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ABSTRACT. We consider a coupled system of Schrodinger equations, arising
in quantum mechanics via the so-called time-dependent self-consistent field
method. Using Wigner transformation techniques we study the corresponding
classical limit dynamics in two cases. In the first case, the classical limit is only
taken in one of the two equations, leading to a mixed quantum-classical model
which is closely connected to the well-known Ehrenfest method in molecular
dynamics. In the second case, the classical limit of the full system is rigorously
established, resulting in a system of coupled Vlasov-type equations. In the
second part of our work, we provide a numerical study of the coupled semi-
classically scaled Schrodinger equations and of the mixed quantum-classical
model obtained via Ehrenfest’s method. A second order (in time) method
is introduced for each case. We show that the proposed methods allow time
steps independent of the semi-classical parameter(s) while still capturing the
correct behavior of physical observables. It also becomes clear that the order
of accuracy of our methods can be improved in a straightforward way.

Dedicated to Peter Markowich on the occasion of his 60th birthday

1. INTRODUCTION

The numerical simulation of many chemical, physical, and biochemical phenom-
ena requires the direct simulation of dynamical processes within large systems in-
volving quantum mechanical effects. However, if the entire system is treated quan-
tum mechanically, the numerical simulations are often restricted to relatively small
model problems on short time scales due to the formidable computational cost. In
order to overcome this difficulty, a basic idea is to separate the involved degrees
of freedom into two different categories: one, which involves variables that behave
effectively classically (i.e., evolving on slow time- and large spatial scales) and one
which encapsulates the (fast) quantum mechanical dynamics within a certain por-
tion of the full system. For example, for a system consisting of many molecules,
one might designate the electrons as the fast degrees of freedom and the atomic
nuclei as the slow degrees of freedom.

Whereas separation of the whole system into a classical part and a quantum
mechanical part is certainly not an easy task, it is, by now, widely studied in the
physics literature and often leads to what is called time-dependent self-consistent
field equations (TDSCF), see, e.g., [5, 7, 10, 16, 21, 22, 24, 30] and the references
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therein. In the TDSCF method, one typically assumes that the total wave function
of the system ¥(X,t), with X = (z,y), can be approximated by

(1.1) V(X 1) = ¢z, ey, t),

where x and y denote the degrees of freedom within a certain subsystem, only.
The precise nature of this approximation thereby strongly depends on the concrete
problem at hand (in particular, on the initial data and on the precise nature of the
coupling between the two subsystems). Disregarding this issue for the moment, one
might then, in a second step, hope to derive a self-consistently coupled system for 1
and ¢ and approximate it, at least partially, by the associated classical dynamics.

In this article we will study a simple model problem for such a TDSCF system,
motivated by [5, 10, 21, 22, 24], but one expects that our findings extend to other
self-consistent models as well. We will be interested in deriving various (semi-)
classical approximations to the considered TDSCF system, resulting in either a
mixed quantum-classical model, or a fully classical model. As we shall see, this
also gives a rigorous justification of what is known as the Ehrenfest method in the
physics literature, cf. [7, 10]. To this end, we shall be heavily relying on Wigner
transformation techniques, developed in [12, 23], which have been proved to be
superior in many aspects to the more classical WKB approximations, see, e.g. [28]
for a broader discussion. One should note that the use of Wigner methods to study
the classical limit of nonlinear (self-consistent) quantum mechanical models is not
straightforward and usually requires additional assumptions on the quantum state,
cf. [25, 23]. It turns out that in our case we can get by without them.

In the second part of this article we shall then be interested in designing an
efficient and accurate numerical method which allows us to pass to the classical
limit in the TDSCF system within our numerical algorithm. We will be partic-
ularly interested in the meshing strategy required to accurately approximate the
wave functions, or to capture the correct physical observables (which are quadratic
quantities of the wave function). To this end, we propose a second order (in time)
method based on an operator splitting and a spectral approximation of the TDSCF
equations as well as the obtained Ehrenfest model. These types of methods have
been proven to be very effective in earlier numerical studies, see, e.g., [2, 3, 9, 19, 20]
for previous results and [18] for a review of the current state-of-the art of numeri-
cal methods for semi-classical Schrodinger type models.The readers may also refer
to [4, 29] for some recent results on the numerical analysis of Born-Oppenheimer
molecular dynamics with connections to the Ehrenfest model. In comparison to
the case of a single (semi-classical) nonlinear Schrodinger equation with power law
nonlinearities, where one has to use time steps which are comparable to the size of
the small semi-classical parameter (see [2]), it turns out that in our case, despite
of the nonlinearity, we can rigorously justify that one can take time steps indepen-
dent of the semi-classical parameter and still capture the correct classical limit of
physical observables.

The rest of this paper is now organized as follows: In Section 2, we present the
considered TDSCF system and discuss some of its basic mathematical properties,
which will be used later on. In Section 3, a brief introduction to the Wigner trans-
forms and Wigner measures is given. In Section 4 we study the semi-classical limit,
resulting in a mixed quantum-classical limit system. In Section 5 the completely
classical approximation of the TDSFC system is studied by means of two different
limiting processes, both of which result in the same classical model. The numeri-
cal methods used for the TDSCF equations and the Ehrenfest equations are then
introduced in Section 6. Finally, we study several numerical tests cases in Section
7 in order to verify the properties of our methods.
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2. THE TDSCF SYSTEM

2.1. Basic set-up and properties. In the following, we take z € R%, y € R,
with d,n € N, and denote by (-,-)r2 and (,-) 2 the usual inner product in L2(R%)

and L*(R}), respectively, i.e.

(f,9) 12 = /R pcrens

The total Hamiltonian of the system acting on L?(R4*+") is assumed to be of the

form
52 g?

where V(z,y) € R is some (time-independent) real-valued potential. Typically, one
has

(2.2) Vi(z,y) = Vi(z) + Va(y) + W(z,y),

where V) o are external potentials acting only on the respective subsystem and W
represents an internal coupling potential in between the two subsystems. From now
on, we shall assume that V satisfies

(A1) VeCIREXRY), V(z,y) >0, VY(z,y)eR"™,

where here and in the following, we denote by Cy the set of continuous functions
vanishing at infinity.

Remark 2.1. For potential bounded below, the requirement V' > 0 is not really
an assumption, but merely corresponds to fixing the point 0 on the energy axis.

In (2.1), the Hamiltonian is already written in dimensionless form, such that
only two (small) parameters £, > 0 remain. In the following, they play the role
of dimensionless Planck’s constants. Dependence with respect to these parameters
will be denoted by superscripts. The TDSCF system at hand is then (formally given
by [10]) the following system of self-consistently coupled Schréodinger equations

. € & € € e €
Z55t¢ 0 = (_QAI + <90 ’67 VSD ’6>L§) ¢ 767 1p|t,i() = ién(‘r)a

(2.3) 5

ie0ug™ = (=8, W) ) 650 iy = o),
where we denote by
52

(2.4) b = A+ V()
the Hamiltonian of the subsystem represented by the x-variables (considered as the
purely quantum mechanical variables) and in which y only enters as a parameter. It
is obtained by substituting the ansatz (1.1) into the original Schrédinger equation
and integrating over y and x respectively, see [10]. As a matter of fact, the TDSCF
systems may take various forms, which are also equivalent to one another by certain
gauge transformations, see [5, 21, 22, 24] for broad discussions. Without loss of
generality, we choose to study the specific TDSCF system (2.3).

For simplicity, we assume that at ¢ = 0 the data Z/Ji(sn only depends on d, and that
5, only depends on ¢, which means that the simultaneous dependence on both
parameters is only induced by the time-evolution.

Remark 2.2. A typical example of initial data which satisfies this assumption
(and all upcoming requirements of our analysis) is

U(X,0) = 9, (@)95 (y) = ar(@)e™ D 0ay(y)et5=/°,
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where 57,55 are some smooth, real-valued phases and aj,as some (in general,
complex-valued) amplitudes. In other words, ¥(X,0) is assumed to be approxi-
mated by a (two-scale) WKB type initial data in product form.

Finally, the coupling terms are explicitly given by

(@0, V™) s = 5 V (2, y)[™ (y, 1) * dy =: 15 (x, 1),

Yy

and after formally integrating by parts

52
W00 = [ ST R 4V (e ) de =5 A7),
Rl}
Throughout this work we will always interpret the term (%, h94)=9) L2 as above,
i.e., in the weak sense. Both Y59 and A% are time-dependent, real-valued po-
tentials, computed self-consistently via the dynamics of ¢ and 1°°, respectively.
Note that

52
(25) A(y.1)= 5IIW)E’5||%§ + (@70 VS0 2 = 970() + (070, V) .

Here, the purely time-dependent part 95°(t), could in principle be absorbed into
the definition of ¢ via a gauge transformation, i.e.,

(2.6) O (2, t) = 350 (x, 1) == =% (x,t) exp <—2/0 99 (s) ds) .

For the sake of simplicity, we shall refrain from doing so, but this nevertheless shows
that the two coupling terms are in essence of the same form. Also note that this
gauge transform leaves any H®(R%)-norm of ¢ invariant (but clearly depends on
the solution of the second equation within the TDSCF system).

Remark 2.3. For potentials of the form (2.2), one can check that in the case where
W(z,y) = 0, i.e., no coupling term, one can use similar gauge transformations to
completely decouple the two equations in (2.3) and obtain two linear Schrodinger
equations in x and y, respectively.

An important physical quantity is the total mass of the system,
_ ,0 ,0
(2.7) M0 () = [0 (0122 + 9™ (L 8)| 72 = mi* (1) +my”° (t),

where m‘i"s, m§’5 denote the masses of the respective subsystem. One can then

prove that these are conserved by the time-evolution of (2.3).

Lemma 2.4. Let V satisfy (A1) and assume that 5% € C(Ry; HY(RY)) and ¢=° €
C(Ry; H'(R})) solve (2.3). Then

mi? () =mi(0), m5o(H) =m5°(0), VteR.

Proof. Assuming for the moment, that both %% and ¢ are sufficiently smooth
and decaying, we multiply the first equation in (2.3) with - and formally integrate
with respect to x € RZ. Taking the real part of the resulting expression and having
in mind that T°(y,t) € R, yields

d s d s 2
Smit(6) = LI 0 =0,

which, after another integration in time, is the desired result for mi’(s(t). By the
same argument one can show the result for m;"s(t). Integration in time in combi-
nation with a density argument then allows to extend the result to more general

solutions in H', respectively. U
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We shall, from now on assume that the initial data is normalized such that
my °(0) = my %(0) = 1. Using this normalization, the total energy of the system
can be written as

2
€, &€, € g
E0(t) = IIVlb 20l + S IVe Gl

(2.8)
+//Rd+n V(@)= (2, )07 (y,1)|* da dy.

Note that in view of our assumption (A1) on V this is well-defined and that E=9(t)
is, in fact, a sum of three non-negative terms.

Lemma 2.5. Let V satisfy (A1) and assume that ¢ € C(Ry; HY(RY)) and ¢=°
C(Ry; HY(R})) solve (2.3). Then

E=°(t) = E5°(0), VYteR.

In other words, we have conservation of the total energy, which in itself implies
a bound on the interaction energy (since V' > 0) and on the kinetic energies of the
respective subsystems. Note however, that the energies of the respective subsystems
are in general not conserved, unless W =0, i.e., V(z,y) = Vi(z) + Va(y).

Proof. Assuming, as before that 1% and ¢=° are sufficiently regular (and decay-
ing), the proof is a lengthy but straightforward calculation. More precisely, using
the shorthand notation

E*°(t) = IIV¢56( Bl +*||V<P€5 BlIFs + (=00 Voo™ 2

Y

one finds that

% ES9(t) = (1) + (IT) + (ITT) + (IV),

where we denote

2
() ::‘5—<vzatw“S Vo) s + (0, V005 1,

2
(1) := <V 0™, Vo™ 2 + §<Vy@€’5avy5tsﬁs’6>L§7

(H ) ::< tws 6806 5,V¢E 6@616>Li,y + <ws,6@s,67vat¢s,5<ps,é>L? ,

z,y

(IV) ::<w5,58t¢5,57 VT;Z)E}(SSDE’%L%W + <¢5,5we,67 V¢€’68t¢6’6>L3 ,

We will now show that (I) + (III) = 0. By using (2.3), one gets

52
(I) — <V <_Aac + <¢676,V¢676>L§) ¢5,6’vxw5,6>
L

2
52
<v wsé V (_2Aw+<()06767V()0676>L5> ¢€,6>
(Vale™ Vo) 12) 970, Vautp™) 12
(V™ (Vo (™, Vo) 12) 0°9) 1
_ €,0 £,0 £,0 5 £,0
= 5 (v [ Vet A 0t

5
2i
5
T3 L2
5
2
L9
?
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where [A, B] :== AB — BA denotes the commutator bracket. Similarly, one finds
that

1 (52 £ £ € (> 1> (>
() = —w<<—2Az+<w 2V 75>Lg)¢% LVt ’5>
L2

z,y

1 g g 62 g g £ £
+os <1,/J 20V <2Aac + (™, Vyp ’5>y> " ’5>
Lz
o o
Z <Aw,¢}s,6, <@5,6’ V@E’6>y¢€’6>L% _ % <ws,67 <(pe,67 V‘P676>yAa:wE’6>L%
0

Z <ws,6’ [A:m <(,0€’5,V(p6’6>y] we,6>L§ — —(I),

due to the fact that [A, B] = —[B, A]. Therefore, one concludes (I) + (IIT) = 0.
Analogously, one can show that (II) + (IV) = 0 and hence, an integration in time
yields E5°(t) = E59(0). Using a density arguments allows to extend this result to
more general solution in H!. O

2.2. Existence of solutions. In this subsection, we shall establish global in-time
existence of solutions to the TDSCF system (2.3). Since the dependence on € and
0 does not play a role here, we shall suppress their appearance for the sake of
notation.

Proposition 2.6. Let V satisfy (A1) and ¢5 € H'(RY), o € H'(R}). Then
there exists a global strong solution (1, ) € C(Ry; HY(R™)) of (2.3), satisfying
the conservation laws for mass and energy, as stated above.

Clearly, this also yields global existence for the system (2.3) with 0 < ¢, < 1
included.

Proof. We shall first prove local (in-time) well-posedness of the initial value problem
(2.3): To this end, we consider W(-,t) = (3 (-,t),¢(-,t)) : R+" — C? and define
the associated L?(R%) ® L?(R") ~ L?(R%*t") norm by
G072 = 10,072 + el D12,
and consequently set H1(R4t") := {¥ € L2(R¥*") . |VU| € L2(R4H™)}. Using
this notation, the TDSCF system (2.3) can be written as
0,V = HU + (),

_ (38 0 _ (e Ve)zy 0 >
= (T ) 1@=(Y W hiise)

Clearly, H is the generator of a strongly continuous unitary Schroédinger group
U(t) := e " which can be used to rewrite the system using Duhamel’s formula
as

(2.9) w(t,) :U(t)\I/in(')fi/o U(t — s)f(U(-, 5)) ds.

Following classical semi-group arguments, cf. [8], it suffices to show that f(¥)
is locally Lipschitz in H*(R9t") in order to infer the existence of a unique local
in-time solution ¥ € C([0,T), H*(R4*™)). This is not hard to show, since:

H<<P17 Vi) 2t — (2, VSD2>L§7/)2‘

where

L2

<MV llzellenllZa v = vellzz + ‘(@17V901>L§ — (2, Vo) rz | [¥2] 22,
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where we have used the fact that |(o, Vipo)rz| < [[V]|p~ ¢ll2. < oo, because V €
Yy
L, by assumption. Now we can estimate

< ‘(@1 — 2, Vr)rz| + ’<9027V(501 —p2))12
< WVllze (lleallzz + llv2llzz)ller — w22

‘<8017V901>L§ — (2, Vip2) 12

Together this implies

(o1 Vier) s = (oo, Vipn) |, <21V I (1911132 + 19 ]32) 101 = W] 2.

L3

An analogous argument can be done for the second part of f(¥), since

1
[, 1) 12| < SIVOIT: + VI 91172 < CUVIL=) [
Combining all these estimates, we conclude
1£(21) = f(¥2)]lrz < OV (121l + 192130 1W1 — o|m.

The same reasoning can then be applied to ||V f(¥)]| 12, by noticing V{p, V)12 =
{9, VaV)rz and

Vb, hp) 20 = H(E)Veo + (0, V) 12V + (4, Vy Vi) 12 0,

in view of (2.5). Since V satisfies (A1), these expressions are all well-defined. In
summary, one gets that there exists a C = C(||V| <, [|P1]| g1, [|P2] g1) > 0 such
that

1£(®1) = f(P2) | < Cl[¥1 = Wa g1

Using this, [8, Theorem 3.3.9] implies the existence of a T' = T'(||¥||g1) > 0 and
a unique solution ¥ € C([0,T), H!(R¥*™)) of (2.9). It is then also clear, that this
solution satisfies the conservation of mass and energy for all ¢ € [0,7). Moreover,
the quoted theorem also implies that if T < +o00, then

(2.10) lim || U(-, )| g = oo.
t—=T_

However, having in mind the conservation laws for mass and energy stated in Lem-
mas 2.4 and 2.5 together with the fact that we assume w.l.o.g. V(z,y) > 0, we
immediately infer that || U(-,¢)|| g < C for all t € R and hence, the blow-up alter-
native (2.10) implies global in-time existence of the obtained solution. ]

Remark 2.7. Note that this existence result rests on the fact that the term
A0 (y,t) = <¢6’67h6¢6’6>L§ is interpreted in a weak sense, see (2.5). In order
to interpret it in a strong sense, one would need to require higher regularity, in
particular ¢ € H*(R%).

3. REVIEW OF WIGNER TRANSFORMS AND WIGNER MEASURES

The use of Wigner transformation and Wigner measures in the analysis of (semi)-
classical asymptotic is, by now, very well established. We shall in the following,
briefly recall the main results developed in [23, 12] (see also [11, 25, 28] for further
applications and discussions of Wigner measures):

Denote by {f€}o<c<1 a family of functions f¢ € L?(R%), depending continuously
on a small parameter € > 0, and by

(FefNO = F(&) 1= [ J*@e " dr.
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the corresponding Fourier transform. The associated e-scaled Wigner transform is
then given by [31]:
(3.1) we [ (x, &) == L/ fe (x - Ez) e (x + Ez) et dz.
’ (27T)d Rd 2 2
Clearly, one has
(Few)(w2) = [ wlo e =8de = (0 = 52w+ 52).
Rd 2 2
and thus Plancherel’s theorem together with a simple change of variables yields

1% )| 2 mzay = e~ (2m) 2| £|12 2 gay

The real-valued function w®(z, ) acts as a quantum mechanical analogue for classi-
cal phase-space distributions. However, w®(z,£) 2 0 in general. A straightforward
computation shows that the position density associated to f¢ can be computed via

F@F = [ v e

Moreover, by taking higher order moments in £ one (formally) finds

(7 @)V @) = [ v (o) ds
and
VL@ = [ e de

In order to make these computations rigorous, the integrals on the r.h.s. have to
be understood in an appropriate sense, since w® ¢ L*(R™ x Rg’) in general, cf.
[12, 23] for more details.

It has been proved in [23, Proposition IIL.1], that if f¢ is uniformly bounded in
L*(R?) as e — 0y, ie., if

sup || fllzz < C,
0<e<1

where C' > 0 is an e-independent constant, then the set of Wigner functions
{w*}o<e<1 is uniformly bounded in A’. The latter is the dual of the following
Banach space

ARS x RE) := {x € Co(Rg x RY) : (Fex)(w,2) € L'(RE; Co(RY))}

where Cp(R?) denotes the space of continuous functions vanishing at infinity. More
precisely, one finds that for any test function x € A(RZ x }Rg),

W) = [ 0@ o) dode

(3.2)
= @ //]Wl(.}’-'g)()(gc,z)fE (33 - %z) e (w—l— gz) dxdz.

Denoting,
”XHA:/ sup [ Fex|(z, 2)dz,
R @

we therefore obtain

1 2
ICPUIRS W”XHA”fEH[P < const.,

uniformly in e. Thus, up to extraction of sub-sequences {&, }nen, with e, — 04 as
n — oo, there exists a limiting object w” = w € A'(R$ x R{) such that

w[f°] % 4 i A'(RE x RE)w — x.
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It turns out that the limit is in fact a non-negative, bounded Borel measure on
phase-space p € M+ (R% x Rg), called the Wigner measure (or, semi-classical defect
measure) of f¢, cf. [23, Theorem III.1].

Remark 3.1. One easily checks that the Schwartz space S is in fact dense in A.
Thus, it would also be possible to state all the convergence results above in terms
of convergence in 8'(R¢ x Ry'). This is the framework used in [12].

If, in addition it also holds that f¢ is e-oscillatory, i.e.,

sup [[eV [z <C,
0<e<1

then one also gets (up to extraction of sub-sequences)
£ [ e, i MERE)w
i.e., for any test function o € Cp(R2):
[ ewir@pa=y [f owntr.a

Indeed, the Wigner measure p is known to encode the classical limit of all physical
observables. More precisely, for the expectation value of any Weyl-quantized oper-
ator Op®(a), corresponding to a sufficiently “nice” classical symbol, say a(x,§) €
S(RZ x Rg), one finds [12]

00 @z = [ ale 0wl Y& do e
and hence

(33) lim (00" (@)1 = [[ | alo.n(dr.de),

e—=04

where the right hand side resembles the usual formula from classical statistical
mechanics.

In order to describe the dynamics of Wigner measures, we first recall that if
[ € Cu(Ry; L2(R?)) solves a semi-classically scaled Schrédinger equation of the
form

2
, €
€0 f* = —EAfE +U@)f, fizo = fial@),
then the associated Wigner transformed equation for w® = w®[f€] reads
(3.4) dw + & Vow' + O [Ulw® =0, wi_y=wi,(z,§),
154

where w, = w®[¢f| and ©°[U] is a pseudo-differential operator describing the
influence of a potential U(x) € R. Explicitly, ©¢[U] is given by [23]:

(O U)o 60t) =~ oy [ [ U, G0) €O dy .
(27T)d R2d
Here, the symbol U*® is found to be

1 5 €
U (avy) = 2 (U(e+58) = U2 = 50)).
and, thus, under sufficient regularity assumptions on V', one consequently obtains

e—04

oU®s — y-V,U(x).

It consequently follows that the measure u(x,&,t) solves Liouville’s equation on
phase space, i.e.

(3.5) Op + dive (§p) — dive (Vo U(2)p) =0, prp=o = pin (2, €),
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in the sense of distributions. Here, p, is the weak* limit of wf, in A’, along sub-
sequences of (£, )nen (Which, in principle, could all yield different limits).

Remark 3.2. In fact, a more general formula for the asymptotic, or semi-classical
expansion (in powers of €) of any Wigner transformed Schrodinger-type equation
is available in [12, Proposition 1.8]. This formula will be used in the numerical
algorithm described below.

Finally, we note that for sufficiently regular potential V', one can improve the
convergence statements and show that, indeed, p € Cp(Ry; M+ (RY x Rg)) satisfy-

ing, for any test function y € Co(R% x Rg)),

[ ontenards = [[ @i €)lar.de)
R2d R2d
where ®; : R?¢ — R?? is the Hamiltonian flow associated to (3.5):
{x(t) =£(t), x(0) =2z0 € RY,

f(t) - *sz(‘T(t))a 5(0) =& € R?.

This allows to prove uniqueness of the weak solution of (3.5), provided the initial
measure L, is the same for all sub-sequences {e,, }nen of we[pf, ], see [23, Theorem
IvV.1).

(3.6)

4. THE MIXED QUANTUM-CLASSICAL LIMIT

In this section we will investigate the semi-classical limit of the TDSCF system
(2.3), which corresponds to the case e — 04 and § = O(1) fized. In other words,
we want to pass to the classical limit in the equation for ¢ only, while retaining
the full quantum mechanical dynamics for ¢.

The standing assumption from now on, until the end of this work will be that
the initial data ¢f, € H*(R}) and ¢, € H'(RY) are such that

n

(A2) sup (ME"S(O) + Es’é(O)) < const. < oo.
0<e,0<1

In other words, the initial data are assumed to be such that the initial mass and the
initial energy are uniformly bounded with respect to both € and §. In view of Lemma
2.4 and Lemma 2.5 this property consequently holds true for all times ¢ > 0, and
hence, neither the mass, nor the energy can become infinite in the classical limit.
In addition, we will assume, for simplicity, that the individual masses of the two
sub-systems are initially normalized such that

m$°(0) = my°(0) = 1.

This normalization is henceforth preserved by the time-evolution of (2.3).
Next, we introduce the e-scaled Wigner transformation of ©° in the form
1 5 — € ;
w0 (y, . t) = —— €. ( — fz,t) €0 ( fz,t> e Mdz.
[p=°1(y: . 1) (%)n/ntp y=55t) e (v + 3

(In this subsection, we thus could, in principle, suppress the dependence on § com-
pletely, since it is fixed, but given that we will consider the subsequent 6 — 04 limit
in Section 5, we shall keep its appearance within the superscript.) The assumption
(A2), together with the a-priori estimates established in Lemma 2.4 and Lemma
2.5 then implies the uniform bound, for any ¢t € R,

lo=° (o 0)llzz + eVe™ ()2 < 1+ 2E9°(0) < C < o,

where C' > 0 is a constant independent of ¢ and §. In other words, ¢=°(-,1) is -
oscillatory for all times and we consequently infer the existence of a limiting Wigner
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measure ,uo"s(y,n,t) = u‘s (y,m,t) such that (up to extraction of sub-sequences) for
all t € [0, 7] it holds

e=>04 5

wg[(p876]('?'?t) — M ('7'7t) in A/<RZ X RZL])W -

together with
(41) 0P Y [ pdnn i MR

The measure ;° encodes the classical limit of the subsystem described by the y-
variables only.

In order to proceed, we will need to strengthen our convergence results with
respect to the t-variable. To this end, we recall that since ¢ solves the second
equation in the TDSCF system (2.3), w®? = w®[¢®9] solves the corresponding
Wigner transformed equation

(42) 8tw5’5 +n- vyw€,5 + @[A€,5]we,5 =0,

where O[A®] is explicitly given by
Oy t) =~ [ 5N 0PS¢ ) €070 dza,
(27T)n R2n
The associated symbol §A%? reads

13 1 1> € 1> €
oA ’5(y,z,t) == (A ’5(y—|— fz,t) —A ’5(y— 52,2&))

2
1 €,0 €,0 € €,0 €,0 €
= g (<’l/) ’ 7V77[} ’ >L§(y+ izvt) - W’ ’ 7V¢ ’ >L%(y— §Z7t)) )
in view of the definition of A%, given in (2.5). Introducing the short hand notation
(4'3) V876(y> t) = <1/}E76('7 t)7 V('7 l/)we’é(v t)>L£7

one can rewrite

. 1/ . € . €
oA ’6(y,z,t) == (V ’6(y—|— 52’,75) -y ’5(y — §Z7t)) ,

and thus ©[A%?] = ©[V*?]. In particular, this shows that the purely time-dependent
term ¥°°(t) appearing in (2.5) does not contribute to the symbol of the pseudo-
differential operator ©.

Remark 4.1. The fact that ¥59(¢) does not enter in the Wigner equation (4.2)
can also be seen by using the time-dependent gauge transformation (2.6) from the
beginning.

We can now prove the following lemma.

Lemma 4.2. Let Assumptions (A1) and (A2) hold. Then w®? is equi-continuous
in time and hence, up to extraction of sub-sequences, we have

w6,5 ElO;r ,LL6 m Loo([O,T], A/(RZ X RZ)W - *)7

i.e., for any test function x € .A(R" X R”) it holds

lim // *(y,m,)x(y, n)dydn—// x(y, mu(dy, dn,t),
6—>0+ R2d

uniformly on compact time intervals [0, T] C Ry.
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Proof. The proof follows along the lines of [23, 12]. In order to infer the assertion
of the Lemma it is sufficient to show that 9,w=° € L>°((0, T); A'(Ry x RY)). The
latter implies time-equicontinuity of w®° and hence, the Arzela-Ascoli Theorem
guarantees that there exists a subsequence {e,, }nen, with &, — 04 as n — oo, such
that w®"® converges uniformly on compact subsets of R;.

In order to prove the uniform bound on d,w*° we consider the weak formulation

of (4.2), i.e.
(44) *<8tw€’57 X> = <77 : vwaﬁv X> + <®[AE’5]wE’57 X>7

for any test function x € A(R} x R}). We shall only show how to bound the term
(B[A=%]w?, ), since the other term on the right hand of (4.4) can be treated
similarly.

To this end, let x € A(Ry x R}) be a smooth test function with the property
that its Fourier transform with respect to 7, i.e.

FE) =X02) = [ xlae

has compact support with respect to both y and z. This kind of test functions are
dense in A and hence it suffices to show the assertion for these type of x only. A
straightforward calculation (cf. the proof of [23, Theorem IV.1]) shows that

<@[As’é]w6’6,x> — 4 <,we,6755,6>7

where

~ -
Eg’é(y,n,t) = / X(y,z)e”‘"g (VE’5 (y + %Z,t) —peo (y — gz7t)> dz
_ 1/2
= / X(y, z)e*™M (/ 2V, Vot y + ssz)ds) dz.
n -1/2
Next, we note that V= defined in (4.3) is uniformly bounded, since
(4.5) Vo (y, )] < sup |V (,9)| [[95° (-, 8)[[F2 < [V ][p < oo,
T,y

having in mind that V' € L°°, by assumption, and that ng’&(',t)”Lg =1,Vt eR,
due to mass conservation. Since V satisfies (A1), the same argument also applies
to VyVE"S, which by dominated convergence, is simply given by

V Vo = (50 (1), Vy V()87 () 12

Having in mind the computation (3.2), we know that

1 € \—x €
0 =edy =&,6 0
(w?,259) = ) //de (Fn22°)(y, 2, t)p° (m - §z> =0 (33 + 52) dx dz,

where

1/2

(F= ) 2t) = 2m) 70w ([

2V, V0t y + 5sz)ds).
~1/2

We thus conclude that

1
|[(B[A=Jw™, x)| =

(2m)"

uniformly in € and ¢, since

IIEE"SIIA:/ sup | 7,27 |(y, 2, ) dz < (27r)”HVV||Loo/ sup [2][X(y, 2)| dz < oo,
Ry R4y

0 —e,d
(w,=59)

5 —

< CHEs’JHA”@E’&H%z < const. < oo,

due to the compact support of .
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A similar argument can be done to obtain a uniform bound on |(n - V,w?, x)|,
and thus (4.4) implies that
(0w, x)| < const.
uniformly in € and ¢, and we are done. O

Next, we look at the nonlinear coupling term appearing in the first equation of
our TDSCF system (2.3):

0@, 1) = (070, V™) 12 =/ V (@, y)|e™ (y, ) dy.

Ry

We first note that, as before,
(4.6) |75 (@, t)] < sup [V (z,9)| %° (. )l172 < VI|ze,
x,y

since, || (-, t)llzz =1, for allt € R. Moreover, since V' satisfies (A1), we infer that

159 € O(Ry; C2(R%)) and an analogous bound for 02Y%°, |a| < 2. In addition, we
have that T is continuous in time, since by triangle inequality

150, 8) = T2z, 8)] < 2[V[pe 5 (1) = 0% ()72

where we have again used the fact that || (-, )z =1, for all t € R. In view of
our existence result stated in Proposition 2.6, the right hand side is continuous in
time, and thus Y°(z, -) is too.

0
Lemma 4.3. We have that T°(z,t) ey Yo(x,t) point-wise in (x,t) and uni-
formly on compact time-intervals, where Y% € C(Ry; C2(RY)) is given by

(2, ) = //R V(w, y)ud (dy, dn, 1).

Proof. Having in mind that test functions of the form V(z,y) = v(x)o(y) are dense
in C3(RE x RY), the weak measure convergence (4.1) implies that for all (z,t) it

holds
[

point-wise for all (z,t) € R4, In addition, the foregoing Lemma shows that the
point-wise convergence, in fact, also holds uniformly on compact time-intervals.
Using that u® > 0, we find

2 ()] < [V~ / / 15 (dy, dn, ) < V]| lim inf / =y, ) dy < ||Vl
R2T, =20+ Jmry

0
Vil ol dy =% [ Vieput.dnn =100,

n
Y

since || (+,t)||z2 = 1, for all t € R. (Here we have used [23, Theorem III.1] in the
second inequality.) An analogous bound also holds for 92T° and |a| < 2, since V
satisfies (A1l). By applying the push-forward formula (4.8) with x(x,y) = V(z,y), it
is easy to see that Y°(¢,-) is continuous in time, yielding T° € Cy,(Ry; C3(R%)). O

The following Proposition then shows that the solution of the first equation
within the TDSCF system (2.3) stays close to the one where the potential Y5 is
replaced by its classical limit Y.

Proposition 4.4. Let V satisfy (A1) and ¢=°, ¢° € C(Ry; HY(RZ)) solve, respec-
tively

52
2

i60yp°° = ( A, + T&‘S(a;t)) U0, Ul = g (),
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and )
i00,0° = (—‘;AI +T5<x7t)) U, Phoo = Ui (@),
then, for any T > 0

0
sup [[¢7°0(-, ) = ¢° (1)l 2 == 0.
t€[0,T]

Proof. Denote the Hamiltonian operators corresponding to the above equations by

52 0

2
HO = T + 1%z, t), H=— T + Y0 (z, ).

In view of our assumptlons on the potential V' and the existence result given in
Proposition 2.6, we infer that H; and Hj are essentially self-adjoint on L?(R%) and
hence they generate unitary propagators Uy ’6(t, s) and US(t, s), such that

U (t, $)=0 (z, 5) = =0 (2, 1), US(t,s)0° (x,8) = ¥ (x,1).

Therefore, one obtains
1= (o 8) = 2 (D)2 = U (2, O)wi;‘*c) =G0
= |W 66(0 tﬁ/’ 7t)”L§

B ‘/otci (ulsé( ) )¢5(~,S)) ds

using (US°)~1(t,s) = U (s, ). Computing further, one gets

979 ) =00l = | [ (U7 0.9)) 7 0) + U 0.5) 0 )

)

L3

L2

= | [ w00 (i o) — g0 s

L3

- / U0, 5) (T59(8) — T0( ) 90 (-, 5) ds

0

L3

By Minkowski’s inequality, one therefore has

950, 8) = (1) 12 < / 10072 C) = X2C,9) w0, 8)]| 1 s

which, firstly, implies continuity of the difference in L? norm w.r.t. to ¢t € R and,
secondly, we also have

sup [[9=°(- ) =9 (, )|z < Cp sup || (Y50(,8) = Y2 (-, 4)) ¥ (,1)| o

t€[0,T] te[0,7] ¢
Now, since T¢° is bounded in L>(R; x R?) uniformly in ¢, cf. (4.6), and since
(Tg’é(x,t) - Té(x,t)) - 0,

point-wise in x and uniformly on compact time-intervals, Lebesgue’s dominated
convergence theorem is sufficient to conclude the desired result. O

In order to identify the limiting measure ;° we shall derive the corresponding
evolutionary system, by passing to the limit ¢ — 04 in (4.2). The main difference
to the case of a given potential V (as studied in, e.g., [12]) is that here V7 itself
depends on € and is computed self-consistently from the solution of 1°. We
nevertheless shall prove in the following proposition that the limit of ©[V] as
€ — 04 is indeed what one would formally expect it to be.
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Proposition 4.5. Let Assumptions (Al) and (A2) hold. Then, up to selection of
another sub-sequence

O[A | = FO(y, ) - Vo' in L(Ry; A/ (R? x R )w — =),
where the semi-classcial force F' € Cy(Ry; C§(RY)) is defined by

Fo(y,t) = —VV(y,t) = —/ YV, V(z,y) [ (z, )| dz.
Rd
Proof. Denote VO (y,t) = (4°(-,1), V(',y)@/}5(~,t)>Lg. Then, we can estimate

V=2 (y, 1) = V2 (g, )] < IV /R 1950 (@, 8)* — [ (2, )| dax

<2 (Voo 450 1) = 9, )l 2,
where in the second inequality we have used the Cauchy-Schwarz inequality together
with the fact that ||a]? — |b]?| < |a — b|(|a| + |b]) for any a,b € C. The strong L>-
convergence of 1% stated in Proposition 4.4 therefore implies
—0
VeI (y,t) = VO (y,t) = (00, Vp®) 12 (y, t),

pointwise in y and uniformly on compact time-intervals. Analogously we infer
0
YV, Vo0 (y, 1) S vV = (00, Y, Ved) 2 (1),

Next, we recall from (4.5) that V=° and V, V% are uniformly bounded in e.
Moreover, by using the Mean-Value Theorem, we can estimate

[V Vo (1) = VYo (o, 0)] < lyn = y2| sup [D?V][[95° (-, 1) |22 < Clyr — 2.
Z,y

This shows that F=0 := —VyV5*5 is equicontinuous in ¥y, and hence the Arzela-
Ascoli Theorem guarantees that there exists a subsequence, such that F*° con-
verges, as € — 04, uniformly on compact sets in y,t. Recalling from before that
for any x € A(R} x R})

<@[AE’6]U}E’6,X> — <,we,6755,6>7
where

~ . € €
Es,é(ya 77) = / X(y7 Z)elz.ni (Vsﬁ (y =+ §Z7 t) - VE’J (y - §Za t)) dz.
n E
For Y having compact support the uniform convergence of F= then allows us to
conclude

—e.5 €04 . _ ~
=20 iV V(g t) - FL, (2X(y, ) (yam) = F2(y,t) - Vx(y,m),

and since these x are dense in A the result follows. O

Remark 4.6. One should note that, even though A®? is a self-consistent potential,
depending nonlinearly upon the solution %9, the convergence proof given above
is very similar to the case [23, Theorem IV.2], which treats the classical limit of
nonlinear Hartree-type models with smooth convolution kernels. In particular, we
do not require to pass to the mixed state formulation which is needed to establish
the classical limit in other self-consistent quantum dynamical models such as [25].

In summary, this leads to the first main result of our work, which shows that
the solution to (2.3), as ¢ — 04 (and with 6 = O(1) fixed) converges to a mixed
quantum-classical system, consisting of a Schrodinger equation for the x-variables
and a classical Liouville equation for the y-variables.
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Theorem 4.7. Let Assumptions (A1) and (A2) hold. Then, for any T > 0, it
holds that the solutions of the TDSCF system (2.3) satisfy

’(/]6

5 €~>0+

W in L([0,T]; Ly (R™)),

and
e—=04

Wl 2 Wi L ([0, T]; A (RD x RI)w — %),
where ¥° € COn(Ry; L2(RY)) and p° € Cp(Ry; MHT(RY x R}Y)) solve the following
mized quantum-classical system

) 52
i60p° = (—2Ax + T%c,t)) V0, Yoo = (@),
O’ + divy (nu’) + divy (FO(y,)u’) = 0, pfy—y = pin(y, n)-

Here piy is the initial Wigner measure obtained as the weak®™ limit of w®[5,] and

5 _ . 5 _ " 8w )2 de.
) = [[ Ve, Pen == [ 9yesiteor

Proof. The result follows from Proposition 4.4 and Proposition 4.5. O

(4.7)

4.1. Connection to the Ehrenfest method. Let us introduce the characteristic
flow associated to the second equation in (4.7), via

gt) =n(t), y(0) =yo € R,

() = FO(y(6),), n(0) =mno € R™,
These equations are non-autonomous, but one should keep in mind that they are
coupled to the Schrodinger equation in (4.7) with initial data at ¢ = 0. We shall
therefore suppress the second time variable in the associated two parameter semi-

group and define ®) : R?¢ — R?4 by (y(t),n(t)) = ®¢(yo,m0). Then, for any test
function x € Co(Ry x R}), we have the push-forward formula

(4.8) //R2 X (v, m)p’ (dy, dn, ) // 2(y,m)) pin (dy, dn).

In particular, if initially uo(y,n) = §(y—yo0, 7—"n0), i-e. a delta distribution centered

t (yo,m0) € R?", this yields 1°(y,n,t) = 6(y — y(t),n — n(t)), for all times ¢ € R.
Such kind of Wigner measures can be obtained as the classical limit of a particular
type of wave functions, called semi-classical wave packets, or coherent states, see
[23]. In this case, we also find

o) = [ Vie . dnt) = Vieo),

and the mixed quantum-classical system becomes

. &2

i0005° = (=5 A+ Viy(®) ) 07 g = V).
(4.9)

i) == [ V@) @ 0P de, yio = w0, o = m.

with yo,no € R™. This is a well-known model in the physics and quantum chemistry
literature, usually referred to as Ehrenfest method. It has been studied in, e.g, [6, 7]
in the context of quantum molecular dynamics.

Remark 4.8. A closely related scaling-limit is obtained in the case where the
time-derivatives in both equations of (2.3) are scaled by the same factor . At
least formally, this leads to an Ehrenfest-type model similar to (4.9), but with a
stationary instead of a time-dependent Schrodinger equation, cf. [7, 10]. In this
case, connections to the Born-Oppenheimer approximation of quantum molecular
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dynamics become apparent, see, e.g., [27]. From the mathematical point of view
this scaling regime combines the classical limit for the subsystem described by the
y-variables with a time-adiabatic limit for the subsystem described in x. However,
due to the nonlinear coupling within the TDSCF system (2.3) this scaling limit is
highly nontrivial and will be the main focus of a future work.

5. THE FULLY CLASSICAL LIMIT

In order to get a better understanding (in particular for the expected numerical
treatment of our model), we will now turn to the question of how to obtain a
completely classical approximation for the system (2.3). There are at least two
possible ways to do so. One is to consider the limit § — 04 in the obtained mixed
quantum-classical system (4.7), which in itself corresponds to the iterated limit
e — 04 and then 6 — 04 of (2.3), cf. Section 5.1. Another possibility is to take
€ =9 — 04 in (2.3), which corresponds to a kind of “diagonal limit” in the €,6
parameter space, cf. Section 5.2.

5.1. The classical limit of the mixed quantum-classical system. In this
section we shall perform the limit § — 04 of the obtained mixed quantum-classical
system (4.7). To this end, we first introduce the d-scaled Wigner transform of 1°:

1 1) — ) )
571,60 o § 5 iz-€
W) (x, &, t) = o)’ /Rdw (x—2z,t>¢ <J;—|—2z,t)e dz.
Assumption (A2) and the results of Lemma 2.4 and Lemma 2.5 imply that ¢ is a
family of §-oscillatory functions, i.e,

(5.1) sup ([[¢°(t, )z + 10V¢° (¢, )] r2) < C(t)
0<6<1

and thus there exists a limiting measure v € MT(RY x Rg), such that for all
te[0,T]:
6—04

Wﬁ[wg](" "t) —

In addition, we also have

v(-,-t) in A/(R% x Rg)w — k.

(5.2) W3 p)? = / v(-,dét)  in MF(RE x RE)w — .
Rd
¢
By Wigner transforming the first equation in the mixed quantum-classical system
(4.7), we find that W°[°] = W satisfies
W+ VWO IW =0, Wi_o = W*g)(,8).
Having in mind that Y? € C(R; C2(RY)), the same arguments as in Lemma 4.2

then allow us to obtain a uniform bound on 9,WW, and hence time-equicontinuity of
W9, which yields

5—0 . oo
WO’ T v in LRy A/ (RS x REw — ).

Furthermore, our assumptions one V' together with the weak measure conver-
gence (5.2) imply

5 _ 5 2, 5
Foy,1) = /]R Y,V (@) (a, 0)2 do //Ri% Y,V ()W (da, dé. 1)

=0 / Y,V (, y)u(de, dé,t) = F(y, 1),
RQd,
x,&

pointwise. By the same arguments as in the proof of Proposition 4.5, we find that
this convergence holds uniformly on compact sets in y,t. With this in hand, we
can prove the following result.
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Proposition 5.1. Let u° € Cy(Ry; MT(R? x R7)) be a distributional solution of
Opp® + divy (np®) + divy (F° (y, t)u’) = 0,
and p € Cp(Ry; MF (R x R})) be a distributional solution of
Oppr + divy (np) + divy (F(y, t)p) = 0,
such that initially “ft:o = js—0, then

1 2% i L°((0, T M (RY X R w — %),

Proof. We consider the difference € := u® — . Then €°(y, n,t) solves (in the sense
of distributions) the following inhomogeneous equation:

0se’ + divy (ne’) + divy (F°(y, 1) €°) = div,, (F(y,t) — F*(y, 1)) ,

subject to e?t:o = 0. By density, it suffices to prove the result for test functions
x(y,n) € S(R} x RYY) with compact support. In this case, the inhomogeneity on
the right hand side is given by

(X, divy ((F(y,t) — FO(y,t)) p) =

:/R% Vox(y,m) - (F(y,t) — F(y,t))p(dy, dn, t),

which goes to zero as § — 0, in view of the convergence of F? discussed above.
This implies that, as § — 0., the difference €°(y, n,t) is a weak solution of

Ore? + divy (ne°) + div, (F°(y,t) €°) =0, e‘Ot:O = 0.

Using the push forward formula for the associated characteristic flow ®?, then yields

//R% x(y,m)e (y,m, ) dy dn = //R% (@0 (y, 7)€ (dy, dn, 0) = 0,

for any test function x, and thus °(y,n,t) = 0. O

To obtain the convergence of the term O[Y]W?, we note that with the conver-
gence of the Wigner measure ;°, which is obtained in Proposition 5.1, one gets

Yo(x,t) = //R% V (@, y)p’ (dy, dn, t)

510;’ //RZ V(z,y)p(dy,dn,t) = T (x,t)

point-wise, for all x,¢. Similar to previous cases, one concludes that, up to ex-
traction of possibly another sub-sequence, Y° converges, as § — 0., uniformly on
compact sets in x, t.

With the same techniques as in the proof of Proposition 4.5, one can then derive
the equation for the associated Wigner measure v. The classical limit of the mixed
quantum-classical system can thus be summarized as follows.

Theorem 5.2. Let Assumptions (Al) and (A2) hold. Then, for any T > 0, it
holds that solutions of the mized quantum-classical system (4.7) satisfy

(5*}04,

Wo’] = v in L([0,T); A' (R x RE)w — #),

and

® 20 poin ([0, T MT(R) x R )w — ).
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where v € Cy(Ry; MT(RE X RE)) and p € Cy(Ry; MT(RY X R})) solve the following
coupled system of Viasov-type equations in the sense of distributions
(5.3) { O + divg (§v) — dive (VY (2,t)v) =0,  vji—o = vin(z,§),

Orpp 4 divy (nu) 4+ divy (F(y, t)u) =0, pje—o = pin(y, 1)
5

Y(z,t) = //R% V(z,y)p(dy,dn,t), F(y,t)=— //RM VyV(z,y)y(d;v,d:, t).

Remark 5.3. Note that system (5.3) admits a special solution of the form

v(,&t) =0z —x(t),§ = £(t),  puly,n,t) =6y —y(t),n—n(t)),
where x(t), y(t), £(t), n(t) solve the following Hamiltonian system:

Here vy, is the initial Wigner measure obtained as the weak* limit of WO |, and

&(t) = £(1), z(0) = zo,
() = =V V(x(t),y(t), £(0) =&,
y(t) = n(t), y(0) = o,
n(t) = -V, V(z(t),y()), n(0)=no.

This describes the case of two classical point particles interacting with each other
via V(z,y). Obviously, if V(x,y) = Vi(z)+ Va(y), the system completely decouples
and one obtains the dynamics of two independent point particles under the influence
of their respective external forces.

5.2. The classical limit of the TDSCF system. In this section we shall set
¢ = ¢ and consider the now fully semi-classically scaled TDSCF system where only
0 < e < 1 appears as a small dimensionless parameter:

. &€ 82 (3 (> &€ € €
i€yt = (—2Az + (5 Ve >L%) V5, Pz = V(@)

(5.4) .

- (4 € € E,/,E g (4 (4
ie0pp® = <_2Ay + (Y=, hY >L§) Y Pr=0 = @i (),

where, as in (2.4), we denote

2
he = _?Aw + V(z,y).

We shall introduce the associated e-scaled Wigner transformations w®[¢®](y,n, t)
and We[y¢](x,&,t) defined by (3.1). From the a-priori estimates established in
Lemmas 2.4 and 2.5, we infer that both ¢° and ¢* are e-oscillatory and thus we
immediately infer the existence of the associated limiting Wigner measures u,v €
MT, such that

W] TH o in LRy A'(RD X R )w — %),

and
e—04

Wes] — v in LRy A'(RY x RE)w — #).
The associated Wigner transformed system is
g [0 HE T O =0, Wiy = W),
' ow® +n - Vyw® + OV w® =0, wi_g = w[eh,] (Y, n)-

By following the same arguments as before, we conclude that, up to extraction of
sub-sequences,

T (a2, 1) / Ve, y)uldy, dn, t) = T (x,1),
R2n
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FIGURE 1. The diagram of semi-classical limits: the iterated limit
and the classical limit.

and
VE(y,t) / V (@, y)v(de, d, t) = V(y, t),
R2n

on compact sets in (z,t) and (y,t) respectively. Consequently, one can show the
convergences of the terms O[Y¢]W¢ and ©[V°]w* by the same techniques as in the
proof of Proposition 4.5. In summary, we obtain the following result:

Theorem 5.4. Let Assumptions (Al) and (A2) hold. Then, for any T > 0, we
have that W€ and w® converge as € — 04, respectively, to u € L= (Ry; M*(RZ X
R})) and v € L®(Ry; M+ (RE x Rg)), which solve the classical system (5.3) in the
sense of distributions.

In other words, we obtain the same classical limiting system for ¢ = § — 0,
as in the iterated limit ¢ — 04 and 6 — O4. In summary, we have established
the diagram of semi-classical limits as is shown in Figure 1. (It is very likely that
the missing “upper right corner” within Fig. 1 can also be completed by using
arguments similar to those given above.)

6. NUMERICAL METHODS BASED ON TIME-SPLITTING SPECTRAL
APPROXIMATIONS

In this section, we will develop efficient and accurate numerical methods for
the semi-classically scaled TDSCF equations (2.3) and the Ehrenfest equations
(4.9). The highly oscillatory nature of these models strongly suggests the use of
spectral algorithms, which are the preferred method of choice when dealing with
semi-classical models, cf. [18]. In the following, we will design and investigate time-
splitting spectral algorithms, for both the TDSCF system and the Ehrenfest model,
which will be shown to be second order in time. The latter is not trivial due to the
self-consistent coupling within our equations and it will become clear that higher
order methods can, in principle, be derived in a similar fashion. Furthermore, we
will explore the optimal meshing strategy if only physical observables and not the
wave function itself are being sought. In particular, we will show that one can take
time steps independent of semi-classical parameters if one only aims to capture
correct physical observables.
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6.1. The SSP2 method for the TDSCF equations. In our numerical context,
we will consider the semi-classically scaled TDSCF equations (2.3) in one spatial
dimension and subject to periodic boundary conditions, i.e.

52
iéatws’(s = <2Az + T&é(xﬂf)) 71)8’67 a<r< b7 lbft’io = i(sn(x),
6.1
( ) . €,6 e? €,6 €,6 £,0 €
7’582590 T= _EAy'i_A ’ (yat) (2 a<y<b, 90|t:():§01n(y)7

subject to
V(a,t) =9°(b1), ¢ (a,t) = °(b,t), VteR.
As before, we denote Y9 = (=9, Vgog"S)Li and AS9 = (&9, h6¢5’5>Lg~
Clearly, a,b € R have to be chosen such that the numerical domain [a,b] is
sufficiently large in order to avoid the possible influence of boundary effects on our
numerical solution. The numerical method developed below will work for all € and

d, even if e = o(1) or 6 = o(1). In addition, we will see that it can be naturally
extended to the multi-dimensional case.

6.1.1. The construction of the numerical method. We assume, on the computational
domain [a,b], a uniform spatial grid in = and y respectively, z;, = a + ji1Az,
Yj, = a + joAy, where j,, = 0,---N,, — 1, N, = 2™, n,, are some positive
integers for m = 1,2, and Az = %7 Ay = %_ We also assume discrete time
th = kAt, k=0, , K with a uniform time step At.

The construction of our numerical method for (6.1) is based on the following
operator splitting technique. For every time step ¢ € [t", t"T1], we solve the kinetic

step
52
2
2
ie0y = = 5 Ay

000 = =AY,

(6.2)

and the potential step

63) { 10pp™" = T (2, 1)y™°,

ie0ip™ = A% (y, )™,

possibly for some fractional time steps in a specific order. For example, if Strang’s
splitting is applied, then the operator splitting error is clearly second order in time
(for any fixed value of €). However, in the semi-classical regime ¢ — 0, a careful
calculation shows that the operator splitting error is actually O(At?/e), cf. [3, 19)].

Next, let U} be the numerical approximation of the wave functions ¢ at

x = x;, and t = t,,. Then, the kinetic step for 1% can be solved ezactly in Fourier
space via:
e
; 2 ~ .
UJikl = E e IOA/2 Uﬁe“‘ll(xh —a),
11:*N1/2

where Uﬁ are the Fourier coefficients of U7}, defined by

Ni—1
2 —in i —a 27Tl1 N]_ N]_
Uﬁ: g Uﬁe pq (T4, )7 Mll:bi , 11:_7’...’7_1.

a

j1=0

Similarly, the kinetic step for ¢ can also be solved exactly in the Fourier space.
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On the other hand, for the potential step (6.3) with ¢; < ¢ < t9, we formally find

. ts
(6.4 vt = (<5 [T 9 ds) v o),

ty

1

to
(6.5) ¢ (y, ta) = exp <_5/ A0 (y, s) d3> e (y, 1),
t1

where 0 < to —t; < At. The main problem here is, of course, that the mean
field potentials Y4 and A%® depend on the solution 4%, =9 themselves. The key
observation is, however, that within each potential step, the mean field potential
Y9 is in fact time-independent (at least if we impose the assumption that the
external potential V = V(z,y) does not explicitly depend on time). Indeed, a
simple calculation shows

Y = 0 (™0, V) o = (O™, V) L + (67, V™)
1
— % <§DE’67 (VAE,é _ A8’6V) s05,5>L§ =0.

In other words, (6.4) simplifies to

i(t1 —t2)

(6.6) V0 (2, ty) = exp <— 5

T4, m) (e, t),

which is an ezact solution formula for 1= at t = t.
The same argument does not work for the other self-consistent potential A9,
since formally

8,51\6’6

815 <,¢s,67 h5w5,5>L§ _ <8t¢5,5’ h5¢5,5>z + <¢5,5’ héatws,5>Lz
_ <,¢}E,57 (h6'r6,5 _ Te,éhé) ¢6,5>L§

| —

10
1 ; 0° 5 5 1 ; 0 51,6
— _ &, . 'r57 . €, _ &, _7A Tea g,
= <¢ ) Va Vi ; + YO, 5 As (0 ;

—_

0
= S VLT (18V2) ) g + T (05 AT s

However, since A=°(y,t) = (=, h%¢=°) 2, the formula (6.6) for ¢=° allows to
evaluate AS9(y,t) for any t; < t < to. Moreover, the above expression for 9;A%?,
together with the Cauchy-Schwarz inequality and the energy estimate in Lemma
2.5, directly implies that 9;A%° is O(1). Thus, one can use standard numerical
integration methods to approximate the time-integral within (6.5). For example,
one can use the trapezoidal rule to obtain

i(AS (y, to Sy, t1))(ty — to
(A (y7t )+A2€ (y 3 ))(t t )) @515(y7t1)~

(6.7) 0™ (y, ta) ~ exp (—

Obviously, this approximation introduces a phase error of order O(At? /), which is
comparable to the operator splitting error. This is the reason why we call the out-
lined numerical method SSP2, i.e., a second order Strang-spliting spectral method.

Remark 6.1. In order to obtain a higher order splitting method to the equations,
one just needs to use a higher order quadrature rule to approximate the time-
integral within (6.5).
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6.1.2. Meshing strategy. In this subsection, we will analyze the dependence on the
semi-classical parameters of the numerical error by applying the Wigner transfor-
mation onto the scheme we proposed above. In particular, this yields an estimate
on the approximation error for (the expectation values of) physical observables due
0 (3.3). Our analysis thereby follows along the same lines as in Refs. [3, 19]. For
the sake of simplicity, we shall only consider the differences between their cases and
ours.

We denote the Wigner transforms We° = W] and w®? = w®[¢>°], which
satisfy the system

AW 4+ £V, W0 4 QY IW =0, W2 = W[wd](x,£),

[t=0 in

O™ 4+ - Vyuw® + OV =0, wily = wlpf](y,n).

(6.8)

Clearly, the time splitting for the Schrodinger equation induces an analogous time-
splitting of the associated Wigner equations (6.8). Having in mind the properties of
the SSP2 method, we only need to worry about the use of the the trapezoidal rule
in approximating ¢°° within the potential step. We shall consequently analyze the
error induced by this approximation in the computation of the Wigner transform.
To this end, we are interested in analyzing two special cases: § = O(1), and ¢ < 1,
or 6 = ¢ < 1. These correspond to the semi-classical limits we showed in Theorem
4.7 and Theorem 5.4.

We first consider the case § = ¢ < 1, where Wigner transformed TDSCF system
reduces to (5.5). For convenience, we suppress the parameter §, and write the
potential step for ¢* as,

ie@taps = As(y)@s, t1 <t <to,
and the associated Wigner transform w® in the potential step satisfies,

Gtws + @[VE]’UJE =0, t<t<ts.

In view of (6.7), if we denote the approximation on the right hand side by ¢, then
@° is the exact solution to the following equation

ie0ip® = G ()=, t1 <t <ty
where

1
G (y) = 5(A°(y, 1) + A (3, 12).

If one denotes the Wigner transform of ¢°(y,t) by we(y,n,t), then, by using the
well known “Wignerization lemma”, see [12, Proposition 1.8], one can show that
we satisfies

(6.9) Ows — V,G° - Vywe +0() =0, t <t<to.

In order to compare we(y,n,ts) and w(y,n,ts), we now consider the following set
of equations

atwl — Vyvs(y,t) . Vnwl = 0, t1 <t <to,
Oywsg — VyGE(y) . Vnwg =0, t1<t<to,

subject to the same initial condition at t = ¢;:

w1 (y,m,t1) = w2y, n, t1) = wo(y,n).
By the trapezoidal rule,
to
| vV ds = (- 1)V, ()
t

1
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since Vy,A®(y,t) = V,V°(y,t). Thus, by the method of characteristics, it is straight-
forward to measure the discrepancy between w; and wy at ¢ = ¢ and one easily
obtains

w1 — Wy = O (Atg) .
Furthermore, equation (6.9) implies that, in leading order, w® and wy share the
same characteristics, i.e.,

n(t) = =VyG=(y(t), y(t) =0.
Along these characteristics, we obtain
d - d
2 W), n(t),t) = Oe),  —wa(y(t),n(?),t) = 0.
Hence, we conclude that at t = to, it holds w® —wy = O(eAt), since 0 < to —t < At.
Similarly, we obtain w® —w; = O (¢At).

In summary, we conclude that for the SSP2 method, the approximation within
the potential step results in an one-step error which is bounded by O(cAt + At3).
Thus, for fixed At, and as € — 04, this one-step error in computing the physical
observables is dominated by O(At®) and we consequently can take e-independent
time steps for accurately computing semi-classical behavior of physical observables.
By standard numerical analysis arguments, cf. [3, 19], one consequently finds, that
the SSP2 method introduces an O(At?) error in computing the physical observables
for ¢ <« 1 within an O(1) time interval. Similarly, one can obtain the same results
when ¢ is fixed while € < 1.

We remark that, if a higher order operator splitting is applied to the TDSCF
equations, and if a higher order quadrature rule is applied to approximate formula
(6.5), one obviously can expect higher order convergence in the physical observables.

6.2. The SVSP2 method for the Ehrenfest equations. In this section, we
consider the one-dimensional Ehrenfest model obtained in Section 4.1. More pre-
cisely, we consider a (semi-classical) Schrodinger equation coupled with Hamilton’s
equations for a classical point particle, i.e

2
i00,° = ( d

—2A$+V(l‘,y(t))) w67 a<x<b,

(6.10)
i) =00, 00 == [ Y,V (@yle) 97,0 da

with initial conditions

wigtzo = Y5 (), Yt=0 = Yo, MNjt=0 = "o,
and subject to periodic boundary conditions. Inspired by the SSP2 method, we
shall present a numerical method to solve (6.10), which is second order in time and
works for all 0 < § < 1.

As before, we assume a uniform spatial grid z; = a + jAz, where N = 2", ng
is an positive integer and Az = b*T“. We also assume uniform time steps t* = kAt,
k=0, -+, K for both the Schrédinger equation and Hamilton’s ODEs. For every
time step ¢ € [t", t"T1], we split the system (6.10) into a kinetic step

2
100,40 (z,t) = f%Amwé(x,t),
y=mn, 1n=0;

(6.11)

and a potential step

i68t¢5($, t) = V(l‘, y(t))l/)é(% t)v

6.12
(6.12) y:aﬁzi@mymwmmeM-
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We remark that, the operator splitting method for the Hamilton’s equations may
be one of the symplectic integrators. The readers may refer to [15] for a systematic
discussion.

As before, the kinetic step (6.11) can be solved analytically. On the other hand,
within the potential step (6.12), we see that

(6.13) OV (z,y(t)) = VyV - 5(t) = 0,

ie., V(z,y(t)) is indeed time-independent. Moreover

8 2
o ([ vV ) e )
= (0, VyV (@, y(t)v°) 1, + (80, Vy V(@ y(0)0’)
09,V @y O00)

Now, we can use the first equation in (6.12) and the fact that V(z,y(t)) € R to
infer that the first two terms on the right hand side of this time-derivate cancel
each other. We thus have

00 ( [0V (a0 16900 ) = (08 93V a0 - 500°) 1 =0

in view of (6.13). In other words, also the semi-classical force is time-independent
within each potential step. In summary, we find that for ¢ € [tq,t5], the potential
step admits the following exact solutions

1

#(outa) = oxp (501 - V(o p(0))) 97 10),
as well as
y(t2) =y(t1), n(tz) =n(t1) — (t2 —t1) /Rd VoV (2, y(t1)) [0 (2, 1) ] da.

This implies, that for this type of splitting method, there is no numerical error in
time within the kinetic or the potential steps and thus, we only pick up an error of
order O(At?/§) in the wave function and an error of order O(At?) in the classical
coordinates induced by the operator splitting. Standard arguments, cf. [3, 19],
then imply that one can use J-independent time steps to correctly capture the
expectation values of physical observables. We call this proposed method SVSP2,
i.e., a second order Strang-Verlet splitting spectral method. It is second order in
time but can easily be improved by using higher order operator splitting methods
for the Schrodinger equation and for Hamilton’s equations.

7. NUMERICAL TESTS

In this section, we test the SSP2 method for the TDSCF equations and the
SVSP2 method for the Ehrenfest system. In particular, we want to test the methods
after the formation of caustics, which generically appear in the WKB approximation
of the Schrédinger wave functions, cf [28]. We also test the convergence properties
in time and with respect to the spatial grids for the wave functions and the following
physical observable densities

ps(x7t) = |’¢E(Jf,t)|2, Js(xvt) = elm(ﬁ(x,t)vws(x,t)),

i.e., the particle density and current densities associated to ¥° (and analogously for
©°).
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7.1. SSP2 method for the TDSCF equations. We first study the behavior of
the proposed SSP2 method. In Example 1, we fix § and test the SSP2 method for
various €. In Example 2 and Example 3, we take § = ¢ and assume the same spatial
grids in =z and y.

Example 1. In this example, we fix § = 1, and test the SSP2 method for various
e = o(1). We want to test the convergence in spatial grids and time, and whether
e-independent time steps can be taken to calculate accurate physical observables.

Assume z,y € [—,7] and let V(z,y) = 3(z + y)?. The initial conditions are of
the WKB form,

() = e 2OV f () = PO e
In the following all our numerical tests are computed till the stopping time T" = 0.4.

We first test the convergence of the SSP2 method in Az and Ay, respectively.
By the energy estimate in Lemma 2.4, one expects the meshing strategy Az = O(0)
and Ay = O(g) to obtain spectral accuracy. We take § = 1 and ¢ = ﬁ. The
reference solution is computed with sufficiently fine spatial grids and time steps:
Ax = Ay = 3227%8 and At = %. We repeated the tests with the same Ay and
At but different Az, or with the same Az and At but different Ay. The errors in
the wave functions and the position densities are calculated and plotted in Figure
2, from which we observe clearly that Az = O(1) and Ay = O(e) are sufficient to
obtain spectral accuracy. Due to the time discretization error, the numerical error
cannot be reduced further once Az and Ay become sufficiently small.

Next, to test the the convergence in time, we take § = 1, & = leél, and compare to
a reference solution which is computed through a well resolved mesh with Az = 52%,
Ay = % and At = %. Then, we compute with the same spatial grids, but
with different time steps. The results are illustrated in Figure 3. We observe that
the method is stable even if At > . Moreover, we get second order convergence in
the wave functions as well as in the physical observable densities. Note that in this
test, the numerical solutions of ¥ and ¢ behave qualitatively similarly because the
spatial grids are well resolved, but quantitatively, the numerical error in ¢ is larger
because ¢ is highly oscillatory (in the scale of O(g)) while ¢ is not when § = O(1).

At last, we test whether e-independent At can be taken to capture the correct
physical observables. We solve the TDSCF equations with resolved spatial grids.
The numerical solutions with At = O(g) are used as the reference solutions. For
€= 31, To5 3550 5130 Tois soas and gagg, we fix At = %2 The errors in the wave
functions and position densities are calculated. We see in Figure 4 that, the error in
the wave functions increases as € — 0, but the error in physical observables does
not change notably. Note that, in this test, only the numerical error in ¢ increases
significantly with At fixed and € — 0., because ¢ is highly oscillatory (in the scale
of O(e)) while v is not when § = O(1).

We remark that, although the potential V = 1(z + y)? does not satisfy As-
sumption (A1), our numerical experiments suggest that the numerical method has
the same asymptotic behavior as those which do satisfy (Al). Intuitively, the nu-
merical solutions in this test can be considered as essentially compactly supported,
and hence the fact that V' is unbounded does not sabotage the properties of our
numerical methods. A rigorous analysis on such potentials is in principle possible,
but it remains open.

Example 2. We want to numerically verify the behavior of the TDSCF system
as € = 6 — 04 compared to the classical limit. To this end, let z,y € [0,1], and
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FIGURE 2. Reference solution: Az = Ay = =25 and At = 24
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when § = O(1) and £ < 1, the meshing strategy Az = O(J) and
Ay = O(e) is sufficient for obtaining spectral accuracy.

assume periodic boundary conditions for both equations. Assume V(x,y) = 1, and
choose initial conditions of WKB form
.1n (2 cosh 5(z—0.6))
fn(x) _ e—25(x—0.58)2e—z#’
_ _ 2 _;:ln (2 cosh5(y—0.5))
Pha(y) = o0
The tests are done for ¢ = % and € = lels’ respectively. Note that, the potential
V' is chosen in this simple form so that the semi-classical limit can be computed
analytically. Indeed, the classical limit yields a decoupled system of two indepen-
dent Liouville equations, similar to the examples in [3, 19, 26]. The formation of
caustics was previously analyzed in [17, 26] and it is known that the caustic is
formed around t = 0.54.
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1277;, %—Z, %, %, %”. These results show that, when 6 = O(1) and

e < 1, the SSP2 method is unconditionally stable and is second
order accurate in time.
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FIGURE 4. Fix At = 0.05. For ¢ = 1/64, 1/128, 1/256, 1/512,
1/1024, 1/2048 and 1/4096, Az = 27me/16, respectively. The ref-
erence solution is computed with the same Az, but At = £/10.
These results show that, e-independent time steps can be taken to
obtain accurate physical observables, but not accurate wave func-
tions.

We solve the TDSCF equations by the SSP2 method until 7' = 0.54 with two
different meshing strategies

Ax =0(e), At=0(e);

and
Az =0(g), At=o0(1).
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FIGURE 5. ¢ = z5. First row: position density and current den-
sity of ¢°; second row: position density and current density of
YE.

The numerical solutions are then compared with the semi-classical limits: in Fig-
ure 5 and Figure 6, the dashed line represents the semi-classical limits (5.3), the
dotted line represents the numerical solution with e-independent At, and the solid
line represents the numerical solution with e-dependent At¢. From these figures,
we observe the numerical convergence (in the weak sense) to the limit solutions
after caustics formation, and that the numerical scheme can capture the physical
observables with e-independent At.

Next, we come back to take the harmonic coupling potential V' (z,y) = %(w—&—y)Q,
which ensures in a nontrivial coupling between the two sub-systems. We again want
to test whether e-independent At can be taken to correctly capture the behavior of
physical observables. We solve the TDSCF equations with resolved spatial grids,
which means Az = O(e). The numerical solutions with At = O(g) are used as
the reference solutions. For ¢ = ﬁ, 5—%27 ﬁ7 lexs’ Wl%, we fix At = 0.005, and
compute till T = 0.54. The I norm of the error for the wave functions and the error
for the position densities is calculated. We see in Figure 7 that the former increases
as € — 04, but the error in the physical observables does not change noticeably.

Example 3. In this example, we want to test the convergence in the spatial grid
Az and in the time step At as e = § — 04. According to the previous analysis, the
spatial oscillations of wavelength O(e) need to be resolved. On the other hand, if the
time oscillation with frequency O(1/¢) is resolved, one gets accurate approximation
even for the wave functions itself (not only quadratic quantities of it). Unresolved
time steps of order O(1) can still give correct physical observable densities. More
specifically, one expects second order convergence with respect to time in both
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FiGUure 7. Fix A t=0.005. For ¢ = 5567 512° 1024° 2048° 4096°
Az = g, respectively. The reference solution is computed with the
same Az, but At = %. These results show that, e-independent
time steps can be taken to obtain accurate physical observables,

but not accurate wave functions.

wave functions (and in the physical observables), and spectral convergence in the
respective spatial variable.
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1> =5 and =7 respectively. The reference solution is computed
with the same At, but Az = 26%5. These results show that, when
0 = & < 1, the meshing strategy Az = O(e) and Ay = O(e) is

sufficient for obtaining spectral accuracy.

Assume z,y € [—,7] and let V(z,y) = 1(2 +y)?. The initial conditions are of
the WKB form,

€
mn

() = e BEHODTEIRE e (y) = eSO
1

To test the spatial convergence, we take ¢ = 5z5, and the reference solution is
computed by well resolved mesh Az = 2% At = %9 until T = 0.4. Then, we
compute with the same time step, but with different spatial grids. The results are
illustrated in Figure 8. We observe that, when Az = O(g), the error decays quickly
to be negligibly small as Az decreases. However, when the spatial grids do not well
resolve the e-scale, the method would actually give solutions with O(1) error.

At last, to test the convergence in time, we take ¢ = wﬁv and the reference
solution is computed through a well resolved mesh with Az = 2%68, At = % till
T = 0.4. Then, we compute with the same spatial grids, but with different time
steps. The results are illustrated in Figure 9. We observe that the method is stable
even if At > e. Moreover, we get second order convergence in the wave functions

as well as in the physical observable densities.

7.2. SVSP2 method for the Ehrenfest equations. Now we solve the Ehrenfest
equations (6.10) by the SVSP2 method. Assume z € [—7, 7], and assume periodic
boundary conditions for the electronic wave equation.

Example 4. In this example, we want to test if d-independent time steps
can be taken to capture correct physical observables and the convergence in the
time step which is expected to be of the second order. The potential is again
V(z,y) = 3(z +y)? and the initial conditions are chosen to be

sinx

Y0 (x,0) = e (e H0.1)? ity y(0) =0, n(0)=0.1.

First, we test whether J-independent At can be taken to capture the correct
physical observables. We solve the equations with resolved spatial grids, which
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i — _1 — 27 — 04 04 04
EIALGU(E{EJ 9. F10X4€ = 1o01 and Az = 5. Take At = 35, 7, 155,

556> 51 and 1557, respectively. The reference solution is computed
with the same Ax, but At = %. These results show that, when
0 = € < 1, the SSP2 method is unconditionally stable and is

second order accurate in time.

means Az = O(4). The numerical solutions with At = O(d) are used as the
reference solutions. For 6 = 1/256, 1/512, 1/1024, 1/2048, 1/4096, we fix At = %,
and compute until 7 = 0.4. The I2 norm of the error in wave functions, the error
in position densities, and the error in the coordinates of the nucleus are calculated.
We see in Figure 10 that the error in the wave functions increases as § — 04, but
the errors in physical observables and in the classical coordinates do not change
notably.

Next, we test the convergences with respect to the time step in the wave function,

the physical observables and the classical coordinates. We take § = W124, and the
reference solution is computed by well resolved mesh Az = 2= At = Z& till

T = 0.4. Then, we compute with the same spatial grids, but with difference time
steps. The results are illustrated in Figure 11. We observe that, the method is
stable even if At > ¢, and clearly, we get second order convergence in the wave
functions, the physical observable densities and the classical coordinates.
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