GLOBAL ATTRACTOR FOR A GINZBURG-LANDAU TYPE
MODEL OF ROTATING BOSE-EINSTEIN CONDENSATES

ALEXEY CHESKIDOV, DANIEL MARAHRENS, AND CHRISTOF SPARBER

ABSTRACT. We study the long time behavior of solutions to a nonlinear par-
tial differential equation arising in the mean-field description of trapped ro-
tating Bose-Einstein condensates. The equation can be seen as a hybrid be-
tween the well-known nonlinear Schrodinger/Gross-Pitaevskii equation and
the Ginzburg-Landau equation. We prove existence and uniqueness of global
in-time solutions in the physical energy space and establish the existence of a
global attractor within the associated dynamics. We also obtain basic struc-
tural properties of the attractor and an estimate on its Hausdorff and fractal
dimensions. As a by-product, we establish heat-kernel estimates on the linear
part of the equation.

1. INTRODUCTION

1.1. Physical motivation. The study of quantized vortex dynamics in Bose-
Einstein condensates (BECs) is a topic of intense experimental and theoretical
investigations. A particular interesting situation is created when the BEC is stirred
through an external rotating confinement potential. Indeed, if the rotation speed
exceeds some critical value vortices and, more generally, vortex lattices are being
created, see, e.g., [1, 3] for a broader introduction.

From a mathematical point of view, rotating BECs can be described within the
realm of a mean-field model, the so-called Gross-Pitaevskii equation [29]. In the
following, we shall assume, without loss of generality, that the system rotates around
the z-axis with a given speed 2 € R. Placing ourselves in the associated rotating
reference frame, the corresponding mathematical model is a nonlinear Schrdodinger
equation (NLS) given by

(1.1) i0p) = f%Aw+)\|1/z|21/)+V(x)waLuz.

Here, t € R, z € R? with d = 3, or d = 2, respectively. The latter corresponds to
the assumption of homogeneity of the BEC along the z-axis (see, e.g., [7, 27], for
a rigorous scaling limit from three to effective two-dimensional models for BEC).
The parameter A > 0 describes the strength of the inter-particle interaction, which
in this work is assumed to be repulsive. The potential V describes the magnetic
trap and is usually taken in the form of a harmonic oscillator, i.e.

(1.2) Viz) = %w2|x\2, weR.

Here, and in the following, we choose V' to be rotationally symmetric for simplicity.
All our results can be easily generalized to the case of an anisotropic harmonic
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oscillator. Finally, 2L describes the rotation around the z-axis, where
(1.3) L) := —i(210p,1) — £205,) = —iz™ - Ve,

denotes the corresponding quantum mechanical rotation operator.

Most rigorous mathematical results on vortex creation are based on standing
wave solutions of (1.1), i.e. solutions of the form ¥ (t,z) = ¢(x)e~*!, u € R, which
leads to the following nonlinear elliptic equation

1
(1.4) f§A<p+>\|g0\2<p+V(:v)cpfQLQ@—,u(p:O.

Equation (1.4) can be interpreted as the Euler-Lagrange equation of the associated
Gross-Pitaevskii energy functional [29, 30]:

1 A
15 Eorl)i= [ (516 + V@IOP + Glolt - 0L )
Rd

One possible way of constructing solutions to (1.4) is thus to minimize (1.5) under
the constraint [|¢||7. = M, where M > 0 denotes a given mass. This consequently
yields a chemical potential pn = p(M) > 0 playing the role of a Lagrange multi-
plier. In order to do so, one requires w > || which ensures that Egp is bounded
from below. Physically speaking, this condition means that the confinement po-
tential V' (x) is stronger than the rotational forces, ensuring that the BEC stays
trapped. Within this framework, it was proved in [30] that the hereby obtained
physical ground states, i.e. energy minimizing solutions of (1.4), undergo a symme-
try breaking (of the rotational symmetry) for sufficiently strong 2 and/or A > 0.
The latter is interpreted as the onset of vortex-lattice creation.

On the other hand, it is often argued in the physics literature that a small amount
of dissipation must be present for the experimental realization of stable vortex
lattices, cf. [17, 25, 26]. In order to describe such dissipative effects, not present in
the original Gross-Pitaevskii equation (1.1), the following phenomenological model
has been proposed in [34] and subsequently been studied in, e.g., [10, 18, 21, 25, 26]:

(16) (18—~ )0 = 5 A+ M + V() — Oy — .

Here 5 € R and v > 0 are physical parameters whose ratio describes the strength of
the dissipation. (In [21] the authors use formal arguments based on quantum kinetic
theory to obtain % ~ 0.03.) Note that any time-independent solution ¢ = ¢(x) of
(1.6) solves the stationary NLS (1.4). In contrast to (1.1), equation (1.6) is no
longer Hamiltonian and only makes sense for t € Ry.

1.2. Mathematical setting and main result. This work is devoted to a rigorous
mathematical analysis of (1.6). In particular, we shall be interested in the long time
behavior of its solutions as t — +o00. To this end, it is convenient to re-scale time
such that 32 + % = 1. Then we can write
ig—y= —e™,  for some ¥ € (— f’f)
272

Note that by doing so, the real part of e?” has the same (positive) sign as v > 0. We
shall thus be concerned with the following initial value problem for (¢,z) € Ry x R¢
and d = 2, 3:

(1) 0 = 5 A+ A7 + V(@) — 0L — i, Yiemo = o(2),

where 1 will be chosen in some appropriate function space (see below), and o > 0
a generalized nonlinearity. Formally, the usual Gross-Pitaevskii equation (1.1) is
obtained from (1.7) in the limit ¥ — 47%. On the other hand, if ¥ = 0 the
Hamiltonian character of the model is completely lost and (1.7) instead resembles
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a nonlinear parabolic equation of complex Ginzburg-Landau (GL) type, cf. [2] for
a review on this type of models.

Equation (1.7) can thus be seen as a hybrid between the Gross-Pitaevskii/Non-
linear Schrédinger equation and the complex Ginzburg-Landau equation. Both kind
of models have been extensively studied in the mathematical literature: For local
and global well-posedness results on NLS, with or without quadratic potentials V|
we refer to [11, 8, 9]. Allowing for the inclusion of a rotation term, the initial value
problem for (1.1) has been analyzed in [4]. Similarly, well-posedness results for the
complex GL equation in various spaces can be found in [19, 23, 24]. The existence
and basic properties of a global attractor for solutions to GL (on bounded domains
D C R?) are studied in [31] and [28]. Moreover, the so-called inviscid limit which
links solutions of GL to solutions of NLS has been established in [35]. However,
none of the aforementioned results directly apply to the model (1.7), which involves
an unbounded (quadratic) potential V' and a rotation term, neither of which have
been included in the studies on GL cited above. One should also note that the GL
equation in its most general form allows for different complex pre-factors in front of
the Laplacian and the nonlinearity. In our case those pre-factors coincide, allowing
for a closer connection to NLS. Very recently, a similar type of such restricted GL
models with A < 0 (and without potential and rotation terms) has been studied in
[12, 13] as an “intermediate step” between the NLS and the nonlinear heat equation.
Finally, we also mention that equation (1.6) with 8 = 0 is used to numerically obtain
the Gross-Pitaevskii ground states, cf. [5, 16].

As announced before, we shall mainly be interested in the long time behavior of
solutions to (1.7). In view of this, the main result of our paper can be stated in the
following form:

Theorem 1.1. Let w > [Qf, ¥ € (-3, with

d € {2,3}. Then for any
Yo € X :={fe H'RY : |z|f € L*(RY)}

there exits a unique strong solution 1 € C([0,00),%) to (1.7). The associated mass
and energy thereby satisfy the identities (4.4) and (4.5) below. If, in addition,
A > 0, the evolutionary system (1.7) possesses a global attractor A C X, i.e., A is
is invariant under the time-evolution associated to (1.7) and such that

), A =20, and 0 < 0 <

us _d _
2 2(d—2)

. t—+4o00
(;gg\lw(t)ﬂb\lmm — 0

More precisely,
A = {g : g = ¥(0) for some ¢ € C((—00,0); L) solution to (1.7)}

is a connected compact set in L?(RY) and uniformly attracts bounded sets in L?(R?).
Furthermore, for o > %, A has finite Hausdorff and fractal dimensions which de-
pend on the given parameters as described in Proposition 6.10. Finally, if p < %d

it holds A = {0}.

Here, ¥ is the physical energy space ensuring that Fgp(1(t)) is finite. The
assumption on o > 0 is thereby slightly more restrictive than the one for the usual
H'-subcritical nonlinearities (see Remark 3.2 below). Note however, that we may
always take o = 1 in the above theorem which corresponds to the usual cubic
nonlinearity. In addition, the condition w > || ensures that the confinement is
stronger than the rotation, and thus, the system remains trapped for all times ¢ > 0.

As we shall see, neither the mass nor the (total) energy are conserved quantities
of the time-evolution, but for a defocusing, non-vanishing nonlinearity A > 0, there
are absorbing balls for 1 in both the mass and the energy space, see Section 5 for
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a precise definition. The existence of a global attractor A therefore requires the
presence of the nonlinearity and, of course, the presence of the confining potential
V. Clearly, all stationary solutions ¢ € ¥ of (1.4) are members of A. However,
since for p sufficiently large there are always at least two such solutions (namely,
zero and the nontrivial energy minimizer) and since A is connected, it is unclear
what the precise long-time behavior of (1.7) is. Indeed, in the case of the GL
equation for superconducting materials it is known [33] that the global attractor
contains not only all possible steady state solutions, but also the heteroclinic orbits
joining these steady states, and we consequently expect a similar behavior to also
hold also in our model.

Except in the case pu < %d, the precise dependence of the dimension of A on
the given physical parameters is not known. In Section 6.2 we shall prove that the
Hausdorff dimension dimy (A) < m, where m depends in a rather complicated way
on all the involved parameters. It is interesting, however, to check that m — +oo,
as | — w. In other words, the influence of the rotation term potentially increases
the dimension of the attractor. This is consistent with numerical and physical
experiments on the creation of vortex lattices in rotating BEC. For a recent (non-
rigorous) study which employs numerical simulations and asymptotic analysis to
investigate the corresponding pattern formation mechanism, we refer to [10]. In
fact, one easily observes that in the linear case (A = 0) the dynamics admits expo-
nentially growing modes, cf. Section 2.1 below for more details. It is argued in [10]
that this type of instability mechanism is responsible for the nucleation of a large
number of vortices at the periphery of the atomic cloud, as can be seen in physical
experiments.

The proof of Theorem 1.1 will be done in several steps: First, we shall establish
local (in-time) well-posedness of (1.7) in Section 3 below. Then, we will show how
to extend this result to global in-time solutions in Section 4, where we also prove
that for p < %d solutions decay to zero as t — +o0o. The main technical step for
the existence of an attractor is then to prove certain uniform bounds on the total
mass and energy as done in Section 5. This will allow us to conclude the existence
of an absorbing ball and of a global attractor in Section 6, where we shall also
prove the announced estimates on the dimension under the additional hypothesis
o> %. Finally, we collect some basic computations regarding the kernel of the
linear semigroup in the appendix.

2. MATHEMATICAL PRELIMINARIES

In this section we shall collect several preliminary results to be used later on.

2.1. Spectral properties of the linear Hamiltonian. In the following, we de-
note by

1
(2.1) Ho = —SA+ V(z) —QL, zecRY,

the linear Hamiltonian operator, with V(z) given in (1.2). Note that in the case
without rotation, i.e. 2 = 0, the operator

1
(2.2) Ho =3 (—A + w?[z]?),
is nothing but the (isotropic) quantum mechanical harmonic oscillator in, respec-
tively, d = 2, or 3 spatial dimensions. The spectral properties of Hy are well known
[20, 32]:
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Lemma 2.1. Hy is essentially self-adjoint on C$°(R?) C L*(RY) with compact
resolvent. The spectrum of Hy is given by o(Hy) = {Eo.n }nen, where

d
Eo,n:w(§+n71), n=12....

d+n—2

1 ) —fold degenerate.

In addition, the eigenvalue Ey ., is (

In particular, Ey ,, = Ep1 = %d > 0, for all n € N. The associated eigenfunctions
form a complete orthonormal basis of L?(R?). In d = 2, they are explicitly given
by [20]:

Xy ina (@1, 22) = fry (21) fuy (22), 15 €N,

where n1 +ny = n and the f,,; € S(R) are the eigenfunctions of the one-dimensional
harmonic oscillator, i.e., an appropriately normalized Gaussians times a Hermite
polynomial of order n; — 1. An analogous formula holds in d = 3 dimensions.

In the case with © # 0, we first note that the commutator [Hg, L] = 0, due to the
rotational symmetry of the potential V. This implies that Hg and L have a common
orthonormal basis of eigenfunctions {xn}nen,, which can be obtained by taking
appropriate linear combinations of the eigenvalues of Hy, see [20]. An important
assumption throughout this work, will be that w > ||, ensuring confinement of
the BEC. In mathematical terms, this condition implies that the rotational term
can be seen as a perturbation of the positive definite operator Hy, such that Hg is
still positive definite. In other words, we have that

(2'3) HQXn = EQ,nXTu

where the new eigenvalues Eq, € R (indexed in increasing order) are related to
the unperturbed Ey ,, via

{Eamn, n€N}={Ey,+mQ, —£+1<m<{l—1,forl e N}
In particular, under the assumption that w > €2, we still have: Egq, > %d, for all

n € N. Thus, the ground state energy eigenvalue stays the same with and without
rotation.

With these spectral data at hand, we can now look at the linear time-evolution
(A = 0) associated to (1.6), i.e.

(2.4) (i — )0 = Hotp — .

Using the fact that {x,}nen comprises an orthonormal basis, we can decompose
the solution to this equation via

(25) 7/}(t’ ‘T) = Z Cn(t)Xn(x)a

neN
where {c,,(t)}nen € €2, ie. Y |cn(t)|> < +oo. In view of (2.3), (2.4) we find

cn(t) = cn(0) exp(— (18 + 7)(Ea,n — 1)t),

In particular, the normalization 5% 4+ 2 = 1 yields

[on (D)]|72 = Z len()]? = Z [ (0)| 262 05 (Ban—n)t,
n=1 n=1

where we identify v = cos?. For ¢ € (-7, %) the right hand side exponentially
decays to zero as t — 400, provided p < Egq ,, for all n € N. This is equivalent
to saying that p < Eq 1. On the other hand, if ¢,(0) = 0, then ¢,(¢) = 0 for all
t > 0. Hence, given a u > FEq 1 the solution is exponentially decaying as long as
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the initial data is such that ¢, (0) = 0 for all n € N for which Eq ,, < p. Otherwise,
we have, in general, exponential growth of the L?-norm of ¥ (t).

Remark 2.2. In the case where we choose i = Eq ,, for some fixed m € Ny,
we see that the |c,,(t)]? = |cm(0)|? is a conserved quantity of the linear time
evolution. All higher modes exponentially decay towards zero, whereas all lower
modes will exponentially increase. We consequently expect linear instability of
stationary states of the nonlinear system.

2.2. Dispersive properties of the linear semi-group. In order to set up a well-
posedness result for the nonlinear equation (1.6), we need to study the regularizing
properties of the linear semigroup associated to Hgq, i.e.
Sa(t) :==exp (—e "tHq), teRy,
As usual we identify Sq(t) with its associated integral kernel via
Sa(t)f(z) = | Salt,z,y)f(y)dy, [fe L*(RY).
R
The following lemma states some basic properties of Sq(t) to be used later on.

Lemma 2.3. Let 9 € (=5,5) andt > 0. Then

d
w 3
2.6 Salt,z,y) = —————— D(t ,
( ) Q( y L y) (27rsinh(e—“9wt)> exp( ( ,x,y))
where the pre-factor in front of the exponent is understood in terms of the principal
value of the complex logarithm, and the phase function ® is given by

w

(t,2,y) sinh(e~®wt)

1 . )
(5002 + 1912 cosh(e™t) = coshle= ) a1 + ae)

+ isinh(e_th)(:Ezm - x1y2)) .

Moreover, for w > |Q, there exists § > 0 such that

(2.7) 1Sa(t)fller < C 23| £ 1a
and
(2.8) IVSa(t) fllor + |aSa(t)fllzr < C t~5FEG=D] £l 1,

foralll1<qg<r<ooandall <t <§, where the constants C and § only depend
on ¥, w, and €.

The proof of Lemma 2.3 is a lengthy but straightforward calculation given in
the Appendix. It is based on the well-known Mehler formula, cf. [9], and a time-
dependent change of coordinates introduced in [4].

Remark 2.4. The decay estimates stated above are the same as for the heat
equation. Indeed, Sq(7T') may be viewed as an analytic perturbation of the classical
heat semigroup. In the case without potential and without rotation, i.e. Q =w =0,
similar estimates have been derived in, e.g., [12].

3. LOCAL WELL-POSEDNESS

In this section we set up a local well-posedness result for the initial value problem
(1.7). In order to do so, we use Duhamel’s formula to rewrite (1.7) as

(31)  w(t) = So(t)go — e / Salt — 7Y (MG ()2 — p)(r) dr,
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for all ¢ € [0,T]. Here, and in the following, we denote ¥ (t) = (¢,-). We shall
work in the physical energy space given by

Y ={feHRY : |z|f € L*R")}
and equipped with the norm

IFI% = 11122 + IV FIIZ2 + llaf 12

The estimates on the semi-group Sq(¢) stated in Lemma 2.3 allow us to infer the
following result (which is similar to those in [19, 23]).

Proposition 3.1. Let \,p € R, ¥ € (=5,%), w > |9, and d € {2,3}.
(i) Let p > max(od,20 + 1) and vy € LP(RY). Then there exists a time
T > 0 and a unique solution 1 € C([0,T]; LP(R?)) to (1.7), depending
continuously on the initial data
(ii) If, in addition, 0 < o < 2(d 5y and 1o € X, then there exists a T* > 0 such

that the solution from (i) satisfies
¢ e C([0,T7]; 50).

Moreover, the solution is mazximal in the sense that either T* = 400, or
the following blow-up alternative holds:

I t)s = oc.
Jm [l ()]s = oo

Proof. The proof is based on a fixed point argument using Duhamel’s formula and
the properties of the semigroup Sq(¢). To this end, we first note that the term p
is of no importance here, as it can always be added in a subsequent step (in fact,
we could have included it in the kernel of Sq(t)). Hence let us assume that g =0
for notational convenience.

To prove (i), we will show that the mapping

0= S0 1= Saltiin = [ Salt =) AWDU() dr
is a contraction in the space

Xr = {¢ € C([0,T}; L"(RY)) : ||9|lr(o,r520) < 2l1t0l|Le }

for small enough T' > 0. To do so, we can use the kernel estimate (2.7) with the
following choice of parameters:

r=p=20+1, q:%;l, when d=2,
r=p>max(cd,20 +1), ¢= QULii—l’ when d=3.

Note that any such a choice of p implies that do < p. One can also see that
1 < ¢ < r < ooin both cases. This yields

E@W) @) |le < ||YollLe +>\/ ||SQ(t_7-)(|¢(7_)|2aw(7_))”m ir
||7/}O||LP+C/ dU/P||¢( )||2a+1d

T
20+1 —d
< Woller + CIIE s iy [ 777
0
Since o < £, the remaining integral is finite and hence,

IE@)O)lle < Wollr + CT' = F Y13 1opey,

(1]
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where 1 — %" > 0. Thus, for T' > 0 sufficiently small, we conclude that = indeed
maps X7 onto itself. Likewise it holds that for two solutions v and 1;

E@)E) - 2Ol
3 [ 0l = IR5) — W6, dr

<C / ~ ([P35 + [9(n)1F) [$(r) = $()ze dr

<CT'"F 19017% (0.7, 20y 19 = Pl o< 0,77
which shows that = is a contraction for 7' > 0 sufficiently small.

To prove (ii), we first note that by Sobolev imbedding ¥ < LP(R), for p <
p* = dQ—le when d = 3 and p < oo when d = 2, respectively. Thus ¥ N LP(R?) =
for p < p*. We now want to show that for 0 < ¢ < ﬁ, the ¥ norm of the
solution is controlled by an appropriately chosen LP norm satisfying p < p* and the

conditions in part (i).
The first step to do so, relies on appropriate expressions for the commutators
[V,Sq(t)] and [z, Sq(t)]. At least formally, it holds that
—ewat [V, SQ(t)] = [V,HQSQ(t)] = HQ[V, SQ(t)} + [V,HQ]SQ(t),
and one easily computes
[V,Hq] = VV +iQV* = w?z +iQV+,
in view of (1.2). Hence, Duhamel’s formula and the fact that [V, Sq(0)] = 0 imply

[V,Sa(t)] = —e_w/o Sa(t —71) (wzx + iQVL)SQ(T) dr

Using the fact that
[.’L‘, HQ] =V - ’L'Q.%‘L,

we likewise obtain
t
[z, Sa(t)] = —e / Sa(t —1)(V —iQat)Sq(r) dr.
0

Straightforward calculations then yield

Vy(t) = Sa(t) Vi —e " /0 Sa(t — 1) (AV([Y[*79) + (w?z +iQV)) (1) dr

as well as
t
x(t) = Sq(t)xpy — e~ / Sa(t — 1) (Az[9[*¢ + (V — iQz)y) (1) dr.
0

We consequently expect that the combination of ¥, xv, Vi) will form a closed set
of estimates (a fact already observed in [4]).
It follows that the 3 norm of ¥ is controlled by its L? norm. For instance, choose

r = 2 and ¢ such that

1 20 1

-=—+4-, in(27).

g p 2
Note that the condition ¢ > 1 is equivalent to p > 40 and thus we require the
existence of a p such that

2d

max(4o,0d,20 + 1) < p < It
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For d € {2,3} one can readily check that 0 < 0 < PICE)] d 5y ensures the existence of
such a p. It follows that

| [ st -nw(upro)e ar

L2

t
o __do
< OO o IV 0,2 / (t—7)"% dar

On the other hand, the linear terms can be estimated with » = ¢ = 2 in (2.7), to
obtain

VY[l Lo 0,7:22) < [IVibol|z2 + o1 1901 7% 0,720y VIl Low (0, 7:22)
+ CoT (||| Los(0,502) + V|| Lo (0,7:1.2))
<IVeollz2 + C5T 7 ||y 2% % 0,12y IV L= 0,7 12)

for T > 0 sufficiently small (depending on the size of ||¢|| Lo rr). Similar arguments
for ¢ and x1 imply

1]l 0,53y < Ibolls + CT % 003 % o oz 01l e 0,7:5)-

Choosing T' > 0 even smaller, if necessary, the second term on the right hand side
can be absorbed on the left hand side and we are done. As before, this inequality
also applies to the differences of two solutions 1, 7]}, which yields the continuity of
1 in 2.

We denote by T* > 0 the maximal time of existence in ¥. This is always less
than or equal to 7" > 0, the maximal time of existence in LP(R?). To prove the
blow-up alternative, assume by contradiction that T* < oo, and ||#(t, -)||s remains
bounded for ¢ € [0,7*]. Then, by Sobolev imbedding |[¢(¢,-)||rr also remains
bounded and thus, we can restart the local existence argument in ¥ leading to a
contradiction. (]

Remark 3.2. Unfortunately, our method of proof does not yield existence of solu-
tions for the full H'-subcritical regime, i.e., o < 775. We expect that this is only a
technical issue that can be overcome using a dlfferent approach (for example, by us-
ing ideas from [23], or by generalizing the space-time estimates of [6] to Sq). Note,
however, that our slightly more restrictive condition o < W‘im still allows to take
o =1 1in d = 3. Hence, the physically most relevant case of a cubic nonlinearity is
covered.

4. GLOBAL EXISTENCE AND ASYMPTOTIC VANISHING OF SOLUTIONS

In this section, we shall first prove the global existence of solutions in the energy
space before showing that for any choice of 1 < Egq 1, these solutions asymptotically
vanish as t — +oc.

4.1. Global existence. In order to prove global well-posedness of (1.7), we will
need to collect some useful a-priori estimates. To this end, we denote for ¢y € X
the total mass by

(4.1) M) := |[¢]|72,

and the total energy by

a2 B [ (GIVOP+V@IE + P - L) da
Rra \ 2 o+1

The latter is nothing but the sum of the kinetic, potential, nonlinear potential,
and rotational energy. Clearly, for ¢ € X, Sobolev’s imbedding implies that all the
terms in E(v) 2~ (and hence also for our range of o).
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For simplicity of notation, we will write E(t) = E(¢(t,-)) and likewise for M (¢),
whenever we compute the mass and energy of the time-dependent solution (¢, z)
to (1.7). In addition, the free energy is given by

(4.3) F() == E(¢Y) — pM(¥).

In the case of the usual Gross-Pitaevskii equation, i.e. ¥ = +7, one finds, that
both M(t) = M(0) and E(t) = E(0) are conserved in time [4]. In our dissipative
model this is no longer the case. Instead we have the following result, which can
be seen as an extension of some well-known identities proved for the classical GL
equation, cf. [19, 24, 31, 35].

Lemma 4.1. Let o < ﬁ and v € C([0,T];X) be a solution to (1.7). Then the
following identities hold:

¢ Ao 2042 _
(4.4)  M(t) + 2c0319/0 (E(s) + =3 19 (s, )||7242 — uM(s)) ds = M(0),
and
(4.5) F(t) + 200519/0 /]Rd 10w (s, z)|* da ds = F(0).

In particular, for ¥ € (=5, %), the free energy F(v) is a non-increasing functional
along solutions of (1.7).

Proof. In a first step, let us assume sufficient regularity (and spatial decay) of v,
such that all the following calculations are justified. Then, as in the case of the
usual NLS, identity (4.4) is obtained by multiplying (1.7) by v, integrating with
respect to z € R? and taking the real part of the resulting expression (see, e.g.,
[4, 11]). This yields

(46) M) = =205 (B0 + 2T -~ M)

dt o+1

which directly implies (4.4) after an integration in time. Similarly, after multiplying
(1.7) by 9, integrating with respect to x, and taking the real part, we obtain

d
i
which yields (4.5) after integration w.r.t. time.

The second step then consists of a classical density argument (cf. [12]), which,
together with the fact that ¢ (t) depends continuously on the initial data 1y € 3,
allows us to extend (4.4) and (4.5) to the case of general solutions ¢ € C([0,T;%).
Finally, we note that for ¥ € (=%, %) we have cos? > 0, and thus (4.5) directly
implies that F(¢) < F(0), for all ¢ > 0. O

(4.7 E(t) — uM(t)) = -2 cosﬁ/Rd |0 (t, x)|? de,

Having in mind that ¢ € C([0,T], %) the assumption on o implies (via Sobolev
imbedding) that the integrand appearing in identity (4.4) is a continuous function
of time. The fundamental theorem of calculus therefore allows us to differentiate
(4.4) w.r.t. ¢ and consequently use the differential inequality (4.6). However, the
same is not true for (4.5), i.e., we cannot use (4.7), since at this point we do not
know wether 9;1p € C([0,T; L%(R%)) holds true. This fact will play a role in some
of the proofs given below.

Another preliminary result, to be used several times in the following, is the
fact that under our assumptions on the parameters w, 2, A, o, the energy is indeed
non-negative.
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Lemma 4.2. Letw > |, A >0, and o < 525. Then for any u € ¥ there exists a
constant ¢ = c(w,Q, \,0) > 0, such that such that
IVullZs + loulfe + ull 7557 < cE(u).

Proof. Since A > 0, the only possibly negative term within F(u) is given by the
rotational energy. However, since 22/w? =: ¢ < 1, Young’s inequality applied
to (1.3) yields the pointwise interpolation estimate

2
|QuLu| < %|wl\2|u|2dx + §|VLU|2 <V(x)|ul® + %|Vu\2.

We therefore can bound the energy from below via

1—

0< ¢ 2 2042 < B(u).

2
Analogously, we have
1—e€ -

0< ——llzullfe + — || 17552 < B(uw).

Combining these two estimates then ylelds the desired result with a constant
B 4
min{l — ¢, 31‘1

Note that ¢ — +00 as || — w. O

The mass/energy-relations stated in Lemma 4.1 can now be used to infer global
existence of solutions in the case of defocusing case A > 0.

Proposition 4.3. Letw > [Q|, ¥ € (=3,%), A =20, and 0 < 2(d 57- Then, for

any vy € X there exists a unique global-in-time solution ¥ € C([0,00); %) to (1.7).

Proof. In view of the blow-up alternative stated in Proposition 3.1, all we need to
show is that the ¥-norm remains bounded for all ¢ > 0. Lemma 4.2 implies that
this is the case, as soon as we we can show that both M (¢) and E(t) are bounded.
In order to do so, we first consider the case p < 0 and recall that cos?d > 0 for
¥ € (=%, %) In this case identity (4.5) implies

E(t) + |u|M(t) < F(0) < 400,

and since both E(t) and M () are non-negative, we directly infer the required bound
on the mass and energy.
On the other hand, for p > 0, identity (4.4) yields (since A > 0)

M(t) < M(0) —l—2ucos19/tM(s)ds
0

and hence, Grownwall’s lemma implies
(4.8) M(t) < M(0) (1 + 2put cos 9 e2#teos?)
Using this estimate in identity (4.5) we obtain
E(t) < F(0) + uM(t) < E(0) + 2u*t cos 9 M (0)e2#t s 7,
The right hand side is finite, for all ¢ > 0 and thus, the assertion is proved. (]

Remark 4.4. The global in-time strong solutions constructed above are of the same
type as the corresponding solutions for NLS with quadratic potentials, cf. [4, 8].
It is certainly possible to, alternatively, construct global weak solutions to (1.7)
as has been done for the usual GL model in, e.g., [19, 23]. But since we consider
the equation (1.7) as a toy model describing possible relaxation phenomena in the
mean-field dynamics of BEC, we have decided to remain as close as possible to the
corresponding NLS theory. In particular, we do not make any use of the strong
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smoothing property of the linear (heat type) semigroup Sq(t) for ¥ € (=7, 5). We
finally note that our set-up makes it possible to directly generalize the inviscid limit

results of [35] to our model.

4.2. Asymptotically vanishing solutions. The discussion in Section 2.1 shows
that solutions to the linear time evolution A = 0 asymptotically vanish, provided
< Ejy, i.e., the lowest (positive) energy eigenvalue of Hg. We shall prove that the
same is true for in the nonlinear case A > 0.

Proposition 4.5. Let ¥ € (—5,%), A =2 0, w > [Q], and ¢ € C([0,00),%) be a

solution of (1.7) with p < Eq 1 = Td. Then

i [b(6) 2 =0,
exponentially fast.

Proof. For solutions 3 € C([0,00),X) we are allowed to use the differential inequal-
ity (4.6), which together with the fact that A > 0 implies

d
ﬁM(t) < —2cosV (E(t) — uM(t)).
Decomposing ¥(t, x) in the form (2.5), and dropping the nonlinear term o A within
E(t), then allows us to rewrite this inequality as
d el 9
%M(t) < —2cos? Z(Egn — wen(H)]* < =2cos I (Eq,o — )M (1),
n=0
since Eqn, —p = Eqo—p >0, and M(t) = > 77 |en(t)|*>. The inequality above
can thus be rewritten as
% (e+2t COS'&(Eﬂyo—M)M(t)) < 0’
which after an integration in time implies

M (t) < M(0)e=2tcos?(Bao=m) 1222,
since ¥ € (=5, 5). O
At this point, it is unclear if the decay rate given above is indeed sharp.

Remark 4.6. In the case where p < 0, one does not need to use the decomposition
of 1 via the spectral subspaces of Hgq, at the expense of a slightly worse decay rate.
Indeed, for p < 0, the inequality (4.6) directly yields

%M(t) < —2|p] cosYM (t),
and thus

M (t) < M(0)e™2trlcos? =y >,
Note that for p < 0 there are no nontrivial steady states p(z) # 0, satisfying (1.4).
This can be seen by multiplying equation (1.4) with , integrating in = € R?, and
recalling the restriction w > 2 > 0, which implies that 4 has to be non-negative.

5. BOUNDS ON THE MASS AND ENERGY

In this section we shall prove the existence of absorbing balls in both L2(R%)
and ¥ for solutions to (1.7). In view of the discussion on the linear model, cf.
Section 2.1, this might seem surprising, given that for general u > 0 we can expect
exponentially growing modes. However, we shall see that for A > 0, the nonlinearity,
combined with the confining potential, mixes the dynamics in a way that makes
it possible to infer a uniform bound on the mass and energy, and hence on the
Y —norm of the solution. To this end, the following lemma is the key technical step.
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Lemma 5.1. Let A >0, w > || and 0 < 0 < 5(d—3)- Lhen there exists a constant

C=C(w,Q,\0c) >0, such that

d2)

do
204+2+do’

Proof. The proof of this result relies on the following localization property: For all
d > 1 and all p > 2 and any smooth, compactly supported f € C5°(R9):

(5.1) Il geey < 2l 1% g |1 e
with

M) < CEW)%T,  with § =

B d(%_%) _ dp-2)
1+d(3-1) 2p+dp—2)
In order to show this, let B denote the ball around the origin of radius » > 0. We
rewrite

I fllz2®ay = 1 fll2,) + 1 fll2ma\B,) < riz=y) I fllze(m,) + *||1‘f||L2 (RI\B,)

1_1 1
<G p)Hf”LP(Rd) + ;||~"Uf||L2(Rd)-

The right-hand side is minimal if both summands are of the same order of magni-
tude, i.e.
a1y _ lefllz@a
1l ray
With this choice of r, the estimate (5.1) follows and a density argument allows to
extend it to any f € 3. Specifying p = 20 + 2, consequently yields

52wtk <o [ wloer ) ([ pee ) -

%fﬁ. In view of Lemma 4.2, both factors on the right hand side of

(5.2) are bounded by the energy. More precisely,

where 0 =

gb+1

M () < 2(cE(¥)** 751 = CE(y) %1,

where C' = 27T and ¢ = c(w,Q, A,0) > 0 is the constant from Lemma 4.2. O

Remark 5.2. Note that in order to infer this bound one needs the presence of both
the confinement and the nonlinearity, since the proof requires ¢ > 0, A > 0 and
w > 0. Moreover, one checks that C — +00, as || — w.

With this result in hand, we can deduce global bounds on M(¢) and E(t) along
solutions of (1.7).

Proposition 5.3. Let ¢ € C([0,00),%) be a solution to (1.7) with ¥ € (=5, 7).

Under the assumptions of Lemma 5.1, if additionally p > 0, there exists a constant
K = K(w,Q,0,\ u) >0, independent of time, such that

E(t) < K +e ™Y F(0), Vt>0.
Proof. We first note that Lemma 5.1 and the differential inequality (4.6) imply

DM (t) < ~2c0s9 B(t) + CuB(t) %

dt
Now, for any ¢ € (=%, %) and 6= ”9;"11, by Young’s inequality, we obtain
s
; _ cos? ~(Cuf """ cos¥ ~
t)? < E(t)+ (16 = E(t)+C,
(07 < SZr B0 +( ><Cosﬁ> B +
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where C' > 0, depends on all the parameters involved, but not on time. Thus, we
have

%M(t) < —cos VE(t) + pCC.
On the other hand, identity (4.5) implies
E(t) —E(to) S/J,M(t)—,uM(to), Ogto St,

and hence

E@)E@)g/ﬂuamﬁE@)+ﬁcéyh, 0<s<t,
as well as S

E(t) — E(s) > /t(—uCOSﬁE(T) +p2CcCydr, 0<t<s.

Now, given any positive bump function x € C§°((t — €,t + ¢€)), such that x' > 0
on (t —et) and X’ < 0 on (¢t + €), we multiply by x'(s) and integrate in s, to
obtain

[0 - Be @b <

—€ —€

the ot )
/ (—pcos® E(T) 4+ p2CC)x' (s) dr ds

t T
:/ / (—pcos ) E(1) + p2CC)X'(s) ds dr
t—e Jt—e
t+e t+e _
— / / (—pcosd E(T) + p*>CC)xX (s) ds dr
t T

t+e
:/t (—pcos® B(1) + p2CC)x(7) dr.

—€
A similar computation gives the same inequality for a negative bump function
function x € C§°((t —e€,t+e€)), such that x’ < 0on (t—¢,t) and x' > 0 on (¢,t+¢).
Since an arbitrary test function can be written as a linear combination of positive
and negative bump functions, we have
t

— | E(r)X'(r)dr < /t (—,ucosﬁE(T) + MQCC') x(7)dr,

tU tO
for any x € C§°((to,t)). Here, we have also used the fact that y has compact
support on (tg,t). Choosing x(7) = ™ <**Y¢(7) with ¢ € C$°((to,t)), we obtain

t , t R
— | E(1) (e’” COS@(;}(T)) dr < / (—,u cos¥ E(1) + MQCC) el eos Y () dr,
to

to

and thus
t t
—/ E(T)@“TCOSﬁgb/(T)dTg/ ILLQCC'EMTCOSﬁQS(T)dT
to to
t 2 A
</ WEC (1 ermeost) gl (7 d.
t, M cosv
Hence
lele] lele]
E(t ut cos v H 1— pt cos gEt pto cos ¥ H 1— pto cos ¥
(t)e +7MCOM( e ) < E(to)e +7MCOS79( e );

for almost all 0 < ¢y < ¢. In summary, for almost all ¢ > 0 we have
E(t) < E(O)e—utcosﬂ +K(1 _ e—HtCOSﬂ)’
where ~
e

cos?’
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However, since ¢ € C([0, 00; X)) implies that E(¢) is continuous in time, we conse-
quently infer the inequality for all ¢ > 0. U

Remark 5.4. The proof above is slightly complicated due to the fact that we
cannot use the energy identity (4.5) in its differentiated form (4.7), see the discussion
below the proof of Lemma 4.1. If we ignore this problem for the moment, then we
have

d d ~
aE(t) < ,,%M(t) < —pcosVE(t) + p*CC,
which directly allows us to conclude the assertion proved above.

In view of Lemma 5.1 the bound on E(¢) obtained above implies a similar bound
on M(t). In particular, there is some constant pp; > 0 and a function ¢,(-), such
that for all ¢ € C(]0,00); %) solutions to (1.7), it holds

Wt e < par, Yt = tar (M(0)).
Therefore
{p € L*(R) : Y]l > < pur} C L*(RY)

is an absorbing ball for trajectories t — (¢,-). Similarly, we know, that there
exists a px > py and a function tx(-), such that

9@ )le < ps, V2 ts([¥(0)]x).

In other words,

(5-3) X={yeX:[[¢ls <ps}

is an absorbing ball in ¥ for trajectories ¢ — 9 (t,-). In our study of the long time
dynamics of (1.7), the set X will play the role of a phase space.

6. THE GLOBAL ATTRACTOR AND ITS PROPERTIES

In the previous section we proved that solutions () exist globally in ¥, and,
moreover, all such solutions remain within an absorbing ball X C ¥ for ¢ > 0
large enough. It is therefore natural to ask whether there exists an A C ¥ that
attracts all trajectories ¢ — 1 (t,-) € 3. Unfortunately, classical theories of global
attractors (see, e.g., [14, 31]) do not apply to our situation as they typically require
asymptotic compactness, which is unknown in ¥. However, the trajectories might
still converge to the global attractor A in some weaker metric, say L?. To prove that
this is indeed the case, we shall revisit the rather general framework of evolutionary
systems introduced in [15] and adapt it to our situation.

6.1. Existence of a global attractor. First, recall that our phase space is the
metric space (X, dpz2(-,-)) where X C X is given by (5.3) and dy2 (¢, ¢) = || — ¢|| 2.
We note that X is dj2-compact. In addition, we also have the stronger ¥-metric
ds (¢, ¢) := || — ¢||s on X, which satisfies: If ds (¢, ¢n) — 0 as n — oo for some
Uny o € X, then dp2 (¢, dn) — 0 as n — oo. Note that any Y-compact set is
L?-compact, and any L?-closed set is ¥-closed.

Now, let C([a, b]; Xo), where @ = ¥ or L2, be the space of d,-continuous X-valued
functions on [a, b] endowed with the metric

dC([a,b];X.)(wv qb) = Sup d0(¢(t)a ¢(t))
t€la,b]

Also, let C([a, 0); Xo) be the space of de-continuous X-valued functions on [a, cc)
endowed with the metric

dC([a,oo);X.)(wa ¢) = Z

TeN

1 sup{de(¥(t),9(t)) :a <
2T 1+ sup{de(¥(1), 6(t)) : a
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In order to define a general evolutionary system, we introduce
T:={l: I=[T,0)CR, or I =(—00,0)},
and for each I C T, we denote the set of all X-valued functions on I by X(I).

Definition 6.1. A map & that associates to each I € T a subset £(I) C X(I) will
be called an evolutionary system if the following conditions are satisfied:
(i) £([0,00)) # 0.

(ii)) Ed+s)={¢(-): ¥(-+s)€&)} forall s €R.

(iii) For all pairs Iy C I1 € T: {¢()|n, : ¥(-) € E(I1)} C E(I).

(iv) €((—00,00)) ={9() : ¥()|r,00) € E([T,00)) VT € R}.
In general, £(I) will be referred to as set of trajectories on the time interval I, and
trajectories in £((—o0, 00)) will be called complete.

We now consider the specific evolutionary system induced by the family of tra-
jectories of (1.7) in X. More precisely, we set

([T, 0)) := {¢ € C([T, 00); X) a solution to (1.7), with ¥ € (— g g),
(6.1)
AMp>0,w>1Q,and 0 < o <

)
2(d—2)J"
Clearly, the properties (i)—(iv) above hold for the evolutionary system associated to

(1.7). In addition, due to Proposition 4.3, for any ¢y € X there exists ¢ € E([T, >0))
with ¢(T) = 1. Standard techniques then imply the following lemma:

Lemma 6.2. Let (¢,)nen be a sequence of functions, such that 1, € E([T1,00))
for all n € N. Then for any T> > Ty there exists a sub-sequence (Vy;)jen which
converges in C([Th,T2]; X12) to v € E([T1,00)).

Proof. Since X is compact in L?(R?), there exists a sequence (¢, );en such that

Un,; (T1) — ¢ for some ¢ € L*(R?). However, since lower-semicontinuity and the
definition of X yield

[l < timinf [l (71, )]s < p,

we have that ¢ € X. In view of proposition 4.3 there exists 1 € £([T}, 00)) with
¥(T1) = 9. Continuous dependence on the initial data, then gives the desired
result. O

Using this, we can prove one of the main structural properties of the set of
trajectories induced by (1.7):

Proposition 6.3. £([0,00)) is a compact set in C(]0,00); Xp2).

Proof. First note that £(]0,00)) C C(]0,00); X12). Now take any sequence (¢, )nen €
£([0,00)). Thanks to Lemma 6.2, there exists a subsequence, still denoted by ,,,
that converges to some ! € £([0,00)) in C([0,1]; X12) as n — oo. Passing to
a subsequence and dropping a subindex once more, we obtain that 1, — 1?2 in
C([0,2]; Xp2) as n — oo for some 92 € £([0,00)). Note that 1 (t) = ¢?(¢) on [0, 1].
Continuing and picking a diagonal sequence, we obtain a subsequence 9, of ¥y
that converges to some ¢ € £([0,00)) in C([0,00); X12) as nj — oo. O

In order to proceed further, we denote, as usual, the set of all subsets of X by
P(X). For every t > 0, we can then define a map R(t) : P(X) — P(X), by

R(t)A := {9(t) : ¥(0) € A, such that ¢ € £([0,00))}, for any A C X.
Note that the assumptions on £ imply that R(s) enjoys the following property:
(6.2) R(t+s)AC R(t)R(s)A, ACX, t,s=0.
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Definition 6.4. A set A is called invariant under the dynamics, if R(t)A = A for
all t > 0.

We also recall the standard notion of and w-limit associated to an evolutionary
system (see also [31]).

Definition 6.5. The w,-limit (¢ =X, L?) of aset A C X is

we(4):= () U R()A .

T>0t>T
We also note that an equivalent definition of the we-limit set is given by

we(A) = {z/J € X : there exist sequences t,, —= 0o and Yn € R(tn)A,

n—oo

such that v, (t,) ——— ¢ in the de-metric}.
Finally, we will give a precise definition of what we mean by an attractor.

Definition 6.6. A set A C X is a de-attracting set, if it uniformly attracts X in
de-metric, i.e.
lim inf do (R(t) X, ¢) 2t .
€

A set A C X is a de-global attractor if A is a minimal de-closed de-attracting set.
After these preparations, we are able to prove the main result of this section:

Corollary 6.7. The evolutionary system (6.1) possesses a unique dpz-global at-
tractor A = wr2(X), which has the following structure

A = {1g : g = ¥(0) for some ¢ € E((—00,0))}
Furthermore, it holds:

(1) For any € > 0 and T > 0, there exists a tg € R, such that for any t* > to,
every trajectory ¢ € E([0,00)) satisfies dp2(¥(t),d(t)) < e, for all t €
[t*,t* + T), where ¢ € E((—o0,0)) is some complete trajectory, i.e., the
uniform tracking property holds.

(2) If the ¥ global attractor exists, then it coincides with A.

(3) A is connected in L?.

(4) A is the mazimal invariant set.

Proof. Assertion (1) and (2) follow from the results proved in [15]. To this end,
one first shows that the wy2-limit of X is an attracting set, which by definition is
closed and the minimal set satisfying these two properties. Then, using Proposition
6.3 and a diagonalization process, one can prove the structural properties of A, cf.
[15, Theorem 5.6]. The fact that A is connected then follows from Lemma 6.2
and uniqueness: We argue by contradiction and hence assume that A is not L2-
connected. Then there exist disjoint dj2-open sets U;,Us € X such that A C
Uy UUs; and AN Uy, ANUs; are nonempty. Define

X, ={veX w) eU}, j=12.

Since U; and U, are disjoint, we also have that X7, X5 are disjoint. Continuity
of trajectories implies that X; U Xo = X. Since A is djz-attracting, there exists
T > 0 such that
R(t)X e Uy UUs, vt > T.

By continuity of trajectories we have that for each ¢ € £([0, 00)), either ¢ (¢t) € Uy
for all t > T, or ¢(t) € Uy for all ¢ > T. This implies that both X; and X,
are nonempty. Moreover, Lemma 6.2 implies that X; and X5 are dj2-open. This
contradicts the fact that X is dj2-connected. Finally we note that the structure of
A, together with uniqueness of solutions, imply that A is an invariant set. Clearly,
only complete trajectories are invariant, hence A is the maximal invariant set. [
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Remark 6.8. In the case of the usual GL equation (posed on bounded domains
D c R?) many more details concerning the global attractor are known, see, e.g.,
[28, 31, 33]. It is an interesting open problem to check which of these results can be
extended to our situation and what the main structural differences between (1.7)
and the usual GL equation are.

6.2. Dimension of the attractor. We hereby follow the, by now, classical theory
of estimating the Lyapunov numbers associated to £(]0, 00)) by studying the evolu-
tion of an m-dimensional volume element of our phase space X, cf. [31, Chapter V]
for a general introduction. Using this technique, the case of the usual GL equation
on bounded domains D C R"™, with n = 1,2 is studied, e.g., in [31, Chapter VI,
Section 7]. In our case, the same idea works, but requires several adaptions on a
technical level.
To this end, we first rewrite (1.7) as

0p = —eG(), Y=o = to.
and, for any 1y € A, consider the linearization around a given orbit 1(t) = R(t)y,
ie.,
(6.3) 0o =—e""G (V)p, Yo =&
Here, £ € X and G’ denotes the Frechet derivative

G'(Y)¢ = Had — uo + A ([¥[*7¢ + o[ [*""*Re (9)) ,

where Hgq is the linear Hamiltonian (with rotation) defined in (2.1). It is easy
to see, that the linearized equation (6.3) admits a unique strong solution for any
given £ € X and ¢ € A. We now consider ¢1(t),...,¢n,(t) solutions to (6.3),
corresponding to initial data &1,...,&,, m € N, and choose an L?-orthonormal
basis x1(t), ..., xm(t) of

P, (t)X :=span{¢1(t),...,om(t)},

where P,, denotes the corresponding orthogonal projection. Then, it is easy to see
(cf. [31]), that the evolution of the m-dimensional volume element in X is given by

t
|1 () A - A ()] = [E2 A A exp (—/ ReTre "G (¢(s)) © Pu(s) d8> :
0
In order to proceed, we first note that:

Lemma 6.9. Let Hy be given by (2.2). Then, for any orthonormal family {x; };":1 C
L*(R?) there exists a constant ¢ = c¢(w,d) > 0, such that

m

> (Hox;xj)r2 = em! T4,
J=1

Proof. Having in mind the form and the degeneracy of the eigenvalues stated
Lemma 2.1, one checks that when counted with multiplicity Eg ., ~ mt/d, as
m — oo. The desired result then follows directly from [31, Chapter VI, Lemma
2.1]. O

Using this, we can prove the following result for the dimension of A:

2

Proposition 6.10. Consider the dynamical system (6.1) with o > 5, and letm € N

be defined by
(Iﬁg)d/(d+1)
m—-1<|(— <m,

K1
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where
’yC( Q2> , 1+d( Qz)_d C//(A|ﬁ|)1+a< Q2)_a
SNAS = 1-= A A e
K1 4 OJ2 ) K2 cCyn WQ + ’)/O‘ OJ2 )

with ¢, c’, ", a, & positive constants depending only on w,d, o, and

20
' o4+ 1\ T a
§ = limsup sup ( / | R(s)v0]|3%5+- d ) < (K ) .
t—oo PppeA A

Here, K is the constant from Proposition 5.3.

Then, as t — 400, the m-dimensional volume element in X is exponentially
decaying. Moreover, the fractal (and hence Hausdorff) dimension of A is less than
or equal to m.

Proof. Having in mind the representation formula for the m-dimensional volume
element as given above, we introduce

I ;
¢m :=limsup sup (—/ ReTre G’ (1)(s)) o Pp(s) ds>.
t=oo g le<1 N T Jo

and quote the following result from [14, Chapter III, Corollary 4.2]: If there are
constants x1,2 > 0, such that

4 < —k1j’ + k2, Vi1,
then the fractal dimension of A enjoys the following bound:
oo\ /0
dp(A) < (2) :
K1

In order to obtain the required estimate on g;, we first note that

ReTre "G (4(t)) o Pru(t) = Z Re (e~ G" (¥ (1))x;(8), x5 ()) 12

—id

Next, we recall that e = v+ 48, with v > 0, and compute (suppressing all the
t-dependence for a moment)

i Y _
—Re (TG (V)X X5) 2 = =5 (IVa 22 +w?llox;[72) +192 /Rd X5 Lx; dx + yp

— Xy / 1127 |x;5|? da + oA / [¥|?7*Re (¥x;) (BIm (¥X7) — YRe (¥7)) dx
R4 Rd

where we have also used the fact that ||x(¢)||rz = 1. Next, we estimate the term
proportional to 2 as we did in the proof of Lemma 4.2 and we also use that fact
that

/ BRe (Fx;)ATm (4%5) d < |5 / 21y e

In summary, this yields

—i v 02
—Re (e G (Y)xj. xj)r2 < — 5 (1 - UT) (IVx; 1132 + @?llox;llz2) +vu

A= algl) [ WP da.
R4
Thus,

m

m
=Y Rele G W) xihe < —(1- *) > (Hoxj, xj) 2 +vum
=1 —

(6.4) =
FoAd / o[ |x; ? d,
j=1 7R
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in view of definition (2.2). To further estimate the right hand side of (6.4), we use
Holder’s inequality and Gagliardo-Nirenberg to obtain

o+1 %H

Z 0y I T I DS
1p3

We will use the generalized Sobolev-Lieb-Thirring inequality (see [22]) that reads

2(p—1)

p—1

m m
[AXwr] a]  <aX [ gk
R \i=1 =17R
provided max{1,d/2} < p < 14d/2. Here ¢; = ¢1(d, p) > 0 some absolute constant.
Choosing p = 1+ < (which requires o > 2/d), we obtain
o+1 %‘Fl

m m
[ < [ S Ivylz
R\ 5T j=1

Young’s inequality then implies that for any € > 0, there exists a ca = ¢2(d, o) > 0,
such that

do
2(o+1)

do
2(o+1)

m m
C2 =
017542 | D IVxlI72 < S IlZEe s +e D 11Vxglza
=1

j=1

m
C2 =
< EWHQL%H t+e Z<H0Xj7 Xj) L2
7j=1
do 2042
204+2—do’ 20+2—do*
positive for o < 2(%2). Thus, we an appropriate choice of €, we obtain from (6.4),

that

where a = and & = Note that both of these exponents are

=D Re(e ™G ()x; x50 < — %(1 - *) > (Hox;j, X;) 12 +yum
j =1

Jj=

SO (1 - B e

Now, using the estimate from Lemma 6.9 above7 we have

= - e 02
=Y Re(e G (W) X)) < — 7(1 - E) M ym

14+« QQ —a 5
+ M(l _ ) ||wH2(fa

e ? L20+2-

This can be estimated further by
=3 Re (e G (W(1)x5 x5)1e < —mm! T+ p(d),

where k1 is as defined above and
G2\~ es(ABDI 02y e :
_ 1+d 3 20
o(t) = com (1= 75) "+ R (1= 55) IR,
with ¢4 = e4(w,d) >0
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Now, for ¢(t) = R(t)1o € A, we have that
I .
§ = limsup sup </ | R(8)t0]| 3552 ds) < o0,
t—oo oA \t Jo
due to Lemma 4.2 and Proposition 5.3, which imply that for ¢(t) € A:
l@)1755 S W@ S p3°
This consequently yields
gm < —kam V4 4 ko, for all m > 1,

which finishes the proof. U
Remark 6.11. In comparison to many classical results on the dimensions of global
attractors (e.g., [31]), the proof above requires the use of the generalized Lieb-

Thirring type inequality to control the term proportional to A, see [22] for more
details.

Note that the restriction o > % is always fulfilled in the case of a cubic nonlin-
earity. We finally note that a careful analysis of all the involved constants in k1, Ko
shows that for a given, fixed w > 0, the fraction

(HQ) — 400, as | = w.
K1

The estimate on the dimension of A4 thus becomes larger the larger the rotation
speed.
APPENDIX A. DERIVATION OF THE KERNEL OF THE LINEAR SEMI-GROUP

Our starting point for justifying the formula (2.6) for the kernel of the linear
semigroup, is the following linear Schrodinger equation

i0yu = Hou, =g = uo(x).

where, as before, Hy = %(—A + |2|?). For this equation, Mehler’s formula yields
an explicit representation of (the kernel of) the associated semi-group [9]. More
precisely,

ut.a) = [ Solt..)uolu)ds

where
(A1) Suttng) = rign()Fexp (s (M0 al? 1) - 2-0) ).
and .

go(t) = Smc(:‘}t), ho(t) = cos(wt).

It was shown in [4], that a simple change of variables allows to obtain an analogous
formula for solutions of the linear Schrodinger equation with non-vanishing rotation.
To this end, we write = (21,72, 23) € R and set

1 = cos(Q)E1 + sin(Qt)To, x2 = cos(Q)Toy — sin(Q) 1,

and x3 (if applicable) is left unchanged. Note that this transformation is volume-
preserving and hence does not affect the pre-factor (27igo(t))~%? which ensures
that

// So(t,z,y)dedy =1, forallte R, .
R4 xR4
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Defining the new unknown a(t,z) = u(t, &) a straightforward calculation shows
that @ solves

(A.2) i0yit = Hoti — QLi,  fij—g = uo(),

Substituting the new coordinates into Mehler’s formula (A.1) yields

i (ho(t)

OLGE (| 2+1y|?) — (cos () a1 +sin(Qt)z2)y:

Sﬂ(ta z, y) = (QWZQO(t))ig exp (

— (cos(Qt)xy — sin(Qt)zl)y2)> .

Here we drop the term x3ys for notational convenience, since it is unchanged by
the change of coordinates. In order to finally obtain Sq(¢,z,y), i.e., the kernel for
the dissipative semi-group Sq(t) associated to (1.7) we replace ¢ — —ie~*t in the
above kernel. In other words,

SQ(thay) = SQ (—i€7i§t7337y) ’

which, after some algebra, yields (2.6). In there, the pre-factor in front of the
exponent is understood in terms of the principal value of the complex logarithm
via (a 4 ib)7 = evlos(@+i) and is differentiable for small enough t > 0.

Next, in order to study the regularizing properties of Sq(t) for short times, we
first note that the phase function ® in (2.6) can be decomposed into its real and
imaginary part, denoted by ® = ®; + ¢®5. For Gaussian, i.e. heat kernel type,
regularity properties of the semi-group Sq(t) for small ¢t > 0, we require (at least)
an inverse quadratic decay of the real part ®;. To this end, let

Q

a=twcost, b=twsiny, w=—.
w

With this choice of notation we have
1 h ; 2 2 h ;
1%, —Re cos (a—i—?b) (@®+y°) Re[ ¢! (w(a +.zb))
w sinh(a + ib) 2 sinh(a + ib)
sinh(w(a + ib))
Im( >\ T 0))
+ m( sinh(a + i)

)(331191 + z2y2)

)(x1y2 — T2y1)

Let us investigate the behavior of the real part ®; of the exponent near t ~ 0.
Standard trigonometric identities yield

cosh(w(a + b)) )
sinh(a + ib)
_ cosh(wa) cos(wbd) sinh(a) cos(b) + sinh(wa) sin(wb) cosh(a) sin(b)
sin?(b) + sinh?(a)

(a3) Re(

)

and

(A4) m (sinh(w(a + ib))>

sinh(a + ib)
_ cosh(wa) sin(wb) sinh(a) cos(b) — sinh(wa) cos(wb) cosh(a) sin(b)
sin?(b) + sinh?(a)

)

for all a,b, o € R. In case @w = 1, the identity 2sinh(a) cosh(a) = sinh(2a) yields

cosh(a +ib)\ sinh(2a)
(A.5) Re(sinh(a +ib)) ~ 2sin(b)” + 2sinh(a)?’
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Now, we can Taylor expand the expressions (A.3), (A.4) and (A.5) around ¢ = 0.
Recalling a = twcos?, b = —twsind, and w = %, the denominator of all three
terms (A.3)—(A.5) equals

sin?(b) + sinh?(a) = sin®(tw sin ¥) 4 sinh? (tw cos V).
Straight-forward expansion of the latter yields
sin? (tw sin ¥) + sinh?(tw cos ¥) = w?t? + 2wt cos(29) + O(t9),

and thus
1 1

sin®(twsin ) + sinh?(fw cos )~ w22

(1 — 2w?t? cos(20)) + O(t).
Here, and in the following, the constant in the O(-)-notation only depend on 9, w,
and . The numerator of (A.5) satisfies
sinh(—2tw cos¥) = —2tw cos ¥ — 3t°w? cos® I + O(t°).
On the other hand, the terms in the numerator of (A.3) satisfy
cosh(#€) cos ¥) cos(t€2 sin ¥) sinh (tw cos ¥) cos(tw sin )
= twcos ¥ + 2w cos ¥ (02 cos® ¥ — (w? + Q) sin® V) + Ltw® cos® ¥ + O(t°)
and
cosh(t cos ¥) cos(t€2 sin ) sinh(tw cos ) cos(tw sin?)
= t3w0? cos ¥ sin® ¥ + O(¢°).
Hence, their sum equals
tw cos ¥ + %t?’w?’ cos ¥ (3Q% + 2w? cos(20) — w?) + O(£%).
Likewise, we can easily check
cosh(t£2 cos ) sin(t€2 sin ) sinh (tw cos ¥) cos(tw sin )
= 2w sind cos ¥ + O(t*)
= sinh(t§2 cos ¥) cos(t§2 sin 9) cosh(tw cos 9) sin(tw sin )

and hence the numerator of (A.4) vanishes up to fourth order. Collecting all the
expansions so far, we obtain

D (t,z,y) = s (1 — $t°w? cos(29)) <}1|x|2 + |y[*( = 2tw cos ¥ — 5t°w® cos® V)

t2w2

+ 2(z1y1 + 22y2) (twcos Y + %t?’w?’ cos 9(30Q% + 2w? cos(29) — w?))

+ O((z* + y2)t4)>

cos ¥
= — o (|$2 + ‘y|2)(1 + %t2w2) =+ Z(Ilyl —+ x2y2)< — 1+ %t2(w2 - 392))

L O(laP + |y|2>t3>).

This expression can be further simplified by collecting coefficients of z —y and z +y
to obtain

cos

(I)l(t,xvy) = - 2

<|x — y|2(2 + é(oﬂ + 392)t2)+

|z + y[2 3 (w? — Q)% + O((2? + yz)t?’)).
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Note that cos(d) > 0 if ¥ € (=%, F) and we assume that w > Q > 0. The term
O((]z|* + |y|?)t?) can thus be absorbed in the other coefficients for small ¢ > 0. In

particular, if ¢ < § for some small enough § > 0, the real part satisfies

z—yl?

ct
Hence the semi-group has the same decay as the heat kernel and indeed satis-
fies (2.7). Since the exponent F is quadratic in x and y, the derivative of S w.r.t.
x yields only an extra linear factor. In summary, we find that for small ¢ > 0, the
absolute value of the kernel is bounded by

Dy (t,x,y) < ,  with some ¢ > 0.

[Salt, z,y)| < (t+ O(t2) ™ exp “;ﬁQx—y%2+éw2+mfﬁ%

+m+m%w%4ﬂﬁ—mm+omﬁ+fwﬂ
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