proposition 4.1] we see that

rA— ZTZA Z( L )(Zr] a-)Q—i(ai—ail)si

j 1rj) (Z] 17 =2
_ririla; — aj)

+ bZ —
=2 ( Jj= 17.3) (Zj:1 Tj)

Similarly, following Manschot (39)[Proof of Proposition 4.1] we see that

l

Z riri(pj — pi) - Kp, = Z rirjla; — aj) — 2Z(TZ‘ +riy)si +2(r—r )b

i<j i<j i=2
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Using these two equations we get

l ) i—1 2
2(r —1) 2 2 (Zz '31 (Ziﬁl ) (Z rila; — ij)) + Z rirj(a; — a;)

< (4.19)

!
—2(7“—1)Z(a —ai_1)S; 2Z T 1)smLz(?“—?“l)l)}

1=2 =2

We would like to show that both the first and second summand of right hand side of

equation Equation 4.19 are bounded below. Let us call the first summand S; and the

second summand S,.

We now proceed to scrutinize S, to determine its lower bound. We are going to use

the following identity of Manschot (39)[Proof of Proposition 4.1]

l

Z : T; (Zr] —aj) :21 (Zri(r—ri)a?—2 Z Y’ﬂ“jaia])
i=2 2(Zj:1T]> (Z] T ) L e —

=1 1<i<5<l

(4.20)

Since a = ZLI r;a;, it follows from equation Equation 4.20 that

J J=1

Slz(r—l)Zrla ~ 1 +Zaln(z irj)
] 1+1
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Consider the smooth polynomial function

l l i—1
f(x17”' l‘l) Zrzx —*CL +sz (Z Tj_' Tj)

=1

Clearly, the Hessian of f, given by ( iy gx ) is positive definite. We define

l
g(xlv'” 7xl) :Zrixi_a
=1

Our goal is to minimize f along the locus of g = o for integer values of the x;’s. Using

the Lagrange’s multiplier method, we see that f assumes minima at

J=i+1

ai:% r—1 (Z rj— er), fori=1,---,1

Clearly ‘Zé’:iﬂ T —Z] 17"]‘ < (r—1), and hence we get & — 2 < a; < &+ = for all

1
P >

1 < ¢ < [. Thus, to find a lower bound for S; we need to find the minimum value of f

when z; € {—1,0,1,2} for all 1 <34 <. We have the following partition

{1, b =Hia} cacy U U8} < pey U TRl cyes UTmsh <<
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where z;, = —1, xj;, =1, Tk, = 2, and Z;,; = 0. We see that

rir—1)f =(12r—g (Z rzarkv) (6r —4 (Z TigTjs + Z T’kﬁm5>

o>k ta>)B k:-y<m,;
+(2r —1) ( Z TiaTms Z TjsThy T Z Tjﬁrma)
la>ms Jg>ky jp<ms (4 21)
+ (6r —9g) ( Z Tiarlw) (2r —4 (Z TiaTjs T Z Tk Tm5>
To <k~ 1a<Jg ky>mg
ta<mg j5<k‘7 j5>m§

Note that since r > 2 all the summands in equation Equation 4.21 except the last one
have non-negative coefficient. By further examining the summands with non-negative
coefficient, we see that together they must be bounded below by (2r — 4) because all
the inequalities in the summations cannot be simultaneously compatible. Moreover, the
negative summand is bounded below by —(r2 — r). Hence, S, is bounded below by
—r+3—2

Our next goal is to determine a lower bound for S,. We are going to use the following

identities of Manschot (39)[Proof of Proposition 4.1]

L (5o ) (B (£9)) e

l !
Z(Ti +7i) (Z Tj) =(r—rr (4.23)

=2
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The identities in equations Equation 4.22 and Equation 4.23 yields

! !
S ZQZ((T_l)(ai_ai—l)+ (ri +7i-1)) (i (er) _Si)

j=i

Following Coskun and Woolf (17)[Proof of Theorem 5.4], we interpret the definition of

S({ve}; F, E + F) (equation Equation 4.3) in our current situation, we obtain for all

2<¢<]
b l
A) (a; —ai—,) <o and s; > . er
Jj=t
o (4.24)
B) (aj —a;i—,) > o0and s; < . (Z rj)
Jj=t
In Case A, we see that (r—1)(a;—a;—, ) +r;+7r;i—, < o0except when! =2 and a,—a, = —1,

which is not possible by our assumption. Hence, the term

I
((r—1)(a;i —ai—s) + (ri +7i-1)) (i (Z q) — 37;> (4.25)
j=i

is non-negative.

Similarly, in Case B, we see that (r—1)(a; —a;—,) +r; +7;—y > (r; +7;_,), hence the
term in equation Equation 4.25 is non-negative. Additionally, by using the fact that s;
are integers, it follows from equation Equation 4.24 that we have a slightly better bound

of equation Equation 4.25

l
1 b
I(r —1)(a; — ai—) + 7 + 7z (1—sgn (ai—a¢_1+2) (1—2 —;er ))
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where sgn is the sign function and {e} is the fractional part of any real number.

In conclusion, we can take k to be

,
l ) b
+Z|(r—1)(ai—a¢,1)+ri+ri,1| 1—8gn (ai—ail—F) 1—2¢ —— Tj
, 2 r A=
=2 Jj=t
(4.26)
which is our lower bound for equation Equation 4.18. ]

Now that we have shown that for A > N, the coefficient of LN qA~ in (1—q)Grelq)
vanishes (see Proposition 4.2.5), our goal is to relate G, .(q) with @T@ using the blow-up

formula, and conclude a similar result for G, .(q).

4.3 Estimating the generating function G, .(¢) when rank is at least two

In this section, our goal is to show that there is a constant C' depending only on r and
¢ such that when A > N +C, the coefficient of L™ ¢? in (1 —q)Gyrc(q) is zero. To show
this, we are going to look at the blow-up F;, —— P? and use the blow-up formula due
to Mozgovoy (23)[Proposition 7.3] to relate the generating functions G, .(¢) and G~»'T75(q)
(see equation Equation 4.30) in A~. We are going to scrutinize the terms appearing in
this relation, and use Proposition 4.2.5 to derive our inequality (see Theorem 4.3.7).

Recall from section 2.2 that we have a blow-up F, —— P? at point p € P?. Let

v = (r,¢, ) be a Chern character on P2. Let m be the multiplicity of ¢ at the point
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p. Let % = (r,c —mE, A) be a Chern character on F,. The blow-up formula due to

Mozgovoy (23)[Proposition 7.3] is the following equation

Y My, gir(r,c—mE, chy)lqg " = Fu(q) ) _[Me= u(r,c, cha)lg (4.27)
cho ch,

where

(ﬁ ]er k)r ) Z LI (73 g Toac (4.28)

k=1 L 4;=0,
a,EZJr

Note that on P2, we have —ch,(vy) = rA — g, while on F,, we have —ch,(¥) = rA —

< + . Hence, we can rewrite the blow-up equation (equation Equation 4.27)

S Meeg(re, Alg? = 1 Y (M, prp(rc—mE, A)lg™ (4.29)

= F.(q) =

Replacing ¢ by L™"¢q and multiplying both sides by " in equation Equation 4.29 yields

(L=g)% -
Gr,c(Q) = mGr,c—mE(Q) (4-30)
It follows from equation Equation 4.30 that in order to achieve our goal, we need to
analyze F,,(IL.”2"¢) and find an estimate for A in this expression.
By examining the definition of F;, in equation Equation 4.28, we conclude that it
depends only on the remainder of m modulo r, which we shall denote by m, which we

will think of as an integer between o and r — 1.
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We see that
Fn(L™q) = H (1 —L-Tkghk)r Z LEi<; (%) +2r X, aiag g~ Zi<i M (4.31)
k=1 ZZ:l a;=0,
aiEZ-ﬁ-%

Since Y I a; =0, we see that
1 T
— E a;ja; = — E a;
2
1<i<j<r =1
and

Y () T et (Z)—(Z)

1<i<j<r 1<i<j<r =1

We now use the following substitutions

m
a; =b;+—, where b; € Z, for1 <i<r—u,
r

r—1 —

ar__Z(bi‘i‘T:)

=1

These substitutions yield the following equations

T (Zaf)—(zmi) =—r (—mz—l—mz—l-be—i-mZbi—F Z bibj)
2 i=1 i=1 2T 2 1=1 i=1 1<i<j<(r—1)
+ ((7”_21)”1 - z(r - i)bi>
;;af:<_:; +t+;bf+m;bi+ Zr_l)bibj)

1< <(
(4.32)
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Employing the above equations Equation 4.32 leads to the following expression for

Fr(L™*"q)

—or = 1 Cp UM
Finll QJZ(HHW)<L oL

k=1

LIz (r=i)b; (L—rq)m2+Z§: bj+m 3 i) bitd i bib;

M

b17"' 7br71€Z

For sake of convenience, we define

AT ) L= (r=d)b; (4.33)
bl [ 7b'r71 EZ,
mAY T rbz4my Tl bit+3 ;< bibj=d

Thus, we can think of the last summation term of F5(IL72"¢) as a power series

o ke 1 Lm0 _,
Fr(L™q) = (H (1—1L—”€q’€)7“) L7q) = L (ZA& (L) (L Q)d)
k=1 d=o

(4.34)

Remark 4.3.1. Recall that any power series of the form f(z) = 1+ a2 + axx® + -+ is
invertible, and its inverse is given by 1 + b, + b, + - - -, where for any positive integer

n, we have

by = Z (_1)lan1 TGy

ny+-tn=n
ni€L>o

To analyze G, .(q), we need to invert Fpy(L™>"q) (equation Equation 4.30), and a
posteriori, we need to invert the power series Y 37 AT) (L)(L~"¢)%. To do this, we need

to figure out the least non-negative integer d such that A&m) (L) is nonzero.



Lemma 4.3.2. The smallest non-negative integer d for which Agﬂ) 1§ nonzero, is m?rn'

Additionally,

L,
rm— 12—
2

A @=L Y LY

2

2~
py=m +m
2

where py, is the cardinality of the set{(j1, - ,jm) |1 < jr < < Jm <71, j1 + -+ jm =V},

m

when v is a positive integer, and p, = 1.

Proof. Note that

m2+be+mZbi+Zbibj:; (m2+be+ (m-i—Zbi) )

i<j
Consequently, we need to figure out the smallest value of m2+3 [ _* b2+ (m + > bi) 2,
where b; € Z for all 1 < ¢ <pr—1.

If m = o, we see that the equation ) |_'b? + (Z:;ll bi)2 = 0 has only one solution,
the trivial one. Thus, A(()O)UL) =1.

Assume 1 <m < r—1. It follows from Lemma 4.3.3 (below), that the smallest value
assumed by the expression ) |_ ' b? + (ﬁz + > bi)2 occurs at by = -+ =b_, = -2
As a result, we need to evaluate the expression when b; € {—1,0} for all 1 <i < r —1,
to figure out the minimum value of the expression for integer values. Suppose k of the

b;’s are (—1) and the remaining are zero, the expression becomes k + (m — k)*. Clearly,

the minimum value of k + (m — k)® for integer values of k is m, which occurs when
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In summary, when 1 < m < r — 1, the smallest value of the expression

;(m2+2b?+ (m+gbi) )

. . 2 27
for integer values of b; is 7™

, which occurs when m — 1 or m of the b;’s are (—1) and

the remaining are zero. Hence, we have

Az(im)(L) _ Z Liattim—a—(m—)r Z ot im—rm

1<7, < <Jm—1<r—1 1<j, < <Jm<r—1

Factoring out IL.™"™ leads to

ALy =Ly it

1<) < <Jm <7
Ul

Before proceeding further, we need to tie the loose ends of Lemma 4.3.2 by analyzing

the real valued polynomial function y2 + -+ +y2 + (A4 y, + -+ yn)>.

Lemma 4.3.3. Consider the smooth real valued function

fln, ) =yi+-+ua+ Aty 4+ +yn)?

where A is any real number. The Hessian of f is positive definite. Furthermore, the

function f has a global minima at y, = --- =y, = —nﬁl, and the minimum value for f

A2

t§ n+1i’




Proof. Clearly, we see that for 1 <k <n
0
87]0 =2yp+2(A+y+- +un)
Yk
Subsequently, we see that for 1 <1 <n

prp |2 kA
0y, 0y,

4, ifk=1

Let H be the n x n matrix with H;; = JTf%’ then we see that

(g -+ yn)  H - (ya - yn)” =2 (Zzﬁ) +2 (Z%)

Thus, H is positive definite. As a consequence, f has a global minimum when

o
for all 1 < k < n. This system of linear equations has a unique solution y, =--- =y, =
—nﬁl. It follows that the minimum value for f is nA+21' O

Returning back to our track, we still need to analyze Fy(L72"¢). Using equation
Equation 4.34 and Lemma 4.3.2, we see that

o0 =2
— 1 o r)mE ey
Fm(L 2r(]) = (I | (1_erqk)r) (L TQ) - L
k=1

2

where AT (L) = <A(j;)+m (]L)) A

94
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Finally, using remark 4.3.1, we can invert Fy(L™2"q).

—2r \\ 1 = —r r —p \—IRoRE (o) m -t
(Fm(L™"q)) =(H(1—L W))(L ¢ 7 L (Ainzkm(m)
k=1 2
_ l (4.35)
43 | Y IAT |
d=1 | ds, ,d|EZ>0 =1
dy+-tdy=d

—1

Before tackling G;..(q), we would like to analyze Fy (L™>"¢)™" and produce bounds

for A such that the coefficient of L~V ¢? vanishes.

Lemma 4.3.4. If A > N — (r—m)m’ then the coefficient of L~Ng? in Frn(L™27q)"" is

27T

ZETO.

_ —1
Proof. We are going to produce an expression for </1(m) (L)> , and use it alongwith

m2+m
2

the expression for Fi7(L7>"¢)™" (see equation Equation 4.35) to determine the bound

for A.

m2—

Using Lemma 4.3.2 and factoring L™~ = ﬁl, we get

—(rm—m?)

A(r’rLTﬁ?)+ﬁL (L) =L 2 Z pl,_t,_rm_LE;ﬁl L”

V=0

In a similar fashion as in remark 4.3.1, it follows that

B — P —00 l
<A%(L)) 1 =L"= |1+ Z Z (—1)! prﬁrmdﬂzﬂ LL”
=1

2
v==—1 \v1, €lL<o
Vit ty=v
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It follows from equation Equation 4.35 that

(Fm(szrq))—l _ > <i(1)a (T>eraqka> % (Lfrq)*@ Lig % ((AETF_,LM (]L))il

k=1 \a=o @ 2
fY Y o (aew) A ) | ()
d=—1 | dy,,di€Z<o i1 =

—27r

Each nonzero term appearing in the co-efficient of L~ ¢? in Fj;,(L™2"¢) " arises from

a pair of equations

o rim —m?
A (; kmau)) _ ( - ) L4
— 2T 2
mZ —1m I+1 I r— )
((2(l+1)+Zw) +ZZ(r—j)b§”> —rd

=1 j=1

where the a’s, the v’s, and [ are non-negative integers; the k’s are positive integers; and

the b;i)’s are integers satisfying

2
r—1 r—1
m2+Z(b§Z))2+(m+Zb§”) = 2d; +m* +m, for1<i<lI
Jj=1

3

3
IN

(r—1)d;,

Subsequently, we will show (in Lemma 4.3.5) that (Z;:i(r — j)bg-i)) +

for all 1 <7 < [. Consequently, we have



Therefore, we see that

and hence,
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O

Before we continue, we need to wrap up the proof of Lemma 4.3.4 by proving the

following:

Lemma 4.3.5. Let d be a non-negative integer, and m be a non-negative integer less

than r. Suppose b,,--- ,b._, are integers satisfying

Then, we have Z;:(r — )b < (r—1)d.

Furthermore, if r > 3 and 2 < m < (r — 1), then we have

(f(r—j)bj) $ M )

Jj=1

Proof. Before we begin the proof of Lemma 4.3.5, note that

(4.36)
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Remark 4.3.6. Let r,,---,r, be positive integers satisfying r, > --- > r,, and let
by, , b, be integers satisfying b, > --- > b,. Let o be any permutation of {1,--- ,n}
Then, we have

o)+ -+ 4 Trbo(m) < Tiby + -+ Toby

Thus, if b/,---,b/_, be a rearrangement of b,,---,b,_, satisfying b/ > --- > b/_,

then we see that

D (r—jb; < > (r—jb]
j=1 j=1

Moreover, let n,, n,, ny be non-negative integers such that

e b, >...>p >o

Jr — = TIny — 7
! —_ ... = ! e
® bjn1+1 - b]n1+n2 1,
e —1 >0/ > ... > , and
Inyg+ng+1 Ini+nztng

e b =oforall j#j, 1 <1<n, +n,+mn;.

Therefore, we have

r—1 Ny Ny+No (7’ . 1) Ny
D (r=gby <3 (r—ibj+ 3 (r—g) < ——— |2 D_bj | +2n
j=1 =1 l=n,+1 =1

We observe that to complete our proof it is enough to show that

(Z 2byl'z) + 2n, < 2d

=1
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Since (%)2 > 2b]’»l for 1 < < n, and <bj’-l)2 =1 forn, +1 < < n, +n,, it follows

from equation Equation 4.36 that it is enough to show that

Ny +ns+ng , n, Nni+nz+ng 2
notm< Y (b)) + ((m+n2+Zb]’~l) + Y bj’-l)
=1

l=n,+n-+1 l=n,+n-+1

If n,+m < ng, then we are done because (b]’-l)2 > 1foralln, +n,+1 <1 <n,+n,+ng.

Otherwise, it follows from Lemma 4.3.3 that

ni+nz+ng 5 n, Na4ns+ng 2 ) 2
)X (b;-)+((m+nz+zb;l)+ > b;) zngﬂ(mnﬁzb;l)

l=n,+n-+1 =1 l=n,+ns+1

Since b]’-l > 2 for 1 <1 <n, and n, +m > ng + 1, we have

2
1
n+na+ Y b | Zna4
n3+1(m No ]l) > n,+m

Now we are going to specialize to the case when r > 3 and 2 < m < r — 1. Clearly,

since m > 2, we see that @ =1+4---+ (m—1). We define

(Z(r—j)bj) S )

J=1



Additionally, we can rewrite equation Equation 4.36 in terms of bj’-’s as follows

i( ) (Zb)2+2(§b;) — od

Jj=1

As a result, to prove our claim, it is enough to show that

(7';1) Z() (Zb) +2<§b;) (i(rj)b]'~)>o

=1 j=1

100

for integer values of bj’-, for all 1 < 57 <r —1. Consider the smooth polynomial function

Flan, - ) = (7:1) > ai+ (Zx]) +2 (Z xj) — (Z(r—j)xj

J=1 J=1 Jj=1 Jj=1

|

We have
ﬁ: (r}) {zmk+2<Z§::ﬁj)+2}—(r—kz), if 1<k<(r—m)
al‘k
(r}) {zmk+2 (Z;;ixj)} —(r—k), if (r—mt1)<k<(r—1)

and, the second partial derivatives are

—

o2 2 £k

8xla$k

AU i =k

9
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Since r > 3 and the Hessian matrix for f is (r;] times the Hessian matrix in Lemma

4.3.3, we conclude that our Hessian matrix is positive definite. Thus, f has a global

minimum at the critical point

5, if 1<k < (r—m)
T =

o BB (1) <R < (r—1)

It follows from the bounds on k that in either case, we have — < x;, < Hence,

to show that f is non-negative for all integer values of x;, for all 1 < j < (r — 1),

it is enough to show that f is non-negative for every element of the set {—1,0,1} .

Let (x,, - ,x,_,) be an element of the set {—1,0,1}" . Furthermore, assume that for

1 < j < (r—m), x of the z;’s are (+1) and y of the z;’s are (—1). On a similar note,
assume that for (r —m +1) < j < (r—1), z of the z;’s are (+1) and w of the z;’s are

(—1). It follows from Remark 4.3.6 that

+(m—1)+-Fm—2) {14+ +w)

_ _ »*>+xr Yy —y 22+z wHw
=rr—my-+mz— — — —
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Therefore, we have

1
f(xla"'ux’l’—l)z {(x—y+z—w)2—|—3x—y+z+w}

(4.37)

{ _ _ »*+r oy —y 22+z w2+w}
—qrer—my+mz— — — —
2 2 2 2

For ease of notation, let’s call the right hand side of inequality in equation Equation 4.37

as g(z,y, z,w). Upon further scrutinizing, we deduce that
29(x,y, z,w) = (r—1)(r—y+z—w)*+(2*+y°+2°+w?)+(r—2)z+(2m—r)y+(r—2m) z+rw

If r = 2m, then 2g(x,y, z, w) > o because x and w are non-negative integers. If r > 2m,

then we see that
29(x,y,z,w) > (r—2m){(zr—y+z—w)*+(z—y+z—w)}>o0
Similarly, if » < 2m, then using the fact that (r — 1) > (2m — ), we get
2g(z,y, z,w) > (2m—r){{—z+y—24+w)’+(—z+y—z+w)>o0

In conclusion, the function f is non-negative for all integer values of x;, for all 1 < j <

r—1. OJ

We are finally ready to analyze (1 — ¢)G,(q).
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Theorem 4.3.7. If A > N + lemer)miorm | C,, where C,, is the same constant as in

27

Proposition 4.2.5, then the coefficient of L™ Ng? in (1 — q)Gr.c(q) is zero.
Proof. Recall that if follows from the blow-up equation (equation Equation 4.30) that

m?

(1 - Q)GT,C(Q) = (L_WQ) X (Fm(L_ZTQ))_l X (1 - Q)Gr,c—mE(Q)

A

Each nonzero term appearing in the co-efficient of L™ ¢? arises from a pair of equations

A=""L A +A,
2T

—N =—m? + (_Nl) + (_N2)

where (A,, —N,) accounts for the contribution of terms from the co-efficient of L=+ ¢4+
in (Fr(L™2"¢))" ", and (A,,—N,) accounts for the contribution of terms from the co-
efficient of L™ N2¢42 in (1 — q)@r,c_mE(q).

It follows from Lemma 4.3.4 and Proposition 4.2.5 that

These inequalities yield

(2 —2r)m? —rm

2r



104

In conclusion, for A > N + [ezer)miorm C,, the co-efficient of L™ N¢? in (1 — q)Grc(q)

27

is zero. OJ

4.4 Bounds for stabilization of Betti numbers

In this section, our goal is to determine lower bounds such that the Betti numbers
of the moduli space stabilize. More precisely, we look at P? equipped with the ample
divisor H = ¢, (Op=(1)). We assume that r and a are coprime and consider the moduli
space Mp= g(r,aH,c;). Since r and a are coprime, all pp-semistable sheaves are jp-
stable. Using Proposition 2.2.10 in conjunction with Theorem 4.3.7, we derive the lower
bounds such that the Betti numbers of Mp- g (7, aH, c,) stabilize. Lastly, we investigate

some examples and show that we can improve this bound further.

Theorem 4.4.1. Let r be at least two. Assume that r and a be coprime. There is
a constant C depending only on r and a such that if co > N + C, the 2Nth Betti
number of the moduli space Mp= g(r,aH,c;) stabilize. Moreover, we can take C' =

|52a? + 2 (r? +1)).

27

Proof. Let v denote the Chern class (r,aH,c,). By our assumption, r» and a are co-
prime, a posteriori, all pz-semistable sheaves are pg-stable. In this case, we know that
Mp= g () is a smooth projective variety of dimension ext'(y,v). We conclude using
Remark 2.2.8 that to show that the 2Nth Betti number stabilize for ¢, > N + C, it is

enough to show that the coefficient of L= ¢ in the generating function

(1—q) ) [Mpa g (y)IL-" 07 g%
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is zero for d > N + C.

We note that x(v,7) = 1 —ext*(vy,v) and ¢, = rA+ *c2. Proposition 2.2.10 yields

the following equality in A

[Mp> g (r,aH, c,)] = (L —1)[Mp= g (r,aH, c,)]

Thus, we have the following equality of generating functions

(1—q) ) [Mpa g(NIL™ Vg% = 5% (1 =L 7) (1 — ¢)Gran(q)

Each term contributing to the coefficient of L™"¢¢ in g7 (1 —L ") (1— q)Gram(q)

arises from a pair of equations

T—la2+A,

2r

—N=¢— N’

where e € {—1, 0} accounts for the contribution to the coefficient of L™N¢? coming from
(1 — L), and (A’, N') accounts for the contribution coming from the coefficient of
L Ng¢A in (1 — q)Gram(q). It follows from Theorem 4.3.7 that for the coefficient of

L~N"¢2" to be nonzero, we must have A’ < N’ 4 C, (using m = o). Moreover, it follows
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from Proposition 4.2.5 that we can take C, = 2(r2+1). Consequently, for the coefficient

1
2

of L Ng%in ¢ “(1—L*)(1— q)Gram(q) to be nonzero, we must have

1

d< N+ V‘ a2+C’OJ
2T

g

For the remainder of this section, we look at some examples. Yoshioka (21)[Page 194]
has computed the Betti numbers b, (Mp= f(2,—H,c,)), where Mp= (2, —H,c,) is the
moduli space of up-stable sheaves with Chern classes (2, —H, ¢,), which we will denote
by 7. We observe from the table in (21)[Page 194] that the Betti numbers b, n (Mp= (7))
stabilize when ¢, > N + 1. Since r = 2 and a = —1, we get from Theorem 4.4.1 that
the Betti numbers stabilize when ¢, > N + 2. Therefore, we need to improve our lower

bound.

Proposition 4.4.2. Ifc, > N+1, the 2N th Betti number of the moduli space Mp= g (2, —H, c,)

stabilize.

Proof. Following the proof of Theorem 4.4.1, it is enough to show that when d > N +1

;the coefficient of L~ N¢? in qi(l —L7)(1—q)G2—n(q) is zero.
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Each term contributing to the coefficient of L™ Ng? in qi(l — L) (1 —q)Ga—n(q)

arises from a pair of equations

where ¢ € {—1, 0} accounts for the contribution to the coefficient coming from (1 —L™),
and (A’, N”) accounts for the contribution coming from terms in coefficient of L™’ ¢4’
in (1—q)G2-n(q).

It follows from Theorem 4.3.7 that for the co-efficient of L~ '¢4" to be nonzero, we

must have A’ < N’ + C,. Consequently, we must have
d—i:A’gN/+CO:N+5+CO§N+CO (4.38)

As aresult, ford > N+ ﬁ + COJ, the coefficient of LN ¢? in qi (1—L"")(1—¢)G>-n(q)
must be zero. Therefore, to complete the proof of our Claim, we need to figure out the
value of C,.

It follows from the proof of Proposition 4.2.5 that to compute C,, we need to compute

l
1 1
- E P | — =k
2 ; 2
=1
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where | =2, r =2, r, =r, = 1, and & is a lower bound for
2 (QA_ Al — Az) + (02 _01) : KIF1

except for the case [ =2 and (¢, —¢,) - F = —1.
Letc, =a, EF+b,F and ¢, = a,EE+b,F. Since ¢,+c, = —E—F, we have a, +a, = —1
and b, + b, = —1. Moreover, we must have a, — a, # —1. Using Yoshioka’s relation

(equation Equation 4.8) yields
(24— A, — A,) = —i (2 —ca)? = i (2, +1)° = = (20, +1) (b, + 1)
Since Ky, = —2F — 3F, we see that
(ca —cy) - Kp, = (2a, + 1) +2(2b, + 1)

Therefore, we have

5

2(2A — A, — AL) + (¢ — 1) - KF, = 2a% + 2a, + 2b; — 4a,b, + 5

Clearly a? + a, > o for all integer values of a,. Thus, we need to find a lower bound for
2b, (1 — 2a,).
Recall that as per the definition of S*({1,c,},{1,c.}, F, E + F') (see equation Equa-

tion 4.3, Equation 4.4) we have two cases
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A) a, > —Z and b, < —
B) a, < —} and b, > —}

Since a, and b, are integers, in Case A, we see that a, > o0 and —b, > 1. When a, = o,
we must have a, = —1, whence a, — a, = —1 which is not possible by our assumption.

Hence, we must have a, > 1, which yields
2b, (1 —2a,) = (2a, —1)(—2b,) > (2(1) — 1) (2(1)) =2
Similarly, in Case B, we see that —a, > 1 and b, > o, thereby yielding

2b: (1 —2a,) = (2(0)) (1 +2(1)) =0

5

In either case we see that 2b,(1 —2a,) > o, and hence we can take x = 2.

1

3 — — — 2 2 2\ __ 3
Clearly, in our case 7 = 2 and r, = 7, = 1, whence ; (7> —r7 —r3) = 1. Following

the proof of Proposition 4.2.5, we see that

C’Ozmax{o,1+1ln,13+<{_lw_1>}225
2 4 2 2 4

In summary, for the coefficient of L™ ¢¢ to be nonzero, we must have

d<N+>42-5=N+1
4 4
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In conclusion, when d > N + 1, the coefficient of L™V¢? in qi(l —L ) (1—¢)G,—-nl(q)

is zero. OJ

Manschot (22)[Table 1], (39)[Table 1] computed the Betti numbers of the moduli
space Mp= r(3, —H, c;) and the virtual Betti numbers of the moduli space Mp= g (4,2H, c,).
We observe from the tables in these papers that the Betti numbers of Mp- g (3, —H, c,)
stabilize when ¢, > N + 2 and the virtual Betti numbers of Mp= pr(4,2H,c;) stabilize
when ¢, > N + 3. In the first case, we have r = 3 and @ = —1, we get from Theorem
4.4.1 that the Betti numbers stabilize when ¢, > N + 5.

As our second example, we scrutinize the Betti numbers of the moduli space Mp= (4, H, ¢,).
In this case, Theorem 4.4.1 yields the stabilization of the Betti numbers when ¢, > N+38.

We improve this bound in the following Proposition.

Proposition 4.4.3. Ifc, > N+5, the 2N -th Betti number of the moduli space Mp= p(4, H, c,)

stabilize.

Proof. Following the proof of Theorem 4.4.1, it is enough to show that when d > N + 5,
the coefficient of L™ N¢¢ in q% (1 —L7") (12 —q)G, u(q) is zero.
Each term contributing to the coefficient of L~V ¢% in q% (1—L7")(1—q)G, m(q) arises

from a pair of equations

d

3 /
S+ A
3 +

—N=¢— N’
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where € € {—1,0} accounts for the contribution to the coefficient coming from (1 —

L), and (A’, N’) accounts for the contribution coming from the terms in coefficient of

L~N'¢2" in (1 — q)G,u(q).

It follows from Theorem 4.3.7 that if the co-efficient of L™'¢4" is non-zero, then we
must have A’ < N'+C,, whence, d < N+ |2 + C,,]. Consequently, for d > N+|2 + C, |,
the coefficient of L~V ¢ in q% (1—L7*)(1—¢)G 4, u(q) must be zero. Therefore, to complete
our proof, we need to determine the value of C\.

Adopting the notation used in proof of Proposition 4.2.5 and Lemma 4.2.6 in our
situation, we get » = 4, a = b = 1. Recall that C, is the maximum of the terms

1+3 (r2 — 5! 7“-2> — <k except the case when [ = 2 and pp(7.) —pr(v,) = —1 and the

1=1 "1

! 1 !
terms 272 —|—(Pﬁw — b%) forry4+r, =r,wherer =3 ;_ r,a=Y .  ria, s; = Zj:i bj,

r

b =s,, and & is lower bound for S, + S,, where

l i—1
Slz(r—l)Zrla -1 +Zaln(z rj— Tj)

J=i+1 j=1

and

! l
S, = 22((7“— 1)(a; — ai—y) + 75 + 1) (izrj _Si)

j=i
When | = 2 and (ry,7,) = (3,1), we see that S; > —% with equality occurring at

(a1,a5) = (0,1). At the point (0,1) we get S, > I, and hence, S, + 5, > %. Since

there are no other points (a,, a,) satisfying 3a, + a, = 1 at which S, < X, we can take

2 2 2 1 21
K= 4,aundweget 1+ (P —ri—rd)—ir=%.



112

When | = 2 and (r,,7,) = (1,3), we see that S, > % with equality occurring at

(a,,a,) = (1,0), and S, > 1. Thus, we can take kK = %, and we get 1+ 2 (r® — 77 —73) —

R =

0N

N =

When [ = 2 and (r,,7,) = (2, 2), there is no integer solution for 2a, + 2a, = 1. Thus,
we ignore this case.

When [ = 3 and (r,,7,73) = (2,1,1), we see that S, > —% with equality occurring
at (a.,as,a3) = (0,0,1). At this point we get S, > 4, whence S, + S, > 2. The only
other point (a,,a,,as) with S, < 2 is (o,1,0) at which S, = % and S, > 2, and thus

23 —5 1 2 2 2 2 1,
S1+ 52 > 7. Therefore, we can take £ = 3, and we get 1+ 7 (r —r?—r2 —7"3) — K=

=15

When [ = 3 and (r,,75,73) = (1,2,1), we see that S, > —% with equality occurring
at (0,0,1). At this point, we see that S, > 6, whence S, + S, > %. At every other

point (a,,a,,as) with a, 4+ 2a, + a; = 1, we have S, > %1. As a consequence, we can

take kK = 2171, and we get 1+§(T2—rf—r§—r§) — k=3
When | = 3 and (ry,r5,73) = (1,1,2), we see that S, > i with equality occurring
at (a,,as,a5) = (—1,0,1). At this point, we see that S, > 6, and thus S, + S, >

24—9. The other points (a,,a.,as) satisfying a, + a, + 2a; = 1 at which S, < ? are
(0,1,0), (0,—1,1), (1,0,0). Analyzing S, and S, at these points, we see that S; + .S,
may attain the least possible value 24—5. Thus, we take k = %5, and we see that 1 +
= (7”2—7“?—7“5—1“2) —ik=3

When [ = 4 and (ry,rs,rq,7,) = (1,1,1,1), we see that S, > —% with equality

occurring at (a,,as,as,a,) = (0,0,0,1). At this point, we see that S, > 6, and thus
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S1+S55 > %. The other points (a,, a,, a5, a,) with a, +a,+a5+a, = 1 at which S, < %
are (_1707072)7 (07_17171)7 (_1717170)7 (_1717071)7 (_1707171)7 (1707070)7 (0717070)7

and (0,0,1,0). However, we see that at each of these points we have S, + S, > 2171.

— 21 1 2 _ 2 2 2 2 1,.__ 35
Hence, we can take k = o and we get 1+ 2 (r L il r4) k=%
T—T3)T2

Finally, since b = 1, r = 4, and 1 < r, < 3, we see that ( + 1 — 2 attains
maximum value of £ at r, = 1.

In conclusion, we can take Cy, = %, and we get that when d > N + 5 the coefficient

of L™N¢% in q%(l—L_l)(l—q)G47H(q) is zero. 0
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