
 
 

 

 

 

Evaluating the Expected Total Cost for Imperfect Production  

Processes Using a Markovian Approach 

  

 

 
BY 

 
 

WAEL IBRAHIM AL HAJAILAN 
B.S., King Fahd University of Petroleum & Minerals, Dhahran, 1997 
M.S., King Fahd University of Petroleum & Minerals, Dhahran, 2005 

 
  

 

 
 THESIS 

 
Submitted as partial fulfilment of the requirements 

for the degree of Doctor of Philosophy in Industrial Engineering and Operations Research 
in the Graduate College of the 

University of Illinois at Chicago, 2020 
 
 
 
 
 
Defense Committee:  
 

David He, Chair and Advisor   
Houshang Darabi, Mechanical and Industrial Engineering 
Mengqi Hu, Mechanical and Industrial Engineering 
Unsal Ozdogru, Information and Decision Sciences 
Umar Al-Turki, King Fahd University of Petroleum & Minerals 



ii 
 

 This dissertation is dedicated to my father Ibrahim and my mother Zainab for their help 

and continuous support during my stay in the United States of America. I am also grateful for my 

siblings’ encouragement; Abdulrahman, Dr. Mohammed, Maha, Abdulaziz, Engineer Ahmed, 

Faisal, Bdour, and Sarah. 

 

 

  



iii 
 

ACKNOWLEDGMENTS 

  

 I would like to express my great recognitions and admiration to my advisor, Dr. David He, 
for his effective assistance, support, and administration. Also, to my previous retired advisor Dr. 
Prashant Banerjee. 

 

  

 My sincere gratitude to my committee members: Dr. Houshang Darabi, Dr. Mengqi Hu, 
Dr. Unsal Ozdogru, and Dr. Umar Al-Turki for their great inspirations and comments that helped 
me to broaden my knowledge and to make this thesis possible.  

 

 

 My deep appreciation to Dr. MA Rahim and Dr. Shokri Selim for their valuable advices, 
suggestions, and encouragements.  

 

 

 I want to appreciate Mr. Mohammed Faroun for his great response that aided me in 
developing the programming code using Python. 

 

 

 I want to convey my thanks to all my classmates that I have met and knew during my 
graduate studies in the University of Illinois at Chicago. 

 

 

Last but not least, I want to express my kind gratitude to King Saud University for their 
full scholarship, limitless assistance, and prodigious support as well as to my Saudi Arabian 
Cultural Mission for their dedicated and kind supervision. 

  

 

  

WIH 



iv 
 

CONTRIBUTION OF AUTHORS 

Chapter 1 is an introduction and provides the research objective, contribution, and outline.  

Chapter 2 is a literature review of my research in four different areas. This chapter is partially 

published (Al Hajailan, W. I.  and David He, "Expected Maintenance Actions for Imperfect 

Production Processes Using a Markovian Approach." 2020 Asia-Pacific International Symposium 

on Advanced Reliability and Maintenance Modeling (APARM). IEEE, 2020.)). Chapter 3 provides 

the first developed Markov Chain model one without time factor. Chapter 4 presents the second 

developed Markov Chain model two with time factor. Chapter 5 provides scheduling hard time 

windows between two production processes. Chapter 6 provides the maintenance model for 

preventive, inspection, and minimal repair. This chapter is published (Al Hajailan, W. I.  and David 

He, "Expected Maintenance Actions for Imperfect Production Processes Using a Markovian 

Approach." 2020 Asia-Pacific International Symposium on Advanced Reliability and Maintenance 

Modeling (APARM). IEEE, 2020.)). My advisor Dr. David He administered the research and 

reviewed the manuscript. Chapter 7 presents sensitivity analysis in two different categories. 

Finally, Chapter 7 provides the conclusions of my thesis.  

  



v 
 

Table of Contents 

1. INTRODUCTION .................................................................................................................. 1  

1.1. Background and Motivation ............................................................................................. 1 

1.2. Defective Rates Data Analysis ......................................................................................... 1 

1.3. Research Objective ........................................................................................................... 4 

1.4. Research Contribution ...................................................................................................... 4 

1.5. Research Outline ............................................................................................................ 11  

2. LITERATURE REVIEW ..................................................................................................... 12 

2.1. Imperfect Production and Inventory Control Model ......................................................... 12 

2.2. Markov Chain and Imperfect Production and Inventory Control Model .......................... 16 

2.3. Scheduling Time Windows ................................................................................................ 21 

2.4. Maintenance Actions ......................................................................................................... 24  

3. MARKOV CHAIN MODEL ONE WITHOUT TIME FACTOR ....................................... 27 

3.1. Notation and P&I Objective Function ............................................................................... 28  

3.2. First Scenario: Fixed Production and Demand Rates ........................................................ 31 

3.3. Second Scenario: Variable Production and Fixed Demand Rates ..................................... 34 

4.4. Third Scenario: Fixed Production and Variable Demand Rates ........................................ 37 

4.5. Fourth Scenario: Variable Production and Demand Rates ................................................ 39  

4. MARKOV CHAIN MODEL TWO WITH TIME FACTOR ............................................... 43 

4.1. Notation.............................................................................................................................. 43  



vi 
 

4.2. First Scenario: Fixed Production and Demand Rates ........................................................ 44 

4.3. Second Scenario: Variable Production and Fixed Demand Rates ..................................... 45 

4.4. Third Scenario: Fixed Production and Variable Demand Rates ........................................ 48 

4.5. Fourth Scenario: Variable Production and Demand Rates ................................................ 50  

5. SCHEDULING HARD TIME WINDOWS ......................................................................... 53 

5.1. Notation.............................................................................................................................. 54  

5.2. Scheduling Between Two Production Processes Having Same Production and Demand 

Rates (Case 1) ........................................................................................................................... 55  

5.2.1. Scheduling Model by Using MC Model (One)........................................................... 55  

5.2.2. Scheduling Model by Using Markov Chain Model (Two) ......................................... 59  

5.3. Scheduling Between Two Production Processes Having Different Production and Demand 

Rates (Case 2) ........................................................................................................................... 63  

5.3.1. Scheduling Model by Using Markov Chain Model (One) .......................................... 64  

5.3.2. Scheduling Model by Using Markov Chain Model (Two) ......................................... 68  

5.4. Heuristic Search Methods .................................................................................................. 71  

5.4.1. Problem Formulation .................................................................................................. 72  

5.4.2. Genetic Algorithm Method ......................................................................................... 78 

5.4.3. Particle Swarm Optimization Method ........................................................................ 81 

5.4.4. Constraints Violation Values ...................................................................................... 82  

6. MAINTENANCE MODEL .................................................................................................. 84 



vii 
 

6.1. Notation.............................................................................................................................. 84  

6.2. Assumptions ....................................................................................................................... 85  

6.3. Maintenance Markov Chain Models .................................................................................. 85  

6.3.1. Preventive Maintenance .............................................................................................. 86 

6.3.2. Inspection .................................................................................................................... 87  

6.3.3. Minimal Repair ........................................................................................................... 88  

6.3.4. P&I Control Model ..................................................................................................... 89 

6.4. Expected Maintenance Actions Cost Function .................................................................. 91 

6.5. Expected Maintenance Total Cost Function ...................................................................... 91 

6.6. Numerical Example ........................................................................................................... 92  

7. SENSITIVTY ANALYSIS ................................................................................................... 97 

7.1. Production and Demand Rates ........................................................................................... 97  

7.2. Production and Inventory Control Model’s Parameters .................................................. 100 

8. CONCLUSIONS................................................................................................................. 104  

REFERENCES ........................................................................................................................... 107  

APPENDIX ................................................................................................................................. 116  

Appendix A ............................................................................................................................. 116  

Appendix B ............................................................................................................................. 116  

Appendix C ............................................................................................................................. 118  

Appendix D ............................................................................................................................. 119  



viii 
 

Appendix E ............................................................................................................................. 121  

Appendix F.............................................................................................................................. 122  

Appendix G ............................................................................................................................. 124  

Appendix H ............................................................................................................................. 124  

Appendix I .............................................................................................................................. 126  

Appendix J .............................................................................................................................. 132  

Appendix K ............................................................................................................................. 137  

VITA ........................................................................................................................................... 138  

 



ix 
 

List of Tables 

Table I. MC Model One First Scenario Solution (Base) .............................................................. 34  

Table II. MC Model One First Scenario Solution and P-Values .................................................. 34 

Table III. MC Model One Second Scenario Solution (Base) ....................................................... 36  

Table IV. MC Model One Second Scenario Solution and P-Values ............................................ 36 

Table V. MC Model One Second Two Optimal Production Rates Solution ................................ 37 

Table VI. MC Model One Third Scenario Solution (Base) .......................................................... 38 

Table VII. MC Model One Third Scenario Solution and P-Values ............................................. 38 

Table VIII. MC Model One Fourth Scenario Solution (Base)...................................................... 40 

Table IX. MC Model One Fourth Scenario Solution and P-Values ............................................. 41 

Table X. MC Model One Scenario Four Optimal Production and Demand Rates Solution ........ 41 

Table XI. MC Model Two First Scenario Solution (Base) ........................................................... 45 

Table XII. MC Model Two First Scenario Solution and P-Values .............................................. 45 

Table XIII. MC Model Two Second Scenario Solution (Base) .................................................... 47 

Table XIV. MC Model Two Second Scenario Solution and P-Values ........................................ 47 

Table XV. MC Model Two Scenario Two Optimal Production Rates Solution .......................... 48 

Table XVI. MC Model Two Third Scenario Solution (Base) ...................................................... 50 

Table XVII. MC Model Two Third Scenario Solution and P-Values .......................................... 50 

Table XVIII. MC Model Two Fourth Scenario Solution (Base) .................................................. 52  

Table XIX. MC Model Two Fourth Scenario Solution and P-Values ......................................... 52 

Table XX. MC Model Two Fourth Scenario Optimal Production and Demand Rates Solution . 52  

Table XXI.Scheduling Solution MC Model One Fourth Scenario Case 1 (Base) ........................ 58 

Table XXII. Scheduling Summary Solution for MC model one, Case 1, Four Scenarios, and the 

related P-Values with Confidence Intervals ................................................................................. 59 



x 
 

Table XXIII. Scheduling MC model two, Case 1, Fourth Scenario Optimal Solution Base ........ 62 

Table XXIV. Scheduling Summary Solution for MC model two, Case 1, Four Scenarios, and the 

related P-Values with Confidence Intervals on the Expected Total Cost ..................................... 63 

Table XXV. Scheduling MC Model One Case 2 Fourth Scenario Solution base (t-x) ................ 67 

Table XXVI. Scheduling MC Model Two Case 2 Fourth Scenario Solution base (t-x) .............. 70  

Table XXVII. Genetic Solution for MC Model Two Case 1 Fourth Scenario Solution .............. 80 

Table XXVIII. Genetic Solution for MC Model Two Case 2 Fourth Scenario Solution (t-x) ..... 80 

Table XXIX. PSO Method Solution for MC Model Two Case 2 Fourth Scenario Solution (t-x) 82 

Table XXX. The Constraints’ Violation Values for Mathematica, GA-Evolver, and PSO-Python

....................................................................................................................................................... 83  

Table XXXI. Maintenance Model Optimal Solution .................................................................... 93 

Table XXXII. Detailed Maintenance actions and Probabilities for Each State ............................ 95 

Table XXXIII. Optimal Maintenance Interval Solution for Each State ....................................... 95 

Table XXXIV. Sensitivity Analysis Data for the Production and Demand Rates ........................ 97  

Table XXXV. Sensitivity Analysis Summary Statistics for Production and Demand Rates Effects

....................................................................................................................................................... 98  

Table XXXVI. Sensitivity Analysis Data for the P&I Control Model Parameters .................... 100 

Table XXXVII. Sensitivity Analysis Variables Behavior Summary for the P&I Control Model 

Parameters ................................................................................................................................... 101  

Table XXXVIII. Sensitivity Analysis Summary Statistics for P&I Control Model Parameters 

Effects ......................................................................................................................................... 101  

Table XXXIX. MC Model One First Scenario and First Variation ............................................ 116 

Table XL. MC Model One First Scenario and Second Variation ............................................... 116  



xi 
 

Table XLI. MC Model One Second Scenario and Duration (t) .................................................. 116 

Table XLII. MC Model One Second Scenario and Optimal Selected Production Rates (t-x) .... 117 

Table XLIII. MC Model One Second Scenario and Optimal Production Rates (t-x) ................. 117 

Table XLIV. MC Model One Second Scenario and Optimal Selected Production Rates (t) ..... 117 

Table XLV. MC Model One Second Scenario and Optimal Production Rates (t) ..................... 118 

Table XLVI. MC Model One Third Scenario and Duration (t) .................................................. 118 

Table XLVII. MC Model One Third Scenario and Optimal Pair (t-x) ....................................... 118 

Table XLVIII. MC Model One Third Scenario and Optimal Pair (t) ......................................... 119 

Table XLIX. MC Model One Fourth Scenario Duration (t) ....................................................... 119 

Table L. MC Model One Fourth Scenario Optimal Pair (t-x) ..................................................... 119 

Table LI. MC Model One Fourth Scenario Optimal Selected Production Rates (t-x) ................ 120 

Table LII. MC Model One Fourth Scenario Optimal Production Rates (t-x) ............................. 120 

Table LIII. MC Model One Fourth Scenario Optimal Pair (t) .................................................... 120 

Table LIV. MC Model One Fourth Scenario Optimal Selected Production Rates (t) ................ 121 

Table LV. MC Model One Fourth Scenario Optimal Production Rates (t) ................................ 121 

Table LVI. MC Model Two First Scenario and First Variation ................................................. 121 

Table LVII. MC Model Two First Scenario and Second Variation ........................................... 122  

Table LVIII. MC Model Two Second Scenario and Duration (t)............................................... 122 

Table LIX. MC Model Two Second Scenario Optimal Selected Production Rates (t-x) ........... 122 

Table LX. MC Model Two Second Scenario Optimal Production Rates (t-x) ........................... 123 

Table LXI. MC Model Two Second Scenario Optimal Selected Production Rates (t) .............. 123 

Table LXII. MC Model Two Second Scenario Optimal Production Rates (t) ........................... 123 

Table LXIII. MC Model Two Third Scenario and Duration (t) ................................................. 124 



xii 
 

Table LXIV. MC Model Two Fourth Scenario and Duration (t) ............................................... 124 

Table LXV. MC Model Two Fourth Scenario Optimal Selected Production Rates (t-x) ........... 124 

Table LXVI. MC Model Two Fourth Scenario Optimal Production Rates (t-x) ........................ 125 

Table LXVII. MC Model Two Fourth Scenario Optimal Selected Production Rates (t) ........... 125 

Table LXVIII. MC Model Two Fourth Scenario Optimal Production Rates (t) ........................ 125 

Table LXIX. Scheduling with MC Model One First Scenario Base (t-x) .................................. 126 

Table LXX. Scheduling with MC Model One First Scenario (t-x) First Variation .................... 126 

Table LXXI. Scheduling with MC Model One First Scenario (t-x) Second Variation .............. 127 

Table LXXII. Scheduling with MC Model One Second Scenario Base (t-x) ............................. 127 

Table LXXIII. Scheduling with MC Model One Second Scenario Optimal Production Rates (t-x)

..................................................................................................................................................... 128  

Table LXXIV. Scheduling with MC Model One Second Scenario (t) ....................................... 128 

Table LXXV. Scheduling with MC Model One Second Scenario Optimal Production Rates (t)

..................................................................................................................................................... 129  

Table LXXVI. Scheduling with MC Model One Third Scenario (t-x) ....................................... 129 

Table LXXVII. Scheduling with MC Model One Third Scenario (t) ......................................... 130 

Table LXXVIII. Scheduling with MC Model One Fourth Scenario Optimal Production Rates (t-

x) ................................................................................................................................................. 130  

Table LXXIX. Scheduling with MC Model One Fourth Scenario (t) ........................................ 131 

Table LXXX. Scheduling with MC Model One Fourth Scenario Optimal Production Rates (t) 131 

Table LXXXI. Scheduling with MC Model Two First Scenario (t-x) ........................................ 132 

Table LXXXII. Scheduling with MC Model Two First Scenario First Variation (t-x) .............. 132 

Table LXXXIII. Scheduling with MC Model Two First Scenario Second Variation (t-x) ........ 133 



xiii 
 

Table LXXXIV. Scheduling with MC Model Two Second Scenario (t-x) ................................ 133 

Table LXXXV. Scheduling with MC Model Two Second Scenario Optimal Production Rates (t-

x) ................................................................................................................................................. 134  

Table LXXXVI. Scheduling with MC Model Two Second Scenario (t) ................................... 134 

Table LXXXVII. Scheduling with MC Model Two Second Scenario Optimal Production Rates 

(t) ................................................................................................................................................. 135  

Table LXXXVIII. Scheduling with MC Model Two Third Scenario (t-x) ................................. 135 

Table LXXXIX. Scheduling with MC Model Two Third Scenario (t) ...................................... 136 

Table XC. Scheduling with MC Model Two Fourth Scenario Optimal Production Rates (t-x) . 136 

Table XCI. Scheduling with MC Model Two Fourth Scenario (t) ............................................. 137 

Table XCII. Scheduling with MC Model Two Fourth Scenario Optimal Production Rates (t) . 137 



xiv 
 

Table of Figures 

Figure 1. Daily Average Defect Rates ............................................................................................ 2  

Figure 2. Weekly Average Defect Rates ......................................................................................... 2 

Figure 3. Monthly Average Defect Rates ....................................................................................... 3  

Figure 4. Yearly Average Defect Rates .......................................................................................... 3  

Figure 5. MC Model One with (n+1) States ................................................................................. 28 

Figure 6. MC Model One for First Scenario with Four States ...................................................... 31  

Figure 7. P&I Model for MC model one with First Scenario ....................................................... 32 

Figure 8. MC Model One for First Scenario and Two Variations ................................................ 33 

Figure 9. MC Model One for Second Scenario with Four States ................................................. 35  

Figure 10. P&I Model for MC Model One with Second Scenario, .............................................. 35  

Figure 11. MC Model One for Third Scenario with Four States .................................................. 37 

Figure 12. P&I Model for MC Model One with Third Scenario .................................................. 38 

Figure 13. MC Model One for Fourth Scenario with Four States ................................................ 39 

Figure 14. P&I Model for MC Model One with Fourth Scenario ................................................ 40 

Figure 15. Production Plan for the Shortages Between States ...................................................... 41  

Figure 16. MC Model Two with (n+1) States .............................................................................. 43 

Figure 17. MC model two First Scenario with Four States .......................................................... 44 

Figure 18. P&I Model for MC model two with First Scenario ..................................................... 45 

Figure 19. MC model two Second Scenario with Four States ...................................................... 46  

Figure 20. P&I Model for MC model two with Second Scenario ................................................ 47  

Figure 21. MC model two Third Scenario with Four States ......................................................... 48 

Figure 22. P&I Model for MC model two with Third Scenario ................................................... 49  

Figure 23. MC model two Fourth Scenario with Four States ....................................................... 50  



xv 
 

Figure 24. P&I Model for MC model two with Fourth Scenario ................................................. 51 

Figure 25. Scheduling Model Using MC Model One, Case One, and the Fourth Scenario ......... 56 

Figure 26. Scheduling Plan Solution Using MC Model One Fourth Scenario Case 1 ................. 58 

Figure 27. Scheduling Model Using MC Model Two Case 2 ...................................................... 60  

Figure 28. Scheduling Plan Solution for MC Model Two Fourth Scenario Case 1 ..................... 62 

Figure 29. Scheduling Model Using MC Model One, Case 2, and the Fourth Scenario .............. 65  

Figure 30. Scheduling Plan Solution for MC Model One Fourth Scenario Case 2 ...................... 67 

Figure 31. Scheduling Model Using MC Model Two, Case 2, and the Fourth Scenario ............. 68 

Figure 32. Scheduling Plan Solution for MC Model two Fourth Scenario Case 2 ....................... 71 

Figure 33. Preventive Maintenance MC Model ............................................................................ 86  

Figure 34. Inspection Action MC Model ...................................................................................... 87  

Figure 35. Minimal Repair Actions MC Model............................................................................ 89  

Figure 36. P&I Control MC Model............................................................................................... 90  

Figure 37.Optimal P&I and maintenance actions’ probabilities ................................................... 94 

Figure 38.Optimal maintenance actions required in each month and for each state .................... 94 

Figure 39. Expected (𝑇𝐶) w.r.t. Production and Demand Rates .................................................. 98 

Figure 40. Expected (𝑇1) Met w.r.t. Production and Demand Rates ........................................... 98 

Figure 41. Expected (𝑇2) w.r.t. Production and Demand Rates ................................................... 99 

Figure 42. Expected (𝑡) w.r.t. Production and Demand Rates ...................................................... 99 

Figure 43. Expected (𝑑) w.r.t. Production and Demand Rates ..................................................... 99 

Figure 44. Expected (𝑇𝐶) w.r.t. P&I Control Model Parameters ............................................... 101 

Figure 45. Expected (𝑇1) w.r.t. P&I Control Model Parameters ............................................... 102 

Figure 46. Expected (𝑇2) w.r.t. P&I Control Model Parameters ............................................... 102 



xvi 
 

Figure 47. Expected (𝑡) w.r.t. P&I Control Model Parameters .................................................. 103 

Figure 48. Expected (𝑑) w.r.t. P&I Control Model Parameters .................................................. 103 

Figure 49. The Development of the MC Models (NP-Complete) Problem ................................ 106 

 

  



xvii 
 

SUMMARY 

In this thesis, an irreducible discrete time Markov Chain (MC) model is developed 

and integrated with the imperfect production and inventory control model. The Markovian 

approach adapted and uses finite states and two models with/without the time factor are 

devised. The two MC models developed are designed as MC model one and MC model two, 

without and with time factor, respectively. In both models, the expected total cost function 

is obtained and then the optimal production plan is identified. The model two has higher 

accuracy than the model one in the expected total cost. 

Moreover, scheduling hard time window between two production processes are 

implemented. Two cases are developed, the first case has the same production and demand 

rates and the second case has different production and demand rates. The developed models 

demonstrate the efficiency and applicability of the previously developed MC models one 

and two. 

Two well-known heuristic methods are used for the scheduling model utilizing MC 

model two. Genetic algorithm (GA) is used for two cases. Particle Swarm Optimization 

(PSO) algorithm is used for only the second case. The optimal solutions for both algorithms 

as well as Mathematica are close to each other. However, they are different in the model 

constraints violation values. 

 The optimal maintenance actions for imperfect production processes are developed. The 

optimal preventive maintenance, inspection, and minimal repair are obtained for each state. The 

expected total cost function is developed includes the cost of the maintenance and production 

planning. By that the expected maintenance actions for each type are obtained for each month in 
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each state. 

 Moreover, sensitivity analysis is conducted in two different categories in order to show its 

effects on the developed MC model two for the fourth scenario. It has the same effects on MC 

model one and using any scenario. The first uses the production and demand rates and the second 

category uses the production and inventory control model’s parameters. The developed figures for 

each category are presented to show more details about them carefully. Finally, conclusions are 

presented of my thesis research. 
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1. INTRODUCTION 

1.1. Background and Motivation 

Imperfect production and inventory (P&I) control model are enriched with various studies 

in order to incorporate the effects of the production process deterioration on determining either the 

optimal production run time, optimal economic production quantity, or optimal total cost. 

Rosenblatt and Lee (1986) were the first researchers who studied this problem and derived the 

rework cost function for the defective products. However, these studies only considered the 

production cycles for one single state. There is a need to incorporate several states and to use their 

associated defects rates. MC models are used by several researchers in order to develop the 

expected total cost function for similar problems. The defect rates are random & stochastic, and 

the MC structure can be used to model and incorporate their effects. The steady-states operating 

characteristics are only considered in the developed models and defined by the stationery 

probabilities. The developed integrated model uses both the imperfect P&I control model along 

and the MC model in order to evaluate the expected total cost function. The detailed production 

plan, scheduling hard time windows, and maintenance actions are obtained. 

1.2. Defective Rates Data Analysis 

Defect rates real data were collected and analysed from a big manufacturing firm in the United 

States of America. The data included four years of defect rates. When plotting the graphs for any 

year, we found out that all of them have the same behaviour. The daily defect rates graphs behave 

like a time series, moreover, the weekly and monthly have same behaviour. However, the yearly 

defect rates are behaving in a linear relationship with time, see Figure 1, Figure 2, Figure 3, and 

Figure 4 for the daily, weekly, monthly, and yearly defect rates. This analysis helps us in 
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incorporating the effects of the defect rates by using a MC model. The developed model will use 

the defect rates for the states of the production process. Moreover, the expected total cost function 

will be derived by using the integrated model using the MC and the imperfect production and 

inventory (P&I) control model.  

 

Figure 1. Daily Average Defect Rates 

 

Figure 2. Weekly Average Defect Rates 
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Figure 3. Monthly Average Defect Rates 

 

 

Figure 4. Yearly Average Defect Rates 
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1.3. Research Objective 

This research deals with developing the expected total cost for the imperfect production 

and inventory control model using MC by different methods and purposes. The developed model 

enables the evaluation of the objective function which is the expected total cost for any defined 

number of states. Moreover, the production rate, demand rate, defect rate, optimal cycle time, and 

the optimal production run time for each state are used in the integrated models. The optimal 

solution parameters which are the optimal total cost, optimal time when the shortages are met, 

optimal time when inventory is built, optimal production run times, optimal for the inventory to 

be used and shortages to be built, probability of being in each state, and the expected state times 

all are calculated for each state. 

This research developed two MC models to show and describe the applicability of the 

developed models for real life problem. MC model one without time factor and MC model two 

with time factor are developed with four scenarios and numerical examples are provided. 

Moreover, scheduling hard time windows and maintenance actions models are developed. The P-

Value and the 95% confidence interval in each example on the evaluated expected total cost is 

provided to show the high accuracy achieved by using each model. 

1.4. Research Contribution 

MC model is used widely to address the stochastic nature for the imperfect production 

processes by determining the expected total cost by different methods and for different purposes. 

However, previous researches have not addressed solving the problem of the P&I control model 

by having several states in order to adapt the stochastic nature for the defect rates among states 

and developing the desired objective function. 
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In order to model and use the defect rates data, MC models are developed and used to have 

that pattern which is shown by the graph for the yearly defect rates. MC model methodology is a 

very effective tool to express and model that pattern by having the state which will be the average 

yearly defect rate for the production process. The defect rates are changing and increasing among 

the states in a yearly linear relationship. 

The potential research contribution of this thesis is the development of the MC models that 

enable us in evaluating the objective function which is the expected total cost for any defined 

number of states. The state in this problem is defined by the yearly average defect rate. Two models 

are developed for that purpose, the MC model one without time factor and the MC model two with 

time factors. The latter model has a better and a higher accuracy in evaluating the expected total 

cost than the former model. 

Moreover, two additional problems are addressed which are associated with the P&I 

control model by the developed MC models in this research. The first problem is the jobs 

scheduling hard time windows that the optimal jobs scheduling between two production processes 

are obtained. The second problem is the optimal maintenance actions which are the required 

maintenance actions (preventive maintenance, inspection, and minimal repair) are found and 

optimized for each month in each state. 

The first MC model without the time factor are developed in order to be integrated with 

the P&I control model with the following approaches: 

 each state has a unique yearly defect rate 

 the required demand rates with the reply production rates are specified for each state 

 the balance equations are used to obtain the states’ probabilities 
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 the expected total cost function is developed by using the state’s probabilities which is 

the sum of the multiplication for the state probabilities with the associated state costs 

which is the sum of the (setup, holding, shortages, and defectives) 

 the optimal solution parameters which are the optimal total cost, the optimal time when 

the shortages are met, the optimal time when inventory is built, the optimal production 

run times, the optimal for the inventory to be used and shortages to be built, the 

probability of being in each state, and the expected state times all are calculated and 

provided for each state. 

 four different scenarios of having different combinations of the production and demand 

rates data for each state are included in the MC model: 

o First scenario is having fixed production and demand rates 

o Second scenario is having variable production and fixed demand rates 

o Third scenario is having fixed production and variable demand rates 

o Fourth scenario is having variable production and demand rates 

 each scenario will their related possible optimizing models in order to reduce the 

expected total cost by the following approaches: 

o optimal pair assignment for the production and demand rates for each state 

o finding the optimal selected production rates for each state 

o finding the optimal production rates for each state 

 the accuracy of the expected total cost is evaluated by: 

o finding the expected production, demand, and the defect rates in order to find 

the optimal total cost when considering all states as one cycle and then finding 
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the difference between the expected total cost and the optimal total cost, the 

lower the difference the better indication 

o using the P-Value as a test hypothesis on the expected total cost and the 

confidence intervals are provided 

The second MC model are developed by adding and using the time factors which are the 

optimal cycle time and the optimal production run time for each state which is implemented in the 

MC structure: 

 each state has a unique yearly defect rate 

 the required demand rates with the reply production rates are specified for each state 

 the balance equations are used to obtain the states’ probabilities 

 the expected total cost function is developed by using the state’s probabilities which is 

the sum of the multiplication for the state probabilities with the associated state costs 

which is the sum of the (setup, holding, shortages, and defectives) 

 the optimal solution parameters which are the optimal total cost, the optimal time when 

the shortages are met, the optimal time when inventory is built, the optimal production 

run times, the optimal for the inventory to be used and shortages to be built, the 

probability of being in each state, and the expected state times all are calculated for 

each state. 

 four different scenarios of having different combinations of the production and demand 

rates data for each state are included in the MC model 

o First scenario is having fixed production and demand rates 

o Second scenario is having variable production and fixed demand rates 

o Third scenario is having fixed production and variable demand rates 
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o Fourth scenario is having variable production and demand rates 

 each scenario will their related possible optimizing models in order to reduce the 

expected total cost by the following approaches: 

o optimal pair assignment for the production and demand rates for each state 

o finding the optimal selected production rates for each state 

o finding the optimal production rates for each state 

 the accuracy of the expected total cost is evaluated by: 

o finding the expected production, demand, and the defect rates in order to find 

the optimal total cost when considering all states as one cycle and then finding 

the difference between the expected total cost and the optimal total cost, the 

lower the difference the better indication 

o using the P-Value as a test hypothesis on the expected total cost and the 

confidence intervals Two MC models are developed. MC model one 

without time factor and MC model two with time factor. The second 

model has more accuracy than the first model in the expected total cost. 

 the accuracy of the evaluated expected total cost in this model is higher than MC model 

one which is shown by the obtained higher evaluated P-Value for all scenarios and the 

optimization examples  

Scheduling hard time window model is developed using MC model one and MC model 

two. In this model two production processes will be integrated by using MC model. The scheduling 

time plans are generated in order to specify the feasible hard time windows between them in order 

to pass the jobs. Moreover, two cases will be developed for each one in order to specify and to 

determine the optimal load that is sent to the receiver MC compared by the load of its current state: 
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 the first case for having same production and demand rates between the sender 

production process and the receiver production process: 

o the same four scenarios are developed and used 

o different optimization examples are used in order to lower the expected total 

cost 

o feasible optimal hard time windows are obtained between the concerned states 

for both the production processes 

o the optimal solution parameters which are the optimal total cost, the optimal 

time when the shortages are met, the optimal time when inventory is built, the 

optimal production run times, the optimal for the inventory to be used and 

shortages to be built, the probability of being in each state, and the expected 

state times all are calculated for each state 

 the second case for having different production and demand rates between the sender 

production process and the sender production process with specified load 

o the fourth scenario are used 

o feasible optimal hard time windows are obtained 

o the optimal solution parameters which are the optimal total cost, the optimal 

time when the shortages are met, the optimal time when inventory is built, the 

optimal production run times, the optimal for the inventory to be used and 

shortages to be built, the probability of being in each state, and the expected 

state times all are calculated for each state 

o two famous heuristic search methods are developed which are the genetic 

algorithm (GA) and the particle swarm optimization (PSO) algorithm: 
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 the GA is developed by using Evolver in MS Excel for the scheduling 

case 1 and 2 with MC model two 

 the PSO is used by developing a programming code in Python for the 

scheduling case 2 with MC model two 

Moreover, maintenance model is developed. Four different MCs are developed and 

integrated with the P&I model. They are the preventive maintenance, the inspection, the minimal 

repair, and the main P&I MC model. The optimal number of the preventive maintenance, the 

inspection, and the minimal repair are determined by optimizing the integrated expected total cost. 

The optimal maintenance actions are the number of the actions in each month for each state. 

Consequently, they can be used which are specified for each month is each state or the expected 

values for each maintenance actions for the whole production planning period can be used. The 

detailed optimal production plan is created along with the optimal maintenance actions.  

The detailed optimal production plans are obtained for all the developed models in this 

thesis. The production cycle starts by having shortages. Then the first segment is the optimal time 

in order for the shortages to be met (𝑇 ). The second segment is the optimal time in order for the 

inventory to be built (𝑇 ). The sum of these two optimal times for these two segments is called the 

optimal production run time (t= 𝑇 + 𝑇 ). After the second segment the production activity stops. 

Then in the third segment is the optimal time in order for the inventory to be used and the fourth 

segment is the optimal time for the shortages to be built (𝑇 + 𝑇 ). Having said that, in each 

production cycle, the four segments which are specified and added to each generated table for the 

purpose of finding the optimal expected total cost function. The optimal cycle time is the sum of 

these four segments (𝑇 = 𝑇 + 𝑇 + 𝑇 + 𝑇 ). 
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Finally, detailed sensitivity analysis is conducted in two different categories. In the first 

category is to study the effects of varying the production and demand rate data on the expected 

values for the total cost, the time for the shortages to be met, the time for the inventory to be built, 

the production run time, and the defect rates. In the second category, is the effects of varying the 

P&I control model parameters which are the setup cost, the holding cost, the shortages cost, and 

the failure rate for the exponential probability density function.  

1.5. Research Outline 

This thesis is structured as follows. In chapter 2, detailed literature review for the previous and 

current research topic will be provided. Chapter 3 will present the first developed MC model one 

without time factor. Moreover, the second developed MC model two with time factor will be 

provided in chapter 4. The scheduling hard time windows model will be introduced in chapter 5. 

In section 5.4 two heuristic search method the genetic algorithm (GA) and Particle Swarm 

Optimization (PSO) are used. In chapter 6, optimal maintenance actions model will be presented. 

Moreover, the sensitivity analysis will be in conducted in chapter 7. Finally, the conclusion will 

be presented in chapter 8. 
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2. LITERATURE REVIEW 
 

(Partially previously published as Al Hajailan, W. I. and He, D., (2020) Expected 

Maintenance Actions for Imperfect Production Processes Using a Markovian Approach, 2020 

Asia-Pacific International Symposium on Advanced Reliability and Maintenance Modeling 

(APARM), Vancouver, BC, Canada, 2020, pp. 1-6, doi: 10.1109/APARM49247.2020.9209372.) 

See Appendix K. 

2.1. Imperfect Production and Inventory Control Model 

The classical P&I control model assumes that the products are having perfect quality and 

the production processes don’t deteriorate. The optimal production quantity is easily obtained 

based on those assumptions. Many researchers in the literature have done several studies to show 

that the production process state is not always perfect, and because of that it affects the products 

quality. They are named by a deteriorating or imperfect production processes. Under this 

assumption, both states of in-control and out-of-control are used. The process shift from the former 

state to the latter state. For the in-control state it is assumed that there are no defective products. 

During the out-of-control state the defective products start to be produced. The shift happens 

because the production process deteriorates during each production cycle. Rosenblatt and Lee 

(1986) were the first researchers who studied this problem and then be able to derive the defective 

cost function. They considered three different types of defective rates which are constant, linear, 

or exponential. Porteus (1986) developed a model that has a connection between the product 

quality and the lot size. The production process goes to out-of-control with a given probability. In 

this case it will have a rework cost and will have other related operation costs. In this case, it is 

better to produce in smaller lot to have a small fraction of defectives. He introduced three options 
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for the quality improvement: smaller probability that the process goes to out-of-control, setup cost 

reduction, or both of them. For each option there is a well-defined form for the cost function and 

then having the optimal production plan. After that maintenance and inspection policies are 

introduced by (Lee and Rosenblatt, 1987). They solved that problem by deriving the optimal 

production run times or the number of produced products and the level of maintenance for 

inspections. The number of defective products in the in-control state is assumed to be negligible. 

Lee and Rosenblatt (1989) introduced process restoration that depends on the detection delay and 

the shortages in the system. They used two different restoration cost functions which are linear 

and exponential. An optimal maintenance schedule will have an equal interval and the production 

run time with the level for the shortages are attained. They showed the difference for the optimal 

cost for both the classical EMQ model and with their developed model. Cheng (1991) developed 

a model that the unit cost of production depends on the demand and the reliability of the production 

process which affect the products quality.  The economic ordering quantity based on both of them 

is derived where the problem expressed by geometric program. Tripathy et al. (2003) developed a 

similar EOQ model. They assumed the production cost is related to the reliability; however, it is 

related to the demand in an inverse way. They claimed that product quality depends on the 

reliability of the production process and on the used monitoring programs. Liou et al. (1994) and 

(Boone et al., 2000) introduced type-I and type-II errors inspection errors which affects the optimal 

production run time and help in minimizing the total cost function. Huang and Chiu (1995) 

extended the works of (Rosenblatt and Lee, 1986) and (Lee and Rosenblatt, 1987 and 1989) by 

integrating three important production problems. They integrated the production planning, 

preventive maintenance, and inspection. They claimed that production process deteriorates by 

worker fatigue and/or machine corrosion. Hariga and Ben-Daya (1998) expanded the model of 
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(Rosenblatt and Lee, 1986) by having a general distribution for the time shift. They obtained 

bounds on the optimal cost function with a distribution based and a distribution free. Kim and 

Hong (1999) extended the work of (Rosenblatt and Lee, 1986) by having an arbitrary distribution 

function for the shift time instead of the exponential distribution function. They derived the optimal 

production run times under those different types for the deteriorated production processes which 

are constant, linear, and exponential increasing. Ben-Daya and Hariga (2000) studied the effects 

of the imperfect production process and the restoration process on the optimal economical lot 

scheduling model. Salameh and Jaber (2000) studied the products with imperfect quality to be sold 

with reduced price. This will decrease the in-hand inventory cost. They found that the economic 

lot size quantity will increase as the defective rate increases. This contradicts the finding of 

(Rosenblatt and Lee, 1986) because the defective products are reworked and then kept in the 

inventory which will increase the inventory cost. Yeh et al. (2000) studied the effects of imperfect 

production process on the optimal production run time for products that are sold with free minimal 

repair warranty. They used two-state continuous time MC in-control and out-of-control for 

characterizing the deteriorating production processes which may come from several sources from 

usage like mentioned before age, corrosion, fatigue, and cumulative wear. Hayek and Salameh 

(2001) studied similar problem that the effects of the imperfect quality units on the production 

process with shortages. The total inventory costs are minimized by having the optimal production 

lot size which considers the rework cost. They mentioned that having too much items in inventory 

will incur high storage cost. However, having shortages will have low cost but will have a high 

number of products to be ordered. There is a need to minimize all related costs and then have some 

portion for shortages which will help to have the optimal quantity for production. Wang and Sheu 

(2001) generalizes the work of (Porteus, 1986) by studying the effects of the warranty cost on the 
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imperfect economical manufacturing quantity. They used a general discrete distribution function 

for the production process shifts and then starts having defective products. The defective products 

will have both the rework and warranty costs. Chiu (2003) developed an imperfect P&I control 

model to show that the reworked products affect the economic production quantity where the 

shortages are allowed. Not all defective products are reworked but some percentage of them will 

be scrapped and then discarded. Chung and Hou (2003) generalizes the work of (Rosenblatt and 

Lee, 1986) and (Kim and Hong, 1999). They studied the effect of having shortages in the imperfect 

production process. Having stockout can happen with different situation, so inventory could have 

shortages which are normal. Wang (2004) extended the work of (Yeh et al., 2000) by assuming 

general shift distribution from in-control state to the out-of-control state and the work of (Salameh 

and Jaber, 2000) related to the products that have warranty and then found the optimal run time. 

They noticed an improvement in the expected total cost by having a lower number of 

nonconforming products when the failure function improves. Hou (2005) extended the work of 

(Rosenblatt and Lee, 1986) by adding shortages. He used a continuous-time Markovian production 

system in order to incorporate the two-state’s restoration cost. The defective products are produced 

during both the in-control and out-of-control states. Moreover, in their model they have noticed a 

cost savings when considering shortages. Chen and Lo (2006) developed an imperfect P&I control 

model with shortages for products that are sold with free minimal repair warranty. Their model 

provides the optimal production run time and the optimal time for the shortages to be replenished. 

Rahim and Al-Hajailan (2006) extended the work of (Chung and Hou, 2003) by assuming the 

defect rate is in a linear relationship with time. The rate should be increased with the duration of 

the out-of-control state. They derived the optimal production run time in order to optimize the 

developed model cost. Yu and Mao (2010) extended the work of (Rahim and Al-Hajailan, 2006) 
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by adding a free minimal repair warranty model. They assumed that the percentage of defective 

products in the in-control period is constant and during the out-of-control period is dynamic with 

respect to the out-of-control time. Their developed model helps in the market competition and for 

customer satisfaction by providing warranty for their products.  

2.2. Markov Chain and Imperfect Production and Inventory Control Model 

In the literature MC methodology is used very widely integrated with the imperfect P&I 

control model. It helps the researchers to model the stochastic nature for the variables that have 

uncertain or random values. Moreover, current and previous studies dealt with developing the long 

run expected cost or the long run average cost, the expected total cost or the expected average total 

cost, and the expected discounted cost for different kind of models and for many different 

optimization purposes that will be introduced here. 

The following studies are about developing the long run expected cost or the long run 

average cost when the time goes to infinity. Sung and Oh (1987) studied single product on single 

machine for the P&I control model with shortages and compound poisson demand process to find 

the optimal (r, Q) policy. The derived long run average cost function that includes production, 

holding, and shortages costs in order to find the steady-state probability distribution. Kalpakam 

and Sapna (1997) considered (s, S) inventory system with renewal demand and lost sales. An 

irreducible MC with steady state variables is used to derive the long run expected cost. The 

objective function includes setup, purchasing, holding, and shortages costs. Kalpakam and Shanthi 

(2001) used an irreducible MC stationery distribution to study the lost sales for (S-1, S) policy. He 

used the steady state variables in order to optimize and define the inventory model long run 

expected cost that includes the purchase, inventory, shortages, and failure costs. Yin et al. (2004) 

studied stochastic production planning and scheduling model with discrete time and/or continuous 
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time using MC with finite state. They optimized the optimal production rate in order to minimize 

the long run expected cost by using Hamilton-Jacobi-Bellman equations. The objective function 

includes production and shortages costs. Isotupa (2006) studied (s, Q) continuous review inventory 

model for priority and ordinary customers to determine the optimal reorder level and quantity. He 

developed a MC using the steady state variables to obtain the balance equations and then to 

determine the average inventory. The derived long run expected cost function includes setup, 

purchase, shortages, and holding costs. Tai and Ching (2014) studied an inventory and return 

system by using a queueing model. They developed the expected long run operating cost by using 

an irreducible MC with steady state probabilities. The objective function includes holding, 

shipment, transhipment, and lost sales costs. Yao (2017) studied a continuous review stochastic 

inventory system in order to determine the optimal prices and the inventory levels. He derived the 

long run average profit function that includes revenue, holding cost, shortages cost, and ordering 

cost. Elhafsi and Hamouda (2018) studied a P&I control model for two types of demand which are 

walk-in and long-term. They used finite state irreducible MC model in order to develop the long 

run expected profit function by using the steady state probabilities. The production scheduling, 

inventory levels, and the optimal prices are obtained. They considered the production, holding, 

and shortages costs. 

The following studies are about developing the expected total cost or the expected average 

total cost. Cohen et al. (1988) studied (s, S) inventory system for two type of prioritized customers 

for single product and single location. They used an irreducible MC transition matrix model to 

approximate the expected total cost subject to a service-level constraint by using the renewal-based 

approach and steady-state variables. The cost function includes ordering, demand, emergency 

shortages shipment, and holding costs. The accuracy and the performance of their approach for the 
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true optimal solution is concluded. Schaefer (1989) studied (s, S) inventory model to minimize the 

expected total cost by using a discrete MC and the steady-state probabilities. The objective 

function includes ordering, holding, repairing, and shortages costs. Van der Laan et al. (1996) 

studied single product in P&I control model. They used three different types of products which are 

the returned, remanufactured, or disposed. Several strategies are considered to derive the expected 

total cost function by using finite state MC and then to minimize the quantity of wastes for these 

products. The cost function includes production, procurement, remanufacturing, disposal, holding, 

and shortages costs. Nakashima et al. (2002) developed a recovery system for single product and 

single process within a P&I facility in order to minimize the quantity of wastes. They considered 

three stochastic variables in their model which are customer demand rate, recovery rate, and 

disposal rate. They used a discrete time MC with steady state distribution to obtain the expected 

average total cost per cycle that includes products that could be reused, recycled, or 

remanufactured. The objective function includes the manufacturing, remanufacturing, holding, 

backlog, and out-of-date costs. Lian et al. (2005) studied stochastic perishable (s, S) inventory 

model using a multidimensional MC that is finite with discrete time. They used a continuous 

review model and the expected average total cost that includes holding, replacement, shortages, 

and ordering costs. Noblesse et al. (2014) studied stochastic continuous review single product (s, 

S) P&I control model to determine the optimal production lead times by using queueing analysis. 

They used MC to develop the expected total cost that includes ordering, inventory holding, 

shortages costs. Ozener et al. (2014) studied periodic review P&I control model (s, S) for single 

product. They used discrete time MC with infinite horizon to develop the balance equations and 

then used the dynamic programming method. The developed expected total cost function includes 

production, holding, shortages, and ordering costs. Li et al. (2016) studied a production facility 
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that satisfies the demand of customers with uncertain times. They used discrete time MC in order 

to develop the expected total cost by using dynamic programming method. The cost function 

includes holding and delay penalty costs. Zadeh et al. (2016) studied P&I control model for single 

product in single facility in order to determine the optimal safety stock and the reorder quantity to 

overcome the inaccuracy in the inventory level. They developed a MC using the steady state 

variables to obtain the balance equations and then to determine the average inventory. The 

developed supply chain expected total cost function that includes holding, production, ordering, 

and lost sales costs. Habibi et al. (2018) studied a supply chain that includes optimizing the location 

and the inventory model. They used MC with steady-state probabilities for the inventory model in 

continuous time. The expected total cost function includes opening facility location, transportation, 

holding, shortages, ordering, and purchase costs. 

The following studies are about developing the expected discounted cost that is using a 

positive variable which is less than one in order to have the discounted factor. Lou et al. (1994) 

studied stochastic production planning problem for two machines capacities and demand processes 

by using finite state MC in an infinite horizon. They optimized the production rate by using 

dynamic programming in order to minimize the expected discounted cost that includes production, 

inventory, and shortages costs. Presman et al. (1995) studied stochastic production planning 

problem for N-machines and demand processes by using finite state MC in an infinite horizon. 

They optimized the production rate by using dynamic programming in order to minimize the 

expected discounted cost that includes production, inventory, and shortages costs. Presman et al. 

(1997) studied stochastic production system with finite buffers for N-machines to satisfy the 

demand by using finite state MC in an infinite horizon. They obtain the optimal production rates 

by using dynamic programming in order to minimize the expected discounted cost that includes 
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production, inventory, and shortages costs. Parlar (2000) used a MC to model a stochastic 

inventory model with random interruptions. A formula for the distribution of the cycle time and 

cost are developed and then enabled him to compute the expected discounted cost that is the 

expected cycle cost divided by the expected cycle time. The cost function includes ordering, 

holding, and shortages costs. Kenne and Gharbi (2001) developed a new method to optimize the 

production rates by using Hamilton-Jacobi-Bellman equations. The inventory model is described 

by MC for multiple machines and products. Their method optimized the expected discounted cost 

for both inventory and shortages costs. Kenne and Gharbi (2004) studied stochastic machine 

capacity for one machine and two products. They used finite state continuous time MC in order to 

obtain the optimal production rate by using Hamilton-Jacobi-Bellman equations. They derived the 

expected discounted cost objective function that includes the inventory and shortages costs. Hajji 

et al. (2009) studied stochastic production supply chain model to determine the optimal 

information sharing policy. They used MC with dynamic programming technique for the derived 

Hamilton-Jacobi-Bellman equations. They obtained the expected discounted cost function that 

includes ordering, production, holding, and shortages costs. Cadenillas et al. (2013) studied P&I 

control model to determine the optimal inventory level and production rate with full or limited 

information. They considered the allowed returned or non-returned products. Continuous-time MC 

is used to derive the expected discounted cost that includes the running cost for the difference 

between the inventory and the production levels with their targets. Barron (2016) studied stochastic 

fluid inventory model for single product with infinite horizon. He used finite state continuous time 

MC to develop the expected discounted cost function that includes setup, delivery, holding, 

shortages costs. Eruguz et al. (2018) studied an inventory model with maintenance. They used 

continuous time discrete states MC in order to minimize the derived expected discounted costs that 
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include preventive replacement, preventive delivery, transportation, and holding costs. Feng et al. 

(2019) developed MC to study a periodic review stochastic inventory model for two products. 

They developed the expected discounted costs that includes ordering, shortages, and holding costs. 

The following studies have a mix between the three different types of cost functions that 

are mentioned previously. Song (2009) studied stochastic supply chain to determine the optimal 

ordering and production policies. He used MC with dynamic programming for the derived 

Hamilton-Jacobi-Bellman equations. He derived the expected discounted and the long run average 

costs that includes the material inventory, product holding, and demand shortages costs. ElHafsi 

et al. (2010) developed MC model to study the stochastic supply chain for single product in order 

to determine the optimal P&I policy by using the dynamic programming method. The derived the 

expected average total cost or the expected discounted cost that includes holding and shortages 

costs. Barron et al. (2016) studied stochastic P&I control model to select the proper production 

rates. They used continuous time steady state irreducible MC with finite state for the demand 

arrival. They derived the expected discounted and the long run average cost functions which 

consists of lost production, holding, shortage, and unsatisfied demand costs. Barron (2019) studied 

P&I (s, S) model in order to develop both the expected discounted costs and the expected average 

total costs by using continuous time MC. He extended the work of (Barron, 2016) by having the 

lost demand cost to be included with the ordering, purchase, and holding costs. 

2.3. Scheduling Time Windows 

In the literature the scheduling time windows are used along with the P&I control models 

for many different purposes. There are several types of time windows that help in constructing 

constraints to maintain certain level of service or to comply and meet the producer and/or the 

retailer limitations. There is delivery, soft, hard, and other types of time windows which will be 
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introduced. The soft time window means that the constraints may not to be met and a penalty will 

be added to the objective function, however, the hard time window must be met, (Ibaraki et al., 

2005). 

The following studies are about the delivery time window. Christiansen (1999) studied the 

inventory management with ship routing & scheduling with pickup and delivery time windows. 

The cost function includes the costs of transportation for harbor, channel, fuel, and diesel oil. Jung 

et al. (2008) studied the safety stock for the production planning and scheduling of the multi-stage 

supply chain to provide the required service level for the customers with allowable delivery time 

window. The expected cost function includes the costs of holding, backordering, and the penalty 

of having a service level below the target. Yeung et al. (2011) studied the supply chain scheduling 

for a manufacturer and a retailer that is having the production time windows and the delivery time 

windows. The delivery time windows include both normal and express deliveries. The cost 

function includes the costs of transportation and storage. Amorim et al. (2013) studied the batching 

and lot sizing for the integrated model of production scheduling and distribution planning with 

customer time windows and perishable products. The cost function includes the costs of 

production, setup, transportation, and vehicles fixed cost. Zhang et al. (2015) studied the order 

scheduling and inventory matching for the policies of mark-to-order and make-to-stock within the 

time window of delivery. The cost function includes the costs of delivery penalty, order 

cancelation penalty, inventory matching, and production. Li et al. (2017) studied the integrated 

model for the production scheduling, inventory, and delivery time windows for splittable or 

nonsplittable orders. The cost function includes the costs of inventory and transportation. Vahdani 

et al. (2017) studied the supply chain for the integrated problem of the production scheduling and 

the vehicle routing using the perishable products time delivery windows. The cost function 
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includes the costs of production, holding and transportation. Miranda et al. (2018) studied the 

supply chain for the integrated model of production, inventory, distribution, and routing for 

multiple delivery time windows. The cost function includes the costs of setup, holding, and routing 

to determine the optimal lot sizes and the scheduling. Miranda et al. (2019) studied the production 

planning horizon for the production, inventory, distribution, and routing that are having multiple 

delivery time windows. The cost function includes the costs of setup, holding, and routing to 

determine the optimal lot (sizes and the scheduling. Tang et al. (2019) studied the model of 

production, inventory, distribution, and routing with multiple delivery time windows. The total 

cost function includes the costs of setup, holding, and routing in order to determine the optimal lot 

sizes and scheduling. 

The following studies are about the soft and hard time window. Ibaraki et al. (2005) studied 

the vehicle routing problem with soft time window and then solved the production and scheduling 

problem with cost function that includes the costs of setup and inventory. Jia et al. (2014) studied 

the supply chain of the production scheduling and distribution routing for one supplier and multiple 

retailers. The obtained the soft time windows for the transportation and hard time windows for the 

sales to control the quality of the product. The cost function includes the costs of supplier, 

transportation, retailer, and the penalty for the vehicle returning time interval. Henning et al. 

(2015) studied the routing and scheduling for the split pickup and split delivery with hard time 

windows that are not permitted to go beyond their constraints. The cost function includes the costs 

of waiting, route, sailing, port, and handling. 

  
The following studies are about different types of TW. Lin and Krajewski (1992) studied 

the master production scheduling (MPS) for a rolling schedule which includes the frozen, 

replanning, and forecast window intervals. The total average cost includes the costs of forecast 
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error, MPS change, setup, and inventory. Chang (1994) studied the capacity time window for the 

synchronous production. The cost function includes the costs of capacity, holding, and operating. 

Hishamuddin et al. (2014) studied the supply chain for one supplier and one retailer. They obtained 

the production recovery time windows for the production schedules that are disruptive. The cost 

function includes the costs of setup, ordering, inventory, backordering, and lost sales. de Moura 

and Botter (2016) studied the supply chain of auto parts with collecting schedule time windows. 

The cost function includes the costs of holding and transportation. Kopp et al. (2020) studied 

planning of jobs for the qualification time windows by using scheduling. They used mixed-integer 

linear programming method and the objective function that includes the costs of backlogging, 

holding, and penalties of running qualification that is associated for each tool and for each lot 

family. 

The MC model is used with scheduling in order to develop the expected cost function with 

a discount factor. Moreover, the time windows have not been considered in these studies and they 

are very limited. Oosterom et al. (2017) studied the scheduling replacement for the deteriorating 

system. They model the deterioration by using a MC model. They derived the total expected 

discounting function that includes the replacement and the operating costs. Yan and Yang (1987) 

used a continuous-time MC and a heuristic dynamic programming algorithm to prevent the 

deadlock scheduling and to control the processing time for multiple machines and products. The 

derived the expected cost function by using a discount factor that includes the costs of processing, 

inventory, backlog, and scheduling. 

2.4. Maintenance Actions 

In practice, most of the production systems are not perfect in that defectives are often 

produced. Even though the maintenance of such imperfect production systems is studied, the 
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maintenance strategies obtained by a Markovian approach are limited.  In this paper, expected 

maintenance actions for imperfect production processes are developed using a Markovian 

approach.  An integrated maintenance action model is developed to determine the required 

preventive maintenance (PM), inspection, and minimal repair (MR) for each state. The expected 

total cost function is obtained that covers the cost of the production process with the cost of 

maintenance. Imperfect production and inventory (P&I) control model are enriched with many and 

various studies in order to incorporate the effects of the production process deterioration on 

determining either the optimal production run time, the optimal economic production quantity, or 

the optimal total cost. 

Maintenance is very helpful in enhancing and lowering the production process failures 

(Boukas et al., 1996; Meller and Kim, 1996). PM increases the useful life of the production process 

which is less expensive than replacement (Iakovou et al., 1999). Moreover, PM is the activities 

that are performed in order to remove or reduce the deterioration and the repair is used to move 

the current production process failure to a non-failure state (Chen and Trivedi, 2005). However, 

inspection is used to check the current state of the production process (Berenguer et al., 1997). PM 

has two types of actions either by using certain fixed time or by checking its current condition. For 

the time-based PM, the required action is performed each time. However, the condition-based PM 

depends on the current state of the production process that it may need an action after inspection, 

see (Chen and Trivedi, 2005) for more details. 

Rosenblatt and Lee (1986) were the first researchers who studied the problem of the 

imperfect or deteriorating production processes and then be able to derive the formula to estimate 

the expected number of defectives. After that maintenance and inspection policies are introduced 

by (Lee and Rosenblatt, 1987). They solved that problem by deriving the optimal production run 
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times or the number of produced products and the level of maintenance by inspections. There are 

numerous papers in the literatures in developing an integrated model for the optimal production 

quantity, inspection, and the quality control, see (Rahim, 1994). 

Moreover, MC model is used and integrated with the P&I control model but without 

maintenance. There are three different types for the objective function considered which are: the 

expected long run cost in reference (Tai and Ching, 2014), the expected total cost in reference 

(Habibi et al., 2018), and the expected discounted cost in reference (Feng et al., 2019). 

Furthermore, MC is used with developing the expected discounted cost or the average cost 

to determine the optimal rates for the production and maintenance in (Boukas et al., 1996; Boukas 

et al., 1997). Wang and Sheu (2003) developed the expected average cost to find he optimal 

production, inspection, and maintenance with the two type of errors. Xiang et al. (2014) developed 

the total expected discounted costs to consider the production, yield, and maintenance. However, 

in this thesis the expected total cost function is developed by using a discrete irreducible MC and 

with unique MC structure. The optimal production plan along with the optimal maintenance actions 

are optimized for a defined number of states which has not been addressed before up-to our 

knowledge. 
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3. MARKOV CHAIN MODEL ONE WITHOUT TIME FACTOR 
 

The yearly production process defect rates are increasing linearly with respect to time for 

the data that was collected. It has several states that each state represents the average yearly 

defective rates and for each state a defect rate is used and associated with it. It is a stochastic nature 

for the process when the defect rate is changing with respect to time. MC model one is developed 

and used to evaluate the optimal solution for the objective function which is the expected total 

cost. The model is using the demand rates, the production rates, and the defective rates that are 

assigned for each state, see Figure 5 for more detail. Moreover, the optimal time for the shortage 

to be met 𝑇 , the optimal time for the inventory to be built 𝑇 , the optimal production run time 𝑡 =

𝑇 + 𝑇 , the optimal for the inventory to be used and shortages to be built 𝑇 + 𝑇  , the optimal 

total cost, and the expected state time will be calculated for each individual state along with he 

expected total cost. The accuracy of the model in determining the expected total cost will be 

compared with both the calculated optimal total cost and by the P-Values. 

Four different scenarios are developed in order to model and to have all possible 

combinations for the production and demand rates data among the states. The first scenarios will 

have constant production rates and demand rates for each state, the second scenario will have 

variable production rates and constant demand rates, the third scenario will have constant 

production rates and variable demand rates, and the fourth scenario will have variable production 

rates and the demand rates. Each scenario will have several examples to evaluate the expected total 

cost and different ways to optimize and reducing the cost. 

 



28 
 

 

Figure 5. MC Model One with (n+1) States 

3.1. Notation and P&I Objective Function 

 The objective function for the imperfect P&I control model from reference (Chung and 

Hou, 2003) that will be used is  

 
𝑇𝐶(𝑡, 𝑇 ) =

𝐾𝐷

𝑃𝑡
+ (ℎ + 𝜋)

(𝑃 − 𝐷)

2𝑡
𝑇 + ℎ

(𝑃 − 𝐷)𝑡

2
− (𝑃 − 𝐷)𝑇

+
𝑠𝐷

𝑡
𝑑(𝑡 − 𝑥)𝜆𝑒 𝑑𝑥 

(3.1) 

 

 After doing simplification, the objective function can be stated as 

 
𝑇𝐶(𝑡) =

𝐾𝐷

𝑃𝑡
+

ℎ(𝑃 − 𝐷)𝑡

2

𝜋

ℎ + 𝜋
+

𝑠𝐷

𝑡
𝑑(𝑡 − 𝑥)𝜆𝑒 𝑑𝑥 (3.2) 

 

The following notation is to be used for the imperfect P&I control model 

Parameter Description 

D demand rate (required product units per time unit) 

P production rate (product units manufactured per time unit) 

0 1 2 n-1 n

1 − 𝑑 𝑃

𝐷 𝐷𝐷 𝐷 𝐷

1 − 𝑑 𝑃 1 − 𝑑 𝑃 1 − 𝑑 𝑃 1 − 𝑑 𝑃
1 − 𝑑 𝑃

1 − 𝑑 𝑃

𝐷
𝐷
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h inventory cost for each product unit per unit time 

K production cycle setup cost 

s rework cost for each defective product unit 

x the production process time before shift starts and then defective product units 

are produced 

λ failure rate per unit time for the exponential distribution function 

f(x) the probability density function of the exponential distribution with parameter λ,  

𝑓(𝑥) = 𝜆 𝑒  

d defect rate 

π shortage cost for each unmet product unit 

𝑇 production process cycle time 

𝑇  time for the production process when the shortages are recovered 

𝑇  time for the production process when the inventory is at peak 

𝑇  time of no production and inventory is used 

𝑇  time of no production and shortages start 

t time for the production process when shortages are recovered, and inventory is 

built (t=𝑇 +𝑇 ) 

 

The following notation is to be used for the developed MC model one: 

Parameter Description 

n+1 number of states 
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i state number 

𝑃  production rate for state (i) 

𝐷  demand rate for state (i) 

𝑃 expected production rate 

𝐷 expected demand rate 

𝑑  defect rate for state (i) where (0 ≤ 𝑑 ≤ 1) and 𝑙𝑖𝑚
→

𝑑 = 1 

�̅� expected defect rate 

𝑃  probability of being in state (i)  

𝑇  time for the production process when the shortages are recovered for state (i) 

𝑇  time for the production process when the inventory is built for state (i) 

𝑇 + 𝑇  time for the inventory used and the shortages to be built   

𝑡  time for the production process when shortages are met and inventory is built 

for state (i) (𝑡 = 𝑇 + 𝑇 ) 

𝑇𝐶  total cost for state (i) 

𝑇  expected unit of time when shortages are met 
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𝑇  expected unit of time when inventory is built 

𝑇 + 𝑇  expected unit of time for inventory and then shortages are built 

𝑡̅ expected production run unit of time 

𝐸𝑇𝐶 the objective function which is the expected total cost that covers all related 

costs  

ST production process service time 

𝑆𝑇  expected service time for state (i)  

𝐴  variable that is used to calculate 𝑃  (𝐴 =1) 

3.2. First Scenario: Fixed Production and Demand Rates 

In this scenario, the production and demand rates are fixed among the states. Four states 

will be used and the balanced equation in order to determine the states’ probabilities which will 

help in finding the expected total cost. See Figure 6 for more detail. 

 

Figure 6. MC Model One for First Scenario with Four States 

0 1 2
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The state one probability is 𝑃 =
( )

𝑃 , state two is 𝑃 =
( )( )

𝑃 , state 

three is 𝑃 =
( )( )( )

𝑃 , and then for state zero is 𝑃 =

( ) ( )( ) ( )( )( )

. Moreover, the expected total cost is  

 
𝐸𝑇𝐶(𝑛 + 1) = ∑ (𝑃 × 𝑇𝐶 ) = ∑ ∑ ×

∏

∗

×

×
∏

∗

× +
( )

+ 𝛼 ∫ (𝑡 − 𝑥)𝑓(𝑥)𝑑𝑥   

(3.3) 

There is a condition in deriving the formula for the expected total cost function. It is applied 

when finding the probability of state zero; (𝑘∗ =0 if h=0, else 𝑘∗ =1) and (𝑘∗ =0 if i=0, else 

𝑘∗ =1). The defective products produced is highlighted in Figure 7.  

 

Figure 7. P&I Model for MC model one with First Scenario 

 

 The detailed optimal solution and the expected total cost is expressed in Table I which is 

the base model when the defective products produced in the out-of-control state with duration (t-

x). Moreover, both periods are considered that the defective products are produced during in-
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control and out-of-control states. Two different variations are developed and the defect rates that 

are assigned to both of them, see Figure 8 for more detail. 

 

 

Figure 8. MC Model One for First Scenario and Two Variations 

 

The expected total cost is (95.973) and the expected defect rate is (0.0157306). The 

expected total cost is calculated by the sum product of the optimal state probabilities with its 

optimal total cost. The expected defect rate is calculated by the sum product of the optimal state 

probability with the states defect rate. We will use these both figure to calculate the optimal total 

cost which is found to be (95.973) when it is considered like one cycle. It is noticed that it is very 

close to the expected total cost. This help to prove the performance of the accuracy in evaluating 

the expected total cost that both are close to each other with a zero difference even with the other 

optimal values. The expected values for 𝑇  , 𝑇 , and 𝑇 + 𝑇  are calculated using same way by 

the sum product of the state probabilities with their state optimal times values. The P-value for the 

expected total cost equal (0.5428) which is not significant and the (95%) confidence interval (CI) 

is (95.856, 96.1529). The developed MC model has a high accuracy in the evaluated expected total 

cost which is shown by the achieved high P-value. 

The solution presents that for state zero, and the optimal total cost is (95.904), the optimal 

time when the shortages are met is (0.1918), the optimal time when inventory is built is (1.19856), 
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the optimal production run time is which is the sum of  (1.3903), the optimal for the inventory to 

be used and shortages to be built is the sum of (0.6951), the probability being in state zero is 

(0.4061), and the expected state time is (1.6242) years. The same thing will be for states one, two, 

and three. See Table I for more detail. During the whole four years period the expected total cost 

is an accepted hypothesis by the calculated P-value, see Table II for more detail. For more details 

about the first and the second variations, see appendix A. 

Table I. MC Model One First Scenario Solution (Base) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 600 400 1.00 0.4061 95.904 0.1918 1.1985 0.6951 1.6242 

1 600 400 0.6765 0.2747 95.966 0.1917 1.1978 0.6947 1.0988 
2 600 400 0.4629 0.1880 96.023 0.1915 1.1972 0.6944 0.7518 
3 600 400 0.3233 0.1313 96.124 0.1914 1.1960 0.6937 0.5252 

Expected Values 95.973 0.1916 1.1978 0.6947 

  Production and Inventory Model 95.973 0.1916 1.1978 0.6947 

Difference 0.0000 0.0000 0.0000 0.0000 
 

Table II. MC Model One First Scenario Solution and P-Values 

No. Example ETC Optimal Cost P-Value CI 
1 Base 95.973 95.973 0.5428 (95.856, 96.153) 
2 First Variation 96.11 95.966 0.5226 (95.887, 96.465) 
3 Second Variation 96.19 96.044 0.5283 (95.851, 96.723) 

3.3. Second Scenario: Variable Production and Fixed Demand Rates 

In this scenario, the production rates are variable and demand rates are fixed among the 

states. Four states will be used and the balanced equation in order to determine the states’ 

probabilities which will help in finding the expected total cost. See Figure 9 for more detail. 
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Figure 9. MC Model One for Second Scenario with Four States 

The states probability are: 𝑃 =
( )

𝑃 , 𝑃 =
( )( )

𝑃 , 𝑃 =

( )( )( )
𝑃 , and 𝑃 =

( ) ( )( ) ( )( )( )

. The 

expected total cost: 

 
 𝐸𝑇𝐶(𝑛 + 1) = ∑ ∑

∏

∗

×
∏

∗

× +

( )
+ 𝛼 ∫ (𝑡 − 𝑥)𝑓(𝑥)𝑑𝑥  

(3.4) 

The defective products produced are highlighted in Figure 10. For more detail about the 

optimal solution, see Table III. 

 

Figure 10. P&I Model for MC Model One with Second Scenario, 
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Table III. MC Model One Second Scenario Solution (Base) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 400 1.00 0.5481 135.617 0.0678 0.4238 0.9832 2.1924 
1 950 400 0.4273 0.2342 126.413 0.0919 0.5743 0.9160 0.9367 

2 750 400 0.2339 0.1282 113.553 0.1296 0.8098 0.8220 0.5128 

3 600 400 0.1634 0.0895 96.124 0.1914 1.1960 0.6937 0.3582 

Expected Values 127.097 0.0924 0.5777 0.9208 

  Production and inventory Model 129.926 0.0825 0.5153 0.6311 

Difference 2.8290 0.0100 0.0623 0.2898 

  

In this scenario, two optimization problems are provided in order to minimize the expected 

total cost by using the production rates. Examples 3&5 are determining the optimal selected 

production rates among the states. Moreover, examples 4&6 are determining the optimal 

production rates which should be greater than the demand rates in each state. The expected total 

cost is decreased, see the summary Table IV, and Table V. For more detail about each example, 

see Appendix B. 

Table IV. MC Model One Second Scenario Solution and P-Values 

No. Example Description ETC Optimal Cost P-Value CI 
1 Base - (t-x) 127.097 129.926 0.3626 (90.682, 145.171) 

2 Duration (t) 127.138 129.953 0.3624 (90.908, 145.113) 

3 
Duration (t-x) - Optimal Selected 
Production Rates 

114.966 117.338 0.7541 (90.532, 145.306) 

4 
Duration - (t-x) - Optimal Production 
Rates 

93.4447 94.884 0.6257 (70.61, 109.636) 

5 
Duration - (t) - Optimal Selected 
Production Rates 

115.003 117.338 0.7493 (90.542, 145.515) 

6 
Duration - (t) - Optimal Production 
Rates 

93.5404 94.964 0.6255 (70.932, 109.569) 
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Table V. MC Model One Second Two Optimal Production Rates Solution 

State (i) 
Example No. 

3 & 5 4 & 6 

0 750 650 
1 950 600 

2 600 550 

3 1,200 500 

4.4. Third Scenario: Fixed Production and Variable Demand Rates 

In this scenario, the production rates are constant and demand rates are variable among the 

states. Four states will be used and the balanced equation in order to determine the states’ 

probabilities which will help in finding the expected total cost. See Figure 11 for more detail. 

 

Figure 11. MC Model One for Third Scenario with Four States 
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The defective products produced are highlighted in Figure 12. For more detail about the 

optimal solution, see Table VI. 

 

Figure 12. P&I Model for MC Model One with Third Scenario 

Table VI. MC Model One Third Scenario Solution (Base) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00 0.4361 130.778 0.1494 0.9339 0.4461 1.7446 
1 1200 650 0.7188 0.3135 143.406 0.1042 0.6512 0.6392 1.2539 

2 1200 500 0.3996 0.1743 141.900 0.0810 0.5063 0.8222 0.6971 

3 1200 400 0.1745 0.0761 135.699 0.0678 0.4235 0.9826 0.3043 

Expected Values 137.050 0.1171 0.7319 0.6130 

  Production and inventory Model 142.207 0.1119 0.6992 0.2764 

Difference 5.1570 0.0052 0.0327 0.3366 

 

 In this scenario, the optimal pair of production and demand rates provided in the Table VII 

will be found for each state in order to decrease the expected total cost. For more detail about each 

example, see Appendix C. 

Table VII. MC Model One Third Scenario Solution and P-Values 

No. Example Description ETC Optimal Cost P-Value CI 

1 Base - (t-x) 137.05 142.207 0.7786 (128.673, 147.218) 

2 Duration (t) 137.096 142.275 0.7761 (128.704, 147.306) 

3 Duration - (t-x) - Optimal Pair 133.527 141.458 0.2282 (128.609, 147.325) 

4 Duration - (t) - Optimal Pair 133.561 141.458 0.2287 (128.579, 147.514) 
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4.5. Fourth Scenario: Variable Production and Demand Rates 

In this scenario, the production and demand rates are variable among the states. Four states 

will be used and the balanced equation in order to determine the states’ probabilities which will 

help in finding the expected total cost. See Figure 13 for more detail. 

 

Figure 13. MC Model One for Fourth Scenario with Four States 

The states probability are 𝑃 =
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. The 

expected total cost  

 
 𝐸𝑇𝐶(𝑛 + 1) =  ∑ (𝑃 × 𝑇𝐶 ) = ∑ ∑ ∏

∗

×

∏

∗

× +
( )

+ 𝛼 ∫ (𝑡 − 𝑥)𝑓(𝑥)𝑑𝑥  

(3.6) 

The defective products produced are highlighted in Figure 14. For more detail about the 

optimal solution, see Table VIII. 
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Figure 14. P&I Model for MC Model One with Fourth Scenario 

Table VIII. MC Model One Fourth Scenario Solution (Base) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00 0.3998 130.778 0.1494 0.9339 0.4461 1.5992 
1 950 650 0.6943 0.2776 119.080 0.1585 0.9907 0.5304 1.1103 
2 750 500 0.4751 0.1899 107.359 0.1713 1.0708 0.6210 0.7597 

3 600 400 0.3318 0.1327 96.124 0.1914 1.1960 0.6937 0.5307 

Expected Values 118.485 0.1617 1.0104 0.5356 

  Production and Inventory Model 119.228 0.1602 1.0010 0.5164 

Difference 0.743 0.0015 0.0094 0.0191 

 

In this scenario, three optimization problems are provided in order to minimize the 

expected total cost. Examples 3&6 are determining the optimal selected production rates. 

Moreover, examples 4, 5, 7, and 8 are determining the optimal selected and optimized production 

rates. The expected total cost is decreased, see the summary Table IX and Table X. For more detail 

about each example, see Appendix D. 
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Table IX. MC Model One Fourth Scenario Solution and P-Values 

No. Example Description ETC Optimal Cost P-Value CI 

1 Base - (t-x) 118.485 119.228 0.54 (89.569, 137.1) 

2 Duration - (t) 118.572 119.228 0.54 (89.811, 137.088) 

3 Duration - (t-x) - Optimal Pair 108.355 109.119 0.6669 (89.569, 137.1) 

4 
Duration - (t-x) - Optimal Selected 
Production Rates 

82.782 95.194 0.62908 (45.531, 138.389) 

5 
Duration - (t-x) - Optimal 
Production Rates 

76.943 77.37 0.7886 (73.941, 79.439) 

6 Duration - (t) - Optimal Pair 108.462 109.119 0.5558 (89.135, 137.9214) 

7 
Duration - (t) - Optimal Selected 
Production rates 

82.904 95.194 0.5736 (45.696, 138.466) 

8 
Duration - (t) - Optimal Production 
Rates 

77.1013 77.37 0.7888 (74.286, 79.443) 

Table X. MC Model One Scenario Four Optimal Production and Demand Rates Solution 

State (i) 
Example No. 

3 & 6 4 & 7 5 & 8 

0 (600, 400) (950, 850) (950, 850) 
1 (750, 500) (750, 650) (750, 650) 
2 (950, 650) (600, 500) (600, 500) 
3 (1200, 850) (1200, 400) (500, 400) 

 

 Regarding the detailed production plan between states. The shortages at the end of the state 

should equal the shortages in the next state. There are two situations, either both are equal or are 

not equal. In the second situation, there could be two cases, see Figure 15 for more detail. 

 

Figure 15. Production Plan for the Shortages Between States 

   For the first case, the following equations will be used to determine the additional time for 

production in order to decrease the shortages to match the next state’s shortages. The starting states 

will have its optimal time 𝑇  and then 𝑇  for production. 
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 𝐴 = 𝐷 × 𝑇  (3.5) 

 𝐵 = (𝑃 − 𝐷 ) × 𝑇  (3.6) 

 𝐴 − 𝐵 = 𝐷 × 𝑇 − (𝑃 − 𝐷 ) × 𝑇  (3.7) 

 𝑇 =
𝐴 − 𝐵

𝑃 − 𝐷
=

𝐷 × 𝑇 − (𝑃 − 𝐷 ) × 𝑇

𝑃 − 𝐷
 (3.8) 

 

For the second case, the following equations will be used to determine the additional time 

in order to increase the shortages to match the next state’s shortages. The starting states will have 

its optimal time 𝑇  and then 𝑇  that both times have no production activity. 

 𝐵 − 𝐴 = (𝑃 − 𝐷 ) × 𝑇 − 𝐷 × 𝑇  (3.9) 

 𝑇 =
𝐵 − 𝐴

𝐷
=

(𝑃 − 𝐷 ) × 𝑇 − 𝐷 × 𝑇

𝐷
 (3.10) 

 𝑇 ∗ = 𝑇 + 𝑇  (3.11) 
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4. MARKOV CHAIN MODEL TWO WITH TIME FACTOR 
 

In this MC model two, a time factor is added and integrated to the model which are the optimal 

cycle time and the optimal production run time for each state. Also, the number of defective 

products in each state is included in each state, see Figure 16 for more detail. Moreover, the 

accuracy of the evaluated expected total cost in this model is higher than the accuracy of MC 

model one. This finding is proved by the calculated P-Value for all the developed scenarios and 

their examples. 

 

Figure 16. MC Model Two with (n+1) States 

4.1. Notation 

 The following notation will be used in the MC model two along with the previously 

mentioned notation in section 3.1. 

Parameter Description 

𝑆  the produced quantity without defective products multiplied by the probability 

of state (i) 

𝑆̅  the average produced quantity without defective products 

𝑅  abbreviation symbols used in calculating the state’s probabilities 
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4.2. First Scenario: Fixed Production and Demand Rates 

In this scenario, the production and demand rates are fixed among the states. Four states 

will be used and the balanced equation in order to determine the states’ probabilities which will 

help in finding the expected total cost. See Figure 17 for more detail. 

 

Figure 17. MC model two First Scenario with Four States 

 We will use the following abbreviation to find the states’ probabilities. 𝑅 = 𝐷𝑇   and 𝑆 =

 𝑃𝑡 − 𝑃𝑑 ∫ (𝑡 − 𝑥)𝑓(𝑥)𝑑𝑥. The state one probability is 𝑃 = 𝑃 , state two is 𝑃 =

𝑃 , state three is 𝑃 = 𝑃 , and then for state zero is 𝑃 =  . 

Moreover, the expected total cost for (n+1) states is 

 

 𝐸𝑇𝐶(𝑛 + 1) =  ∑ (𝑃 × 𝑇𝐶 ) = ∑ ∑ ∏
∫ ( )

𝑘∗𝑎

×

∏
∫ ( )

𝑘∗𝑏

× +
( )

+ 𝛼 ∫ (𝑡 − 𝑥)𝑓(𝑥)𝑑𝑥  

(4.1) 

The defective products produced are highlighted in Figure 18. For more detail about the 

optimal solution, see Table XI. For more detail about each example, see Table XII and Appendix 

E.  
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Figure 18. P&I Model for MC model two with First Scenario 

Table XI. MC Model Two First Scenario Solution (Base) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 600 400 1.00 0.2489 95.904 0.1918 1.1985 0.6951 0.9955 

1 600 400 1.0018 0.2493 95.966 0.1917 1.1978 0.6947 0.9974 

2 600 400 1.0051 0.2502 96.023 0.1915 1.1972 0.6944 1.0006 

3 600 400 1.0110 0.2516 96.124 0.1914 1.1960 0.6937 1.0065 

Expected Values 96.005 0.1916 1.1974 0.6945 

  Production and Inventory Model 96.005 0.1916 1.1974 0.6945 

Difference 0.000 0.0000 0.0000 0.0000 

Table XII. MC Model Two First Scenario Solution and P-Values 

Example  Optimal Cost P-Value CI 

Base 96.005 96.005 0.9941 (95.856, 96.153) 
First Variation 96.178 95.988 0.987 (95.887, 96.465) 

Second Variation 96.291 96.096 0.9819 (95.851, 96.723) 

4.3. Second Scenario: Variable Production and Fixed Demand Rates 

In this scenario, the production rates are variable and demand rates are constant among the 

states. Four states will be used and the balanced equation in order to determine the states’ 

probabilities which will help in finding the expected total cost. See Figure 19 for more detail. 
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Figure 19. MC model two Second Scenario with Four States 

We will use the following abbreviation to find the states’ probabilities.  𝑅 = 𝐷𝑇   and 

𝑆 =  𝑃 𝑡 − 𝑃 𝑑 ∫ (𝑡 − 𝑥)𝑓(𝑥)𝑑𝑥. 𝑃 = 𝑃 , 𝑃 = 𝑃 , 𝑃 = 𝑃 , and 𝑃 =

. The expected total cost  

 

 

𝐸𝑇𝐶(𝑛 + 1) =  ∑ (𝑃 × 𝑇𝐶 ) = ∑ ∑ (𝐷) ×

∏
∫ ( )

∗

× (𝐷) ×

∏
∫ ( )

∗

× +
( )

+ 𝛼 ∫ (𝑡 −

𝑥)𝑓(𝑥)𝑑𝑥   

(4.2) 

The defective products produced are highlighted in Figure 20. For more detail about the 

optimal solution, see Table XIII. For more detail about each example, see Table XIV, Table XV, 

and Appendix F. 



47 
 

 

Figure 20. P&I Model for MC model two with Second Scenario 

Table XIII. MC Model Two Second Scenario Solution (Base) 

 

Table XIV. MC Model Two Second Scenario Solution and P-Values 

No. Example Description ETC Optimal Cost P-Value CI 
1 Base - (t-x) 117.876 122.395 0.9956 (90.682, 145.171) 
2 Duration (t) 117.914 122.417 0.9917 (90.909, 145.113) 

3 
Duration (t-x) - Optimal Selected 
Production Rates 117.876 122.399 0.9959 (90.676, 145.174) 

4 Duration - (t-x) - Optimal Production Rates 90.0661 91.697 0.9931 (70.61, 109.637) 

5 
Duration - (t) - Optimal Selected Production 
Rates 117.915 122.424 0.9921 (90.118, 145.118) 

6 Duration - (t) - Optimal Production Rates 90.144 91.761 0.987 (70.933, 109.569) 
 

 

 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00 0.2495 130.778 0.1494 0.9339 0.4461 0.9979 
1 1200 650 1.0010 0.2497 143.406 0.1042 0.6512 0.6392 0.9990 

2 1200 500 1.0025 0.2501 141.900 0.0810 0.5063 0.8222 1.0004 

3 1200 400 1.0047 0.2507 135.699 0.0678 0.4235 0.9826 1.0026 

Expected Values 137.947 0.1005 0.6284 0.7229 

  Production and Inventory Model 143.927 0.0958 0.5987 0.4591 

Difference 5.9800 0.0048 0.0297 0.2637 
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Table XV. MC Model Two Scenario Two Optimal Production Rates Solution 

State (i) 
Example No. 

3 & 5 4 & 6 

0 1,200 650 
1 950 600 

2 750 550 

3 600 500 

4.4. Third Scenario: Fixed Production and Variable Demand Rates 

In this scenario, the production rates are constant and demand rates are variable among the 

states. Four states will be used and the balanced equation in order to determine the states’ 

probabilities which will help in finding the expected total cost. See Figure 21 for more detail. 

 

Figure 21. MC model two Third Scenario with Four States 

   

  We will use the following abbreviation to find the states’ probabilities. 𝑅 = 𝐷 𝑇   and 

𝑆 =  𝑃𝑡 − 𝑃𝑑 ∫ (𝑡 − 𝑥)𝑓(𝑥)𝑑𝑥. 𝑃 = 𝑃 , 𝑃 = 𝑃 , 𝑃 = 𝑃 , and 𝑃 =

. The expected total cost 
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 𝑇𝐶(𝑛 + 1) =  ∑ (𝑃 × 𝑇𝐶 ) =

∑ ∑ ∏
×

∫ ( )

∗

×

∏
×

∫ ( )

∗

× +
( )

+ 𝛼 ∫ (𝑡 −

𝑥)𝑓(𝑥)𝑑𝑥   

(4.3) 

 The defective products produced are highlighted in Figure 22. For more detail about the 

optimal solution, see Table XVI. For more detail about second example, see Table XVII and 

Appendix G.  

  

Figure 22. P&I Model for MC model two with Third Scenario 

 

 

 

 



50 
 

Table XVI. MC Model Two Third Scenario Solution (Base) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00 0.2495 130.778 0.1494 0.9339 0.4461 0.9979 
1 1200 650 1.0010 0.2497 143.406 0.1042 0.6512 0.6392 0.9990 

2 1200 500 1.0025 0.2501 141.900 0.0810 0.5063 0.8222 1.0004 

3 1200 400 1.0047 0.2507 135.699 0.0678 0.4235 0.9826 1.0026 

Expected Values 137.947 0.1005 0.6284 0.7229 

  Production and Inventory Model 143.927 0.0958 0.5987 0.4591 

Difference 5.9800 0.0048 0.0297 0.2637 

Table XVII. MC Model Two Third Scenario Solution and P-Values 

No. Example Description  Optimal Cost P-Value CI 

1 Base - (t-x) 137.947 143.927 0.9997 (128.673, 147.218) 

2 Duration (t) 138.008 144.01 0.9992 (128.704, 2147.306) 
 

4.5. Fourth Scenario: Variable Production and Demand Rates 

In this scenario, the production and demand rates are variable among the states. Four states 

will be used and the balanced equation in order to determine the states’ probabilities which will 

help in finding the expected total cost. See Figure 23 for more detail. 

 

 

Figure 23. MC model two Fourth Scenario with Four States 
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We will use the following abbreviation to find the states’ probabilities. 𝑅 = 𝐷 𝑇   and 

𝑆 =  𝑃 𝑡 − 𝑃 𝑑 ∫ (𝑡 − 𝑥)𝑓(𝑥)𝑑𝑥. 𝑃 = 𝑃 , 𝑃 = 𝑃 𝑃 = 𝑃 , and 𝑃 =

. The expected total cost 

 𝐸𝑇𝐶(𝑛 + 1) = ∑ (𝑃 × 𝑇𝐶 ) =

∑ ∑ ∏
×

∫ ( )

∗

×

∏
×

∫ ( )

∗

× +
( )

+ 𝛼 ∫ (𝑡 −

𝑥)𝑓(𝑥)𝑑𝑥   

(4.4) 

The defective products produced are highlighted in Figure 24. For more detail about the 

optimal solution see Table XVIII. For more detail about other examples, see Table XIX, Table 

XX, and Appendix H. 

 

Figure 24. P&I Model for MC model two with Fourth Scenario 
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Table XVIII. MC Model Two Fourth Scenario Solution (Base) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00  0.2490 130.778 0.1494 0.9339 0.4461 0.9959 
1 950 650 1.0016 0.2494 119.080 0.1585 0.9909 0.5305 0.9975 
2 750 500 1.0045 0.2501 107.359 0.1714 1.0714 0.6214 1.0004 

3 600 400 1.0104 0.2516 96.124 0.1915 1.1972 0.6944 1.0062 

Expected Values 113.286 0.1678 1.0487 0.5734 

  Production and Inventory Model 114.138 0.1657 1.0358 0.5509 

Difference 0.8520 0.0021 0.0129 0.0226 

Table XIX. MC Model Two Fourth Scenario Solution and P-Values 

No. Example Description ETC Optimal Cost P-Value CI 

1 Base - (t-x) 113.286 114.138 0.9952 (89.569, 137.101) 

2 Duration - (t) 113.356 114.094 0.9908 (89.811, 137.088) 

3 
Duration - (t-x) - Optimal Selected 
Production Rates 

92.027 114.285 0.9966 (45.531, 138.388) 

4 
Duration - (t-x) - Optimal 
Production Rates 

76.6808 77.132 0.9922 (73.941, 79.439) 

5 
Duration - (t) - Optimal Selected 
Production Rates 

92.21 114.375 0.9935 (45.696, 138.466) 

6 
Duration - (t) - Optimal Production 
Rates 

76.8482 77.345 0.9856 (74.286, 79.443) 

Table XX. MC Model Two Fourth Scenario Optimal Production and Demand Rates Solution 

State (i) 
Example No. 

3 5 4 & 6 

0 (950, 850) (950, 850) (950, 850) 
1 (750, 650) (750, 650) (750, 650) 
2 (600, 500) (1200, 500) (600, 500) 
3 (1200, 400) (600, 400) (500, 400) 

 

 Two MC models are developed which are the MC model one without time factor and MC 

model two with time factor. Detailed production plans for each state in each example are provided. 

The used collected data for the defect rates are random and stochastic. Each state is assigned with 

a defect rate. They are used and implemented their roles by using a Markovian approach and 

integrated with the imperfect production and inventory control model.    
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5. SCHEDULING HARD TIME WINDOWS 
 

Two different production processes with single product can interact with each other. The 

jobs requests can be passed from a production process to another different production process. As 

a result, there will be two different processes which are the production process one (PP1) and the 

production process two (PP2). One of them will be a sender and the other will be a receiver 

production process. By using the developed MC model one and MC model two, the scheduling 

between theses two production processes can be constructed. The defect dates that are collected 

will be used for that purpose. The name of MCA will be assigned to the receiver production process 

(PP1) in order to fulfil the required demand from the sender production presses (PP2) which will 

be MCB. In this chapter, a scheduling model is developed in order to determine the optimal time 

when to pass jobs from production process two (PP2) to the other production process one (PP1). 

The developed MC model will be used in order to find the optimal scheduling hard time windows 

using the expected total cost function. Both the developed MC model one and MC model two will 

be considered. Two cases will be used in order to address either using the same or different 

production and demand rates for both production processes. The first case will be with same 

production and demand rates and the second case will have different production and demand rates 

for the concerned states. In the second case, the cost functions for the receiver MC will be 

developed in order to address it in the developed expected total cost function. Consequently, each 

state (state 2 and 3) in the receiver MCA will have two cost functions and with the required load 

percentages. 

The scheduling hard time window using MC models will be introduced in order to 

determine the optimal feasible hard time windows for the jobs that should be passed between the 
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two different production processes. As a result, the current setup of both of them is that the jobs 

will be passed from the sender PP2 (MCB) to the receiver PP1 (MCA). 

5.1. Notation 

The following notation is to be used for the P&I control model with shortages and the 

MC models. 

Parameter Description 

𝑃 , 𝑃  production rate for MCA and MCB for state (i) 

𝐷 , 𝐷  demand rate for MCA and MCB for state (i) 

𝑑 , 𝑑  defect rate for MCA and MCB for state (i) 

𝑃 , 𝑃  probability of being in state (i) for MCA and MCB 

𝑇 , 𝑇  optimal cycle time (𝑇 + 𝑇 + 𝑇 + 𝑇 ) for MCA and MCB for state (i) 

𝑡 , 𝑡  optimal production run time for MCA and MCB for state (i) 

𝑆 , 𝑆  flow rate for MCA from state (i) to state (i-1) multiplied by the probability of 

state (i) 

𝑆  flow for MCB from state (i) to state (i-1) multiplied by the probability of state 

(i) 

𝑆  flow from MCA to MCB from state (i) to state (i-1) multiplied by the 

probability of state (i) 
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5.2. Scheduling Between Two Production Processes Having Same Production and 

Demand Rates (Case 1) 

Case 1 will use the four scenarios, however, the production and demand rates for the 

concerned states will be similar. Four states will be used and the balanced equation in order to 

determine the states’ probabilities which will help in finding the expected total cost. 

 

5.2.1. Scheduling Model by Using MC Model (One) 
 

In this section, the scheduling model will be introduced by using the MC model one. In 

this section, the scheduling model will be introduced by using the MC model Two. The scheduled 

jobs from PP2 (state one and two) to PP1 (state two and three), the production plan will be taken 

from PP2 (state two and two) because we are directing the jobs using the current optimal cycle 

time ( and ) as shown on . However, the scheduling cost will be taken from PP1 (state two and 

three) since the jobs is processed on it. See Figure 25 for more detail. 
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Figure 25. Scheduling Model Using MC Model One, Case One, and the Fourth Scenario 

The balance equations for the developed scheduling MCA are 

State zero 𝐷 PA = (1 − 𝑑 )𝑃 𝑃𝐴  (5.1) 

State one [𝐷 + (1 − 𝑑 )𝑃 ]PA = 𝐷  𝑃𝐴 + (1 − 𝑑 )𝑃  𝑃𝐴   (5.2) 

State two [D + 2(1 − 𝑑 )𝑃 ] PA = 𝐷 𝑃𝐴 + (1 − 𝑑 )P  𝑃𝐴 + 𝐷 𝑃𝐵   (5.3) 

State three 2(1 − 𝑑 )𝑃 PA = D PA + 𝐷 𝑃𝐵  (5.4) 

The balance equations for the developed scheduling MCB are 

State zero 𝐷 x PB = (1 − 𝑑 )𝑃 x 𝑃𝐵  (5.5) 

State one [2𝐷 + (1 − 𝑑 )𝑃 ]x 𝑃𝐵 = 𝐷 𝑃𝐵 + (1 − 𝑑 )𝑃  𝑃𝐵 +

(1 − 𝑑 )𝑃 𝑃𝐴   

(5.6) 

0 1 2

1 − 𝑑 𝑃 x PA

𝐷 x PA𝐷 x PA

1 − 𝑑 𝑃 x PA

D x PA
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1 − 𝑑 𝑃 x PA
1 − 𝑑 𝑃 x PA

3

𝐷 x PA

0 1 2 3
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1 − 𝑑 𝑃 x PB

1 − 𝑑 𝑃 x PB
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𝑑
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−
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State two [2𝐷 + (1 − 𝑑 )𝑃 ]𝑃𝐵 = 𝐷 𝑃𝐵 + (1 − 𝑑 )𝑃 𝑃𝐵 +

(1 − 𝑑 )𝑃 𝑃𝐴   

(5.7) 

State three (1 − 𝑑 )𝑃 PB = 𝐷 𝑃𝐵  (5.8) 

 The last constraint is the sum of all probabilities should be equal to on: PA + PA +

PA + PA + PB + PB + PB + PB = 1. 

The expected total cost is (119.962), the expected production rate is (1037.13), and the 

expected demand rate is (740.701), and the expected defect rate is (0.0160767). We will use the 

last three figures to calculate the optimal total cost which is found to be (120.962) and is close to 

the expected total cost with a difference equal to (1.139) even with the other optimal values. The 

P-Value for the expected total cost equal (0.3499) which is not significant and the (95%) 

confidence interval is (101.9187, 127.0735). The developed MC model one has a high accuracy in 

the evaluated expected total cost which is shown by the achieved P-Value. 

The production plan for PP1 (state zero) will have the optimal total cost is (135.346), the 

optimal time when the shortages are met is (0.1546), the optimal time when inventory is built 

(0.9664), the optimal production run time is (1.121), the optimal time for the inventory to be used 

and shortages to be built is (0.3567), the probability of being in state zero is (0.1878), and the 

expected state time is (1.5027) years. The same practice will be stated for states one, two, three 

and also for the PP2. See Table XXI for more detail. 
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Table XXI.Scheduling Solution MC Model One Fourth Scenario Case 1 (Base) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 1100 1.00 0.1878 135.346 0.1546 0.9664 0.3567 1.5027 
A1 1150 850 0.7500 0.1409 123.799 0.1647 1.0295 0.4215 1.1271 
A2 750 500 0.5132 0.0964 107.359 0.1713 1.0708 0.6210 0.7712 
A3 600 400 0.3585 0.0673 96.124 0.1914 1.1960 0.6937 0.5387 
B0 1200 850 1.00 0.2029 130.778 0.1494 0.9339 0.4461 1.6234 
B1 950 650 0.6943 0.1409 119.080 0.1585 0.9907 0.5304 1.1271 
B2 750 500 0.4751 0.0964 107.359 0.1713 1.0708 0.6210 0.7712 
B3 600 400 0.3318 0.0673 96.124 0.1914 1.1960 0.6937 0.5387 

Expected values 119.823 0.1637 1.0232 0.5048 
  Production and Inventory Model 120.962 0.1629 1.0180 0.4726 

Difference 1.139 0.0008 0.0051 0.0322 
 

The optimal solution, for the production process 2 (state 1) which is MCB, it can pass jobs 

to production process 1 (state 2) which is MCA from 2.7505 years until 3.401 years. For 

Production process 2 (state 2) which is MCB, it can pass jobs to production process 1 (state 3) 

which MCA from 3.5217 years until 3.9397 years. See Figure 26 for more detail. 

 

 

Figure 26. Scheduling Plan Solution Using MC Model One Fourth Scenario Case 1 
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 In the following Table XXII, the summary for all four scenarios optimal solutions are 

presented. The associated P-Values for each run is an accepted hypothesis. For more detail about 

each run, see appendix I. 

 

Table XXII. Scheduling Summary Solution for MC model one, Case 1, Four Scenarios, and the 

related P-Values with Confidence Intervals 

Scenario 
No. 

Description E(TC) Optimal Cost P-Value CI 

1st 

Base - (t-x) 107.321 108.486 0.546 (102.331, 115.97) 

First Variation - (t-x) 107.421 108.535 0.5408 (102.444, 116.115) 

Second Variation - (t-x) 107.471 108.496 0.5354 (102.505, 116.216) 

2nd 

Base Model - (t-x) 130.215 133.836 0.1317 (104.915, 134.301) 
Duration – (t-x) – Optimal 
Production Rates 

123.377 131.623 0.2103 (86.663, 133.041) 

Duration – (t) 130.252 133.858 0.1316 (105.066, 134.32) 
Duration – (t) – Optimal 
Production Rates 

123.437 131.651 0.2102 (86.872, 133.056) 

3rd 
Base – (t-x) 125.233 135.339 0.4235 (116.387, 144.004) 

Duration – (t) 125.295 135.419 0.4226 (116.459, 144.078) 

4th 

Base – (t-x) 119.823 120.962 0.3499 (101.919, 127.074) 
Duration – (t-x) – Optimal 
Production Rates 

107.196 111.045 0.5719 (77.756, 124.831) 

Duration – (t) 119.916 120.962 0.3501 (102.095, 127.135) 
Duration – (t) – Optimal 
Production Rates 

107.331 111.045 0.572 (78.003, 124.904) 

 

5.2.2. Scheduling Model by Using Markov Chain Model (Two) 

In this section, the scheduling model will be introduced by using the MC model Two. The 

scheduled jobs from PP2 (state one and two) to PP1 (state two and three), the production plan will 

be taken from PP2 (state two and two) because we are directing the jobs using the current optimal 

cycle time ( and ) as shown on . However, the scheduling cost will be taken from PP1 (state two 

and three) since the jobs is processed on it. For more detail, see Figure 27. 
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Figure 27. Scheduling Model Using MC Model Two Case 2 

 

The balance equations for the developed scheduling MCA are 

Abbreviation 𝑆 = 𝑃 𝑡 − 𝑃 𝑑 ∫ (𝑡 − 𝑥) 𝑓(𝑥)𝑑𝑥 𝑃   (5.9) 

State zero 𝐷𝑇 PA = 𝑆  (5.10) 

State one 𝐷𝑇 PA + 𝑆 = 𝐷𝑇 𝑃𝐴 + 𝑆  (5.11) 

State two 𝐷𝑇 PA + 2𝑆 = 𝐷𝑇 𝑃𝐴 + 𝑆 + 𝐷𝑇 𝑃𝐵  (5.12) 

State three 2𝑆 = 𝐷𝑇 𝑃𝐴 + 𝐷𝑇 𝑃𝐵  (5.13) 

The balance equations for the developed scheduling MCB are 
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Abbreviation 𝑆 = 𝑃 𝑡 − 𝑃 𝑑 ∫ (𝑡 − 𝑥) 𝑓(𝑥)𝑑𝑥 𝑃   (5.14) 

State zero 𝐷𝑇 PB = 𝑆  (5.15) 

State one 2𝐷𝑇 PB + 𝑆 = 𝐷𝑇 𝑃𝐵 + 𝑆 + 𝑆  (5.16) 

State two 2𝐷𝑇 PB + 𝑆 = 𝐷𝑇 𝑃𝐵 + 𝑆 + 𝑆  (5.17) 

State three 𝑆 = 𝐷𝑇 𝑃𝐵 , (5.18) 

 The last constraint is the sum of all probabilities should be equal to on: PA + PA +

PA + PA + PB + PB + PB + PB = 1. 

To calculate the expected total cost is by the sum product of the optimal state’s probability 

with its optimal total cost. The expected production rate is calculated by the sum product of the 

optimal state’s probability with the states’ production rate. The expected demand rate is calculated 

by the sum product of the optimal state’s probability with the state’s demand rate. Consequently, 

by using these methods, the expected total cost is (114.43), the expected production rate is 

(928.964), the expected demand rate is (654.184), and the expected defect rate is (0.0220824). We 

will use the last three figures to calculate the optimal total cost which is found to be (115.683) and 

is close to the expected total cost with a difference equal to (1.253) even with the other optimal 

values. The P-Value for the expected total cost equal (0.9884) which is not significant and the 

(95%) confidence interval is (101.948, 127.082). The developed MC model has a high accuracy 

in the evaluated expected total cost which is shown by the achieved high P-Value. 

The production plan for PP1 (state zero) will have the optimal total cost is (135.346), the 

optimal time when the shortages are met is (0.1546), the optimal time when inventory is built 

(0.9664), the optimal production run time is (1.121), the optimal time for the inventory to be 

used and shortages to be built is (0.3567), the probability of being in state zero is (0.1218), and 
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the expected state time is (0.9742) years. The same practice will be stated for states one, two, 

three and for the PP2’s states. See Table XXIII for more detail.  

Table XXIII. Scheduling MC model two, Case 1, Fourth Scenario Optimal Solution Base 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 1100 1.00 0.1218 135.346 0.1546 0.9664 0.3567 0.9742 
A1 1150 850 1.0016 0.1220 123.799 0.1648 1.0297 0.4216 0.9758 
A2 750 500 1.0046 0.1223 107.382 0.1749 1.0932 0.6341 0.9787 
A3 600 400 1.0071 0.1226 96.163 0.1969 1.2306 0.7138 0.9811 
B0 1200 850 1.00 0.1271 130.778 0.1494 0.9339 0.4461 1.0168 
B1 950 650 1.0016 0.1273 119.080 0.1585 0.9909 0.5305 1.0184 
B2 750 500 1.0076 0.1281 107.379 0.1680 1.0503 0.6092 1.0246 
B3 600 400 1.0133 0.1288 96.153 0.1868 1.1672 0.6770 1.0304 

Expected values 114.430 0.1692 1.0576 0.5494 
  Production and Inventory Model 115.683 0.1679 1.0497 0.5114 

Difference 1.253 0.0013 0.0080 0.0380 
 

For Production process 2 (state 1) which is MCB, it can pass jobs to production process 1 

(state 2) which is MCA from 2.0352 years until 2.9287 years. For Production process 2 (state 2) 

which is MCB, it can pass jobs to production process 1 (state 3) which MCA from 3.0598 years 

until 3.9098 years. See Figure 28 for more detail. 

 

Figure 28. Scheduling Plan Solution for MC Model Two Fourth Scenario Case 1 
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In the following Table XXIV, the summary for all four scenarios optimal solutions are 

presented. The associated P-Values for each run is an accepted hypothesis. For more detail about 

each run, see appendix J. 

Table XXIV. Scheduling Summary Solution for MC model two, Case 1, Four Scenarios, and the 

related P-Values with Confidence Intervals on the Expected Total Cost 

Scenario 
No. 

Description E(TC) Optimal Cost P-Value CI 

1st 

Base - (t-x) 108.908 109.637 0.8621 (102.459, 116.421) 

First Variation - (t-x) 109.058 109.613 0.8689 (102.569, 116.559) 

Second Variation - (t-x) 109.409 109.624 0.8545 (102.835, 117.134) 

2nd 

Base Model - (t-x) 119.521 125.353 0.9841 (104.997, 134.3) 
Duration – (t-x) – Optimal 
Production Rates 

109.581 121.657 0.9667 (86.991, 133.013) 

Duration – (t) 119.554 125.367 0.9777 (105.152, 134.314) 
Duration – (t) – Optimal 
Production Rates 

109.706 121.839 0.9734 (87.042, 133.042) 

3rd 
Base – (t-x) 129.659 142.932 0.8654 (116.573, 144.848) 

Duration – (t) 129.749 143.048 0.8682 (116.643, 144.914) 

4th 

Base – (t-x) 114.43 115.683 0.9884 (101.948, 127.082) 
Duration – (t-x) – Optimal 
Production Rates 

101.095 105.143 0.9788 (77.898, 124.839) 

Duration – (t) 114.497 115.632 0.9808 (102.121, 127.137) 
Duration – (t) – Optimal 
Production Rates 

101.142 105.004 0.971 (78.12, 124.909) 

 

5.3. Scheduling Between Two Production Processes Having Different Production and 

Demand Rates (Case 2) 

In this section, case number two will be described. There will be two cost functions 

associated with the selected state in the receiver MCA. The first one will be for the jobs coming 

from the existing receiver MCA and the other one for the jobs coming from the sender MCB. The 

sum of these two cost functions for each state in the receiver MC will be multiplied by the 
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appropriate load percentages. The load for the receiver MCA for state (i) will be higher than the 

load from the sender MCB. The sum of these two factors will equal to one.  

The receiver PP1 which will accept the scheduled jobs from the sender PP2 with a 

workload 40% of the time and the remaining workload 60% will be devoted to the jobs coming 

from the same PP1. In this case the production and demand rates for all state in PP1 and PP2 are 

not the same. There will be two cost functions associated with state two and with state three for 

the PP1. The first one will be for the jobs coming from the same PP1 (state one) and the other one 

for the scheduled jobs coming from the sender PP2 (state one). 

5.3.1. Scheduling Model by Using Markov Chain Model (One) 
 
 In this section the scheduling case 2 will be introduced using MC model one. For more 

detail, see Figure 29. 
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Figure 29. Scheduling Model Using MC Model One, Case 2, and the Fourth Scenario 

The balance equations for the developed scheduling MCA are 

State zero 𝐷 PA = (1 − 𝑑 )𝑃 𝑃𝐴  (5.19) 

State one [𝐷 + (1 − 𝑑 )𝑃 ]PA = 𝐷  𝑃𝐴 + (1 − 𝑑 )𝑃  𝑃𝐴  (5.20) 

State two [D + 2(1 − 𝑑 )𝑃 ] PA = 𝐷 𝑃𝐴 + (1 − 𝑑 )P  𝑃𝐴 + 𝐷 𝑃𝐵   (5.21) 

State three 2(1 − 𝑑 )𝑃 PA = D PA + 𝐷 𝑃𝐵  (5.22) 

The balance equations for the developed scheduling MCB are 

State zero 𝐷 x PB = (1 − 𝑑 )𝑃 x 𝑃𝐵  (5.23) 
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State one [2𝐷 + (1 − 𝑑 )𝑃 ]x 𝑃𝐵 = 𝐷 𝑃𝐵 + (1 − 𝑑 )𝑃  𝑃𝐵 +

(1 − 𝑑 )𝑃 𝑃𝐴   

(5.24) 

State two [2𝐷 + (1 − 𝑑 )𝑃 ]𝑃𝐵 = 𝐷 𝑃𝐵 + (1 − 𝑑 )𝑃 𝑃𝐵 +

(1 − 𝑑 )𝑃 𝑃𝐴   

(5.25) 

State three (1 − 𝑑 )𝑃 PB = 𝐷 𝑃𝐵  (5.26) 

The last constraint is the sum of all probabilities should be equal to on: PA + PA +

PA + PA + PB + PB + PB + PB = 1. 

The expected total cost is (121.098), the expected production rate is (1052.4), the expected 

demand rate is (757.876), the expected defect rate is (0.0166030). We will use the last three figures 

to calculate the optimal total cost which is found to be (121.082) and is close to the expected total 

cost with a difference equal to (0.016) even with the other optimal values. The P-Value for the 

expected total cost equal (0.5118) which is not significant and the (95%) confidence interval is 

(108.9617, 127.6051). The developed MC model has a high accuracy in the evaluated expected 

total cost which is shown by the achieved P-Value. 

The production plan for PP1 (state zero) will have the optimal total cost is (135.346), the 

optimal time when the shortages are met is (0.1546), the optimal time when inventory is built 

(0.9664), the optimal production run time is (1.121), the probability of being in state zero is 

(0.1406), and the expected state time is (1.1249) years. The same practice will be for states one, 

two, three and for the PP2. However, for the scheduled jobs coming from the sender PP2 (state 

one and two), the production plan for the receiver PP1 (state two and state three) will be taken 

from the rows (A2y and A3y), respectively. However, the production plan in rows (A2x and A3x) 

will be for the jobs coming from same PP1 (state one and state two). See Table XXV for more 

detail. 
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Table XXV. Scheduling MC Model One Case 2 Fourth Scenario Solution base (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 1100 1.00 0.1406 135.346 0.1546 0.9664 0.3567 1.1249 
A1 1200 900 0.7610 0.1070 124.713 0.1659 1.0370 0.4010 0.8561 

A2x 1000 750 0.5858 0.0494 113.948 0.1816 1.1350 0.4389 0.3954 
A2y 1000 500   0.0329 131.400 0.1050 0.6561 0.7611 0.2636 
A3x 850 650 0.4422 0.0373 103.102 0.2047 1.2793 0.4566 0.2984 
A3y 850 400   0.0249 120.984 0.1073 0.6707 0.8752 0.1989 
B0 1200 850 1.0000 0.2401 130.7780 0.1494 0.9339 0.4461 1.9211 
B1 950 650 0.6943 0.1667 119.0800 0.1585 0.9907 0.5304 1.3338 
B2 750 500 0.4928 0.1183 107.3590 0.1713 1.0708 0.6210 0.9466 
B3 600 400 0.3442 0.0827 96.124 0.1914 1.1960 0.6937 0.6612 

Expected values 121.098 0.1606 1.0039 0.5050 
  Production and Inventory Model 121.082 0.1641 1.0255 0.4623 

Difference 0.016 0.0035 0.0216 0.0427 
 

 After careful examination about the optimal scheduling times, case 2 does not have a 

feasible solution using MC model one. The current used problem data and MC model one structure, 

the optimal scheduling hard time windows between them does not exist. These two production 

processes work only without scheduling with each other. The optimization model prefers that both 

to work independently. As a result, each production process should have a developed optimal 

individual detailed production plan. For more information, see Figure 30. 

 

Figure 30. Scheduling Plan Solution for MC Model One Fourth Scenario Case 2 
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5.3.2. Scheduling Model by Using Markov Chain Model (Two) 

In this section the scheduling case 2 will be introduced using MC model two. For more 

detail, see Figure 31. 

 

Figure 31. Scheduling Model Using MC Model Two, Case 2, and the Fourth Scenario 

The following abbreviation will be used in presenting the balance equations 

Abbreviation 

𝑆 =[𝑃 𝑡 -𝑃 𝑑 ∫ (𝑡 − 𝑥) 𝑓(𝑥)𝑑𝑥]P  (5.27) 

 (5.28) 

 (5.29) 

 (5.30) 

0 1 2 3

0 1 2 3

[ ]

[ ] [ ]

[ ]

𝑆 =[𝑃 𝑡 -𝑃 𝑑 ∫ (𝑡 − 𝑥) 𝑓(𝑥)𝑑𝑥]P

𝑆 =[𝑃 𝑡 -𝑃 𝑑 ∫ (𝑡 − 𝑥) 𝑓(𝑥)𝑑𝑥]P  

𝑆 =[𝑃 𝑡 -𝑃 𝑑 ∫ (𝑡 − 𝑥) 𝑓(𝑥)𝑑𝑥]P  
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The following formulas will be used to show a different representation which will be 

used in the balance equations 

 𝐷 𝑇 𝑃𝐴 =𝑃 (𝑇 + 𝑇 )𝑃𝐴  (5.31) 

 𝐷 𝑇 PA =𝑃 (𝑇 + 𝑇 )𝑃𝐴  (5.32) 

 𝐷 𝑇 𝑃𝐵 =𝑃 (𝑇 + 𝑇 )𝑃𝐵  (5.33) 

 𝐷 𝑇 PB =𝑃 (𝑇 + 𝑇 )𝑃𝐵  (5.34) 

The balance equations for the developed scheduling MCA are 

State zero 𝐷 𝑇 PA = 𝑆  (5.35) 

State one 𝐷 𝑇 PA + 𝑆 = 𝐷 𝑇 𝑃𝐴 + 𝑆  (5.36) 

State two D 𝑇 PA + 𝑆 + 𝑆 = 𝐷 𝑇 𝑃𝐴 + 𝑆 + 𝐷 𝑇 𝑃𝐵  (5.37) 

State three 𝑆 + 𝑆 = 𝐷 𝑇 𝑃𝐴 + 𝐷 𝑇 𝑃𝐵  (5.38) 

The balance equations for the developed scheduling MCB are 

State zero 𝐷 𝑇 PB = 𝑆  (5.39) 

State one 𝐷 𝑇 PB + 𝐷 𝑇 PB + 𝑆 = 𝐷 𝑇 𝑃𝐵 + 𝑆 + 𝑆  (5.40) 

State two 𝐷 𝑇 PB + 𝐷 𝑇 PB + 𝑆 = 𝐷 𝑇 𝑃𝐵 + 𝑆 + 𝑆  (5.41) 

State three 𝑆 = 𝐷 𝑇 𝑃𝐵  (5.42) 

The last constraint is the sum of all probabilities should be equal to on: 𝑃𝐴 + 𝑃𝐴 +

𝑃𝐴 + 𝑃𝐴 + 𝑃𝐵 + 𝑃𝐵 + 𝑃𝐵 + 𝑃𝐵 = 1. 

The expected total cost is (118.026), the expected production rate is (999.032), the expected 

demand rate is (724.252), the expected defect rate is (0.0220837). We will use the last three figures 

to calculate the optimal total cost which is found to be (117.392) and is close to the expected total 
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cost with a difference equal to (0.0.634) even with the other optimal values. The P-Value for the 

expected total cost equal (0.9516) which is not significant and the (95%) confidence interval is 

(108.9617, 127.6051). The developed MC model has a high accuracy in the evaluated expected 

total cost which is shown by the achieved P-Value. 

The production plan for PP1 (state zero) will have the optimal total cost is (135.346), the 

optimal time when the shortages are met is (0.1546), the optimal time when inventory is built 

(0.9664), the optimal production run time is (1.121), the probability of being in state zero is 

(0.1244), and the expected state time is (0.9948) years. The same practice will be for states one, 

two, three and for the PP2. However, for the scheduled jobs coming from the sender PP2 (state 

one and two), the production plan for the receiver PP1 (state two and state three) will be taken 

from the rows (A2y and A3y), respectively. However, the production plan in rows (A2x and A3x) 

will be for the jobs coming from same PP1 (state one and state two). See Table XXVI for more 

detail. 

Table XXVI. Scheduling MC Model Two Case 2 Fourth Scenario Solution base (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 1100 1.00 0.1244 135.346 0.1546 0.9664 0.3567 0.9948 
A1 1200 900 1.0016 0.1246 124.713 0.1659 1.0372 0.4010 0.9965 

A2x 1000 750 1.0047 0.0750 113.948 0.1818 1.1362 0.4393 0.5997 
A2y 1000 500   0.0500 131.400 0.1049 0.6559 0.7608 0.3998 
A3x 850 650 1.0107 0.0754 103.102 0.2051 1.2816 0.4574 0.6033 
A3y 850 400   0.0503 120.984 0.1072 0.6703 0.8747 0.4022 
B0 1200 850 1.0000 0.1246 130.7780 0.1494 0.9339 0.4461 0.9966 
B1 950 650 1.0016 0.1248 119.0800 0.1585 0.9909 0.5305 0.9982 
B2 750 500 1.0049 0.1252 107.3590 0.1714 1.0713 0.6213 1.0015 
B3 600 400 1.0108 0.1259 96.124 0.1916 1.1975 0.6945 1.0073 

Expected values 118.026 0.1636 1.0225 0.5307 
  Production and Inventory Model 117.392 0.1704 1.0649 0.4687 

Difference 0.634 0.0068 0.0423 0.0621 
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For Production process 2 (state 1) which is MCB, it can pass jobs to production process 1 

(state 2) which is MCA from 1.9948 years until 2.9909 years. For Production process 2 (state 2) 

which is MCB, it can pass jobs to production process 1 (state 3) which MCA from 2.9963 years 

until 3.9964 years. See Figure 32 for more detail. 

 

 

Figure 32. Scheduling Plan Solution for MC Model two Fourth Scenario Case 2 

 

5.4. Heuristic Search Methods 

 Heuristic search methods are mostly used to deal with complex nonlinear objective 

functions. Moreover, local optimal solution can be avoided in order to have the desired global 

optimal solution. Each method allows to have a custom search settings in order to deal with the 

type of the model’s objective function and their constraints. In this section, two well-known 

heuristic search methods will be used in order to obtain the optimal solution and compare them 

with the results of the previous sections 5.2 and 5.3. The first method is the Genetic algorithm that 

will be used for MC2 and both case 1 and case 2. The second method is the Particle swarm 
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optimization that will be used only for MC 2 with case 2. The fourth scenario model will only be 

considered. 

5.4.1. Problem Formulation 

 In this section, the developed model formulas for the scheduling model of different 

production & demand rates (Case 2), MC model two, and the fourth scenario will be provided. 

The nonlinear programming representation by using the listed equations in this section will 

be as follows: 

 

Minimize ETC(n+1)  

Subject to 
The balance equations for MC A and MC B  

The sum of probabilities equal 1  

Decision parameters The production times and probabilities for MC A and MC B  

Bounds All decision parameters are greater than zero  

 

The following formulas will be used for MC (A) in order to provide the problem 

formulations. The optimal production run times 

State 0 𝑡 = 𝑇 + 𝑇  (5.43) 

State 1 𝑡 = 𝑇 + 𝑇  (5.44) 

State 2x 𝑡 = 𝑇 + 𝑇  (5.45) 

State 2y 𝑡 = 𝑇 + 𝑇  (5.46) 

State 3x 𝑡 = 𝑇 + 𝑇  (5.47) 

State 3y 𝑡 = 𝑇 + 𝑇  (5.48) 
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 The expected number of defectives for each state 

State 0 (i=0) and 

State 1 (i=1) 
𝐸(𝑀𝐶𝐴 ) = 𝑑 𝑃 𝑡 − 𝑥 𝑓(𝑥)𝑑𝑥 

(5.49) 

State 2x 𝐸(𝑀𝐶𝐴 ) = 𝑑 𝑃 𝑡 − 𝑥 𝑓(𝑥)𝑑𝑥 

(5.50) 

State 2y 𝐸 𝑀𝐶𝐴 = 𝑑 𝑃 𝑡 − 𝑥 𝑓(𝑥)𝑑𝑥 

(5.51) 

State 3x 𝐸(𝑀𝐶𝐴 ) = 𝑑 𝑃 𝑡 − 𝑥 𝑓(𝑥)𝑑𝑥 

(5.52) 

State 3y 𝐸 𝑀𝐶𝐴 = 𝑑 𝑃 𝑡 − 𝑥 𝑓(𝑥)𝑑𝑥 

(5.53) 

  

The total cost for each state 

State 0 (i=0) 

and State 1 

(i=1) 

𝑇𝐶(𝑀𝐶𝐴 ) =
𝐾𝐷

𝑃 (𝑇 + 𝑇 )
+ (ℎ + 𝜋)

𝑃 − 𝐷

2 𝑇 + 𝑇
𝑇

+ ℎ
(𝑃 − 𝐷 )(𝑇 + 𝑇 )

2
− (𝑃 − 𝐷 )𝑇

+
𝑠𝐷

𝑃 (𝑇 + 𝑇 )
𝐸(𝑀𝐶𝐴 ) 

(5.54) 
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State 2x 

𝑇𝐶(𝑀𝐶𝐴 ) =
𝐾𝐷

𝑃 (𝑇 + 𝑇 )
+ (ℎ + 𝜋)

𝑃 − 𝐷

2 𝑇 + 𝑇
𝑇

+ ℎ
(𝑃 − 𝐷 )(𝑇 + 𝑇 )

2
− (𝑃

− 𝐷 )𝑇 +
𝑠𝐷

𝑃 (𝑇 + 𝑇 )
𝐸(𝑀𝐶𝐴 ) 

(5.55) 

State 2y 

𝑇𝐶(𝑀𝐶𝐴 ) =
𝐾𝐷

𝑃 (𝑇 + 𝑇 )

+ (ℎ + 𝜋)
𝑃 − 𝐷

2 𝑇 + 𝑇
𝑇

+ ℎ
(𝑃 − 𝐷 )(𝑇 + 𝑇 )

2
− (𝑃 − 𝐷 )𝑇

+
𝑠𝐷

𝑃 (𝑇 + 𝑇 )
𝐸 𝑀𝐶𝐴  

(5.56) 

State 3x 

𝑇𝐶(𝑀𝐶𝐴 ) =
𝐾𝐷

𝑃 (𝑇 + 𝑇 )
+ (ℎ + 𝜋)

𝑃 − 𝐷

2 𝑇 + 𝑇
𝑇

+ ℎ
(𝑃 − 𝐷 )(𝑇 + 𝑇 )

2
− (𝑃

− 𝐷 )𝑇 +
𝑠𝐷

𝑃 (𝑇 + 𝑇 )
𝐸(𝑀𝐶𝐴 ) 

(5.57) 
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State 3y 

𝑇𝐶(𝑀𝐶𝐴 ) =
𝐾𝐷

𝑃 (𝑇 + 𝑇 )

+ (ℎ + 𝜋)
𝑃 − 𝐷

2 𝑇 + 𝑇
𝑇

+ ℎ
(𝑃 − 𝐷 )(𝑇 + 𝑇 )

2
− (𝑃 − 𝐷 )𝑇

+
𝑠𝐷

𝑃 (𝑇 + 𝑇 )
𝐸 𝑀𝐶𝐴  

(5.58) 

 

 The following formulas are abbreviations used in the balance equations 

 𝑆 = 𝑃 𝑡 − 𝐸(𝑀𝐶𝐴 ) 𝑃  (5.59) 

 𝑆 = 𝑃 𝑡 − 𝐸(𝑀𝐶𝐴 ) 𝑃  (5.60) 

 𝑆 = 𝑃 𝑡 − 𝐸 𝑀𝐶𝐴 𝑃  (5.61) 

 

 The following formulas are different representations used in the balance equations 

 𝐷 𝑇 PA = 𝑃 𝑡 𝑃𝐴  (5.62) 

 𝐷 𝑇 PA = 𝑃 𝑡 𝑃𝐴  (5.63) 

 D 𝑇 PA = 𝑃 𝑡 𝑃𝐴  (5.64) 

 𝐷 𝑇 PB = 𝑃 𝑡 𝑃𝐵  (5.65) 

 𝐷 𝑇 PB = 𝑃 𝑡 𝑃𝐵  (5.66) 

 𝐷 𝑇 PB = 𝑃 𝑡 𝑃𝐵  (5.67) 

 𝐷 𝑇 PB = 𝑃 𝑡 𝑃𝐵  (5.68) 

 𝐷 𝑇 PB = 𝑃 𝑡 𝑃𝐵  (5.69) 
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 The following formulas are the balance equations (MC A Constraints) 

State 0 𝐷 𝑇 PA = 𝑆  (5.70) 

State 1 𝐷 𝑇 PA + 𝑆 = 𝐷 𝑇 𝑃𝐴 + 𝑆  (5.71) 

State 2 D 𝑇 PA + 𝑆 + 𝑆 = 𝐷 𝑇 𝑃𝐴 + 𝑆 + 𝐷 𝑇 𝑃𝐵  (5.72) 

State 3 𝑆 + 𝑆 = 𝐷 𝑇 𝑃𝐴 + 𝐷 𝑇 𝑃𝐵  (5.73) 

 

The following formulas will be used for MCB in order to provide the problem formulations. 

The optimal production run times 

 

State 0 𝑡 = 𝑇 + 𝑇  (5.74) 

State 1 𝑡 = 𝑇 + 𝑇  (5.75) 

State 2 𝑡 = 𝑇 + 𝑇  (5.76) 

State 3 𝑡 = 𝑇 + 𝑇  (5.77) 

 

The expected number of defectives for each state 

State i 𝐸(𝑀𝐶𝐵 ) = 𝑑 𝑃 𝑡 − 𝑥 𝑓(𝑥)𝑑𝑥 (5.78) 

 

 The total cost for each state 
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State i 

𝑇𝐶(𝑀𝐶𝐵 ) =
𝐾𝐷

𝑃 (𝑇 + 𝑇 )
+ (ℎ + 𝜋)

𝑃 − 𝐷

2 𝑇 + 𝑇
𝑇

+ ℎ
(𝑃 − 𝐷 )(𝑇 + 𝑇 )

2
− (𝑃 − 𝐷 )𝑇

+
𝑠𝐷

𝑃 (𝑇 + 𝑇 )
𝐸(𝑀𝐶𝐵 ) 

(5.79) 

 

 The following formulas are abbreviations used in the balance equations 

State i 𝑆 = 𝑃 𝑡 − 𝐸(𝑀𝐶𝐵 ) 𝑃  (5.80) 

 

The following formulas are the balance equations (MC B Constraints) 

State 0 𝐷 𝑇 𝑃𝐵 = 𝑆  (5.81) 

State 1 𝐷 𝑇 𝑃𝐵 + 𝐷 𝑇 𝑃𝐵 + 𝑆 = 𝐷 𝑇 𝑃𝐵 + 𝑆 + 𝑆  (5.82) 

State 2 𝐷 𝑇 𝑃𝐵 + 𝐷 𝑇 𝑃𝐵 + 𝑆 = 𝐷 𝑇 𝑃𝐵 + 𝑆 + 𝑆  (5.83) 

State 3 𝑆 = 𝐷 𝑇 𝑃𝐵  (5.84) 

 

 The sum of all state’s probabilities should be equal to 1 (Constraint #9) 

 𝑃𝐴 + 𝑃𝐴 + 𝑃𝐴 + 𝑃𝐴 + 𝑃𝐵 + 𝑃𝐵 + 𝑃𝐵 + 𝑃𝐵 = 1 (5.85) 

 

 The following conditions on the load 

 𝑥 + 𝑦 = 1 (5.86) 

 𝑥 + 𝑦 = 1 (5.87) 
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The expected total cost function for (n+1) states is 

The 

objective 

function 

𝐸𝑇𝐶(𝑛 + 1) = 𝑃𝐴 × 𝑇𝐶(𝑀𝐶𝐴 ) + 𝑃𝐴 × 𝑇𝐶(𝑀𝐶𝐴 )

+ (𝑥 ) × 𝑃𝐴 × 𝑇𝐶(𝑀𝐶𝐴 )

+ (𝑦 ) × 𝑃𝐴 × 𝑇𝐶 𝑀𝐶𝐴

+ (𝑥 ) × 𝑃𝐴 × 𝑇𝐶(𝑀𝐶𝐴 )

+ (𝑦 ) × 𝑃𝐴 × 𝑇𝐶 𝑀𝐶𝐴 + 𝑃𝐵 × 𝑇𝐶(𝑀𝐶𝐵 )

+ 𝑃𝐵 × 𝑇𝐶(𝑀𝐶𝐵 ) + 𝑃𝐵 × 𝑇𝐶(𝑀𝐶𝐵 )

+ 𝑃𝐵 × 𝑇𝐶(𝑀𝐶𝐵 ) 

(5.88) 

 

 The decision parameters for both MC A (16 variables) and MC B (12 variables) 

MC A 

𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑇  , 

𝑇  , 𝑇 , 𝑃𝐴  ,  𝑃𝐴   ,  𝑃𝐴  ,  𝑃𝐴  

(5.89) 

MC B 
𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑇  , 𝑃𝐵  , 𝑃𝐵  ,  𝑃𝐵   ,  

𝑃𝐵  

(5.90) 

5.4.2. Genetic Algorithm Method 

 The Evolver optimization add-in for Microsoft Excel is used to perform the optimization 

task. It is an industrial edition with version 8.0.1. Moreover, the genetic algorithm method was 

first introduced by (Holland, 1975).  

 The genetic algorithm is a well know approach that is used to enhance the optimal solution 

among the common evolutionary algorithms. It is a population-based approach that it seeks to 

select the better individuals that will be used to survive and then to replicate. Moreover, it needs 

to preserve a balance between the exploitation and the exploration. The first one is used to evaluate 
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the solutions and to select only the optimal one. However, the second one is to find a better new 

search space. The Genetic algorithm depends on the selection, the crossover, and the mutation in 

order to have a better solution. The selection is done by having the chromosome for the mating 

process, the crossover is to have new generation, and the mutation is determining how many 

chromosomes should be changed. For more detail, see (Hussain and Muhammad, 2019).  

The used settings for GA method, the population size is (100), crossover rate is (0.8), and 

mutation rate is (0.05). The following mutations are used, the default, Cauchy, Boundary, and non-

uniform. For the crossovers, heuristic, arithmetic, and default are used. The other operators that 

are used too, default parent selection, default backtrack, linear, and local research. 

The expected total cost by using Mathematica for the scheduling of MC2 and case 1 equal 

(114.42972789) with P-Value (0.9884) and confidence interval (101.948, 127.082). However, by 

using GA, the expected total cost is (114.41000953) with P-Value (0.9857) and the confidence 

interval is (101.9422, 127.0748). The saving is equal to (0.01971835) which is around 

(%0.01723184). The total number of run time hours for the GA method is around (46 hours). The 

GA allows to have a custom search setting in order to look for the desired optimal results. I have 

started by having the optimal solution from Mathematica and then let the GA to look and enhance 

it and then having a lower expected total cost. For more detail about the optimal solution, see Table 

XXVII. 
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Table XXVII. Genetic Solution for MC Model Two Case 1 Fourth Scenario Solution 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 1100 1.00 0.1217 135.346 0.1546 0.9665 0.3567 0.9736 
A1 1150 850 1.0019 0.1219 123.799 0.1647 1.0295 0.4215 0.9754 
A2 750 500 1.0038 0.1224 107.379 0.1744 1.0924 0.6334 0.9792 
A3 600 400 1.0034 0.1228 96.159 0.1962 1.2292 0.7127 0.9825 
B0 1200 850 1.00 0.1270 130.778 0.1494 0.9339 0.4461 1.0161 
B1 950 650 1.0016 0.1272 119.080 0.1585 0.9908 0.5305 1.0177 
B2 750 500 1.0063 0.1280 107.377 0.1687 1.0506 0.6097 1.0241 
B3 600 400 1.0062 0.1288 96.150 0.1874 1.1681 0.6778 1.0304 

Expected values 114.410 0.1692 1.0575 0.5494   
Production and Inventory Model 115.671 0.1676 1.0475 0.5104   

Difference 1.261 0.0016 0.0099 0.0389   
 

The expected total cost by using Mathematica for the scheduling of MC2 and case 2 equal 

(118.02558327) with P-Value (0.9516) and confidence interval (108.9617, 127.6051). However, 

by using GA, the expected total cost is (118.008132843) with P-Value (0.9842) and confidence 

interval (108.962, 127.605). The saving is equal to (0.0174504363) which is around 

(%0.0147852997). The total number of run time hours for the GA is around (42 hours). For more 

detail about the optimal solution, see Table XXVIII. 

Table XXVIII. Genetic Solution for MC Model Two Case 2 Fourth Scenario Solution (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 1100 1.00 0.1242 135.346 0.1546 0.9664 0.3567 0.9940 
A1 1200 900 1.0019 0.1245 124.713 0.1659 1.0370 0.4010 0.9959 

A2x 1000 750 1.0037 0.0750 113.948 0.1816 1.1350 0.4389 0.5997 
A2y 1000 500   0.0500 131.400 0.1050 0.6561 0.7611 0.3998 
A3x 850 650 1.0062 0.0754 103.102 0.2047 1.2793 0.4566 0.6035 
A3y 850 400   0.0503 120.984 0.1073 0.6707 0.8752 0.4023 
B0 1200 850 1.0000 0.1245 130.7778 0.1494 0.9339 0.4461 0.9961 
B1 950 650 1.0019 0.1248 119.0799 0.1585 0.9907 0.5304 0.9981 
B2 750 500 1.0039 0.1252 107.3586 0.1713 1.0708 0.6210 1.0019 
B3 600 400 1.0060 0.1260 96.124 0.1914 1.1960 0.6937 1.0079 

Expected values 118.008 0.1635 1.0219 0.5305 
  Production and Inventory Model 117.381 0.1711 1.0697 0.4708 

Difference 0.627 0.0076 0.0477 0.0597 
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5.4.3. Particle Swarm Optimization Method 

The PSO was first developed by (Kennedy and Eberhart, 1995) in order to solve and 

optimize the nonlinear functions. It has the general idea of the movements of birds or fish in a 

group and the collision is avoided. The interactions between them while moving and maintaining 

the same distance between each other. This happens because the information about the position is 

shared between them. Moreover, it is similar to the genetic algorithm and the evolutionary 

programming in general. The tuning of the best position and the best global in PSO is like the 

crossover operator in GA that is called the fitness. 

The constraint problems can be solved by using PSO. There is a famous way to incorporate 

those constraints into the objective function. The penalty function can be used so the constraints 

can be incorporated to the objective function. The penalty function value should be selected 

properly in order to find a feasible solution. There are two types of penalties, either it may have a 

fixed value or a dynamic value. The latter method is better than the former method. There are three 

parameters that are used in the PSO algorithm. The inertia weight that is used for updating the 

current velocity by using the history of the velocities. Two constants that are positive and called 

the cognitive and the social parameters. For more detail about setting these parameters, refer to 

(Parsopoulos and Vrahatis, 2002). These two constants are used for the acceleration for both the 

positions that are the personal and the global. Small or large values will affects reaching the desired 

area either far or close (He et al., 2016). 

The settings that are used for the developed PSO code in Python for the expected total cost 

function; the particle size is (100), number of iterations is (3500), inertia constant is (0.75), 

cognative constant is (2), and the social constant is (2). For the finding the optimal cost considered 
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as one cycle; the particle size is (65), number of iterations is (1000), inertia constant is (0.75), 

cognative constant is (2), and the social constant is (2). The Python code is using an imported code 

for the PSO algorithm that is from the reference (Dao, 2020). 

The expected total cost by using Mathematica is (118.02558327) with P-Value (0.9516) 

and GA is (118.008132843) with P-Value (0.9842). However, by using PSO, the expected total 

cost is (118.475807725) with P-Value (0.8947) and the confidence interval is (109.772, 128.295). 

For more detail about the optimal solution using Python, see Table XXIX. 

 
Table XXIX. PSO Method Solution for MC Model Two Case 2 Fourth Scenario Solution (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 1100 1.00 0.1145 135.846 0.1318 1.0377 0.3721 0.9164 
A1 1200 900 1.1293 0.1294 125.082 0.1320 1.0416 0.3912 1.0348 

A2x 1000 750 1.2886 0.0886 114.581 0.1605 1.0246 0.3950 0.7085 
A2y 1000 500   0.0590 132.318 0.1322 0.7119 0.8441 0.4723 
A3x 850 650 1.1192 0.0769 104.601 0.1647 1.0879 0.3854 0.6153 
A3y 850 400   0.0513 121.565 0.1304 0.7168 0.9531 0.4102 
B0 1200 850 1.0000 0.1135 131.892 0.1012 0.8968 0.4110 0.9077 
B1 950 650 1.0377 0.1177 119.736 0.1277 1.0756 0.5553 0.9419 
B2 750 500 1.0976 0.1245 107.653 0.1688 0.9886 0.5787 0.9962 
B3 600 400 1.0924 0.1239 97.060 0.2085 1.0314 0.6200 0.9915 

Expected values 118.476 0.1469 0.9861 0.5175 
  Production and Inventory Model 116.959 0.1712 1.0702 0.4688 

Difference 1.517 0.0243 0.0840 0.0487 
 

5.4.4. Constraints Violation Values  

 In this section, a comparison for the constraint’s violation value at the optimal solution for 

the scheduling model case 2, MC model two, and the fourth scenario. The three method that are 

Mathematica, GA, and PSO will be compared. The constraint violation value that is close to zero 

means that it is better satisfied. In this model we have 9 constraints. Each MC (A and B) has four 
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constraints that each should have a value of zero. The 9th constraint is the sum of all probabilities 

that should be equal to one. The methods are ranked according to the lowest violation values. For 

more detail, see the Table XXX. 

 

Table XXX. The Constraints’ Violation Values for Mathematica, GA-Evolver, and PSO-Python 

No. Mathematica GA - Evolver PSO - Python 

Constraint A0 7.7017E-05 0.05 0.3552828 
Constraint A1 7.0863E-04 0.0465490 0.1794144 
Constraint A2 1.1235E-03 0.05 0.0839731 
Constraint A3 3.5900E-05 0.05 1.3167086 
Constraint B0 3.0065E-05 0.0499999 0.2950729 
Constraint B1 1.0796E-03 0.0209038 0.3653206 
Constraint B2 4.9625E-04 0.050 0.6579693 
Constraint B3 9.7375E-05 0.0174527 0.6203244 
Constraint 9 1.00E-06 1.00E-04 6.4349E-04 

Expected Total Cost 118.0255833 118.0081328 118.4758077 
P-Value 0.9516 0.9482 0.8947 

 

 The scheduling hard time windows are developed by using MC model one and MC model 

two. Two cases are considered in dealing with the production and demand rates among the states 

for both the production processes. The developed model could be used in any related production 

facility that is having a single product machine. The scheduling times could be achieved by 

entering and using their specification data and figures.  
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6. MAINTENANCE MODEL 
 

(Previously published as Al Hajailan, W. I. and He, D., (2020) Expected Maintenance 

Actions for Imperfect Production Processes Using a Markovian Approach, 2020 Asia-Pacific 

International Symposium on Advanced Reliability and Maintenance Modeling (APARM), 

Vancouver, BC, Canada, 2020, pp. 1-6, doi: 10.1109/APARM49247.2020.9209372.) See 

appendix K. 

In this chapter, an integrated model will be presented in order to find the optimal production 

plan and the required maintenance action in each month and for each state. Maintenance actions 

will be developed by using four different MC models. The first model will be for the main P&I 

control model, the second model for the PM (time-based), the third model for the inspection (time-

based), and the fourth model will be for the minimal repair (MR) which is a (condition-based).  

In the developed integrated MC model, the PM actions will affect both the inspection and 

the MR. Moreover, the MR actions will affect both the PM and the inspection. Finally, all the 

maintenance actions will interact and affect the P&I control MC model. As a result, by using these 

interactions and the P&I MC model, the optimized desired decision variables will be obtained. 

6.1. Notation 

In this section, the notations that are used in the developed integrated models will be 
defined. 

 

Parameter Description 

𝐶 ,𝐶 ,𝐶  preventive maintenance, inspection, minimal repair costs 

𝑃 &  probability of being in state (i) for the P&I MC 

𝑃  probability of being in state (i) for the PM MC 
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𝑃  probability of being in state (i) for the inspection MC 

𝑃  probability of being in state (i) for the MR MC 

𝑛∗ , 𝑛∗ , 𝑛∗  optimal number of PM, inspection, and MR in each month for state (i) 

𝑀𝑇𝑇𝐹  mean time to failure for state (i) 

𝑎  , 𝑏  decision variable for PM and inspection at the end of state (i) 

𝑅 , 𝑄 , 𝑋  flow rate from state (i) to state (i +1) 

𝑊 , 𝑆 , 𝑈 , 𝑌  flow rate from state (i) to state (i -1) 

6.2. Assumptions 

In this section, the assumptions that are used for the developed integrated models will be 

introduced: 

 The setup cost is used before each production cycle 

 At the end of each production cycle, there is a rework cost for each defective product 

 Maintenance action times are considered negligible 

 Equal maintenance time intervals are used 

 Backordering is allowed 

6.3. Maintenance Markov Chain Models 

 In this section, detailed description for each developed maintenance MC model will be 

provided. 
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6.3.1. Preventive Maintenance 

The required PM actions will be determined by the following MC model which will be 

affected by the MR actions. It will used to find the optimal number of actions required in each 

month and for each state. The flow from state (i) to state (i+1) is the required PM actions and then 

it will reply with the effects which is the flow from state (i) to state (i-1), they are (𝑅 ) and (𝑆 ), 

respectively. The parameter (𝑎 ) is used to determine if PM is required at the end of state (i). See 

Figure 33 for more detail. 

 

 

Figure 33. Preventive Maintenance MC Model 

 

Preventive Maintenance MC model balance equations are 

Abbreviations 
𝑅 = 𝑃 & × 4 × 12 × 𝑛 + 1 × 𝑎  (6.1) 

𝑆 = 𝑃 & × 4 × 12 × 𝑛 + 1 × 𝑎 × 1 − 𝑃  (6.2) 

State zero 𝑅 𝑃 = 𝑆 𝑃  (6.3) 

State one (𝑅 + 𝑆 )𝑃 = 𝑅 𝑃 + 𝑆 𝑃  (6.4) 

0 1 2 3
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State two (𝑅 + 𝑆 )𝑃 = 𝑅 𝑃 + 𝑆 𝑃  (6.5) 

State three 𝑅 𝑃 = 𝑆 𝑃  (6.6) 

 The sum of the probabilities is: 𝑃 + 𝑃 + 𝑃 + 𝑃 = 1. 

6.3.2. Inspection 

The required inspection actions will be determined by the following MC model and will 

be affected by the PM, the MR, and the MTTF. It will used to find the optimal number of actions 

required in each month and for each state. The flow from state (i) to state (i+1) is the required 

inspection actions and then it will reply with the effects which is the flow from state (i) to state (i-

1), they are (𝑄 ) and (𝑈 ), respectively. The parameter (𝑏 ) is used to determine if inspection is 

required at the end of state (i). See Figure 34 for more detail. 

 

Figure 34. Inspection Action MC Model 

 

Inspection MC model balance equations are 

Abbreviations 𝑄 = 𝑃 & × 4 × 12 × 𝑛 + 1 × 𝑏  (6.7) 

0 1 2 3
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𝑈 = 𝑃 & × 4 × 12 × 𝑛 + 1 × 𝑏 × 1 − 𝑃 × 𝑃

× 𝑀𝑇𝑇𝐹  

(6.8) 

State zero 𝑄 𝑃 = 𝑈 𝑃  (6.9) 

State one (𝑄 + 𝑈 )𝑃 = 𝑄 𝑃 + 𝑈 𝑃  (6.10) 

State two (𝑄 + 𝑈 )𝑃 = 𝑄 𝑃 + 𝑈 𝑃  (6.11) 

State three 𝑄 𝑃 = 𝑈 𝑃  (6.12) 

 The sum of the probabilities is: 𝑃 + 𝑃 + 𝑃 + 𝑃 = 1. 

6.3.3. Minimal Repair 

The required MR actions will be determined by the following MC model and will be 

affected by the PM and the MTTF. It will used to find the optimal number of actions required in 

each month and for each state. The flow from state (i) to state (i+1) is the required MR actions and 

then it will reply with the effects which is the flow from state (i) to state (i-1), they are (𝑋 ) and 

(𝑌 ), respectively. The parameter (𝑏 ) is used to determine if inspection is required at the end of state 

(i) and then it may require MR. See Figure 35 for more detail. The MR actions required will be 

determined after and an inspection is performed and then a decision will be taken to determine if 

MR is required. Normal distribution function will be used to approximate the Binomial distribution 

probabilities in order to evaluate the associated probabilities for each inspection and then to estimate 

the number of MR actions. 
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Figure 35. Minimal Repair Actions MC Model 

 

Minimal repair MC model balance equations are 

Abbreviations 

𝑋 = 𝑃 & × 4 × 12 × 𝑛 + 1 × 𝑏 × 𝑃𝑟𝑜𝑏(𝑛 ) (6.13) 

𝑌 = 𝑃 & × 4 × 12 × 𝑛 + 1 × 𝑏 × 𝑃𝑟𝑜𝑏(𝑛 ) × 1 − 𝑃

× 𝑀𝑇𝑇𝐹  

(6.14) 

State zero 𝑋 𝑃 = 𝑌 𝑃  (6.15) 

State one (𝑋 + 𝑌 )𝑃 = 𝑋 𝑃 + 𝑌 𝑃  (6.16) 

State two (𝑋 + 𝑌 )𝑃 = 𝑋 𝑃 + 𝑌 𝑃  (6.17) 

State three 𝑋 𝑃 = 𝑌 𝑃  (6.18) 

 The sum of the probabilities is: 𝑃 + 𝑃 + 𝑃 + 𝑃 = 1 

6.3.4. P&I Control Model 

In this MC model, the optimal production plan and the optimal maintenance actions will be 

obtained. The required demand is passed from state (i) to the state (i+1) and then it replies to the 

required demand by having a production cycle, they are (𝐷 ) and (𝑊 ), respectively. However, the 

0 1 2 3
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reply will have the effects of having PM, inspection, and MR actions. The effects used are their 

optimal state probabilities and the number of actions performed in each month and for each state. 

See Figure 36 for more detail. 

 

 

Figure 36. P&I Control MC Model 

 

P&I control MC model balance equations are 

Abbreviation 𝑊 = 1 − 𝑑
× ×

∗ ∗ ∗
𝑃   (6.19) 

State zero 𝐷 𝑃 & = 𝑊 𝑃 &  (6.20) 

State one (𝐷 + 𝑊 )𝑃 & = 𝐷 𝑃 & + 𝑊 𝑃 &  (6.21) 

State two (𝐷 + 𝑊 )𝑃 & = 𝐷 𝑃 & + 𝑊 𝑃 &  (6.22) 

State three 𝐷 𝑃 & = 𝑊 𝑃 &  (6.23) 

 The sum of the probabilities is: 𝑃 & + 𝑃 & + 𝑃 & + 𝑃 & = 1. 

0 1 2 3
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6.4. Expected Maintenance Actions Cost Function 

In this section, the developed expected maintenance cost (𝐸𝑀𝐶 ) for state (i) for all 

maintenance actions are 

 

 𝐸𝑀𝐶 =  𝐸𝐶(𝑃𝑀 ) + 𝐸𝐶(𝐼𝑛𝑠 ) + 𝐸𝐶(𝑀𝑅 )

=
𝐷 𝐶

(𝑃 𝑡 )
𝑃 +

𝐷 𝐶

(𝑃 𝑡 )
𝑃 +

𝐷 𝐶

(𝑃 𝑡 )
𝑃  

(6.24) 

  

6.5. Expected Maintenance Total Cost Function 

In this section, the expected total cost (𝐸𝑇𝐶) for the developed integrated model that 

includes the P&I control model cost, and the maintenance cost will be presented. The total cost 

(𝑇𝐶 ) for  

 

 

𝑇𝐶 =
𝐾𝐷

𝑃 𝑡
+

ℎ(𝑃 − 𝐷 )𝑡

2

𝜋

ℎ + 𝜋
+

𝑠𝐷

𝑡
𝑑 𝑡 − 𝑥 𝜆𝑒 𝑑𝑥 +

𝐷 𝐶

(𝑃 𝑡 )
𝑃

+
𝐷 𝐶

(𝑃 𝑡 )
𝑃 +

𝐷 𝐶

(𝑃 𝑡 )
𝑃  

(6.25) 

 

Moreover, the objective function which is the expected total cost will be 

 
𝐸𝑇𝐶 = 𝑃 & × 𝑇𝐶

= 𝑃 & × 𝑇𝐶 + 𝑃 & × 𝑇𝐶 + 𝑃 & × 𝑇𝐶 + 𝑃 & × 𝑇𝐶  

(4.26) 
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6.6. Numerical Example 

In this section, we will present an example to illustrate the developed integrated MC model. 

The data from (Hou, 2005) will be used: K=100, π=2.5, h=0.4, s=0.1, and λ=0.2. The maintenance 

costs will be: 𝐶 =200, 𝐶 =50, and 𝐶 =100. The defect rates are: 𝑑 = 0.002292, 𝑑 =0.014506, 

𝑑 =0.025709, and 𝑑 =0.045571. This data covers four years in sequence, and we will use four 

states that the optimal production plan and the optimal maintenance actions will be established for 

them. The production and demand rate for state zero is (1200, 850), state one is (950, 650), state 

two (750, 500), and state three is (600, 400). The Weibull probability density function from 

reference [13] will be used to evaluate the MTTF for each state, f(𝑥) = 𝜆 𝜈 𝑥( ) 𝑒  with scale 

parameter 𝜆 = 0.05 and shape parameter 𝜈 = 1. We will consider only the steady-state operating 

characteristics in our model. The probability that will be used to determine the required MR action 

after each inspection is using the Normal distribution which will approximate the Binomial 

distribution with parameter n=4 and p=0.6. 

The solution presents that for state zero the optimal cost is  (155.775), the optimal time for 

the shortages to be satisfied is (0.1785), the optimal time for the inventory to be built is (1.1157), 

the optimal production run time is (1.2943), the optimal time for the inventory to be used and 

shortages to be built is (0.5329) and the expected state time is (1.4399) years. The same practice 

will be stated for state one, two, and three. The expected total cost is (172.821) with P-Value equal 

(0.989), however, without maintenance the expected total cost is (118.485) with P-Value equal 

(0.54). Moreover, the expected production rate is (940.648), the expected demand rate is 

(649.666), the expected defect rate is (0.01767), the expected number of maintenance actions that 

is required for PM is (2.1157) with P-Value equal (0.9099), for inspection is (2.6592) with P-

Value equal (0.6579), and for MR is (1.7603) with P-Value equal (0.363). By using all the 
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expected numbers mentioned in order to evaluate the optimal cost for the developed integrated 

MC model that is considered as one cycle gives an estimated cost equal to (193.694). For more 

detail, see Table XXXI. 

 

Table XXXI. Maintenance Model Optimal Solution 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00 0.3600 155.775 0.1785 1.1157 0.5329 1.4399 
1 950 650 0.7613 0.2741 203.847 0.0789 0.4931 0.2640 1.0962 
2 750 500 0.6991 0.1916 170.447 0.2508 1.5674 0.9091 0.7664 
3 600 400 0.9101 0.1744 161.856 0.1603 1.0018 0.5810 0.6975 

Expected values 172.821 0.1619 1.0118 0.5397 

  Production and Inventory Model 193.694 0.2658 1.6610 0.8630 

Difference 20.873 0.1039 0.6492 0.3233 

 

The optimal solution for the states’ probability for the PM, inspection, MR, and for the P&I 

MC are presented in Figure 37. Moreover, the optimal number of maintenance actions for each 

month and for state are presented in Figure 38. The optimal solution suggests that the PM is 

required at the end of state one, state two, and state three. However, an inspection is only required 

at the end of state zero then it may require an MR action. The expected maintenance cost is 

(44.9844) with P-Value equal (0.6706) and the expected P&I model is (127.8363) with P-Value 

equal (0.738). 
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Figure 37.Optimal P&I and maintenance actions’ probabilities 

 

Figure 38.Optimal maintenance actions required in each month and for each state 

 

The probability of doing MR for each inspection for state zero is (0.33922), for state one is 

(0.25168), for state two is (0.28127), and for state three is (0.38574). Moreover, the mean time to 

failure for state zero is (0.04011), state one is (0.00802), state two is (0.0778), and for state three is 

(0.0.03248). Since the optimal numbers of PM, inspection, and MR are found. The maintenance 

action policy for our model will be using an equal space interval for each state. For state zero the 

PM is performed every (18.0793) days, inspection is performed every (10.1991) days, and MR is 

performed every (17.9589) days. The same practice will be stated for state one, two, and three. 
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However, the expected number of days for the PM is every (15.5394) days, for the inspection is 

every (12.2032) days, and for the MR is every (17.6837) days that could be used for all whole four 

states during the whole four years. Or the following expected number of days using the P&I 

probabilities will be for PM is every (16.332) days, for the inspection is every (13.484), and for the 

MR is every (22.49) days. The associated P-Values for them are high which are an accepted 

hypothesis. For more detail see Table XXXII and Table XXXIII. 

 
Table XXXII. Detailed Maintenance actions and Probabilities for Each State 

State (i) PM Inspection MR N(PM) N(Insp.) N(MR) 

0 0.14625 0.02707 0.11278 1.6594 2.9414 1.6705 
1 0.16436 0.13664 0.05923 1.6703 1.4418 0.8362 
2 0.28083 0.51375 0.68699 3.2719 3.2279 1.8723 
3 0.40856 0.32254 0.14100 1.6634 2.2454 1.6751 

Expected Values 2.1156 2.6592 1.7603 

P-Value 0.9099 0.6579 0.363 

P&I Prob 1.9720 2.4639 1.4813 
P-Value 0.8297 0.9997 0.8978 

 

Table XXXIII. Optimal Maintenance Interval Solution for Each State 

State (i) Days/PM Days/Insp. Days/MR 
0 18.079 10.199 17.959 
1 17.961 20.807 35.878 
2 9.169 9.294 16.024 
3 18.035 13.361 17.909 

Expected Days 15.539 12.203 17.684 
P-Value 0.9101 0.674 0.4288 

Using P&I Prop. 16.332 13.484 22.49 
P-Value 0.8291 0.9806 0.9140 

 

 The developed maintenance actions model provides optimal solution in order to carry out 

the maintenance activities on the production process. It will enhance the health and will reduce the 

process failures among the duration of the four states. Moreover, detailed production plan is 

provided. Any related production facility could adapt this model and utilized it in order to enhance 
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their production processes. By using the developed MC models, it will overcome the effects of the 

failures and deterioration and then enhance the health for the process. 
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7. SENSITIVTY ANALYSIS 

 In this chapter sensitivity analysis will be performed in order to show the behaviour of the 

developed MC model one and two. We will provide the figures for MC model two using the first 

scenario. However, MC model one has same behaviour and with all other scenarios. 

7.1. Production and Demand Rates 

In this section we will explore the effects of varying the production and demand rates for 

each state on the optimal solution using the developed MC model two for scenario one. The same 

behaviour is observed for the other scenarios. There are five parameters that will be examined 

which are the expected total cost (𝑇𝐶), the expected time when shortages are met (𝑇 ), the expected 

time when inventory is built (𝑇 ), the expected production run time (𝑡̅), and the expected defect 

rate (�̅�). The production and demand rate data are manipulated by having five percent increase or 

decrease from the base variable, the data is presented in Table XXXIV. Four states will be 

considered to perform the sensitivity analysis. 

Table XXXIV. Sensitivity Analysis Data for the Production and Demand Rates 

State (i) 10%  5%  Base 5%  10%  

0 (660, 440) (630, 420) (600, 400) (570, 380) (540, 360) 
1 (660, 440) (630, 420) (600, 400) (570, 380) (540, 360) 
2 (660, 440) (630, 420) (600, 400) (570, 380) (540, 360) 
3 (660, 440) (630, 420) (600, 400) (570, 380) (540, 360) 

 

It is noticed that the expected total cost (𝑇𝐶) is getting lower by having lower production 

rates. However, by having lower demand rates, it is getting higher. See Figure 39 for more detail. 

Moreover, for the expected (𝑇 ), it is getting lower by having lower demand rates and by having 

lower production rates, it is getting higher. Also, same behaviour is noticed for the other expected 

values of (𝑇 ), (𝑡̅), and (�̅�). See Figure 40, Figure 41, Figure 42, and Figure 43 for more detail. 
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 The sensitivity analysis solution figures are summarized by having the average, the 

maximum, the minimum, the range, and the standard deviation for each variable for the reader 

convenience, see Table XXXV for more detail. 

Table XXXV. Sensitivity Analysis Summary Statistics for Production and Demand Rates Effects 

Variables Average Max Min Range Standard Deviation 

𝑻𝑪 94.694 106.308 75.146 31.162 8.223 
𝑻𝟏 0.1984  0.2992  0.1415  0.1577  0.0389  

𝑻𝟐 1.2401  1.8701  0.8847  0.9854  0.2434  
�̅� 1.4385  2.1693  1.0262  1.1431  0.2824  

𝒅 0.02209  0.02212  0.02207  4.800E-05 1.194E-05 

 

 

Figure 39. Expected (𝑇𝐶) w.r.t. Production and Demand Rates 

 

Figure 40. Expected (𝑇 ) Met w.r.t. Production and Demand Rates 
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Figure 41. Expected (𝑇 ) w.r.t. Production and Demand Rates 

 

Figure 42. Expected (𝑡̅) w.r.t. Production and Demand Rates 

 

Figure 43. Expected (�̅�) w.r.t. Production and Demand Rates 
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7.2. Production and Inventory Control Model’s Parameters 

In this category, we will test the effects of the setup cost (K), the holding cost (h), the 

shortages cost (π), rework cost (s), and the failure rate (λ)by having an increasing 20%. For more 

detail, see Table XXXVI. 

Table XXXVI. Sensitivity Analysis Data for the P&I Control Model Parameters 

Parameter Base 20%  40%  60%  80%  100%  

K 100 120 140 160 180 200 
h 0.4 0.48 0.56 0.64 0.72 0.8 
π 2.5 3 3.5 4 4.5 5 
s 0.1 0.12 0.14 0.16 0.18 0.2 
λ 0.2 0.24 0.28 0.32 0.36 0.4 

 

It is noticed that the expected total cost (𝑇𝐶) is getting higher by having higher values for 

(K, h, π, s, and λ), see Figure 44 for more detail. However, the expected (𝑇 ) is getting higher by 

having higher values for (K and h) and getting lower by having higher values for (π, s, and λ), see 

Figure 45 for more detail. Moreover, for the expected (𝑇 ) is getting higher by having higher 

values for (K and h) and getting lower by having higher values for (π, s, and λ), see Figure 46 for 

more detail. Also, the expected (𝑡̅) is getting higher by having higher values for only the setup cost 

and is getting lower by having higher values for (h, π, s, and λ), see Figure 47 for more detail. 

Finally, the expected (�̅�) is getting higher by having higher values for (K and λ) and is getting 

lower by having higher values for (h, π, and s), see Figure 48 for more detail.  

 The sensitivity analysis behaviour is summarized in the following Table XXXVII. 

Moreover, the solution figures are summarized too by having the statistics like the average, the 

maximum, the minimum, the range, and the standard deviation for each variable, see Table 

XXXVIII for more detail. 
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Table XXXVII. Sensitivity Analysis Variables Behavior Summary for the P&I Control Model 

Parameters 

Parameter 𝑻𝑪 𝑻𝟏 𝑻𝟐 �̅� 𝒅 
K     
h     
π     
s     
λ     

Table XXXVIII. Sensitivity Analysis Summary Statistics for P&I Control Model Parameters 

Effects 

Variable Average Max Min Range Standard Deviation 

𝑻𝑪 103.934 103.934 96.005 7.930 12.036 
𝑻𝟏 0.1957 0.1957 0.0993 0.0964 0.0403 

𝑻𝟐 1.2084 1.2084 0.7940 0.4144 0.1861 
�̅� 1.4041 1.4041 1.0481 0.3560 0.1933 

𝒅 0.02209 0.02209 0.02207 2.116E-05 1.626E-05 

 

 

Figure 44. Expected (𝑇𝐶) w.r.t. P&I Control Model Parameters 
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Figure 45. Expected (𝑇 ) w.r.t. P&I Control Model Parameters 

 

 

Figure 46. Expected (𝑇 ) w.r.t. P&I Control Model Parameters 
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Figure 47. Expected (𝑡̅) w.r.t. P&I Control Model Parameters 

 

Figure 48. Expected (�̅�) w.r.t. P&I Control Model Parameters 
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8. CONCLUSIONS 
 

The developed MC model in this thesis uses an irreducible discrete time and with finite 

states. Two different MC models are developed, MC model one without time factor and MC model 

two with time factor. Four different scenarios are created for each MC model one and two. The 

first scenario has fixed production and demand rates among the states. The second scenario has 

variable production rates and fixed demand rates. The third scenario has fixed production rates and 

variable demand rates. The fourth scenario has variable production and demand rates. Different 

optimization examples are conducted for each scenario in order to reduce the expected total cost. 

Detailed production plan is established that has the required optimal time for 𝑇 , 𝑇 , and 𝑇 + 𝑇  

for each cycle in each state. The accuracy in the expected total cost for MC model two is higher 

than MC model one. Moreover, both of them have high P-Values which is an accepted hypothesis. 

Scheduling models are developed in order to pass jobs from sender production process to 

production processes which is the receiver. This problem is solved by establishing the hard time 

windows. Two cases are considered when having same production and demand that is case one. 

The second case has different production and demand rates. Optimal feasible scheduling hard time 

window is obtained in order to specify the times when the sender production process can pass jobs 

to the receiver production process. The related calculated P-Values are high and are accepted 

hypothesis. 

Moreover, an integrated maintenance MC model is developed in order to determine the 

optimal maintenance actions for the preventive maintenance, inspection, and minimal repair in each 

month and for each state. The optimal production plan for each state is obtained. The objective 

function which is the expected total cost function is developed which covers the cost of the 

production process and the cost of the maintenance. Equal maintenance action interval plan is used 



105 
 

for each state. Moreover, the related calculated expected values for the maintenance actions can be 

used. The developed MC models are interacting and affecting each other. The calculated associated 

P-Values for the expected values are high and are accepted hypothesis. 

Sensitivity analysis is performed with two different approaches. In the first approach, the 

effects of increasing and decreasing the production and demand rates on the five different 

parameters for the MC model with fixed production rates which is scenario one. Similar behaviours 

are noticed for scenario two, three, and four. However, in the second approach, the effects of 

increasing the setup cost, holding cost, shortage cost, rework cost, and failure rate are performed 

and illustrated. 

The developed models in this thesis can be used in any production facility with similar 

problem and having a single product. The provided Chapter 7, sensitivity analysis, can answer that 

question. Since the optimal production times values are needed, the production managers are 

looking for ways that the developed model can be used for their production process. The 

minimization of the objective function is the main criteria in making the decision. The values of 

the developed model’s parameters are tested by having percentage increases to show the effects 

on the desired decision parameters. The two categories cover the effects of production & demand 

rates and the P&I model’s parameters on the expected total cost, the expected production run times 

for shortages to be recovered and inventory at peak, and the expected defect rates. 

The developed and used MC models are irreducible and with discrete time. Moreover, as 

the problem dimension increased among the provided scenarios for MC model one and MC model 

two, the processing time that are needed to solve and evaluate the expected total cost are increased 

too. Moreover, for the scheduling MC model, the time is increased substantially in order to solve 

the problem by having two production processes interacting with each other. Also, the time is 
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increased and noticed from using MC model one to using MC model two. The maintenance model 

takes longer time. As the dimension of the MC models increases, the required times to find the 

optimal expected total cost increases. When using GA and PSO code to solve the scheduling 

problem, it takes long time which depends on the desired time to run and the number of iterations. 

The processing time is increased among all the developed models and scenarios, as a result, this 

problem is NP-Complete. For more detail, see Figure 49. 

 

Figure 49. The Development of the MC Models (NP-Complete) Problem 
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APPENDIX 

Appendix A 

Table XXXIX. MC Model One First Scenario and First Variation 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 600 400 1.00 0.4113 95.977 0.1916 1.1977 0.6947 1.6450 
1 600 400 0.6713 0.2761 96.090 0.1914 1.1965 0.6939 1.1042 
2 600 400 0.4530 0.1863 96.243 0.1912 1.1947 0.6929 0.7452 
3 600 400 0.3073 0.1264 96.394 0.1909 1.1931 0.6920 0.5055 

Expected values 96.110 0.1914 1.1962 0.6938 

  Production and Inventory Model 95.966 0.1917 1.1979 0.6948 

Difference 0.145 0.0003 0.0016 0.0010 

 

Table XL. MC Model One First Scenario and Second Variation 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 600 400 1.00 0.4096 95.989 0.1916 1.1976 0.6946 1.6385 
1 600 400 0.6730 0.2757 96.164 0.1913 1.1956 0.6934 1.1027 
2 600 400 0.4562 0.1869 96.373 0.1909 1.1932 0.6920 0.7475 
3 600 400 0.3120 0.1278 96.624 0.1905 1.1904 0.6904 0.5112 

Expected values 96.190 0.1912 1.1953 0.6933 

  Production and Inventory Model 96.044 0.1915 1.1970 0.6943 

Difference 0.145 0.0003 0.0017 0.0010 

 

Appendix B 

Table XLI. MC Model One Second Scenario and Duration (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 400 1.00 0.5481 135.621 0.0678 0.4238 0.9831 2.1924 
1 950 400 0.4273 0.2342 126.449 0.0919 0.5741 0.9157 0.9367 
2 750 400 0.2339 0.1282 113.638 0.1295 0.8093 0.8214 0.5128 
3 600 400 0.1634 0.0895 96.334 0.1910 1.1939 0.6925 0.3582 

Expected values 127.138 0.0924 0.5774 0.9206 

  Production and Inventory Model 129.953 0.0824 0.5152 0.6305 

Difference 2.8150 0.0099 0.0621 0.2901 
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Table XLII. MC Model One Second Scenario and Optimal Selected Production Rates (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 750 400 1.00 0.5489 113.470 0.1299 0.8118 0.8240 2.1957 
1 950 400 0.4273 0.2345 126.470 0.0892 0.5574 0.8890 0.9381 
2 600 400 0.2924 0.1605 96.027 0.1932 1.2076 0.7004 0.6419 
3 1200 400 0.1021 0.0560 135.709 0.0686 0.4286 0.9943 0.2242 

Expected values 114.966 0.1271 0.7942 0.8290 

  Production and Inventory Model 117.338 0.1178 0.7365 0.8502 

Difference 2.3720 0.0092 0.0577 0.0212 

 

Table XLIII. MC Model One Second Scenario and Optimal Production Rates (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 650 400 1.00 0.3839 103.015 0.1648 1.0300 0.7467 1.5357 
1 600 400 0.6765 0.2597 95.966 0.1917 1.1978 0.6947 1.0389 
2 550 400 0.5050 0.1939 86.893 0.2309 1.4433 0.6279 0.7755 
3 500 400 0.4233 0.1625 74.619 0.2959 1.8496 0.5364 0.6500 

Expected values 93.445 0.2059 1.2869 0.6760 

  Production and Invenotry Model 94.884 0.1960 1.2253 0.4996 

Difference 1.4394 0.0099 0.0616 0.1764 

 

Table XLIV. MC Model One Second Scenario and Optimal Selected Production Rates (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 750 400 1.00 0.5489 113.478 0.1301 0.8129 0.8251 2.1957 
1 950 400 0.4273 0.2345 126.449 0.0917 0.5731 0.9140 0.9381 
2 600 400 0.2924 0.1605 96.143 0.1907 1.1920 0.6914 0.6419 
3 1200 400 0.1021 0.0560 136.044 0.0637 0.3978 0.9230 0.2242 

Expected values 115.003 0.1271 0.7942 0.8300 

  Production and Inventory Model 117.338 0.1178 0.7365 0.8502 

Difference 2.3350 0.0092 0.0577 0.0202 
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Table XLV. MC Model One Second Scenario and Optimal Production Rates (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 650 400 1.00 0.3839 103.025 0.1648 1.0299 0.7467 1.5357 
1 600 400 0.6765 0.2597 96.033 0.1915 1.1971 0.6943 1.0389 
2 550 400 0.5050 0.1939 87.031 0.2306 1.4415 0.6271 0.7755 
3 500 400 0.4233 0.1625 74.914 0.2951 1.8443 0.5348 0.6500 

Expected values 93.540 0.2057 1.2855 0.6755 

  Production and Inventory Model 94.964 0.1959 1.2244 0.4988 

Difference 1.4240 0.0098 0.0610 0.1766 

 

Appendix C 

Table XLVI. MC Model One Third Scenario and Duration (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00 0.4361 130.796 0.1494 0.9337 0.4460 1.7446 
1 1200 650 0.7188 0.3135 143.471 0.1042 0.6510 0.6390 1.2539 
2 1200 500 0.3996 0.1743 141.970 0.0810 0.5060 0.8218 0.6971 
3 1200 400 0.1745 0.0761 135.783 0.0677 0.4233 0.9820 0.3043 

Expected values 137.096 0.1171 0.7317 0.6128 

  Production and Inventory Model 142.275 0.1118 0.6989 0.2762 

Difference 5.1790 0.0052 0.0328 0.3365 

 

Table XLVII. MC Model One Third Scenario and Optimal Pair (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00 0.6390 130.778 0.1494 0.9339 0.4461 2.5559 
1 1200 400 0.3382 0.2161 135.640 0.0678 0.4237 0.9830 0.8645 
2 1200 500 0.1447 0.0924 141.900 0.0810 0.5063 0.8222 0.3697 
3 1200 650 0.0821 0.0525 143.552 0.1041 0.6506 0.6386 0.2098 

Expected values 133.527 0.1231 0.7692 0.6070 

  Production and Inventory Model 141.458 0.1154 0.7211 0.1381 

Difference 7.9310 0.0077 0.0482 0.4688 
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Table XLVIII. MC Model One Third Scenario and Optimal Pair (t) 

 

Appendix D 

Table XLIX. MC Model One Fourth Scenario Duration (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00  0.3998 130.796 0.1494 0.9337 0.4460 1.5992 
1 950 650 0.6943 0.2776 119.173 0.1584 0.9901 0.5301 1.1103 
2 750 500 0.4751 0.1899 107.494 0.1711 1.0696 0.6204 0.7597 
3 600 400 0.3318 0.1327 96.334 0.1910 1.1939 0.6925 0.5307 

Expected values 118.572 0.1616 1.0097 0.5352 

  Production and Inventory Model 119.228 0.1602 1.0010 0.5164 

Difference 0.656 0.0014 0.0087 0.0187 

 

Table L. MC Model One Fourth Scenario Optimal Pair (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 600 400 1.00  0.3993 95.904 0.1918 1.1985 0.6951 1.5974 
1 750 500 0.6765 0.2701 107.294 0.1714 1.0714 0.6214 1.0806 
2 950 650 0.4751 0.1897 119.157 0.1584 0.9901 0.5301 0.7589 
3 1200 850 0.3526 0.1408 131.149 0.1490 0.9314 0.4449 0.5632 

Expected values 108.355 0.1739 1.0870 0.6087 

  Production and Inventory Model 109.119 0.1718 1.0738 0.5874 

Difference 0.7636 0.0021 0.0132 0.0213 

 

 

 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00 0.6390 130.796 0.1494 0.9337 0.4460 2.5559 
1 1200 400 0.3382 0.2161 135.667 0.0678 0.4236 0.9828 0.8645 
2 1200 500 0.1447 0.0924 141.970 0.0810 0.5060 0.8218 0.3697 
3 1200 650 0.0821 0.0525 143.754 0.1040 0.6498 0.6378 0.2098 

Expected values 133.561 0.1231 0.7691 0.6068 

  Production and Inventory Model 141.458 0.1154 0.7211 0.1381 

Difference 7.8970 0.0077 0.0480 0.4687 
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Table LI. MC Model One Fourth Scenario Optimal Selected Production Rates (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 950 850 1.00  0.3455 78.592 0.3141 1.9630 0.2679 1.3820 
1 750 650 0.8794 0.3038 77.494 0.3086 1.9289 0.3442 1.2154 
2 600 500 0.7522 0.2599 76.055 0.3024 1.8900 0.4385 1.0395 
3 1200 400 0.2627 0.0908 135.699 0.0678 0.4235 0.9826 0.3631 

Expected values 82.782 0.2870 1.7939 0.4003 

  Production and Inventory Model 95.194 0.2321 1.4507 0.4186 

Difference 12.412 0.0549 0.3433 0.0183 

 

Table LII. MC Model One Fourth Scenario Optimal Production Rates (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 950 850 1.00  0.3066 78.592 0.3141 1.9630 0.2679 1.2262 
1 750 650 0.8794 0.2696 77.494 0.3086 1.9289 0.3442 1.0784 
2 600 500 0.7522 0.2306 76.055 0.3024 1.8900 0.4385 0.9223 
3 500 400 0.6305 0.1933 74.619 0.2959 1.8496 0.5364 0.7731 

Expected values 76.943 0.3064 1.9150 0.3797 

  Production and Inventory Model 77.370 0.3077 1.9233 0.3550 

Difference 0.427 -0.001 -0.008 0.0247 

 

Table LIII. MC Model One Fourth Scenario Optimal Pair (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 600 400 1.00  0.3993 95.915 0.1917 1.1984 0.6951 1.5974 
1 750 500 0.6765 0.2701 107.371 0.1713 1.0707 0.6210 1.0806 
2 950 650 0.4751 0.1897 119.322 0.1582 0.9890 0.5295 0.7589 
3 1200 850 0.3526 0.1408 131.511 0.1487 0.9292 0.4438 0.5632 

Expected values 108.462 0.1738 1.0863 0.6083 

  Production and Inventory Model 109.119 0.1718 1.0738 0.5874 

Difference 0.7636 0.0020 0.0125 0.0209 
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Table LIV. MC Model One Fourth Scenario Optimal Selected Production Rates (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 950 850 
     

1.00  
0.3455 78.624 0.3140 1.9624 0.2678 1.3820 

1 750 650 0.8794 0.3038 77.651 0.3082 1.9261 0.3437 1.2154 
2 600 500 0.7522 0.2599 76.266 0.3018 1.8862 0.4376 1.0395 
3 1200 400 0.2627 0.0908 135.783 0.0677 0.4233 0.9820 0.3631 

Expected values 82.904 0.2867 1.7919 0.3998 

  Production and Inventory Model 95.194 0.2321 1.4507 0.4186 

Difference 12.290 0.0546 0.3412 0.0188 

 

Table LV. MC Model One Fourth Scenario Optimal Production Rates (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 950 850 
     

1.00  
0.3066 78.624 0.3140 1.9624 0.2678 1.2262 

1 750 650 0.8794 0.2696 77.651 0.3082 1.9261 0.3437 1.0784 
2 600 500 0.7522 0.2306 76.266 0.3018 1.8862 0.4376 0.9223 
3 500 400 0.6305 0.1933 74.914 0.2951 1.8443 0.5348 0.7731 

Expected values 77.101 0.3060 1.9122 0.3790 

  Production and Inventory Model 77.370 0.3077 1.9233 0.3550 

Difference 0.269 -0.002 -0.011 0.0240 

 

Appendix E 

Table LVI. MC Model Two First Scenario and First Variation 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 600 400 1.00 0.2472 95.977 0.1916 1.1977 0.6947 0.9888 
1 600 400 1.0050 0.2484 96.090 0.1914 1.1965 0.6940 0.9937 
2 600 400 1.0138 0.2506 96.243 0.1912 1.1948 0.6930 1.0024 
3 600 400 1.0267 0.2538 96.394 0.1909 1.1932 0.6920 1.0151 

Expected values 96.178 0.1913 1.1955 0.6934 

  Production and Inventory Model 95.988 0.1916 1.1976 0.6946 

Difference 0.189 0.0003 0.0021 0.0012 
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Table LVII. MC Model Two First Scenario and Second Variation 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 600 400 1.00 0.2461 95.989 0.1916 1.1976 0.6946 0.9843 
1 600 400 1.0068 0.2478 96.164 0.1913 1.1956 0.6935 0.9910 
2 600 400 1.0190 0.2508 96.373 0.1909 1.1933 0.6921 1.0030 
3 600 400 1.0380 0.2554 96.624 0.1905 1.1906 0.6905 1.0217 

Expected values 96.291 0.1911 1.1942 0.6927 

  Production and Inventory Model 96.096 0.1914 1.1964 0.6939 

Difference 0.1951 0.0004 0.0022 0.0013 

 

Appendix F 

Table LVIII. MC Model Two Second Scenario and Duration (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 400 1.00 0.2484 135.621 0.0678 0.4238 0.9831 0.9937 
1 950 400 1.0018 0.2489 126.449 0.0919 0.5743 0.9160 0.9955 
2 750 400 1.0062 0.2500 113.638 0.1296 0.8100 0.8222 0.9999 
3 600 400 1.0175 0.2528 96.335 0.1914 1.1965 0.6940 1.0110 

Expected values 117.914 0.1205 0.7531 0.8531 

  Production and Inventory Model 122.417 0.1032 0.6449 0.8898 

Difference 4.5030 0.0173 0.1082 0.0367 

 

Table LIX. MC Model Two Second Scenario Optimal Selected Production Rates (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 950 400 1.00 0.2492 126.382 0.0919 0.5744 0.9162 0.9969 
1 1200 400 1.0007 0.2494 135.640 0.0678 0.4237 0.9830 0.9976 
2 750 400 1.0030 0.2500 113.553 0.1296 0.8102 0.8224 0.9999 
3 600 400 1.0088 0.2514 96.124 0.1916 1.1975 0.6945 1.0057 

Expected values 117.876 0.1204 0.7524 0.8537 

  Production and Inventory Model 122.399 0.1031 0.6444 0.8865 

Difference 4.5230 0.0173 0.1080 0.0328 
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Table LX. MC Model Two Second Scenario Optimal Production Rates (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 650 400 1.00 0.2486 103.015 0.1648 1.0300 0.7467 0.9945 
1 600 400 1.0018 0.2491 95.966 0.1917 1.1981 0.6949 0.9964 
2 550 400 1.0057 0.2501 86.893 0.2311 1.4444 0.6283 1.0002 
3 500 400 1.0144 0.2522 74.620 0.2964 1.8525 0.5372 1.0088 

Expected values 90.066 0.2213 1.3829 0.6514 

  Production and Inventory Model 91.697 0.2094 1.3088 0.6631 

Difference 1.6309 0.0119 0.0741 0.0118 

 

Table LXI. MC Model Two Second Scenario Optimal Selected Production Rates (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 400 1.00 0.248498 126.388 0.0919 0.5744 1.3326 0.9940 
1 950 400 1.0014 0.248836 135.667 0.0678 0.4237 0.6757 0.9953 
2 750 400 1.0058 0.249937 113.638 0.1296 0.8100 0.8222 0.9997 
3 600 400 1.0170 0.252729 96.335 0.1914 1.1965 0.6940 1.0109 

Expected values 117.915 0.1205 0.7530 0.8802 

  Production and Inventory Model 122.424 0.1032 0.6448 0.8385 

Difference 4.5090 0.0173 0.1082 0.0417 

 

Table LXII. MC Model Two Second Scenario Optimal Production Rates (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 650 400 1.00 0.24742 103.025 0.1648 1.0299 0.7467 0.9897 
1 600 400 1.0035 0.248293 96.034 0.1916 1.1976 0.6946 0.9932 
2 550 400 1.0109 0.250123 87.031 0.2310 1.4435 0.6279 1.0005 
3 500 400 1.0273 0.254164 74.915 0.2959 1.8492 0.5363 1.0167 

Expected values 90.144 0.2213 1.3832 0.6506 

  Production and Inventory Model 91.761 0.2094 1.3088 0.5709 

Difference 1.6167 0.0119 0.0744 0.0797 

 

 

 



124 
 

Appendix G 

Table LXIII. MC Model Two Third Scenario and Duration (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00 0.2490 130.796 0.1494 0.9337 0.4460 0.9960 
1 1200 650 1.0020 0.2495 143.471 0.1041 0.6509 0.6389 0.9980 
2 1200 500 1.0049 0.2502 141.970 0.0810 0.5060 0.8218 1.0009 
3 1200 400 1.0092 0.2513 135.783 0.0677 0.4233 0.9821 1.0051 

Expected values 138.008 0.1005 0.6279 0.7229 

  Production and Inventory Model 144.010 0.0957 0.5981 0.9173 

Difference 6.0020 0.0048 0.0298 0.1944 

 

Appendix H 

Table LXIV. MC Model Two Fourth Scenario and Duration (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 1200 850 1.00  0.2480 130.796 0.1494 0.9337 0.4460 0.9922 
1 950 650 1.0030 0.2488 119.173 0.1585 0.9904 0.5303 0.9951 
2 750 500 1.0087 0.2502 107.494 0.1713 1.0708 0.6211 1.0008 
3 600 400 1.0200 0.2530 96.335 0.1913 1.1959 0.6936 1.0120 

Expected values 113.356 0.1678 1.0485 0.5734 

  Production and Inventory Model 114.094 0.1658 1.0362 0.5512 

Difference 0.7380 0.0020 0.0123 0.0223 

 

Table LXV. MC Model Two Fourth Scenario Optimal Selected Production Rates (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 950 850 1.00  0.2487 78.59 0.3141 1.9630 0.2679 0.9949 
1 750 650 1.0028 0.2494 77.49 0.3085 1.9280 0.3441 0.9977 
2 600 500 1.0077 0.2507 76.06 0.3019 1.8870 0.4378 1.0026 
3 1200 400 1.0099 0.2512 135.70 0.0677 0.4232 0.9819 1.0048 

Expected values 92.027 0.2478 1.5485 0.5088 

  Production and Inventory Model 114.285 0.1653 1.0333 0.5516 

Difference 22.258 0.0824 0.5152 0.0428 
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Table LXVI. MC Model Two Fourth Scenario Optimal Production Rates (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 950 850 1.00  0.2483 78.59 0.3141 1.9630 0.2679 0.9933 
1 750 650 1.0028 0.2490 77.49 0.3086 1.9290 0.3442 0.9961 
2 600 500 1.0078 0.2503 76.05 0.3024 1.8903 0.4385 1.0010 
3 500 400 1.0164 0.2524 74.62 0.2960 1.8500 0.5365 1.0096 

Expected values 76.681 0.3052 1.9078 0.3974 

  Production and Inventory Model 77.132 0.3066 1.9164 0.3711 

Difference 0.451 0.0014 0.0086 0.0263 

 

Table LXVII. MC Model Two Fourth Scenario Optimal Selected Production Rates (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 950 850 1.00  0.2476 78.624 0.3140 1.9624 0.2678 0.9905 
1 750 650 1.0053 0.2489 77.651 0.3079 1.9247 0.3435 0.9957 
2 1200 500 1.0145 0.2512 76.267 0.3010 1.8811 3.0550 1.0048 
3 600 400 1.0188 0.2523 135.783 0.0676 0.4227 0.2452 1.0091 

Expected values 92.210 0.2471 1.5442 0.9811 

  Production and Inventory Model 114.375 0.1650 1.0312 0.5526 

Difference 22.165 0.0821 0.5129 0.4285 

 

Table LXVIII. MC Model Two Fourth Scenario Optimal Production Rates (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

0 950 850 1.00  0.2469 78.624 0.3140 1.9624 0.2678 0.9875 
1 750 650 1.0053 0.2482 77.651 0.3082 1.9262 0.3438 0.9927 
2 600 500 1.0145 0.2505 76.266 0.3019 1.8867 0.4377 1.0018 
3 500 400 1.0309 0.2545 74.914 0.2952 1.8449 0.5350 1.0180 

Expected values 76.848 0.3047 1.9046 0.3972 

  Production and Inventory Model 77.345 0.3060 1.9123 0.3708 

Difference 0.497 -0.001 -0.008 0.0264 

 

 

 



126 
 

Appendix I 

 

Table LXIX. Scheduling with MC Model One First Scenario Base (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 750 400 1.00 0.2627 113.470 0.1297 0.8104 0.8225 2.1020 
A1 750 400 0.5412 0.1422 113.513 0.1296 0.8101 0.8222 1.1376 
A2 750 400 0.2962 0.0778 113.553 0.1296 0.8098 0.8220 0.6227 
A3 750 400 0.1655 0.0435 113.623 0.1295 0.8094 0.8215 0.3480 
B0 600 400 1.00 0.2102 95.904 0.1918 1.1985 0.6951 1.6816 
B1 600 400 0.6765 0.1422 95.966 0.1917 1.1978 0.6947 1.1376 
B2 750 400 0.3703 0.0778 113.553 0.1296 0.8098 0.8220 0.6227 
B3 750 400 0.2069 0.0435 113.623 0.1295 0.8094 0.8215 0.3480 

Expected values 107.321 0.1515 0.9468 0.7774 
  Production and Inventory Model 108.486 0.1459 0.9119 0.7858 

Difference 1.165 0.0056 0.0349 0.0084 
 

Table LXX. Scheduling with MC Model One First Scenario (t-x) First Variation 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 750 400 1.00 0.2627 113.521 0.1296 0.8100 0.8222 2.1020 
A1 750 400 0.5412 0.1422 113.601 0.1295 0.8095 0.8217 1.1376 
A2 750 400 0.2962 0.0778 113.708 0.1294 0.8088 0.8210 0.6227 
A3 750 400 0.1655 0.0435 113.815 0.1293 0.8081 0.8203 0.3480 
B0 600 400 1.00 0.2102 95.977 0.1916 1.1977 0.6947 1.6816 
B1 600 400 0.6765 0.1422 96.090 0.1914 1.1965 0.6940 1.1376 
B2 750 400 0.3703 0.0778 113.708 0.1294 0.8088 0.8210 0.6227 
B3 750 400 0.2069 0.0435 113.815 0.1293 0.8081 0.8203 0.3480 

Expected values 107.421 0.1514 0.9461 0.7767 
  Production and Inventory Model 108.535 0.1458 0.9116 0.7855 

Difference 1.114 0.0055 0.0345 0.0088 
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Table LXXI. Scheduling with MC Model One First Scenario (t-x) Second Variation 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 750 400 1.00 0.2627 113.529 0.1296 0.8100 0.8221 2.1020 
A1 750 400 0.5412 0.1422 113.652 0.1295 0.8092 0.8213 1.1376 
A2 750 400 0.2962 0.0778 113.799 0.1293 0.8082 0.8203 0.6227 
A3 750 400 0.1655 0.0435 113.976 0.1291 0.8071 0.8192 0.3480 
B0 600 400 1.00 0.2102 95.989 0.1916 1.1976 0.6946 1.6816 
B1 600 400 0.6765 0.1422 96.164 0.1913 1.1957 0.6935 1.1376 
B2 750 400 0.3703 0.0778 113.799 0.1293 0.8082 0.8203 0.6227 
B3 750 400 0.2069 0.0435 113.976 0.1291 0.8071 0.8192 0.3480 

Expected values 107.471 0.1513 0.9457 0.7764 
  Production and Inventory Model 108.496 0.1459 0.9118 0.7857 

Difference 1.025 0.0054 0.0338 0.0094 
 

Table LXXII. Scheduling with MC Model One Second Scenario Base (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 400 1.00 0.3136 141.341 0.0538 0.3365 1.0247 2.5092 
A1 1150 400 0.3529 0.1107 134.160 0.0715 0.4470 0.9722 0.8856 
A2 750 400 0.1932 0.0606 113.553 0.1296 0.8098 0.8220 0.4848 
A3 600 400 0.1350 0.0423 96.124 0.1914 1.1960 0.6937 0.3386 
B0 1200 400 1.00 0.2591 135.617 0.0678 0.4238 0.9832 2.0728 
B1 950 400 0.4273 0.1107 126.413 0.0919 0.5743 0.9160 0.8856 
B2 750 400 0.2339 0.0606 113.553 0.1296 0.8098 0.8220 0.4848 
B3 600 400 0.1634 0.0423 96.124 0.1914 1.1960 0.6937 0.3386 

Expected values 130.215 0.0844 0.5278 0.9435 
  Production and Inventory Model 133.836 0.0723 0.4521 0.9700 

Difference 3.6210 0.0121 0.0757 0.0265 
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Table LXXIII. Scheduling with MC Model One Second Scenario Optimal Production Rates (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 400 1.00 0.2924 141.341 0.0538 0.3365 1.0247 2.3393 
A1 1150 400 0.3529 0.1032 134.160 0.0715 0.4470 0.9722 0.8256 
A2 600 400 0.2415 0.0706 96.023 0.1915 1.1972 0.6944 0.5650 
A3 500 400 0.2024 0.0592 74.619 0.2959 1.8496 0.5364 0.4735 
B0 1200 400 1.00 0.2416 135.617 0.0678 0.4238 0.9832 1.9324 
B1 950 400 0.4273 0.1032 126.413 0.0919 0.5743 0.9160 0.8256 
B2 600 400 0.2924 0.0706 96.023 0.1915 1.1972 0.6944 0.5650 
B3 500 400 0.2450 0.0592 74.619 0.2959 1.8496 0.5364 0.4735 

Expected values 123.377 0.1111 0.6942 0.8936 
  Production and Inventory Model 131.623 0.0780 0.4876 0.9539 

Difference 8.246 0.0331 0.2066 0.0603 
 

 

Table LXXIV. Scheduling with MC Model One Second Scenario (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 400 1.00 0.3136 141.344 0.0538 0.3365 1.0246 2.5092 
A1 1150 400 0.3529 0.1107 134.188 0.0715 0.4469 0.9721 0.8856 
A2 750 400 0.1932 0.0606 113.638 0.1295 0.8093 0.8214 0.4848 
A3 600 400 0.1350 0.0423 96.334 0.1910 1.1939 0.6925 0.3386 
B0 1200 400 1.00 0.2591 135.621 0.0678 0.4238 0.9831 2.0728 
B1 950 400 0.4273 0.1107 126.449 0.0919 0.5741 0.9157 0.8856 
B2 750 400 0.2339 0.0606 113.638 0.1295 0.8093 0.8214 0.4848 
B3 600 400 0.1634 0.0423 96.334 0.1910 1.1939 0.6925 0.3386 

Expected values 130.252 0.0844 0.5275 0.9433 
  Production and Inventory Model 133.858 0.0723 0.4520 0.9698 

Difference 3.6060 0.0121 0.0755 0.0266 
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Table LXXV. Scheduling with MC Model One Second Scenario Optimal Production Rates (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 400 1.00 0.2924 141.344 0.0538 0.3365 1.0246 2.3393 
A1 1150 400 0.3529 0.1032 134.188 0.0715 0.4469 0.9721 0.8256 
A2 600 400 0.2415 0.0706 96.142 0.1914 1.1960 0.6937 0.5650 
A3 500 400 0.2024 0.0592 74.914 0.2951 1.8443 0.5348 0.4735 
B0 1200 400 1.00 0.2416 135.621 0.0678 0.4238 0.9831 1.9324 
B1 950 400 0.4273 0.1032 126.449 0.0919 0.5741 0.9157 0.8256 
B2 600 400 0.2924 0.0706 96.142 0.1914 1.1960 0.6937 0.5650 
B3 500 400 0.2450 0.0592 74.914 0.2951 1.8443 0.5348 0.4735 

Expected values 123.437 0.1109 0.6934 0.8932 
  Production and Inventory Model 131.651 0.0780 0.4875 0.9537 

Difference 8.214 0.0329 0.2059 0.0605 
 

Table LXXVI. Scheduling with MC Model One Third Scenario (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1200 1050 1.00 0.2002 95.180 0.2536 1.5851 0.2627 1.6015 
A1 1200 950 0.8033 0.1608 117.002 0.1867 1.1668 0.3562 1.2865 
A2 1200 500 0.3435 0.0688 141.900 0.0810 0.5063 0.8222 0.5502 
A3 1200 400 0.1200 0.0240 135.699 0.0678 0.4235 0.9826 0.1922 
B0 1200 850 1.00 0.2926 130.778 0.1494 0.9339 0.4461 2.3407 
B1 1200 650 0.5496 0.1608 143.406 0.1042 0.6512 0.6392 1.2865 
B2 1200 500 0.2351 0.0688 141.900 0.0810 0.5063 0.8222 0.5502 
B3 1200 400 0.0821 0.0240 135.699 0.0678 0.4235 0.9826 0.1922 

Expected values 125.233 0.1557 0.9729 0.5035 
  Production and Inventory Model 135.339 0.1366 0.8538 0.4874 

Difference 10.106 0.0191 0.1191 0.0160 
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Table LXXVII. Scheduling with MC Model One Third Scenario (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1200 1050 1.00 0.2002 95.215 0.2535 1.5847 0.2626 1.6015 
A1 1200 950 0.8033 0.1608 117.158 0.1865 1.1655 0.3558 1.2865 
A2 1200 500 0.3435 0.0688 141.970 0.0810 0.5060 0.8218 0.5502 
A3 1200 400 0.1200 0.0240 135.783 0.0677 0.4233 0.9820 0.1922 
B0 1200 850 1.00 0.2926 130.796 0.1494 0.9337 0.4460 2.3407 
B1 1200 650 0.5496 0.1608 143.471 0.1042 0.6510 0.6390 1.2865 
B2 1200 500 0.2351 0.0688 141.970 0.0810 0.5060 0.8218 0.5502 
B3 1200 400 0.0821 0.0240 135.783 0.0677 0.4233 0.9820 0.1922 

Expected values 125.295 0.1556 0.9725 0.5033 
  Production and Inventory Model 135.419 0.1365 0.8533 0.4872 

Difference 10.124 0.0191 0.1191 0.0161 
 

Table LXXVIII. Scheduling with MC Model One Fourth Scenario Optimal Production Rates (t-

x) 

State 
(i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

A0 1450 1100 1.00 0.1684 135.346 0.1546 0.9664 0.3567 1.3471 
A1 1150 850 0.7500 0.1263 123.799 0.1647 1.0295 0.4215 1.0103 
A2 600 500 0.6415 0.1080 76.055 0.3024 1.8900 0.4385 0.8642 
A3 500 400 0.5377 0.0905 74.619 0.2959 1.8496 0.5364 0.7243 
B0 1200 850 1.00 0.1819 130.778 0.1494 0.9339 0.4461 1.4552 
B1 950 650 0.6943 0.1263 119.080 0.1585 0.9907 0.5304 1.0103 
B2 600 500 0.5938 0.1080 76.055 0.3024 1.8900 0.4385 0.8642 
B3 500 400 0.4978 0.0905 74.619 0.2959 1.8496 0.5364 0.7243 

Expected values 107.196 0.2130 1.3310 0.4533 
  Production and Inventory Model 111.045 0.1860 1.1628 0.4525 

Difference 3.849 0.0269 0.1682 0.0008 
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Table LXXIX. Scheduling with MC Model One Fourth Scenario (t) 

State 
(i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

A0 1450 1100 1.00 0.1878 135.371 0.1546 0.9663 0.3566 1.5027 
A1 1150 850 0.7500 0.1409 123.924 0.1646 1.0286 0.4211 1.1271 
A2 750 500 0.5132 0.0964 107.494 0.1711 1.0696 0.6204 0.7712 
A3 600 400 0.3585 0.0673 96.334 0.1910 1.1939 0.6925 0.5387 
B0 1200 850 1.00 0.2029 130.796 0.1494 0.9337 0.4460 1.6234 
B1 950 650 0.6943 0.1409 119.173 0.1584 0.9901 0.5301 1.1271 
B2 750 500 0.4751 0.0964 107.494 0.1711 1.0696 0.6204 0.7712 
B3 600 400 0.3318 0.0673 96.334 0.1910 1.1939 0.6925 0.5387 

Expected values 119.916 0.1636 1.0224 0.5044 
  Production and Inventory Model 120.962 0.1629 1.0180 0.4726 

Difference 1.046 0.0007 0.0043 0.0318 
 

Table LXXX. Scheduling with MC Model One Fourth Scenario Optimal Production Rates (t) 

State 
(i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

A0 1450 1100 1.00 0.1684 135.371 0.1546 0.9663 0.3566 1.3471 
A1 1150 850 0.7500 0.1263 123.924 0.1646 1.0286 0.4211 1.0103 
A2 600 500 0.6415 0.1080 76.266 0.3018 1.8862 0.4376 0.8642 
A3 500 400 0.5377 0.0905 74.914 0.2951 1.8443 0.5348 0.7243 
B0 1200 850 1.00 0.1819 130.796 0.1494 0.9337 0.4460 1.4552 
B1 950 650 0.6943 0.1263 119.173 0.1584 0.9901 0.5301 1.0103 
B2 600 500 0.5938 0.1080 76.266 0.3018 1.8862 0.4376 0.8642 
B3 500 400 0.4978 0.0905 74.914 0.2951 1.8443 0.5348 0.7243 

Expected values 107.331 0.2126 1.3290 0.4527 
  Production and Inventory Model 111.045 0.1860 1.1628 0.4525 

Difference 3.714 0.0266 0.1662 0.0002 
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Appendix J 

Table LXXXI. Scheduling with MC Model Two First Scenario (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 750 400 1.00 0.1118 113.470 0.1297 0.8104 0.8225 0.8941 
A1 750 400 1.0013 0.1119 113.513 0.1296 0.8101 0.8223 0.8952 
A2 750 400 1.0039 0.1122 114.861 0.1508 0.9425 0.9566 0.8976 
A3 750 400 1.0713 0.1197 113.654 0.1326 0.8285 0.8409 0.9578 
B0 600 400 1.00 0.1397 95.904 0.1918 1.1985 0.6951 1.1179 
B1 600 400 1.0018 0.1400 95.966 0.1916 1.1976 0.6946 1.1200 
B2 750 400 0.9451 0.1321 114.502 0.1139 0.7117 0.7224 1.0566 
B3 750 400 0.9488 0.1326 113.649 0.1267 0.7921 0.8040 1.0608 

Expected values 108.908 0.1473 0.9203 0.7883 
  Production and Inventory Model 109.637 0.1422 0.8885 0.7937 

Difference 0.729 0.0051 0.0319 0.0053 
 

Table LXXXII. Scheduling with MC Model Two First Scenario First Variation (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 750 400 1.00 0.1113 113.521 0.1296 0.8100 0.8222 0.8907 
A1 750 400 1.0035 0.1117 113.601 0.1295 0.8096 0.8218 0.8938 
A2 750 400 1.0106 0.1125 114.990 0.1504 0.9398 0.9539 0.9001 
A3 750 400 1.0830 0.1206 113.845 0.1323 0.8268 0.8392 0.9646 
B0 600 400 1.00 0.1388 95.977 0.1916 1.1977 0.6947 1.1108 
B1 600 400 1.0050 0.1395 96.090 0.1913 1.1958 0.6936 1.1163 
B2 750 400 0.9518 0.1322 114.651 0.1138 0.7111 0.7218 1.0573 
B3 750 400 0.9601 0.1333 113.841 0.1266 0.7911 0.8029 1.0665 

Expected values 109.058 0.1470 0.9187 0.7875 
  Production and Inventory Model 109.613 0.1421 0.8884 0.7941 

Difference 0.555 0.0048 0.0303 0.0066 
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Table LXXXIII. Scheduling with MC Model Two First Scenario Second Variation (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 750 400 1.00 0.1095 115.562 0.1328 0.9904 0.9828 0.8759 
A1 750 400 1.0048 0.1100 113.652 0.1295 0.8068 0.8192 0.8801 
A2 750 400 1.0147 0.1111 115.321 0.1520 0.9520 0.9660 0.8888 
A3 750 400 1.0881 0.1191 114.120 0.1327 0.8511 0.8608 0.9531 
B0 600 400 1.00 0.1398 96.061 0.1919 1.1483 0.6701 1.1187 
B1 600 400 1.0066 0.1408 96.276 0.1916 1.1347 0.6631 1.1260 
B2 750 400 0.9583 0.1340 114.861 0.1133 0.7046 0.7156 1.0720 
B3 750 400 0.9704 0.1357 114.021 0.1261 0.7841 0.7964 1.0856 

Expected values 109.409 0.1476 0.9254 0.7986 
  Production and Inventory Model 109.624 0.1422 0.8887 0.7936 

Difference 0.215 0.0054 0.0367 0.0050 
 

Table LXXXIV. Scheduling with MC Model Two Second Scenario (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 400 1.00 0.1208 141.341 0.0538 0.3365 1.0247 0.9668 
A1 1150 400 1.0007 0.1209 134.160 0.0715 0.4471 0.9724 0.9675 
A2 750 400 1.0030 0.1212 113.568 0.1317 0.8235 0.8358 0.9697 
A3 600 400 0.9933 0.1200 96.288 0.2032 1.2677 0.7354 0.9603 
B0 1200 400 1.00 0.1276 135.617 0.0678 0.4238 0.9832 1.0209 
B1 950 400 1.0009 0.1277 126.413 0.0919 0.5743 0.9161 1.0218 
B2 750 400 1.0223 0.1305 113.573 0.1272 0.7948 0.8067 1.0436 
B3 600 400 1.0280 0.1312 96.230 0.1825 1.1412 0.6618 1.0494 

Expected values 119.521 0.1164 0.7275 0.8655 
  Production and Inventory Model 125.353 0.0948 0.5927 0.9080 

Difference 5.832 0.0216 0.1348 0.0425 
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Table LXXXV. Scheduling with MC Model Two Second Scenario Optimal Production Rates (t-

x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 400 1.00 0.1193 141.341 0.0538 0.3365 1.0247 0.9547 
A1 1150 400 1.0007 0.1194 134.160 0.0715 0.4471 0.9724 0.9554 
A2 600 400 1.0039 0.1198 96.052 0.1868 1.1683 0.6775 0.9584 
A3 500 400 0.9587 0.1144 75.410 0.3516 2.1291 0.6202 0.9153 
B0 1200 400 1.00 0.1263 135.617 0.0678 0.4238 0.9832 1.0107 
B1 950 400 1.0009 0.1265 126.413 0.0919 0.5744 0.9161 1.0116 
B2 600 400 1.0812 0.1366 96.023 0.1911 1.1948 0.6929 1.0927 
B3 500 400 1.0897 0.1377 74.999 0.2654 1.6744 0.4849 1.1013 

Expected values 109.581 0.1604 0.9970 0.7920 
  Production and Inventory Model 121.657 0.1052 0.6577 0.8811 

Difference 12.076 0.0552 0.3393 0.0891 
 

Table LXXXVI. Scheduling with MC Model Two Second Scenario (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 400 1.00 0.1205 141.344 0.0538 0.3365 1.0246 0.9637 
A1 1150 400 1.0014 0.1206 134.188 0.0715 0.4470 0.9723 0.9650 
A2 750 400 1.0059 0.1212 113.654 0.1317 0.8232 0.8356 0.9694 
A3 600 400 1.0014 0.1206 96.513 0.2030 1.2690 0.7360 0.9650 
B0 1200 400 1.00 0.1272 135.621 0.0678 0.4238 0.9831 1.0178 
B1 950 400 1.0018 0.1275 126.449 0.0919 0.5743 0.9159 1.0197 
B2 750 400 1.0258 0.1305 113.657 0.1271 0.7946 0.8066 1.0441 
B3 600 400 1.0368 0.1319 96.436 0.1824 1.1402 0.6613 1.0553 

Expected values 119.554 0.1166 0.7285 0.8651 
  Production and Inventory Model 125.367 0.0949 0.5932 0.9073 

  5.813 0.0216 0.1353 0.0422 
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Table LXXXVII. Scheduling with MC Model Two Second Scenario Optimal Production Rates 

(t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 400 1.00 0.1219 141.344 0.0538 0.3365 1.0246 0.9755 
A1 1150 400 1.0014 0.1221 134.188 0.0715 0.4471 0.9724 0.9769 
A2 600 400 1.0076 0.1229 96.157 0.1896 1.1742 0.6819 0.9829 
A3 500 400 0.9948 0.1213 75.024 0.3359 1.8075 0.5359 0.9704 
B0 1200 400 1.00 0.1246 135.621 0.0678 0.4238 0.9831 0.9971 
B1 950 400 1.0018 0.1249 126.449 0.0919 0.5743 0.9161 0.9989 
B2 600 400 1.0445 0.1302 96.143 0.1914 1.1922 0.6918 1.0415 
B3 500 400 1.0598 0.1321 75.408 0.2711 1.6369 0.4770 1.0567 

Expected values 109.706 0.1600 0.9551 0.7825 
  Production and Inventory Model 121.839 0.1048 0.6552 0.8816 

Difference 12.133 0.0552 0.2999 0.0991 
 

Table LXXXVIII. Scheduling with MC Model Two Third Scenario (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1200 1050 1.00 0.1421 95.180 0.2536 1.5851 0.2627 1.1370 
A1 1200 950 1.0007 0.1422 117.002 0.1865 1.1657 0.3558 1.1378 
A2 1200 500 0.9966 0.1416 143.162 0.0709 0.4431 0.7196 1.1331 
A3 1200 400 0.9531 0.1355 136.025 0.0632 0.3952 0.9169 1.0837 
B0 1200 850 1.00 0.1075 130.778 0.1494 0.9340 0.4461 0.8596 
B1 1200 650 1.0019 0.1077 143.406 0.1042 0.6513 0.6392 0.8612 
B2 1200 500 1.0395 0.1117 144.064 0.0964 0.6028 0.9789 0.8936 
B3 1200 400 1.0399 0.1117 136.067 0.0729 0.4559 1.0576 0.8940 

Expected values 129.659 0.1274 0.7961 0.6583 
  Production and Inventory Model 142.932 0.1080 0.6747 0.6166 

Difference 13.273 0.0194 0.1214 0.0417 
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Table LXXXIX. Scheduling with MC Model Two Third Scenario (t) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1200 1050 1.00 0.1417 95.215 0.2535 1.5843 0.2625 1.1338 
A1 1200 950 1.0023 0.1420 117.158 0.1862 1.1640 0.3553 1.1364 
A2 1200 500 0.9992 0.1416 143.228 0.0709 0.4430 0.7194 1.1329 
A3 1200 400 0.9577 0.1357 136.106 0.0632 0.3951 0.9166 1.0858 
B0 1200 850 1.00 0.1073 130.796 0.1494 0.9338 0.4460 0.8585 
B1 1200 650 1.0029 0.1076 143.471 0.1042 0.6510 0.6390 0.8610 
B2 1200 500 1.0420 0.1118 144.105 0.0963 0.6018 0.9773 0.8946 
B3 1200 400 1.0447 0.1121 136.146 0.0729 0.4554 1.0565 0.8969 

Expected values 129.749 0.1272 0.7949 0.6583 
  Production and Inventory Model 143.048 0.1078 0.6738 0.6167 

Difference 13.299 0.0194 0.1210 0.0417 
 

Table XC. Scheduling with MC Model Two Fourth Scenario Optimal Production Rates (t-x) 

State (i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 
A0 1450 1100 1.00 0.1219 135.346 0.1546 0.9664 0.3567 0.9756 
A1 1150 850 1.0016 0.1221 123.799 0.1648 1.0299 0.4216 0.9772 
A2 600 500 1.0064 0.1227 76.071 0.2971 1.8501 0.4294 0.9819 
A3 500 400 0.9657 0.1178 74.989 0.3317 2.0378 0.5924 0.9421 
B0 1200 850 1.00 0.1254 130.778 0.1494 0.9339 0.4461 1.0030 
B1 950 650 1.0016 0.1256 119.080 0.1586 0.9911 0.5306 1.0046 
B2 600 500 1.0504 0.1317 76.056 0.3018 1.8820 0.4368 1.0536 
B3 500 400 1.0588 0.1328 74.830 0.2749 1.7153 0.4975 1.0621 

Expected values 101.095 0.2294 1.4278 0.4636 
  Production and Inventory Model 105.143 0.1983 1.2393 0.4649 

Difference 4.048 0.0311 0.1885 0.0013 
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Table XCI. Scheduling with MC Model Two Fourth Scenario (t) 

State 
(i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

A0 1450 1100 1.00 0.1212 135.371 0.1546 0.9668 0.3568 0.9697 
A1 1150 850 1.0032 0.1216 123.924 0.1646 1.0286 0.4211 0.9729 
A2 750 500 1.0094 0.1224 107.519 0.1749 1.0929 0.6339 0.9789 
A3 600 400 1.0181 0.1234 96.372 0.1963 1.2279 0.7121 0.9873 
B0 1200 850 1.00 0.1267 130.796 0.1493 0.9335 0.4459 1.0133 
B1 950 650 1.0030 0.1270 119.173 0.1586 0.9899 0.5301 1.0164 
B2 750 500 1.0116 0.1281 107.513 0.1679 1.0495 0.6087 1.0251 
B3 600 400 1.0229 0.1296 96.362 0.1866 1.1657 0.6761 1.0365 

Expected values 114.497 0.1691 1.0571 0.5493 
  Production and Inventory Model 115.632 0.1680 1.0500 0.5118 

Difference 1.135 0.0011 0.0071 0.0375 
 

Table XCII. Scheduling with MC Model Two Fourth Scenario Optimal Production Rates (t) 

State 
(i) 𝑷𝒊 𝑫𝒊 𝑨𝒊 𝑷𝒊 𝑻𝑪𝒊 𝑻𝟏𝒊 𝑻𝟐𝒊 𝑻𝟑𝒊 + 𝑻𝟒𝒊 𝑺𝑻𝒊 

A0 1450 1100 1.00 0.1214 135.371 0.1546 0.9663 0.3566 0.9712 
A1 1150 850 1.0031 0.1218 123.924 0.1647 1.0294 0.4214 0.9742 
A2 600 500 1.0122 0.1229 76.276 0.2975 1.8564 0.4308 0.9830 
A3 500 400 0.9836 0.1194 75.206 0.3292 2.0068 0.5840 0.9553 
B0 1200 850 1.00 0.1248 130.796 0.1494 0.9337 0.4460 0.9985 
B1 950 650 1.0030 0.1252 119.173 0.1585 0.9907 0.5304 1.0015 
B2 600 500 1.0519 0.1313 76.267 0.3023 1.8785 0.4361 1.0503 
B3 500 400 1.0679 0.1333 75.108 0.2751 1.7156 0.4977 1.0662 

Expected values 101.142 0.2295 1.4262 0.4629 
  Production and Inventory Model 105.004 0.1986 1.2412 0.4653 

Difference 3.862 0.0309 0.1850 0.0024 

Appendix K 
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